oooooooooo -
707 0 1989 O 104—108L

AR SREROURI OV T

KBEEER WA

fbstrast. In 1980, F.Kubo anf T.Ando established the theory of
means of positive linear bounded operators on a Hilbert space. Their
operator means (or commectieme) are order-isomorphic to the class of
nonnegative operator monotone function on (0,o0). Following after the
Kubo-Ando theory, we shall generalize operator means to selidsrities
whose class is order-isomorphic to that of operator monotone functions on
(0,o0). For invertible positive operators, the solidarity s for an
operator monotone function f is defined by

A s B = Al/zf(A—I/BBA-I/E)AI/Z

like operator means. The relativé operator entropy recently is a typical
example of a solidaritiy. Since the solidarity does not always exists for
noninvertible operators, first we show the existence condition. Next,
common properties like operator means or the relative operator entropy
are discussed. In these properties, we choose ones which axiomatize

solidarities like the Kubo-Ando theory.

AR-LBAERDOIzB T, #EHFRE (connection) & (0,0) LA HEN

BRLO77 4 YIHERBNRENR:. STTWSEHAREY (connection) Xk Hil
bertEM LOEEHARDO LD 2HEE n T, ROHEEE2HOHDOTHS

(H1: BPHE) ASCBSD = AmBSCnb,
(M2: E¥E&EHE) A L A, B, { B => AmmB, ! AnB,
(M3: transformer R%&X) ' T*(A mn B)T = T*AT n T*BT. '
TR, EfSRAAnA = A REELRY. $2LLORABEMES: n > £ &
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ROXTEXOh (f2FRAPBEES) -

(1) f(t) =1nt t >0,
WA, MR IEERRE A, B iZDOWT

(2) AmB = AVZF(AT1/2BA1/2) A2 ‘

THEX 60D, An B bERFRENS. ()26, MHTROERFROFHBEL
HEL. TEEAROTY TEYUTE 3. HARTHOBKAIVLO2BB5. 0
% transpose, TRDLHEABRFH n° 25, PDROFCEBRREEHT 5.
FRBWE TR, F=" &

&) F(t) = tml = tf(1/t)
THExXOh.

(4 ' AnB = BY2R(B-1/2AR-1/2)BL/2
#1853,

FMERART o — SAIB) B BEIERD)D f(t) % log t WERED
DTHBHNM]. boi—Biz, RABEBOIEARLIZT U EHBRMBY £ 12D
Exlrzd. FRREHVAMERARTY bod—2H-EE2bO2bOREOND

(5) As B = AVEf(A-1/2BA1/2)A12

T C T s %, connection D—MWife 3 BT, solidarity & THHEA TH<[6].
VHZBEHD L = L EIRIC.

(6) A s B — Bl/zF(B—l/ZAB—l/Z)Bi/Z
BBGLOH, F Rk EARBRA L2560, LELEELD (cf. [L,7D) .

(7 F d#El#M »D F(0)20
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LnSHEEEREEHE D TWS, TOWE(7)ik. Hansen-Pedersen [7] DEBRTD. Jensen
FREKX:

8 *X=1 = X'F(A)X = F(X"AX)

BEILOBO. FERHETHS (cf. [8]) . , |
L8> T. #EBHKRFEH L solidarity O XE B> Dik. #iH (R, B)icsid
3 A OF) IKOWTHAEILRRIEATHY, A LERARBIH LU T solidarity
BHFTUD (BFRAEARLLT) FETBZLEORRL< RS, #(4,B) # s D domai
nitAS, BB, A s B BAFETZAOLEFDEMIE. £ D transpose F £#4> &

(1] s %(5)THhE S solidarity L. F(t) =t s 1 2FBL &,
SAsB < E(a) = FP(a)A+ £(1/a)B TFicHRZEYE (a>0) .

LB THMERRL Y o — iz >0 T
[%1. 1] 3S(AIB) <> H(a) = aB - (log a)A:EFR for o > 1.

¥7-. Douglas [2] DEBRTD najorization DEEAH B L %, solidarity HEIZ
FETS:

(1. 2] 3IA1>0: AASB=— f(A)A < JAsB < MAX (F(t)) B.
t=1/2 :

COEBEE I, solidarity OIBLREEERTH L, A s B BEETIEO>R
A, B oM, T%HHB s D domain D . IROBHT TBAJ THD:

(p1) B MXafif —> (A,B) € D for VA
(D2) A's (B+e) : lower bounded for & >0 =—=> (A,B) € D.

X6z, D Kidwnd (4,B) 20T

(51) BEC = AsB=<=As_C,
(82-r) B. { B —> AsB, ! AsB,
(82-1) A > A (strongly) =—> A,s 1 > As 1 (strongly)
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(s3) - T*(A s B)T = T*"AT s T*BT,
BT %, ChOoDHER., UTO220#E:2bL iU THEMET S :

[#B1) s & fiT, sa & fa(t) = f(t+d) IwHF B solidarity 232 (0) .
Sc;cB=A=> 0= AsiB-AsB = cf(1/c)dB.

LD fi KDOVTR, f4(0) BTIERLRY, s« BIEAREHORITBRIL 2
%

(WE2] s B f(0) = limof(e) > -0 L3 f TS solidarity D& %,
£ —>
SEHBEY o AsB = AnB+ f(0)A.

Xolr, EGSD 26, FAHEHRD solidarity & (FETHIE) WEHERI
o GEPTEBDT, LTORIRTR., EEERBRIZ DOV TAHEEL2HELTRY. F
2B 9 B Jensen REX(8) 2 & solidarity i3 mkiy:

9 ~ (A+B) s (C+D) 2 AsC + BsD
THEZ LBV, X 62 joint-concavityZ R T T ENTES

[£82] A=ah:+(1—a)ds, B=aB;+(1—a)B, D&%,
AsBZ a(Ar s B)+(1—a)(Az s By)

iz, EERRED2HEHE s 5% (01,2) 2#7-7 domain D DIERHFIZ>WVWTH
#:(S1)-(S3) HAKIL T B &, abstract solidarity & THIEAE,

(¥ 3) ft) = 1st iRXoTHhESZEH ©:s ~ f k. abstract solida
rity £ 5. (0,0) LOBERBERSE~DOT 7 4 VIEERSE 2T,

EOSAR-RENOEEIESRE, bB3A, O . ¢ OHETHE.
WEHRTHOL & ¥ AR, |

(10) £7(t) = tslt (t€(0,1))

wkoT, (0,1) EOERRMBESL O IEEE R[], s » £ T aaHE.
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solidarityZ#d» & £ (0) 2 0 223 [0,1) LoESERERMBEBREE~DT7 7 1
VIEFERZEE 25,
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