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Introduction

The purpose of this paper is to investigate the stability for Qn
incompressible fluid motion in a bounded domain in R™.

Let © be a bounded domain in R" (n > 2) with smooth boundary
aQ. The motion of the fluid occupying Q@ is governed by the Navier-—

Stokes equations:
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- Aw + wevw + vq = {, v-w = 0 in Q, \
}(S)

W = 0, J

9] ‘

where w = w(x) = (wl(x),-", w'(x)) and q = q(x) denote the
velocity and the pressure of the fluid, réspectively, and f = f(x)

= (fl(x),-", fn(x)) denotes the external force. If wxd and
f (xD are perturbed by a(xD and g(x,t), respectively, then the
perturbed flow v{x, t) is governed by the following time—dependent

Navier—Stokes equations:

atv - Av +t veov + vn = f + g in Q := Q x (0,«,

There are many papers concerning the stability problem for the
solutions of the Navier—Stokes equations. See, e.g., Ladyzénskaya
(10), Heywood (6) (72, Masuda (11) and‘Sattinger (12). These results,
however, are obtained in L2-setting or require some regularity;
assumptions on the perturbed flow at the initial time. Making use of
the method developed by Giga & Miyakawa (5), we consider the |

perturbed flow in Lr and take such assumptions away.
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To state our results, we need some preliminaries. For me€eR

and r > 1, w™F

O, r

(€9)) denotes the Sobolev space of order m, so that

wole =15 @. ve set WIT@ =wmT@ o™, LT =L@ e "

For k € N u{0}, a Banach space X and an interval I < R, Ck(I; XD

denotes the space of continuously differentiable functions from I

into X. For 0 < am <1, C*(I; X) denotes the space of functions in

CO(I; X satisfying the Holder condition with exponent a on

compact subintervals of I. We set BC(I; XD = CO(I; XD n Lm(I; XD.

C; o(Q) denotes the set of all C —vector fields ¢ with compact
support in Q such that v-¢ = 0. For r > 1, Xr denotes the

completion of CO O(Q) with respect to the LY ¢ -norm H-ﬂr; Then

by Fujiwara & Morimoto (1), we have the following decomposition:

Liw = X, ®G_ (direct sum),

where Gr = {Vm; ;t € Wl’r(Q)). Let Pr be the projection operator
from Lr(Q) onto Xr associated with this decgmposition. Ve define
the Stokes operator Ar by Ar = - PrA with domain D(Ar) = th
{u € Wz’r(Q); u = 0}. Applying Pr to both sides of (S) and
R
(N. S), we have the equations in Xr:
A w+ P wvw =P f. o S’
r r r
v s Av +Pv-ww =P (f+ g)b t >0 )
dt < 'r r r ? ’
}(N.S)'
v(@) = a + w J
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Our main results now read:

Theorem 1. Let r > max(/3,1) and f € Lr(Q). Then there is «
positive mumber x = x(r) such that (S)’ has a unique solution w

in D(Ar) if “Prf“r < .

Theorem 2. 'Let r >/maxtn/3;1) and 0 < un < 1. Let o satisfy

¢ =n/2r - 1/2 for n/3 < r < n/2, ¢ =1/2 + & for r = n/2, where
0 < g < mindl/2, n/2r). Let Y and & satisfy n/2r - /72 <y < 1,
820 and -~ ¥ < & < minCl = |¥1d/2, 1 - . Let x(r) be the
number given by Theorem I. Then, there aré positive numbers

2 £ x(r> and n = ndlr,n,v,d suqh’that fbr any

Ca, f,8) € D(A:) x LT @ x c*c,=; LY @)> with IP £ < 1%,
Y 1-v-&,,—8 y e R
fAall  + sup t 1A "P gl < n, (N.S) has a unique solution v
r r >0 r r r
satisfying:

(1) v € CO((O,O); D(A:)) n Cl((O,w); Xr)".

0

(2) v(t) —w € D(Ag) for t >0, A (v -w € C~ (0, =) ; X ), where

w is the unique solution givenr by Theorem 1;

-

(3) uAf<v<t> -~ Wi = 0tT™ as t—> @ for vy <a<1 - 5.

