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DIFFERENCES OF THE SELBERG TRACE FORMULA AND SELBERG
TYPE ZETA FUNCTIONS FOR HILBERT MODULAR SURFACES

AMKRZ - BEEFRARE # A
YASURO GON (KYUSHU UNIV.)

ABSTRACT. We study analytic properties of a certain kind of Selberg type zeta functions
attached to Hilbert modular surfaces. The method is based on considering the differences
among the Selberg trace formula with several weights.

1. INTRODUCTION

In this article, we consider Selberg type zeta functions attached to the Hilbert modu-
lar group of a real quadratic field. First of all, we recall the definition of Selberg zeta
function for a comapct Riemann surface. Let G = PSL(2,R) = SL(2,R)/{£I} and
H = {z € C| Imz > 0} be the upper half plane. Then G acts on H by the fractional
linear transformation g.z = 2723:—3. Let I be a co-compact torsion-free discrete subgroup of
G, then the quotient space X = I'\H is a compact Riemann surface of genus g > 2.

Let v € I' is hyperbolic, that is [tr(y)| > 2, then the centralizer of 7y in I is infinite cyclic

and 7y is conjugate in G to

o ( N(“(r))”2 N(73_1 B ) with N(y) > L.

Put Prim(T") be the set of [-conjugacy classes of the primitive hyperbolic elements in I'.

(i.e, not a power of other hyperbolic elements)
The Selberg zeta function for I' (or X) is defined by the following Euler product:

Zr(s) := H ﬁ(l - N(p)"(k“)) for Re(s) > 1.

pEPrim(T) k=0
Selberg proved the following theorem on Zr(s):

Theorem 1.1 (Selberg 1956, [14]). (1) Zr(s) defined for Re(s) > 1 extends meromor-
phically over C (actually entire).
(2) Zr(s) has zeros at s = —k (k € N) of order (29 — 2)(2k + 1),
at s=0 of order 29 — 1 and at s=1 of order 1  : trivial zeros.
(3) Zr(s) has zeros at s = 3 £ir,  : nontrivial zeros.
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Here, {\, = 1/4 + r2} is the eigenvalues of the Laplacian Ag = —y2(5%2; + %5) acting
on L?(I'\H). This theorem is proved by using the Selberg trace formula for the compact
Riemann surface I'\ H.

This zeta function Zr(s) satisfies the following functional equation:

Theorem 1.2 (Functional equation by Selberg 1956, [14]).

s-—l
Zr(1 —s) = Zr(s) exp ( —4(g — 1)7r/ r tan(7r) d'r).
0
The above functional equation is rewritten to a symmetric functional equation by using
the double gamma function.

Zr(1 — ) = Zp(s) := Zp(s)(Ta(s)Ta(s + 1))~

Here, I's(z) = exp({3(0, 2)) is the double gamma function and (3(s,2) =3, >o(n +m+
z)7*® is the double Hurwitz zeta function. The theory of Selberg zeta functions for locally
symmetric spaces of rank one is evolved by Gangolli [4] (compact case) and Gangolli-Warner
[5] (noncompact case). Multiple gamma functions also appear in functional equation for
these Selberg zeta functions. We refer to [11] for multiple gamma functions and (6], [7] for
gamma, factors of Selberg zeta functions of rank one locally symmetric spaces. Therefore,
our concern is “Selberg type zeta functions” for higher rank locally symmetric spaces such
as Hilbert modular varieties etc.
In this article, we consider the following problems:

(1) Construct Selberg type zeta functions for I' C PSL(2, R)2.
(2) Study analytic properties of the above Selberg type zeta functions for I' C PSL(2, R)>.

In the next section, we introduce Selberg type zeta functions for Hilbert modular surfaces
and study analytic properties of them.

2. SELBERG TYPE ZETA FUNCTIONS FOR HILBERT MODULAR SURFACES

2.1. Notation and definition. Let K/Q be a real quadratic field with class number one

and Ok be the ring of integers of K. Put D be the discriminant of K and € > 1 be the

fundamental unit of K. We denote the generator of Gal(K/Q) by o and put a’ = o(a) for
14 / '

a € K. We also put v/ = ( CCL, Z, ) for v = ( Z Z ) € PSL(2,Ok).

