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ON THE HIGHER FITTING IDEALS OF IWASAWA MODULES OF
IDEAL CLASS GROUPS OVER REAL ABELIAN FIELDS

TATSUYA OHSHITA

Abstract. Kurihara established a refinement of the minus-part of the Iwasawa
main conjecture for totally real number fields by using the higher Fitting ideals
([Ku]). In this paper, by using Kurihara’s methods and Mazur–Rubin theory, we
study the higher Fitting ideals of the plus-part of Iwasawa modules associated with
the cyclotomic Zp-extension of abelian fields for an odd prime number p. We define
the higher cyclotomic ideals, which are ideals of the Iwasawa algebra defined by
the Kolyvagin derivative classes of circular units. Then, we prove that the higher
cyclotomic ideals give upper and lower bounds of the higher Fitting ideals in some
sense, and determine the pseudo-isomorphism classes of the plus-part of Iwasawa
modules. Our results can be regarded as analogues of Kurihara’s results and a
refinement of the plus-part of the Iwasawa main conjecture for abelian fields.

1. Introduction

The Iwasawa main conjecture describes the characteristic ideals of certain Iwasawa
modules. The characteristic ideals are important invariants on the structure of finitely
generated torsion Iwasawa modules, but they are not enough to determine the pseudo-
isomorphism classes of Iwasawa modules completely (cf. §2).

The higher Fitting ideals have more detailed information on Iwasawa modules. For
instance, the higher Fitting ideals determine the pseudo-isomorphism class and the
least cardinality of generators of finitely generated torsion Iwasawa modules. (See
Remark 2.3 and Remark 2.4.) In [Ku], Kurihara proved that all the higher Fitting
ideals of the minus-part of the Iwasawa modules associated with the cyclotomic Zp-
extension of certain CM-fields coincide with the higher Stickelberger ideals, which are
defined by analytic objects arising from p-adic L-functions (cf. [Ku] Theorem 1.1).
His result is a refinement of the minus-part of the Iwasawa main conjecture for totally
real number fields.

In this paper, we study the higher Fitting ideals of the plus-part of the Iwasawa
modules by similar methods as in [Ku]. We construct a collection {Ci,χ}i≥0 of ideals of
the Iwasawa algebra Λχ, which are analogues of Kurihara’s higher Stickelberger ideals,
and prove that the ideals Ci,χ give upper and lower bounds of the higher Fitting ideals
of the plus-part in some sense. (In certain cases, the ideals Ci,χ determine the pseudo-
isomorphism class of the plus-part.) The main tool in [Ku] is the Kolyvagin system
of Gauss sums. Instead, in this paper, we use the Euler system of circular units, so
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2 TATSUYA OHSHITA

we can only treat the Iwasawa modules associated with the cyclotomic Zp-extension
of subfields of cyclotomic fields.

In order to state the main theorem of this paper, we introduce notations. We
fix an odd prime number p. Let Q be an algebraic closure of Q and K a totally
real subfield of Q which is a finite abelian extension of Q. We assume that the
prime number p is unramified in K/Q. Let µn be the group of all n-th roots of
unity contained in Q. For an integer m with m ≥ 0, let Fm be the maximal totally
real subfield of K(µpm+1) and F∞ :=

∪
m≥0 Fm. We put Γm,n := Gal(Fm/Fn) and

Γm := Gal(F∞/Fm). Especially, we write Γ := Γ0. We fix a topological generator
γ ∈ Γ0. Let Λ := Zp[[Gal(F∞/Q)]] = lim←−Zp[Gal(Fm/Q)].

Put ∆ := Gal(F0/Q) = ∆0 ×∆p, where ∆0 is the maximal subgroup of ∆ whose
order is prime to p, and ∆p is the p-Sylow subgroup of ∆. We denote by Dp the
decomposition subgroup of ∆ at p. (Note that Dp is uniquely determined since ∆ is

abelian.) We put ∆̂ := Hom(∆,Q×
p ). For any character χ ∈ ∆̂, we denote by Oχ the

Zp[∆]-algebra, which is isomorphic to Zp[Imχ] as a Zp-algebra, and ∆ acts on it via
χ. We denote the Λ-algebra Oχ[[Γ0]] by Λχ, and we identify Λχ with Oχ[[T ]] by the
isomorphism Λχ ≃ Oχ[[T ]] of Oχ-algebras defined by γ 7→ 1 + T .

For any Λ-moduleM , we putMχ :=M⊗ΛΛχ. We define a Λ-module X := lim←−Am,
where Am := AFm is the p-Sylow subgroup of the ideal class group ClFm of Fm, and
the projective limit is taken with respect to the norm maps. It is well-known that the
Λχ-module Xχ is finitely generated and torsion. In this paper, we study the higher

Fitting ideals FittΛχ,i(Xχ) of Xχ for any non-trivial character χ ∈ ∆̂. Let Xχ,fin be
the largest pseudo-null Λχ-submodule of Xχ, and X ′

χ := Xχ/Xχ,fin. We treat X ′
χ

instead of Xχ in order to apply Kurihara’s Euler system arguments, which work for
finitely generated torsion Λ-modules whose structures are given by square matrices
(cf. Lemma 2.6 and §7).

Note that when we study the plus-part of ideal class groups, we do not have good
analogues of Stickelberger elements in the group rings of Galois groups. So, comparing
our cases treating the plus-part with the cases of the minus part, which Kurihara
studied, a problem lies in how to define the ideals which are substitutes of Kurihara’s
higher Stickelberger ideals. A key idea of this paper lies in the definition of the ideal
Ci,χ of Λχ, called the higher cyclotomic ideal for each i ∈ Z≥0 for which Kurihara’s
arguments can be applied. We shall define these ideals in §4, by using the Euler
system of circular units (cf. Definition 4.15). Roughly speaking, first, we shall define
the ideals Ci,m,N,χ of the group ring Rm,N,χ := Z/pN [Gal(Fm/Q)]χ generated by images
of certain Kolyvagin derivatives κm,N(ξ) by all Rm,N,χ-homomorphisms(

F×
m/(F

×
m)

pN
)
χ
−→ Rm,N,χ,

then we shall define Ci,χ by taking the projective limit of them.

Let I and J be ideals of Λχ. Then, we write I ≺ J if there exists a height two ideal
A of Λχ (called an “error factor”) satisfying AI ⊆ J . Note that for two ideals I and
J of Λχ, we have I ≺ J if and only if IΛχ,p ⊆ JΛχ,p for all prime ideals p of height
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HIGHER FITTING IDEALS AND SINNOTT’S CIRCULAR UNITS 3

one, where we denote the localization of Λχ at p by Λχ,p. We write I ∼ J if I ≺ J
and J ≺ I. The relation ∼ is an equivalence relation on ideals of Λχ.

The following theorem is a rough form of our main theorem in this paper.

Theorem 1.1 (See Theorem 7.1 and Theorem 8.1). We assume that the extension

degree of K/Q is prime to p. Let χ ∈ ∆̂ be a character satisfying χ(p) ̸= 1. Then,
we have

FittΛχ,i(Xχ) ∼ Ci,χ

for any i ∈ Z≥0. Moreover, we have

(1) annΛχ(Xχ,fin) FittΛχ,i(X
′
χ) ⊆ Ci,χ

for any i ∈ Z≥0.

Remark 1.2. Let K/Q and χ ∈ ∆̂ be as in Theorem 1.1. By a property of the
principal (the 0-th) Fitting ideals, we have

FittΛχ,0(Xχ,fin) ⊆ annΛχ(Xχ,fin).

Note that we have

FittΛχ,0(Xχ,fin) FittΛχ,0(X
′
χ) = FittΛχ,0(Xχ)

since X ′
χ is a Λχ-module of projective dimension one (cf. Corollary 2.8). So, we have

FittΛχ,0(Xχ) ⊆ C0,χ.

Remark 1.3. In this paper, we study upper bounds of the higher Fitting ideals
without any conditions on [K : Q] and χ(p). In the general cases, we only get the
upper bounds of the Fitting ideals. For more precise results on the upper bounds of
the Fitting ideals, see Theorem 7.1.

Theorem 1.1 implies that the higher cyclotomic ideals give “true” upper bounds in
some special cases.

Corollary 1.4. Let K/Q and χ ∈ ∆̂ be as in Theorem 1.1. Assume that Xχ has no
non-trivial pseudo-null Λχ-submodules. Then, we have

FittΛχ,i(Xχ) ⊆ Ci,χ

for any i ∈ Z≥0.

Remark 1.5. In all known examples, Xχ is pseudo-null (cf. Greenberg conjecture,
for example, see [Gree] Conjecture 3.4). We have no non-trivial example for Corollary
1.4 at present.

When Xχ is a pseudo-null Λχ-module, the estimates (1) for i = 0 and Remark 1.2
imply the following corollary. (See Corollary 4.19. See also Example 4.20, which is
an application of Corollary 4.19 for the study of the ideal class groups of Fm.)

Corollary 1.6. Let K/Q and χ ∈ ∆̂ be as in Theorem 1.1. Assume that Xχ is a
pseudo-null Λχ-module. Then, we have

FittΛχ,0(Xχ) = annΛχ(Xχ).
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4 TATSUYA OHSHITA

We prove the inequality

annΛχ(Xχ,fin) FittΛχ,i(X
′
χ) ⊆ Ci,χ

in §7 by an Euler system argument using analogues of Kurihara’s elements. (See
Theorem 7.1 and Corollary 7.2.) Then, in §8, we show

FittΛχ,i(Xχ) ≻ Ci,χ

for any i ∈ Z≥0 by using the results of Mazur–Rubin on Kolyvagin systems. (See
Theorem 8.1.) Note that the first assertion of Theorem 1.1 implies that the higher
cyclotomic ideals determine the pseudo-isomorphism class of Xχ (cf. Remark 2.4).
Related to our results, the following were previously known.

• By using usual Euler system argument and the Iwasawa main conjecture with-
out Kurihara’s elements, we can obtain estimates

FittΛχ,i(X
′
χ) ≺ Ci,χ (i ∈ Z≥0),

(See Remark 8.5). But by such arguments without Kurihara’s elements, we
cannot obtain any explicit bounds of error factors, so these estimates are
weaker than the inequalities (1) in Theorem 1.1.
• By Mazur–Rubin’s theory of Kolyvagin systems in [MR] §5, it turns out
that the pseudo-isomorphism class of Xχ is completely determined by the
Λ-primitive Kolyvagin systems of (Λχ−1 ⊗Zp Zp(1),FΛ). (See Theorem 8.3,
Corollary 8.11 and Corollary 8.14.) But the results in [MR] do not give ex-
plicit estimates of higher Fitting ideals of Xχ in terms of ideals of Λχ.

What is essentially new in this paper is the definition of the higher cyclotomic ideals
Ci,χ and to give stronger estimates (1) of higher Fitting ideals which contain more
refined information (e.g. Corollary 1.6) than the pseudo-isomorphism class ofXχ. The
key slogan is that the usual Euler system arguments work well only when the relation
matrix is diagonal, but Kurihara’s arguments work well under a milder assumption
that the relation matrix is a square matrix.

We remark on the relation between higher cyclotomic ideals and the structure of
A0,χ := A0 ⊗Zp Oχ. By Mazur–Rubin theory in [MR], the isomorphism class of the

Oχ-module A0,χ is determined by the Kolyvagin systems of the Gal(Q/Q)-module
Oχ−1⊗Zp Zp(1). By comparing Mazur–Rubin theory and higher cyclotomic ideals, we
obtain the following results. (See Theorem 8.4 and Corollary 8.6.)

Proposition 1.7. Let K/Q and χ ∈ ∆̂ be as in Theorem 1.1. Then, the following
hold.

(i) The image of Ci,χ in the ring

R0,χ := Zp[Gal(F0/Q)]χ = Λχ/(γ − 1) = lim←−
N

R0,N,χ ≃ Oχ

coincides with the ideal Ci,F0,χ := lim←−N Ci,0,N,χ for any i ∈ Z≥0.

(ii) We have FittOχ,i(A0,χ) = Ci,F0,χ for any i ∈ Z≥0.

So, by Nakayama’s lemma, we obtain the following corollary. (See Corollary 8.7.)
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HIGHER FITTING IDEALS AND SINNOTT’S CIRCULAR UNITS 5

Corollary 1.8. Let K/Q and χ ∈ ∆̂ be as in Theorem 1.1. Let r be a non-negative
integer. Then, the following are equivalent.

(i) The least cardinality of generators of the Λχ-module Xχ is r.
(ii) Cr−1,χ ̸= Λχ and Cr,χ = Λχ.

In §2 we recall the definition and some basic properties of higher Fitting ideals. In
§3, we recall some preliminary results on Iwasawa theory. In §4, we define the higher
cyclotomic ideals, and prove our main theorem for i = 0 (Theorem 4.16). In §5, we
recall some basic facts on the Kolyvagin derivatives of the Euler system of circular
units, and introduce some elements xν,q of (F×

m/p
N)χ, which are analogues of Kuri-

hara’s elements in [Ku]. The elements xν,q(n) play an important role in Kurihara’s
arguments in the proof of Theorem 1.1. Especially, Proposition 5.6 is one of the keys
of the arguments. In §6, we prove Proposition 6.1, which is a key proposition in the
induction arguments. In §7, we prove the estimate

annΛχ(Xχ,fin) FittΛχ,i(X
′
χ) ⊆ Ci,χ

for any i ≥ 0 (see Theorem 7.1). We also treat the case ∆p ̸= 0 or χ(p) = 1. In §8, we
compare the higher Fitting ideals with Mazur–Rubin theory. We apply Mazur–Rubin
theory, and prove Theorem 8.4, which is a result on the ground level, and complete
the proof of the remaining part of Theorem 1.1.

