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Abstract

There are various subsytems with two degrees of freedom in the New-
tonian n-body problem, such as the collinear three-body problem and the
isosceles three-body problem. After we determine a normal form of the
Lagrangians of these subsystems, we prove the existence of periodic solu-
tions with regularizable collisions for these systems. Our result includes
several examples, such as Schubart’s orbit with or without equal masses
among others.

1 Introduction and Results

This paper is concerned with the Newtonian n-body problem which is given by
the following set of ODEs:

) 4 — G
Qiz—z:mjzij3 Q1,5 qn € R (1)
2" =g

where m; > 0and d = 1,2, 3.

As a recent remarkable progress, by using the variational method Chenciner
and Montgomery [3] proved the existence of a new periodic solution of figure-
eight shape to the planar three-body problem. Since then, a number of periodic
and quasi-periodic solutions have been found as minimizers of variational formu-
lation of the n-body problem in various different settings. In particular, Ferrario
and Terracini [4] introduced the rotating circle property and showed that a col-
lisionless solution having a certain symmetry exists, provided the group action
of the symmetry satisfies the rotating circle property.

We study the subsystems with two degrees of freedom, such as the collinear
three-body problem and the rhomboidal four-body problem among others. We
can not apply [4] to these systems since the symmetries are too strong to satisfy
the rotating circle property. Our goal is to prove the existence of periodic orbits
which alternately repeat two partial collisions and which are smooth under a
regularization of the singularities.

Schubart’s orbit is a well-known example. This is a periodic solution in the
collinear three-body problem with two equal masses where the particle between
two with the equal masses repeats binary collisions with others alternately.



Schubart [8] numerically found this solution, and Moeckel [5] and Venturelli [11]
rigorously proved the existence by using the topological and variational methods
respectively. The existence of a similar type orbit in the rectangular four-body
problem have recently proved [6], but the existence of such solutions other than
those has not been proved. Our result includes and generalizes those results.
For example it is shown to exist the Schubart orbit without equal masses, and
periodic orbits of the isosceles three-body problem and the collinear symmetric
four-body problem.

The n-body problem (1) is equivalent to the variational problem with respect
to the action functional

where the Lagrangian is

. 1 — ) m;m;
L(g.d) = 5 > mllgel® + > ﬁ
et i<y qi — g5

Denote the configuration space with the center of masses fixed at the origin by

X
n
X = {qZ(ql,---,qn) € (RY)" | Zmi(h‘:o}~
=1

Moreover let A = H?(R/TZ, X) be the Sobolev space of the L? loops R/TZ — X
with L? derivative.
Let G be a finite group and

p: G — O(d),
c:G— 6,

be homomorphisms where O(d) is the orthogonal group of degree d and &,, is
the symmetric group of degree n. We define the action of G to X’ by

g- ((]17 RN qn) = (p(g)QO'(g_l)(l)7 ) p(g)qa(g_l)(n))

for g € G and ¢ = (q1,...,q9,) € X. We denote the set of invariant points of X
under G by X¢:

X9={geX|g-q=q}.
Let A be the set of configurations with a collision, i. e. A := Ui<j A;; where

Ay ={z € X |x; = x;}. We assume that XY¢ ¢ A through this paper. The
curves in AY = HY(R/TZ,X%), are the curves fixed by G. Let A“ denote the
restriction of the action functional A to A%:

A% A S RU 0.

Proposition 1 ([7]). If A is invariant under the group action of G, then a
critical point of A% is a critical point of A.



Note that if the Lagrangian L is invariant under the group action of G (i.e.
L(g-4,9-q) = L(q,q) for all (¢,¢) € TX and g € G), so is A.

In this paper we study the case that X< is two dimensional. We will first
determine a normal form of the Lagrangians L% = L|pyc as follows:

Proposition 2. Assume that X is two dimensional. Then there are linear
coordinates (x,y) of X& such that

LE(x,y,&,9) = K(&,9) + Uz, y) (2)
where
.o 1 .92 .9
1< b;
U(rcosf,rsinf) = - (; Tsn(@ —c)| +g(9)) :

Here b; > 0,0 = ¢; < ca < -+- < ¢ < 7 are constants and g(0) is w-periodic
smooth function without a singularity. Furthermore if d =1, g(0) = 0.