Let T'x = {(7,7) |7y € PSL(2,0k)} be the Hilbert modular group.

It is known that I'x is an irreducible discrete subgroup of PSL(2,R)? and ', acts on the
product of two upper half planes H? by linear fractional transformation every component.
I'x have only one cusp (00, 0), i.e. T'g-inequivalent parabolic fixed point. Xy = I'x\H?
is called the Hilbert modular surface. :

Let (v,7') € 'k be hyperbolic-elliptic, i, |[tr(y)] > 2 and [tr(y)] < 2. Then the
centralizer of hyperbolic-elliptic (,’) in 'k is infinite cyclic.

Fix an even integer m > 6.
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Definition 2.1 (Selberg type zeta function for k).

Zk(s;m) == H ﬁ(l — gim-2w N(p)’(k“))‘n for Re(s) >0
(p.p') k=0

Here, (p, ') run through the set of primitive hyperbolic-elliptic I'x-conjugacy classes of
T'x, and (p,p’) is conjugate in PSL(2, R)? to

(p7') ~ (( N(%)l/z N(p(;—l/2 ) ( inw —ciisnww ))

Here, N(p) > 1, w € (0,7) and w ¢ mQ. We define the smallest natural number « such
that 2k (x(—1) € Zand kv;' € Z (1 < j < N), where (x(s) is the Dedekind zeta function
of K and {vy,vs, -+ ,un} is the set of the orders of primitive elliptic elements in k.

2.2. Analytic properties of Zx(s;m). Our main theorems on analytic properties of
Zk(s;m) are followings.

Theorem 2.2. For an even integer m > 6, Zx(s;m) a priori defined for Re(s) > 1 has a
meromorphic extension over the complez plane C.

Theorem 2.3. Zk(s,m) has the following “essential” zeros and poles at

es=1xip; j=0,1,2,--- : zeros

) s=%:l:iuk k=0,1,2,--- : poles
Here,

o {L+025=0,1,2,---} = Spec(A{ [y a®))

d {% + Mi |k=0,1,2,-- }= SpeC(A(()l)lKer(Ai,z.)_z))
are the sets of eigenvalues of the Laplacian A((,l) acting on “Hilbert-Maass forms” of weight
(0,m) or (0,m — 2) and AD, A® , are “Maass operators”.

m—2

2.3. Functional equation of Zx(s;m). Zk(s,m) has another series of zeros and poles
coming from the identity, elliptic, “type 2 hyperbolic” conjugacy classes of I'x and the
scattering terms. (See Definition 3.2 for type 2 hyperbolic element.)

Theorem 2.4. Zk(s,m) satisfies the following functional equation
Zk(s;m) = Zk(1 - s;m).

Here the completed zeta function Z Kk (s, m) is given by

Zk(s;m) := Zk(s;m) <Zid(3) Zeau(s) Zsct/hyp2(s))n
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with
2¢k(-1)
Zia(s) = (rz(s)rz(s + 1))
N vi—1 vj—1—ay(m,5)—FF(m,5)
v 1(m,5) =]
Za(s H H I( 'i “i
j=1 [=0
Zsct/hyp2(3) = CE(S -+ % — 1) CE(S -+ %’- - 2)——1
Here, {v1,vs, -+ ,un} is the set of the orders of primitive elliptic elements in 'y and
the definition of oy(m, j), @(m, j) € {0,1,--- ,v; — 1} will be given in the next subsection.

We define (. (s) := (1 — e72°)7! and ¢ is the fundamental unit of K. The zeros and poles
of Zia(s), Zen(s) and Zse/nyp2(s) are easily calculated. Therefore, all zeros and poles of
Zk(s;m) are determined.

These analytic properties and functional equation of Zg(s;m) are obtained by using
the “differences” of the Selberg trace formula for Hilbert modular surfaces. In the next
subsection, we introduce and investigate the Selberg trace formula for our case and their
differences.

