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1 Introduction and main results

The purpose of this paper is to consider a Brézis-Gallouét-Wainger type in-
equality with a double logarithmic term in the Holder space. Ibrahim, Majdoub
and Masmoudi [8] obtained its sharp constant in the 2-dimensional case. In
this paper, we examine a similar type inequality with a slightly general form
for any bounded domain 2 C R™ and higher dimensions n > 2. We treat only
real-valued functions.

First we recall the Sobolev embedding theorem in the critical case. For 1 < p <
00, it is well known that the embedding W™/?P(R") < L4(R") holds for any
p < g < oo, and does not hold for ¢ = oo, i.e., one cannot estimate the L°°-
norm by the W™PP-norm. However, the Brézis-Gallouét-Wainger inequality
states that the L®-norm can be estimated by the W™/PP-norm with the partial
aid of the W*"-norm with s > n/r and 1 <r < oo as follows:

—1
52750 < AL+ log(1 + [fuflwrsr ) (1.1)

holds for all u € W™/PP(R") N W*"(R™) with |[ul[yyn/p.p@ny = 1, where X is
a positive constant independent of u. Note that the embedding W*"(R") —
L>*(R™) holds for s and r specified as above. Originally, Brézis-Gallouét [4]
proved (1.1) for the case n = p = r = s = 2. Later on, Brézis-Wainger [5]
obtained (1.1) for the general case, and remarked that the power p/(p — 1) in
(1.1) is optimal in the sense that one cannot replace it by any larger power.
Ozawa [15] improved (1.1) so that the Sobolev norm ||w||ys.r®n) in (1.1) can be
replaced with the homogeneous Sobolev norm [|ul|ys. gn). However, it seems
that little is known about the sharp constants in Brézis-Gallouét-Wainger type
inequalities.

In this paper, we restrict our attention to the case p = n, and consider the
problem for a bounded domain €2 C R™. We regard any function on () as the
function on R™ by the zero-extension on R"™ \ Q. Then the inequality (1.1)
holds for all uw € Wy (Q) N W*"(R™) with ||u|win(q) = 1, where s > n/r and
1 < r < oo. Note that a W, ™(Q)-norm is equivalent to |Vl n), and (1.1)
also holds with ||Vul|[zn@®n) = 1. Here,

1/2
»(ou\’ n
IVullzre) = [Vulllzne) = || 2| 5 for u € Wy™(€2).
k=1 8xk
L)
(1.2)
Furthermore, if s > 0 and n/s < r < n/(s — 1);, then the embedding
Wer(R") — C**(R") holds with a = s —n/r. We also note that [[ul| o) =
[ull go.0(gny for u € CO(Q) N Cy(Q), where Cy(Q) = {u € C(R™); u =
0 on R™\ Q}, and C%*(Q) denotes the subspace of the homogeneous Holder



space of order o endowed with the seminorm

|u(z) — u(y)]
Ul go,a(qy = SUp ——————
Jullenaia) = sup T
Ty
with 0 < a < 1. Then a slightly stronger inequality

n/(n—1
][}, < (1 +1og(L+ [|ull o)) (1.3)

for u € Wy () NC%(Q) with |[Vu||zn) = 1, can be an object of our study.
In the case n = 2, Ibrahim-Majdoub-Masmoudi [8] proved such inequalities
of the type (1.3) and gave their sharp constant. They formulated and proved
their principal results for the case 2 = B; as in Theorem A below though
they remarked how to modify the results for an arbitrary bounded domain 2.
Here, B; denotes the unit open ball centered at the origin.

Theorem A. (Ibrahim-Majdoub-Masmoudi [8, Theorems 1.3 and 1.4]). Let
n=2and 0 <a<1.

(i) If Ay > 1/(27«), then there exists a constant C' > 0 such that
[ullZoe s,y < A log(llulleoa s, +C) (1.4)

holds for all u € Wy*(By) N C%*(By) with ||Vu| z2(z,) = 1. Furthermore, if
A1 < 1/(27«), then the inequality (1.4) with any constant C' > 0 does not
hold for some u € W, ?(By) N C%*(B;) with V| 28, = 1.

(ii) If Ay = 1/(27), then there exists a constant C' > 0 such that

ullZoe (s, < Arlog(e® + Cllullgo.a(g, (log(2e + [[ulloas,))?)  (1.5)

holds for all u € Wy*(By) N C%*(By) with ||Vu| z2(z,) = 1. Furthermore, if
A1 < 1/(2ma), then the inequality (1.5) with any constant C' > 0 does not
hold for some u € W, ?(By) N C%*(B;) with |Vullr2s,) = 1.

Theorem A (i) claims that A\ = 1/(27«) is the sharp constant for the inequal-
ity (1.4), and (1.4) does not hold when A; is just the sharp one. However, since
the right hand side of (1.5) behaves like

A1
M 10%”“”(30@(31) + ) log(log||u||c-o,a(31)) +O(1) as HuHC’Ova(Bl) — 00,

Theorem A (ii) essentially claims that the inequality holds also for the sharp
constant A\; = 1/(2m«) if we add a certain weak term in the right hand side.

In this paper, we generalize the inequalities above twofold. One is to deal with
higher dimensions n > 2, and the other is to give two sharp constants of the



coefficients of single and double logarithms in the inequality (1.5). Instead
of the inequalities (1.4) and (1.5), we introduce a new formulation of the
inequality:

ull 7% < Alog(1+ lull o o)) + Az log(1+log(1 + [[ull o)) +C (1.6)

for u € Wy™(Q) N C%(Q) with | Vuzn@y = 1, where Q is an arbitrary
bounded domain in R™. We are here concerned with the sharpness of both
constants A; and A9, where C' is a constant which may depend on €2, o, \;
and A\y. We remark that the power n/(n — 1) on the left hand side of (1.6) is
also optimal in the sense that one cannot replace it by any larger power (see
also Remark 3.5 below).

Our main purpose is to determine the sharp constants for A; and Ay in (1.6).
Note that these sharp constants may depend on the definition of ||Vul|zn@q;
there are several manners to define ||Vul[zn(q). In what follows, we choose
(1.2) as the definition of ||Vu||zn), and then we shall show that Ay = A/«
and Ao = Ao/ are the sharp constants in (1.6) as described in the theorems
below. Here and below, we denote

1 A A 1
o 2T T T T meD
w,l/,(? 2 n nw,li/,(l 2

A1:

and w,_; = 27/2/T(n/2) is the surface area of the unit sphere S"~! = {z €
R™; |z| = 1}. More precisely, we have the following theorems, which essentially
include Theorem A because A; = 1/(27) and Ay = A;/2 in the case n = 2.

Theorem 1.1. Letn > 2, 0 < a < 1 and ©Q be a bounded domain in R™.
Assume that either

A A A
(D) A > (and Ay €R) or (II) A\ = =% and Ay > —
o o o
holds. Then there exists a constant C such that the inequality (1.6) holds for

all w € Wy ™(Q) N CO(Q) with [Vullne) = 1.

Theorem 1.2. Letn > 2, 0 < a < 1 and ) be a bounded domain in R™.
Assume that either

A A A
(II) A\ < ;1 (and Xy €R) or (IV) A = ;1 and Ay < ;2

holds. Then for any constant C', the inequality (1.6) does not hold for some
u € Wy™(Q) N C%(Q) with ||Vl gnq) = 1.

In Theorem A, it is not mentioned whether the power 1/2 of the inner loga-
rithmic factor on the right hand side of (1.5) is optimal or not. On the other



hand, we can assert that the power 1/2 in (1.5) must be optimal by virtue of
Theorem 1.2 (IV).

