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Chapter 1

| ntroduction

1.1 Background

Transmission of information and energy isamajor issue now more than ever. The semiconductor
technology has been progressing at a steady exponential rate over the last few decades, and
the progress has realized LSIs operating above some gigahertz. As clock speeds increase and
process technology continues to advance, interconnect delays have surpassed gate delays within
a chip. Hence development of high speed integrated circuits is in need of higher performance
interconnects that are treated as distributed transmission lines. On the other hand, the demand
for electricity has been growing rapidly along with the diffusion of information and electronic
appliances. As electric power systems have become larger and more complex, the safety of the
power systems has emerged asacritical issue, which iseven moreimportant if the power industry
deregulation results in various kinds of power stations incorporated into existing power systems.
In large-scale power networks, afault can cause a disastrous power failure spreading over alarge
area. Once afault occurs on power transmission lines, it is necessary to detect the fault and locate
the fault point as soon as possible to prevent such a catastrophe.

Analysis of electric transients on transmission lines is fundamental in those areas. The in-
terconnects in integrated circuits behave as transmission lines at high frequencies, and signal is
degraded due to reflections, crosstalk, frequency-dependent losses, and so on. Then, it is essen-
tial to evaluate their effects on transient response, such as delay, rise time, ringing, etc., in order
to maintain signal integrity. As for protection of power systems, a fault generates electric tran-
sientsthat propagate along power transmission lines and contain information in a certain manner
about when and where the fault occurred, and what kind of afault it was. Though the analysis of
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2 CHAPTER 1. INTRODUCTION

fault transients requires us to treat the power transmission lines as distributed transmission lines
instead of the simplified lumped circuits, it will lead to a more robust and accurate fault location
method.

Laplace transforms provide a powerful tool to analyze transient behavior of time-invariant
linear systemsand arewidely used in electrical engineering, control systems, chemistry engineer-
ing, mechanical engineering, and probabilistic theory. Just like a Fourier transform, a Laplace
transform gives a representation of signals in the frequency domain, which representation is of
great utility when solving differential equations and/or taking into account frequency-dependent
effects. For example, transient waveforms on transmission lines are described by the telegraph
eguation and are significantly distorted by the skin effect and the dielectric loss, that are propor-
tiona to \/T and f, respectively, where f denotes the frequency. It is, however, difficult to invert
Laplace transforms analytically especially when they contain the frequency-dependent terms,
thereby numerical methods are required to compute L aplace inversions.

Numerical inversion of Laplace transforms has been studied extensively, and various kinds
of methods have been proposed thusfar [1, 2]. Some of them utilize Legendre functions[3], La
guerrefunctions[4], Gaussian quadrature [5], and so forth [6, 7]. After the fast Fourier transform
algorithm was devised by J. W. Cooley and O. W. Tukey in 1965, Fourier series method using the
FFT agorithm has been proposed in anumber of papers[8, 9, 10, 11, 12, 13]. It should be noted
here that only with the FFT-based inversion is the corresponding numerical forward Laplace
transform observed. Namely, other inversion methods are one way transformation from F(s) to
f(t). However, the FFT-based method introduces large errors and valid interval is limited to its
former half. To reducethe large errors, use of acceleration methods such as Euler transformation
and ¢ algorithm has been proposed [9, 12, 14].

In contrast to the numerical inversion, only afew methods have been proposed for numerical
Laplace transformation [15, 16, 17, 18], and the FFT-based transform proposed in [18] makes a
numerical Laplace transform pair with the FFT-based inversion. In the case of forward/inverse
Fourier transforms, their discretization leads to the discrete forward/inverse Fourier transforms
that still form an analytically reversible transform pair. The same argument, however, does not
apply to the Laplace transforms: there is no discrete and reversible Laplace transform pair, and
in fact, the FFT-based transform pair is not reversible exactly. Nevertheless, anumerical Laplace
transform pair enables efficient analysis when one would like to move between in the time do-
main and in the frequency domain, for example, when analyzing frequency-dependent linear
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transmission lines terminated by non-linear loads [18].

1.2 Objectives

Thefirst objective of thisthesisisto improve the handy but error prone method of the FFT-based
numerical inversion of Laplace transforms aiming to extend the valid range, that is limited to the
former half, to the entire interval. It further includes improvement of the FFT-based numerical
Laplace transform pair in which interpolations are introduced by necessity dueto thelarge errors.

The second objective is to implement the numerical Laplace transforms on hardware. Al-
though an extensive number of implementations of FFT have been proposed, that of the Laplace
transformsis not reported. To make possible real-time signal processing using the Laplace trans-
forms, it is aimed to implement the Laplace transforms on an FPGA (Field Programmable Gate
Array) which is areconfigurable logic device suitable for prototyping.

The third objective is to analyze fault transients on power transmission lines and to develop
afault location method based on the analysis. By considering the simplest fault situations, it is
aimed to find analytical and fundamental aspects of the fault transients.

1.3 Overview of the Thesis

Thisthesisis organized as follows:

Chapter 2 introduces the FFT-based numerical Laplace inversion and the FFT-based numer-
ical Laplace transforms. It then describes the FFT-based numerical Laplace transform pair pro-
posed in [18].

Chapter 3 presents error analysis of the FFT-based inversion and proposes another simple yet
effective acceleration method. It contains numerous examples to show the effectiveness of the
proposed method.

Chapter 4 gives analysis of interpolations used in the numerical Laplace transform pair and
presentsaclear interpretation of them. Based on the analysis, it proposes anovel computationally
efficient transform pair.

Chapter 5 describes the prototyping implementation of the FFT-based numerical Laplace
transforms on an FPGA.

Chapter 6 introduces analyzing method of transmission lines in the Laplace domain. It also
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describes effects of 1ossy ground on overhead power transmission lines and some techniques for
computation of matrix functions.

Chapter 7 presents expressions for fault transients on ideal transmission lines by Laguerre
functions. Utilizing the expressions, a novel technique of fault location is proposed. The effects
of lossy ground is also taken into account.

Finally, Chapter 8 concludes this thesis by summarizing major results obtained by the re-
search.



Chapter 2

Fundamentals of Numerical Laplace
Transforms

2.1 Introduction

This chapter describes fundamentals of numerical Laplace transforms. After giving the definition
of Laplace transforms, we begin with their numerical inversions. The FFT-based method has
originally been introduced by Dubner and Abate [8] in 1968 athough their method uses only the
Fourier cosine series. Afterwards, the so-called FFT-based method appeared in several papers
[9, 10, 11, 12, 13] by using Fourier sine series as well. As pointed out in some of the papers,
the FFT-based method yields better accuracy than the original one. Indeed, the valid region of
obtained inversion is limited to [0, T/2) for the Fourier cosine series method, and it is extended
to [0, T) for the FFT-based method, where the period is 2T. Extending the valid range to the
entire [0, 2T) is the main purpose of Chapter 3. In the latter of this chapter, the FFT-based
numerical Laplace transform is presented followed by description of the FFT-based numerical
Laplace transform pair [18].

2.2 Thelaplace Transform

Let f(t) be acausal and rea function of t, with f(t) = Ofor t < 0O, the Laplace transform of f(t)
is defined by

F(9 = L[f®)] (S = fo " He st 2.1)

5



6 CHAPTER 2. FUNDAMENTALS OF NUMERICAL LAPLACE TRANSFORMS

where sis the complex frequency variable. The inverse Laplace transform of the complex func-
tion F(s) is defined by the Bromwich integral as

1 a+joco

f(t)y= L[F(9] (t) = o F(s)eds (2.2

a—joo
where j denotes the imaginary unit vV-1, and a is an arbitrary rea constant such that for any
singular point p of F(s), Re[p] < aissatisfied.

We are interested here in confirming that the inversion of the Laplace transform of f(t) and
the Laplace transform of the inversion of F(s) respectively revert to themselves. To begin with,
using Eq. (2.1) in Eq. (2.2), we have

a+joo
LLIR] = ( f f(r)e STdT)

a—joo

a+joo
- f f(T)( f et T)ds)dr
0 21) Jacjoo

:f f(r)o(t — )dr
0

0 (t<0
= %f(+0) (t=0) (2.3)
f(t) (t>0)

From the second line to the third one, we used the fact that the Laplace transform of the delta
function §(t) isequal to 1. The integral in the third line generates a causal function from f(t)
through its integration range fromt = 0tot = co. In this case, the integral recovers f(t) except
for f(0), since f(t) isassumed to be a causal function.

Then, using Eq. (2.2) in Eq. (2.1), we have

LILF(9]] = fo m(zﬂij fa g::o F(cr)e(’tda)e-ﬂdt

: f o F( )( f ) e("—s)‘dt) d
=~ o o
27TJ a—joo 0

~ 1 a+joco F(O_)
- 57 f e (24)

The last integral can be interpreted as convolution of F(s) and the Laplace transform of the unit
step function, 1/s, in the sdomain. Namely, it is the Hilbert transform of F(s) in the s domain.
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In the time domain, the Hilbert transformation corresponds to generating a causal function from
L7YF(9)](t) in the same manner as Eq. (2.3). In this case, since f(t) is a causal function, the
integral gives F(s).

2.3 FFT-Based Numerical Inversion

In this section, the expression for the FFT-based numerical inversion of Laplace transforms is
derived. Substituting s= a + jw in EQ. (2.1), we have

Fa+jw) = f f (t)e @l (2.5)
0

whereaisareal constant and w denotes theimaginary part of s. In order to discretize F(a+ jw),
let the sampling interval of w be

2n Vg
Aw > T (2.6)

where 2T isthe time length of f(t) to be computed. Then, EQ. (2.5) becomes
F(a+ jkAw) = f f(t)e e Tkitgt
0

o A2+D)T '
=y f f(t)e e i™T

oo JaiT

2T [ >
- f (Zf(t+2iT)e‘a(t+2iT) e YT Gt (2.7)
0

i=0

wherek isan integer and €27k = 1 isused in the last equality. Let us define f(t) by

[ee)

f)e™ =) f(t+2T)e ™2™,
i=0

(o)

L f(t) = f(t) + Z f(t+2iT)e T, (2.8)

i=1

The function f(t)e® is the periodization of f(t)e with period 2T, which is caused by the
discretization of F(a + jw) with theinterval Aw = 27/2T. Using f(t), Eq. (2.7) can be written as

2T
Fa+jkAw) = f f(t)eaterImT g (2.9)
0
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Thisrelation shows that F(a + jkAw) is a coefficient for the Fourier series expansion for f(t)e™
so that f(t)e@ can be reconstructed as

f(tye® = % Z F(a+ jkAw)e™T. (2.10)
k=—c0

Rewriting the above equation as

Frey _ iy ; jmkt/T _ 1 < : (a+jkAw)t
f) = > kz:o F(a+jkaw)e™T = —— kz:o F(a+ jKAw)€ Aw, (2.11)
the function f(t) can also be thought as the trapezoidal quadrature of Eq. (2.2). Truncating the
infinite sum and leaving thetermsfork = -N+1,---,N — 1, we have
eal N-1
- = H jrkt/T
fu(t) = o kz F(a+ jkAw)d™/T, (2.12)

=—N+1

By sampling fy(t) with period At defined by

At = % (2.13)
the FFT-based numerical inversion of F(s) isgiven by
At N-1 _
fu(NAL) = Z F(a+ jkAw)gZkN
k=—N+1
gAnat = . 1
=— Re[z F(a+jkAw)é2”"”/N] - EF(a) , (2.14)
k=0

wheren = 0,1,---,N — 1 and the relation F*(s) = F(s*) (x denotes the complex conjugate)
followed by the assumption of f(t) to be areal function is used. The above numerical inversion
iscalled ‘FFT-based’ since one can compute the summation in Eq. (2.14) by the FFT algorithm.

As an example, Figs. 2.1 and 2.2 show results for the unit step function F(s) = 1/s and
the cosine function F(s) = s/(s* + w?),w = 6r witha = 2,355, and T = 1,N = 256. The
inversion introduces quite large errors especially for T < t < 2T, and hence, only the former half
(0 <t < T) isacceptable. Though the amount of errors depends on the value of a and it seems
to be smaller if soisa, the value of aT is actually a tradeoff between two kinds of errors as we
will derivein Chapter 3. In fact, in Fig. 2.1, thelinea = 2.0 is dightly above the exact f(t) = 1
evenfor 0 <t < T. That is, the offset error in the former half becomes large for small a while
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2.0 : ! ! | : fi
- a=h0 —— S
a=3.5 ------- S A
15 | 8=2.0 - .
theunitstep ................ ; ; S )
- 1.0187@=2.0)

?Z 1.0 rh ...... ....... ...... 3. Cieaziaiiil -
05| 099956=50) 10008=35) |
ool

00 02 04 06 08 10 12 14 16 18 20

t

Figure 2.1: FFT-based numerical inversion of the unit step F(s) = 1/s. (N = 256, T = 1)

2

fn(t)
o

-1
2 | | | | | | | | |
00 02 04 06 08 10 12 14 16 18 20

t

Figure 2.2: FFT-based numerical inversion of the cosine function F(s) = s/(S* + w?), w = 6rrad.
(N =256,T = 1)
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2.0 : ! ! :

. N=256 ———

N=1024 -------

15 N=4096 --------

the unit‘step

fz 10 p—
s
P S N S T S NN S R N

00 02 04 06 08 10 12 14 16 18 20

t

Figure 2.3: FFT-based numerical inversion of theunit step F(s) = 1/s. (T =1,a=3.5)

2
1
< o
1
-2 | | | | | | | | |
00 02 04 06 08 10 12 14 16 18 20

t

Figure 2.4: FFT-based numerical inversion of the cosine function F(s) = s/(S* + w?),w = 6n.
(T =1a=35)
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thelarge error in the latter half isreduced. Thetypical valueof aT is3 ~ 5, andweuseaT = 3.5
throughout this dissertation. Figures 2.3 and 2.4 present results of changing the length N for the
same functions. The errors are reduced by taking the large values of N.

The FFT-based numerical inversion of Laplace transform F(s) is illustratively summarized
in Fig. 2.5. Asthe numerical inversion of N-point F(s) with sampling interval Aw, one obtains
N-point fy(t) for 0 < t < 2T with sampling period At. In the figure, the maximum angular
frequency Q is defined as

2
Q=NAw = e (2.15)
However, the latter half of the obtained result is discarded sinceit can be contaminated with large
errors. Thus one obtains valid N/2-point fy(t) for 0 <t < T. The reason why the length 2T is

usually used instead of T liesin the rgection of the latter half.

0w Q
Fs) || N |

-L-l
2T

0 At T
0 DN ey |

Figure 2.5: FFT-based numerical inversion of F(s).

2.4 FFT-Based Numerical Transforms

This section gives the derivation of the FFT-based numerical Laplace transforms. To discretize
f(t), let the sampling period be

2r T
Ar=T - L 21
T20 "0 (2.16)

where 2Q is the maximum angular frequency of F(s) to be computed. Let F(s) be the Laplace
transform of f(t) given by Eq. (2.1). Then Eq. (2.3) gives

1 1 a .
Ef('i'O) = E fo_;oo F(a+](,())d(,()

{ | . (2.17)
f(nar) = - f F(a+ jw)e®i9mtdy,  (n £ 0)
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For n # 0, Eq. (2.17) becomes
f(nAT)e @ = % f F(a+ jw)e“™ dw

1 & 2(i+1)Q _
= > Z f F(a+ jw)e™/ dw
2iQ

i:—OO

2Q0
_ % f 3 Fla+j( + 2Q)e™ dw (2.18)
O .

|=—00

where nisan integer, and 2" = 1 isused in the last equality. Here, let us define F(s) by

(o)

F(9 = Z F(s+]j2iQ). (2.19)

i:—OO

The function F(s) is the aliased function of F(s) with theinterval 2Q. The aliasing is caused by
the discretization of f(t) with the period At = 27/2Q. Using F(s), Eq. (2.18) can be written as

2Q
f(nAT)e " = % f F(a+ jw)d™/dw. (2.20)
0

In the same way, for n = 0, EQ. (2.17) leadsto

1 1 (. .
Ef(+0):z fo F(a+jw)dw. (2.21)

These relations show that f(+0)/2, f(nA7)e 2" is a coefficient for the Fourier series expansion
for F(a + jw) with respect to w so that F(a + jw) can be reconstructed as

[ee)

%f(+0) + Z f(nAT)e_a”ATe_j””‘”/Q] (2.22)

n=1

Fla+jo) = o

where the causality, f(nA7) = 0for n < 0, isused. By rewriting F(a + jw) as

(o)

If(a + ]a)) = [% f (_|_0) + Z f(nAT)e—(a+jw)nAr

n=1

At (2.23)

the function F(a + jw) turns out to be the trapezoidal quadrature of Eq. (2.1). Truncating the
infinite sum of Eq. (2.22) at n = N, we have

N-1
Fn@+jow) = % [%f(+0) + Z f(nAT)e_a”ATe_j””‘“/Q] , (2.24)

n=1
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and by sampling Fy(a + jw) with interval Av defined by

Ay = ZWQ, (2.25)
the FFT-based numerical Laplace transform of f(t) is given by
- 1 N-1 _
Fu@+jkay) = = | S F(+0) + Z f(nAT)e @rgrizrkaN | (2.26)
n=1

where k = 0,1,---,N — 1. The summation in Eq. (2.26) can also be computed by the FFT
algorithm.
The FFT-based numerical Laplace transform of f(t) isillustratively summarized in Fig. 2.6.
Thetimelength T is defined as
T =NA7 = %. (2.27)
The latter half of the result isignored since it is the aiasing introduced in EqQ. (2.19), and at the
same time, it is the complex conjugate of the reversed former half as shown by the following
identities:

Fn(@+jkAv) = Fy(a—jkAv) = Fy(@a+ j(N — K)Av). (2.28)

Therefore one obtains N/2-point Fy(a + jw) for 0 < w < Q with sampling interval Av.