As we will describe in Subsection 3.4, the singularities
Bj = {(rcosc;,rsinc;) | r > 0}

are regularizable. For j = 1,...,l, we denote the region between B; and Bj;
by Cj
C; ={(rcos,rsinf) |r>0,¢; £0 =< cjqr} (3)

where ¢, 41 = 7. Our main results are the following two theorems.

Theorem 1. Fiz any positive constant T > 0. If

VU (cos#,sinf) - (cos cj,sinc;) < 0, VU (cos#,sinf) - (coscjq1,sincji1) < 0

(4)
for c; < 6 < cjy1, there exists a periodic solution y(t) of the subsystem such
that

Loy(t) =v(=),7(t+T) = ~(1);

2. 4(0) € B; and v (L) € Bj1;

3. ~v is collision-free except at t = %(k‘ €Z);

4. 0(t) is monotone on [0,T/2] where v(t) = r(t)(cosO(t),sinb(t));
5. ~y(t) is smooth under the regularizations of B; and Bjy1.

Corollary 1. Fiz any positive constant T > 0. If d = 1, there is a periodic
solution of the subsystem satisfying properties 1-5 of Theorem 1.



Proof. As we stated in the last part of Proposition 2, g(f) = 0. Let (z,y) =
r(cos,sinf). Note that for ¢; < 6 < ¢j41,

l

. 1 J b; b;
U(T‘ COS 0; S 9) - ; ; Sil’l(e _ Ci) - i:zj;l Sln(9 _ Ci)

From an easy calculation, it turns out that

oU J b,L sin C; ! bi sin C;

- 0,sin0) = it e R
Or (COS Sin ) ; Sin2 (9 o Ci) i;_1 Sin2(9 _ Ci)
oUu J b; cosc; ! b; cosc;
—(cosf,sinf) = —2.27 + Z —s -
Oy — sin”(0 —¢;) 57, sin 0 —c¢)

Hence

VU(COSG sin @) - (cos ¢y, sinc;)

! .
b; sin cl bisin(c; — ¢j) Z b; sin(c; — ¢;)
= E - ————< <0

7“2 sin?(0 — ¢;) i r2sin?(0 — ¢;)

VU(COS@ sin 0) - (coscjq1,sincjtq)

< 0.

_ Z b; sin cZ —Cjt1) B zl: b; sin(¢; — ¢j41)
r2sin?(0 — ¢;) Ml r2sin?(0 — ¢;)

Consequently the assumption (4) is satisfied and this corollary is reduced to
Theorem 1. O

Theorem 2. Fiz any positive constant T' > 0. If
U(cos(cj + cj41 — 0),sin(cj + ¢j41 — 0)) = U(cos §,sin0) (5)

and
VU (cos®,sinf) - (coscj,sinc;) < 0 (6)

forc; <0< Cﬁ%, then there is a periodic solution ~y with the properties 1-5

of Theorem 1 and
T T
P Z+t +p Z—t =¢j + Cjya, (7)

where y(t) = r(t)(cos p(t), sin p(t)).

Corollary 2. Fiz any positive constant T > 0. If d = 1 and (5) are satisfied,
there is a periodic solution of the subsystem satisfying properties 1-5 of Theorem
1 and (7).



The proof of this corollary is similarly reduced to Theorem 2.

Remark 1. When both Theorem 1 and 2 can be applied, we do not know whether
the solutions obtained from these theorems are same.

The paper is organized as follows. In next section we prove Proposition 2.
Section 3 is devoted to the proof of theorems. A number of examples are given
in the last section.

2 Proof of Proposition 2

The kinetic part K on TXC is a positive definite 2-form of the velocity vec-
tor with constant coefficients. Therefore by normalizing this through a linear
transformation, the kinetic part can be expressed as

1
K = 5(g'c2 +92).

We will next investigate the potential part. Let ¢; = (z;x)¢_, and (z,y) =
r(cos@,sinf). Since (z,y) are the linear coordinates, we can denote

ik = aip® + by = r(a;k cos O + by sin ),

where a;;, and b;; are constants. Thus we get

M=

lai — q;| = (Tip — zj1)?