We are also interested in the existence of an extremal function of the inequality
(1.6). Here, for fixed A; and Ay such that (1.6) holds, we introduce the notion
of the best constant and an extremal function as follows. We call

Co = sup{ Fu; A1, Ao]; u € Wy™(Q) N C*(Q), |Vl pni) = 1}
the best constant for (1.6), where Flu; A1, Ag] is defined by
Flu; A, Ae] = [lul 7255, =M log (14 [[ul] go.e(y) — Az log (1+1og(1+ |t go.e)):

We also call ug an extremal function of (1.6) if Cy = Flug; A1, A2]. Since the
inequality (1.6) corresponds to the critical embedding, we cannot expect any
compactness property for treating that maximizing problem, and it is difficult
to ensure the existence of an extremal function, in general. However, in the
case that € is an open ball B = {x € R"; |z| < R}, we can find an extremal
function in some cases.

Theorem 1.3. Letn > 2, 0 < a <1, R >0 and Q = Bgr. Fix A\, s > 0
satisfying the assumption (1) or (II) in Theorem 1.1. If the best constant Cj

for the inequality (1.6) (with 2 = Bpg) is positive, then there exists an extremal
function ug € Wy (Bg) N C**(Bg) with ||Vuo|l sy =1 of (1.6).

Now we give some remarks on our results. The following remark is concerned
with Theorems 1.1 and 1.2.

Remark 1.4. When we consider the inequality (1.6) without the double log-
arithmic term, i.e., Ay = 0, Theorem 1.1 (I) and Theorem 1.2 (III) claim that
Ai/a is the sharp constant for A;, and (1.6) with Ay = Ay/a (and Ay = 0)
fails to hold by virtue of Theorem 1.2 (IV). Hence, only in this case, it is
essentially meaningful to consider the inequality with the double logarithmic
term. Then Theorem 1.1 (II) and Theorem 1.2 (IV) claim that As/« is the
sharp constant for Ay in the case \; = Ay /«, and (1.6) holds with these sharp
constants. Therefore, even in the crucial case A\; = Aj/a and Ay = Ay/a, it is
no more meaningful to consider an inequality with any weaker term such as
the triple logarithmic term; see also Remark 3.6 below.

The following remark is concerned with Theorem 1.3.

Remark 1.5. (i) The assumption of the positivity of the best constant Cj for
the inequality (1.6) (with Q@ = Bpg) in Theorem 1.3 seems to be technical.

(ii) In some cases, the best constant C for the inequality (1.6) is actually
positive, and hence there exists an extremal function of (1.6). In fact, if 1 — «,
A1 — Aj/a and Ay — Ay/as are nonnegative and sufficiently small, then the



best constant Cy for (1.6) (with 2 = Bpg) is positive, provided that n and 1/R
are not so large. In Section 4, we shall observe this fact especially in the case
R=1

We here mention that Ozawa [15] gave another proof of the Brézis-Gallouét-
Wainger inequality (1.1). First he refined a Gagliardo-Nirenberg inequality,
which states that

n 1
ull Loy < Cq =Pl gy | (— )™ P, 222 (1.7)

holds for all u € W™/PP(R") with p < ¢ < 0o, where 1 < p < oo and the
constant C' is independent of ¢q. Then, by applying (1.7), he proved the Brézis-
Gallouét-Wainger inequality (1.1). We note that the growth order ¢'~'/? of
the coefficient on the right hand side as ¢ — oo is optimal, and (1.7) was
originally obtained by Ogawa [13] in the case n = p = 2.

Furthermore, Kozono-Ogawa-Taniuchi [10] and Ogawa [14] recently studied
similar estimates to (1.1) in Besov and Triebel-Lizorkin spaces, or BM O, and
applied them to the Navier-Stokes equations and the Euler equations.

On the other hand, the Trudinger-Moser estimate is known as a dual inequality
of the Brézis-Gallouét-Wainger inequality, which is the exponential type in-
equality characterizing the Sobolev critical case. As far as we know, the sharp
constant of the Brézis-Gallouét-Wainger inequality is little known, while we
can find some papers concerning the Trudinger-Moser estimate; see for in-
stance Adachi-Tanaka [1], Kozono-Sato-Wadade [11] and references therein.
In general, Brézis-Gallouét-Wainger type estimates can be obtained by the
Trudinger-Moser estimate without giving their sharp constants; see [15] and
[12].

Here we outline the proof of our results. First we note that the inequality (1.6)
holds for all u € Wy™(Q) N C%*(Q) with ||Vul|zn(q) = 1 if and only if there
exists a constant C' such that

n/(n—1) )
[ u]| oo @) ) ( ||U||cova(9)>
SR ~ A log (14 —hCte@)
(HVUHL”(Q) |Vl Ln o)
Ul o.a
“ o log (1 +log <1 + ””CO(Q))) <C
[VullLn@)

holds for all u € W™ () N C%*(Q) \ {0}. A scaling argument enables us to
reduce the matters to the case (2 = B;. The key point of the proof of Theorems
1.1 and 1.2 is that we can explicitly determine the minimizer of the minimizing
problem with a unilateral constraint

(1.8)

inf{||Vul[7np,); v € Wy™(By),u > hy a.e. on By} (1.9)



for 0 < 7 < 1. Here the obstacle function h, is given by

ho(x) = h(|z]) =1 — <’$J)a for x € R", (1.10)

where
1 1/
TT:T(alog—i—l) .
T

This approach is based on the argument by Ibrahim-Majdoub-Masmoudi [8]
in the case n = 2. Since W,"(B;) is not a Hilbert space for n > 3, we are
not able to use several tools for treating such a variational problem. Unlike
the case in W, *(By), little seems to be known on its regularity of a mini-
mizer in the space Wy™(B;) for n > 3, and we are not able to assume any
regularity property of a minimizer. However, because of the uniqueness of a
minimizer, it is radially symmetric and continuous on B; \ {0}. Furthermore,
we can show that the minimizer uf is n-harmonic on the region {uf > h,}.
Then we can explicitly determine the shape of the minimizer with the aid of
elementary one-dimensional calculi. Although we cannot assume any regular-
ity of the minimizer, the explicit representation of the minimizer implies the
C'-regularity on By \ {0} as a conclusion. Our method consists of calculating
the norms of the minimizer and a simple scale argument. On the other hand,
Ibrahim-Majdoub-Masmoudi [8] made use of the C'-regularity of the mini-
mizer and the theory of the rearrangement of functions to obtain Theorem

A.

The organization of this paper is as follows. In Section 2, we investigate the
minimizing problem (1.9). Then we can give the proof of Theorems 1.1 and
1.2, which will be described in Section 3. In Section 4, for A; and Ay such
that (1.6) holds, we consider the existence of an extremal function of (1.6)
with the best constant Cj in the case {2 = Bg. In Section 5, we prove a few
lemmas of elementary calculi which we stated in Sections 2 and 3. Section 6 is
an appendix, where we give the proof of a certain inequality concerned with
the Holder seminorm of the rearrangement of a function.

2 Minimizing problem

Throughout this paper, let the dimension n > 2 and 0 < a < 1. In what
follows, for simplicity we shall omit putting down n and « as subscripts of
constants or functions to indicate the dependency. First of all, we introduce
some function spaces. Let €2 be a bounded domain in R™. In what follows, we
regard a function w on 2 as the function on R" extended by u = 0 on R™ \ €,
and we denote

lully = Nl (70l = | 1974l I,



for 1 < p < o0,

u(z) — u(y)|
Ul|(a) = [|U||F0,0pny = SUp ————,
ey = el gmogeny = sup 50—
TH#Y

for simplicity. Note that we have
IVull, = [Vull oy, ulley = lulloeg

for all u € Wy?(Q2), and u € C%*(Q) N Cy(R), respectively. We also note that
the norm of W, () is equivalent to ||Vul|, if Q is bounded and 1 < p < oo,
because of the Poincaré inequality. We denote by Bpg the open ball in R"
centered at the origin of radius R > 0, i.e., Bgp = {x € R™; |z| < R}.