3. DIFFERENCES OF THE SELBERG TRACE FORMULA FOR HILBERT MODULAR
SURFACES

2
3.1. Notation. Let G = PSL(2,R)? = (SL(Z,R)/{:I:I})
G acts on H? by (g1,92).(21,22) = (%‘z}, fgfgi—é’g) € H2 T C G is called irreducible
discrete subgroup if it is not commensurable with any direct product I'; X I'y of two discrete

subgroups of PSL(2,R).
We have classification of the elements of irreducible I'.
) v = (I,I) is the identity
) ¥ = (71,72) is hyperbolic <« [tr(y1)| > 2 and [tr(y2)| > 2
) ¥ = (m,7) is elliptic < |tr(y1)| < 2 and |tr(y2)] < 2
) ¥ = (m,72) is hyperbolic-elliptic < |tr(71)] > 2 and |tr(y2)] < 2
) ¥ = (71,72) is elliptic-hyperbolic < |tr(71)| < 2 and |tr(y2)| > 2
(6) v = (m1,72) is parabolic <« |tr(y1)| = [tr(72)] = 2
Note that there are no other types in I'. (parabolic-elliptic etc.) (Cf. Shimizu [16])
We consider the Hilbert modular group,

e o= (2505 5DI(E ) erseon}

I'x is an irreducible discrete subgroup of G = PSL(2,R)? with the only one cusp co :=
(00, 00).

Lemma 3.1 (Stabilizer of the cusp oo = (00, 00)). The stabilizer of oo = (00, 00) in 'k

is given by o
Fw::{(<8 ucfl )’(% u?[‘1 ))'ué@,"{,ae(’)K}.
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Definition 3.2 (Types of hyperbolic elements). For a hyperbolic element ~y, we define that
e v is type 1 hyperbolic < whose all fixed points are not fixed by parabolic elements.
e v is type 2 hyperbolic < not type 1 hyperbolic.

Lemma 3.3. Any type 2 hyperbolic elements of T'x are conjugate to an element of

{%,a:(ag E‘i‘k)lkeN,anK}

in T'x. The centralizer of Y in Ik is an infinite cyclic group.

By the above lemma, we may take a generator of the centralizer Zr (Yx,a) 8 ks With
ko € N and 3 € Og. We also write kg as ko(Vk,a)-

Let Ry, Ry, -+ , Ry be a complete system of representatives of the I'k-conjugacy classes
of primitive elliptic elements of I'x. vi,vp,-+- vy (v € N, v > 2) denote the orders of
Ry, Ry, -+, Ry. We may assume that R; is conjugate in PSL(2,R)? to

. t; sty
cosZ —sinZt cos L= —sin LT
B ((gn2 cosz ) (sinth ) @wm)=1

J
sinX cosX sin 4T cos 4Z
Vi Vi vj Yj

For even natural number m > 4 and [ € {0,1,-- ,v; — 1}, we define oy(m, j), @(m, j) €
{071"" 7Vj_1} by
m—2 )
l+t(——) = a(m,j) (mod v;)

1~ 152 2) = (m, ) (mod 1)

We denote by I'y;, ', T'ue, 'en and Iy, type 1 hyperbolic I'x-conjugacy classes,
elliptic I'x-conjugacy classes, hyperbolic-elliptic I'x-conjugacy classes, elliptic-hyperbolic
I'k-conjugacy classes and type 2 hyperbolic I'x-conjugacy classes of I'x respectively.

3.2. Selberg trace formula for Hilbert modular surfaces. Fix the weight (m;,m,) €
(2Z>0)%. Set the automorphic factor j,(z;) = %Z:—Z[ for v € PSL(2,R) (j = 1,2). Let

AR = ~v(E + &) T imivis; (7=1,2).
Definition 3.4.
LA(Tx\H?; (my, mg)) = {f: H? - C, C°°|
(@) F((7,7) (21, 22)) = Gy (21)™ Gy (22)™ f (21, 22)  V(7,7) € Tk
@) 30D, A e R AY f(z1,22) = AV f(z1,22), AL f(z1,22) = AP (21, 20)
GIAP = [ ST du(z) < o0}
g \H2

Here, du(z) = i%;fﬂm for z = (21, 22) € H2.