0 At T
fiy EEENE
0 Av Q 2Q
F© LI N2 @liasing | |

‘\—/"

complex conjugate

Figure 2.6: FFT-based numerical Laplace transform of f(t).

2.5 Numerical Laplace Transform Pair

In this section, the numerical inverse/forward Laplace transforms described in the previous sec-
tions are combined to form a numerical Laplace transform pair. The number of data, however,
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0 At T
I AGIE N

Q ZQ
1l F(s) \|| N/2  (aliasing) | |

complex conjugate >
2T >

0 At T
Voo N2 e

Figure 2.7: FFT-based numerical Laplace transform pair.

interpolation
interpolation

i F“l(s)

S

is halved after both inverse and forward transformations due to the large errors and the aliasing
effect, respectively. Hence, the direct application of the both transformations in turn resultsin
exponentially decreasing number of data points. This difficulty was remedied by interpolating
the results after each inverse/forward transformation [18].

Figure 2.7 illustrates the numerical Laplace transform pair. The step sizes are related by

2T 2n 20 2n
At = 2At = N = H, Av = 2Aw = N T (229)

Based on Eq. (2.26), the numerical Laplace transform of f;(nA7) is computed by

[ N-1
Fua+jkar) = o | 5 160+ Z f(NAT)e g i2mon
Vi :N_l . |
= ZIY fi(nanje mrerizman _ (0) : (2.30)
Q L n=0 2

where we identified f,(+0) with f,(0) since f,(nA7) is a discrete function. Subsequently, F,(a +
jkAv) isinterpolated into Fy (a+]jkAw) asfollows. For even points, the function values are smply
taken from Fy(a + jkAv) as

Fu(a+j2kAw) = Fy(@+jkay), k=0,1,---, % ~1 (2.31)
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Then, for odd points, they are computed by using EqQ. (2.24) as

pd

-1
Fu(@+j(2k + DAw) = %

- 1
fl (nAT)e—anATe—]ﬂn(2k+1)Aa)/Q _ E fl (0)]

r
=}
o

pd
i

Kl /N ganAt oj2rmioN L
5 (fi(nar)e ™) g-ansrerizm 2f|(0)], (2.32)

o

L N=

wherek =0, 1,---,N/2 - 1. Referring to Eg. (2.30), the odd data points can be computed as the
numerical transform of f;(nA7)e ™,
Likewise, based on Eq. (2.14), theinversion of Fy(a + jkAw) is computed by

At
fiv(NAL) = ea:_ {Re

N-1 1
Z F||| (a + jkAw)eiz”k”/N] - E F||| (a)} . (233)
k=0

The interpolation of fy(nAt) into f;(nA7) may be computed by using Fy (a + jkAw) in the same
manner asthat of Fy(a+ jkAv). That is, for even points, the values of f;(2nAr) are simply taken
from fy(nAt) as

N
fi(20A7) = fiy (A, n=0.1-- = -1, (2.34)

and for odd points, they are computed by using Eq. (2.12) as

ea(2n+l)Ar N-1 )
A Z FIII (a+jkAw)e|nk(2n+l)A‘r/T

k=—N+1

ganat N-1 _ _
> (Fu@a+ jkaw)d™N) d2om

k=—N+1

ganAt N-1 : , 1
= & {Re[Z(Fm(a+ jkAw)e'”"/N)e'z”"”/N]—EFm(a)}, (2.35)
k=0

f,((2n+ 1)A7) =

wheren=0,1,---,N/2 - 1. Referring to Eq. (2.33), the odd data points can be computed as the
numerical inversion of Fy(a+ jkAw)e™N multiplied by e¥".

In Fig. 2.8, the solid line shows the interpolation of numerical inversion of the unit step
Fu(s) = 1/s. Theoscillation originatesfrom the lack of bandwidth in Fy (a+jkAw). Althoughthe
bandwidth of [0, 2Q) is needed to obtain f(t) with sampling period At = 27/2Q, Fy(a+ jkAw)
merely covers [0, Q), which is the half of the necessary bandwidth. Accordingly, fy(nAt) is
usually interpolated in the time domain by using linear interpolation or splines, instead of using
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Fu(s), to avoid the oscillations. The dashed linein Fig. 2.8 shows linear interpolation of f (nAt)
defined by

fi (NAY) + iy (N + 1)At)

fi((2n+ DA7) = n:O,l,---,E—Z

f((N = D)AT) = fi((N = 2)A7) = fy ((% - 1) At) (n - % _ 1) ’

(2.36)

where the value of the last point (n = N/2 — 1) issimply taken to be the previous one.

O 01 02 03 04 05 06 07 08 09 1
NAT

Figure 2.8: Interpolation of fy (nAt). (N=64,T =1,a=3.5)



Chapter 3

Acceleration of Convergence of FFT-Based
| nversion

3.1 Introduction

As shown in Section 2.3, the FFT-based numerical Laplace inversion introduces large errors
especialy for the latter half of the result. Namely, the valid region of the obtained result is
[0, T) where the period is 2T. In order to reduce the errors, Durbin [9] proposed extension of
the summation length in Eq.(2.14) by replacing the upper [imit N — 1 by K- N — 1, whereK is
10 ~ 100. Thisremedy is equivalent to taking the number of sampling pointsto be K - N while
the actual number of sampling pointsis left unchanged and so is the FFT length. Although this
modification evidently reduces the errors as seen from Figs. 2.3 and 2.4, it is a time-consuming
task since it requires evaluation of F(s) for K-times as many values of s.

In this chapter, we first analyze errors introduced by the FFT-based inversion, and then, pro-
pose another simple yet effective method to reduce the errors and extend the valid region to the
entire [0, 2T). The comparison with the method mentioned above is also presented.

3.2 Error Analysisof the FFT-Based Inversion

Let us first show two more examples of the FFT-based inversion in Figs. 3.1 and 3.2, which
are respectively the numerical inversion of the sine function and F(s) = 1/+/s computed by
Eq. (2.14). In contrast to the examples presented in Section 2.3, the inversion of the sine function
is successfully obtained for aimost the entire region without errors. On the other hand, F(s) =
1/ +/sisone of the functions totally difficult to invert by the FFT-based method. In this section,

17
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2 T N=256 2

00 02 04 06 08 10 12 14 16 18 20
t

Figure 3.1: FFT-based numerical inversion of the sine function F(s) = w/(S* + w?), w = 6rrad.
(T = 1,a=3.5. Thefour lines overlap each other.)
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Figure 3.2: FFT-based numerical inversion of F(s) = 1/ /s, L7 [F](t) = 1/ Vat. (T = 1,a= 3.5)
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we clarify what kind of nature of those Laplace transforms brings about such differences.
The FFT-based numerical inversion of Laplace transforms introduces two kinds of errors
except for the computational round off errors as derived in Section 2.3. That is,

fn(t) = (1) + eu(t) + ex(t) (3.1)
en(t) = (1) - f(t) (3.2)
ex(t) = fiu(t) - f(t) (3.3)

where ey (t) isthe discretization error due to the application of trapezoidal quadratureto Eq. (2.2),
and e(t) isthe truncation error originating from the truncation of the resulting infinite sum.
The discretization error e (t) isgiven by Eq. (2.8) as

(o)

el(t) = Z f(t+2iT)e T, (3.4)

i=1
Supposing that f (t) is bounded by a constant C as | f(t)| < C, then we have

(o0

D f(t+2T)e

i=1

leu(t)] = < D If(t+2T) e < ) cedT

i=1 i=1

C
m . (3-5)

Since avalue about 3 ~ 5 is usually chosen for aT, the above error bound is small enough. For

S le®) <

example, with aT = 3.5:

C
7 = 0.000912C. (3.6)

lex(D)l <
Hence, the discretization error does not contribute to the large errors in the examples shown in
Section 2.3 since C = 1 for those examples. Instead, the offset error seen in Fig. 2.1 fora = 2
stems from the discretization error. In the case of the unit step function f(t) = 1, the error is

analytically given by

1
al) = o1 (3.7)
and is0.0187 fora =2, T = 1, that coincides with Fig. 2.1.
Then, the truncation error e(t) is given by Eqg. (2.12) as
et . ;
&t) = > Z F(a+ jkAw)e™/T. (3.8)

|ki>N
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The truncation error gives rise to the large errors shown in the examples, and in fact, the above
expression explainstheir exponential increase in the latter half.
In order to evaluate ex(t), let us define afunction E;(t) as the absolute summation of e;(t) by
et .
Eo(t) = >+ MZN IF(a+jkAw)|. (3.9)
Supposing that F(s) = 1/s™ (misapositive real number), E,(t) isthen given by

[

et - et 1
Ex(t) = — -2 F KAW)| = — —_— 1
0= 522 Flariol= 50|\ g | (3.10)
where we used the relation |F(a — jkAw)| = |[F*(a+ jkAw)| = |[F(a + jkAw)|. From the inequality
1 1 t 1 (k> N), (3.12)

a+ kAw < |a + JKAw| < Aw K
E,(t) is bounded as

et = 1 eat ® 1
Taar 24 (s araar < 220 < Taay 247 (3.12)

In the case of m < 1, the lower bound for E,(t), i.e. the left hand side of Eq. (3.12), does not
converge, and thereby e,(t) is not absolutely convergent. This fact implies the quite large errors
form= 1asshowninFigs. 2.1~2.4, and for m= 1/2 in Fig. 3.2. On the contrary, in the case of
m > 1, the upper bound for E5(t), i.e. the right hand side of Eq. (3.12), is absolutely convergent.
Therefore the truncation error e,(t) for m > 1 is markedly smaller than that for m < 1. For
example, the inversion of the sine function, for which m = 2 for s — oo, is not contaminated by
the large errors as shown in Fig. 3.1.
Moreover, from the elementary inequality

o 1 1
— < (m> 1), (3.13)
é kn = (m-1)(N-1)™!?
we have
et 1 et T \™!
lex(t)] < Ea(t) < T Mo DN - WmoD (ﬂ(N — 1)) . (314

Provided that T < n(N — 1), the above upper bound becomes smaller for larger value of m. In
other words, if mis large, high-frequency components of 1/s™ are small and so is the truncation
error. The same argument will be concluded if F(s) = O(1/s™ for s — oo, since the error
is composed of the truncated high frequency components as defined by Eq. (3.8) so that the
behavior of F(s) a s — oo dominates the truncation error.
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3.3 Acceleration of Convergence

3.3.1 Acceleration Method

Theerror analysisin the previous section found out that aL aplacetransform F(s) = O(1/s"), s —
oo can beinverted without the large errors by the FFT-based method when m > 1. Based on this
result, we consider of transforming a Laplace transform F(s) to another Laplace transform G(s)
which the FFT-based method will invert with better accuracy than the original, and after the in-
version, transforming back the obtained inversion g(t), in the time domain, to the desired function
f(t) by the method corresponding to the first transformation in the s domain.

As such a transformation, we recall here that the complex frequency variable s acts as the
differential operator in the time domain, that is, the following identity holds:

f(t)zz:-l[F(s)]zz:-l[' ?]— 4 [F;S)] (3.15)

Since the factor 1/s suppresses the high-frequency components of F(s), the truncation error in
theinversion of F(s)/s will bereduced. Thisideaisbest shownin Figs. 2.4 and 3.1. The Laplace
transform of the sine function isthat of the cosine function multiplied by w/s, so that they give
an example of the ideawithi = 1. The inversion of the cosine function can be obtained with
better accuracy as the numerical differentiation of the inverted sine function.

Putting it all together, our proposal isto compute the inversion of F(s) in the following steps:

1. Calculate G(s) = F(S)
2. Invert G(s) by the FFT-based method to obtain gy(nAt) forn =10, ---, N—1. Thefunction
on(t) isdefined similarly to Eq. (2.12) by

eal N-1 .
> Z G(a + jKAw)e™ T (3.16)

-N+1

On(t) =

3. Compute the numerical i-th differential of gn(nAt) by

fu(nAt) = ——Algy(nAt), (3.17)

(At)y

where fy(nAt) is the proposed numerical inversion and A' denotes the i-th difference oper-
ator with respect to n.
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s domain t domain

|FFT-Based -
inversion fN (nAt)
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method
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i -th integral 3 i -th differential

Figure 3.3: Procedure diagram of the proposed numerical Laplace inversion.

For the i-th difference operation, we use the central difference defined for eveni by
Algy(nAt) = " (-1)iCign((n +1/2 - )At), (3.18)

j=0

where;C; isthe binomial coefficient, and for odd i by

Nlgy(nat) = 5 A [a((n + DAY - gr((n ~ AD)]. (3.19)

These formulae, however, are not applicable to end points suchasn = 0andn = N - 1. For
those end points, we develop the second order numerical i-th differential as well. For example
with i = 2, the end points are computed as follows:

A2gn(0AL) = 2gn(0AL) — 5gn(1AL) + 4gn(2At) — g (3At) (3.20)
AZgn((N = 1)At) = —gn((N — 1)At) + 4gn((N - 2)At)
— 5gn((N — 3)At) + 2gn((N — 4)At) (3.21)

Figures 3.4 and 3.5 show results of the proposed inversion applied to the unit step function
with N = 256, T = 1,a = 3.5. Note that it reverts to the conventional FFT-based method when
i = 0. InFig. 3.4, the error decreases along with increasing of i, and i = 4 givesremarkably good
result. Fori = 8in Fig. 3.5, however, the result is completely contaminated by the round-off
errorsthat stem from the numerical differentiation. Therefore, the value of i is atradeoft between
the truncation error and the round-off errors.

Figure 3.6 illustrates maximum absol ute error, max; |fAN(t) - f(t)|, for the step function F(s) =
1/swithi =0, 1, ---, 8. The error decreases dong with i up to i = 4 for the moderate number
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Figure 3.4: Proposed numerical inversion of the step function F(s) = 1/s. (N =256,T = 1,a=
35i=01,---,4)
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Figure 3.5: Proposed numerical inversion of the step function F(s) = 1/s. (N =256, T = 1,a=
35,i=8)
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Figure 3.6: Maximum absolute errors of the proposed method for F(s) = 1/s.

of pointsN < 1024, and uptoi = 3for N > 1024. For i more than 4 or 3, the errorsincrease and

they are mostly the round-off errors originating from the numerical i-th differentiation.

3.3.2 Error Analysisof the Proposed M ethod

In thissection, we analyse errorsinvol ved by the proposed method by restricting oursel ves specif-

ically to F(s) = 1/s. For the unit step function, we have

o) = £716(9) = £ | 5z | = -
On(®) = 9(1) + &) + & (1),
e]_(t) Z (t + ZJT) 2ajT

t
ez(t)— e Z 1 e'”"”T.

|k|>N (a+ jkAw)i+1

(3.22)
(3.23)

(3.24)

(3.25)
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Since g(t) and ey (t) are monotonic smooth functions between the sampling pointst = nAt, the
i-th difference of them can be approximated by the i-th differentia as

(A—lt)iAi g(nAt) = ditiig(nm) +O((At)?) = f(nAt) + O((At)?), (3.26)
| d
(A—lt)iA'el(nAt) = r(nat) + O((at?) = ﬁ +O((At?). (327)

Thus, together with Egs. (3.17) and (3.23), we have
fu(nAt) = RN (NAt) = iAi( (NAL) + e (NAt) + e(nAt))
N - (At)l gN - (At)l g € 57}

= f(nAt) + Aley(nAt) + O((A1)?). (3.28)

! +
& —1 (A

On the other hand, the truncation error e;(t) is an oscillatory function between the sampling
points as shown in Fig. 3.7 since it is composed of the truncated high frequency components.
Hence, thei-th difference, A'e,(nAt), cannot be approximated by the i-th differential. Instead, we
evaluate A'e;(nAt) by using Egs. (3.18) and (3.19). Since, in those equations, A'ex(nAt) is given
by lessthan 2' times additions/subtractions of e;(nAt), it is bounded as
i

1 .
——A'ey(nAt)

: <
(At) -

] max les(NAL)|. (3.29)

8 T T T \

e (t)(x107)

Figure 3.7: Thetruncation error e;(t) for F(s) = 1/s,i=4,N=16. (T =1,a=3.5)
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Using Eqg. (3.25) and Eg. (3.14) withm =i + 1, we have

2 A 2 T At
ay MxlenAYl < T TNy (_)
eZaT eZaT 1
T i@ - Ny i (“O(W)) (330
eZaT
3 (1ol ) -

In Fig. 3.6, the solid line shows the approximated discretization error, 1/(e?" — 1), given by
Eq. (3.27), and the dashed line gives the upper bound of the truncation error, €27 /(in'*1), derived
above. Although the truncation error bound is an overestimation, it well captures the decreasing
of the errorsalong withii.