In order to prove our results, we examine a problem of minimizing ||Vul|]
with a unilateral constraint. More generally, for 1 < p < oo, we formulate the
following minimizing problem:

m[Q, h] = inf{||Vul]l; u € K[Q,h]}, (MP; Q, h)
where the obstacle h is a measurable function on 2 and

K[Q,h) = {u e WyP(Q); u>h ae. onQ}.

In this section, we prove three auxiliary lemmas. The first one ensures the
existence of a unique minimizer whenever the set K[, h] is nonempty. Since
the functional K[Q,h] > u — ||[Vu|} € [0,00) is continuous, strictly convex,
coercive, and K[, h| is convex, (weakly) closed, we can obtain existence and
uniqueness of the minimizer with the aid of [6, Chapter II, Proposition 1.2] as
follows.

Lemma 2.1. Let 1 < p < 00, 2 be a bounded domain in R™, h be a measurable
function defined on 2, and assume that K[Q, h] is nonempty. Then there exists
a unique minimizer u* = u*[Q, h] € K[Q, h] of (MP; Q,h), that is, ||Vu?|E =
m[Q, hl.

Next we verify that the minimizer is p-harmonic on the (open) set {u* > h}
in the weak sense. We can prove the lemma below by a similar argument as
in [7]. This property is well known for the case p = 2; see e.g. [7] and [9)].

Lemma 2.2. Let 1 < p < oo, Q be a bounded domain in R™ and h €
C(Q). Assume that K[Q,h] is nonempty and the minimizer u* = u*[Q, h] of
(MP; Q, h) is continuous on QO for some open subset Q of €. Then it holds

/O o (Vb (2) P2V (2) Vo(z)dr = 0 for all 6 € CLOIQ,Q, B]),  (2.1)



where

0[Q,Q, h] = {z € Q; vf(z) > h(z)}.
Proof. (a) First we show the variational inequality
/ 'V (2) P2 Vub (x)-(Vu(z) — Vb (x))de > 0 for allu € K[Q,h].  (2.2)
0

Since K[, h] is convex, it holds uf + 0(u — u*) € K[, h] for all 0 < § < 1 and
u € K[, h]. Then we have

1

0 < 2 (IV(uf + 0(u — u)) |2 — | Vu?[2)

|

= 5 [(V0 + 6 — ) @) ~ [Vub(a))da
— 29/Q|Vuﬁ($)|p72Vuﬁ(:U)~(Vu(x) — Vuu(a:))da: as 6\ 0.

(b) Note that O[S, €2, h] is open. For a fixed ¢ € CL(O[Q2, 2, h]) \ {0}, we set

min{v*(z) — h(z); x € supp ¢}
[6]]oo ’

and then 6, is positive. Moreover, we have uf & 6y¢ € K[, h]. Indeed,

Oy =

TFbo6(y) < Ooll¢lloc = min{uf(z) — h(z); = € supp ¢} < uf(y) — h(y)

for all y € supp ¢, which implies that u* 4+ 6y > h a.e. on €. Substituting
u = u* £ 0y¢ into (2.2) yields

= O[Q,Q,h]|vuﬁ($)|p_2v“ﬁ<x)'v¢(x)dx >0,

and (2.1) follows. O

The goal of this section is to prove the following fact, which explicitly gives the
minimizer u of the specific minimizing problem (M"; By, h,) with a parameter
0 < 7 <1, where h, is defined by (1.10). We also denote

K, = K[By, h,] = {u € Wy™(By); u> h, a.. on B}

Lemma 2.3. For any 0 < 7 < 1, the unique minimizer ut. of (M™; By, h,) is
given by

h,(x) forz € B,
# — ~ 4 — «@ 23
ur(e) = @-(J)) o <£> log ’wl‘ forx € By \ B;. (2:3)



The aim of this section is to prove Lemma 2.3. We need a lemma and several
propositions.

Proposition 2.4. Let h € C(By) be a radially symmetric function and assume
that KBy, h| is nonempty.

(i) The minimizer u* = u*[By,h] of (M"™; By, h) is radially symmetric and
continuous on By \ {0}.

(ii) The set O = O[By, By \ {0}, h] can be decomposed into a disjoint (at most
countable) union {0V}, of annuli with J € NU {0, 00}, that is,

J
O = U O(J'), ov) — {rw; a) < < b(i)) wE an} — (a(j),b(j)) % Snfl7
j=1
where 0 < a¥) < b9 <1, and {(a, b9}, is disjoint.
(iii) For each j, there exist two constants ), é9) € R such that

. 1 : :
u(x) = @ (|z]) = V¥ log? +é9 forz e OV,

Proof. (i) The minimizer u* of (M"; By, h) is radially symmetric because of
the uniqueness. Then we can write u*(x) = @¥(|z|) for # € B, by introducing
a one-variable function @f. Since @ € W,2"((0,1]), the Sobolev embedding
theorem in one dimension implies that @* is continuous on (0, 1], and hence u*
is continuous on B \ {0}.

(ii) By virtue of (i), there exists an open set O in (0, 1) such that O = Ox S™ 1.
Hence there exist disjoint (at most countable) open intervals {(a\?), b))}/,
such that O = U7_;(a"),b?). Then the assertion holds by putting O =
(a9, b)) x g1,

(iii) Since the function R" > x o(|z]) € R belongs to C(OW) for all
¢ € CH{(aV,b1))), we have from (2.1) that

p(d) B 5 ) )
et [ 1)@ ()8 () = 0 for all § € CL{(a,59).
all
By applying [3, Lemme VIII.1], there exists a constant ¢; € R such that
(@) (r)r|"2(@#) (r)r = —|cD|" 29 for a.e. al¥) < 1 < bV,
Since the function R 3 s — |s|"%s € R is bijective, we have
(@) (r)r = =Y for a.e. a¥) <1 < bV,

Therefore, there exists a constant ¢¥) € R such that @*(r) = ¢ log(1/r) + &)
for a¥) < r < bY), and then u*(z) = ¢ log(1/|z|) + ¥ for z € O, O

10



Proposition 2.5. Let 0 <7 < 1,¢,c € Rand 0 < a <b < 1. Ifa(r) =

clog(1/r) + ¢ for a < r < b and h,(a) = @(a), hy(b) = u(b), then h, > @ on
(a,b).

Proof. Since (h, —@)(a) = (h, —@)(b) = 0 and

(r(hy — @)Y (r) C L foracr<b
r(h, —a)")(r) = —— ra<r<hb,
Te rl-a
we conclude that A, — @ > 0 on (a,b) by using the maximum principle. [

Proposition 2.6. For any 0 <7 <1 and 0 < a <1, define
h,(x) forz € By,

Wra(1) = Wra(|z]) = 1= (a/T)>, 1
710g(1/a) log | forx € By \ B,.

z|
(i) There hold w,, € Wy™(B;) and

(o/T)" L= (a/T7)*]"
n (alog(1/a))"!

(ii) It holds w,, € K, if and only if T < a < 1.

|Vw: ol = T ( > fort <a<1.

Proof. (i) We can show the assertion by the direct calculation.