Y2



Let (my,mg) € (2Z0)?, 2z = (21, 22) = (1 + iy1, T2 + iye) € H?, and (s1,2) € C? with
Re(s1), Re(s2) > 0. We define,

W up letd™ ntd]m
Emy my) (2,81, 82) := '
(m1,m2)\#5 21, 7EI§PK |021 + d|231 |C’22 + dl|2.92 (CZl + d)'rm (C’Zg + dl)m2

Definition 3.5 (Family of Eisenstein series). For (mi,mz) € (2Zx0)?, z = (21,22) =
(z1 + iy1, T2 + iy2) € H2, s € C with Re(s) > 1 and k € Z we define

mik s mik )
2loge’™  2loge/’

E(ml,mz)(z’ o k) = E(m1,m2) (z, S+

Proposition 3.6. For Re(s) > 1, the Eisenstein series E(m,m,)(2, s;k) is absolutely con-
vergent and

E(my1,m2) (Y2, k) = E(my my)(2, 5 k)
for any v € Tk. E(m,my)(2,8; k) is a common eigenfunction of AS) and AQ.

Proposition 3.7. We have a direct sum decomposition:
LX(Tx\H?; (m1,ms)) = Lio(Cx\H? ; (m1,m2)) @ Lpn(Tx\H" ; (m1,m2))
and there is an orthonormal basis {¢;}2, of L%, (Tx\H?; (m1,my)).

To subtract continuous spectrum on L% (I'x\H?; (m1, ms)), we introduce the scattering
determinant Q(m,m,)(s, k).

Proposition 3.8. The constant term of E(m, m;)(2,s; k) is given by

wik

ik
—8= Z”Tc:ge yl_s'+ 2Toge
2

nik rik
s+2loge s_2loge

1
Y1 Yo + Q(mi,ma) (8, k) Yy

with
© (S k) _(—1)m ;m WL(Qs_l’X—k) F(S+27IT;§€ —%)F($+2;Z§€)
(m1,m2)\ ) 2\/5 L(2S,X-k) F(S + #i:e' -+ %l)F(s + Eﬁi‘e‘ - I'nil)
% F(S - 2717;:5 - %)P(s - 27{;;:5)
T(s — gige + B)T(s — 7i0gz — 3°)
. Cl Toes s s
for k € Z, where L(s, x_x) is defined by L(s, x—) := Z 'Z’-‘ N(c)™.
(a)COk
Let {¢,}52, be an orthonormal basis of L, (Tx\H?; (m1,ms)) and ()\5-1), )\§.2')) € R? such
that

2
Put Spec(mi,ms) = { (7‘](.1),1"](-2))};0 C R2% (discrete subset), where, we write )\y) =
L2 (1=1,2).
Now we can state on the Selberg trace formula,
e h(ri,m3) = h(£r1, £r;): test function (satisfying certain analytic conditions)
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o g(ur,ug) = g5 [ [7° h(r1,r2)e " (1tm242) g dr, : the Fourier transform of
Hereafter, we assume that h(ry, r2) = hi1(r1) he(r2) and also write g(u1, u2) = g1(u1)g2(u2).
Theorem 3.9 (Selberg trace formula for L*(T x\H?; (0, m)) with m € 2Zx). Let g(uy, u2)

be an even function in C2°(R?) and put h(r1,r2) := [*° [ g(u1, up)e' 11 +72u2) dy, du,.
Then we have,

- (2) wk ‘P(om) 1 K dr
prs Alr ’ ! " 47rZ/ 2loge A 210g5) <p(0m)(2 +ar, k)
+ ‘h(O, 0) ¢(0,m) (~, 0)
_ vol(Tx\H?) 5m9(ur, uz) e
T 1672 //Rz sinh(u;/2) s1nh(u2/2) durdus
+ Y vol(',\G,) g(log N(v),log N(v'))