In section 1, we shall prove Theorem 1. In the special case n

< 4, every weak solution w of (S) in Wé’Z(Q) belongs to W2’r

«
if felLi@. See Temam (14, p. 172, Remark 1.4) and Gerhardt (2).
Little has been known, however, about the existence of strong

solution of (S) in the case n = 5. Using the properties of the
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fractional powers of the Stokes operator developed by Giga (4), we
shall construct a stronrng solution of (S in any dimension for f
small enough. In section 2, we shall prove Theorem 2. | Let w € D(Ar)
be the solution in Theorem 1. Setting u(t) = v(t) - w, we have the
following equation:

du

-— + + + . =
1t Aru Bru Pru vu ; Prg, t > Q,

)
}(N.S)“
)

u(®) = a,

where Bru = Pr(w~Vu + u-vw). Then, the stability problem for (S
can be reduced to obtaining the time—decay estimates for the solution
of (N.SO”. In order to solve (N,S)” globally in tinme, we make some
modifications of the argument in Giga & MiyakaWa (8. This requires
the analysis of the perturbed operator Ar + Br' From our
view—point, the result of (5) may be regarded as the stability
theorem in LT(Q) around the rest fluid motion, i.e., w =0 in Q.
To characterize the domains of the fractional powers of the perturbed

operators plays an important role in our case.

1. Proof of Theorem 1

In what follows, different positive constants might be denoted by the

letter C. Since Ar has the bounded inverse A;l in Xr’ (S’ is

equivalent to the following equation in Xr:

_5_
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w+ AP wevw = ATl . S
r r r r

We consider D(Ar) as a Banach space with the norm {l-| given

DA D’
r

by llul IIArul!r for u € D(Ar).' Without loss of generality,

DA
r
we may assume f € Xr’ i.e., Prf = f. For f € Xr and w € D(Ar>’

we define

FCE,w) := w + AIP w-vw - A L,
r r I

Then we have:

Proposition 1.1, Let r > max(/3,1). Themn,
(1) F: (f,w) +— FE,wW) is continuous from Xr X D(Ar) into D(Ar)'
(2) For each f € Xr’ the map F(f, +): D(Ar) 3w — F(f,w) € D(Ar)

is of class CI.

Proof. We choose 8 = 68(n,r) and p = p(n, ) satisfying
0<08<1, 1 /2 < p<1 and 8 + p = n/2r + 1/2. By Giga & Miyakawa

(5, Lemma 2.2), we have
. 8 P
ﬂPru VVIIr < CIIAruIII_I!ArvIIr < CﬂAruﬂrHArvHr. u, v € D(Ar)f . D

Hence F({f,w) € D(Ar) for all f € Xr' and w € D(Ar). Since

ﬂF(fl,w) - F(fz,w)ﬂD(Ar) HPr§f1 - f2>ur for fi é Xr’ i=1, 2

and w € D(Ar)’ part (1) will follow if we can show part (2. For
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each w € D(Ar), we define a linear operator Kw by
Ku=u+ A—IP (wvu + u-vw) for u € DCA D).
w r 'r r

By (1. 1), Kw is in the space B(D(Ar)) of all bounded operators in

D(Ar)' Moreover, for each f € Xr. we have

{F(f,w + u) — F(f,w) - Kwu“D(Ar)

_ -1 . 2 _ 2
= IlAr u Vullr < CllAruIlr = C“u“D(Ar)'
This shows that the Fréchet derivative DwF(f,w) at (f,w) € er
D(Ar) is equal to Kw. Since again by (1.1), the inequality

< CHArvﬂruAr(w -

HKW v - Kw vi 1 Wo

)“r
1 2

D<A D
r
holds for all Wi V € D(Ar), i=1, 2, we see that the map w +— Kw

is continuous from D(Ar) into B(D(Ar)). This completes the proof

of Proposition 1.1. o

By the proof of this proposition, we have F(0,0) = 0, DwF(0,0)
= K0 = identity on D(Ar)' Therefore it follows from the implicit
function theorem that there is a unique comtinuous mapping w from a

neighborhood UA = (f € Xr; “f“r < i) of 0 into D(Ar) such that

w0 = 0, FCf,w(f)) =0 for f € U._. 1.2
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(1. 2) shows that w(f) is a unique solution of (S>".

2. Proof of Theorem 2

We define the operator Br by Bru = Pr(w~Vu + u-vw) for
u € D(Br):= D(A:), where w is the solution obtained in Theorem 1.