3.4 Numerical Examples

Let uslook closely at Fig. 3.4 first. Fori = 4, the maximum error is0.00149 atn = N — 1 = 255.
With relative error tolerance of 0.5%, the proposed inversionisvalid for the entireregion0 < t <
2, while the FFT-based inversion is valid for only 0.09 < t < 1.09.

Figures 3.8~3.11 present the proposed numerical inversion of the cosine function, the sine
function, F(s) = 1/+/s, and the square wave. Note again that the linesi = 0 are identical
to the numerical inversions by the conventional FFT-based method. The truncation errors are
remarkably reduced so that the linesi = 4 and the analytical ones almost overlap each other. In
addition, Fig. 3.10 shows that the proposed method enables inversion of Laplace transforms that
the FFT-based method cannot invert, although several end points still contain errors. Figure 3.11
shows another benefit of using the proposed method. In the figure, not only the truncation error
is reduced, but the Gibbs phenomenon, which arises at discontinuous points, is aso avoided.
The discontinuities are removed by the i-th integration, i.e. the division by s, and thereby the
overshoots disappeared.

In order to see the wide applicability of the proposed method, we compare it with the conven-
tional FFT-based method on various types of functions used in [1]. The accuracy of a numerical
inversion is measured in its root-mean-square deviation defined by

N— 1/2

Ly = Z fu(nAt) — F(NAD)Y?| (3.32)

n=1
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i 1 N-1 A ) 1/2
[y = [m ; (fa(nat) — f(nan)°| (3.33)

where n = 0 is excluded since some of the functions have a singular point at t = 0. Table 3.1
presents the results, where Ly and Ly are represented in their mantissa and exponent of 10. In
the table, the positive number m shows the order of F;(s):

Fj(s):O(—) s—ooo, j=1,...,17. (3.34)

We can observe the correspondence between mand Ly, Ly inthetable. That is, firstly, the error
Ly issmall for the large value of m, and secondly, the error is remarkably reduced by the pro-
posed method especially for worse cases, m < 1. More specifically on the second point, there are
improvements greater than 102 in magnitude of Ly’s for those kinds of Laplace transforms, ex-
cept for F11(S) and F13(s). The exceptions are the L aplace transforms which have discontinuities
in the time domain. With the proposed method, the discontinuities are smoothened by the i-th
difference and the errors look seemingly large at the discontinuous points. Figure 3.12 illustrates
the inversions of Fq;(s) with four points around the discontinuous point t = 5 marked by the
distinctive squares and crosses. Although the proposed method reduces the truncation error and
avoids the Gibbs phenomenon, it yields several intermediate points due to the i-th difference.

Then, we compare the proposed method with the Durbin’ stechnique of extending the window
length N by K-times to reduce errors [9]. The window-extended inversion is given by

‘ eanAt N-1/ K . ) 1
£ (nAt) = — {Re[z [Z Fa+jk+ {fN)Aw)] elzﬂk“/N] -~ EF(a)} = fun(nAt), (3.35)

k=0 \ ¢=0
where the number of points in the time domain and the FFT length is unchanged to reduce the
computational cost. Inthelast two columns of Table 3.1, theintegers K1, K, denote the minimum
multipliers to achieve comparable small errors to the proposed method. Namely, defining the
deviation of f{(t) by
N—1 1/2

LK = [ﬁ > (£9(nat) - f(nAt))Zl , (3.36)

n=1
we define Ky, K, as the minimum integers such that:
L&D < Ly, (3.37)
L&) < 100y (3.39)
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Figure 3.8: Proposed inversion of the cosine function F(s) = s/(S* + w?),w = 6rrad. (N =
256,T = 1,a = 3.5)
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Figure 3.9: Proposed inversion of the sine function F(s) = w/(s* + w?), w = 6rrad. (N =
256, T =1,a=35)
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Figure 3.10: Proposed inversion of F(s) = 1/+/s. (N =256, T = 1,a = 3.5)
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Figure 3.11: Proposed inversion of the square wave F(s) = 1/s(1+€%%). (N=256,T =1,a=
3.5)
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Table 3.1: Functions used in comparisons and the results (N = 256, T = 15,aT = 3.5,i = 4)

F(S) ‘ f(t) ‘ m ‘ Ln ‘ Ln ‘ K1 ‘ K>
Fi(s) = \/szl_ﬂ f1(t) = Jo(t) 1 | 403(z0) | 6.17(-4) | — | 608
Fo(s) = el%\/g fo(t) = &\/Z_t‘ft) 12| 190(+1) | 151(-2) | — | -
T
Fa(s) = S+11 7 fa(t) = et/2 1 | 402(x0) | 1.91(-4) | - -
1 oo
F4(S) = m f4(t) =€ 0 sint 2 195(—2) 663(—4) - 2
Fs(s) = % fs(t) = 1 1 | 403(x0) | 9.25(-4) | — | 425
Fe(s) = 8—12 fo(t) =t 2 | 499(-2) | 418(-2) | - 1
1
Fr() = Gi 1P f;(t) = te't 2 | 214(-2) | 1.03(-3) | - 2
Fg(s) = 321 7 fg(t) = cost 1 | 4.03(x0) | 1.83(-3) | 1864 | 218
Fo(s) = 32]; T fo(t) = sint 2 | 1.91(-2) | 299(-3) | - 1
1 1
F1o(s) = 72 f1o(t) = T 1/2 | 1.94(+1) | 1.30(-2) | - -
Fra(s) = es f11(t) = 6(t — 5) 1 |816(-2) | 1.98(-2) | 3 1
F1o(s) = @ f1o(t) = —y — In(t) — | 153(+1) | 1.44(-2) | - -
F13(9) S0 +1€ 5) f13(t) =square wave 1 | 531(x0) | 1.24(-1) - 5
Fi4(s) = (SS;; 11)2 f14(t) = t cost 2 | 324(-2) | 410(-2) | 1 1
Fis(9) = VS+ /2~ VST I/4 | fis(t) = e_t/j/;_it/z 12 | 242(:0) | 167(=3) | - | -
grt
Fig(s) = €48 f1s(t) = 23;: — | 347(-6) | 353-5)| 1 | 1
T
Fi7(s) = arctan% f17(t) = S‘T”t 1 | 403(+1) | 3.34(-4) | - | 1061

In the columns Ly and Ly, the representation x(xn) means the value x x 10*". In the columns K; and K», a dash
means that the value is more than 100,000 at |east.
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Figure 3.12: Inversion of the delayed unit step F11(S) = €°5/s, f11(t) = 6(t = 5). (N = 256, T =
15,aT =3.5,i =4)

In the two columns, adash means that the condition was not satisfied for K less than 100,000.
These results show that the proposed method is significantly effective to accelerate the conver-
gence, and that the computation time required to attain the same accuracy with Durbin’s tech-
nigque is also much reduced.

3.5 Concluding Remarks

In this chapter, we analyzed errors introduced by the FFT-based method, and showed that the
truncation error isthe most part of the large errors observed in Section 2.3 and that the amount of
the truncation error depends on the asymptotic behavior of the Laplace transform to be inverted.
Then, we proposed a simple yet effective acceleration method in which the i-th power of 1/s
suppresses the high-frequency components of F(s) in the s domain and the i-th differentiation
cancels 1/s in the time domain. We also analyzed errorsintroduced by the proposed method for
F(s) = 1/s. Numerical examples showed that the proposed method reduces the truncation errors
remarkably and extends the valid region to almost the entire [0, 2T).



Chapter 4

Novel Numerical Laplace Transform Pair

4.1 Introduction

A pair of numerical Laplace transforms and their numerical inversion enables an efficient compu-
tation of the output waveform of linear time invariant systems given an arbitrary input waveform.
As for transmission lines, it enables efficient analysis of frequency-dependent linear transmis-
sion lines terminated by non-linear loads [18]. The non-linear boundary condition hasto be dealt
with in the time domain while dealing with the transmission lines in the time domain is more
time-consuming and sometimes less accurate. In fact, the skin effect term which is proportional
to 1/ +/sis error-prone to invert numerically. With anumerical Laplace transform pair, one can
solve the non-linear boundary conditions in the time domain, and handle the transmission lines
in the complex frequency domain by linking the two domains.

The conventional Laplace transform pair described in Section 2.5 usestwo kinds of interpola-
tions to compensate for the halved number of data points due to the large truncation error and the
aliasing effect. Our concern, when the transformations are repeatedly applied in turn, is that the
interpolations might cause some errors, and especially that the interpolation of f(t) may round
discontinuities so that the function looks smoothly rising/falling around where it was originally
discontinuous. To our surprise, however, numerical examplesin the following section show that
the repetition of the transformations does not yield such errors. We analyse the interpolations and
clarify the reason why the interpolations work well. The analysis suggests that the interpolations
are even unnecessary. We accordingly propose a novel numerical Laplace transform pair without
interpolations, and further we apply the acceleration method proposed in Chapter 3 to reduce
errors and extend the valid region.

32
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4.2 Numerical Examples of Conventional Transform Pair

Figures 4.1 and 4.2 show the results of repeated applications of the conventional transform pair to
the unit step. In each figure, the bottom figures are enlarged views of the top figures. In Fig. 4.1,
the function is given at the beginning as fi(t) = 1(t > 0) in the time domain, and in Fig.4.2 as
Fu(s) = 1/sin the s domain, respectively. In both figures, the value of f;(0) becomes its half
after each repetition of the transform pair as indicated by Eq. (2.3). The second point f;(A7) is
merely the linear interpolation of f;(0) and f,(2A7) calculated by Eq. (2.36). InFig. 4.2, therising
edge at t = Oisdlightly rounded since the function is given in the form of Fy(s) = 1/swith its
high frequency components truncated at k = N where s = a + jkAw. The errors introduced by
theiteration are sufficiently small for both results and thus al the lines almost overlap each other
except fort = 0, Ar. Infact, after 10 iterations, |f;(f) — 1| < 0.011in Fig. 4.1 except for t = 0, Ar.
Then, Figs. 4.3 and 4.4 show the results for a delayed unit step given at the beginning as

0 (t<1/2

fit)=4 1/2 (t=1/2) 4.2
1 (t>1/2)

and as Fy () = e75/?/s, respectively. The left and right points of the discontinuous point t = 0.5

are the linear interpolations of their neighboring points. The errors introduced by the repetition

are again unexpectedly small even though the latter half of the transformed data is rejected and
the former half isinterpolated after each inverse/forward transformation.

4.3 Analysisof Interpolations

4.3.1 Interpolation of Fy(s)

We investigate here what effect the interpolation of F(a + jkAv) into Fy(a + jkAw) brings about
in the time domain, by starting with f;(nA7) and comparing it with fy, (nAt) obtained through the
procedure | — Il — Il — IV in Fig. 2.7. Taking into account Eg. (2.30), we can combine the
expressions for the interpolation Egs. (2.31) and (2.32) into

N-1
Fu(@+jkAw) = % Z fi(nAT)e g ImkiN _ %ﬂ )|, k=0,1---,N-1. (4.2
n=0
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Figure 4.1: Results of repeated applications of the conventional transform pair to the unit step
fit)=1. (N=256,T = 1,a= 3.5. The bottom figure is the enlarged view of the top figure.)
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Figure 4.2: Results of repeated applications of the conventional transform pair to the unit step
Fu(s) =1/s. (N =256, T = 1,a= 3.5. Thebottom figure isthe enlarged view of the top figure.)
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Figure 4.3: Results of repeated applications of the conventional transform pair to the delayed
unit step fi(t) = 6(t — 0.5). (N = 256, T = 1,a = 3.5. The bottom figure is the enlarged view of

the top figure.)
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Figure 4.4: Results of repeated applications of the conventional transform pair to the delayed
unit step Fy(s) = €%?/s. (N = 256, T = 1,a = 3.5. The bottom figure is the enlarged view of
the top figure.)
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Then, the summation in Eq. (2.33) leadsto

N-1 _ x N-1N-1 . L |
D Fu@+jkaw)e?* ™ = = [Z fi(mAT)e ™rer TN _ — (o)] g2k
Q 2
k=0 k=0 Lm=0
[ =y NG
= 5 fI (mAT)e—amAr Z ézrk(Zn—m)/N _ 2n fl (0)] (4.3)
m=0 k=0

where 6, = 1if n = 0 and otherwise 6, = 0. For the whole Eq. (2.33), we have

At N-1 N-1
fy (NAL) = ean?% (Z f (mAT)e‘amATRe[Z é"k@“-m)/N] - NT‘S ,(0)
k=0

m=0

N-1
2 [Z fi(mAT)e 2™ — %ﬁ (O)D

2
m=0
At (N-1 N-1
= ea:\“l [;} f,(MAT)e M (Re[é é’:rk(Zn—m)/N] _ %J — % (N(Sn - %) fi (O)J . (4.9

The term in the second bracket is the Dirichlet kernel. If 2n— m = 0 (mod 2N), the summation
in the bracket is equal to N, and otherwise

N grk(@n-m)/N 1 — gr@n-m 1 a1 i
"2 =Re| Tgrormn | = 2 (L7 (D7) = 3 0= @9

Sincen,m=0,1,---,N -1, wefinaly have

At [N-1
tuinag = { 4EAD Q<R - 510 - R [Z f(mar)e ™" (-1)" - 5(0)|.

0 (N/2<n<N) ~ 2 2N | &
f.(2nA7) (O N/2 6n et -

The first term shows that fi(t) is extrapolated with zeros, and the fact is a consequence of the
interpolation of F;(s). The second term halves the value of f,(0) as seen from Figs. 4.1 and
4.2. The third one is the error term derived by virtue of Eq. (2.30). Although it is potentially
quite large due to the exponential, it remains small at least for 0 < n < N/2if Fy(s) isarapidly
decreasing function in modulus.

Figure 4.5 illustrates the procedure taken in the above analysis on the left side, and its coun-
terpart in the time domain on the right side. It should be noted that the extrapolated zeros are
rejected in the subsequent step IV.
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Figure 4.5: Interpolation of Fy(s).

4.3.2 Interpolation of fy(t)

In this section, we analyse what effect the interpolation of fy (nAt) into f(nAt) brings about in
the sdomain, by starting with Fy (a+ jkAw) and comparing it with F,(a+ jkAv) obtained through
theprocedurelll - IV — | — Il inFig. 2.7. Since it isalittle complicated than that of F,(s), let
us begin with the case with no interpolation of fy,(t).

With nointerpolation of fy(t) Thiscaseisequivalent to interpolating f, (t) with zeros as

f(nAT) = { (/289 EQ N 3 . 47

Using the above equation in Eq. (2.30), we have

N/2-1
_ | 1
FV(a+jkav) = _g’; [ > fy(nate gt - v (0)|, (4.8)
n=0

where superscript ‘(N)’ denotes no interpolation. Before substituting Eq. (2.33) into the above,
defining Fy (a + jkAw) for negative k as follows facilitates the cal culation:

Fu(a-jkAw) = F(a+jkAw), k=0,1,---,N-1. (4.9)

Then, we can rewrite Eq. (2.33) as

At N-1 _
D Fu(a+jkaw)e® ™, (4.10)

k=—N+1

fy (NAL) =
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and substituting it into Eqg. (4.8), we have

_— N/2-1 N-1 . . 1 N-1
FI(IN)(a+ JkAV) = 5? Z Z F||| (a+ ngw)éann/Ne—Mnkn/N - E Z I:III (a+J€A(1))
n=0 (=-N+1 (=-N+1
1 N-1 N/2-1 1
_ 1 Eo (2t ifA g2r(-2nN _ T | 4.11
N [:;4-1 n(@+ jfAw) nZO 2 ( )

If £— 2k =0 (mod N), the second summation is equal to N/2, and otherwise

- 1 — g2(-2)/N 2 N
0 (¢ : even)
=) 1+]cot (—”(5 . 29 ) (¢ : odd) (4.12)
Hence, with mod N for congruences, we have
L= N/2-1/2 (t-2k=0)
FM(a+jkav) = o Z Fu(@+jlAw) x{ -1/2 (t-2k#0,¢: even)
(=—N+1 1/2 +jcot(n(¢ — 2k)/N) (£ -2k = 0,¢ : odd)
1 Fu(a) (k=0,N/2)
= ZX F|||(a+j2kAa))+F|||(a+j(2k—N)Aw) (0< k < N/2)
Fu (a+ j(2k - N)Aw) + Fy (a + J(Zk — ZN)A(,()) (N/2 <k< N)
. N-1 N-1
. {—2K 1 .
+ 2J_N Z F||| (a + ijw) COt( ﬂ-( N ) ) - AN Z F||| (a + ]an))(—l)[
£ =—-N+1, {=—N+1
¢ > odd
1 Fu@® (k=0,N/2)
= Zx Fu(a+j2kAw) + Fj(a+ j(N - 2k)Aw) (0O<k< N/2)
Fu(@+j(2k = N)Aw) + F;(@+j(2N — 2k)Aw) (N/2 <k < N)
Ao &3 . n n(2k - ¢) T AT
+ or [:ZNLl Fu(@+jtAw) - jﬁ cot( N ) ~ N fv(T)e (4.13)
¢ > odd

The first term includes Fy(a + jkAw) only for even k and is the aliased F,(s) with the interva
NAw = Q. The second term in turn includes Fy (a + jkAw) only for odd k, and the cotangent
factor isan aliased version of 1/(s— o). Referringto Eq. (2.4), let s= a+jkAv and o = a+j{Aw,
then we have

111
s—o  jkKAv—-jtAw  j2k-OAw’

(4.14)
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In addition, awell known identity

7 Cot(nX) = Z Xi i (4.15)
leads to
T n(2k-10€)\ - 1
jECOt(T) - .Zi, {2k 0hw +j00 (4.16)

These equations evidence that the cotangent factor is the aliased 1/(s — o) with the interval Q.
Hence, thefirst and second terms can be thought asthe discretization of Eq. (2.4) with thealiasing
of interval Q. Thethird term isthe error term derived by using Eq. (4.10).