Notation. In this paper, we use the following notation.

For a perfect field F , we fix an algebraic closure F of F . We denote the absolute
Galois group of F by GF := Gal(F/F ). For a topological abelian group T with con-
tinuous GF -action, let H

∗(F, T ) = H∗(GF , T ) be the continuous Galois cohomology
group.

In this paper, we fix an odd prime p. An algebraic number field is a subfield F
of a fixed algebraic closure Q of Q such that the extension degree of F/Q is finite.
For a finite set Σ of places of Q, we denote by QΣ the maximal extension of Q inside
Q unramified outside Σ. For any algebraic number field F , we denote the ring of
integers of F by OF , and the p-Sylow subgroup of the ideal class group of F by AF .

We define Q∞/Q to be the cyclotomic Zp-extension inside Q. For any m ∈ Z≥0, we
denote by Qm the unique subfield of Q∞ whose extension degree over Q is pm. Note
that the field Fm introduced in the beginning of this section is the composite field of
Qm and F0 for any m ∈ Z≥0 ∪ {∞}. We identify Gal(Q∞/Q) as Γ = Gal(F∞/F0) by

the natural isomorphism Γ
≃−−→ Gal(Q∞/Q).

Let L/K be a finite Galois extension of algebraic number fields. Let λ be a prime
ideal of OK , and λ′ a prime ideal of OL above λ. We denote the completion of K
at λ by Kλ. If λ is unramified in L/K, the arithmetic Frobenius at λ′ is denoted by
(λ′, L/K) ∈ Gal(L/K). We fix a family of embeddings {ℓQ : Q ↪→ Qℓ}ℓ:prime satisfying
the condition (Chb) as follows:
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6 TATSUYA OHSHITA

(Chb) For any subfield F ⊂ Q which is a finite Galois extension of Q and any
element σ ∈ Gal(F/Q), there exist infinitely many prime numbers ℓ such that
ℓ is unramified in F/Q and (ℓF , F/Q) = σ, where ℓF is the finite place of F
corresponding to the embedding ℓQ|F .

The existence of a family satisfying the condition (Chb) follows easily from the Cheb-
otarev density theorem. We also fix an embedding ∞Q : Q ↪→ C.

Let ℓ be a prime number. For an algebraic number field F , let ℓF be the finite
place of F corresponding to the embedding ℓQ|F . Then, if L ⊇ F is an extension of
algebraic number fields, we have ℓL|ℓF .

For an abelian group M and a positive integer n, we write M/n in place of M/nM
for simplicity. In particular, for the multiplicative group K× of a field K, we write
K×/pN in place of K×/(K×)p

N
. We denote by Mtor the kernel of the natural homo-

morphism M −→M ⊗Q.

For an abelian groupM with action of a group G, we denote the G-invariants (resp.
G-coinvariants) of M by MG (resp. MG).

Acknowledgment

The author would like to thank Professors Kazuya Kato, Masato Kurihara, Masa-
taka Chida and Tetsushi Ito for their helpful advices. The author also thanks Kenji
Sakugawa for fruitful conversations and discussion with him. This work is supported
by Grant-in-Aid for JSPS Fellows (22-2753) from Japan Society for the Promotion of
Science.

2. Higher Fitting ideals

We use the same notation as in the previous section. In particular, we fix a finite
abelian fieldK, and we define Λ := Zp[[Gal(F∞/Q)]], where F∞ is the maximal totally
real subfield of K(µp∞).

Here, we briefly recall the definition and some basic properties of higher Fitting
ideals.

Definition 2.1 (higher Fitting ideals, see [No] §3.1). Let R be a commutative ring,
and M a finitely presented R-module. Let

Rm f−−→ Rn −→M −→ 0

be an exact sequence of R-modules. For each i ≥ 0, we define the i-th Fitting ideal
FittR,i(M) as follows.

• When 0 ≤ i < n and m ≥ n − i, we define FittR,i(M) to be the ideal of R
generated by all (n− i)× (n− i) minors of the matrix corresponding to f .
• When 0 ≤ i < n and m < n− i, we define FittR,i(M) := 0.
• When i ≥ n, we define FittR,i(M) := R.
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HIGHER FITTING IDEALS AND SINNOTT’S CIRCULAR UNITS 7

When i = 0, the 0-th Fitting ideal is also called the principal Fitting ideal. The
definition of these ideals depends only on M , and does not depend on the choice of
the above exact sequence.

Remark 2.2. Let R be a commutative ring, S a commutative R-algebra, and M a
finitely presented R-module, Then, by the definition of the higher Fitting ideals and
the right exactness of tensor products, we have

FittS,i(M ⊗R S) = FittR,i(M)S

for any i ≥ 0.

Remark 2.3. Let R be a commutative ring, andM a finitely presented R-module. If
we have FittR,i(M) ̸= R, then the least cardinality of generators of M is greater than
i + 1. Note that when R is a local ring or a PID, the least cardinality of generators
of M is i+ 1 if and only if FittR,i(M) ̸= R and FittR,i+1(M) = R.

Remark 2.4. Fix an arbitrary character χ ∈ ∆̂, and let M and N be Λχ-modules.
We say that M is pseudo-null if the order of M is finite. We write M ∼p.i. N if there
exists a homomorphism M −→ N whose kernel and cokernel are both pseudo-null.
We say that M is pseudo-isomorphic to N . Note the relation ∼p.i. is an equivalence
relation on finitely generated torsion Λχ-modules. Assume

M ∼p.i.

n⊕
i=1

Λχ/fiΛχ

for non-zero elements fi ∈ Λχ, and fi divides fi+1 for 1 ≤ i ≤ n− 1. Then, we have

FittΛχ,i(M) ∼

{
(
∏n−i

k=1 fk
)

(if i < n)

Λχ (if i ≥ n)

for any i ≥ 0 (cf. [Ku] Lemma 8.2). In particular, the pseudo-isomorphism class of
M is determined by the higher Fitting ideals {FittΛχ,i(M)}i≥0.

Remark 2.5. For a finitely generated torsion Λχ-module M , the characteristic ideal
charΛχ(M) is the minimal principal ideal of Λχ containing FittΛχ,0(M).

The following lemma on principal Fitting ideals of Iwasawa modules plays an im-
portant role when we apply Kurihara’s arguments in §7.

Lemma 2.6 (for example, see [Ku] Theorem 8.1). Let R = Λχ ≃ Oχ[[T ]] and M
a finitely generated torsion R-module. Suppose M has no non-trivial pseudo-null
R-submodule. Then, there exists an exact sequence

0 −→ Rn −→ Rn −→M −→ 0

for some integer n > 0, and we have

FittR,0(M) = charR(M).

Let us recall basic properties of higher Fitting ideals.
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8 TATSUYA OHSHITA

Lemma 2.7. Let R be a commutative ring, and

0 −→ L −→M −→ N −→ 0

a short exact sequence of finitely generated torsion R-modules. We assume one of the
following conditions:

• R is a PID, or
• R = Λχ, and N has no non-trivial pseudo-null R-submodule.

Then, we have the following:

(i) FittR,i(M) ⊆ FittR,i(L) for any i ≥ 0.
(ii) FittR,i(M) ⊆ FittR,i(N) for any i ≥ 0.
(iii) FittR,i(L) FittR,0(N) ⊆ FittR,i(M) for any i ≥ 0.
(iv) FittR,0(L) FittR,i(N) ⊆ FittR,i(M) for any i ≥ 0.

Proof. Consider free resolutions

Rs f−−→ Rr −→ L −→ 0,

Rs′ g−−→ Rr′ −→ N −→ 0

of R-modules L and N . Note that by our assumption, we may assume r′ = s′. Let
A ∈ Mr,s(R) (resp. B ∈ Mr′,r′(R)) be the matrix representing the R-linear map f
(resp. g) for standard basis. Then, we have an exact sequence

Rs+s′ h−−→ Rr+r′ −→M −→ 0

such that the (r + r′)× (s+ r′) matrix C representing h is given by

C =

(
A ∗
0 B

)
.

Since B is a square matrix, all assertions of the lemma follow immediately from the
computation of minors of the matrix C. □

By Lemma 2.7, we obtain the following corollary.

Corollary 2.8. Let R = Λχ ≃ Oχ[[T ]] and M a finitely generated torsion R-module.
We denote the maximal pseudo-null R-submodule of M by Mfin. Then, we have

FittR,0(M) = FittR,0(Mfin) FittR,0(M/Mfin).

Later, we also use the following fact on the principal Fitting ideals of pseudo-null
Λχ-modules.

Lemma 2.9 (Proposition 3 in Appendix of [MW]). Let M be a pseudo-null Λχ-
module. Then, we have

FittΛχ,0(M) = FittΛχ,0

(
HomZp(M,Qp/Zp)

)
.
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HIGHER FITTING IDEALS AND SINNOTT’S CIRCULAR UNITS 9

3. Preliminaries on Iwasawa modules

In this section, we recall some preliminary results on certain Iwasawa modules.

3.1. In this subsection, we give some remarks on “χ-quotients” of Λ-modules. Recall
we denote the p-Sylow subgroup of ∆ := Gal(F0/Q) by ∆p, and the maximal subgroup
of ∆ of order prime to p by ∆0. Note that Λχ0 := Oχ0 [[Γ]][∆p] is flat over Λ for any

χ0 ∈ ∆̂0. In particular, if the extension degree of K/Q is prime to p, then Λχ is flat

over Λ for any χ ∈ ∆̂. When the degree of K/Q is divisible by p, we have to treat
such Λ-algebras more carefully. (The reader may skip this subsection if he or she is
interested in the case when ∆p = 0.)

Let S∆̂ be a set of representatives of Gal(Qp/Qp)-conjugacy classes of ∆̂. We
consider the natural homomorphism

ιS
∆̂
: Λ −→

∏
χ∈S

∆̂

Λχ.

Note that the homomorphism ιS
∆̂
is injective, and Coker ιS

∆̂
is annihilated by |∆p|.

We use the following elementary lemma.

Lemma 3.1. Let M be a Λ-module. The kernel and the cokernel of the natural
homomorphism

ιM,S
∆̂
: M −→

∏
χ∈S

∆̂

Mχ.

are annihilated by |∆p|.

Proof. We consider the following exact sequence

0 −→ Λ
ιS

∆̂−−−→
∏
χ

Λχ −→ Coker ιS
∆̂
−→ 0.

Then, we obtain the exact sequence

TorΛ1 (Coker ιS∆̂
,M) −→M −→

∏
χ

Mχ −→ Coker ιS
∆̂
⊗Λ M −→ 0.

Since the Λ-module Coker ιS
∆̂
is annihilated by |∆p|, the Λ-modules Coker ιS

∆̂
⊗Λ M

and TorΛ1 (Coker ιS∆̂
,M) are annihilated by |∆p|. □

Corollary 3.2. Let M be a Λ-module with no non-zero Zp-torsion elements. Then,
the Λχ-module Mχ,tor consisting of all Zp-torsion elements is annihilated by |∆p|.

Proof. We consider the commutative diagram of natural homomorphisms

M
� � f //

ιM,S
∆̂

��

M ⊗Q
ιM⊗Q,S

∆̂≃
��∏

χMχ

∏
χ fχ //

∏
χ(M ⊗Q)χ.

Then, the corollary follows from this commutative diagram and Lemma 3.1. □
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10 TATSUYA OHSHITA

Corollary 3.3. Let M and N be Λ-modules, and f : M // N a homomorphism

of Λ-modules. We consider the commutative diagram

(2) M
f //

ιM,S
∆̂

��

N

ιN,S
∆̂

��∏
χMχ

∏
χ fχ //

∏
χNχ

induced by f .

• We have
ιM,S

∆̂
(Ker f) ⊇ |∆p|2 ·Ker(

∏
χ

fχ).

In particular, for each character χ ∈ ∆̂, |∆p|2 Ker fχ is contained in the image
of the kernel of f in Mχ.
• The natural homomorphism Coker(fχ) −→

(
Coker(f)

)
χ
is an isomorphism of

Λχ-modules for any character χ ∈ ∆̂.

Proof. The first assertion follows from the diagram (2) and Lemma 3.1. The second
assertion is clear. □

3.2. In this and the next subsections, we recall some preliminary results on Iwasawa
modules. Here, we recall some results on unit groups.

Let m ∈ Z≥0. We put Um :=
(
OFm ⊗ Zp

)×
to be the group of semi-local units at

p of Fm, and U
1
m to be the maximal pro-p-subgroup of Um. We denote the group of

units of OFm by Em, and the group of Sinnott’s circular units in Fm by Cm (cf. [Si]
§4). We define Ecl

m (resp. Ccl
m) to be the closure of Em (resp. Cm) in Um, and E1

m

(resp. C1
m) by E

cl
m∩U1

m (resp. Ccl
m∩U1

m). We define U∞ := lim←−U
1
m and E∞ := lim←−E

1
m,

where the projective limits are taken with respect to the norm maps. Similarly, we
define the limit C∞ := lim←−C

1
m.