(N(Y2 = N(7)/A)(N(Y)/? = N(y)72)

(v )GFm
e—z01 +i(m—1)62 2i0;

— lmsily, [ e —e ]
+ Z 165 sin 6, sinez// g(u1, ug)e” 3 H cosh; — cos 26, duidus

R(61,82)€ls

lOg N(70) Zez(m 1w /oo et — e2

N u[ ]d

+ o % ¥)1/2 — N(y)~1/2 4sinw _oog(log (), )e d cosh u — cos 2w U
W HE
log N(7y;) e / i et — g2

Fu d

+( r%r N(v")Y/2 — N(v")~%/2 4sinw’ 9(u, log N(7))e [coshu—-cos2w’] u
w EH

+ [2\/5A0 —4loge(log2 + CE)] 9(0,0) +loge /oo[g(u, 0) + 9(0, u)]du

loge | ) | ]
T o2 //m [F(l +iry) + F(l + 21'2)] h(ry, o) dridry

+210gs/ —g(-o—’i—[l —cosh 2

ev/2 — e~u/2 2u]du

ko (ko) log ef —¢F
—4logsz Z 5 IN(ek—(e—k)I ))g(2kloge,2kloge)

k=1 Yk, €CH2
© oo cosh(u/2)
2loge Y 2k1 d
+2loge 2 /2k oge [g(u, 2kloge) + g(2kloge, u)] sinh(u/2) + sinh(klog ¢) u

© oo 1 — cosh(m(u/2 — kloge))
+ 210g5kZ=; /2 klogsg(z’“ log e, ) — (w2 —kioge)

Here, Ay is the constant term of the Laurent expansion of {x(s) at s = 1 and Cg is the
Euler constant. The case of (0, m) = (0, 0) is proved by Zograf [17] and Efrat [1].



Next we consider the following Maass operator

AD =iy, 0T L*(T\H?; (0,m)) — L*(Tx\H?; (0,m — 2)).
ox H) 8y2 2
Let {7 + p2}32, := Spec(A él)‘Ker( A®,) and recall that
Ker(A%D) = L2(T\H?; (x, 5:(1 = 2)), (0,m)).

ie. A = Z(1 — 2)-eigenspace.

Theorem 3.10 (Differences of STF for L2(Tx\H?; (0,m)) — L2(Cg\H?; (0,m —2))). Let
m € 2N and m > 4. We have

Zhl pj) h z(m 1))

= (m— 1)hy(¥z1)

ol(Tx\H?) [
M (161;2 )/;wrlhl(rl)tanh(ﬂ'rl)drl

ot (m—1)02 il > cosh((m — 264)r
Y e (i) [~ SR )

8vp sin ; sin 6 coshwr
R(61,02)elg R 1 2 1

log N (%) i€ i
+ Z )2 = N(v)~ 77291(log N(7)) ———ha( m-2)

(v, w)EFHE

— loge ¢1(0) hz(f(ﬁ{——ll) —2loge hg(i(l—”z_—l)) Z g1(2k loge) e~Fm-1),
k=1
We write the above formula as L(m) — L(m ~ 2) for m > 4.
We assume that hg(ﬁ"{l—)) # 0 and hg(’—(-";;?’)) # 0. Next we consider (for m > 6) :
(L(m) = L(m — 2)) ha(Z2) 71 — (L(m — 2) — L(m — 4)) hp(152) 2,

2 2
Theorem 3.11 (Double differences of STF for L*(Tx\H?; (0,m))). Let m € 2N and

m > 6. We have

Zhl(p] Z () = Y%I—{—Q\Hﬂ)/_ rhy(r) tanh(nr) dr

i(m—2)02 0o —
B Z e / cosh((m 291)r)h1(r)dr

4vpsin @ cosh 7r
R(61,02)eTs T 1

lO N i(m—2)w
- Y e 1/2g 7‘E))mgl(logN(v))e( ?