In Figs. 4.8 and 4.9, the solid line in the third figure shows Fl(lN)(S) for an exponentially
decaying sine function and the unit step function, respectively. We can see that F{"(s) is the
aliased F (s) with interval Q.

Interpolation by using Fy(s) We next consider the case where fy, (t) is interpolated by using
Fu(s). Taking into account Eq. (2.33), we can combine the expressions for the interpolation
Egs. (2.34) and (2.35) into

eanAT N-1
fi(nAT) = T {Re[z Fu(a+ JkAw)e'”nk/N] - _FIII (a)}

eanAT N-1 .
= Z Fu(@+jkAw)d™ N  n=01,---,N-1. (4.17)
k=—N+1

Using the above equation in Eg. (2.30), similar calculation asin the previous case gives

1 N-1 N-1 _ 1
G) - r(e-2nN _ =
FP@+jkay) = 5o ZN+1 Fu(@+jlAw) [; ¢ > |- (4.18)
N-1 N-—1/2 (¢ — 2k = 0 (mod 2N))
@r(=2omN _ ~1/2 (6—2k# 0 (mod 2N), ¢ : even) ,  (4.19)
n=0 1/2 +jcot(n(¢ — 2k)/2N) (£ — 2k # 0 (mod 2N), £ : odd)
1 F|||(a+j2kA(,t)) (OS k< N/Z)
FP(a+jkav) = %10 (k = N/2)
Fi(a+j2N - 2k)Aw) (N/2 <k <N)
Aw n(2k-0) T -
+20 o D, Fu@+jtAw)- 0 cot( N )— o fv(Te

€= N+1,
ol (4.20)
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where the superscript ‘(F)’ denotes the interpolation by using Fy(s). The first term includes
Fu(a+ jkAw) only for even k and isthe aliased Fy, (s) with the interval 2NAw = 2Q. The second
term includes Fy (a + jkAw) only for odd k, and the cotangent factor isthe aliased 1/(s— o) with
interval 2Q shown as

[ee)

T n(2k-10)\ 1
20 COt( 2N )‘ 2 {(2k=0)hw +]201 (4.21)

j=—o0

Hence, we consider that the first and second terms form the discretization of Eq. (2.4) with the
aliasing of interval 2Q. Thethird term isthe error term same asin the previous case.
The obtained F(7(s) satisfies the following relation:

Fio(@+j(N-KAv) = F7(a+jkay), k=0,1,---,N-1 (4.22)

which shows that the latter half of F{7(s) is the reversed complex conjugate of the former half.
We can see that F{7(s) isthe aliased Fy (s) with the interval 2Q in the bottom figure of Figs. 4.8
and 4.9.

Linear interpolation Finally, we consider the case of the linear interpolation. In principle,
convolution of fy(nAt) and a filter h(t) presented by Fig. 4.6 yields the linear interpolation
fi(nAT) defined by Eq. (2.36) except for end points. The impulse response h(t) and its Laplace
transform H(s) are given by

h(t)
1 1
h(t) = 6(t) + E(é(t + A1) + 6(t — A7), (4.23)
H(s) = L[h(t)] = 1+ %(e—w +e¥7) = 1+ cosh(sAt), (4.24) 1
2
where we extend the integration range of Eqg. (2.1) to (—oo, o) in order

to include the term §(t + Art). Substituting s = a + jkAv, H(s) becomes AT 0 AT 2A t

. 2k =t

Has fkan) = Lo cosh(anr+ 1) (429) Figure 46: The linea
interpolation filter h(t).

and supposing At = T/N — 0 by taking N — oo, we have

H@+jkav) =1+ cos(%k) . (4.26)
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Then, H(a + jkAv) takes its maximum value 2 at the end pointsk = 0, N and its minimum value
0 at the mid point k = N/2. The filter accordingly emphasizes low frequency components and
suppresses high frequency components sinusoidally in the s domain.

Using H(s), the linear interpolation of fy, (t) gives

F{P(a+jkAv) = H(a+ jkav)F{V(a + jkav)

- sinh(aAT +j2”Tk) fv(0)

2Q
s N —a(N-1)At o-j2rk(N-1)/N
+ oy (5 - 1)agjet e @27

where the superscript ‘(L) denotes the linear interpolation. The additional second term deals
with —f,(0)/2 in Eq. (2.30) and subtracts a non-existent term introduced by the non-causal prop-
erty of thefilter h(t). The third term is a treatment of irregularity of the end point defined by the
second equation of Eq. (2.36). The obtained F{"(s) satisfies

FI(IL)(a+j(N - K)Av) = |:I(IL)*(a+ jkAv), k=0,1,---,N-1, (4.28)

which shows that the latter half is the reversed complex conjugate of the former half. InFigs. 4.8
and 4.9, the dashed line in the third figure shows F{")(s).

Let us look at the principal term H(s)F{"(s) of Eq. (4.27). Although the aliasing interval
of FV is Q, the linear interpolation filter H(s) suppresses the frequency components around
Im[s] = ©Q, and thereby the aliasing interval of F{" becomes like 2Q as shown in Figs. 4.8 and
4.9,

Summary We briefly summarize the interpolation of fy(t) and compare F{7(s) and F{"(s)
with each other. Figure 4.7 illustrates the procedure taken in the above analyses on the left side,
and its counterpart in the s domain on the right. The interpolation of fy(t), by either using F,(s)
or using the linear interpolation, extrapolates F\,(s) with its reversed complex conjugate in a
sense that Egs. (4.22) and (4.28) hold. It must be noted that the extrapolated components are
rejected in the subsequent step 1.

We mention errors introduced by the interpolations. In Fig. 4.8, F{"(s) still has two small
spurious pesks at left and right of Im[s] = Q originating from the aiasing of F{"(s) with the
interval Q, while FI(IF)(S) has no such spurious peaks. In fact, fi(t) contains larger errors when
linearly interpolated than interpolated by using Fy(s). On the contrary, in Fig. 4.9, the single



42 CHAPTER 4. NOVEL NUMERICAL LAPLACE TRANSFORM PAIR

spurious peak of F{")(s) is aimost completely suppressed by the filter H(s). Thisis because the
unit step is a specia kind of function that can be exactly restored by the linear interpolation.
As we showed in Fig. 2.8, however, the interpolation by using Fy,(s) yields oscillatory errors of
frequency Q/2r = 1/2Ar. Thereisatiny spurious peak at Im[s] = Q in F{7(s) correspondingly.

Hence, it depends on the frequency content that which of F{?(s) or F{"(s) is better than the
other. Taking large N and using linear interpolation would be a safe decision. Regardless of the
choice, however, some errors are introduced by the interpolation of fy,(t).

0AT T 0Av Q 2Q
GO L N | R o)
0Av Q 20 Lo 0Av Q 20§
Fi(s) _@iasing [| T Z\ Fy(s) | G@liasing || G
o o
04w a £ 04w o &
o) N £/ 5o I
0t T 2T>£ 08 o
i QN2 erron | Rve) N

Figure 4.7: Interpolation of fy(t).

4.4 Summary of Conventional Transform Pair
L et us summarize here the conventional numerical Laplace transform pair:

1. Thelatter half of fy (nAt) isdiscarded sinceit containsthelargetruncation error. The latter
half of Fy(a+ jkAv) isdiscarded sinceit is reversed complex conjugate of the former half,
i.e. thealiasing.

2. The transform pair compensate for the halved number of valid data points by using in-
terpolations. In spite of the use of interpolations, the errors introduced by the repeated
applications of the transform pair are small even for discontinuous points.

3. Theinterpolation of F(s) into Fy(s) corresponds to the extrapolation of fy (t) to [T, 2T)
with zeros. The extrapolated portion isto be discarded in the subsequent step IV.
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Figure 4.8. The types of interpolations of fy(t) and resulting Fy(s). (Fu(s) = w/((s+ 1) +
w?),w=30m,N=256,T =1a=35)
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4. The interpolation of fy(t) into fi(t) corresponds to the extrapolation of F;(s) to [Q, 2Q0)
with its reversed complex conjugate. The extrapolated portion is to be discarded in the
subsequent step Il.

5. The interpolations introduce errors as shown in Egs. (4.6), (4.20) and (4.27). The errors
are small but not zero, and thereby the transform pair is not numerically reversible like the
discrete Fourer transform pair.

Considering the items 3 and 4 conversely, the discarded latter half in the steps Il and IV turns
out to be the extrapolated portion in the previous steps | and Ill, respectively, except for the very
first time discarding. Thisfact is the reason why the repeated applications of the pair yields only
small amount of errors. Namely, no substantial information is lost by the rejection of the latter
half of transformed data, but is the made-up data points by the interpolations.

The above consideration might suggest that there is no use in extrapolating the latter half
and discarding it. However, the rejection cancels out the large truncation errors caused by an
inverse transformation and the aliasing effect by aforward transformation, and the interpolation
compensates for the discarded data. Namely, the pair of the rglection and the interpolation is
a technique to defeat the large errors and the aliasing effect. The regjection and interpolation
technique, however, needs some computations and introduces some errors. We propose another
simple technique in the following section.

4.5 Novel Numerical Laplace Transform Pair

45.1 Transform Pair without Interpolations

The conventional transform pair keeps N number of data points by using interpolations. How-
ever, it turned out that only N/2 number of data points is truly valid. We eliminate the inter-
polations by explicitly dealing with the N/2 number of valid data points, and at the same time,
holding another N/2 number of data points to handle the truncation errors and the aliasing. That
is, we develop atransform pair in which the latter half of f(nAt) isfilled with zeros, and the latter
half of F(a + jkAw) isfilled with its reversed complex conjugate as shown in Fig. 4.10.
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complex conjugate

Figure 4.10: The transform pair without interpolations

We define the numerical inversion by

ganAt N-1 _ N
> Fo(a+ jkaw)e? N (o <n< —)
fo(nat) = { 2T &£ N 2/ (4.29)
0 (? <n< N)

where the latter half of Fp(a + jKkAw) isthe reversed complex conjugate as
Fe(a+ jkAw) = Fi(@a+j(N - KAw), k=N/2+1,N/2+2,---,N-1. (4.30)

Then, we define the numerical Laplace transform of fp(t) by

N/2-1
. . 1
Fe(@+jkAw) = <= D fe(nat)e migrizioN = 1(0)
n=0

, 0<k<N. (4.31)

So defined Fp(a + jKAw) satisfies Eq. (4.30). Note that the computational cost of Eq. (4.31)
can be reduced by employing a modified FFT algorithm. Equation (4.29) can also be computed
effectively by using the symmetry of Eq. (4.30).

Numerical Examples

Figures4.11~4.14 show theresults of repeated applications of the above proposed no-interpolation
transform pair to the unit step and the delayed unit step. In Figs. 4.11 and 4.13, the function was
given as

f(nAt) (0<n< N/2)

fo(NAL) = { 0 (N/2< < N) (4.32)

where f(t) = 1 and f(t) = 6(t — 0.5), respectively, and in Figs. 4.12 and 4.14, it was given as

Fa+ jkAw) 0<k<N/2

F'@+i(N-KAw) (N2<k<N) (4:39)

Fe(a+ jkAw) :{
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Figure 4.11: Results of repeated applications of the no-interpolation transform pair to the unit

step f(t) = 1. (N = 256, T = 1,a = 3.5)
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Figure 4.12: Results of repeated applications of the no-interpolation transform pair to the unit
stepF(s) =1/s. (N=256,T =1,a=35)
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Figure 4.13: Results of repeated applications of the no-interpolation transform pair to the delayed
unit step f(t) = 6(t — 0.5). (N=256,T = 1,a=3.5)
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Figure 4.14: Results of repeated applications of the no-interpolation transform pair to the delayed
unit step F(s) = e¥?/s. (N =256, T = 1,a= 3.5)
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where F(s) = 1/sand F(s) = e5?/s, respectively.

In Figs. 4.11 and 4.13, there is no error other than the halved fp(0) through the repeated
applications. InFigs. 4.12 and 4.14, the oscillatory error is caused by thefirst numerical inversion
of Fp(s). Aswe pointed out in Section 2.5, the oscillation stems from the lack of bandwidth,
namely one needs F(s) of bandwidth [0, Q) to obtain f(t) of sampling period At. However, once
fp(NAt) is obtained by the first numerical inversion, thereisno error aswell other than the halved
fo(0) in the subsequent repeated applications of the no-interpolation transform pair.

Error Analysis

We analyse here the reason why the application of Eq. (4.31) and Eq. (4.29) in this order to
fp(NAt) givesno error other than fp(0). Suppose we have ge(nAt) by the application of Egs. (4.31)
and (4.29) to fp(nAt). Thenitisgiven by

€ . 21 NIRSE amAt —j 1 j
- — —j2rkm/N _ — 2kn/N
T 0 [ E fo(mAt)e2™'e > f-(0)| €

k=0 L m=0
N/2-1 N-1 ]

gr(nAt) =

Iil ;) f(mA)gAn-mAt kZO gZrn-mN _ % fo(0)

:{ fo(nAt) (0<n<N/2)  6n

0 (N/2<n<N) 2

Thus, gp(nAt) exactly reproduces fp(nAt) except for fp(0). The difference from Eg. (4.6), the

case F(s) isinterpolated by using f(t), is the absence of the error term. The error term stems

from the rejection of the mid frequency component F;(a + j<) in the course of the interpolation

of Fy(s) into Fy(s). The no-interpolation pair, however, keeps the mid frequency component
Fp(a + jQ/2) through the transformations and thereby the error term disappears.

(0). (4.34)

4.5.2 Useof The Proposed Numerical I nversion

In this section, we apply the accelerated numerical inversion proposed in Chapter 3 to fp(t) in
order to extend the valid region. Defining the denominator D;(a + jkAw) as

[ (a+jkAw) 0 <k<N/2)
Di(a+jkAw) = { (@a+jk=N)Aw) (N2<k<N) (4.35)
we define the i-th accelerated fp(t) as
G0(a+ jkaw) = —P@+IKAW) (4.36)

Di(a+ jkKAw)
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g®(nat) = e;t ZG(')(a+ jkAw)dZ N, (4.37)
fO(nAt) = (At)' oV (nAt), (4.38)

wheren = 0, 1, - - -, N—1, and the difference operator A' isdefined asin Section 3.3.1. Figure4.15
shows f(t) (i = 0,1,---,4) for the unit step. Note that f(t) is equal to fa(t) without the
replacement of the latter half with zeros. Due to the lack of the bandwidth, the truncation error
for fF(,o)(t) is quite large and oscillatory for the latter half. Asfor i > 1, the error is markedly
reduced when i is odd while it still remains large when i is even although we can see a minor
improvement.
We consider that the dependence on the parity of i originates from an oscillatory property of
g¥(nAt) and the central difference, Egs. (3.18) and (3.19). From Egs. (4.30) and (4.35), we have

N/2-1

> Gl@+ jkAw)eiz”"”/N] 260 + G(')(a+ jQ/Z)e'””} (4-39)
k=0

At
gV (nAt) = ezinr {Re

If niseven and given asn = 2m, g¢)(nAt) becomes

N/2-1
> Gl@+ jkAw)eiz”"m/(N/z)] G(')(a)+ G(')(a+ 19/2)}
k=0

g®(m(2At)) = em;m {Re

(4.40)
and thus g (m(2At)) gives, as defined by Eq. (2.14), ordinary N/2-point numerical inversion
of G(')(a + JKAw) of sampling period 2At with the additional monotonic third term. Hence,

(')(m(ZAt)) does not contain the oscillation as a function of m. Similarly, if nis odd and given
asn = 2m+ 1, g¥(nAt) becomes

N/2-1

- oot 60 GU(a+j2
Z Gg)(a+ jkAw)e(aﬂkAw)Atéznkm/(N/z) P (@) _ P (a+] 2)
k=0

2 2 ’

(4.41)
and then gf)(m(2At) + At) gives ordinary N/2-point inversion of At-shifted GY(a + jkAw) of
sampling period 2At with the additional monotonic third term. Thus, g&(m(2At) + At) has no
such oscillation as a function of m either. On the other hand, the central difference for odd i
defined by Eq. (3.19) involves only every other neighboring points while that for even i defined
by Eq. (3.18) involves al adjoining points. Accordingly, if i isodd, the difference operation does

2At)
gd (m(2At)+At) = ean-ml(-At {Re
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Figure 4.15: The accelerated fri(t) for the unit step F(s) = 1/s. (N = 256, T = 1,a = 3.5)
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Figure 4.16: The transform pair with the proposed numerical inversion

not interfere with the oscillation in g (nAt) except for several end points. That is why f(nAt)
gives better resultsif i isodd.
Now, we propose a novel transform pair using the proposed numerical inversion (Fig. 4.16):

£0(nAt) (0O<n<N-d)

(O(N-d-DA) (N-d<n<N)’ (4.42)

foi (NAL) = {

where d is an integer specifying the rejection length. The last d points are filled with f&(N -
d — 1)At) instead of zeros in order not to generate a discontinuity which can cause errors due to
thei-th difference. We use Eq. (4.31) for the forward transformation.

