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AFFINE SEMIGROUP RINGS AND HODGE ALGEBRAS

Takayuki Hibi (Hiroshima Univ.,.)

A Hodge algebra is a commutative algebra having a special
basis which allows one to determine many features of its structure
by a relatively simple combinatorial study of its generators and
relations. |

Many interesting examples, such as coordinate rings of
Grassmannian varieties, determinantal varieties and varieties of
complexes, turn out to be Hodge algebras governed by "good" ideals,

In this paper we study some Hodge algebra structures of

affine semigroup ringse.

8 1. Definition of Hodge algebras.

Let H be a finite set and IN the set of non-negative integers.
We denote bngH the set of maps from H toN., A monomial M on H is
an element ofﬂ?H. If M and N are monomials, then the product is
defined by (MN)(x)=M(x)+N(x) for all x€ H., We say that 'N divides
M if N(x)SM(x) for all x€ H, The support of M is the set Supp(M)

={xeH; M(x)#0}. An ideal of monomials is a subset ZC N such

that M € S and NeN" imply MNeS . A monomial M is called standard
with respect to = if M¢%. A generator of an ideal & is an element
of 2 which is nof divisible by any other element 0f Lo

If A is a commutative ring and an injectionP:HcsA is given,

then to each monomial M on H we may associate<P(M)=ég%¢Kx)M{X)

€A, We will usually identify H with ¥©(H) and write M €A for
QM) € A,



43

Now let R be a commutative ringland let A Ee a commutative
R-algebra., Suppose that H is a finite partially ordered set,
called a poset, with an injection<P:HC+A, and that 23 is an ideal of

monomials on He.

We call A a Hodge algebra governed by 2. and generated by H

i1f the following axioms are satisfied:
(Hodge=1) A is a free R-module admitting the set of standard
monomials (Were.te.o,) as a basis.
(Hodge=2) If N €¢£ is a generator and
() W= Fry My s o Ofry 5 R
is the unique expression for N€ A as a linear combination of
distinct standard monomials guaranteed by (Hodge-l), then for

each x € Supp(N) and each M there is Iy i € Supp(MN ’i) which
] 9

N,i
satisfies Iy i< Xe
?

The relations (¥) are called the straightening relations

for A

If we put the right-hand sides of all the straightening
relations to be O, then we can construct the "simplest" Hodge
algebra, called the discrete Hodge algebra, which is isomorphicb
to AO:R[H]/ER[H], where R{Hl is the polynomial ring over R whose
indeterminates are the elements of H.

A Hodge algebra A is called square-free if X is generated

by square-~free monomialse. We say that A is ordinal if 3 is
generated by the products of the pairs of elements which are
incomparable in the partial order on H, then 2. consists of all
monomials whose supports are not totally ordered, and is, of

course, square~free.

S~ Y
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All the examples treated in { 23 are ordinal or square-free,
It seems to be interested to construct more general Hodge algebras.

Let A (resp. A') be a Hodge algebra governed by an ideal 3 (
resp. 3.') and generated by a poset H (resp. H') over a base ring
Re The tensor product A*;A@hA' turns out to be a Hodge algebra
in the following way. We make H*=HUH' (disjoint union) a poset by
preserving the ordering of H and H', and by setting o <al' for all
cl€¢ H and d' € H', We inject H* to A* by sending o€ A (r‘esp. o €A')
too®1 (resp. 1®a') € A*, We regardJNH (resp.NH') as the subset

{n*ennB™; Supp(N*) CH (resp. H') Y |

ofﬁﬁH: and define $°* to be an ideal ofﬁIH*which is generated by
SUZ'e Now it is easy to see that A*:A@hA’ is a Hodge algebra
governed by 3 * and generated by H* over R, and that A* is ordinal

if and only if both A and A' are ordinal.

8 2. Affine semigroup rings.

Let k be a field, SCN' (r>0) an affine semigroup, i.e.,
a finitely generated additive semigroup with identity, and k{Tl=
kCTl,...,Tr] the polynomial ring in r variables over k. We denote
by k£S1 the affine semigroup ring of S over k
kITY; we s1CkITI,
where Tszyl.o.Tﬁr 1f w=(Wy,eee,W, )0

Qur first result is the following:

THEOREM 1., Any affine semigroup ring has a structure of Hodge

algebras.
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Proof: Suppose that S is generated by hl,...,hp:(write S=
<hl,...,hp>). We pu£ H to be {Thl,...,ThpL and make H a poset by
setting

Thl< o¢.<Thp’
namely H is a chain (totally ordered set), We define

There exists MGﬂ(H such that
K?.
1) E%N(Thi)h. = EZM(Thi)h., .
=1 i 121 i

(2.1) $7 =4 meglt
2) (N(TRL), ..., N(T*®)) < (m(TM), ..., M(TPP))