Remark 3.4. By Leopoldt’s conjecture for abelian fields (cf. [Wa] Corollary 5.32),

we have the natural isomorphisms Em ⊗ Zp
≃−−→ E1

m
and Cm ⊗ Zp

≃−−→ C1
m
.

The following proposition is well-known. (For example, see [Grei] p. 476 or [Wa]
Lemma 15.41 for some special cases.)

Proposition 3.5. Let χ ∈ ∆̂ be a non-trivial character. There exists a homomor-
phism φ : E∞,χ −→ Λχ of Λχ-modules whose cokernel has finite order, and whose ker-
nel is annihilated by a power of p. (Note that if the extension degree of K/Q is prime
to p, then E∞ has no non-trivial p-torsion element.)

Let χ ∈ ∆̂. We denote the restriction of χ to ∆0 by χ0. We define an integer aχ by

aχ :=

{
0 if χ0(p) ̸= 1;

2 if χ0(p) = 1.
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HIGHER FITTING IDEALS AND SINNOTT’S CIRCULAR UNITS 11

For each m ∈ Z≥0, we consider the natural homomorphism PE
m : (E∞)Γm −→ E1

m. We
define the homomorphism P F

m : (E∞)Γm −→ F×
m ⊗Z Zp to be the composite of PE

m and

the inclusion map E1
m ≃ O×

Fm
⊗Z Zp −→ F×

m ⊗Z Zp. For each character χ ∈ ∆̂, the

Λχ-homomorphisms PE
m and P F

m induce homomorphisms

PE
m,χ : (E∞,χ)Γm −→ E1

m,

P F
m,χ : (E∞,χ)Γm −→ (F×

m ⊗Z Zp)χ.

By Corollary 3.3, we have

|∆p|2 KerP F
m,χ ⊆ KerPE

m,χ ⊆ KerP F
m,χ.

Proposition 3.6. Let χ ∈ ∆̂ be a non-trivial character. Then, there exist ideals IPF
χ

and JPE
χ

of Λχ of finite indices such that

(γ − 1)aχ/2 |∆p|2 IPF
χ
KerP F

m,χ = {0},

(γ − 1)aχ/2JPE
χ
CokerPE

m,χ = {0}

for any m ∈ Z≥0.

Later, we introduce finer results than this proposition for the case when ∆p = 0
and χ0(p) ̸= 1. (See Proposition 3.7.)

Proof. For any finite cyclic group G and any G-module M , we denote the Tate
cohomology groups by Ĥ i(G,M). Fix a non-negative integer m. For m′ ≥ m, we
have the exact sequence

0 −→ lim←− Ĥ
−1(Γm′,m, Em′) −→ (E∞)Γm

PE
m−−−→ E1

m −→ lim←− Ĥ
0(Γm′,m, Em′) −→ 0

of Λ-modules. This exact sequence and Corollary 3.3 imply that

CokerPE
m,χ = lim←− Ĥ

0(Γm′,m, Em′)χ,

annΛχ(KerPE
m,χ) ⊇ |∆p|2 annΛχ(lim←− Ĥ

−1(Γm′,m, Em′)χ).

By Lemma 1.2 of [Ru1], there exists an integer k satisfying∣∣∣(γ − 1)Ĥ i(Γm′,m, Em′)
∣∣∣ ≤ pk

for all i ∈ Z and m′,m ∈ Z≥0 with m′ ≥ m. (Note that the setting of Lemma 1.2 of
[Ru1] seems to be different from ours, but the argument in the proof of this lemma

works in our case.) Therefore, the assertion for characters χ ∈ ∆̂ satisfying χ0(p) = 1
follows.

We assume that χ ∈ ∆̂ is a character satisfying χ0(p) ̸= 1. By Corollary 3.3, it is
sufficient to show that for any i ∈ Z, the order of the Λχ0-module

Ĥ i(Γm′,m, Em′)χ0 = Ĥ i(Γm′,m, (Em′ ⊗ Zp)χ0)

is finite and bounded by a constant independent of m and m′.

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



12 TATSUYA OHSHITA

Since the Zp[Gal(Fm′/Q)]-module E1
m′ ⊕ Zp contains a submodule of finite index

which is free of rank one, we have an exact sequence

0 −→ Zp[Gal(Fm′/Q)]
f−−→ E1

m′ ⊕ Zp −→ N −→ 0,

where N is a Zp[Gal(Fm′/Q)]-module of finite order. This exact sequence induces the
exact sequence

0 −→ Zp[Gal(Fm′/Q)]χ0

fχ0−−−→ E1
m′,χ0

−→ Nχ0 −→ 0.

Note that we have (Zp)χ0 = 0 since χ0 is non-trivial. We consider the Herbrand
quotients, and obtain

#Ĥ0(Γm′,m, E
1
m′,χ0

)

#Ĥ−1(Γm′,m, E1
m′,χ0

)
=

#Ĥ0(Γm′,m,Zp[Gal(Fm′/Q)]χ0)

#Ĥ−1(Γm′,m,Zp[Gal(Fm′/Q)]χ0)

· #Ĥ0(Γm′,m, Nχ0)

#Ĥ−1(Γm′,m, Nχ0)

= 1.

Let E
(p)
m′ be the unit group of OFm′ [1/p]

×. Then, we have an exact sequence

(3) 0 −→ Em′ ⊗ Zp
i−→ E

(p)
m′ ⊗ Zp −→ Sm′ −→ 0,

where Sm′ is a Zp[Gal(Fm′/Q)]-submodule of IpFm′ ⊗ Zp, which is a free Zp-module
generated by all places of Fm′ above p. Note that the group Dp acts trivially on Sm′ .
So, the natural homomorphism

iχ0 : E
1
m′,χ0

≃ (Em′ ⊗ Zp)χ0 −→ (E
(p)
m′ ⊗ Zp)χ0

is an isomorphism. By Corollary in §5.4 of [Iw], there exists an integer r such that∣∣∣Ĥ−1(Γm′,m, E
(p)
m′ )
∣∣∣ ≤ pr

for all m′,m ∈ Z satisfying m′ ≥ m ≥ 0. These results and the above arguments
using Herbrand quotients imply that we have∣∣∣Ĥ0(Γm′,m, E

1
m′,χ0

)
∣∣∣ = ∣∣∣Ĥ0(Γm′,m, (E

(p)
m′ ⊗ Zp)χ0)

∣∣∣ ≤ pr

for all m′,m ∈ Z satisfying m′ ≥ m ≥ 0. Therefore, the order of the Λχ0-modules

Ĥ−1(Γm′,m, Em′)χ0 and Ĥ0(Γm′,m, Em′)χ0 are bounded by a constant independent of
m and m′. This completes the proof of Proposition 3.6. □

We can prove more refined results than Proposition 3.6 when ∆p = 0 and χ(p) ̸= 1
by a similar argument to the proof of [Ru3] Theorem 7.6. (We have to replace X∞ in
[Ru3] by Gal(M∞/F∞) and U∞ in [Ru3] by our U∞, where M∞ is the maximal pro-p
extension field of F∞ unramified outside the places above p.)

Proposition 3.7. Assume that the extension degree of K/Q is prime to p, and the

character χ ∈ ∆̂ satisfies χ(p) ̸= 1. Then, we can take IPF
χ

= Λχ and JPE
χ

=

annΛχ(Xχ,fin) in Proposition 3.6.
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HIGHER FITTING IDEALS AND SINNOTT’S CIRCULAR UNITS 13

3.3. In this subsection, we recall some results on the ideal class groups and the
statement of the plus part of the Iwasawa main conjecture.

Recall that we denote the p-Sylow subgroup of the ideal class group of Fm by AFm ,
and we define the Λ-module X by X := lim←−AFm , where the projective limits are
taken with respect to the norm maps. Note that X is a finitely generated Λ-torsion
module.

Recall that we assume p is unramified in K/Q. For the Iwasawa module X, the
following results are well-known.

Proposition 3.8 (cf. [Wa] Lemma 13.15). (i) For eachm ∈ Z≥0, the natural ho-
momorphism XΓm −→ AFm is surjective.

(ii) There exists a Λ-submodule Y of X such that (γ − 1)X ⊆ Y ⊆ X, and
the kernel of the canonical homomorphism XΓm,χ −→ AFm,χ is annihilated by
IA := annΛ(Y/(γ − 1)X) for any m ∈ Z≥0.

When ∆p = 0 and χ(p) ̸= 1, we have more refined results than Proposition 3.8.
Proposition 3.9 is proved by a similar method to [Ru3] Theorem 5.4 (i).

Proposition 3.9. Assume that the extension degree of K/Q is prime to p, and the

character χ ∈ ∆̂ satisfies χ(p) ̸= 1. Then, the natural homomorphism

XΓm,χ −→ AFm,χ

is an isomorphism for any m ∈ Z≥0.

Let us recall the statement of the plus-part of the Iwasawa main conjecture briefly:

Let the Λ-modules E∞, C∞ and X be as above. Let χ ∈ ∆̂ be an arbitrary
character. Then, we have charΛχ(Xχ) = charΛχ

(
(E∞/C∞)χ

)
.

(See [CS], [MW], [Ru2], [Grei] Theorem 3.1 and loc. cit. Remark c), et al.) We use
the Iwasawa main conjecture in the proof of our main results.

4. Higher cyclotomic ideals

In this section, we define the ideal Ci,χ of Λχ for each i ∈ Z≥0 by using circular
units, and prove Theorem 1.1 for i = 0. We call the ideal Ci,χ the i-th cyclotomic
ideal.

4.1. Here, we define some special circular units in order to define the ideals Ci,χ.

In §1, we have fixed an embedding ∞Q : Q ↪→ C. We regard Q as a subfield of C.
For each positive integer n, we define

ζn := exp(2π
√
−1/n) ∈ Q ⊂ C,

which is a primitive n-th root of unity. Note that we have ζmmn = ζn for any positive
integers m and n.

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



14 TATSUYA OHSHITA

For each integer N > 0, we define

SN :=
{
ℓ
∣∣ ℓ is a prime number splitting completely in K(µpN )/Q

}
,

NN :=

{
r∏
i=1

ℓi

∣∣∣∣ r ∈ Z>0, ℓi ∈ SN (i = 1, . . . , r), and ℓi ̸= ℓj if i ̸= j

}
∪ {1}.

In particular, if ℓ ∈ SN , then we have ℓ ≡ 1 mod pN .

Let m be a non-negative integer, and put F := Fm. We denote the conductor
of F/Q by fF = fF/Q. For a positive integer n prime to fF , we define HF,n :=

Gal
(
F (µn)/F

)
. For simplicity, we write Hn := HQ,n. If n is decomposed as n =∏r

i=1 ℓ
ei
i , where ℓ1, . . . , ℓr are distinct prime numbers and ei > 0 for each i, then we

have natural isomorphisms

Gal(F (µn)/Q) ≃ Gal(F/Q)×HF,n,

HF,n ≃ Hn ≃ Hℓ
e1
1
× · · · ×Hℓerr .

We identify these groups by the canonical isomorphisms.

Definition 4.1. Let m be a non-negative integer, and n a positive integer prime to
pfK .

(i) For each d ∈ Z>1 dividing fK , we define

ηdm(n) := NQ(µpm+1nd)/Q(µpm+1nd)∩Fm(µn)(1− ζ
p−m

d ζnpm+1) ∈ Fm(µn)×.

(ii) For each a ∈ Z with (a, p) = 1, we define

η1,am (n) := NK(µpm+1n)/Fm(µn)

(
1− ζp−m

n ζapm+1

1− ζp−m

n ζpm+1

)
∈ Fm(µn)×.

In this paper, we call the elements ηdm(n) and η
1,a
m (n) basic circular units of Fm(µn).

The following lemma is well-known, and easily verified.

Lemma 4.2. Let m be a non-negative integer, n a positive integer prime to pfK, and
ℓ a prime divisor of n. Let η•m(n) be a basic circular unit of Fm(µn). Namely, η•m(n)
denotes ηdm(n) or η

1,a
m (n). Then, the following hold.

(i) We have

NFm(µn)/Fm(µn/ℓ)

(
η•m(n)

)
= η•m(n/ℓ)

1−Fr−1
ℓ ,

where Frℓ is the arithmetic Frobenius element at ℓ in Gal
(
Fm(µn/ℓ)/Q

)
.

(ii) We have

NFm+1(µn)/Fm(µn)

(
η•m+1(n)

)
= η•m(n).

Remark 4.3. Let K be the composite field of Q∞ and Q(µn) for all positive integers
n satisfying (n, pfK/Q) = 1. We fix a circular unit

η :=
∏
d|fK

ηd0(1)
ud ×

r∏
i=1

η1,ai0 (1)vi ∈ F×
0 ,
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HIGHER FITTING IDEALS AND SINNOTT’S CIRCULAR UNITS 15

where r ∈ Z>0, ud, vi ∈ Z[Gal(Fm/Q)] for positive integers d and i satisfying d | fK
and 1 ≤ i ≤ r, and a1, . . . , ar are integers prime to p. For any non-negative integer
m and any positive integer n satisfying (n, fK/Q) = 1, we put

ηm(n) :=
∏
d|fK

ηdm(n)
ud ×

r∏
i=1

η1,aim (n)vi ∈ F×
m .