Figures 4.17~4.20 show the results of repeated applications of the proposed transform pair to
the unit step and the delayed unit step with N = 256, d = 32. Thelast d points, namely t > 1.75,
are nothing but merely the simple copiesof f¢((N—d-1)At). Hence, thevalid regionis extended
by 1.75 timesin these cases. In Figs. 4.17 and 4.18, athough some errors are introduced around
t = 0, fp(0) is no longer halved by using the proposed inversion. In Figs. 4.19 and 4.20, the
rising edge is rounded with the repeated applications. This is a fundamental drawback of the
proposed inversion due to the numerical differentiation, but can be remedied by taking large N.

4.6 Examplesof Filtering

Asan example of thenumerical Laplacetransform pairs, consider afiltering application as shown
in Fig. 4.21. Here wefirst give f(t) = e %, and choose

s—-2
H(s) = — (4.43)
asthefilter function. The filtering loop generates the following Laguerre functions:
(s-2)"
Fa(s) = n=01---. (4.44)

(s+2)mt’
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Figure 4.17: Results of repeated applications of the proposed transform pair to the unit step
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Figure 4.19: Results of repeated applications of the proposed transform pair to the delayed unit
step f(t) = 6(t—05). (N=256,T =1,a=35,i=3,d=32)
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These functions satisfy Fn(s) = O(1/s) when s — oo for arbitrary n, and thus they are those
kinds of functionsthat yield large truncation errors.

Figures 4.22~4.27 show the filtering results obtained by the conventional transform pair, the
no-interpolation pair, and the proposed pair with N = 256, 2048. The first two transform pairs
give almost the same accuracy. The proposed transform pair reduces the errors, and at the same
time, extends the valid region. For example, the valid region is 1.875 times longer in Fig.4.27.

f(r) F(s)

[ L —O0—1H(s)
£l

Figure 4.21: Thefiltering loop.

4.7 Concluding Remarks

In this section, we analyzed interpolations employed in the conventional Laplace transform pair,
and showed that the interpolations correspond to extrapolations in the other domain and that
the extrapolated data points are discarded in the subsequent stage. Then, we eliminated the
interpolations by filling the latter half of fp(nAt) with zeros and that of Fp(a + jkAw) with the
reversed complex conjugate of the former half. The no-interpolation pair turned out to make a
numerically reversible pair if fp(t) isgivenfirst and fo(0) = 0. To reduce the errors and to extend
the valid region, we applied the proposed inversion to the no-interpolation pair. As aresult, the
valid region became longer by 1.875 timesfor N = 2048 in the filtering example.
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Figure 4.23: Thefiltering results by the conventional transform pair. (N = 2048, T = 1,a = 3.5)
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Figure 4.26: The filtering results by the proposed transform pair. (N = 256, T = 1,a= 3.5,i =
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Chapter 5

FPGA Implementation of the FFT-Based
M ethod

5.1 Introduction

An extensive number of implementations of the FFT algorithm have been reported for various
kind of hardware from LSI to recent DSP and FPGA. This is because the FFT agorithm has
wide applicability not only to spectrum analysis and frequency-domain filtering, but also to ef-
ficient computation of convolution, multiprecision multiplication, and so on. Moreover, the fact
that those applications are often in need of realtime data processing promotes their hardware
implementations. To deal with transient signals, however, Laplace transforms are more suitable
since discrete Fourier transforms (DFT) are theoretically a technique to treat periodic signals.
However, no hardware implementation of Laplace transforms has been proposed thus far.

In order to realize realtime systems with Laplace transforms, we implement a L aplace trans-
form processor on an FPGA. We adopt the FFT-based method to enable a transform pair, that is
considered to be an indispensable function in the actua use. In the course of the implementa-
tion, it turns out that the implementation of the FFT-based inversion with the fixed-point numbers
makes the precision of obtained results unacceptably low due to characteristics of Laplace trans-
forms. Although an implementation using floating-point numbers evidently solves the problem,
it requires an excessive number of logic gates and becomes slower. Instead of the floating-point
numbers, we propose the use of block-floating-point numbers in the FFT block [19] taking into
account its butterfly structure.

59



60 CHAPTER 5. FPGA IMPLEMENTATION OF THE FFT-BASED METHOD

5.2 Design Specifications

We implement the FFT-based inverse and forward transformations in one design. Referring to
Egs. (2.14) and (2.26), we define the formulas as

ganat = _ . 1
fo(nAt) = = {Re[z F(a+ jkAw)e'z”k”/N] - EF(a)}, (5.1)
T Nk_:f - 1
Fo(a+jkav) = = [Z f(nAT)e 2Mre N > fO)]. (5.2)
n=0

These are one-way transformations, that is, they do not make atransform pair. We can yet easily
modify them to be the no-interpolation transform pair given by Egs. (4.29) and (4.31).

We first design the processor using 16-bit fixed-point numbers. The numbers are of 2's com-
plement representation, and the decimal point is placed at right after the first sign bit as follows:

bo.bibs - - by_1, (5.3)

where by is the sign bit and M = 16 is the word length. This notation can represent numbers
from —1 to dlightly lessthan 1.

Figure 5.1 illustrates the block diagram of the Laplace transform processor. The circuit is
downloaded into the FPGA device implemented on a PCl board so that the control and data
transfer is carried out via the PCI interface of a standard PC/AT compatible computer. Before a
transformation, the data F (a+ jkAw) or f(nAt) to betransformed are stored in the data memory.
In the case of an inverse transformation, the FFT block first computes the inverse discrete Fourier
transform (IDFT) of the data using the sin/cos table. That is, it computes the summation in
Eq. (5.1), and writes back the result to the data memory. Right after the IFFT computation, the
Laplace block subtracts F(a)/2 from the real parts of the result, multiplies them with e, and
writes back the final result to the data memory. The exponential coefficients are computed in
advance and stored in the lower 16 bits of the exp table. In the case of aforward transformation,
the Laplace block first multiplies the data with 2" and write them to the data memory. The
exponentia coefficients are stored in the higher 16 bits of the exp table. The FFT block then
computes DFT of the data, and finally, the Laplace block subtracts f(0)/2 from the data.

It was found out that a 16-bit multiplier cannot finish one multiplication in a PCI clock on
the device we used. Hence, we designed a pipeline multiplier and shared one multiplier between
the FFT block and the Laplace block to reduce logic gates taking into account that they do not
operate at the sametime.
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Figure 5.1: The block diagram of the designed L aplace transform processor.

5.3 FFT Block

In the FFT block, we employ the radix-2 decimation-in-time algorithm whose butterfly structure
isshownin Fig. 5.2. The FFT block has an arithmetic unit that cal cul ates the constituent element
of the butterfly structure illustrated in Fig. 5.3:

a = %(a+ bwg). b= %(a— bWy) . (5.4)

where Wy = e72"N s the twiddle factor. The addition/subtraction of a and bW may cause
an overflow since variables are represented by the fixed-point numbers, Eq. (5.3). By dividing
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a+bWK by two, wehave|&| < 1,|b'| < Lif |a| < 1, |b| < 1, and prevent an overflow. Thedivision
by two is implemented by a 1-bit right shift followed by rounding to the nearest number. For
an N-point FFT, the arithmetic unit repeats the butterfly calculation (N/2) log, N times in total,

stage by stage.
Thus, for an input sequence x(n),n =0, 1,---, N -1, the FFT block outputsits DFT given by
1 N-1 ) "
XK = ZO X(MWE, N = 2, (5.5)

wherek =0, ---, N -1 and dy denoteslog, N that is equal to the number of the butterfly stages.
In the computation, only the former half of the sin/cos table is addressed since Eg. (5.4) makes
use of the identity WS™/2 = —~WK. By preparing W,k = 0,1,---,N/2 — 1 in the latter half of
the sin/cos table, the FFT block also realizes IDFT of X(k),k =0,1,---,N — 1, given by

1 N-1
X(n) = < D XEWR. (5.6)
k=0

stage 1 stage 2 stage 3

x(0)
X(4)
X(2)
a a
x(6) lek
XM b k+N/2 k b
WG =y

x(5) ,
Figure 5.3: The butterfly element.

x(3) X(6)

7 o o X(7
x(7) W (1)

Figure 5.2: The decimation-in-time FFT agorithm. (N = 8)
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In addition, in the sin/cos table, some of the values are exactly equal to one which Eq. (5.3)
isnot able to express. Hence, in the table, we placed the decimal point at after the second bit as

bobl.bz . bM—l, bo : the S|gn bit. (57)

5.4 Laplaceblock

Inverse transformation After the FFT block computes the IDFT of given F(a + jkAw), the
Laplace block completes the remaining computationsin Eq. (5.1). That is:

1. Subtract F(a)/2N from the real part of each entry of the data memory,

2. Multiply the result by eX™-N/2At and write it back to the data memory.

These computations are executed for only former half n=0, 1, ---, N/2 - 1. Namely, we discard
the latter half since it contains the large truncation errors as stated in Section 3.2.

In the step 1, we subtract F(a)/2N, instead of F(a)/2, since the FFT block outputs IDFT
of F(a + jkAw) divided by N as Eq. (5.6). In the step 2, the exponential coefficients are scaled
down so that the maximum value of e at n = N/2 — 1 falls in the range representable with
Eq. (5.3). Thus, one obtains the scaled output K;,, fo(nAt) forn =0, ---, N/2—1 with the scaling

coefficient K;,,, defined by

King = - gratant 7 = 1

< o (5.8)

Forward transformation A forward Laplace transformation of f(t) proceeds as follows:

1. Multiply each entry of the data memory by e 27 and write it back,
2. Compute the DFT of the data memory,

3. Subtract f(0)/2N from each entry of the data and write it back.

Inthe step 1, the multiplication isjust skipped for n = 0 since e @%A“ = 1 and that cannot even be
represented by Eq. (5.3). Thestep 3isexecutedforonly k =0, 1, ---, N/2, sincethe latter half is
the reversed complex conjugate of the former half. In the step 3, we subtract f(0)/2N, instead of
f(0)/2, by the same reason astheinversion. Thus, one obtains the scaled output Ky,gFp(a+jkAv)
fork=0,1,---,N/2with the scaling coefficient K,,q defined by

1 o 1

Kiwd = N 7T (5.9)
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55 Examples

Figure 5.4 illustrates the process of the Laplace inversion of F(s) = 3/s. To see the precision of
the intermediate and the final results, the numbers expressed in the right vertical axis show the
values when viewed as 16-hit integers, namely, they show

M-1
—ZM_lbo + Z 2M_1_ibi = —ZM_lbo + 2M—2b1 + o 2b|\/|_2 + bM—l- (510)
i=1
WithN =256, T = 1, and a = 3.5, we have Kj,, = 0.000118 and the expected result is then

Kiny f () = 3Kiny = 0.000354 = 11.6/32768. (5.11)

The right bottom figure shows that we seemingly have the expected result, however, with merely
4-bit precision and accordingly with low accuracy, though given F(s) has 16-bit precision. Fig-
ures 5.5 and 5.6 show examples for F(s) = 70/(s+ 5)? and F(S) = 8w/((S+ 1)?> + w?), w = 8,
respectively. The results have merely 5- or 6-bit precision starting with F(s) of 16-bit precision.

There are two reasons for the worse precision. The first reason is that a Laplace transform
usually has poor content in its magnitude as shown in the upper left figure of Fig. 5.4 and the left
figure of Figs. 5.5 and 5.6: the magnitude content concentrates at low frequencies and rapidly
decreases at high frequencies. Since the IDFT conserves the squared norm as stated by the Par-
seval’s theorem, the fact implies that the obtained values through an IFFT is small especially
for uniformly distributed functions such as the step function. The second reason is the wide dy-
namic range of the exponential function. The exponential coefficients cancel out the exponential
decreasein Re[IFFT[F(s)]] - F(a)/2. Thedynamic rangeise?™ and thereby, for the step function
for instance, the final result cannot be larger than

2M—1

gﬂ
when viewed as 16-bit integers as Eq. (5.10). Namely, the wide dynamic range limits the pre-
cision of the inversion of the functionto (M — 1) — aT/log2 ~ 10 bits. Thisis an inevitable
difficulty when implementing the Laplace inversion using the fixed-point numbers.

Inthenext Fig. 5.7 isillustrated the process of the L aplace transformation of f(t) = 0.99, and
Figs. 5.8 and 5.9 show examples for f(t) = 13te™> and f(t) = e'sinwt, w = 8, respectively.
The results retain 13- or 14-bit precision starting with f(t) of 16-bit precision. The situation is
fairly better than that of the inversion since Fp(9) is usually enough peaky to keep the precision
through the FFT, and in addition, the exponential function merely attenuates f (t).

= 990, (5.12)
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Figure 5.4: The process of Laplace inversion with fixed-point numbers for the step function
F(s)=3/s. (N=256,T = 1,a= 35, Kj, = 0.000118)
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Figure 5.5: The Laplace inversion of F(s) = 70/(s+ 5)? with fixed-point numbers. (£L7[F](t) =
70te™, N = 256, T = 1,a = 3.5, K;,, = 0.000118)
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Figure5.6: TheLaplaceinversion of F(s) = 8w/((s+1)?+w?), w = 8r with fixed-point numbers.
(L7YF](t) = 8e'sinwt,N = 256, T = 1,a = 3.5, K;,, = 0.000118)
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= 8r with fixed-point numbers.

(LIF1(9 = w/((s+ 1)? + w?),N = 256, T = 1,a = 3.5, Kyg = 1)
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5.6 Introducing Block-Floating-Point Numbers

To improve the precision especialy for the inversion, we consider to remedy the degradation
of precision incurred by the FFT block. Since the magnitude content of F(s) is usually poor
especialy at high frequencies, an overflow is unlikely to occur frequently in the calculation of
a + bWK. In addition, the butterfly structure shown in Fig. 5.2 allows us to choose to divide
the result of a + bWK by two or not stage by stage provided that the choice is consistent within
each stage. Therefore, we can eliminate unnecessary divisions by two in a stage if there is no
possibility of an overflow in the stage.

We derive here a criterion, used during computation of each stage, of the possibility of an
overflow in the subsequent stage. From the triangle inequality of complex numbers, we have

IRe[a + bWK]| < |a+ bWK| < |a] + |0, (5.13)
and the same inequality holds for [Im[a + b\/\l,‘ﬁl]l. Hence, for no overflow occurrence, namely
IRefa+ bWK]| <1, [Im[a+bWK]| <1, (5.14)

the following condition is sufficient:

1 1
lal < > Ib] < > (5.15)

However, calculation of the absolute value of a complex number requires costly computation
of square of the real and imaginary part. To avoid the square computation, we use a simplified
sufficient criterion

1 1 1 1
W IIm[a]|<2—\/§, IRefb]| < "o [Im[b]| < »:

which is more suitable for hardware implementation.

IRefa]| <

(5.16)

Using the above criterion, we modify the FFT computation as follows.

2. Execute all the butterfly calculations in the m-th stage using

a = %(a+ bWy*). b= %(a—wak).
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3. If,inthestep 2, all &, b’ satisfy

IRef&]| < Imfa’]| < IRe[b’]| < Imb’]| <

1 1
Noh 23 (5.17)

1 1
22’ 22
thenc:=1loresec:=2,d:=d + 1.

4. m:=m+ 1. If m<log, N then go to the step 2 or else end.

The variable d denotes the number of stages in which the divisions were used.
Thus, the outputs and the scaling factors Kin,, Kqwg are modified as

1
X(n) = o Z XRWR™, Ky, =
k=0

= i (5.18)

N-

X(K) = =5 Zx(n)wmk, Kiwa =
n=0

The improvement achieved by the modification is up-scaling by the factor N/2¢ = 29-9 which
is dependent on the original function. This modification is equivalent to introducing block-
floating-point numbers [19] to the FFT block, and regarding each stage as a block. From this
viewpoint, the place of the decimal point is changed stage by stage depending on the possibility
of an overflow. That is, the division by two corresponds to a change of the decimal point one to
the right.

N  2dv-d
20T T T

(5.19)

Examples Figure 5.10 shows the proposed result of the Laplace inversion of F(s) = 3/s. For
this case, d was 3 and thereby the result is improved by the factor 2089 = 32, The improved
scaling factor K/ and the expected result are

K/, = 0.00377, (5.20)
K’ f(t) = 3K/ = 0.0113 = 371/32768. (5.21)

The right figure shows that the expected result is obtained, and the precision isimproved from 4
bitsto 9 bits. The precision approached the limit Eq. (5.12) within about 1.4 bits. Figs. 5.11 and
5.12 show improved results for the examples presented in Figs. 5.5 and 5.6, where the precision
isimproved by 4 bitsand 5 bits, respectively. Consequently, the rugged errors due to the lack of
precision disappeared.

