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Abstract

In this article N- fractional calculus and n-th derivatives of logarithmic func-
tions

log((z-b)" -¢), (MEZ}) and log(z* +2az +d)

are reported.

That is, we have the following, for example.

(1) log((z=b)" - ), =—€ "m(z-b)"T(y)

k

x°° T'(mk +7v) ( c )
< T'(y)L(mk + D\ (z-b)"

(1Y), IT(nk +y)l <),

and
(i1) (log((z=b)" = ), = (-1)""'m(z -b)"T(n)
y — DL(mk +n) ( c )k
“ T(m'(mk + D\ (z-b)"
(n€Z"),
where

(z-D)"-c=0,1, and lcl(z-b)"1<1.
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§ 0. Introduction ( Definition of Fractional Calculus )
(1) Definition. ( by K. Nishimoto ) ([1]Vol. 1)
Let D={D_,D,}, C={C_,C.},
C_ be a curve along the cut joining two points z and - % +ilm(z),
C, be a curve along the cut joining two points z and ® +iIm(z),
D be a domain surrounded by C_, D, be a domain surrounded by C, .

(Here D contains the points over the curve C ).
Moreover, let f = f(z) be a regular function inD(z €D),

['v+1) 1K(9)
fo=(h=c(f) = oy fc(C-—z)m d¢ (ve&Z ), (1)
(f)om =vl.i.n_1,,,(f)" (m€E€Z), (2)
where ~n sarg(E —-z)sn for C., Osarg({-2)s2n forC, ,

E=z, z€C, vER, T ;Gamma function,
then (f), is the fractional differintegration of arbitrary order v ( derivatives of

order v for v >0, and integrals of order —v for v <0 ), with respect to z , of
the function f , if l(f)vl <00,

(I11) On the fractional calculus operator N* [ 3]

Theorem A. Let fractional calculus operator ( Nishimoto's Operator) N” be

N - {F(v+ 1) dt

— fc(,g_z)m) v@&Z), [Referto(1)]  (3)

with N ™= lim N’ (m €Z"), (4)

v—r-m

and define the binary operation © as

NP oN°f=NPN°f=NP(N°f) (a,BER), (5)
then the set

{N"}={N"|vER} (6)
is an Abelian product group ( having continuous index v ) which has the inverse

transform operator (N "Y' = N™¥ to the fractional calculus operator NY, for the
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function f such thathF={f; 0;=|fv|< OO,VER}, where f = f(z) and zEC.
(Vvis. —0<v <00),

( For our convenience, we call N® ¢ N as product of N* and N®.)
Theorem B. " F.0.G. {N"} " is an " Action product group which has continuous

indexv " for the set of F . ( F.O.G. ; Fractional calculus operator group )[ 3]
Theorem C. Let
S:=LENIU{0}Y={N"JIU{-N"}U{0} (VER). (7)
Then the set S is a commutative ring for the function f €F , when the identity
N°+Nf=N" (N° N°,N" €5) (8)
holds. [ 5]
(III') Lemma. Wehave[1]

. b —-ina r(a _b) _ \b-a F(a — b)
N R e~ (O (——-———-F(_b) <),
(ii) (log(z-c¢)), =- e ™ Ta)(z~c)™ (lI"(a)|< 00),

(iii) ((z=¢c)y )., =-€e""

o log(z-c) (|T(a)]|< ),

where z—c»= O for(i)and z—c= 0,1 for (ii ), (iii) ,

§ 1. Preliminary
Theorem D. below for the fractional calculus of a logarithmic function is reper-
ted by K. Nishimoto ( cf. J. Frac. Calc. Vol. 29, May (2006), p. 40. ).
Theorem D. We have

(i) (log((z~b)f —c)), =~€"™ Bz -b)"T(y)

« _ L(Bk+y) ( c \ I II‘(ﬁk )| . .
g < THC(BLk+1) (Z-—b)ﬁ) (1 (y) 4, T(Bk+ 1.) ®), (1)
and

