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Abstract

Using the language in kinetic theory of gases, the well-
known theorems on characterization of normal distribution are
considered. It is intended to clarify what the proof physically

means through the concept of collision, entropy and time reversal.

§1., INTRODUCTION

Using the }anguage in-kinetic_theory of gases, we will
consider well-known theorems on characterizations of the normal
distribution first proved by M. Kac and S. Bernstein extended by
V. P. Skitovich, G. Darmois, S. G. Ghurye and I. Olkin and the
others. (For example, see [1], [2], [4], [6], [9].)

An information-theoretic proof was given to the theorem:in
l-dimensional case on the author's previous paper [3]. This time,
it is intended to give extension to n-dimensional case and to
clarify what the proof physically means through the concept of
collision, éntropy and time reversal. We have varying kind of
entroples, whose use depends on situations we are dealing. (See
[101.] For our problem we use "Linnik's entropy". (See [71, [8].)
While in l-dimensional case, there are several proofs known, T
know in n-dimensional case, only one proof in which characteristic
function is used. By the method we have developed here, both

cases can be treated essentially in the same way. We must impose
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strict conditions, for example, the existence of variance,
differentiability of densities, etc,, although we can relax them
by smoothing by therGaussian distribution,. Throﬁghout this péper
we do not write down those conditions explicitly, since our aim
is to give the physical image to the theorem and its proof.

The theorems have a long history dating back to Maxwell's
Investigation, Although in recent works a characteristic function
is the main tool for the proof, (See [9].), the origin of the
thédreﬁs is in kinetlc theory of gases. 1In this connection, the

approach adopted in this paper is'quite natural and justifiable,

§2, CASE OF KAC'S CARICATURE —— QUTLINE

First we discuss the case of Kac's caricature of a
Maxwellian gas. Kac's caricéture of a Maxwellian gas is a
model for the motion of a molecule in a chaotic bath of like
molecules, satiéfying the followings, ‘

1) The molecular velocities are l-dimensional instead of
3

ii) A collision is a 2-dimensional rotation:

le~—~Y1=chose+Xzsin9

o Y2=—Xlsin9+X2cosa,

X
where § is uniformly distributed on [0,21), preserving the
energy,

1

=X

2 1,2 71,2
5 5Y

1.2 :
1t o =50 oY
but not preserving momentum.

iii) Colliding pairs are uniformly distributed, and each

particle sufferson the average, one collision per unit time.

-2-
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There are particles Al, A2, A3..., and at time t the
velocities of them are represented by the random variables

X X X

1, 23 30.-.

Theorem. If Xi and Xj are mutually independent and if the

statistical independence are preserved in spite of the

occurence of a collision, Xi’ Xj’ Yi and Yj are normally

distributed.

Roughly speaking, we can realize the above theorem as the
following. Because of the mutual independence between X; and

X entropy of each particle increases by a collision,

j)
Consider the time reversal,

f— -t
¥, — ~Y, ¥— -Y,
Xy— =Xy X;— X,

that is, the particle Ai with the velocity -Y, and the

i
particle Aj with —Yj collide with each.other and change their
velocities to —Xi and —Xj.

By this time reversal,entropy of each particle also
increases, This contradicts the former. So the increment of

entropy must be zero on both time direction. Hence it is

necessary Xi’ Xj’ Y, and Yj are normally distributed.

$3, 3-DIMENSIONAL CASE  —— OUTLINE

Boltzmann treated an assembly of particles considered as

hard spheres of diameterré . Consider the particles A, and Aj

i

7 Center line at the time of

es o -
whose velocities are v; and VJ.

collision is given by the unit vector €. The collision is

-3=
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determined by ?i’ 53 and €

?i,and ?3 change to
2! o = = =2\
vy = vyt Gy - Vi g)e
=7 - = =2
v, =v, - (V, - V,, e
j P vy 3 €)
We say, "the collision is 3-diménsional," if the plane

determined by ?i and V} is different from the plane determined
=37 7
by.vi and VJ.
Consider the particles A. and Aj whose velocities are
represented hy the random varlables f and ? By a collision
the velocities i -and E? change to ? and ? Using an

orthogonal matrix T, we have the following relation.

Y, b

EaL
3] \&] .

Theorem, Xi and ?} are mutually independent random
vectors. If the collision is 3-dimensional, and if the
statistical independence are preserved‘in spite of the
occurence of the collision, Yif Y},,Y} and ?3 have rotation

invariant 3-dimensional normal densities,

In this case also, we can do the similar discussion as
the case of Kac's caricature, By the collision entropy of
each particle increases. Consider the time reversal.
Particle A1 and Aj with their vglocities —?& and —?}‘gollide

and change their velocities to —i;'and —X}, that is,

X . -Y,
\_}‘ - 1 Hyf
—\X -

J J/ .

By the time reversal the entropy of each particle also
increases. This contradicts the case where the time is not

reversed,
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30 the increment of entrdpy must be zero on both time
direction. And we find the random vectors have rotation

invariant 3-dimensional normal density.