As for the Laplace transformation, Figs. 5.13~5.15 show the proposed results for the exam-
ples presented in Figs. 5.7~5.9. The precision isimproved by 1 bit for the first two examples and
by 2 bitsfor the last one, to within about 1 bit to the full 16-bit precision.
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Figure 5.10: The process of Laplace inversion with block-floating-point numbers for the step
function F(s) = 3/s. (N =256,T = 1,a=35,d=3,K/, = 0.00377)
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Figure 5.11: The Laplace inversion of
F(s) = 70/(s + 5)* with block-floating-
point numbers. (L7YF](t) = 70te™,N =
256, T = 1,a=35,d=4,K = 0.00189)
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8e'snwt,N = 256,T = 1,a = 35d =
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Figure 5.13: The Laplace transform of the step function f(t) = 0.99 with block-floating-point
numbers. (N =256, T = 1,a=35,d=7,K{ ,=2)
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Figure 5.14: The Laplace transform of
f(t) = 13te™ with block-floating-point
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Figure 5.15. The Laplace transform of
f(t) = et'snwt,w = 8r with block-
floating-point numbers. (L[ f](s) = w/((s+
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5.7 Design Result

We implemented the designed processor on a 100,000-gate FPGA device, EPF10K 100ARC240-
1 manufactured by Altera using VHDL for its hardware description. The result of placing and
routing is shown in Table 5.1 for the implementation using fixed-point numbers, and in Table 5.2
for the implementation using block-floating-point numbers.

At the PCI clock frequency, 33 MHz, it takes 134 usto invert a Laplace transform and 149 us
to transform atime function.

Table 5.1: The design result for implementation using fixed-point numbers
Maximum Clock Frequency 36.49MHz
Logic Element usage 38% (38,140 gates)
Embedded Array Block usage 100% (24K Db)

Table 5.2: The design result for implementation using block-floating-point numbers
Maximum Clock Frequency 35.58MHz
Logic Element usage 39% (39,060 gates)
Embedded Array Block usage 100% (24KDb)

5.8 Concluding Remarks

We presented an implementation of the FFT-based numerical Laplace transforms on an FPGA.
It turned out that the implementation with fixed-point numbers results in the severe lack of pre-
cision, and consequently in large rugged errors especially for the Laplace inversion. One of the
reasons is the poor magnitude content of F(s) that makes the IFFT result unacceptably small.
The other reason is the wide dynamic range of the exponential function, which is inherent in
Laplace transforms and limits the precision of inversion. By introducing the block-fl oating-point
numbers to the FFT computation, we eliminated unnecessary divisions by two and improved the
precision that had been reduced through the IFFT. Since we can still use fixed-point arithmetics,
the modification was achieved with a slight increase of the complexity of the circuit. The preci-
sion was improved by several bitsto within 1 ~ 2 bits to the inherent limit in the case of inverse
transformations. It was also improved for forward transformations by a few bits to within about
1 bit to the full 16-bit precision.



Chapter 6

Application to Analysis of Transmission
Lines

6.1 Introduction

In the following two chapters, we present transient analysis of power transmission lines at fault
occurrence. Generaly in transient analysis of transmission lines including high speed intercon-
nects in LSIs, evaluation of waveform degradation caused by frequency dependent losses, such
as skin effect, isof great importance. To deal with the frequency dependent lossesin the transient
analysis, Laplace transforms are the most suitable since treatment of frequency dependent terms
in the time domain requires computation of convolutions that are computationally expensive. In
addition, complexity of their expressions in the form of Laplace transforms makes it difficult to
invert them analytically. Therefore, numerical Laplace transforms are necessary to evaluate the
frequency dependent losses.

This chapter presents fundamentals of analysis of transmission lines in the complex fre-
quency domain covering matrix form of the telegraph equation for multi-phase transmission
lines, ground loss effects, and calculation of matrix functions.

6.2 Telegraph Equation

Figure 6.1 illustrates an n-phase transmission line above a ground in which vi(X, t), ix(X, t) are
respectively the k-th phase voltage and the k-th phase current at position x from the left end,
and at time t. Supposing that the line does not have frequency dependent losses, the telegraph

74



6.2. TELEGRAPH EQUATION 75
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Figure 6.1: An n-phase transmission line. Figure 6.2: Configuration of conductors #], #k.

equation is given by

ov 0i . 0l ov

wherev, i are column vectors of order n defined by (T denotes transpose)
T . . . . T
v:(vl Vp --- vn) , |:(|1 o --- |n) ) (6.2

The n x nmatrices L, C represent inductance and capacitance of the line per unit length, respec-
tively. With the geometry of conductors shown in Fig. 6.2, they are given by [20, 21]

po , 20 o ik
Lij=2210g=L, Ly=Lg=22l0g-X 6.3
i = 5. 109 3 ik =L =5 109 f (6.3)
1 2h 1 Mk
Sjj==—log=L,  Sy=S= log -, 6.4
1= e 9 a, =Sk = o g i (6.4)
= Ay —hg2+did, =+ ho? + di (6.5)

where S = C™*. The diagonal elements L;;, C;; represent the self inductance and the self capac-
itance of the conductor #j, and off-diagonal elements Ly, Cjx(j # k) are the mutual inductance
and the mutual capacitance between the conductors #] and #k. The other n x n matrices R, G
respectively represent resistance and conductance of the line per unit length. In addition, these
four matrices are symmetric from the reciprocity.

If there are no initial distributions, the Laplace transformation of equation (6.1) yields

oV ol
- =2 oo =YV, (6.6)
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Z(s)=sL+R, Y(s)=sC+G, (6.7)

where V, | denote Laplace transforms of v, i, respectively. To solve Eq. (6.6), let us consider
V + Zo(9)l where Zy(s) isan arbitrary square matrix for the time being. Then, we have

%[v + Zo(9)1] = =Z(9)1 - Zo(9)Y(s)V
= ~Zo(Y(ILV + Y Y)Zo™(9Z(9Z0 () Zo(9)1]. (6.8)

Now we determine Zo(s) such that it satisfies

Y H9Zo H(YZ(9Zo (9 = L,
S Z(9) = Zo(9)Y(9) Zo(9), (6.9

and then Eq. (6.8) becomes
%[v + Zo(91] = —~Zo(YY(IV + Zo(9)1]. (6.10)
Similarly, the following equation holds with the same Zo(s):
%[v — Zo(91] = +Zo(Y(IV — Zo(9)1]. (6.11)

The solution of the above two equationsis given by

Q(S) = Zo(9)Y(9)s (6.12)
V + Zo(9)l = exp(—Q(s)X) A(9), (6.13)
V = Zo(9)l = exp(Q(s)X)B(s), (6.14)

where A(s) and B(s), column vectors of order n, are the constants of integration with respect to
X. Consequently, V and | are given by

V = exp(-Q(s)x) A(s) + exp(Q(s)x)B(s), (6.15)
| = Zo™(s) [exp(~Q(X) A(S) — exp(Q(8)X)B(9)] - (6.16)

It is however difficult to compute Z, directly by solving (6.9), and thus we take notice of the
following relation:

QX9 = (Zo(9Y(9)* = Zo(Y(9Zo(IY(8) = Z(IY(9). (6.17)
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Thisidentity allows us to compute Q(s) and Zy(s) by

Q) = VZ(9Y(9), (6.18)
Zo(9) = Q(IY(9). (6.19)

The matrix Q(s) is the propagation constant matrix whose eigenvalues give mode velocities.
Although the impedance matrix Z(s) and the admittance matrix Y(s) are symmetric since so
are L, C, R, G, the propagation constant matrix Q(S) is not necessarily symmetric. The matrix
Zo(s) introduced so as to satisfy Eq. (6.9) is the characteristic impedance matrix and symmetric.
Here, let us see the symmetry of Zy(s). From Eq. (6.18), Q(s) can be represented by a certain
polynomial f(1) as[22]

Q9 = VZ(9Y(9) = F(Z(9Y(9)). (6.20)

Hence, we have

Y(9Q(Y () = Y(T(Z(IY()YH(S) = F(Y(9Z(9) = (Y (IZT(9) = Q(9), (6:20)
" Zo(9) = QUYTHS) = Y HIQ(S) = Zo'(9). (6.22)

6.3 Ground L oss Effects

If aground has finite permittivity &4 and finite conductivity o, frequency dependent losses orig-
inating from the skin effect of the ground are involved in the impedance matrix Z(s) and the
admittance matrix Y(s). The expression for the loss terms was first derived by Carson [23], and
later by Sunde [24] and Kikuchi [25]. The Carson’s expression is a simplified form of Sunde’'s
one, and the Sunde's is still an approximation of Kikuchi’s expression. Those expressions give
different results at high frequencies over 100 kHz especially for small 4, o7y such asadry ground.
Hence, we employ Kikuchi’s expression hereinafter in this dissertation. Although the paper [25]
presents the expression for only a single-phase transmission line, extension to a multi-phase
transmission lineis straightforward and given by

Z(s) =sL + R+ Zy(9) (6.23)
Y H(s)=sTCH+Y (9 (6.24)

) —(hi+hj)x .
2o9], = 22 | \/e 00 (6.25)

X2 +y3(9) — v§(9) + x
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[ 1(S) f e_(hi+hj)X COS(di . X) dx (626)
b 2+ 739 = 739 + 139/ 739
Yg(8) = Vsuo(og + Seg),  vo(S) = Svuoso. (6.27)

Innumerical smulations, we evaluatetheintegralsof Zy(s), Yy 1(9) by the Gauss-L aguerre quadra-
ture of 64 points.

6.4 Numerical Computations

In the numerical simulations, we have to compute Q(s) = VZ(s)Y(s) and exp(—Q(s)x), namely
the square root and the exponential of a matrix. This section presents methods for their com-
putation and a technique of avoiding round-off errors in computation of exp(Q(s)x) when the
frequency dependent losses are incurred.

6.4.1 Computation of Square Root of a Matrix

Given a scalar number a, the Newton'siteration is widely known to compute its square root:

1 a
X1 = > (Xk + X) (6.28)

where theinitial value Xg isan arbitrary number other than zero. This algorithm can be extended
to its matrix form in a straightforward manner [26] as

1
Xis = — (X + X PA), Xo=di, (6.29)

where Xy and A are n x n matrices, 1 isthe n x nidentity matrix, and d is an arbitrary number
other than zero. This simple extension is justified as follows. Suppose the matrix A can be
diagonalized by an n x n matrix P as

PLAP = diag{ly, A2, - - -, An}, (6.30)

where {4l = 1,2,---,n} isthe set of eigenvalues of A. Then, from Eqg. (6.29), it is shown by
induction that Xy can also be diagonalized by P as

PXP = diag(a¥, AL, - -, 2%y (6.31)
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Therefore, by multiplying Eq.(6.29) by P~ on the left and by P on the right, it reduces to

/li(k+1) _ 1 (

/l.
5 (k>+—'), A9 =d. (6.32)

i /li(k)

Since the above iteration coincides with Eq. (6.28), the iteration Eq. (6.29) convergesto VA.
For alossless transmission line, Egs. (6.3) and (6.4) lead to

Q9 = VZ(EY(S = VFLC = %1, (6.33)

where ¢ = 1/ +/eoio denotes the speed of light, and thereby Q*(s) = Z(9)Y(9) is basically a
diagona dominant matrix even if the transmission line is lossy. By taking d = V[Z(9)Y(9)]oo,
we compute Q(S) closest to (s/c)1 out of possible 2" solutions of Q*(s) = Z(9)Y(S).

6.4.2 Computation of Exponential of a Matrix

In order to compute the exponential of an x n matrix A = (a&;), we employ the scaling and
squaring method [27]. With the method, the matrix A isfirst scaled downto 27 XA, wherek isthe
minimum integer such that

nmax lay| < 2. (6.34)

Then, since the following inequality holds for an arbitrary vector x

I|AX]| < nrp?XIaa,-IIIXII, (6.35)

we have
IAll = ”itﬁ_plllAXIl < nrpc'sijIajl <2 (6.36)
SO 127%A) < 1 (6.37)

Hence, the modulus of every eigenvalue of 27X A is assured to be lessthan 1. The property avoids
numerical errorsin computation of exp(2-%A) by using the Taylor expansion

o X X X2
eXp(X):ZT:l—'—F—'—?—'—’ (638)

since the series becomes monotonically decreasing in modulus so that we do not have to take
care of the truncation point considering eigenvalues of A. Note that the convergence is much
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different when an eigenvalue of X is, say, —1000. After that, by squaring exp(2%A) for k times,

we have exp(A) as
r—/k\
K 2k Kk 2 PP 2
exp(A) = [exp2*A)|" = [exp(2A)] . (6.39)

6.4.3 Avoiding Divergence of exp(Q(s)X)

Let us consider to solve Egs. (6.15) and (6.16) numerically for a transmission line of length ¢.
With some boundary conditions at x = 0, ¢, we compute the exponential of +Q(s)x for x =
0, ¢ and obtain the coefficients A(S), B(s) as the solution. However, we had some unexpected
diverging oscillationsin the resulting transient waveformsfor long three-transmission lines above
alossy ground.

One of the cases was for a 30km-long three-transmission line above a dry ground (g4 =
4gg, og = 1074 S/m). The eigenvalues and eigenvectors of Q(s) for avalue of s = 3500 + j6.43 x
10°s71 were

A1 =1.382+j22.16km™, x; = (1,1.007 +j0.007, 1),
A, = 0.026 +j21.47km™,  x, = (1,0,-1),
A3 = 0.011 +j21.44km™, x5 =(1,-2.174 +j0.031, 1).

Since x; ~ (1,1, 1), the A, corresponds to the earth return mode which is the most attenuated
one by the loss of the ground. The remaining A,, A3 correspond to aerial modes since the sum of
all elements of their eigenvector is nearly equal to zero. The aerial modes propagate along the
conductors, and are less affected by the loss of the ground. For x = ¢ = 30km, the attenuation is
given by

|exp(-110)] = 0.994x 10718 |exp(-1.0)| = 0.450, |exp(—13f)| = 0.700. (6.40)

The amplitude difference of 1028 exceeds the precision of double, the 64-bit floating point data
type. Consequently, the 1; mode, which is physically attenuated with propagation, numerically
disappears in the computation of exp(—Q(s)¢) due to the round-off errors. On the contrary, the
Az, 13 modes, which are the principal propagation modes, numerically disappear in the compu-
tation of exp(Q(s)¢) due to the round-oft errors while the physically attenuated 1; mode remains
through the computation. Thus, the computation of exp(Q(s)¢) resultsin physically meaningless
values, and causes the unexpected oscillations.
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To avoid the computation of exp(Q(s)¢), we alter the definition of B(s) asfollows:

V = exp(-Q()x) A(s) + exp(-Q()(¢ - X)) B(9), (6.41)
| = Zo™(s) [exp(-Q(9X) A(9) — exp(-Q()(£ ~ X))B(9)] . (6.42)

From a physical viewpoint, A(s) represents the incident voltage at x = 0, and the redefined B(S)
represents the incident voltage at x = £. The above set of equationsis symmetric with respect to
change of the variable x withy = £ — x, where the new variable y denotes the distance from the
other end of the line. The symmetry implies that the redefined set of equations corresponds to
the notion of the scattering matrix of transmission lines.



Chapter 7

Expression of Fault Transientsby Laguerre
Functions

7.1 Introduction

Laguerre functionsform an orthonormal basis, and their asymptotic exponential formisexploited
especially for transient applications such as circuit synthesis [28], filter design [29, 30], system
identification [31], and numerical inversion of Laplace transforms [4]. While those applications
are based on the Laguerre expansion of a function, we show in this chapter that the Laguerre
functions directly appear as impulsive waveforms at a fault occurrence on transmission lines.

The transient phenomena at faults on transmission lines have been discussed from the view-
point of protection of power systems [32, 33, 34, 35, 36]. However, transient waveforms have
not been investigated analytically. We derive analytical expressions for the transient waveforms
assuming ideal single-phase transmission lines, and show that they are identical to the Laguerre
functions. Moreover, it is shown that the remarkable property of the transient waveforms applies
to faults on ungrounded multi-phase transmission lines with some simplifications.

As an application of the expressions, we propose anovel method of fault location. Traveling-
wave-based | ocation methods observe transient waveforms to find impulsive waveforms that ap-
pear periodically due to multiple reflections of the surge. To find them effectively, the correlation
technique [37, 38, 39] and the use of the wavelets [40, 41] have been proposed thus far. Our
method utilizes the orthogonality of the impulsive waveforms that are found to be the Laguerre
functions, and gives the possibility of a more accurate method. Further, we evaluate effects of a
lossy ground with which transients are no longer the Laguerre functions.

82
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In this chapter, the proposed numerical inversion of Laplace transforms is used to compute
transient waveforms, which isindispensabl e especially when eval uating ground | oss effects since
the loss terms are difficult to invert analytically.