=~
Il

1

((aik — aji) + (bix — bji)y)?

[
M=~

>
Il
—

d
= Z ((aix — aji) cos O+ (b — bjx) sin )
k=1

d
=r Zﬁfjk sin® (0 — aji).-
k=1

where 0, and oy € [0, 7) are constants such that

(air — aji) cos O + (bir, — bjx) sin€ = £5;;5 sin(0 — k).
Here we fix i # j. Since X¢ ¢ A, Bijik # 0 for some 1 < k =< d. If oy, with
Bijr # 0 are same for 1 < k < d, then |g; — q;| = /31, B2,] sin(0 — agj).

In the other cases, |¢; — ¢;| has no zero and is m-periodic.



Hence we can denote the potential part by

1< b;
U=y <;|Sm(eq>|+9<9)>

where b; and 0 < ¢; < ¢ < -+ < ¢ < w are constants and ¢ is a smooth
function with 7 period. Since K is invariant under the rotation, we can assume
c1 = 0. This completes the proof of proposition 2.

From this proof, it turns out that if d = 1, then g(8) = 0.

3 Proof of Theorems

3.1 Variational Method

The solution desired in Theorem 1 will be obtained as a minimizer of AS.
We restrict the domain of A% to

Q; = {ye HY([0,7],C;) | 7(0) € B;,¥(T/2) € Bj11 }. (8)

The existence of a minimizer of the action functional A%|q, on the weak
closure of ; follows from the standard argument (see for example [2, Section

4]).

3.2 The Exclusion of the Total Collision

We now prove the minimizer has no total collision. The method below is not
new, and almost same as one used in [11, Section 4] and others. It is known that
the collisions of minimizer are isolated(see for example [4, Section 5]). Assume
that the minimizer v has a total collision at ty. By constructing a modified
curve with lower value of the action functional, we will show that v must not
be a minimizer. We can assume j = 1 without loss of generality. The Sundman
estimates give

Y(t) = (t — t0)**(ca, cy) + O((t — to))
ast—tg+0ort—ty—0.

We will first consider the case of tg = 0. Define a function d, for small € > 0
by

(€2,0) if t €1[0,¢%
0e =S (—e(t—e*)+£20) ifteet et +¢
(0,0) if t € et +¢,T]

and consider the modified curve v+J.. We will compare the values of the action
functional for the modified curve and the original one. We split the difference
as follows:

AC(y+6.) — A%(y) = A] + Ay + A3 (9)



where

4

A= Uy +6.) - Uyt

4

54 +e
@:/“ Uy +62) — U(y)dt

1 1> +€ )
&:,/' (5 + 6.)% — 42dt.
2 ).

We will investigate each part. Note that the y-component are same between
and v 4 d.. We define a function W by

W) = Ulz,y) |by| (10)

The function W is not singular on Bj. Since t € [0,&?]

V(t) = t*3(cy,c,) + O),  (v+6.)(t) = €2(1,0) + O(£2/3),

ne /o W(EE(L0)+ O(E/) = W ea,e) + O(0)dt
= [ 1.0 O W )+ 0
_ /0 S 2(W(1,0) + O(e22/3)) — t=2/3(W (ca, ¢,) + O(£/3))dt
— /054 eT2W(1,0) — t723W (cyy ) + O™ 433 + Ot V) dt

4

€
- [g—%W(l, 0) — 3tY3W (¢, ¢,) + O(e~45/3) + O(t2/3)]0
= —3W(c)e?? + O(e?).
We next estimate Ay by using the assumption (4), which is

ou

— <0
3x<

in this case. From this assumption, it follows that

U(y+62)(t) =U(() <0

for t € [e*,e* + ¢]. Hence Ay < 0.