(i1) (og((z=b) -c)),, = (-D™"'B(z-b)"T'(m)

k

> LBk +m) ( c p) (mEZ),  (2)
“ TmrBr+Hl(z-b)

where
(z-b)f ~c=0,1, and lclz-b)Pl<1.
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§ 2. N- Fractional Calculus of Functions

log((z-b)" - ¢)
Theorem 1. We have
(1) (log((z-b)" - ), =—€ "m(z—b)"I(y)

k

— TI'(mk+y) ( c )

x - (1)
“ T(y)I'(mk+1)\ (z-b)

(IT(), [T(mk+y)| <),

and
ab (log((z~b)" - ), = (- 1) m(z ~ by "T(n)
« Tmk+n) ( c \ .
X ~ T'(n)I'(mk+1) (z—b)"') (n€Z7), (2)
where

meZ;,, (z-b)"-c=0,1, and lclz-b)"I<1.
Proof of (i). Set f =m inTheorem D. (i) in Preliminary we have ( 1 ) clearly,

under the conditions stated before.
Proof of (ii). Set y=n in(1), we have then (2).

Corollary 1. We have

(i) (log((z-bY ~c)), = —™™ 2(z- b)"T(y)
-~ T'QRk+y) ( c ¢
* 2% TIT@k+D (z—b)’> (3)
(I0), [TRk+y) <),
and |
(i) (og((z-b)! —c)), =(=1)""2(z by "T'(n)
> TQk+n) c \ ) .
* & r(n>r(2k+1>((z—b>2) (n€Z7), (4)
where

(z-b)*-c= 0,1, and lcl(z-b)*1<1.

Proof. Set m=2 in Theorem 1.
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Theorem 2. We have the following identity.

~ I'Q@mk+y) T _ <« TI'(mk+y)

(1) {(T1/2)k+(_T1/2)k}

% T(\)LQRmk+1)~ & T(y)D(mk+1)
(|[D(mk+y)l <),

and

. ~ [2mk+1]_L k < [mk +1],_ 12k 12k
(il) 2 U AN i B W o -T

i ,,2 s )_; e (G )}

(n€Z"),
where
-—=— . ITI<1, mez",
(z -b)

[Al, =AA +D)---(A+k-1)=T(A +k)/T(A) with [A],=1.
( Notation of Pochhammer ).
Proof of (i). We have

log((z -b)*™ ~c¢) =log((z~ b)" -c)+log((z- b)™ +Jc) .
((z-b)" =Jc=0,1).
Operate N’ to the both sides of ( 8 ), we have then
(log((z-b)*" - c)), = (log((z-b)" - w/—c_)), + (log((z - b)" +JE)), .

Now we have

. i _ ~ I'Cmk+y) _.
(log((z =)™ ~e), = =™ 2m(z=b)" L) X Fepo T

(Ir2mk +y)| <o),

and

I'(mk +v) Tllz)k
I'y)L(mk+1)

([D(mk+y)| <o),

(log((z=b)" =Jc ), = -e™m(z -b)" T(y) D,
k=0

by Theorem D. (i), respectively.
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104

Susana S. de Romero and Katsuyuki Nishimoto

Then we obtain (i) from ( 9 ), applying ( 10 ) and ( 11 ), under the conditions.
Proof of (ii). Set y =n in(i).

Corollary 2. We have the following identity.

I'Qk +y) T 1 1

(i) 2(z-b)”

e TT 2k +D) - @ -b-voy (z-badey 1)
(TRk+y)<x),
and
i Rk+1,, 1 )
(i1) 2(z-b) 2 T(n) =_——_(z—b-—\/-c-)" +m(z—b+JE)" (13)
(n€Z").

Proof of (i). Set m =1 in Theorem 2. (i), we have then

< F'k+vy) k < L'k +vy) 712 V2
2 r - T (14)
& Toraksn & Toprep (T T

Now we have

o _L(k+y) T''%) _;IL T2k :
(15)
= L)Lk + 1) 2 (
(z by
R ——— 16
(z-b-cy (19

Therefore, we obtain ( 12 ) from ( 14 )and ( 16 ).
Proof of (ii). Set y =n in(i).