(ii) Define
1—(a/T,)"
¥-(a) = (@/17)
log(1/a)
Then we can easily show that ¢.(a) — 0 as a \, 0, ¥-(T,) = 0, 1, increases
on (0,7) and decreases on (7,7%). Hence for any 0 < a < 7, there exists 7 <
7o < T uniquely such that ¢ (a) = 1;(r,). This implies that W, 4(a) = h-(a),
Wro(T4) = Wy, (Ta) = hr(r4) and

for0<a<T,.

1 -
1:[)7—7@(7”) = wT(CL) log - < hT(T) fora<r<r,

by virtue of Proposition 2.5. This means w,, ¢ K.

On the other hand, we can easily show that @, , > h, on (0,1) forr <a <1,
and hence w,, € K, for 1 <a <1. O

Proposition 2.7. For any 0 < 7 < 1, there exists 7 < a, < 1 uniquely such
that uﬁT = Wrq, on By. In particular, ua = hy on By.

11



Proof. We denote O, = O[By, B; \ {0}, ;] as in Lemma 2.2 (or Proposi-
tion 2.4) and O, = O, x S"'. Furthermore, the argument in the proof
of Proposition 2.4 (ii) enables the decomposition 0, = UJT (), b)) with
Jr € NU{0, 00}, where 0 < al) < b <1, and {(a¥),bV))}/2 ISdISJOIIIt

(a) First we show that either O, is empty or O, = (ar,1) withsome 0 < a, < 1.

To prove this, we have only to show that J. = 1 and that 0 < a < b® = 1.1If
0 < aV <b9)<1forsomej then @£ (a)) = h,(a Tj)anduﬁ(b )—h (b)),

and it follows from Proposition 2.4 (iii) and Proposition 2.5 that

) 1 ) ~ . .
i (r) = W log — + &9 < h,(r) for a¥) < r < b9,
r

which contradicts the definition of O,. If 0 = a¥) < bY) < 1 for some j,
then Proposition 2.4 (iii) implies ||Vu?r||Ln(O(j>) = 00, which is a contradiction.
Consequently, the claim is proved.

(b) The case 0 < 7 < 1. Since @ (1) = 0 > h,.(1), we see that O, is nonempty
and O, = (a,,1) with some 0 < a, < 1. It follows from Proposition 2.6 (ii)
that 7 < a, < 1. From the continuity of @ on (0, 1] and Proposition 2.4 (iii),
we have uﬁ = W,,4, ON Bj.

(¢) The case 7 = 1. Suppose that Oy is nonempty, i.e. O; = (a1, 1) with some
0 <ay; < 1. As we argued in (b), we have 7 < a; and u% = W14, on By. Then
it follows 7 < a; < 1, which contradicts 7 = 1. Therefore, O; is empty, and
hence u% =h; =w,. O

We can determine a, in Proposition 2.7 once we accept the following lemma,
which will be proved in Section 5.

Lemma 2.8. For p > 0, define
o, (-or
n o (p—log(a(p+1)))"

Then for any p > 0, H(o;p) attains its minimum only at o0 = 1/(p+ 1).

1
for —— <o < 1.

H(o;p) =
(o3 p) P

We are now in a position to prove Lemma 2.3.

Proof of Lemma 2.3. (a) In view of Proposition 2.7, we may assume 0 < 7 <
1. By the definition of u#, we can characterize a, in Proposition 2.7 as

[V 1 = min [T (24)

By virtue of Proposition 2.6 (i), we have that

|Vw: ol > [[Vwrr, |ln for T, < a <1,
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and hence 7 < a, < T.

(b) By virtue of Lemma 2.8, we have that

(a/T)* 1 1 1
i ‘alog—| > H calog—)| forr<a<T,
(alog(l/T)—i—l’aOgT - alog(1/7)+1’a0g7 ar=as

and that the equality holds only if @ = 7. Then we obtain

n_ n ((@/T7)" (1= (a/T7)*)"
] < n (alog(l/a))”1>

@ 1
g (e
P (alog(1/7)+1’Q0gT

1 1
> - n—lH : 1 -
= Wn1@ (@log(1/7)+1 @es 7')
= ||Vw,.|;, form<a<T,,

and a, = 7 follows. Therefore, we conclude that uﬁT = w,, on Bj. O

Remark 2.9. As is mentioned in the introduction, we cannot assume that
the minimizer uf is of class C' in By \ {0}. However, in our argument, we
obtained a, = 7 so that (2.4) holds. As a conclusion, the minimizer has the
Cl-regularity except for the origin. In fact, we see that w,, € C*(B; \ {0}) if
and only if a = 7.

Remark 2.10. We can calculate the norms of u? as

n=1 olog(1/7) 4+ 1/n
oo = 1, |Vad|" = (a) oo
HU’THOO , HVUTHn Al (a 10g(1/7’) + 1)717

1 1

g = — = .
ezl Te  ro(alog(l/T) + 1)

T

Although these are straightforward and elementary, we shall include the veri-
fication of the third equality for the sake of completeness. First we note that

# _
U o) = Su
H TH( ) 0SP<I7’)<1 (7” _ p)a

since uf is radially symmetric. Next we see that

@t(0) — at(r) A (0) —h(r) 1
(r =0 = s —ﬁf0r0<r§7.

T

Using the inequality

alogs <s*—1<(s—1)" fors>1,

13



we easily obtain

@(p) —@(r) _ he(p) =ho(r) 1 (r/p)* =1 _ 1

(r—p) = (r—p)* Te(r/p—1)* — Tp
for0<p<T7,p<r<li,

wt(p) —uk(r) 1 (T)a alog(r/p)

(r—py T \p

1
<— forr<p<r<l.
(r/p— 1) = T

Therefore, we have ||ut||,) = 1/T°.

3 Sharp constants for \; and \,

In this section, we prove Theorems 1.1 and 1.2. We use the notation
l(s) =log(l +s) fors >0, (3.1)

for simplicity and then ¢ o {(s) = log(1 + log(1 + s)) for s > 0. In order to
examine whether (1.8) holds or not, we may assume A\; > 0 and define

Flu A, Ag] = (”““oo)wl) W ( ”“”“”) ~ gl ( ”“”@“))
o IVl 1Vl 1Vl

for u € WE™(Q) N () \ {0}

and

F*[A\1, Ao; Q] = sup{ Flu; Ay, Ao w € W™ () N CO(Q) \ {0}}
for A\ >0, Ay € R.

Note that
Fleu; A, Xo] = Flu; A\, Ao] for all c € R\ {0}.

Then Theorems 1.1 and 1.2 are equivalent to the following:

Lemma 3.1. Let €2 be a bounded domain in R™. Then the following hold:
(i) For any A\ > Ay/a and Ay € R, it holds F*[ A1, Ag; §2] < 00;
(i) For any Ao > Ao/av, it holds F*[A1/a, Aa; Q2] < o0
i

)
(iii) For any 0 < A1 < Ai/a and Xy € R, it holds F*[A1, \y; Q2] = oo;
(iv) For any Ay < Ag/av, it holds F*[Ay/a, Ag; )] = o0.

The aim of this section is to prove Lemma 3.1. Let us first reduce our problem
on a general bounded domain €2 to that on the unit open ball B;. We set

K = {ueWy"(B1) NC*(By); [|uflos = u(0) = 1}

14



and
F* A, Ao] = sup{F[u; Ay, \o); u € K} for Ay >0, Ay € R.

Let s, denote the positive part of s € R, i.e., s; = max{s,0}.

Propo§ition 3.2. Let Q be a bounded domain in R™ and Ay > 0, Ay € R.
Then, F*[\1, 2] < oo holds if and only if F*[A1, \y; Q] < 0.

Proof. (a) First we show that F*[)\l, o] < oo implies F*[A1, Ag; Q] < oo. For
any v € W, "(Q)NC%*(Q)\ {0}, which is regarded as a function on R by the
zero-extension on R™ \ €, there exists z, € §2 such that ||u|w = |u(z,)| > 0.