Finally we compute A3 as follows:
1
A3 == 5

1t 2 _1/3 2/3\ | 2
== 2~§t ca(—€) + O(t*°) + e2dt

elte . .
/ 290 + 02dt
&€

4

2 J.a
1
— —Cx€((€4 + 5)2/3 _ 68/3) + 0(55/3) + 583
= —c,e"3((e3 + 1)¥3 — £2) + O(%/?)
= —cpe3 + O(%/3).

Consequently we get
Ay + Ay + Az = —3W(c)e*? + O(7/3),

and hence (9) is negative for small & > 0.
In the case that y(t) has a total collision at tg = T, we similarly make a
modified curve with a lower value of the action functional than one of ~(¢).
The case of ty € (0,T) is a little more complicated. We can make a modified
curve with a lower value of the action functional as follows:

@ +eto—t) 0=t <t
= {'Y(t) +0:(t—tg) toSt=T

for small €. This completes the proof that the minimizer has no total collision.
Consequently the minimizer belongs to {2; and hence the minimizer satisfies the
property 2 of Theorem 1.

3.3 The Monotonicity of the Argument and the Exclusion
of the Extra Partial Collisions

Let « be a minimizer and v(t) = r(t)(cos0(t),sin6(t)). From the result (y(t) #
0 for any t) of the proceeding subsection, 6(t) is well-defined and 6(0) =
¢;,0(T/2) = c¢j11. In this subsection we will prove the monotonicity of ¢ and
the absence of extra partial collisions. This proof is different from one of [11].

Proposition 3. 0(t) is monotonically increasing on t € [0,T/2].

Proof. From the setting (see (3) and (8)) of the domain of A%, for any ¢ €
[0,T/2], v(t) belongs to C}, that is, ¢; < 0(t) < ¢j41.

We will first show that 6(t) is non-zero when () = 0. Let V/(§) = U(cos 6, sin 6).
The Lagrangian in the polar coordinates is

. 1 .
L(r,0,7,0) = 5(7"2 +720%) + 1V (0).



Through the Legendre transformation, the corresponding Hamiltonian is
1 _ _
H{(pr,po,7,0) = 5 (07 +77p5) =17V (6)

where p, = 7, pg = r20. The canonical equations are

T=Dr

0=r"py

. —3 2 _92 (11)
Dr =1 pyg —1r =V (0)
Po = T_IVI(Q).

Assume that ¢; < 0(tg) < ¢j+1 and (tg) = 0(tg) = 0 for some to € [0,7/2].
Since pg(to) = 0, V'(6y) = 0 where 8y = 6(to). The set {(pr,po,7,0) | Po =
0,0 = 6y} is an invariant set of (11). This solution passes the set. Because
of the unicity of solutions of ordinary differential equations, this solution holds
0(t) = 0y for t € [0,7/2]. This contradicts the fact that 8(0) = ¢;,0(T) = ¢;11.
Hence each critical point of 6(t) is a local minimum or maximum.

On the other hand, if 8(to) = ¢;( or ¢j41) and 8(t) are locally constant near
t = tg, then the value of the action functional is infinite. Hence 6(¢) is not
constant in any partial interval.

We will next prove the monotonicity of (¢). Assume that 6(¢) is not mono-
tonically increasing. Here this also includes the case where the extra partial
collision occur(see Figure 2).

Let t1 be the smallest local maximum point of 6(t) and 0y, be its maximum
value:

t; = min{¢t > 0] ¢ is a local maximum point of 6(¢)}
amax = e(tl)

From the intermediate value theorem, we can define t5 by
to = mln{t > 1 ‘ G(t) = gmax}

in the case of Omax < ¢j41, while we let t3 = T'/2 in the case of Omax = ¢j11.
Now we can uniquely determine Oin, Vinin, 00, s1 and s, as follows:

Omin = min{0(t) | t; <t < ta}

Vi = 0 {V(8) | i < 0 < O}
0o = max{6 € [Omin; Imax] | V(0) = Vinin }
s1 =max{t <t | 0(t) =6}
s9 = max{t <tz | 0(t) = p}.

We construct a modified curve v, (t) = r(¢)(cos 0.(t),sin 0. (t)) by letting
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Figure 1: Non-monotonic curve
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Figure 2: Curve with a extra partial collision
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0.(t) = O(t) fort<syortz=ss
* N 0o for s1 <t < s9.

Then the difference of their values of the action functional is

A%mnﬁm=/

S1

S9 1

—57 2 (D) + 77 () (Vawin — V(6(1)))dt < 0.