Vv

in the lexicographic order inﬁ@p; ' /

Obviously 2 is an ideal, and the axiom (Hodge-~l) follows

immediately from the definition of?2,. If N €2, is a generator and

ﬁ(Thl)N(T ) =TT (g )
1:1 i=1
is the straightening relation guaranteed by (Hodge-l), then
Supp(N) N Supp(M) = @
since N is a generator. Accordingly
(N(TPL), ..., N(TRP)) < (M(TPL), ..., M(TRP))

show the axiom (Hodge-=-2). &

Let A be a Hodge algebra governed by an ideal 2, and generated
by a poset H, and H' another poset with an order preserving
bijection A:H—=H', If we identify o€ H with XN(d) € H', then A
turns out to be a Hodge algebra generated by H'. In particular,
if we take a chain H' which consists of the same number of elements
as H, then we have an order preserving bijection A:H—H',
Consequently, any Hodge algebra turns out to be a Hodge algebra

generated by a chain. This is a key point in the proof of THEOREM 1,

Ry —
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8 3. Cohen-Macaulayness of Hodge algebras.

Let A be a Hodge algebra governed by an ideal g:and generated .
by a poset’H over a base ring R. We denote by AO the corresponding
discrete Hodge algebra R{Hl /T RiHl. | »

The following result, which is obtained in {21, is a
fundamental theorem in the theory of Hodge algebras,

A

If AO is a Cohen-Macaulay (resp, Gorenstein) ring, then Ao

is a Cohen-Macaulay (resp., Gorenstein) ring for everv prime ideal

2 o0f A which contains E. .

The converse of the above theorem is false., A counter example
of the Corenstein case is well-known,,While that of the Cchen=-
Macaulay case does not‘seem to be known (see [ 23 P.38). In the
following we construct a Goreﬁstein ring A such fhat AO is not

a Cohen=Macaulay ringe.

EXAMPLE. Let S=Xhy,h,hg,hy >CN? be an affine semigroup with

—(2 0), hy =(2,1), h (l 2) and n =(0,2)., Firstly if we make ksl

a Hodge algebra  so that the total order of H={T"1,7P2, 713 , T4}
is Thl QTh2<Th3<Th4 then Z:((Thz) ,(TbB) o Since the
corresponding discrete Hodge algebra

klx,v, 2, W1/ (v2,2%)

(write X,Y,Z,W for 7hl Th2 b3, Th4) is a Gorensteln ring, k[S] is
a Gorenstein ring. Secondly if the total order of H is oh2 < rh3 ¢
TRL < TBL, then¥ = ((TR1)20Ry pP1 (B2, (p83) 4 71 (18302 ang the
correspeonding discrete Hodge algebra is

—_—5—



47

klx,v, 2,/ (x%,xwe, 2%, x2%)
=(x[%,7,wl/ X%, xw?, 2%, x2%)) (Y.

Ry the primary decomposition

x2w,xwl, 24 ,x78) = (x,2"9n (x2,22,w%) N (xZ,w),
we have ,

depth(kfx?Z,‘ﬁ!]/(XZW,X\«VZ,-ZL*,XZZ))(X’Z’W) = 0,

so (X, 7,wl/(x%W,xu%,74,%22) is not a Cohen-Macaulay ring.
Accordingly, k[X,v,2,wl/(x%W,xw®,z%,X2°%) is not a Cohen-Macaulay

ring.

g L+ Cohen-Macaulayness of affine semigroup rings and tHeA

corresponding discrete Hodge algebras.

In this section we study the converse of the fundamental
theorem (§Zﬂ in the case of affine semigroup rings.

An affine semigroup ring is’a subring of a polynomiai‘rihgv
over a field k, which is generated by a finite number of monomials,
while a discrete Hodge algebra is a residue ring by an ideal which
is generated by a finite number of monomials, Both of them are
investigated as natural ekamples of commutative rings. It is
interesting that these two classes of commutative rings are

associated under the concept of Hodge algebrass

PROPOSITION 1., Let S:(fl,...,fn,gl,...,gm>C'Nr (I‘>O) be an
f

affine semigroup (n=dim k{Sl). We assume that T i,Tfj is a k[sl-
sequence for all i,J (i#3). If we make k{S1 a Hodge algebravso that

the total order of H={rl,,..,7in,781, ,,. 78n} satisfies

———
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pfs < 8t ( ¥s,t)
then the corresponding discrete Hodge algebra is a Cohen-Macaulay

I‘ing.