Then it follows that D(Ar) c D(Br) and
o
IIBruIIr < C“Arw“r"Aru“r’ u € D(Br)' 2. D

Indegd, by the choice of ¢, we have 1/2 < o <1 and 1 +,03§ n/2r
+ 1/72. Then (2.1) follows from Giga & Miyakawa (5, Lemma 2.2).

The following propositions play an important role in this section.

Proposition 2.1. Let Lr = Ar + Br with domain D(Lr) = D(Ar)‘

There is a positive constant Cy = Cx@,n,rd) such that if
llArwIlr < C,, then E+:='(x € €; Rex 2 0} < p(— Lr) (the resolvent set

of - L;) and

1

- 1
X + Lr) 1

<M o+ A1) for all x € 3, 2.2

BX )
r

with a positive constant Mr independent of .
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Proof. It follows from Giga (3) (see also Wahl (15, Chapter ImM) that
S. cpC-AD> and B+ 0 Yy <N 0+ 1aD” ! for all a1 €3
+ r r B(Xr) r ‘ +

with Nr > 0 independent of . Since I_.r + A =

(1 +B_A_+ ,\)‘1><Ar + for A € F,, it is sufficient to prove
. -1
that there is a constant kr € (0,1> such that “Br(Ar + Q) “B(Xr)

< kr for all x € E+. -Indeed, by (2.1) and the moment inequality (

see Tanabe (13, Proposition 2.3.3)), we have

1 -1

IB A+ 0 £ < CIA wl_1A%ca_ + 07 "1
rr r r'rrr r

< CIA wil 1A A + 0 g% + 0 1gygl™
r r r r r r r

o -1 l1-¢
< CHArwllr((Nr + 1)ufur) (Nr(l + 1Al ﬂfur)

< C(Nr + 1)[|Arwllrllfllr 2.3

for all 2 € E+ and all f € Xr' Therefore taking C* .so that

0 < C* < 1/C(N_ + 1) and k _:=CN_+ 1)C_,_, we see, under the
r r r *

. -1
condition IlArwIIr < C*, that HB(At + ) ‘“B(Xr) < kr < 1. O

An immediate consequence of this proposition is as follows.

Corollary 2.2. Let HA;wllr < C.. Then, - Lr generates a uniformly

*®*
—tLr v ,
bounded holomorphic semi—group {e }tzo of class CO in Xr‘

. . o
Moreover, we can define the fractional power Lr of Lr for



. . . o
any o € R. Concerning the domains of fractional powers Lr and - A

we have the following:

o

Proposition 2.3. Suppose that HAerr < C* (see Proposition 2.1).

(1) For 0 < o < 1, the identity D(A?) = D(L?) holds and there is

a constant K K(x, such that

K- Lii%ur < 1a%n < KiL%ul for atl u € DA%, 2. 4)
r r r r r r r

(2) For x >0 with x + ¢ <1, there is a constant K'= K’ (k,0, 1)
such that
K

ull . < K 1A “ull for all u € X _. (2. 5)
r r r r .

-X
“Lr

Proof. (1> We first prove that D(A?) c D(L?). For simplicity, we

write A = Ar, B = Br and L = Lr' Note that

QO

A% = x  sinne [ A% + 0 " lda

Jo

-1 ° — -1 -1

= 5w “sinno by (A + B + O (A + B+ 0DOWQA + 2 dx
Jo

— > _ _ —

= n Ysinre [ 27%@ + 0 e + B + 0 hda
4o

=L %+5s, 2. 6
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O

where S == lsinna I A_a(L + x)-l
« 0

B(A + x)—ldl. Suppose that u €

D(Aa). Setting v = Aau, we have by (2.6) u = L_av + Sav. Therefore

it is enough to show va € D(La). By (2.2), (2.3, Krein (9, p.115

(5.15)) and CC*(Nr + 1) < 1, we have

L% L + x)_lﬂch ;< M+ 0% B + *)—I"ch N 0ot
r r

for all x = 0. This gives

1 1

f LS %W + 0 'BA + 0 vil_dx
0

<O

1

< f L+ oy 1
0

E(Xr)“B(A + ) Hrdx

< M f A%+ x)°+““2d1uvuf
0

Since ¢ < 1, the last integrand above converges and we obtain Sav €
DAL®). We next prove that D% < DMA®. Similarly we have L & =

AT® 4+ T, where T, = - x Ls inne f A%+ 0B+ B + o0 lan.
0

Hence it suffices to show that Tav € D(Aa) for v € Xr' By the

proof of Proposition 2.1, we see that 1 + B(A + x)—l is invertible

-1, -1 _ -1
and (1 + B + x> “B(Xr) < (1 kr) for all x = 0.