7.2 Transient Waveforms at Faults

We consider transient phenomena at a fault on alossless single-phase transmission line model ed
as shown in Fig. 7.1. The fault occurs at position x = d and at time t = 0, and consequently the
circuit isshorted at x = d for t > 0. By the principle of superposition, the short circuit may be
analyzed with individual circuits shown in Fig. 7.2, in which the voltage source &t) is arbitrary.
The voltage across the sending end, vs(t), is given by the superposition as

Vs(t) = Vsa(t) + Vso(t). (7.1)
Let v (X, t) be the voltage on the transmission line if the fault does not occur, and let
&(t) = v (d, t). (7.2)

Then, the behavior of the circuit (a) in Fig. (7.2) is nothing but that of the original circuit shown
inFig. (7.1) if the fault does not occur. In that case, vs,(t) represents the steady state component
of vs(t) given by

Vaa(t) = Vi (0, 1). (7.3)

Asfor vg(t), it represents the transient component caused by the fault.
Figure 7.3 presents vg,(t) computed by the numerical Laplace inversion proposed in Chap-
ter 3. Its Laplace transform is obtained by Eq. (6.41) and boundary conditions with parameters

L =1.80mH/km, C = 0.00618uF/km,

e(t) V(1)

Figure 7.1: The model of afault on a single-phase transmission line.
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ZS
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(b) Ve () \~
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Figure 7.2: The superposition of the short circuit.

Zs(s) =sks, Ls=14mH, d=30km,
e(t) = Eqcos(2rft+6), f =60Hz

where we assume a lossless conductor at height 10 m and of radius 2.5mm above a perfectly
conducting ground. We neglected the resistance part of Zs(s) since the transient waveform is
composed of high frequency components as shown in Fig. 7.3. For those high frequencies, the
inductance part, sLs, dominates over the resistance part. In addition, the steady state voltage at
the fault point, vi¢(d, t), can be expressed as

Ve (d, 1) = E cos(2r ft + ¢), (7.4)

where E denotes the amplitude and ¢ is the initia phase. In the above example, we assume
¢ = m, that is, we assume that the line voltage at the fault point reached its (negative) maxima at
the fault occurrence (t = 0). Then, the surge waveform —&(t) in Fig. 7.2 (b) is given by

—&(t) = —Vir(d, t) = E cos(2r f1). (7.5)

This waveform is much like the step waveform in the time range sufficiently shorter than the
period 1/f = 16.7ms. Hence, it can be thought of as the step waveform when analyzing the
transient waveform for 0 < t < 1msasshownin Fig. 7.3.

In Fig. 7.3, impulsive waveforms appear periodically at the sending end due to multiple
reflections of the surge induced by the fault. Right after the fault, the step-like surge propagates
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Figure 7.3: Normalized transient waveform vs,(t)/E when a fault occurred at d = 30km,t =
Oms. (N = 8192, T = 0.0005,aT = 3.5,i = 3)

along the line and arrives at the sending end for the first time. The first impulsive waveform at
t = 0.1msin Fig. 7.3 originates from thisfirst arrival of the surge. To be specific, the waveform
is an exponential function formed by the step-like surge applied to the sending end inductance
Ls with the characteristic impedance Zy(s). Having been reflected at the sending end, the surge
propagates back to the fault point and isreflected thereat t = 0.2 ms. When it reachesthe sending
end for the second time, the second impulsive waveform att = 0.3msin Fig. 7.3 appears. A
similar consideration leads to the understanding that the impulsive waveforms stem from the
multiple reflections of the surge which goes back and forth between the sending end and the fault
point. Hence, the time interval in which the impulsive waveforms appear is equal to the time for
the surge to take onetrip. In the above case, the propagation velocity on the transmission lineis
given by

1
c= ——— =3.00x108m/s, (7.6)
vVLC
and then thetimeinterval is o 5. 30k
. m
2P 020 7.7
¢ " 3.00m/s ms (7.7)

This value coincides with the time interval seen from Fig. 7.3.
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7.3 Analytical Expressionsfor Transient Waveforms

In this section, we derive analytical expressions for the impulsive waveforms with some simpli-
fications. We neglect the resistance part of the sending end impedance Zs(s) as in the previous
section, and in the short time range, we approximate the surge waveform by the constant as

—&t) = E. (7.8)

Figure 7.4 illustrates the ssimplified circuit of Fig. 7.2 (b), in which only the part relevant to vgy(t)
isillustrated. Moreover, since the transmission line is lossless, the propagation constant and the
characteristic impedance of the line are given by
S L
A9 =sVLC=—. Z(9=2= \/; (7.9)
and thereby the line can simply be treated as a delay element of delay time T4 = d/c.

Now, let us denote the normalized impulsive waveforms shown in Fig. 7.3 from the left by
Uo(t), ua(t), - - -, and their Laplace transforms by Uy(s), U1(9), - - -, such that the origin of each u;(t)
is shifted to the time point when the impulsive waveform appears. Then, vs,(t) can be expressed
by the sum of shifted u;(t) asfollows:

Vep(t) = EZ uy(t — Ta(1+ 2j)). (7.10)
j=0

When the step surge arrives at the sending end for the first time, ug(t) is observed as the transient
waveform. Hence, as the expression of Ug(s), we have
274(9) 1 2

Ul =7 9+20 s s+a’ (7.11)
LS
N
t=0
Voi(D) i e
T
} —X
0 d

Figure 7.4. The simplified circuit of Fig. 7.2 (b).
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where @ = Zy/Ls. The term 1/s is the Laplace transform of the normalized surge waveform
—&(t)/E = 1. Having been reflected at the sending end and at the fault point in turn, it arrives at
the sending end for the second time. As the transient waveform, uy(t) is observed this time, and
then we have

289 g Z9-Z(91_ 2 s-a
Zy(9) + Zs(9) Zs(S) + Zo(S) s S+a S+a
A similar consideration leads to the following expression for the j-th impulsive waveform

Uy(s) = (7.12)

2 s—a\
Ui(s) = S+a (_S+0/) ' (7.13)
The analytical Laplace inversion of U;(s) is given by
ui(t) = 2(-1)'e'L;(2at), (7.14)
i
iC
L) = 0 g0 (7.15)

where L;(t) isthe j-th Laguerre polynomial, and ,Cy denotes the binomial coefficient. Thus, the
impulsive waveform u;(t) isidentical to the j-th Laguerre function except for the time scaling of
2« and the scalar multiple. It follows immediately that u;(t) are orthogonal to each other as

f ) ui(t)u;(t) dt = Eai i (7.16)
0 a

where §;; isthe Kronecker’s delta.

In the above derivations, the fault phaseis assumed to be ¢ = 7 in Eq. (7.4), and therefore the
surge waveform can be approximated by the step waveform. If afault occurs at phase ¢ = 7/2,
namely, if afault occurs when the line voltage at the fault point is zero, the approximation is no
longer applicable. In that case, the surge waveform —&(t) and the transient waveform vg,(t) are
unobservably small. Indeed, they become about one-hundredth in amplitudes with the parameters
considered in the previous section. In general case, the surge waveform is given by

—&(t) = —vy(d,t) = —E cos¢ - cos(2rft) + Esing - sin(2n ft). (7.17)

Thisis alinear combination of the two kinds of surge waveforms corresponding to ¢ = = and
¢ = /2. Since transients caused by the latter term is negligibly small, the transient waveform
Vg (t) can be expressed approximately by

Vgp(t) =~ E cos¢ i uj(t — Ty(1 + 2j)). (7.18)
j=0
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7.4 Extension to Three-Phase Transmission Lines

In the actual power systems, three-phase transmission lines are mainly used, and therefore we are
motivated to extend the previous result to ungrounded three-phase transmission lines shown in
Fig. 7.5. However, transient waveforms observed at faults on the three-phase transmission lines
are much more complicated than those observed on the single-phase transmission lines since
multiple reflections of surges at three sending/receiving end terminals and the fault point are
involved as seen from Fig. 7.5. We investigate transients at a single-phase-to-ground fault and
at a phase-to-phase fault, which are the most possible faults, and show that transient waveforms
are also expressed by the Laguerre functions with some simplifications. The extension actually
turns out to apply to other ungrounded multi-phase transmission lines.

7.4.1 Single-Phase-to-Ground Faults

In Fig. 7.5, the single-phase-to-ground fault is labeled (i). The circuit is shorted between the
conductor #1 and the ground at position x = d, and a timet = 0. The voltage sources e(t),
e (1), e3(t) form a symmetric three-phase voltage source. If the fault does not occur, the voltage
of phase #1 at x = d in the steady stateis given similarly as EqQ. (7.4) by

Vi (d, 1) = E; cos(2rnft + ¢y). (7.19)

Asfor the fault phase, we again assume that ¢, = &, namely that the voltage of phase #1 at the

Ls Zy #3
€3 é V3
Ls #2 |
(i) V.
92 2 (ii) phase-to-phase ffault
Ls #1
e1 ( 5 V1 % (i) single-phase-to-ground fault
} f X
0 d |

Figure 7.5: Considered types of faults on three-phase transmis-  Figure 7.6 Configura-
sion lines. tion of conductors.
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fault point reached its (negative) maxima, vi(d,0) = —E;, at the fault occurrence. Figure 7.7
shows transient voltage waveforms at the sending end, in which the line length and the fault
point are ¢ = 50km,d = 30km, respectively, and the conductors are configured as shown in
Fig. 7.6 withh; = 30m, h, = 40m, h3 = 50 m, a = 20 mm.

On the lossless transmission lines, the propagation constant matrix Q(s) becomes diagonal
as Eqg. (6.33). Then, the voltages and the currents on conductors do not interfere with each other
when they are propagating along the line. The characteristic impedance matrix Zq(s), however,
is not diagonal, and thereby when a fault occurs on the phase #1, the surge is induced not only
on the phase #1 but also on the other phases #2 and #3. Moreover, part of voltage/current on a
phase conductor is reflected into the other phases at end points including the fault point. From
aphysical viewpoint, those phenomena are caused by the capacitive and the inductive coupling
of the phase conductors. For example, att = 0.1 msin Fig. 7.7, one can see the first impulsive
waveform in vy(0, t) caused by the surge, and at the same time, small spikes in v,(0, t), v3(0, t).
The spikes stem from the surges induced on the phases #2 and #3 at the fault occurrence, and the
reflection at the sending end. The off-diagonal elementsof Zy(s) cause those phenomena, though
they are rather small. Hence we neglect them for simplicity in the following derivation. In that
case, the three-phase transmission line becomes merely a set of three independent single-phase
transmission lines. Figure 7.8 shows the transient waveforms computed for the circuit labeled (i)
in Fig. 7.9 with the simplification. In the following, we derive analytical expressions for them.

Let us begin with v1(0,t) which looks the same as the transient waveform on single-phase

Ls
N #3
V3
R #2
V2 (ii) %\tzo
Ls T m
w : 1
3
Vi () &gt

} % X
0 d |

Figure 7.9: The corresponding circuits to the transient waveforms.
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transmission lines. In fact, the left part from the fault point of the conductor #1 forms the same
circuit with the single-phase case shown in Fig. 7.4. Hence, v4(0, t) is expressed by Eq. (7.10) as

vi(0,1) = E4 Z uj(t — Ta(1 + 2j)). (7.20)
j=0

To derive expressions for v,(0, t) and vs(0, t), we further assume that h; = h, = hs = 40m.
The assumption leadsto Z, = Zyl, Zy = +/L/C and thereby all the propagation constants become
the same. Note that this assumption does not necessarily mean that the three conductors are con-
figured at the same place sincewe already ssimplified Z(s) to be diagonal and the spatial relation-
shipisnolonger considered. Moreover, v,(0, t) and v3(0, t) areidentical to each other from asym-
metry of the circuit, and thereby the conductors #2 and #3 may be combined into one conductor
for the sake of analysis asillustrated in Fig. 7.10. The characteristic impedance of the combined
conductor #2+#3 and the combined sending end inductance are equal to Zy/2, Ls/2, respectively.
The voltage reflection/transmission coefficients at the end points are shown in Fig. 7.10.

When the surge arrives at the sending end in the course of the multiple reflections, aLaguerre
function u;(t) appears in a similar way as analyzed in the previous section. In Fig. 7.10, first
seven expected impulsive waveforms are calculated on the right based on the lattice diagram.
We can see their correspondence to the impulsive waveforms shown in Fig. 7.8. Note that the
sixth waveform is sum of two waveforms which take distinct paths. It isacommon situation that
impulsive waveforms originating from multiple distinct paths are observed at the same time if
d/l isrational. Let us denote by 7; the time the surge takes to travel between the fault point and
the receiving end, i.e. (¢ — d)/c, and by 7, the time to travel between the receiving end and the
sending end, i.e. £/c. Then, time points when impulsive waveforms appear at the sending end of
the combined conductor #b+#c can be expressed by

@2m+ D+ (2n+ D1, mn=0,1,2,---, (7.21)

where mand n are integers representing the number of reflections, in the paths, at the fault point
and at the sending end, respectively, as shownin Fig. 7.11.

In order to derive general expressionsfor v, (0, t), v5(0, t), let r be the voltage reflection coeffi-
cient at the receiving end on the side of the conductor #1. In the case of three-phase transmission
lines, r is —1/3. Then, other voltage reflection and transmission coefficients at the receiving end
are represented by r as shown in Fig. 7.11. Let us consider an impulsive waveform, which ap-
pears at the sending end of #2+#3 att = (2m+ 1), + (2n + D)7o. It is composed of multiple
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Figure 7.10: The circuit with #2 and #3 combined and its lattice diagram.
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Figure 7.11: One of the paths involved in the transient waveform corresponding to m, n, k.
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waveforms that take distinct paths including m times reflections at the fault point and n times
reflections at the sending end. Picking up one of those paths, we define another three integers
(see Fig. 7.11): k asthe number of transmissions at the receiving end from #2+#3 to #1, p asthe
number of reflections at the receiving end on the side of #1, and g as the number of reflections at
the receiving end on the side of #2+#3. Then, the number of transmissions at the receiving end
from #1 to #2+#3 is equal to k + 1, and the following relations hold:

m=p+k n=qg+k (7.22)
Since p, g are equal to or greater than zero, the range of possiblek is
k=0,1, - --, min(m n). (7.23)

Thus, the expression for the impul sive waveforms corresponding to k is given by

—a\" _r2\k
-~ fa (;Q) (—r)m+”(1+r)(—l)k( rzr ) . (7.24)

There might still be multiple paths which correspond to k since there remains an ambiguity of the
order of the reflections and transmissions specified by m, n, p, g and k. The number of such paths
isgiven by ,,Cy - 1.Cyk, Since we can choose k + 1 places out of m + 1 where the surge passes over
the receiving end from #1 to #2+#3, and independently, k places out of n where the surge passes
over thereceiving end from #2+#3 to #1. Hence, we have the following analytical expression for
the impul sive waveform specified by mand n:

2 S—a\ min(m, n) 1 _ I'2 k
W (S) = ( )—rm+”1 r _1)k Ce - -Cu. 7.25
(9 Swsm()u);() 75— | mCx - nCx (7.25)

From Egs. (7.13) and (7.14), the Laplace inversion of Wi,n(S) isgiven by

min(m, n) 2 k
W = DAL Y (O] GG (29

k=0
The transient waveform wms(t) is equal to u,(t) multiplied by the constant determined by m, n,
and therefore it is also expressed by the Laguerre functions. Finally, we have

V»(0,t) = v3(0,t) = E i Winn(t — (2m+ D)7y — (2n + 1)7p). (7.27)

m,n=0
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Note that the expression Eq. (7.26) can easily be extended to the case of single-phase-to-
ground faults on n-phase transmission lines. In that case, the conductor #2+#3 in Fig. 7.10 is
replaced by the combined n — 1 conductors whose characteristic impedanceis Zy/(n — 1). Then,
by simply taking 2/(— 1)~ Z, )

n-1) - n-—
I ACEE RS (729
the above arguments still hold for n-phase transmission lines.

7.4.2 Phase-to-Phase Faults

In Fig. 7.5, the phase-to-phase fault is labeled (ii). The circuit is shorted between the conductor
#1 and #2 at position x = d, and at timet = 0. If the fault does not occur, the voltage of phase #1
with reference to phase #2 at x = d in the steady state is given by

V12nf(d, t) =E; COS(Z?Tft + ¢1) -E; COS(Z?Tft + @1 + 27'('/3)
=E, COS(Z?Tft + ¢2), (729)

E, = \/§E1, ¢2 =1 — tan‘l % (730)

We assume ¢, = m aswell in the following.

Figure 7.12 shows transient voltage waveforms at the sending end. The line length and the
fault point are the same asin the previous section, i.e. ¢ = 50km, d = 30 km, and the conductors
are also configured as shown in Fig. 7.6 with h; = 30m,h, = 40m,h; = 50m,a = 20mm.
Taking into account the simplificationsh; = h, = hy = 40m and Zy(s) = Zy1, Fig. 7.13 shows
the transient waveforms computed for the circuit labeled (ii) in Fig. 7.9.