We set

vy () = Mu(dgx + z,) forz € R",

[0

where dg = diam Q = sup{|z — y|; z,y € Q}. Then we have v, € K and

||qun H H ||u’||(a

e

Since max{/(st),{(s + 1)} < {(s)+ £(t) for s,t > 0, we have

Vvl =

ulloo

F[U /\1,/\2
[9ullo ) < 1 Hqu(a)> ( 1 Hqu(a))
-\l — —Xlol | —
(vaan d§ ||VUu||n ? d§ vaan
+ Al(dg)
( Vol HVUan e

HUuHa A
Aol Noll 0 (e
b <|!Vvu\|n T Ralfo d ™)

< F*[)\l’ >\2] + Alg(dg) —+ |)\2|£ o) E(dSSgnAQ)
for u € W()lm(Q) N OO’Q(Q) \ {0}

Therefore, if F*[A1, Ay] < 0o, then F*[A, Ay; ] < 0.

(b) Next we show that E* [A1, Ao] = oo implies F*[\1, Ag; Q] = 00, conversely.
Fix zp € Q and Ry > 0 such that B = {x € R™; |z — 2| < 1/R0} c Q.
Assume that F*[\;, \o] = co. Then there exists a sequence {vi}, C K such
that Flvj; A1, Aa] — 00 as j — oo. If we set u;(x) = vj(RO(x—zo)) for x € R™,
then u; € Wy (B) N C%*(B) € Wy™(Q) N C%*(Q) and we have

[uillce = l[vjlloos [VUslln = 1V lln, [lujll@) = BEl10il -
A similar calculation as in (a) yields

F[Uj; >\1; >\2] < F[Uj; >\1, )\2] + /\1€(R0) |/\2|€ o g(Rasgn)Q)
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and it follows Fu;; A1, Ae] — 00 as j — oo. Therefore, we obtain F*[A, Ay; Q] =
00. [

For k > 0 and puy, p2 > 0, define

/(n—=1)
' s+ 1)" ' B ke’
Gn(87,u17,u2) - (S—Fl/ﬂ /,ng (5+1/n>1/n

M2 ke’
n tot ((5 +1/n)t/n

) for s > 0.
Then we can show a relation between F™* [A1, Ao] and Gy (s; p1, p2) as follows.
The idea of the proof is essentially due to [8].

Proposition 3.3. For any Ay > 0 and Ay € R, it holds

. Aq Q@ o)
B, (9)4] < 2L sup Goanioim ;)\,)\) . 3.2
(A1, (M) 4] < 5 ig]é) (Ar/a)i-1/ (8 MU (3.2)

Proof. (a) We show that
K = K, (3.3)
where

1
Te

~

o= fue K0 €O B: il = g o = ) =1

It is trivial that K, C K for all 0 < 7 < 1. Conversely, for any u € K, we

have
—u(0
[ull@) > sup Ju(z) = u(0)] —1,
r€IB, |$|a

and
u(x) =1 — |u(x) —u(0)] > 1 — [Jul|(a)|z|* forz e B;.

Then, u € K, with 1/T¢ = |lu|| @y > 1, and hence we obtain (3.3).
(b) Next we show that
Flu; M, (A2)4] < Flub; My, Aoy foru e K, (3.4)

Note that ||Vul, > [[Vull, for all u € K,. We also remark that v’ € K,
because |[uf||(@y=1/T% and ||u .= u£(0) = 1. Since the functions

1 1
(0,00) 3 5 — s"/ (=1 (s) € (0,00), (0,00) 3 5 — s™ @V oy (S) € (0, 00)
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are both increasing, we have

[Vl D Flus Ay, (M) 4]

1 1 1 1
=1—A1||w||z/<”-”e( )—( ) [Vl g o f( )

s IIVUIIn T [Vl

T

11
< 1= \|| Vb ||/ (=g ( )—)\ V! g/m—l)zoe()

= ||Vl [/ D F ks Ay, Ao
< ||V = I)F[uT;)\l,)\Q]Jr for u € K,

—_

which implies (3.4).
(c) It follows from Remark 2.10 that

A 1
F[ug;)\l,/\z] —1G (Ar/a)i—1/n (alog X )\1, ™ >\2> for0<7<1. (3.5)
1

Combining (3.3)—(3.5) yields

sup F'lu; A1, (A2)+] < sup sup Flu; Ar, (A2)+]

uek 0<7<1 ek,

< sup Flub; Ay, Aoy

A 1
= — sup G, jayp-1/n <a10g Al/\1,A /\>
+

& 0<7r<1

A

Jsqu (A1/a)l= 1/n< Al)\l,A /\2) 5
+

A s>0

which implies (3.2). O

We also denote G(s) = Gk(s;1,1) for simplicity. The following lemma gives
the behavior of the function G(s; 1, ti2) as s — oo, which plays an essential
role for proving Lemma 3.1. We shall use it also in Section 4 before proving it
in Section 5.

Lemma 3.4. Let kK > 0.

(i) If either uy > 1, pg € R, or puy = 1, pg > 1, then Gy(s; 1, p2) — —00 as
s — oo. In particular, there exists s,[u1, po] > 0 such that

Gn(&%[ﬂlaﬂﬂ;ulau?) = I?Eg( GN(S;NMNQ)' (36)

(ii) There exist 3, > 0 and G, € R such that

Gl (s) <0 fors> s, (3.7)
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and G(s) — G, as s — co. In particular, there exists s,[1,1] > 0 such that
(3.6) holds with py = ps = 1.

(iil) If either py < 1, pp € R, or py = 1, pa < 1, then G(s; pa, pt2) — 00 as
s — 00.

We now show Lemma 3.1 by using Proposition 3.3 and Lemma 3.4. We divide
the assertion (i) in Lemma 3.1 into the following two assertions for the sake
of convenience:

(i-1) For any Ay > A/ and Ao > 0, it holds F*[Ay, Ay; Q] < o0;
(i-2) For any A\ > A1/ and Xy < 0, it holds F*[\1, A2; Q] < o0.

Proof of Lemma 3.1. (a) First we show the assertions (i-1) and (ii). We take
1 = al/Aq, pa = adg/As and s = alog(1/7). By virtue of Proposition 3.2,
the assertions (i-1) and (ii) follow from Lemma 3.4 (i) and (ii), respectively.

(b) First we show the assertion (i-2). Since ¢ o {(s)/¢(s) — 0 as s — oo, for
any € > 0, there exists a constant C. > 0 such that

lol(s) <el(s)+ C: for s > 0.

By choosing 0 < § < A; — Ay /a, we have from (a) that F*[\; — 6,0] < co.
Then

sup F'lu; A1, Ao

ueK

J HUH(a)> (Hu\lm))))
=sup | Flu; Ay —0,0] — Ao [ —F +Llol
o (20 (2 (G Vel
< F* A —6,0] — MaCls,

< 00,

and the assertion follows.

(¢) Finally we show the assertions (iii) and (iv). In view of Proposition 3.2,

it suffices to show that limsup . o Fluf; A\, As] = 00, because vl € K for
all 0 < 7 < 1. However, this follows immediately from Lemma 3.4 (iii) and
(3.5). O

Thus we have proved Theorems 1.1 and 1.2.