&4. CASE OF KAC'S CARICATURE —— DETAIL
We introduce an "entropy" first used by Yu. V. Linnik to
proyve central 1limit theorem with Lindeberg condition, We name
this, Linnik's entropy. |
Consider one dimensional random variable X with cohtinuous
probability density p(x) and satisfying the conditions

o9

sup p(x)< o9, E(X)=\| xp(x)dx=0, and

(1) .
D(X)=g°f2p(x)dX.

We put

(2) I(X)=H(X)~51ogD(X)

following YU. V. Linnik whegé

(31 H(X)=- Smp (x)logP(x)dx

-

I(X) has the following properties. (See [3],[5].)

. Lemma 1, I(X) is invariant with respect to a homothetic
transformation, i.e., for any e
(4) I(dX)=I(X).

Lemma 2. Let X and Y be mutually independent random
variables with probability densities p(x) and q(y) and
variances D(X) and D(Y) respectively. Then
(5) I(x#pY)-I(X)=5 DL (X +o(f)
for sufficiently sma}l p‘ziwhere
(6) f(X)fJ (g%%?)) p(x)dx_ﬁ%iy

Lemma 3, Let';?X) be the value defined by (6), then we

have
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P(X)2 0
and
£(X)= 0

if and only if X 1s normally distributed.

We name —Splogp, Boltzmann's entropy. It was used by
‘Boltzmann to prove H theorem, For the p(x,t) which satisfies

a kind of Boltzmann equation (7), we can prove H theorem,

that 1is, '%..,S p(x,t)logp(x,t)dx 20
(7 f%»p(x,t){z' ﬁz;cosg+ysin6,t)p(—xsin9+ycose,t)
A .
LB (x,t1p(y,t)ay 20

Consider the diffusion equation,
gy 21 | '
(8) 3 p(X,'G_)_‘-’--z- ﬁp(x,t),
and use Linnik's entropy,

jg;(x,t)logp(x,t)dx—%logt,
o .
we can prove H theorem also in this case. It is interesting
we can use Linnik's entropy for a problem of kinetic theory
of géses in which uéually Boltzmann's entropy 1s used.
(9) Let Y1(9)=chose+x2sin6
Y,(f]=-X,sinf+X,cosb

and let Xl,ﬂ;X', (that is X, and X, are mutually independent),
Yl(elljl Y2(91), Yl(QQ)lL Y2(62), we can decompose a collision
which preserves independence to two collislons which preserve
independence. '

Collision 1. A, with X, and A, with X, collide and
change their velocities to Yl(el) and Yz(el)'

Collision 2. A, with Yl(el) and A, with YZ(Ql) collide

and change their velocitiles to Yl(ea) and YZ(BZ)'

6
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Theorem 1. The random variables Xl and X2 are mutually
independent. If § is sufficiently small and if Yl(e) and YZ(Q)
are mutually independent, X, and X, are normally distributed.

Proof. The outline of proof has already been shown in 82.
By the collision Xl and X2 change to
Y, (6)=X cos8+X,sinf

(10)
Y2(9)=—Xlsin6+X2c089, respectively.
Using Lemma 1 and Lemma 2, we see
T(Y,(§))-T(X))=I(Y (9)/cos@-I(xi)=I(Xl+x2tan9)-1<xl)
F%tan DX, ) (X, )+o(§h)
(11)

Iy, @11 I(X,)=I(Y,(8)/cosf)-I(X,)=I(X,-X ;tanf)-I(X,)
21
=5tan 9D(X1)f£x2)+o(9 ).
So the entropy of each particle increases since f(Xl)ZO and
f(x2j20 by Lemma 3,
Consider the time reversal,

A with—Yl(9) and A

1 with —Y2(9) collide and change to

2
12) —Xl=~Y1(9)cos8+Y2(9)sin9
~X,=-Y, (f1sin ~Y,(B)cosh, respectively.

By the same argument,
I(-Xy)=I(-¥,(§))=1(X])-I(¥,(0))= .

Lean?gD(,(8))£ (¥, (B))+o(f )
I(=X,)-I(~Y,())=T(X,)-I(Y,(8))=

2

Loan®D(y, (§))7(Y,(B))+0(B)

So the entropy increases also since

(13)

f(Yl(Q))zo and f(Yz(Q))ZO by Lemma :3.
This contradicts the case where the time is not reversed, unless

f(Xli, f(Yl(B)), T(X2), and f(YZ(e)) are zero, So X; and X, are

normally distributed.
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Theorem 2. If XMl x,, v,(Bp AL v (), v (B L v, (69, ana
if 92-91 is sufficiently small, Xl and X2 are normally distributed.
Proof, 'In this case we can decompbse a collision to two
collisions which preserve independence,
Collision 1,
X, and X, collide and change to Yl(el) and Y2(91).
Collision 2,
Yl(ell and Yz(ell collide and change to Yl(el) and YZ(GE)'
The relation between (¥;(f;), ¥,(By)) and (v, (89, ¥,(85)) 1s the
following.
¥, (Bp)=¥; (Bydeos ( G- B1)+¥, By sin(By-0p)
Applying Theorem 1 to Collision 2, we find Yl(Ql? and Yg(Gl)

(14)

are normally distributed. So X, and X, are normally distributed.