The conductors #1 and #2 can be considered to form a single-phase transmission line, and
thereby the transient waveforms v;(0,t) and v,(0, t) are identical to that on single-phase trans-
mission lines except for their signs. Moreover, since vi(X,t) + Vo(X,t) = 0 holds for any x and
t, the surge is not reflected at the right end into the conductor #3. Thus, we have the following
expressions for the transient waveforms:

v1(0,1) = —v»(0, t) = % Z uj(t — Ta(1 + 2j)) (7.31)
j=0
vs(0,t) = 0. (7.32)

These expressions aso apply to the phase-to-phase faults of multi-phase transmission lines.
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7.5 Application to Fault L ocation

As an application of the expressions for the transient waveforms, we propose a novel fault loca-
tion method. The traveling-wave-based fault location techniques are based on extraction of the
interval at which the impulsive waveforms appear at the sending end. We propose a method to
extract the impulsive waveforms by using the orthogonality of the Laguerre functions.

75.1 Correéation Filter Bank

Equation (7.14) shows that the impulsive waveforms depend on a = Zy/Ls which is determined
regardless of the fault point so that we can compute the waveforms in advance of a fault occur-
rence. We construct a set of correlation filters shown in Fig. 7.14. Each of the filters holds a
precomputed impulsive waveform and computes correl ation between the transient waveform and
the impulsive waveform as follows:

L-1
rj(n) = > Veo((n+ K Ts)u; (KTs), (7.33)
k=0

where Ts denotes the sampling period and L is thefilter length which is sufficiently large so that
u;j(KTs), k > L arenegligibly small. When an impulsive waveform u;(t) appearsin their input, the
output of corresponding correlation filter rj(n) will reach its maxima, and the output of the other
filters will vanish to zero due to the orthogonality. The discriminator in Fig. 7.14 works to find
such time points. The following code describes the algorithm we used in numerical simulations
for the discriminator:

n:= 0,
for i := 0toN — 1dobegin

while3j # i, ]ri(n)] < Kqlrj(n)] or |ri(n)| < K3

or [ri(n)| < [ri(n+ 1)| or Jri(n+ 1)| < |ri(n + 2)| do begin
n:=n+1

end

Time[i] := nTsg;
end

The integer N denotes the number of filters, and Ki(> 1) is a threshold to discriminate between
the output |r;(n)| which is supposed to reach its maxima and others |r;(n)| which are supposed
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Figure 7.14: The correlation filter bank.

to become equal to zero. The other threshold K,(> 0) avoids a misjudgement caused by small
fluctuations. The conditions |ri(n)| < [ri(n+ 1) and |ri(n + 1)| < |ri(n + 2)| find out the time point
when |rj(n)| reaches its maxima. The array Time[] holds the extracted time points of appearances
of u;(t) inthe transient waveform.

7.5.2 Numerical Smulations

Figure 7.15 shows the transient waveform and the outputs of the correlation filters, where the
fault phase is ¢ = mradin Eq. (7.4). The parametersared = 30km, Ts = 273 ms = 0.122 s,
N = 4, K; = 20, K; = 0, L = 256. One can see that when u;(t) appearsin vg(t) the corresponding
filter output rj(n) reaches its maximaas shown by a down arrow, and the other outputs are nearly
equal to zero as shown by up arrows. The algorithm described above successfully extracted u;(t)
foradl j=0,1,2,3as

Time[0] = 820Ts
Time[1] = 2458Ts
Time[2] = 4096T
Time[3] = 5735T

> 1638Ts = 0.2000 ms
> 1638Ts = 0.2000 ms .
> 1639Ts = 0.2001 ms

The time intervals 1638Ts and 1639Ts correspond to fault distance 29.99km and 30.01 km,
respectively. Thus the fault point was located successfully.
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7.6 Effectsof aLossy Ground

In this section, we eval uate effects of alossy ground on the transient waveforms and the proposed
fault location method by using Egs. (6.25) and (6.26). The ground loss affects especially the earth
return mode.

7.6.1 Single-Phase Transmission Lines

Figure 7.16 shows transient voltages at a fault occurrence on a single-phase transmission line
above adry ground oq = 107* S/m, g4 = 4eo, and awet ground oq = 103 S/m, g4 = 10go. ON
single-phase transmission lines, there exists only one propagation mode: the earth return mode.
Hence the high frequency components of the transient waveforms are significantly attenuated
by the ground losses, and as a result, the impulsive waveforms are no longer expressed by the
Laguerre functions. Moreover, the pulse separation is made longer by the losses as shown in
Fig. 7.16, and thereby accurate fault location is essentially difficult even if the impulsive wave-
forms could be extracted. Therefore, the proposed fault location method is hardly applicable to
single-phase transmission lines above alossy ground.

I I I I | I I |
f 1 above adry ground
03 above awet ground -------
o2 4
4 f f f i i i i i i
g
(N e |
| | | | | | | | |

O 01 02 03 04 05 06 07 08 09 1
t[mg]

Figure 7.16: The transient waveform above a dry ground og = 107*S/m, g4 = 4eo, and a wet
ground oy = 1073 S/m, g4 = 10eo.
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7.6.2 Three-Phase Transmission Lines

Unlike the single-phase transmission lines, there are two aerial modes in addition to the earth
return mode on three-phase transmission lines. The aerial modes concentrate around conductors
and are less affected by the ground losses. The fact may make it possible to locate a fault by the
proposed method.

Figures 7.17 and 7.18 show transient voltages when a single-phase-to-ground fault occurs
ad= 30km,t = 0,¢; = n between the conductor #1 and a dry ground, and a wet ground,
respectively. Comparing the first impulses appearing at t = 0.1 ms with those shown in Fig. 7.7,
the polarity of them are altered for v,(0, t) and v5(0, t), and all of the impulses are followed by a
small hump. Both of the observations show that the earth return mode propagates slower than the
aerial modes and it isthe common mode of the line while the aerial modes are differential modes.
Though both of the earth return mode and the aerial modes are induced at the fault occurrence,
the aerial modes reach the sending end earlier. Hence, the impulses are composed of the agerid
modes, i.e. the differential modes, and thereby the polarity of thosein v,(0, t) and v3(0, t) become
negative. On the other hand, the humps are of the same polarity and originating from the earth
return mode arriving at the sending end soon after.

Tables 7.1 and 7.2 present the location results for the faults above the dry/wet ground with
two correlation filters, N = 2, and moderate thresholds, K; = 3, K, = 2. Figures 7.19 and 7.20
show the outputs of the correlation filtersfor v, (0, t). The second impulsive waveform appearing
at = 0.23ms stems from the arrival of the surge at the sending end which went toward the
receiving end after the fault occurrence. The high frequency components still remain by virtue of
the aerial modes so that the orthogonality of the impulsive waveformsis approximately satisfied.
Thus the second impulsive waveform is successfully discriminated out by the algorithm.

| phase | Times0],[1]] | correlation || phase | Times[0,[1] | correlaion |
v1(0,1) | 820Ts = 0.100ms | ro(820) = 1954 |[ v1(0,1) | 822Ts = 0.100ms | ro(822) = 20.32
2461Ts = 0.300ms | r1(2461) = 6.84 2461Ts = 0.300ms | r1(2461) = 7.11
v2(0,1) | 820Ts = 0.100ms | ro(820) = —11.53 || v»(0,t) | 820Ts = 0.100ms | ro(820) = —11.85
2459Ts = 0.300ms | r1(2459) = —-3.56 854Ts = 0.104ms r1(854) = 3.18
v3(0,1) | 820Ts = 0.100ms | ro(820) = —11.68 || v3(0,1) | 820Ts = 0.100ms | ro(820) = —11.81
2460Ts = 0.300ms | r1(2460) = —3.63 853Ts = 0.104ms r1(853) = 3.23

Table 7.1: The location results for asingle-  Table 7.2: The location results for a single-
phase-to-ground fault above a dry ground. phase-to-ground fault above awet ground.



7.6. EFFECTS OF A LOSSY GROUND

10

08 -

v3(0.0)/E;

04 06 08 10

Vo (0)/E;

04 06 08 10

04 06 08 10
t[ms]
Figure 7.17: Transient waveforms a a

single-phase-to-ground fault above a dry
ground.

v3(0.0)/E;

101

10

08 -

00 02 04 06 08 10
t[mg]

Vo (0)/E;

00 02 04 06 08 10

t[mg]
1.0 | ! !

vi(0)/E;

00 02 04 06 08 10
t[ms]
Figure 7.18: Transient waveforms a a

single-phase-to-ground fault above a wet
ground.



102 CHAPTER 7. EXPRESSION OF FAULT TRANSIENTS BY LAGUERRE FUNCTIONS

-0.5
) ! ] !
-1.0 | | | |
00 01 02 03 04 05
t[mg]
20 ! I
.
T EN o

ro(n)

00 01 02 03 04 05
20 t I 1 !

10

ry(n)
o

-10
! | ! |
220 t i l i

00 01 02 03 04 05

Figure 7.19: The outputs of correlation fil-
ters at a single-phase-to-ground fault above
adry ground. (Ts = 0.122us N = 2,K; =
3, Ky =2, L = 256)

-05
) : | :
-1.0 | | | |
00 01 02 03 04 05
t[mg]
20 —
10 '
-10
T
220 [ | ! |
00 01 02 03 04 05
20 ‘
10
o
210
] : ¥
20 [ | ! |

00 01 02 03 04 05

Figure 7.20: The outputs of correlation fil-
ters at a single-phase-to-ground fault above
awet ground. (Ts = 0.122us, N = 2,K; =
3, Ky =2,L =256)



7.6. EFFECTS OF A LOSSY GROUND 103

The uy(t) was not extracted properly for v,(0, t), v3(0, t) as shown in Table 7.2. By using the
results for v;(0, t), the fault point is located as

(Time{1] - Time{O)c _ 1641Tsc

- = = 30.05km, (7.34)
(Timef] _Zﬁme[o])c _ 1632TS° — 30.01km, (7.35)

for the dry ground and the wet ground, respectively.

Similarly, Figs. 7.21 and 7.22 show transient voltages when a phase-to-phase fault occurs at
d = 30km, t = 0, ¢, = 7 between the conductors #1 and #2 above a dry ground and above a wet
ground, respectively. In the case of a phase-to-phase fault with ¢, = &, dmost no earth return
mode is excited since v (d, 0) + v»(d, 0) + vz(d, 0) = 0, and then the transient waveforms are much
less affected by the ground losses.

Tables 7.3 and 7.4 present the location results for the faults above the dry/wet ground with
two correlation filters, N = 2, and moderate thresholds, K; = 3, K, = 2. Although there are small
impulsivewaveforms seenin vz(0, t), they are discriminated out by the threshold K. Figures7.23
and 7.24 show the outputs of the correlation filtersfor the fault phase, v, (0, t). By using theresults
for v1(0, t), the fault point islocated as

(Time[1] - Time[O])c  1640T<c

5 = ——— = 3003km, (7.36)
Time[2] — Time[1])c 1639TscC
(Timef2] - Timef1))c _ ¢ _ 30.01km. (7.37)
2 2
for the dry ground and the wet ground respectively.
| phase |  Timed0],[1]] | (correlation || phase | Times[0,[1] | correlation |
v1(0,1) | 820Ts = 0.100ms | ro(820) = 23.61 | [ v1(0,1) | 820Ts = 0.100ms | ro(820) = 23.44
2460Ts = 0.300ms | r;1(2460) = 21.19 2459Ts = 0.300ms | r;1(2459) = 21.11
v2(0,1) | 820Ts = 0.100ms | ro(820) = —25.87 | | v»(0,1) | 820Ts = 0.100ms | r(820) = —26.13
2459Ts = 0.300ms |r1(2459) = —23.50 2459Ts = 0.300ms |r1(2459) = —23.93
v3(0, 1) — — v3(0, 1) — —

Table 7.3. The location results for aphase-  Table 7.4: The location results for a phase-
to-phase fault above adry ground. to-phase fault above awet ground.
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7.7 Concluding Remarks

We showed with some simplifications that the impulsive waveforms observed at a fault occur-
rence are expressed by the well-known Laguerre functions. The case of a single-phase transmis-
sion line is fundamental, in which | times trips of the surge between the sending end and the
fault point originate the j-th Laguerre function observed at the sending end as the j-th impulsive
waveform. For an ungrounded multi-phase transmission line, though a single-phase-to-ground
fault involves complicated multiple reflections, the impulsive waveforms are also found to be the
Laguerrefunctions. The case of a phase-to-phase fault simply reducesto the case of single-phase
transmission lines.

Making use of the orthogonality of the Laguerre functions, we demonstrated the possibility
of a novel method of fault location by using a correlation filter bank. The filter bank discrimi-
nates the impulsive waveforms by computing correlations between the transient waveform and
precomputed impulsive waveforms. The method successfully located a fault that occurred on a
single-phase transmission line above a perfectly conducting ground.

Furthermore, we investigated effects of a lossy ground which affects especiadly the earth
return mode. For single-phase transmission lines, there exists only the earth return mode and
thereby the impulsive waveforms are significantly distorted and are no longer expressed by the
Laguerre functions. On the other hand, for three-phase transmission lines, two aerial modes
enable propagation of high frequency components and the orthogonality of the impulsive wave-
forms are barely retained for first several waveforms. Numerical simulations suggest that the
fault location by the proposed method is still possible with moderate thresholds.

We considered the short circuits thus far. What if the lineis cut off at x = d? From the view-
point of circuit theory, a cutoff is the dual of a short. Then, by considering a current source i(t)
instead of the voltage source &(t) at the fault point, we still have the impul sive voltage waveforms
appearing at the sending end. Note that the current source is the dual of the voltage source.



Chapter 8

Conclusion

In this thesis, we analytically investigated the FFT-based numerical Laplace transforms, and
proposed more accurate and efficient methods. The proposed method was applied to the transient
analysis of transmission lines at fault occurrences. We found out that the transient waveforms
are expressed by the Laguerre functions, and proposed a novel method of fault location which
utilizes the orthogonality of the Laguerre functions.

In Chapter 2, we introduced the conventional FFT-based numerical Laplacetransforms. Then,
in Chapter 3, we improved the FFT-based Laplace inversion. We first analyzed errors incurred
by the FFT-based Laplace inversion, and showed that the large errors are mostly composed of
the truncation error, whose amount depends on the asymptotic behavior of the Laplace trans-
form to be inverted. Then, we proposed a simple yet effective acceleration method: the Laplace
transform is first multiplied with 1/s to suppress its high-frequency components, and after the
FFT-based inversion, the obtained inversion isi-th differentiated in the time domain. Moreover,
we analyzed errors introduced by the proposed method especially for the unit step function, and
showed i = 3 ~ 4 isthe most suitable due to the round off errors of the numerical differences.
Numerical examples showed that the proposed method remarkably reduces the truncation errors,
avoids Gibbs phenomena by removing discontinuities through the integration, and extends valid
region to almost the entire region.

In Chapter 4, we proposed a novel numerical Laplace transform pair. Based on the analysis
of the conventional numerical Laplace transform pair, we showed that interpolations used in the
conventional pair correspond to extrapolations in the other domain, and interpolated data points
are soon discarded in the subsequent step. By eliminating the interpolations, we constructed the
no-interpolation pair between fp(nAt) whose latter half is filled with zeros and Fp(a + jKAw)
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whose latter half is filled with the reversed complex conjugate of the former half. Then, the
no-interpolation pair turned out to make a numerically reversible pair if fp(t) is given first and
fo(0) = 0. Furthermore, we proposed anovel transform pair by employing theinversion proposed
in Chapter 3 in the no-interpolation pair. The proposed pair extended the valid region nearly
twice, and gave more accurate and computationally efficient transform pair.

In Chapter 5, we designed a processor which performs numerical forward/inverse Laplace
transformations on an FPGA. We first designed the processor with fixed-point numbers and en-
countered the severe lack of precision especially in the case of inversions. The lack of precision
stemmed from the combination of the poor magnitude content of F(s) and the use of fixed-point
numbersin the FFT computation. Moreover, the wide dynamic range of the exponentia function
limited the precision of the inversion. Then, instead of using the floating-point numbers, we in-
troduced the block-floating-point numbers into the FFT computation, and eliminated unneeded
divisions by two that were used to prevent an overflow. As aresult, the precision was improved
for inverse transformations by several bits nearly to the inherent limit posed by the exponential
function, and for forward transformations by afew bits nearly to the full 16-bit precision.

In Chapter 6, we introduced analyzing method of transmission lines in the Laplace domain.
Then, in Chapter 7, we analyzed transients on transmission lines at afault occurrence. With some
simplifications, we analytically showed that the impulsive waveforms, which are observed at the
sending end after afault occurrence on a single-phase transmission line, areidentical to the well-
known Laguerre functions. The same argument was derived for a single-phase-to-ground fault
and a phase-to-phase fault on an ungrounded multi-phase transmission line. Then, we proposed a
novel method of fault location by making use of the orthogonality of the Laguerre functions. The
proposed method successfully located a fault that occurred on a single-phase transmission line
above a perfectly conducting ground. Moreover, we numerically evaluated the effects of alossy
ground on the fault location by using the proposed numerical inversion of Laplace transforms. In
the case of single-phase transmission lines, the impulsive waveforms were significantly affected
by the ground losses and the fault location was hardly possible. However, in the case of three-
phase transmission lines, by virtue of the existence of the two aerial modes, high frequency
components could propagate without being attenuated, and consequently the fault location was
still possible.
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