We also denote by ηm(n)χ the image of ηm(n)χ in H1
(
Qm,Oχ−1 ⊗Zp Zp(1)

)
by the

natural homomorphism

(Fm(µn)
× ⊗Z Zp)χ = H1

(
Qm,Zp[∆]⊗Zp Zp(1)

)
χ
−→ H1

(
Qm,Oχ−1 ⊗Zp Zp(1)

)
.

Then, the collection

{ηm(n)χ ∈ H1
(
Qm,Oχ−1 ⊗Zp Zp(1)

)
}m,n

of Galois cohomology classes defines an Euler system for (Oχ−1⊗ZpZp(1),K/Q, pfK/Q)
in the sense of [Ru4].

In particular, Lemma 4.2 (ii) implies that (ηdm(1))m≥0 is a norm compatible system,
so it defines an element of C∞. Later, we use the following result.

Proposition 4.4 (See [Grei] Lemma 2.3). The Λ-module C∞ is generated by{
(ηdm(1))m≥0

∣∣ d ∈ Z>1, d | fK
}
∪
{
(η1,am (1))m≥0

∣∣ a ∈ Z, (a, p) = 1
}
.

Moreover, when ∆p = 0, the following result is known.

Proposition 4.5 ([Tsu] Lemma 6.2). Assume that the extension degree of K/Q is

prime to p, and the character χ ∈ ∆̂ is non-trivial. Then, the Λχ-module C∞,χ is free
of rank one.

Remark 4.6. If the extension degree of K/Q is prime to p, and a character χ ∈ ∆̂
satisfies χ(p) ̸= 1, then we can easily show that any circular unit ηχ ∈ C1

0,χ extends
to an element

{ηm,χ}m ∈ C∞,χ = lim←−
m

C1
m,χ

satisfying η0,χ = ηχ. This fact implies that any circular unit η ∈ C1
0,χ extends to an

Euler system {ηm(n)χ}m,n for (Oχ−1⊗ZpZp(1),Σ) in the sense of Definition A.4 which
consists of Λχ-linear combination of basic circular units, and satisfies η0(1)χ = ηχ.
Here, Σ is a set of places of Q defined by

Σ := {p,∞} ∪ {ℓ | ℓ ramifies in K/Q}.

4.2. In this subsection, we define the higher cyclotomic ideals Ci,χ by using Kolyvagin
derivatives κdm,N(n) of Euler systems of circular units. First, let us recall the notion
of Kolyvagin derivatives. Let ℓ be a prime number contained in SN . We shall take
a generator σℓ of the cyclic group Hℓ = Gal

(
Q(µℓ)/Q

)
as follows. We put N{ℓ} :=

ordp(ℓ − 1), where ordp is the additive valuation at p normalized by ordp(p) = 1.

Then, we have N{ℓ} ≥ N ≥ 1. By the fixed embedding ℓQ : Q ↪→ Qℓ, we regard µpN{ℓ}

as a subset of Qℓ. We identify Gal
(
Qℓ(µℓ)/Qℓ

)
with Hℓ = Gal

(
Q(µℓ)/Q

)
by the

isomorphism defined by ℓQ. Let F be the maximal subextension of Q(µℓ)/Q such
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16 TATSUYA OHSHITA

that [F : Q] is a power of p, and π a uniformizer of FℓF . We fix a generator σℓ of Hℓ

such that

πσℓ−1 ≡ ζ
p
N{ℓ} (mod mℓ),

where mℓ is the maximal ideal of FℓF , and ζpN{ℓ} is a primitive pN{ℓ}-th root of unity

defined as above. Note that the definition of σℓ does not depend on the choice of π.

Definition 4.7. (i) For ℓ ∈ SN , we define

Dℓ :=
ℓ−2∑
k=1

kσkℓ ∈ Z[Hℓ].

(ii) Let n =
∏r

i=1 ℓi ∈ NN , where ℓi ∈ SN for each i. Then, we define

Dn :=
r∏
i=1

Dℓi ∈ Z[Hn].

In order to define the Kolyvagin derivatives of circular units, we use the following
well-known lemma.

Lemma 4.8. Let n ∈ NN . Then, for each d ∈ Z>1 dividing fK and for each a ∈ Z
prime to p, the images of ηdm(n)

Dn and η1,am (n)Dn in Fm(µn)
×/pN are fixed by Hn.

Note that H0(Fm(µn), µpN ) = 0 in our situation, so by Kummer theory and
Hochschild-Serre spectral sequence, the natural homomorphism

F×
m/p

N −→
(
Fm(µn)

×/pN
)Hn

is an isomorphism. By Lemma 4.8, we define Kolyvagin derivatives κdm,N(n) of (basic)
circular units as follows.

Definition 4.9. Let n ∈ NN . For each d ∈ Z>1 dividing fK (resp. a ∈ Z prime to p),
we define

κdm,N(n) ∈ F×
m/p

N (resp. κ1,am,N(n) ∈ F
×
m/p

N)

to be the unique element whose image in Fm(µn)
×/pN is ηdm(n)

Dn (resp. η1,am (n)Dn).

Now, let us define the higher cyclotomic ideals {Ci,χ}i≥0. First, we fix integers m

and N satisfying N ≥ m+ 1 > 0. Let χ ∈ ∆̂, and put

Rm,N := Z/pN [Gal(Fm/Q)];

Rm,N,χ := Rm,N ⊗Zp[∆] Oχ ≃ Oχ/pN [Γm,0].

Then, we have

Rm,N ≃ ΛΓm/p
N , Rm,N,χ ≃ Λχ,Γm/p

N ,

where ΛΓm (resp. Λχ,Γm) denotes the Γm-coinvariant of Λ (resp. Λχ). As in [Ku], we
use the notion of well-ordered integers.

Definition 4.10. Let n ∈ NN . We call n well-ordered if n has a factorization n =∏r
i=1 ℓi with ℓi ∈ SN for each i such that ℓi+1 splits in Fm

(
µ∏i

j=1 ℓj

)
/Q for i =
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HIGHER FITTING IDEALS AND SINNOTT’S CIRCULAR UNITS 17

1, . . . , r − 1. In other words, n is well-ordered if and only if n has a factorization
n =

∏r
i=1 ℓi such that

ℓi+1 ≡ 1 (mod pN
i∏

j=1

ℓj)

for i = 1, . . . , r − 1. We denote by Nw.o.
N the set of all well-ordered elements in NN .

Let n ∈ Nw.o.
N with the decomposition n =

∏r
i=1 ℓi, where ℓi ∈ SN for each i.

We put ϵ(n) := r. We define Wm,N,χ(n) to be the Rm,N,χ-submodule of (F×
m/p

N)χ
generated by the image of{

κdm,N(n)
∣∣ d ∈ Z>0 dividing fK

}
∪
{
κ1,am,N(n)

∣∣ a ∈ Z prime to p
}
.

We put Hm,N,χ := HomRm,N,χ

(
(F×

m/p
N)χ, Rm,N,χ

)
.

Definition 4.11. We define Ci,m,N,χ to be the ideal of Rm,N,χ generated by∪
f∈Hm,N,χ

∪
n

f
(
Wm,N,χ(n)

)
,

where n runs through all elements of Nw.o.
N satisfying ϵ(n) ≤ i.

Remark 4.12. Note that the Rm,N,χ-module Hom(Oχ/pN [Γm,0],Qp/Zp) is injective
and free of rank one. So, Rm,N,χ is an injective Rm,N,χ-module. In particular, the
restriction map

Hm,N,χ −→ Hm,N,χ(n) := HomRm,N,χ

(
Wm,N,χ(n), Rm,N,χ

)
is surjective. This implies that the ideal Ci,m,N,χ coincides with the ideal of Rm,N,χ

generated by ∪
n

∪
f∈Hm,N,χ(n)

Im(f),

where Im(f) is the image of f , and n runs through all elements of Nw.o.
N satisfying

ϵ(n) ≤ i.

In order to define the higher cyclotomic ideals, we need the following Lemma 4.13.
(Note that in the construction of higher cyclotomic ideals, we only use the first as-
sertion of Lemma 4.13 for n = 1. Other assertions of the lemma are used later, in
§8.)

Lemma 4.13. Let m1, m2, N1 and N2 be integers satisfying m2 ≥ m1 and N2 ≥ N1.
Take a positive integer n prime to pfK/Q. Then, the following hold.

(i) For any Rm2,N2,χ[Hn]-homomorphism

f2 :
(
Fm2(µn)

×/pN2
)
χ
−→ Rm2,N2,χ[Hn],

there exists an Rm2,N2,χ[Hn]-homomorphism

f1 :
(
Fm1(µn)

×/pN1
)
χ
−→ Rm1,N1,χ[Hn]

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



18 TATSUYA OHSHITA

which makes the diagram(
Fm2(µn)

×/pN
)
χ

f2 //

NFm2/Fm1
��

Rm2,N2,χ[Hn]

mod (γp
m1−1,pN1 )

��(
Fm1(µn)

×/pN
)
χ

f1 //___ Rm1,N1,χ[Hn]

commute.
(ii) Assume ∆p = 0 and N1 = N2 =: N . Then, for any Rm1,N,χ[Hn]-homomorphism

f1 :
(
Fm1(µn)

×/pN
)
χ
−→ Rm1,N,χ[Hn],

there exists an Rm2,N,χ[Hn]-homomorphism

f2 :
(
Fm2(µn)

×/pN
)
χ
−→ Rm2,N,χ[Hn]

which makes the diagram(
Fm2(µn)

×/pN
)
χ

f2 //___

NFm2/Fm1
��

Rm2,N,χ[Hn]

mod (γp
m1−1)

��(
Fm1(µn)

×/pN
)
χ

f1 // Rm1,N,χ[Hn]

commute.

Proof. Let us prove the first assertion of the lemma. Note that we can easily reduce
the proof of this claim to the following two cases:

(A) (m2, N2) = (m1, N1 + 1);
(B) (m2, N2) = (m1 + 1, N1).

In the case (A), our lemma is clear. We shall show the lemma in the case (B). We
put m = m1, N = N1 = N2, R1 = Rm,N [Hn], R2 = Rm+1,N [Hn], and the natural
surjection pr : R2 −→ R1. We denote by ιχ the natural homomorphism

ι : (Fm(µn)
×/pN)χ −→ (Fm+1(µn)

×/pN)χ.

We define an element

Nm+1/m :=
∑

σ∈Gal(Fm+1/Fm)

σ ∈ R2.

Then, there is a unique isomorphism

νm+1/m : R1
≃−−→ Nm+1/mR2 = (R2)

Γm+1,m

of R1-modules satisfying 1 7→ Nm+1/m. Let NF be the image of (Fm+1(µn)
×/pN)χ in

(Fm(µn)
×/pN)χ by the norm map. Note the composite map

νm+1/m ◦ pr : R2 −→ R2

coincides with the scalar multiplication by Nm+1/m, so there exists a unique R2-linear
homomorphism

f
(0)
1 : ιχ(NF) = Nm+1/m(Fm+1(µn)

×/pN)χ −→ R1
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HIGHER FITTING IDEALS AND SINNOTT’S CIRCULAR UNITS 19

which makes the diagram

(Fm+1(µn)
×/pN)χ

f2 //

×Nm+1,m

��

NFm/Fm+1

uukkkkkkkkkkkkkkkkk
R2

pr

��

×Nm/m+1 // R2

NF
ιχ // ιχ(NF)

f
(0)
1 //_____ R1

+ �
νm+1/m

88rrrrrrrrrrrrr

commute. By the injectivity of R1, we can extend f
(0)
1 ◦ ιχ to a homomorphism

f1 :
(
Fm(µn)

×/pN
)
χ
−→ R1

satisfying f1 |NF= f
(0)
1 ◦ ι. This completes the proof of the first assertion.

Next, let us prove the second assertion. It is sufficient to show it when (m2, N2) =
(m1 + 1, N1). Here, we use the same notation as in the proof of the first assertion.
Let f1 :

(
Fm(µn)

×/pN
)
χ
−→ R1 be a given R1-homomorphism. Note that we assume

that p is odd, so we have H0(Fm+1(µn), µpN ) = 0. This implies that the natural
homomorphism

ι : Fm(µn)
×/pN −→ Fm+1(µn)

×/pN

is injective. Since we assume ∆p = 0 here, we can regard
(
Fm(µn)

×/pN
)
χ
as an

R2-submodule of
(
Fm+1(µn)

×/pN
)
χ
by the natural injection ιχ. Note that R2 is an

injective R2-module, so we can extend the homomorphism

νm+1/m ◦ f1 :
(
Fm(µn)

×/pN
)
χ
−→ R2

to an R2-homomorphism f2 :
(
Fm+1(µn)

×/pN
)
χ
−→ R2. By the definition of f2, we

obtain the following commutative diagram of R2-modules:(
Fm+1(µn)

×/pN
)
χ

f2 //___

×Nm+1/m

��

R2

pr

��

×Nm+1/m // R2

(
Fm(µn)

×/pN
)
χ

f1 // R1

+ �
νm+1/m

99sssssssssssss

This completes the proof. □

Let m1, m2, N1 and N2 be integers satisfying N1 ≥ m1+1, N2 ≥ m2+1, m2 ≥ m1

and N2 ≥ N1. Let n ∈ Nw.o.
N2

be an element satisfying ϵ(n) ≤ i. It follows from
Lemma 4.2 that the image of Wm2,N2,χ(n) by the norm map

NFm2/Fm1
: (F×

m2
/pN2)χ // (F×

m1
/pN1)χ

is contained in Wm1,N1,χ(n). Hence we obtain the following corollary of Lemma 4.13.