For the proof of PROPOSITION 1, we need some lemmas. By the
definition of affine semigroup rings, k[s]:k[Thl,...,Thp] (=<
hl""’hp>) is a subring of k(Tl:kal,...,Tr], the polynomial ring

in r variables over k. Then,

LEMMA 1, If a monomial M in T (in usual sense) is contained

in k{s), then M is a monomial in Thl,...,Thp.

By using LEMMA 1, we prove the following

b1 ...,7"P satisfy M

hy

LEMMA 2., If two monomials Mand N in T

€(N), then there exists a monomial N' in T ,...,Thp such that

M=NN'. Here we denote by (N) the principal ideal in k[S] which is

generated by N € k3],

Proof of PROPOSITION l: To begin with we show that Supp(N)

CﬁTgl,...,Tgm} if N is a generator of3,. Suppose that Supp(N)(t

f

{781,...,78m}, and that T'1 is a minimal element in Supp(N). If

the straightening relation of (Hodge-2) is
mn f m . g m f m }
ET(TfS)N(T S)EE(Tgt)N(T t)::}E(TfS)M(T S)EE(Tgt)M(Tgt),
=1 2 = 2

then Supp(M) must contain 7T which satisfies Tf3<foi..Suppose

that NsziN', MszjM' as the elements ofﬂJH, then we have TfiN'
fi f

:Tfjbd'in k[Sl. Since T*i, T'J is a k[S}-sequence, we have M‘G(Tfi).

._.......’7_._..
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Therefore, by using LEMMA 2 there exists M"(:‘NH such that

IiMr. Now by the minimality of Tfi and

wi=rfimn in k[S). Thus N'=T
Tfj < vai, Supp(N') does not contain TfS which is STfj. Accordingly
bj the definition (2.1) of3, N' must be contained in¥ . This
contradicts to the fact that N is a generator of 2. Consequently,
we have Supp(N) C {781, ,,,,78m},

In this case, the corresponding discrete Hodge algebra is

kA1 /Sk{H] = (k[HZI/Zk{HZI)[Hl] ’

where leinl,...,Tfn}, H'B:{Tgl,...,Tgm}. Since dimk[Sl=n, the/
dimension of the corresponding discrete Hodge algebra is also n
([2], Theorem 6.1.). Thus dim k(Hal/S’,k[HZ'l:O, and it follows that
kEHal/Zk[HE] is a Cohen-Macaulay ring. Accordingly, k[H] /Sk({H]

is also a Cohen-Macaulay ring.

COROLLARY, If S CNfsatisfies the assumption of PROPOSITION 1,

then k{S) is a Cohen-Macaulay ring.

We call an affine semigroup SCNr a simplicial monoid if

there exist f,...,f €S (0<nsr) such that

(4.1) f1,ee.,f, are linearly independent over @ and

(4e2) SCQE +eee+Qyf
where Q) and @, denote the set of rationals and 6f non-negative
rationals, respectively.

Note that n=dim k([S], and that the assumption above is always
satisfied when rga.'

The following lemma concerning simplicial monoids is apparent

intuitively.
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LEMMA 3. If S:{hl,...,hp> is a simplicial monoid, then fy,...,
f, (n=dim k[s]) which satisfy (4.1) and (4.2) can be selected from

hl’l'.’hp.

Now we get to our second result in this paper.

THEOREM 2. Let S:(hl,...,hp> be a simplicial monoid. If k(s]
is a Cohen-Macaulay ring, then for one of the Hodge algebra
structures given'in THEOREM 1, the corresponding discrete Hodge

algebra is a Cohen-Macaulay ring.

Proof: By using LEMMA 3%, we can select fl,...,fh>€s (n=
dim kf8)) which satisfy (4.1) and (4.2) from hl""’hp' We may
arrange hl"“’hp into

f1,'0'sfn’gls°'°,gm (p=n+m)

f

Let:n:(Tfl,,x,,T n,Tgl,.u.,Tgm) be the relevant maximal ideal in

fﬁ,Tgl,...,Tgm]. By (4.2) M is nilpotent modulo

f f
l,.CQ’T n

k[S] :k[Tfl, ss e ,T
(Tfl,...,Tfn), and we have dimk{S}=htfi=n. Therefore, T
is a system of parameters inMMl, Since k[S} is a Cohen-Macaulay

fl,...,Tfn is a k[S)-sequence in any order. Now we can

ring, T
apply the PROPOSITION 1, and this completes the proof of our

theorem. @&

Supplement: By using the COROLLARY of PROPOSITION 1, we can
give another proof of the following result when S is a simplicial

monoid:

If k(8] satisfies the Serre's condition (SZ), then k(S] is

a Cohen-Macaulay ring.
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Prof, S.Gotd and K.Watanabe remarked the author that the

above result is essentially in [ 3] and {41,
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