This is a contradiction and completes the proof. This argument implies that
the minimizer has no extra partial collision. O

This proposition shows the property 3 and 4 in Theorem 1.

3.4 Regularizability of the Partial Collisions

We assert that the derivative 4(¢) of the minimizer is perpendicular to the
boundary lines B; and Bj;; (see Figure 3):

Proposition 4.

im V(t) ; im W(t) i
(#wmwﬂL& Qéw»wwOL&“' (12)

Bj+1

Bj

Figure 3: Symmetric minimizer

Proof. The minimizer ~ satisfies the first variational formula:

oL T2 T2 g 9L oL
6A(y) = [aq -57} t:o —/0 (qu — aq) - §ydt =0 (13)

11



for any 6y € T2;. Hence by considering any variations ¢y with 6v(t) = 0 near
t =0 and T/2 , we see that the minimizer satisfies the Euler-Lagrange equation:

doL oL _
dt 9q 0Oq
We again consider (13) for 6y with §v(¢) = 0 near ¢t = T'/2, and then we obtain
OL

Jim, 5 (V0 1(0) - 6x(t) =0,

that is
Jim 5 (t) - 0v(¢) = 0.

Note that [[4(¢)|~! — 0 as t — +0 from the conservation law of the energy.
Thus we have )
7(1)

lim ———— - dv(t) =0
t=+0 [[(8)]l

Since 6(0) can have any point in T'B; it follows that

- A(t) >
lim — 1 B;. (14)
<H+0 @)l !
We can similarly show that

0 )
lim : 1 Biiq.
(m-o @)l I

O

We will regularize the binary collisions through the Levi-Civita transforma-
tion. We assume j = 1 without loss of generality. Our equations are
T =Pz, Y=DPy, pT:E(’J},y), py:7W+aiy(xay)

where W is defined by (10). We can regularize the partial collisions occurring
at By as follows. Letting y = w?/2,p, = p,,/w, the equations are

. . Dw . oW w? . P2 4bq oW w?
T = Pz w=—7 P = 7 \T, — pw:l_i‘i‘wi r,— |.
’ w2’ Ox T2 ) wd w? oy \'7 2

By using the energy equation

2 2 2b 2
Pey Pu 2 (x,w>:h7

2 Qw2 w? 2
we have
Dw ow w?
T = Pz, w=—-7, = w2 | T, = )
p 2 P ox 2
22 2 2h ow 2
Pu=-2 4 W (2, 0 )+ T w2,
woow 2 dy 2



Changing the time variable by dt = w?dr from the original time ¢ to the new
time 7, the equations become

ow w?
x':w2pm, w,:pwa p;:w27 <CC, 9

ox 2
w? ow w? (15)
P, = 7piw + 2wW <x, ) + 2hw + w3 —— (x, >
2 dy 2

where / denotes the differentation with respect to 7.

Let

R: (pmpwaxa w) = (7pm,pwa$7 7’11]).

The system (15) is reversible with respect to R, that is, if n(¢) is a solution,
then so is Rn(—t). From (12), the minimizer 7 satisfies p,(0) = w(0) = 0
in this coordinates, and hence «(t) and Rvy(—t) are equal at ¢ = 0. From
the unicity of solutions of ordinary differential equations, v(t) can be smoothly
connected with Rvy(—t) at ¢t = 0 and satisfies y(—t) = 7(¢). Similarly v(¢) can be
smoothly connected at ¢ = T'/2 under the regularization such that v(—t+7/2) =
~v(t+T/2) and is extended for ¢t € R. This shows the property 5 in Theorem 1.

Moreover we have

sern = (3+(5+0)) =2 (5 - (5 +1)) =20 =10

Consequently ~ is a periodic solution with period 7. This shows the property
1 of Theorem 1 and completes the proof of Theorem 1.

3.5 Proof of Theorem 2
Let

r>0}

The solution desired in Theorem 2 can be obtained as a minimizer of AG|FJ.
The proof is completely analogous to the proof of Theorem 1.

2

Dj=4r (cos 9 +2Cj+1 ,sin G+ Cj+1>
Ty ={yeH [~(0) € B;,7(T/4) € D;}.