Corollary 4.14. Let m1, m2, N1 and N2 be integers satisfying N1 ≥ m1 + 1, N2 ≥
m2 + 1, m2 ≥ m1 and N2 ≥ N1. Then, the image of Ci,m2,N2,χ by the projection
Rm2,N2,χ −→ Rm1,N1,χ is contained in Ci,m1,N1,χ. Moreover, if we assume ∆p = 0 and
N1 = N2 =: N , then the image of Ci,m2,N,χ in Rm1,N,χ coincides with Ci,m1,N,χ.

Now, we can define the higher cyclotomic ideals.
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20 TATSUYA OHSHITA

Definition 4.15. We define the i-th cyclotomic ideal Ci,χ to be the ideal of Λχ by

Ci,χ := lim←−Ci,m,N,χ,

where the projective limit is taken with respect to the system of the natural homomor-
phisms Ci,m2,N2,χ −→ Ci,m1,N1,χ for integers m1,m2, N1 and N2 satisfying N1 ≥ m1+1,
N2 ≥ m2 + 1, m2 ≥ m1 and N2 ≥ N1.

4.3. We take a generator θ ∈ Λχ of charΛχ

(
E∞,χ/C∞,χ

)
. Then, we denote the ideal

of Λχ generated by ∪
φ∈HomΛχ (E∞,χ,Λχ)

θ−1φ(C∞,χ)

by IC . Note that IC is an ideal of Λχ of finite index. Moreover, by Proposition 4.5,
we have IC = Λχ if the extension degree of K/Q is prime to p.

Here, we will prove the following theorem, which is a part of Theorem 1.1 for i = 0.

Theorem 4.16. Let χ ∈ ∆̂ be any character. Then, we have

(i) C0,χ ⊆ FittΛχ,0(X
′
χ).

(ii) (γ − 1)aχ |∆p|4 ICIPF
χ
JPE

χ
FittΛχ,0(X

′
χ) ⊆ C0,χ.

In order to prove Theorem 4.16, by Iwasawa main conjecture, it is enough to prove
the following proposition.

Proposition 4.17. Let χ be a non-trivial character in ∆̂. Then,

(i) C0,χ ⊆ charΛχ

(
E∞,χ/C∞,χ

)
.

(ii) (γ − 1)aχ |∆p|4 ICIPF
χ
JPE

χ
charΛχ

(
E∞,χ/C∞,χ

)
⊆ C0,χ.

Proof. Let us prove Proposition 4.17. First, we prove the assertion (ii). By Proposi-
tion 3.5, we can take a Λχ-homomorphism φ : E∞,χ −→ Λχ whose cokernel has finite
order. This induces a homomorphism

φ̄m,N,χ : (E∞,χ)Γm/p
N −→ Rm,N,χ.

We take arbitrary elements δ1 ∈ IPF
χ

and δ2 ∈ JPE
χ
. We need the following Lemma

4.18, which follows from Corollary 3.3 and Proposition 3.6 immediately.

Lemma 4.18. Let NOm,N,χ be the image of the homomorphism

(E∞,χ)Γm/p
N −→

(
F×
m/p

N
)
χ

induced by the homomorphism P F
m,χ defined in §3.2. Then, the kernel of the natural

homomorphism is annihilated by (γ−1)aχ |∆p|4 IPF
χ
JPE

χ
, and there exists a homomor-

phism ψ : NOm,N,χ −→ Rm,N,χ which makes the diagram

(C∞,χ)Γm/p
N //

����

(E∞,χ)Γm/p
N

(γ−1)aχ |∆p|4δ1δ2·φ̄m,N,χ //

����

Rm,N,χ

Wm,N,χ(1)
� � // NOm,N,χ

ψ

33gggggggggggggg
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commute.

Lemma 4.18 implies the second assertion of Proposition 4.17. Indeed, since the
image of (C∞,χ)Γm in F×

m/p
N coincides with Wm,N,χ(1) by Proposition 4.4, we have

(γ − 1)aχδ1δ2 · φ̄m,N,χ
(
the image of (C∞,χ)Γm

)
⊆ ψ(Wm,N,χ(1)) ⊆ C0,m,N,χ.

Next, we prove the assertion (i). Let φ : E∞,χ −→ Λχ be a Λχ-homomorphism
whose cokernel has finite order, and φ̄m,N,χ : (E∞,χ)Γm/p

N −→ Rm,N,χ the homo-
morphism induced by φ. We take arbitrary elements δ′1 ∈ annΛχ(Kerφ) and δ′2 ∈
annΛχ(Cokerφ). In particular, we may take some powers of p as δ′1 and δ′2. We shall
construct a homomorphism

ψδ′1,δ′2 ∈ HomRm,N,χ
(Rm,N,χ, (E∞,χ)Γm/p

N),

which can be regarded as an “inverse” of φ̄m,N,χ in the following sense. For each
x ∈ Rm,N,χ, we take y ∈ (E∞,χ)Γm/p

N such that

φ̄m,N,χ(y) = δ′2x.

Then, we define

ψδ′1,δ′2(x) := δ′1y ∈ (E∞,χ)Γm/p
N .

The definition of ψδ′1,δ′2(x) is independent of the choice of y, and ψδ′1,δ′2 is contained in

HomRm,N,χ
(Rm,N,χ, (E∞,χ)Γm/p

N).

Let f ∈ Hm,N,χ(n) be an arbitrary homomorphism. Since Rm,N,χ is an injective

Rm,N,χ-module, there exists a homomorphism f̃ :
(
F×
m/p

N
)
χ
−→ Rm,N,χ whose restric-

tion to Wm,N,χ(1) coincides with f . Then, there exists a unique element a ∈ Rm,N,χ

which makes the following diagram

(E∞,χ)Γm/p
N

��

Rm,N,χ

ψδ′1,δ
′
2oo

×a

��

(C∞,χ)Γm/p
N

δ′1δ
′
2·j

��

δ′1δ
′
2·i

jjTTTTTTTTTTTTTTT φ̄m,N,χ◦i

44iiiiiiiiiiiiiiiiiii

Wm,N,χ(1)

f

**UUUUUUUUUUUUUUUUUUUUG g

uujjjjjjjjjjjjjjjj

(
F×
m/p

N
)
χ

f̃ //_______________________ Rm,N,χ

commute, where the right vertical arrow ×a is the scalar multiplication by a, and
i : (C∞,χ)Γm/p

N −→ (E∞,χ)Γm/p
N and j : (C∞,χ)Γm/p

N −→Wm,N,χ(1) are the natural
homomorphisms. From this diagram, we obtain

δ′1δ
′
2f(Wm,N,χ(1)Γm/p

N) = aφ̄m,N,χ ◦ i((C∞,χ)Γm/p
N).

Note that we may assume that δ′1 and δ
′
2 are powers of p. Since the characteristic ideal

charΛχ

(
E∞,χ/C∞,χ

)
is a principal ideal of Λχ not containing p, the second assertion

of Proposition 4.17 follows. □
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22 TATSUYA OHSHITA

As mentioned in Introduction, we obtain the following corollary by Theorem 4.16
and Remark 1.2.

Corollary 4.19. Assume p ∤ [K : Q] and χ(p) ̸= 1. Suppose that Xχ is a pseudo-null
Λχ-module. Then, we have the equality

FittΛχ,0(Xχ) = annΛχ(Xχ).

Proof. Here, we assume that Xχ is a pseudo-null Λχ-module, so we have Xχ = Am,χ
and

E1
m,χ/Cm,χ

≃−−→ E1
m+1,χ/C

1
m+1,χ

for a sufficiently large integer m (cf. [KS] Proposition 2.2). Let N > 0 be an integer
such that pN annihilates Xχ = Am,χ and E1

m,χ/C
1
m,χ. We put Rm,χ := Λχ,Γm =

Oχ[Γm,0]. Since we assume p ∤ [K : Q] and χ(p) ̸= 1, Remark 4.6 implies that the
image of any circular units of Fm in (F×

m/p
N)χ is written as a Λχ-linear combination

of basic circular units. In other words, in our case, the natural map

C∞,χ −→ C1
m,χ = (Cm ⊗ Zp)χ

is surjective (cf. Proposition 4.4). Then, it follows from Proposition 4.5 that C1
m,χ is

a free Rm,χ-module of rank one. Note that arguments in the proof of [KS] Theorem
2.4 work if the Rm,χ-module C1

m,χ is free of rank one, so we obtain an isomorphism

HomZp

(
E1
m,χ/C

1
m,χ,Qp/Zp

)
≃ Rm,N,χ/C0,m,N,χ

as Λχ-module (for details, See loc. cit.). Therefore, we obtain

(4) FittRm,N,χ,0

(
HomZp(E

1
m,χ/C

1
m,χ,Qp/Zp)

)
= C0,m,N,χ.

for sufficiently large m and N .

Let n be an integer satisfying n ≥ m. We denote the group of unit ideles of Fn
by UA(Fn). Note that the χ-quotients of the maximal pro-p quotients of the abelian
groups A×

Fn
/F×

n and UA(Fn) are cohomologically trivial as Γn,m-modules since we
assume p ∤ [K : Q] and χ(p) ̸= 1. The Γn,m-module C1

n,χ is also cohomologically

trivial since C1
n,χ is a free Oχ[Γn,m]-module. So, by similar arguments to those in the

proof of [KS] Proposition 2.6 and [CG] Proposition 11, we have

Ĥq(Γn,m, E
1
n,χ/C

1
n,χ) ≃ Ĥq−2(Γn,m, An,χ) ≃ Ĥq(Γn,m, An,χ)

for any q ∈ Z. Since we assume Xχ is pseudo-null, we have

Ĥ0(Γn,m, E
1
n,χ/C

1
n,χ) = E1

n,χ/C
1
n,χ

Ĥ0(Γn,m, An,χ) = An,χ

for sufficiently large m and n ≥ 2m. This implies

E1
m,χ/C

1
m,χ ≃ Am,χ

for sufficiently large m. Therefore, combining (4), we have

(5) FittRm,N,χ,0(Xχ) = FittRm,N,χ,0(Am,χ) = C0,m,N,χ.

Since the equality (5) holds for sufficiently large m and N , we obtain

FittΛχ,0(Xχ) = FittΛχ,0(Hom(Xχ,Qp/Zp)) = C0,χ
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by Lemma 2.9. Here, we assume Xχ = Xχ,fin, so we have

FittΛχ,0(Xχ) ⊆ annΛχ(Xχ) ⊆ C0,χ.

by Theorem 4.16 and Remark 1.2. Hence we obtain the corollary. □

In general, the computation of the higher cyclotomic ideals Ci,χ is hard. In a certain
very special case, we can determine the higher cyclotomic ideals explicitly and prove
that they coincide with the higher Fitting ideals.

Example 4.20 (suggested by the Referee). Let r ∈ Z≥2, and define a Λχ-module M
by

M := (Λχ/(p, γ − 1))⊕r = (Oχ/pOχ)⊕r.
Then, Corollary 4.19 implies that such a Λχ-moduleM does not appear as an Iwasawa
module Xχ since M is a pseudo-null Λχ-module satisfying FittΛχ,0(M) ̸= annΛχ(M).

For instance, we have the following observation. Assume p = 3 and K := Q(
√
32009).

Let χ ∈ ∆̂ be the even quadratic character corresponding to K. Then, we have

A0,χ = ClK ⊗ Z3 = Z/3Z× Z/3Z.

But Z/3Z × Z/3Z cannot be the Iwasawa module Xχ. Therefore, we know that the
Iwasawa module Xχ is bigger than Z/3Z× Z/3Z.

5. Kurihara’s elements for circular units

In this section, we fix integers m and N satisfying N ≥ m+ 1 > 0. Here, we recall
some basic facts on the Euler system of circular units, and define some elements
xν,q ∈ (F×

m/p
N)χ, which are analogues of Kurihara’s elements in [Ku].

5.1. Let χ ∈ ∆̂ be a character. Recall we put Rm,N := Z/pN [Gal(Fm/Q)] and
Rm,N,χ := Rm,N ⊗Zp[∆]Oχ. Here, for each ℓ ∈ SN , we shall recall the definition of two
homomorphisms

[·]ℓm,N,χ : (F×
m/p

N)χ −→ Rm,N,χ (cf. Definition 5.1),

ϕ̄ℓm,N,χ : (F
×
m/p

N)χ −→ Rm,N,χ (cf. Definition 5.2),

which are important in the induction part in the Euler system arguments. The
homomorphism [·]ℓm,N,χ is defined by the valuations at the places above ℓ, and ϕ̄ℓm,N,χ
is defined by the local reciprocity maps.