Therefore



1.1

—1 — —
IBCA + B + ) ° = 1B + 0 Y +B@ + 0 h

Iz ex 1B3x >
r T

1,1

< IBGA + 0 1Cl + BCA + 20 )

1
'Bx > BX )

< (1 - kr)_l(l + 0771

for all X = 0 and we get as before

J 1A% % + o0 B+ B + 0 tvida
0

4

—t, O -1 -1
< IOA TAT CA + O HB(Xr)HB(A + B+ 1) vl da

<N 1 -k >'1f %G+ 0T 24 v < -
I r o . r

This shows that Tav € D(Aa) for all v € Xr' After all we obtain
D(Aa) = D(La). Since 0 € pAD n pL>, (2.4) is an immediate
consequence of this identity.

(2) By (2.6), it suffices to show
-K
“qu“r < ClA uﬂr for all u € X,

with C€C > 0 independent of u. For this purpose, we prove HSKAKvHr

< Cllvllr for all v € D(AK). By (2.1 and Krein (8, p.115 (5.15),

we have

1

B + 0 'A% < crawl 1A% + A)—IAKvHr
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= cqunruA°+”cA + A)—lvﬂr

X 1

<cc, o+ DA+ T < a 0Ty
r r r

for all v € D(AK). Hence it follows from (2. 2) that

<O

X -1 . -K -1 -1,
HSKA vllr < Xt “sinnk IOA L + 2O "B(Xr)“B(A + ) A vﬂrdx
< Mn lsinnx f A Fa + A)K+o—2dkﬂvﬂr,
0

-as required. o

Now, we solve (N.S>". We first construct a solution of the
following integral equation:

—tLr t —(t-s)Lr
uew =e fat [ P_(g(sd = u-vuls))ds. (1. B>
0

In order to solve (I.E), we use the implicit function theorem similar

to Kozono (8). let r, v and & be as in Theorem 2. We define
. - r - r
function spaces X = 17,6 and &% = gy by
ii s = {f; measurable functions on 0, = with values in Xr’
tl—v—staf € BCC(0,=; X,

' wi = {u € BC((O,w);D(Lf)) n CO((O,m);D(L§1+Y)/2));
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sup t“"’)/zuL‘r’u(t)ur < @,

t>0

r

respectively. Then X and @i are Banach spaces with norms

Y, d
Il = 0E1__ := sup tl'Y"éuL;5f<t>ur,
9 >0
v, %
luly = ful _ := sup ILTuCO I + sup tCI—Y)/QHL§1+?)/2u(t)Hr,
Y t>0 t>0
Y
respectively. Without loss of generality, we may assume Prg = g.
For <(a,g,u) € D(L:) x ¥ x ¥, we define
-tL t =C(t=s)L

GCa,g,w (t) := ult) — e Fa - f e Tg(sd — P u-vu(s))ds.
0

Then we have:

Proposition 2.4. Suppose that llArwllr < C* (see Proposition 2.1).
(7)) G: (Ca,g,u) +— GC(Ca,g,ud i8 continuous from D(L:) X 4 X%y into
Y.

(2) For each (a,g) € D(L:) x %, the map

G(a,g,*): ¥ 2u +— GC(a,g,u) € % i3 of class CI.

Proof. Wq first show that G(a,g,u) €% for (a,g,u) €
D(L:) X I xX %, By the moment inequality (Tanabe (13, Propotition

2.3.3)), we have

iL%ut < C A+) /2 12 e=¥) / (1=7)
r r r r

:1+?—2a)/(1-7)nL

Y
a'yquuﬂ
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(A+vd> /2,

for v < ¢ < (1+yD/2 and u € D(Lr ; ) with Ca ¥ independent
of wu. Therefore it follows that
IL%u )l < C _ull,tv % ¢t >0, v < @ < (1+9)/2 2.7
r r o, Y % ! ’ ’
—tLr t —(t—s)Lr
for u € %. Now, we set vo(t) = e a, vl(t) = I e g (s)ds
0
t —(t—s)Lr
and v, (t) = I e P u-vu(s)ds. Note that by Corollary 2.2, the
0
inequality
o _tLr -t
“Lre‘ “B(Xr) < Cat for all o =20, t > 0,

holds with Ca independent of t. Hence v, € ¥ since a € D(Lr).

