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On ‘Relative Operator Entropy
Eizaburo Kamel

Abstract. In (6), we introduced the relative
operator~entropy.by |
S(AIB) = AY2(logA Y2BA™'Z%) A%,
Where A and B are invertible positive oper-—
ators on a Hilbert space. | |
If B = 1, this coinsides with the operator

entrbpy defined by Nakamura and Umegaki (73.

By this definition, a Pimsner — Popa type
theorem is proved (9); let M be a I, factor,
N a subfactor of M, E the conditional
expectation of M onto N and (M:N) be Jones’
ihdex, then

log(M:N) = sup{lIS(AIE(A))|; O=SAsS1, AeM}.

From the viewpoint of the theory of
operator means established by Kubo and Ando
{10}, this relative operator entropy 1s an
operator version of Uhlmann’s relative
entropy (16) which is formulated by the
interpolation theory.

An operator mean m 1s determined by a
nonnegative operator monotone function f on
(0, 0) with the correspondence

A m B = Al/zf (A-l/zBA_l/z) A
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The Uhlmann’s formulation can be rewritten
in the words of operator means as follows;
lim 1/r (Ag:.B — A) = AY2(logA “?BA™'2) AVZ,

where Ag,B = AV2(ATZBA V%) AVZ, 0Lr<l.

The relative entropy 1is given by the mean
correspondence to an operator monotone
function logx but not an operator mean, SO
we 1introduce the sdlidarities as a

generalization of the operator means (8].

According to Uhlmann’s formulation, we give

a transformation from a class of operator

means to a cliass of solidarities, which we
call UThlmann’s transformation. In paticular,
the power means give a rarameterized

estimation of the relative operator entropy

(73.
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