Remark 3.5. As is mentioned in the introduction, the power n/(n — 1) on
the left hand side of (1.6) is optimal in the sense that ¢ = n/(n — 1) is the
largest power for which

[ullf, < Arlog(1 + [lull) +C (3.8)
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can hold for all u € Wy™(Q) N C%(Q) with ||Vul, = 1. Indeed, if ¢ >
n/(n—1), then for any A\; > 0 and any constant C, (3.8) does not hold for some
u e Wy (Q)NC%*(Q) with ||Vu|, = 1. On the contrary, if 1 < ¢ < n/(n—1),
then for any A\; > 0, there exists a constant C' such that (3.8) holds for all
u e Wy (Q) N C%*(Q) with ||V, = 1. To verify these facts, we have only
to consider the behavior of the function

n\ 4/n s
Gi(s;m:((””) —M((“) for s > 0

s+1/n s+ 1/n)t/n

as s — oo instead of G (s; 1, f12).

Remark 3.6. As is mentioned in Remark 1.4, it is no more meaningful to
consider an inequality with any weaker term. More precisely, we can prove
the following facts. We shall omit the proof because one can prove them by a
slight modification of the proof of Lemma 3.4.

(i) We choose a continuous function 7: [0,00) — [0, 00) such that

7(s)
() = %% T s)

— 0 as s — o0,

max{vy(st),v(s +t)} < ~v(s)+ (t) + ¢ for s,t > 0 for some constant ¢ > 0,
the functions

1 1
(0.00) 3 51 50Dy () € (0,00), (0,00) 3 5+ 5/ Doy (£ ) € (0,x)

s
are both increasing, and consider the inequality
[l 20D < Al([lull @) + Aol o £([[ull @) + X(Jull@) + C

for u € Wy (Q) N C%*(Q) with ||Vul|,, = 1. Then this inequality holds if and
only if one of the following holds:

(I) A > Al/Oé (and )\2,)\ S R),
(11—1) Al = Al/Oé, Ay > AQ/O( (and A E R),
(II—Z) /\1 = Al/Oé, /\2 = A2/Of and A Z 0.

(ii) Let N > 3 and consider the N-ple logarithmic inequality

N
lull 52D < D7A Lo o lllullw) +C
=1 -

J

for u € Wy'™(Q) N C%*(Q) with ||Vu|, = 1. Then this inequality holds if and
only if one of the following holds:

(I) /\1 >A1/Oé (and /\2,...,)\]\[ ER),
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(II-1) Ay =Ay/a, Ay > Ag/a (and A3, ..., Ay € R);

(I1-2") My =Ai/a, o =NyJa, A3 =+ = X1 =0, N\, >0 for some 3<m< N
(and A\ppi1,..., An € R);
(11—2”) /\1 = Al/Oé, /\2 = A2/Of and /\3 === )\N = 0.

4 Existence of an extremal function

In this section, for fixed A, Ao > 0 such that the inequality (1.6) holds, we
consider the existence of an extremal function of (1.6) with the best constant
Cy. Though it is difficult to ensure the existence of an extremal function for
cases with general domains, we can find an extremal function in the case
) = Bgr with constants A\; and ) in a suitable region. Our method is due to
the argument described in the previous section.

For R > 0, define

ug,R(x) = Uﬁr <;) ., her(z) =h, <Z) for x € Bp.

We note that uE’R is the minimizer of (M"; Bg, h,R).

Lemma 4.1. Let R > 0, and fix A\, Ao > 0 satisfying the assumption (I) or
(IT) in Theorem 1.1, i.e.,

A A A
M)A > = and Xy >0 or (II) A\ = — and Ay > —.
« « Qo
(i) If
o o
Gor roictn a<;>\,)\>>0, 41
SUD Gy jayrrvnpe (5 0 M e ) 2 (4.1)
then there exists 0 < 19 < 1 such that
uﬁ
F (A, Ag; Br] = F | —2 0, Ay
IVuz, gl (4.2)
A o o
— Elrglzag(G(Al/a)lfun/Ra <$; A71>\1, A2)\2> .

In particular, uﬁO’R/HVugO’RHn is an extremal function of (1.6) with 2 = Bg.
(ii) The best constant Cy for the inequality (1.6) (with Q@ = Bpg) is positive if
and only if
N

«
sup G(A1/O¢)171/"/RO‘ <S, Al )\1, /\2)\2> > 0. (43)

s>0
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Because of Lemma 3.4 (i) and inf,sq f(ke*/(s + 1/n)Y/™)
sufficiently large A; forces (4.3) to fail for any fixed Ay >
we obtain the following corollary.

> 0, choosing a
0. In particular,

Corollary 4.2. Letn >2,0<a <1, R>0and Q = Bg. If \y > Ay/a is
sufficiently large, then the best constant Cy for the inequality (1.6) with Ay =0
(and Q2 = Bg) is nonpositive. In particular,

ull 2D < A log (1 + lull )

holds for all u € Wol’n(BR) N C’O’Q(BR) with [|[Vul|, = 1.

Here and below, we consider only in the case R = 1 for simplicity; one can
argue similarly for a general R > 0. We need the following proposition to
prove Lemma 4.1. We here have to introduce the rearrangement of a function.
We denote by u* the nonnegative symmetric decreasing rearrangement of wu,
ie.,

w*(z*) = inf {t > 0; alu](t) < °‘J’;1|a;*|"} ,

where afu](t) = [{z € R™; |u(x)| > t}|. We shall use the inequalities

[u*lloo = llulloo [Vulln < IVulln, (4.4)
vl < llell@)- (4.5)

While the inequalities (4.4) are well known, the inequality (4.5) seems to be
little known. For the sake of completeness, we shall give the proof of (4.5) in
Section 6 by using the Brunn-Minkowski inequality.

Proposition 4.3. If \;, Ay > 0, then F*[A1, \g; By] < F*[A1, Ao+

Proof. Since u*/||u*||os € K for all u € Wy (By) N C%*(By) \ {0}, it suffices
to show that
o

[0+l oo

Flu; A\, ) < F

‘A1, AQ] for u € Wy (By) N C%(By) \ {0}. (4.6)

Since the functions

1 1
(0,00) 3 5 — s"/ (=1 (s) € (0,00), (0,00) 3 5 — s™ @V oy (S) € (0, 00)
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are both increasing, we have
IVl [/ 7D Flus Ay, Ao
I =l e () v e ()

IVl IVal,
ol
< 0D — [V D (
Vel
el
— || V||V o E(
Vel
V| [n L mz]

< ||Vu||V =D F [ /\1,/\2] for u € Wy (By) N C*%(By) \ {0},

lu oo’ N

which implies (4.6). O

Proof of Lemma 4.1. (i) By virtue of Lemma 3.4 (i)—(ii), the function s —
G (a, Jayr-1/n (83 @A /A1, Xz /Ag) is bounded from above and there exists so > 0
such that

o (6] (6] [0
e _n<;/\,)\): G _n<;)\,/\>.
(Ar/a)t=1/n | S0 A 1 Ay 2 Sslzlg (Ar/a)t=1/n | S A 1 Ay 2

Define 0 < 79 < 1 by

1
70 exp(so/a) , lL.e., So « 10g p,
By applying (4.1), it holds
uﬁ uﬁ ~
F [TO /\ /\21 = F [ )\1, )\2‘| - F*P\l, )\2] Z O (47)
Vb IIUmHoo

Indeed, in view of (3.2), we have

Ay
F A M) < L sup G a( AL, /\>
[1 2] PGaja)t-1/ Al1A s

as>0

Ay

= LG o n<s, AL )\)
(Aa/ayi=i/m { S03 AL A

1
)]

|UTO||<><>

which implies (4.7) because uf_ /||uf || € K. By virtue of Proposition 4.3, we
obtain (4.2).
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(ii) Note that the best constant Cy for the inequality (1.6) with Q = By coin-
cides with F*[Ay, Ag; By]. If F*[A\1, Ag; B1] > 0, then we have from Proposition
4.3 and (3.2) that

. A « o
* N < * < —1/n ;
0< Do dat B € P Aa] € 1 sup Gy i (s, o A2A2>+,

and (4.3) follows. Conversely, if (4.3) holds, then F*[A\;, A\g; By] > 0 immedi-
ately follows from (i). O

As is mentioned in Remark 1.5 (ii), we shall examine the condition (4.1), which
is a sufficient condition for the existence of an extremal function of (1.6), in
the special case R = 1 and Ay = Ay/a, Ay = Ay/a. In fact, we can show the
following proposition.