4 Examples

We will give several examples to which we can apply Propositions 1 and our
results.

13



4.1 Collinear Three-Body Problem
We consider the case of n = 3,d =1 and G = {1}, in which the system has two

degrees of freedom. Through the Jacobi coordinates:

1
X = _—_—
q3 1+ 11 (miq1 + magqa),

Y = @-—aq,

the Lagrangian is

I — 1 ( mg(mq + ma) X241 mims YQ) I mims
2 \m1+mo+mg mi + mo ‘Y‘
mams(my + ms) myms(my + ms)
|(m1 —|—m2)X—|—m1Y\ |(m1 —|—m2)X—|—m2Y|
By letting

msz(my + mg) X, Y= myms Y,
myp +mg +ms my + ma
the Lagrangian is normalized:

2 2 my + ma |y| mg + m3 |(since)x — (cos ca)y|

3,3
myms 1

my + mg |(sincg)z — (cosc3)y|’

where

mao(my + mg + ms)
co = arctan ,
mims

mq (m1 + mo —+ mg)
c3 = — arctan .
mams

Since d = 1, we obtain periodic orbit with two binary collisions from Corol-
lary 1. Moreover we obtain a more symmetric periodic orbit in the case of
m1 = mg from Corollary 2, which is known as Schubart’s orbit. As we stated
in Section 1, Moeckel [5] and Venturelli [11] have showed the existence of the
later orbit.

4.2 Isosceles Three-Body Problem

We consider the planar three-body problem with m; = ms and a group G =<
g | g% =1 > such that

=g &) e-a2,

14



Figure 4: The Schubart’s orbit

This subsystem is known as isosceles three-body problem.

Letting
msg 1
@= (\/2m1(2m1 + mg)x’ 2m y> ’
ms 1
(\/2m1(2m1 + mg)x7 V2 y) ’

le
— | ———x,0|,
m3(2m1+m3)

we obtain the normalized Lagrangian:

q2

q3

5/2 3/2

1, . . m (2myms)
L=_(#+9°)+ + .
2 V2lyl  /(2my +m3)a? + may?

The potential part is

m5/2 (2m1m3)3/2

= + R
V20yl  V/(2my + mg)a? + may?

and its partial derivative with respect to x is

oU  (2mym3)®/%(2my + m3)z

or ((2mq 4+ mg3)z? + mgy?)3/2’

For z > 0, %—g < 0. Hence VU(cos#,sind) - (1,0) < 0 for 0 < 6 < 7/2.
Therefore we can apply theorem 2 and then obtain periodic orbit which has
numerically been found by Broucke [1] (see Figure 5).

4.3 Collinear Symmetric Four-Body Problem

We consider the case of n = 4,d = 1,m; = mg,mg =myand G =(g|g>=1),
and define the group action by

plg)=—1, olg)=(1 2)3 4).

15



Figure 5: The Broucke’s orbit

Letting
a1 = —q2 NeToh q3 da T
we get

mi/? VIm VIm i/

+ + + + .
V2lz|  V2lyl  lVmer — myyl o |ymsz 4+ /may|

Since d = 1, we get symmetric collinear four-body orbit from Corollary 1, which
Sekiguchi [9] have numerically found.

1
L= 5@2 +7°)

[ 00 @ 0 — 0>

Figure 6: The Sekiguchi’s orbit
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4.4 Rhomboidal Four-Body Problem

We here consider the four-body problem with rhomboidal symmetry. Let m; =
ms, m3 = my and

1 1
= — = —X, 0 5 = — == 07 .
q1 q2 ( Nern ) q3 q4 ( T Z/)
The potential part of the normalized Lagrangian is
_ m‘;’/Q m3/2 4\/§m?/2m3/2

= + + .
\/ﬁ‘ﬂ \/§|y\ Vmax? + myy?

Since )
U wd? aEd i
or 222 (mox® +myy?)3/2
and
o m§/2 B 4\/§mi/2mg/2y <0

W VaE G )

forx >0 and y > 0, VU(cosb,sinf)-(1,0) < 0 and VU(cosb,sinf)-(0,1) <0
for 0 < 8 < w/2. we can apply theorem 1 and then obtain periodic orbit. If
m1 = Mo, we obtain symmetric periodic orbit with the aid of theorem 2.