85. 3-DIMENSIONAL CASE —— DETAIL

Yu. V. Linnik extended his result of one dimensional case to
a class of n dimensional random vectors X which have a probability
density p(?) subjected to the conditions sup p(X) ; EX= O; B?=
EX ?T>O and finite, For the class he defined following information
functional,

I(X) = -\ p(@) log p(Ddx.dx,...dx
n® 1772 n
(15) JR 1
~§log(det Biﬂ .

Yu. V. Linnik proved the following Lemmas,

Lemma 1. If A is n dimensional non-singular matrix, 7= Af:

then

(16) (¥ = 1(X)
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Lemma 2. Let X and Y be mutually independent random vectors

and F is a matrix, then

(17) I(X +BY) = = B [ I - B3 ] + o(TrB,o)
P 22 PY 4y Xy X gy T OTRY
2 ,
- -

where I')-(’ i ,a—x—i—a—it]:‘ log p(X) p(X)dX, .o dxn v

Lemma 3
(18) I - B 0

X 1j ?ij 2

Equality holds if and only if X is normally distributed.

Theorem 3.
1) Ay with the velocity Zl and A, with i‘z collide and

change their velocities to ?i(T) and Yé(T),

where
\ =+
( ?i(T) X,
(19) =T
\Y2(T) Yé

and T is a 6~dimensional orthogonal matrix_

ii) |T-Ell is sufficiently small with respect to Frobenius
norm, where E is 6-dimensional unit matrix,

iii) The collision is 3-dimensional,

= e
If ?&, fé, Yl(T) and ?é(T) satisfy the above conditions, il and X,

have rotation invariant normal densities.
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Proof. T is represented as the following

(20) | A m A
T = ‘
Ay o m
| for 3-dimensional matriceskaj(T).
(19) is equivalent to
(21) "x’l B ¥,(T)
=T
%, v, (M) |
where »
. Bm PLm
T—'=
P PBm
for 3-dimensional matrix ﬁ%j(T).

By a collision fl changes to
(22) 7 (1) = A M+, (M,
Applying Lemma 1 and Lemma 2 to (22), we have the following

relation

' _ -1 _
(23) I(?lifll - I(X)) = 1@]7(MT (M) - I(X))

1 5

=5

%X"l ‘? {IY - B%l \&
S X1 (MK (T, 4y 15k 15k

+ 0 (TrB 4 )
AT1(T) olyp (MY,

So the entropy increases by Lemma 3,

Consider the time reversal, By a collision -?i(T) changes to

ey =%, = B @I M - LMY,

-~10~
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By Lemma 1 and Lemma 2,

(-X]) - I(-¥ (7)) = 1(X}) - 1T (T))

(25) I
3
2% Ba-1 ‘Y . EI? N oan B;l ,
) PIT(TI B, (MTL(T) gk ~ ¥, (T) jk 1(T) Jx
+ o(TrB
RII(TB (T, (T)

So the entropy increases by Lemma 3. This contradicts the case

where the time 1s not reversed, unless
: 1 .
I ..~ B and
fi Jk fl Jk
’ n=l s
I - B are zero for every jk.
T, (1) Jk ¥,(T)  Jk

Taking accpunt the condition "the collision is 3-dimensional”,

we find fi and Yé have rotation invariant 3-dimensional normal

densities,
Let ?i(Ti) . X
. i
¥, (Ty) %,

> - -> - )

and let Xl.ﬂ X5, Yl(Tl)ll Y,(Ty), Yl(T2) u ?é(T2), we can
decompose a collision which preserves independence to two
collisions which preserve independence.

Collision 1. Al with fi and A2 with fé collide and change
the;r veloclties to ?l(Tl) and Yé(Tl).

Collision 2. Al with ?1(Tl) and A2 with Yé(Tl) collide and
change their velocities to ?1(T2) and ?2(T2). The relation

- . . "
between Yi(T1) and ?i(T2) is represented as the following,

~11-
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Y, (T,) [ he
= T,T
271 |
Y,(T,) TGN

So we can extend theorem 2 to 3~-dimensional case.

In the above discussion, "3~dimensional'™ is not essential

we can prove the case of "n-dimensional" by the same argument.

Strictly speaking, condition ii) in Theorem 3 must be stated
as theAfollowing.
Theorem 3'. ‘
1) A, with the velocity fl and A, collide and
change their Véiocities to Yi(Ti) and Yé(Ti),

where
¥, (T,) X,
(19) = Ti
¥,(7;) %,

and T, is a 6-dimensional orthogonal matrix.
ii) Ti (i=1,2,3?;.. .) converges to E with respect to
Frobenius norm, where E 1s 6-dimensional unit matrix.
iii) The collision is 3-dimensional.
~ " —?
1r X., X,, ¥.(T,) and Y¥,(T,) satisfy the above conditions, X, and
, 12 f2r f1vs 2% 1 1
—)
X2 have rotation invariant normal densities,
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