Proposition 4.4. Let R = 1. Then one of the following holds:

(i) There exists no 0 < « < 1 such that (4.1) holds with A\ = A;/a and
/\2 = AQ/O(.

(ii) There exists 0 < ag < 1 such that (4.1) holds with A\; = A;j/a and Ay =
Ay /o if and only if ap < o < 1.

We give the proof of the proposition above once we accept the following lemma.
Lemma 4.5.(i) It holds

sup Gx(s) — —o0 as k — 0. (4.8)
s>0

(i) If k > 0 satisfies
sup G(s) <0,
s>0
then there exists g > 0 such that

sup G,_(s) <0 for 0 <e < gp.
s>0

Proof of Proposition 4.4. Define
A A
Ay = {0 <a<1; (41) holds with A = 21 and A, = 2}
o o
= {0 <a < 1;sup Gy, jay-1/n(8) 2 0} .
s>0

We have to show that either Ay = () or Ay = [, 1] for some 0 < o < 1 holds.
For this purpose, we have only to show the following.

(i) If & € Ay, then o € Ap for all & < a < 1.
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(ii) If a € Ap for all @ < a < 1, then & € Ay.

(iii) (0,1]\ Ao is nonempty.
Since G, (s) is decreasing with respect to r, Gy, jq)1-1/2(8) is increasing with
respect to « for each s > 0, and hence the assertion (i) holds. The assertion
(ili) immediately follows from Lemma 4.5 (i). Moreover, Lemma 4.5 (ii) claims
that (0, 1] \ Ap is open in (0, 1], and the assertion (ii) follows. O
Remark 4.6. One can easily verify that Proposition 4.4 is valid also for
R > 1/e’1/" since Gy, ja)i-1/n/pa () is increasing with respect to « for each

s > 0.

Next we give the proof of Lemma 4.5.

Proof of Lemma 4.5. (i) Since e* > (14 ns)Y/™ for s > 0, it follows

e’ 1 o8
14 <(s+1/n)1/"> <log ((1 + nW) G 1/n)1/n> for s > 0.
Then we have
Gols) = Gr(s) — (WW> e <<s+1/n>/>
1 ke’ 1 o
— n£O€<(5—|—1/n)l/"> +n€0€<(5+1/n)1/n>

ke’ 1 e
< . oo
< Gl(s) log (S T 1/71)1/71 +10g <<1 + nl/n) (S + 1/n)1/n>

1
:G1(3)+€<1/> —logk fors >0, k> 1,
n n

which implies (4.8) because G1(s) is bounded.

(ii) Set

T \(T4+01)? 14t
Then there exists tg > 0 such that

n(t)—l( t 1()—n> for t > 0.

n(t) > 0 fort > t.

o _ se’ Ke
%[GN(S)] (S 4 1/71)171/”(1%63 + (3 + 1/n>1/”)2n <(S + 1/71)1/”)
for s > 0,
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there exists s, > 0 such that

G.(s)—G._(s)>0 fors >3, 0<e< g (4.9)

Indeed, if we choose §, > 0 such that xke®/(2(s+1/n)*/") > t, for s > 3, then
(4.9) is satisfied. By virtue of Lemma 3.4 (ii) and (4.9), we have

G _(s) < G'(s) <0 for s > max{G., 5.}, 0<e < g
In particular, we have
Sk—e[l, 1] < max{3,, 8.} for0 <e < g (4.10)

On the other hand, since
Gr-c(s) = G.(s) ase \, 0 uniformly for 0 < s < max{3,, .},

there exists 0 < 9 < k/2 such that
(Groo(5) = Gu(s)] < —;G,{(s,{[l, 1)) for 0 < s < max{én, 5.}, 0 < & < .
Then we can show
Gr-c(s) < ;Gﬁ(sﬁ[l, 1]) for 0 < s < max{5,, 5.}, 0 < e < e, (4.11)
because

Greels) = Culsal 1)) < [Gucels) = Culs)] < —5 Galsal1, 1)

for 0 < s < max{$,, 5.}, 0 <e < .

By using (4.10) and (4.11), we obtain

1
Gr-c(s) < Groc(si—c[1,1]) < §GK(5H[1, 1) <0 fors >0, 0 < e < g,
and the assertion follows. O]

Remark 4.7. Let us examine whether o € Ay or not in the case R = 1. Since
G (A, jayi-1/n(8) is increasing with respect to «; if the condition

SUp G, ja)1-1/n(8) = 0 (4.12)
s>0

holds for some 0 < a < 1, then it must hold

sup GAl—l/n(S> > 0. (413)

s>0 1
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Conversely, if (4.13) holds, then (4.12) is satisfied for « sufficiently close to 1.
We invoke the following observation with the aid of computer calculations.

(i) If n < 131, then G,i-1/a(s1) > 0 for some s; > 0, which implies that
1
Ay = [, 1] for some 0 < ap < 1. Indeed, we can observe it by choosing
S1 = 6.
(i) If n > 132, then (4.13) seems to fail, which implies Ay = (). Furthermore,
(4.1) also seems to fail with any Ay > Aj/a, A\ > Ay/aand 0 < o < 1.

5 Elementary calculi

In this section, we prove a few lemmas of elementary calculi which we stated
in Sections 2 and 3. For the definition of the function ¢, see (3.1).

Proof of Lemma 2.8. We have to show that

1

1
;p| >0 for
p) p+1
By the change of variables s = o(p+ 1) — 1, r = p—0o(p+ 1) + 1, this is
equivalent to

1 1
H<8+;T+S>—H(;r—i—s> >0 forr>0,s>0.
r+s+1 r+s+1

Define auxiliary functions H; and Hy by

Hi(rys)=(r+s+1)" (H (M‘r—l—s) —H(l'r—i-s))

r+s+1’ r+s+1’
forr >0,s>0

and
Hy(s) = CED =120 0 136 u(s)) fors > 0.

n

Since Hy(0) = 0 and

(s+1)"—1—ns 1

n .
Hj(s) = = 7> 0 fors >0
4(5) F— Sszg(j,)s or 5> 0,

it holds that Hy(s) > 0 for s > 0.
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From the definition of H;, we have

_ _(s+1)”—1—ns rh
Hy(r;s) = o _T+(7"—|—s—€())”1
_(s+)"—=1-ns 1 in—1 S)Yipn—d
_ e ( JEE)

forr20,s>0,

and hence
Hi(r;s) — Hy(s) >0 asr — oo for s > 0.

On the other hand, since

0H " ,
a—rl(r;s): (r+s— g() (5))r" 7 <0 forr >0, s> 0,
we conclude that Hy(r;s) > 0 for r > 0, s > 0. O

Proof of Lemma 3.4. (a) First we note that

Ly V- .
§<(S+ >> <s+1+— fors>0 (5.1)
s+1/n n
and
logt < {(t) <log(2t) fort > 1. (5.2)

We can choose s, > 0 such that

1 1/n
(s + ) < ke’ ! for s > s,
n

and define an auxiliary function

s+1/n
— (log(s 4+ 1/n))/n +logk

gx(8) = . for s > s,.