Note. Other proof of (i). We have

(log((z=b)* -¢)), = (log((z- b) -e)), + (log((z -b) +~)), ,  (17)
from ( 9), setting m = 1.
Next we have
(log((z-b) - c)), = e ™ T (y)(z-b-Jc)”, (IT(y)l< x) (18)
by Lemma (ii).
Therefore, we obtain ( 12 ) from (17 ), applying ( 3 ) and ( 18 ).
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Theorem 3. We have
(i) (log(z* +2az+ d)), =-e "™ 2(z+a) " I'(y)

k

w 2 __
I'k+y) (a d) a19)

X 2
& Ty)TRk+1D\ (z+a)

(101, TRk +y)<x),

and
(ii) (log(Z* +2az + d)), = (-1)""'2(z +a)""T'(n)
o k
x TCk+n) (az_d,_) (n€Z*), (20)
& TrRk+)\(z+a)
where

7 +2az+d=0,1, and W(a* -d)/(z+a)’l<1.
Proof of (i). We have
Z +2az+d =(z+a)* -c, (c=a -d). (21)
hence

log(z2 +2az+d)=log((z+a)2——c) . (22)

Operate N’ to the both sides of ( 22 ), we have then

(log(Z” + 2az+ d)), =(log((z + @)’ - 0), , (23)

therefore, we obtain ( 19 ) clearly, setting b=-a and ¢ =a’ -d in Corollary 1.

(i), under the conditions stated before.
Proof of (ii). Set y=n in(19).

§ 3. Semi Derivatives and Integrals
Corollary 3. We have
(i) (log((z=b)" = ©)),,, =im(z - b)"*Jx
© T(mk++ ) ( c )k (1)
,2 I‘(-l)I‘(mk +) @z -b)"

( semi derivatives ),

and
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(i1) (log((z=b)" = O))_y, = im(z=b)"*2Jm

k

x°° I(mk-2) ( ¢
& r-Hromk+v\ z-»")

(2)

( semi integrals ),
where

meEZ; , (z-b)"-c=0,1, and Iclz-b)"I<1.
Proof. Sety =1/2 and -1/2 in Theorem 1.(i), we have then (1) and(2)
respectively
Corollary 4. We have

oo 1 ¢
(i) (lOg((Z'-b)2 ) i2-\/.7_t(z-‘ b~ E T2 ( - ) )

& THrek+ H\(z-v)°

( semi derivatives ),
and

Ny . 5 TRk-3) c \
l _bz_ - _ 172 2 (
(D) (oglle=b)" eV = ibfm =0 J Tl (z—b)’) “

( semi integrals ),
where

(z-b)2-c=0,1, and lcl(z-b)’1<1.
Proof . Set m =2 in Corollary 3.

Corollary 5. We have

) ey merver 4 L
z-b- z- .

( semi derivatives )

and

(i) (log((z-b) — ).y, =i2Mm (Vz-b-Ve +e-b+c) (6)
( semi integrals )

where

(z-b)*-c=0,1.

Proof. Set y =1/2 and -1/2 in Corollary 2, we have then (5) and (6)respec-

tively, under the conditions.
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§ 4. Some Special Cases

[I] When n=1, we have
k

-1 C
(log((z=b)* -c)), =2(z-b) 2( = b)) (1)
- -l o [I]k( 4 ¢ - _ -1( _ c -
2@=D 2 (z—b)’) 2z=hyl (z—b)z) (2)
=2((z-b)*-c)'(z-b) , (3)

from Corollary 1 (ii).

[II] When n=2, we have
k

P F(2k+2)( c ) |
(log((z-b)* -¢)), =-2(z-b) > Tk D\ Gob) (4)
e [ CE+D __c
2e-b)7 3 ST (T (z__b)z) (5)
i 02k .. |
- -2(z-b) {;” EOEvEa (6)
=2(z=-b) P TA-D*+0-T)""} (7)
=-2((z-b*+9 (z-b)*-¢)? (8)

from Corollary 1 (ii).
This result coincides with the one obtained by the classical calculus ;

2

—log((z-b)" -¢) .

d 2
11,2k 2k [1], 2 [
Note. Z . o 1)'T TZO ! T

[> <]

2Ty %’L T  =2T(1-T)*

k =0
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