- ¢ o —

<>_

Figure 7: Rhomboidal four-body orbit

4.5 Rectangular Four-Body Problem

We consider the four-body problem with the rectangular symmetry: let m; =
meo, M3 = My and

a = (7,9),02 = (x,~y),q3 = (=2,9),q4 = (=7, —y).

17



We can easily check the assumption of Theorem 1 and then obtain periodic orbit.
Moreover we can obtain more symmetric orbit from theorem 2 if all masses are
equal. The existence of the later orbit have recently already proved by Ouyang,
Simmons and Yan [6].

Figure 8: Rectangular four-body orbit

We easily generalize this case to planar 2n- and 2n 4 1-body problem. Let

M1 =" = My, Mpy1 =+ = Mayn, G =D, :<gvc|gn:C2:LgCg:C>
and
() = cos%’r —sin%7T
P9 sin 2&  cos 2&
n n

o(g)=(1 2 ...n)n+1 n+2 ... 2n)

=5 %)

olc)=2 n)B n—1)...((n+1)/2] [(n+4)/2))
(n+2 2n)(n+3 2n—1)...([3n+1)/2] [(3n+4)/2])

where [ ] is the Gaussian symbol. We obtain periodic solution from theorem 1,
and symmetric one from theorem 2 if all masses are equal. Moreover we can
add one particle fixed at the origin with any mass and hence also get periodic
orbits in the 2n + 1-body problem.

4.6 Generalized Orbits

Collisions of more than two particles are not regularizable in general. But as far
as we consider the subsystems with two degrees of freedom, the partial collisions
are regularizable as we showed in Subsection 3.4. There are also several examples
as follows.
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(1) We can extend the Broucke orbit (Subsection 4.2) to n + 1-body problem
with n-sided pyramidical symmetry. We consider the spatial(V = R3) n + 1-
body problem with m; = my = --- = m,, and cyclic group G =< g > such

that
cos %’T —sin 27“ 0
p(g)=| sin2  cosZ 0 |, o(9)=(1,2,...,n).
0 0 1

We can obtain periodic orbit similarly as Broucke’s orbit (Figure 9).

Figure 9: Pyramidal four-body orbit

(2) By adding one more particle fixed at the origin into the Sekiguchi orbit
(Subsection 4.3), we can obtain a periodic orbit of symmetric five-body problem

(Figure 10).
o —o 0 — “—e 0o -—0o—o

Figure 10: Symmetric collinear five-body orbit
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(3) We also generalize the rectangular orbits to prismatic 2n-body problem
(Figure 11). Let d = 3,G = D,, x C3, Dy =< g,¢1 | g" = ¢ = 1,g9cg = ¢1 >,

3

|

= e

Figure 11: Triangular prismatic six-body orbit
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Cy=<cy|c3=1>and

1 0 0
plg)=1| 0 cos2E —sin2t
0 sin%7r cos%’T
olg) =1 2 ...n)(n+1 n+2 ... 2n)
1 0 O
ple)=[ 0 -1 0
0 0 1

o(cr) = (2 B n—1)...((n+1)/2] [(n+4)/2])
m+2 2n)(n+3 2n—1)...([(Bn+1)/2] [(3n+4)/2])
-1 0 0
plee) = 0 1 0
0 01
olee) =1 n+1)(2 n+2)...(n 2n).

Furthermore we can add one particle fixed at the origin and then obtain periodic
orbit in the 2n 4 1-body problem.

(4) As exotic examples we consider orbits whose configuration consists of two
similar polyhedrons whose behavior is like the Sekiguchi orbit (see Figure 12).
(5) Furthermore we can consider orbits whose configuration consists of two dual

ek
NN

Figure 12: Eight-body orbit whose configuration consists of two similar regular
tetrahedrons

polyhedrons (see Figure 13).



Figure 13: Eight-body orbit whose configuration consists of two dual regular
tetrahedrons

In last two examples (4) and (5), we have not checked the assumptions
of Theorem 1 nor 2 since the computation is too complicated. But we can
undoubtedly expect the existence of orbits.
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