Then it holds g.(s) — 1 as s — oc.

(b) Set ¢(p) =11if p <0, and () = 2 if p > 0. By using (5.1) and (5.2), we
have

Gﬁ(5§ M1, M2)

s

<s4l4 1 | Ke
s — — pplog ——F—r
- n H108 (s+1/n)t/m

_ % log (L(—uz) log %)

— 1 (o) e 1
n n n t(—p2) n
for s > s,.
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Hence, under the assumption of (i), it holds G, (s; 1, u2) — —00 as s — oo.

(c) By using (5.1) and (5.2), we have

Gn(S; M1, Mz)

s

2ke s (o) ke
— i log —————F— — —1 log ——————~
5 — [ log (s+1/n)"  n 0g <L<N2) 0g (s + 1/n)t/n

- 1 L K
= (1—u1)s+ulog <S+> +200 gw — 111 log(2k)
n n n ey

for s > s,.
Hence, under the assumption of (iii), it holds Gy(s; 1, p2) — 00 as s — oc.

(d

) By virtue of (b) and (c¢), G, is bounded. Hence, for the proof of (ii), it
suffices to show that (3.7) holds for some §,, > 0. Set

C;’,i(s)

1 ke’ 1 1
‘s+1<l+£(@+¢hwwj"«s+n/@+1wwﬁwhw—1)
1 = s+1/n (=) 1 K 1
_n—lz;G_<s+l> )+s+ﬂ%<@+men+@)

Then we have

BRI 1 e s+l 1-j/(n—1)
-1 = =1 [ (n - 1) ;7 <s+ 1/n>

+ 1)(

+1/n

L

ket 4 n(s + 1/n)+/m)
)(kes + (s + 1/n)t/m)

1/n)Y/" 1 1
s+m>>_bge+>
e’ n n

1
— —— as s — o0.
n

Since G (s) — 0 as s — oo, it follows from de ’'Hospital’s rule that

1-
il Gu(s) > —— as s — 0.

l(s) n
In particular, there exists s, > 0 such that

Culs) < = 21n Sgg-)l

for s > s,
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which is equivalent to

s+1 \Y0 Y L1 1
s+1/n n 1+ 0(ke/(s+ 1/n)t/")

1 ((s) e1 VoD
on —1| fors> s,
< 2n1+€(/€65/(8+1/n)1/n) (<S+1/n> ors -~ s

Since
s 4 1 1/(n-1) 1
s —1] - — ass — o0,
s+1/n n
we have

s(s+1/n)
l(s)

s s+1 \Yr b ) 1 1
~(s) <s + 1/n> T n 1+ Ll(kes/(s + 1/n)l/n)
s%(s +1/n)l/m ( 1 1 )

Gi(s)

(res + (s + 1/m) ) e0s) \' T 0 T eme/ (s + 1/m))

1 52 s+1 YV
S o014 U(res/(s + Lin)im) (<s + 1/n> a 1)
s3(s+1/n)/m ( 1 1 )

(ke + (s + 1/n)V/)i(s) bt n 1+ (kes/(s+1/n)t/n)

— ——— as s — 00.
2n2

Therefore, (3.7) holds for sufficiently large s,, > 0.

6 Appendix

In this section, we give the proof of the inequality (4.5) for the sake of com-
pleteness, which was needed in proving the existence of an extremal function.
We shall prove it for an arbitrary bounded domain 2. We shall make use of

the Brunn-Minkowski inequality in our proof.

Lemma 6.1. Letn > 1,0 < a <1 and Q be a bounded domain in R™. Then

it holds
[u*[l(@) < llull@) for ue C¥* ().

The proof is based on [2, Lemma 2.1] which provides the proof in the case
a = 1. To describe it in details, we introduce some notation. For a compact

29



set K in R™, let r*[K] be the radius of the ball having the same volume as K;

rqu(”|KQW.

Wn—1

We denote by B,(z) the closed ball in R" centered at the point z € R™ with
radius p > 0, i.e., B,(z) = {z € R"; |z — x| < p}. Let i,(K) be the set of all
centers of all closed balls of radius p > 0 lying entirely in K, and e,(K) be
the union of all closed balls of radius p > 0 whose centers lie in K;

i,(K) ={z € K; B,(z) C K}, e,(K)= |J B,(z) = K + B,

which are called the interior parallel set and the exterior parallel set of K in
distance p, respectively. Here, we denote K+ K = {z+y €e R"; x € K, y € K}.
We prove Lemma 6.1 by using the following lemma (see also [2, Chapter I,

§1.3]).
Lemma 6.2. Let K be a compact set in R".

(i) For p >0, it holds r*[e,(K)| > r*[K] + p.
(ii) If r*[K] > p > 0, then it holds r*[i,(K)] < r*[K] — p.

Proof. (i) We use the Brunn-Minkowski inequality
K+ RV > K|V 4 | R (6.1)

for compact sets K, K in R"; see [16] and [17] for instance. Then the assertion
is a special case of (6.1); substitute K = B,

(ii) The assertion is an immediate consequence of (i) in view of the inclusion

ep(i,(K)) C K, which implies r*[e,(i,(K))] < r*[K]. O

We are now in a position to prove Lemma 6.1. The proof is based on |2,
Chapter II, §1.1].

Proof of Lemma 6.1. It will be understood tacitly that u is defined on Q by
the continuous extension. We use the notation such as {f > a}q = {z €
Q; f(x) > a}. Fix p, v and z*,y* € B, such that

uw*(r*[Q)) < v =ut(y*) < p=u(z*) < u*(0). (6.2)
Let 0 < e < (u— v)/4. Since

ol < {u = pdp. | < e = vtels. | <
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and

r{Jul > velal =7 [{u” > vteta. | el > whal = 7 [{w > udp, |

we have

i 0 <r*[{lul > v+eta] —r[{lul > pta] <lz" =y (6.3)
Since € is compact, there exist x,,, 42 € {|u| = p}a, Yup+2e € {|Ju| = v+2¢e}q
such that

|xu,u+25 - ?Ju,u+28| = diSt<{|u| > M}(b {’u| <v+ 25}@)'
We denote v, ,42: = |Tppt2e — Yupt2:|. Then it follows

u+V}
2

Yuasae = dist ({lul = o {ul < )>0. (6:4)

Q
Let 0 < < 7yu+2:. Then we have
{lul = nta C iy, —s({lul = v +c}a). (6.5)
Indeed, if = € {|u| > p}q, then
Vupt2e < dist(z, {|Ju] < v+ 2e}q) < dist(z, {|u| < v+¢c}q),
and hence
By, n—s(@) N{|ul <v+elg C Baist fjuj<vielg)—s(@) N{|u] <v+e}q =0,

which implies (6.5). Therefore,

P {Jul > whal < [ —s({ul > v +2}a)]. (6.6)

Using Lemma 6.2 (ii), (6.3) and (6.6), we have

Yuwioe =0 <1 [{Jul 2 v+ e}al = 1" |ig o0 s({lul = v + e}a)]

< [{lul = v +eto] = r[{lul = p}al
< e =y,

and hence

7/41/-%25 S |$* - y*| (67)
because ¢ is arbitrary. With (6.2) in mind, we calculate the Holder seminorm
of w* by applying (6.4) and (6.7):

™ (z”) —uw ()| _ |ul@proe)| — [0(ypupsoe)| 4 22
’x*_y*‘a ’x*_y*|a
< |u(xu71/+26> - u<yu,l/+2€>| + 2e
o 7,3,1/—‘,—26
2e
< lull@) +

(dist({|ul = p}o, {lul < (n+v)/2}a))*
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Therefore, we obtain the desired conclusion because ¢ is arbitrary. O]
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