0

Moreover, we have

o o r
IILrvl(t)llr < HLre g(s)nrds
-(t-s)L

I 3
BX >
r

)

-t
f 1L%* 8, IL”%g¢sH) 1 ds
o r r r .

t
T8 r+é—1
< Ca+6 Io(t s) Hgﬂas ds

—y— YT
< Ca+& Bd(l—-o 6,?+6)ﬂguit 2.8

for <1 - &, where BC.,:) is the beta function. Since 7,

(1 + v)/72 <1 - &, there is a positive constant B such that



39

sup HL?vl(t)ﬂ + sup t(l‘y)/2

r r L
1>0 >0

(1+y>/2
c vl(t) I!r < Bllglli. 2.9

Hence v1 € %, Taking p = (1 + ¥vw/72 - &/2, we have p > 0,

b+ 85 >1/2 and & + 20 =1 + ¥ = n/2r + 1/2. Since & + o < 1, we

obtain, by Proposition 2.3, Giga & Miyakawa (5, Lemma 2.2) and (2.7,

o t ot —(t—s)Lr -5
IL%, (o1 < fonLr e g x5 W ProPu o)l ds
t ——8, =5
< Ca+6K fo(t—s) IlAr Pru°Vu(s)Hrd§
t -8 2
< C K’f C(t—s) 1APu ¢s) 1%ds
oxt+d 0 r r
2 t -2—3 2
< C .. KK f (t—s) 1LPu (s) 14ds
otd o} 0 : r r
2 pt —x-5, .2 2vy-2p
S Cop K K2 fo(t—s> huls ds
= C_..K K2Iu1? ft(t— y X8 YHETL,
- o+s p u (y 0 S S S
_ y vl e 2.7
= CopsK KEB(l-a=s, v+8) lullgt 2. 10
for v < o<1 - 8. Hence there is a constant B® > 0 such that

sup ILYv, COOU_ + sup t(l'Y)/zuLfl+*)/2v2(t>ur < B lul] 2. 11)
t>0 t>0
and we have v2 € W, After all we see that G maps D(L:) X L X N

into %. In view of Corollary 2.2 and (2.9), part (1) will follow if
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we can show part (2). For u, v € %, we put
t —(t—s)Lr
(Tuv)(t):= v(t) + f e Pr(u'Vv(s) + v-.vu(s))ds
0

In the same way as in (2.11), we see that,‘Tu € B(Xr) for u € %

and that u +— Tu is continuous from % into B(Xr). Moreover,
2
+ - -— 13
1G(a, g, utv) G(a, g, w) Tuvug < B ﬂvﬂg (2. 12>

for (a,g,u) € D(L:) XX X% and v € 9. Indeed, in the same way as

in (2.10), we have

> ta_YﬂL?(G(a,g,u+v) - GCa,g,u) - T v)llr
o=y, (y+1)/2 u
_ t -(t-s)L
= 3 & "uf L% P vewv(s)dsl_ < B’ uvnfj
o=y, (y+1>/2 0

for all t > 0.
(2.12) shows that the Frechet derivative DuG(a.g,u) at (a,g,u) €

D(L:) X L X% is equal to Tu. This completes the proof. u]

Since G(0,0,0 = 0, DuG(0,0,0) =Aidentity on %, it follows from

the implicit function theorem that there is a unique continuous map

. e —— Y - -Y »
u from a neighborhood Vn, = {(a, g) € D(Lr) X a3 ||Lrallr + ﬂgﬂi < ')
of «, ® into % such that

u(0,0) =0, G(a,g,ula,g)) =0 for (a,g) € Vn,. 2. 13

This shows that u(a, g is a unique solution of (I.E) for (a, g8).
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Using the same method as in Giga & Miyakawa (5, Theorem 2.5), we see

that Pru-Vu for such a solution wu 1is Holder continuous on (0, «)

with values in Xr' Then it follows from Tanabe (13, Theorem
3.3.4) that u satisfies the differential equation N.S)". o
Remark. By Proposition 2.3, we can choose n in Theorem 2 so small

that (a,g) € Vn,. Since the map w : UA 3 f — w(f) € D(Ar) is
continuous (see Proposition 1.1), we can take x’ < ) so that

ﬂArwlIr < C* if ﬂfﬂr < a’.
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