First, we shall define [·]ℓm,N,χ. Let F be an algebraic number field. We define

IF := Div
(
Spec(OF )

)
to be the divisor group, and we write its group law additively. We define the homo-
morphism (·)F : F× −→ IF by

(x)F =
∑
λ

ordλ(x)λ,
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24 TATSUYA OHSHITA

where λ runs through all prime ideals of OF , and ordλ is the normalized valuation at
λ. For any prime number ℓ, we define IℓF to be the subgroup of IF generated by all
prime ideals above ℓ. Then, we define (·)ℓF : F× −→ IℓF by

(x)ℓF =
∑
λ|ℓ

ordλ(x)λ.

Recall that we have fixed a family of embeddings {ℓQ : Q ↪→ Qℓ}ℓ:prime (cf. §1
Notation). We denote the prime ideal of OF corresponding to the embedding ℓQ|F
by ℓF for each prime number ℓ and algebraic number field F . Assume F/Q is a
Galois extension, and ℓ splits completely in F/Q. Then, IℓF is a free Z[Gal(F/Q)]-
module generated by ℓF , and we identify IℓF with Z[Gal(F/Q)] by the isomorphism

ι : Z[Gal(F/Q)]
≃−−→ IℓF defined by x 7−→ x · ℓF for x ∈ Z[Gal(F/Q)]. We denote the

composite map F× −→ IℓF
ι−1

−−−→ Z[Gal(F/Q)] by (·)ℓF .

Definition 5.1. We define the Rm,N,χ-homomorphism

[·]m,N,χ : (F×
m/p

N)χ −→ (IFm/p
N)χ

to be the homomorphism induced by (·)Fm : F×
m −→ IFm . Let ℓ ∈ SN be any element.

We define the Rm,N,χ-homomorphism

[·]ℓm,N,χ : (F×
m/p

N)χ −→ Rm,N,χ = Z/pN [Gal(Fm/Q)]⊗Zp[∆] Oχ

to be the homomorphism induced by (·)ℓFm
: F×

m −→ IℓFm
−→ Z[Gal(Fm/Q)].

Next, we shall define ϕ̄ℓm,N,χ. Let ℓ ∈ SN be any element. We have assumed
N ≥ m+1, so the prime number ℓ splits completely in Fm/Q. We have Fm,λ = Qℓ for
any prime ideal λ of OFm above ℓ. There are natural isomorphisms of Z[Gal(Fm/Q)]-
modules ⊕

λ|ℓ

F×
m,λ ≃ I

ℓ
Fm
⊗Z Q×

ℓ ,⊕
λ|ℓ

Hℓ ≃ IℓFm
⊗Z Hℓ,

and we identify them. Here, we regard Q×
ℓ as a Z[Gal(Fm/Q)]-module on which

Gal(Fm/Q) acts trivially. We denote by

ϕQℓ
: Q×

ℓ −→ Gal
(
Qℓ(µℓ)/Qℓ

)
≃ Gal

(
Q(µℓ)/Q

)
≃ Hℓ

the reciprocity map of local class field theory. For any x ∈ Z×
ℓ , we have

ϕQℓ
(x) = (ζℓ 7−→ ζ−xℓ ) ∈ Hℓ.

The homomorphism

ϕℓm : F×
m −→ Z[Gal(Fm/Q)]⊗Z Hℓ
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is defined to be the composite of the following three homomorphisms of Z[Gal(Fm(µn)/Q)]-
modules:

diag : F×
m −→

⊕
λ|ℓ

F×
m,λ,

⊕ϕQℓ
:
⊕
λ|ℓ

F×
m,λ −→

⊕
λ|ℓ

Hℓ,

ι−1
H :

⊕
λ|ℓ

Hℓ
≃−−→ Z[Gal(Fm/Q)]⊗Z Hℓ,

which are defined as follows:

• the first homomorphism diag is the diagonal inclusion;
• the second homomorphism ⊕ϕQℓ

is the direct sum of the local reciprocity
maps;
• the third isomorphism ι−1

H is the inverse of the isomorphism

ιH : Z[Gal(Fm/Q)]⊗Z Hℓ
≃−−→
⊕
λ|ℓ

Hℓ = IℓFm
⊗Z Hℓ,

which is induced by ι : Z[Gal(Fm/Q)]
≃−−→ IℓFm

; x 7−→ x · ℓFm .

Definition 5.2. Let ℓ ∈ SN be any element. We define

ϕℓm,N,χ : (F
×
m/p

N)χ −→ Z/pN [Gal(Fm/Q)]χ ⊗Z Hℓ

to be the homomorphism of Rm,N,χ-modules induced by ϕℓm. Since we have fixed a
generator σℓ of Hℓ, we have an Rm,N,χ-homomorphism

ϕ̄ℓm,N,χ : (F
×
m/p

N)χ −→ Z/pN [Gal(Fm/Q)]χ = Rm,N,χ.

The following formulas on Kolyvagin derivatives are well-known.

Proposition 5.3. Let n ∈ NN be an integer, d ∈ Z>1 an integer dividing fK and
a ∈ Z an integer prime to p. For simplicity, we denote κdm,N(n) or κ

1,a
m,N(n) by κ

•(n).

(i) If λ is a prime ideal of OFm not dividing n, the λ-component of [κ•(n)χ]m,N,χ
is 0. In particular, if q ∈ SN is a prime number not dividing n, we have

[κ•(n)χ]
q
m,N,χ = 0.

(See [Grei] Lemma 3.6 and [Ru2] Proposition 2.4.)
(ii) Let ℓ be a prime number dividing n. Then, we have

[κ•(n)χ]
ℓ
m,N,χ = ϕ̄ℓm,N,χ(κ

•(n/ℓ)χ).

(See [Grei] Lemma 3.6 and [Ru2] Proposition 2.4.)
(iii) If n is well-ordered, then we have

ϕ̄ℓm,N,χ(κ
•(n)χ) = 0

for each prime number ℓ dividing n. (See [Ku] Lemma 6.3.)
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5.2. In this subsection, we will define Kurihara’s elements xν,q ∈ (F×
m/p

N)χ which
become a key of the proof of Theorem 7.1.

We fix circular units

ηm(n) :=
∏
d|fK

ηdm(n)
ud ×

r∏
i=1

η1,aim (n)vi ∈ Fm(µn)×

for any m ∈ Z≥0 and any n ∈ Z≥1 with (n, pfK) = 1, where r ∈ Z>0, ud and vi are
elements of Z[Gal(Fm/Q)] for positive integers d and i with d | fK and 1 ≤ i ≤ r, and
a1, . . . , ar are integers prime to p. Here, we assume that r, a1, . . . , ar, ud’s and vi’s
are constant independent of m and n. Then, we put

κm,N(η;n) :=
∏
d|fK

κdm,N(n)
ud ×

r∏
i=1

κ1,aim,N(n)
vi ∈ F×

m/p
N .

Note that the χ-part of κm,N(η;n) is the Kolyvagin derivative of the Euler system

η = {ηm(n)χ ∈ (Fm(µn)
× ⊗Z Zp)χ}m,n

of circular units. If no confusion arises, we write κ(n) = κm,N(η;n) for simplicity.

Definition 5.4. Let qν = q
∏r

i=1 ℓi ∈ NN , where q, ℓ1, . . . , ℓr are distinct prime
numbers. For any e ∈ Z>0 dividing ν, we define κ̃{e,q} ∈ (F×

m/p
N)χ ⊗ (

⊗
ℓ|eHℓ) by

κ̃{e,q} := κ(qe)χ ⊗
(⊗

ℓ|e

σℓ
)
.

Recall that we have fixed a generator σℓ of Hℓ in the beginning of §4.2.

Let qν ∈ NN and assume qν is well-ordered. Assume that for each prime number
ℓ dividing ν, an element wℓ ∈ Rm,N,χ ⊗Hℓ is given. Let w̄ℓ ∈ Rm,N,χ be an element
such that wℓ = w̄ℓ ⊗ σℓ. Note that we will take {wℓ}ℓ|ν explicitly later, but we take
arbitrary elements here. For any e ∈ Z>0 dividing ν, we define

we :=
⊗
ℓ|e

wℓ ∈ Rm,N,χ ⊗
(⊗

ℓ|e

Hℓ

)
.

We also define the element w̄e ∈ Rm,N,χ by we = w̄e ⊗
(⊗

ℓ|e σℓ
)
.

Note that we write the group law of (F×
m/p

N)χ ⊗
(⊗

ℓ|eHℓ

)
multiplicatively.

Definition 5.5. We define the element x̃ν,q by

x̃ν,q :=
∏
e|ν

we ⊗ κ̃{ν/e,q} ∈ (F×
m/p

N)χ ⊗
(⊗

ℓ|ν

Hℓ

)
.

The element xν,q ∈ (F×
m/p

N)χ is defined by x̃ν,q = xν,q ⊗
(⊗

ℓ|ν σℓ
)
.

The following formulas follow from Proposition 5.3 immediately.

Proposition 5.6 (cf. [Ku] Proposition 6.1). Let qν ∈ NN and we assume that qν is
well-ordered.
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(i) If λ is a prime ideal of OFm not dividing n, the λ-component of [xν,q]m,N,χ is
0. In particular, if s is a prime number not dividing qν, we have

[xν,q]
s
m,N,χ = 0.

(ii) Let ℓ be a prime number dividing ν. Then, we have

[xν,q]
ℓ
m,N,χ = ϕ̄ℓm,N,χ(xν/ℓ,q).

(iii) Let ℓ be a prime number dividing ν. Then, we have

ϕ̄ℓm,N,χ(xν,q) = w̄ℓϕ̄
ℓ
m,N,χ(xν/ℓ,q).

6. Chebotarev Density Theorem

Recall that we have fixed a family of embeddings { ℓQ : Q
� � // Qℓ }ℓ:prime satisfying

the technical condition (Chb) for families of embeddings (see Introduction). We need
the condition (Chb) in the proof of Proposition 6.1. As in the previous section, we
fix integers m and N satisfying N ≥ m+ 1 > 0.

Let χ ∈ ∆̂ be any element. Recall that we denote the restriction of χ to ∆0 by χ0,
and we put

aχ :=

{
0 if χ0(p) ̸= 1;

2 if χ0(p) = 1.

Here, we shall prove Proposition 6.1, which plays a key role in the proof of Theorem
7.1. This proposition corresponds to Lemma 9.1 in [Ku].

Proposition 6.1. Let χ ∈ ∆̂ be a non-trivial character. Assume qn = q
∏r

i=1 ℓi ∈
NN , where q, ℓ1, . . . , ℓr are prime numbers. Suppose the following are given:

• an Rm,N,χ-submodule W of (F×
m/p

N)χ of finite order;
• an Rm,N,χ-homomorphism ψ : W −→ Rm,N,χ.

Then, there exist infinitely many q′ ∈ SN which split completely in Fm(µn)/Q, and
satisfy all of the following properties.

(i) the class of q′Fm
in Am,χ coincides with the class of |∆p| · qFm. (Recall that we

write the group law of IF additively.)
(ii) there exists an element z ∈ (F×

m ⊗ Zp)χ such that
• (z)m,χ = (q′Fm

− |∆p| · qFm)χ ∈
(
IFm ⊗ Zp

)
χ
,

• ϕℓim,N,χ(z) = 0 for each i = 1, . . . , r.

(iii) the group W is contained in the kernel of [·]q
′

m,N,χ, and

ψ(x) = |∆p|2 ϕ̄q
′

m,N,χ(x)

for any x ∈ W .
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Proof. The proof of this proposition is essentially the same as that of Lemma 9.1 in
[Ku] though we need careful arguments when |∆p| ̸= 1. We shall prove this proposition
in four steps.

The first step. Let v be a prime ideal of OFm . We denote the ring of integers of the
completion Fm,v of Fm at v by OFm,v , and define the subgroup O1

Fm,v
of O×

Fm,v
by

O1
Fm,v

:= {x|x ≡ 1 (mod mv)},

where mv is the maximal ideal of OFm,v . We denote the residue field of Fm at v by
k(v). Let Fm{n} be the maximal abelian p-extension of Fm unramified outside n. By
global class field theory, we have the isomorphism

(
∏

v|n F
×
m,v/O1

Fm,v
)× (

⊕
u∤n F

×
m,u/O×

Fm,u
)

F×
m

⊗ Zp
≃−−→ Gal

(
Fm{n}/Fm

)
,

where u runs through all finite places not dividing n. Note that this isomorphism
is compatible with the natural actions of Gal(Fm/Q). We denote by Fm{n}χ the
intermediate field of Fm{n}/Fm with Gal

(
Fm{n}χ/Fm

)
= Gal(Fm{n}/Fm)χ, and

L := Fm{n}χK(µnpN ) the composite field. Clearly, the cokernel of the natural homo-
morphism

Gal(L/Fm) −→ Gal(L/Fm)χ ×Gal(L/Fm)1

is annihilated by |∆p| since χ ̸= 1. Note that the subgroup ∆ of Gal(Fm/Q)
acts on Gal

(
Fm{n}χ/Fm

)
via χ, so Gal

(
Fm{n}χ/Fm

)
is a quotient of Gal(L/Fm)χ.