(v,w)ETHE

—2loge Z g1(2kloge) (E—k(m—l) _ E_k(m__S)).
k=1

71
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4. PROOF OF THEOREMS 2.2, 2.3 AND 2.4

4.1. Test function. Theorem 3.9, the Selberg trace formula for L2(I'x\H?; (0, m)), holds
for the test function h(r1,r2) which satisfies the following condition:

(1) h(:l:’rl,:h’f‘z) = h(’l‘l,?"z),
(2) h is analytic in the domain |Im(r,)| < 1 +6, |Im(rs)| < 25 + 6 for some 6 > 0,
(3) A(ri,m2) = O((1 + |r1f? + [r2f?) —2-6) for some § > 0 in this domain.
Let us consider the following test function: Firstly, we fix real numbers 5;,3 > 2,
B1 # Ba. For s € C, Re(s) > 1, We set

h (,r) — ((ﬁ% - (S - %)2) ((ﬂg - (S — %)2) - 1 + Cl(S) " 02(3)
R R O O LR Ay e e Y R SR
e (s-17 -4 (s-17 -
s—3)— s—3
) = g el =T
(See [13] for this type test functions.) Then the Fourier transform of h; is given by
—iru g __ ; —(s=1)lul ( ) e~ B lul ca(s) e P2 lul
fu) = / (r)e" dr = gogen P4 St S8

Secondly, we take g(u) € C®(R) such that its Fourier inverse transform hy(r) satisfies
h (’—(-m——ll) # 0 and h2(im——32) # 0. Then we can easily check that our test function
h(r1, r2) = khy(r1) ha(r2) satlsﬁes the above sufficient condition for Theorem 3.9. (x is
defined in Definition 2.1.)

Finally, we consider Theorem 3.11, the double difference of the Selberg trace formula,
for the above our test function.

We recall that {p;,} is given by

1 9 0 1)
{Z + o }j=0 = SpeC (AO |Ker(A$3)))

AD: L(Tx\H?; (0,m)) — L*(Tx\H?; (0,m — 2)).

with

Note that m m
Ker(Ag)) = L2 (FK\HZ; (*7 5(1 - 3))’ (Ovm))

ie. A® = 2(1 — 2)-eigenspace.
And {p} is given by

1 o0 )
(T} =3pec(deon )
with
A® ,: L (T\H?; (0,m — 2)) — L*(Tx\H?; (0, — 4)).

Note that
m—2

2

Ker(A%5) = L?(Tx\HE; (%

=) (0,m—2)).



ie. @ = m=2(2 _ m)_eigenspace.

Theorem 4.1 (DD-STF for the above test function h; and hs ).

> 1 2. afs) °° 1 2L a(s)
”Z[pws—-;w@pwz]“”gm*gmﬁf]

j=0

= 2k Ck ( 1)Z[s+k Zﬂ,—i— +k]

% (8) Z als) ZK(2 + 61) n K Zyls Z Kc(s) Zell (5+8)

+
2s—1 ZK (s) 260 Zx(3+B1)  25—1Zea(s 268 Za(3 + B1)
k d (1 — g~ (2s+m=4)) 2 kas) d (1 — g~(@htm=3))
Yo 1ds l°g{ (- e-<2s+m-2>>} "2 4 B e ) }
2
Note that ¢;(1—s) = ¢(s) (l = 1,2), c1(s)+ca(s) = —1 and n%ﬂﬂ)— =2xk(x(-1) €N

By using the above formula, we can easily obtain Theorems 2.2, 2.3 and 2.4.

4.2. Final remark. We remark that scattering and type 2 hyperbolic components of
Zk(s;m) are local Selberg zeta functions for PSL(2,Z) :

Zsct/hypZ(S) = Cs(s + % - 1)(5(5 + % - 2)_1
with (.(s) = (1 —e™%)7!

Here, ¢ is the fundamental unit of K.
Let I' = PSL(2,Z). The Selberg (Ruelle) zeta function for I is given by

Cr(s) == H (1 — N(p)—S)-l then (r(s) = H(l _E(K)—2s)—h(K),

pePrim(T) K

where, K run through “all” real quadratic fields over Q and e(K) and h(K) are the
fundamental unit and the class number of K.
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