On the other hand, since ∆ acts on Gal
(
K(µnpN )/Fm

)
via the trivial character,

Gal
(
K(µnpN )/Fm

)
is a quotient of Gal(L/Fm)1. Then, the cokernel of the natural

homomorphism

Gal(L/Fm) −→ Gal
(
Fm{n}χ/Fm

)
×Gal

(
K(µnpN )/Fm

)
is annihilated by |∆p|. We take an element σ ∈ Gal

(
L/K(µnpN )

)
such that

σ|Fm{n}χ = (qFm{n}χ , Fm{n}χ/Fm)|∆p|.

The second step. We fix a finite Rm,N -submodule W of F×
m/p

N whose image in

(F×
m/p

N)χ isW . By Corollary 3.3, we take a homomorphism ψ̃ ∈ HomRm,N
(W , Rm,N)

which makes the diagram

W
ψ̃ //

��

Rm,N

��
W

|∆p|2ψ // Rm,N,χ

commute. We define a projection pr : Rm,N −→ Z/pNZ by∑
g∈Gal(Fm/Q)

agg 7−→ a1,

where ag ∈ Z/pNZ for all g ∈ Gal(Fm/Q), and 1 ∈ Gal(Fm/Q) is the identity element.
This projection induces an isomorphism

P : HomRm,N
(W , Rm,N) −→ HomZ(W ,Z/pNZ)
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given by f 7−→ pr ◦ f . We define a homomorphism

(Pψ̃)1 : W −→ µpN

of abelian groups by x 7−→ (ζpN )
P (ψ̃)(x).

We denote the image of W in K(µpN )
×/pN by W ′. Let M be the extension field

of K(µpN ) generated by all pN -th roots of elements of K(µpN )
× whose image in

K(µpN )
×/pN are contained in W ′. So, the Kummer pairing induces an isomorphism

Kum: Gal
(
M/K(µpN )

) ≃−−→ HomZ(W ′, µpN ).

Note that the complex conjugation c acts on H1
(
K(µpN )/Fm, µpN

)
by −1, and c acts

on F×
m/p

N trivially. Since we assume p ̸= 2, the group H1
(
K(µpN )/Fm, µpN

)
vanishes,

and the natural homomorphism F×
m/p

N −→ K(µpN )
×/pN is injective. This implies

that the natural homomorphism

i : W // //W ′

is an isomorphism. We take λ ∈ Gal(M/K(µpN )) such that

i∗ ◦Kum(λ) = (Pψ̃)1.

The third step. Recall that LM/K(µpN ) is an abelian p-extension, so we regard
Gal

(
LM/K(µpN )

)
as a Zp[Gal

(
K(µpN )/Q

)
]-module. Since we assume p ̸= 2, we

have a natural isomorphism:

Gal
(
LM/K(µpN )

) ≃−−→ Gal
(
LM/K(µpN )

)
+
×Gal

(
LM/K(µpN )

)
−,

where Gal
(
LM/K(µpN )

)
+
(resp. Gal

(
LM/K(µpN )

)
−) denotes the maximal quotient

of Gal
(
LM/K(µpN )

)
on which the complex conjugation c acts trivially (resp. by −1).

We put ∆̃ := Gal
(
Q(µp)/Q

)
, and regard ∆̃ as a subgroup of Gal

(
Q(µpN )/Q

)
. Note

that on the one hand, Gal
(
L/K(µpN )

)
is a quotient of Gal

(
LM/K(µpN )

)
+
since ∆̃

acts trivially on Gal
(
L/K(µpN )

)
. On the other hand, the complex conjugation c

acts on Gal
(
M/K(µpN )

)
by −1 since ∆̃ acts on Gal

(
M/K(µpN )

)
via the character

χ−1ω. This implies Gal(M/K(µpN )
)
is a quotient of Gal

(
LM/K(µpN )

)
−. Therefore,

a natural injective homomorphism

Gal
(
LM/K(µpN )

)
� � // Gal

(
L/K(µpN )

)
×Gal

(
M/K(µpN )

)
is also surjective. By the condition (Chb), there exist infinitely many prime numbers
q′ such that

(6)

{
(q′L, L/K(µpN )) = σ

(q′M ,M/K(µpN )) = λ−1.

The fourth step. Let q′ be a prime number satisfying the condition (6), and assume
that q′ is unramified in L/Q. Here, let us show that such q′ satisfies the conditions
(i)–(iii) of Proposition 6.1. First, we show q′ satisfies conditions (i) and (ii). Let
α = (αv)v ∈ A×

Fm
be an idele whose q′Fm

-component is a uniformizer of Fm,q′Fm
, and

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



30 TATSUYA OHSHITA

other components are 1. We define β = (βv)v ∈ A×
Fm

be an element as follows. The
components above q are given by

(βv)v|q ∈
∏
v|q

F×
m,v,

where βqFm
is the |∆p|-th power of a uniformizer of Fm,qFm

, and βv = 1 otherwise.
For all places v of Fm not above q, we put βv = 1.

By definition, the ideles α and β have the same image in the group(
(
∏

v|n F
×
m,v/O1

Fm,v
)× (

⊕
u∤n F

×
m,u/O×

Fm,u
)

F×
m

⊗ Zp
)
χ

≃ Gal
(
Fm{n}χ/Fm

)
.

This implies there exists an element z ∈ (F×
m ⊗ Zp)χ such that

α = zβ in

((
(
∏
v|n

F×
m,v/O1

Fm,v
)× (

⊕
u∤n

F×
m,u/O×

Fm,u
)
)
⊗ Zp

)
χ

.

Hence, we have (z)Fm,χ = (q′Fm
− |∆p| · qFm)χ, and ϕ

ℓi
m,N,χ(z) = 0 for each i = 1, . . . , r.

Obviously, the prime number q′ satisfies the conditions (i) and (ii).

Next, we shall prove q′ also satisfies the condition (iii). Recall that we have

(q′M ,M/K(µpN )) = λ−1.

So, by the definition of λ, we have

(ζpN )
P (ψ̃)(x) = (x1/p

N

)1−Frq′ ,

for any x ∈ W , where we put

Frq′ := (q′M ,M/K(µpN )) ∈ Gal
(
M/K(µpN )

)
,

and x1/p
N ∈ L is a pN -th root of x. Since q′ is unramified in M/Q, the group W is

contained in the kernel of [·]q
′

m,N,χ. So, we obtain

(ζpN )
P (ψ̃)(x) ≡ x(q

′−1)/pN (mod q′).

We take an intermediate field F of Fm(µq′)/Fm whose degree over Fm is pN . Since
q′ ≡ 1 (mod pN), such a field F exists, and it is unique. We denote the image of
σq′ ∈ Hq′ in

Hq′ ⊗Z Zp = Gal(F/Fm)

by σ̄q′ . Let π be a uniformizer of Fq′F . By the definition of σq′ , we have

πσ̄q′−1 ≡ ζpN (mod mq′),

where mq′ is the maximal ideal of Fq′F . Recall that W is contained in the kernel of

[·]q
′

m,N,χ. We put

ϕ(x) := σ̄
P (ϕ̄q

′
m,N )(x)

q′ ∈ Gal(F/Fm).

By [Se] Chapter XIV Proposition 6, we have

(ζpN )
P (ϕ̄q

′
m,N )(x) = πϕ(x)−1 ≡ x(1−q

′)/pN (mod mq′)

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



HIGHER FITTING IDEALS AND SINNOTT’S CIRCULAR UNITS 31

for all x ∈ W . Hence, we obtain

(ζpN )
P (ψ̃)(x) = (ζpN )

P (ϕ̄q
′

m,N )(x)

for all x ∈ W . Therefore q′ satisfies the condition (iii). □

7. Euler system arguments via Kurihara’s elements

In this section, we prove the assertions of Theorem 1.1 on the upper bounds of
the higher Fitting ideals by using Kurihara’s Euler system arguments ([Ku]). Let us
state Theorem 7.1, which is the goal of this section. Let the ideals IPF

χ
and JPE

χ
of

Λχ be as in Proposition 3.6, the ideal IC as in §4.3, and the Λχ-submodule Y of Xχ

as in Proposition 3.8. We denote the ideal of Λχ generated by i-th power of elements
of annΛχ(Y/(γ − 1)X)χ by Ii for each i ∈ Z≥0.

Theorem 7.1. Let χ ∈ ∆̂ be a non-trivial character. Then, the following hold.

(i) C0,χ ⊆ FittΛχ,0(X
′
χ).

(ii-0) (γ − 1)aχ |∆p|4 ICIPF
χ
JPE

χ
FittΛχ,0(X

′
χ) ⊆ C0,χ.

(ii-i) (γ − 1)aχ |∆p|6+4i IiICIPF
χ
JPE

χ
FittΛχ,i(X

′
χ) ⊆ Ci,χ for any i ∈ Z≥1.

In particular, we have the following estimates.

(i) C0,χ ≺ FittΛχ,0(Xχ).

(ii-0) (γ − 1)aχ |∆p|4 FittΛχ,i(X
′
χ) ⊆ Ci,χ.

(ii-i) (γ − 1)aχ |∆p|6+4i FittΛχ,i(Xχ) ≺ Ci,χ for any i ∈ Z≥1.

Note that we assume neither p ∤ [K : Q] nor χ(p) ̸= 1. But assuming these
conditions, we get the simpler statments. The assertions of Theorem 1.1 on the
upper bounds of the higher Fitting ideals are special cases of Theorem 7.1.

Corollary 7.2. Assume that the extension degree of K/Q is prime to p, and χ ∈ ∆̂
is a character satisfying χ(p) ̸= 1. Then, we have the following.

(i) C0,χ ⊆ FittΛχ,0(X
′
χ).

(ii) annΛχ(Xχ,fin) FittΛχ,i(Xχ) ⊆ Ci,χ for any i ∈ Z≥0.

Proof. Here, let us deduce Corollary 7.2 from Theorem 7.1. Under the assumption
of Corollary 7.2, we have |∆p| = 1, and we can take Ii = IC = IPF

χ
= Λχ and JPE

χ
=

annΛχ(Xχ,fin) by Proposition 3.7, Proposition 3.9 and Proposition 4.5. Corollary 7.2
follows from these results. □

7.1. We spend this subsection on the setting of notations. We assume that χ ∈ ∆̂ is
non-trivial. Let mχ be the maximal ideal of Λχ. Recall that we denote by Xχ,fin the
maximal pseudo-null submodule of Xχ, and put X ′

χ := Xχ/Xχ,fin. Since X ′
χ has no

non-trivial pseudo-null submodules, we have an exact sequence

0 −→ Λhχ
f−−→ Λhχ

g−−→ X ′
χ −→ 0,(7)
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by Lemma 2.6. LetM be the matrix corresponding to f with respect to the standard
basis (ei)

h
i=1 of Λhχ. We may assume that all entries of M are contained in mχ. In

particular, we have

(8) ei − aej /∈ Ker g

for all i, j ∈ Z with 1 ≤ i ̸= j ≤ h and all a ∈ Λχ.

Let {m1, ...,mh} and {n1, ..., nh} be permutations of {1, ..., h}, and let i be an
integer satisfying 1 ≤ i ≤ h−1. Let us consider the matrixMi which is obtained from
M by eliminating the nj-th rows (j = 1, ..., i) and the mk-th columns (k = 1, ..., i). If
det(Mi) = 0, this is trivial, so we assume that det(Mi) ̸= 0. If necessary, we permute
{m1, ...,mi}, and assume det(Mr) ̸= 0 for all integers r satisfying 0 ≤ r ≤ i.

We fix a sequence {Nm}m∈Z≥0
of positive integers satisfying Nm+1 > Nm > m + 1

and pNm > |Am| for any m ∈ Z≥0. First, we fix a sufficiently large integer m. For
simplicity, we put F := Fm, R := Zp[Gal(Fm/Q)]χ, N := Nm and RN := Rm,N,χ =
Z/pN [Gal(Fm/Q)]χ. By taking the Γm-coinvariants of the exact sequence (7), we
obtain the exact sequence

0 −→ Rh f̄−−→ Rh ḡ−−→ X ′
χ,Γm
−→ 0.

Note that the map f̄ is injective since X ′
χ,Γm

has finite order. Let Am,χ,fin be the image
of Xχ,fin in Am,χ by the natural homomorphism

Xχ
// // XΓm,χ

// // Am.

We put A′
m,χ := Am,χ/Afin,χ. The image of er in R

h is denoted by e
(m)
r . For each i ∈ Z

with 1 ≤ i ≤ h, we denote by c
(m)
r ∈ A′

m,χ the image of e
(m)
r by the homomorphism

Rh
ḡ // // X ′

χ,Γm
// // A′

m.

We fix a lift c̃
(m)
r ∈ Am,χ of c

(m)
r . The condition (8) and Proposition 3.8 imply that

if necessary, we replace m with larger one, and we may assume c̃
(m)
r ̸= c̃

(m)
s for any

r, s ∈ Z with 1 ≤ r, s ≤ h and r ̸= s. If the extension degree of K/Q is divisible

by p, then we additionally assume that c̃
(m)
r ̸= |∆p| · c̃(m)

s for any r, s ∈ Z satisfying
1 ≤ r, s ≤ h. We define

Pr := {ℓ ∈ SN |[ℓF ]χ = c̃(m)
r };

P ′
r := {ℓ′ ∈ SN |[ℓ′F ]χ = |∆p| · c̃(m)

r },

where [ℓF ]χ is the ideal class of ℓF in Am,χ. By the hypothesis (Chb), note that Pr
and P ′

r are not empty for all r. We define a set P of prime numbers by the union

P :=
i⨿

r=1

(Pr ∪ P ′
r),

and we denote by PF the set of all prime ideals of OF above primes contained in P .
By definition, we have Pr = P ′

r if ∆p = 0. Otherwise Pr ∩ P ′
r = ∅.
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Let J be the subgroup of IF generated by PF , and J the image of (J ⊗ Zp)χ in
(IF ⊗ Zp)χ. We denote by F the inverse image of J by the homomorphism

(·)F,χ : (F× ⊗ Zp)χ −→ (IF ⊗ Zp)χ.

We define a surjective homomorphism

α : J −→ Rh

by ℓF 7→ er (resp. ℓ
′
F 7→ |∆p| · er ) for each integer r with 1 ≤ r ≤ h and each ℓ ∈ Pr

(resp. ℓ′ ∈ P ′
r). We put the composite map

αr := prr ◦ α : J
α−−→ Rh prr−−−→ R,

where prr is the r-th projection. We consider the following diagram

F
(·)F,χ // J // //

α

��

A′
m,χ

0 // Rh
f̄ // Rh

ḡ // X ′
χ,Γm

ιA

OO

// 0,

where ιA is induced by the canonical homomorphism. We fix a non-zero element
ε ∈ annΛχ(Y/(γ − 1)X). (Note that by Proposition 3.9, if ∆p = 0 and χ(p) ̸= 1,
then we may assume ε = 1.) By Lemma 3.8, we can define the homomorphism
β : F −→ Rh which makes the diagram

F
(·)F,χ //

β

���
�
� J

ε·π′
A //

ε·α
��

A′
m,χ

0 // Rh
f̄ // Rh

ḡ // X ′
χ,Γm

ιA

OO

// 0

(9)

commute, where π′
A is the natural homomorphism. Note that since the second row of

the diagram is exact, β is well-defined. We put the composite map

βr := prr ◦ β : F
β−−→ Rh prr−−−→ R.

Let us consider the diagram (9) by taking (− ⊗ Z/pZ). We regard (F×/pN)χ as
a Λχ-module. For any element x ∈ (F×/pN)χ and δ ∈ annΛχ(Xχ,fin), we denote the
scaler multiple of x by δ ∈ Λχ by xδ. We need the following two lemmas, namely
Lemma 7.3 and 7.4.

Lemma 7.3. The kernel of the natural homomorphism

ιF ,N : F/pN −→ (F×/pN)χ

is annihilated by |∆p|.

Proof. Let x be an element in the kernel of the homomorphism

ιF ,N : F/pN −→ (F×/pN)χ
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and x̃ a lift of x in F . Then, there exists y ∈ F× ⊗ Zp such that x̃ = yχ
pN . The

Zp-module (IF ⊗ Zp)/(J ⊗ Zp) is torsion free, so Corollary 3.2 implies that all Zp-
torsion elements of (IF ⊗Zp)χ/J are annihilated by |∆p|. Since (x̃)F,χ ∈ J , we have
(y|∆p|)F,χ ∈ J . Therefore we have y|∆p| ∈ F , and we obtain x|∆p| = 1. □

We denote the image of the natural homomorphism ιF ,N : F/pN −→ (F×/pN)χ by
F̄N . By Lemma 7.3, there exists an RN -homomorphism

β̃r,N : F̄N −→ RN

which makes the diagram

F/pN
ιF,N // //

|∆p|·β̄r,N ''OOOOOOOOOOOOO F̄N
β̃r,N

���
�
�

RN

for each integer r with 1 ≤ r ≤ h, where β̄r,N : F/pN −→ RN is the homomorphism
induced by βr.

Lemma 7.4. Let [·]F,N,χ : (F×/pN)χ −→ (IF/pN)χ be the homomorphism induced by
(·)F : F× −→ IF . Let x be an element of (F×/pN)χ such that [x]F,N,χ ∈ J /pN . Then,
for any δ ∈ annΛχ(Xχ,fin), the element xδ|∆p|2 is contained in F̄N .

Proof. Recall the natural exact sequence:

0 −→ P −→ IF ⊗ Zp −→ Am −→ 0,

where P is defined by P := (F×/O×
F )⊗Zp. By the snake lemma for the commutative

diagram

0 // P //

×pN

��

IF ⊗ Zp //

×pN
��

Am //

×pN
��

0

0 // P // IF ⊗ Zp // Am // 0,

we obtain the following exact sequence

0 −→ Am −→ P/pN −→ IF/pN −→ Am −→ 0.

(Recall we take pNm > |Am|.)

Let Bm be the image of J ⊗ Zp in Am, and P0 ⊂ P the inverse image of J ⊗ Zp.
Then, we have the exact sequence

0 −→ P0 −→ J ⊗ Zp −→ Bm −→ 0,

and by a similar argument as above, we obtain the exact sequence

0 −→ Bm −→ P0/p
N −→ J/pN −→ Bm −→ 0.
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Now, we obtain the commutative diagram

0 // Bm
//

� _

��

P0/p
N //

� _

��

J/pN //
� _

��

Bm
//

� _

��

0

0 // Am // P/pN // IF/pN // Am // 0

(10)

whose two rows are exact, and the vertical arrows are injective. Let δ̃ be an arbitrary
element of annΛ(Am/Bm). Let x be an arbitrary element of P/pN satisfying [x]N ∈
J/pN . Let us show that xδ is contained in P0/p

N . By the diagram (10), there exists
an element y ∈ P0/p

N satisfying [x]N = [y]N . Since [xy−1]N = 0, the element xy−1 is
contained in the image of Am. Since δAm is contained in Bm, (xy

−1)δ is contained in
the image of Bm. In particular, we have (xy−1)δ ∈ P0/p

N , and we obtain xδ ∈ P0/p
N .

Combining this result with Lemma 3.1, we obtain the lemma. □

We define the RN -submodule F̄ ′
N of (F×/pN)χ by

F̄ ′
N :=

{
x|∆p|6 | x ∈ F̄N

}
.

Corollary 7.5. The order of the kernel of [·]m,N,χ : F ′
N −→ J /pN is finite.

Proof. If we assume ∆p = 0, this corollary immediately follows from the first row
of the diagram (10). When ∆p ̸= 0, we have to treat a little more carefully. Let
P0 ⊆ (F×/O×

F )⊗ Zp be as in the proof of Lemma 7.4. We denote the inverse image
of P0 by the natural homomorphism

F× ⊗ Zp −→ P = (F×/O×
F )⊗ Zp

by P̃0. Note that the kernel of the natural homomorphism

prP0,N : P̃0/p
N −→ P0/p

N

coincides with the image of O×
F /p

N in P̃0/p
N . So, the order of Ker prP0 is finite. The

top row of the diagram (10) implies that the kernel of the homomorphism

[·]′m,N : P0/p
N −→ (J/pN)χ

induced by the natural homomorphism [·]m,N : F×/pN −→ (J/pN)χ has finite order.
Then, the kernel of the composite map

[·]′m,N ◦ prP0,N : P̃0/p
N −→ (J/pN)χ

is finite.

Let us consider the commutative diagram

(11) (P̃0/p
N)χ

([·]′m,N◦prP0,N
)χ

// //

ι1

��

(J/pN)χ

ι2
����

F/pN
ιF,N // // F̄N

[·]m,N,χ// J /pN

of natural homomorphisms. Lemma 3.1 implies that the Coker ι1 is annihilated
by |∆p|2. By Corollary 3.3, it follows that Ker ι2 is annihilated by |∆p|2. The

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



36 TATSUYA OHSHITA

finiteness of the kernel of [·]′m,N ◦ prP0,N and Corollary 3.3 imply that the order of

|∆p|2Ker ([·]′m,N ◦ prP0,N)χ is finite. Hence we obtain the corollary by chasing the
commutative diagram (11). □

Let n be an element of NN whose prime divisors are in P . We define P n
F to be

the set of all elements of P dividing n. Let Jn be the subgroup of J generated by
P n
F , and the submodule Jn,N of J /pN the image of Jn ⊗ Zp in J /pN . We denote by
F̄n,N the inverse image of Jn,N by [·]m,χ : (F×/pN)χ −→ J /pN . Then, we define the
RN -submodule F̄ ′

n,N of (F×/pN)χ

F̄ ′
n,N := F̄n,N ∩ F̄ ′

N .

Note that F̄ ′
n,N is a finite RN -submodule of (F×/pN)χ by Corollary 7.5.

For each integer r with 1 ≤ r ≤ h, let

ᾱr,N : Jn,N −→ RN

be the RN -homomorphism induced by αr. We put

ᾱN := (ᾱs,N)
h
s=1 : Jn,N −→ Rh

N ,

β̃N := (β̃s,N)
h
s=1 : F̄N −→ Rh

N .

Then, we obtain the commutative diagram

(12) F̄ ′
n,N

[·]F,χ //

β̃N
��

Jn,N
|∆p|ε·ᾱN

��
Rh
N

f̄ // Rh
N

of RN -modules.

7.2. Let δA be a non-zero element of annΛχ(Xχ,fin). In the present and the next
subsections, we write ϕ̄ℓ in place of ϕ̄ℓm,N,χ for simplicity. Here, as in [Ku], we use

the elements xν,q ∈ (F×/pN)χ introduced in Definition 5.5, in order to translate βr
to homomorphisms of the type ϕ̄ℓ. Recall the element xν,q ∈ (F×/pN)χ is determined
by η, q, ν, and {wℓ}ℓ|ν . We shall take them as follows.

First, let us take a prime number q as follows. For each integer r with 1 ≤ r ≤ h, we
fix a prime number qr ∈ Pnr . We put Q :=

∏h
r=1 qr ∈ NN . We fix a homomorphism

φ : E∞,χ −→ Λχ of Λχ-modules with pseudo-null cokernel. By the Iwasawa main
conjecture, we have

φ(C̄∞,χ) = det(M0) · Iφ(E;C),

where C̄∞,χ is the image of C∞,χ in E∞,χ, and Iφ(E;C) is an ideal of Λχ of finite index.
We fix an element δφ ∈ Iφ(E;C). (By Proposition 4.5, if ∆p = 0 and χ(p) = 1, then
we may assume φ(C̄∞,χ) = det(M0)Λχ and δφ = 1.)
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We fix a family (ηm)m≥0 ∈ C∞,χ of circular units which is defined by Λχ-linear
combination of basic circular units, and satisfies φ

(
(ηm)m≥0

)
= δφ det(M0). We write

ηm = ηm(1) :=
∏
d|fK

ηdm(1)
ud ×

r∏
j=1

η1,ajm (1)vj ∈ F×
m

where r is a positive integer, a1, ..., ar are integers prime to p, and ud and vj are
elements of Λχ for each positive integers d and i with d | fK and 1 ≤ i ≤ r. Here,
we assume that r, a1, ..., ar, ud’s and vj’s are constant independent of m. As in the
previous section, we fix m in the present and the next sections, and put η := ηm for
simplicity.

Let φ̄F,N,χ : (E∞,χ)Γm/p
N −→ RN be the induced homomorphism by φ̄. As in the

proof of Proposition 4.17, we denote by NO := NOm,N,χ the image of the natural
homomorphism

(E∞,χ)Γm/p
N −→

(
O×
F /p

N
)
χ
−→

(
F×
m/p

N
)
χ
.

We fix non-zero elements δI ∈ IPF
χ
and δJ ∈ JPE

χ
. (Note that we may assume δI = 1

and δJ ∈ JPE
χ
= annΛχ(Xfin,χ) if we treat the case when ∆p = 0 and χ(p) = 1.) By the

same argument as in Lemma 4.18, there exists a homomorphism ψ : NO // RN

which makes the diagram

(C∞,χ)Γm/p
N //

����

(E∞,χ)Γm/p
N
χ

(γ−1)aχ ·δIδJ |∆p|4·φ̄F,N,χ //

��

RN

Wm,N,χ(1)
� � // NO

ψ

33hhhhhhhhhhhhhhh

commute. By Proposition 6.1, we can take a prime number q ∈ SN satisfying the
following two conditions:

(q1) q ∈ P ′
n1
\ {q1};

(q2) NOm,N,χ is contained in the kernel of [·]qm,N,χ, and for all x ∈ NOm,N,χ,

ϕ̄q(x) = |∆p|2 ψ(x).

In particular, we have

ϕ̄q(η) = |∆p|2 ψ(η)
= (γ − 1)aχ|∆p|6 δIδJ φ̄m,N,χ

(
(ηm)m≥0

)
= |∆p|6 δIδJδφ(γ − 1)aχ/2 · det(M0).

Next, let us take ν and {wℓ}ℓ|ν . First, we consider β̃m1,N : F̄ ′
Qq,N −→ RN . By

Proposition 6.1, we can take ℓ2 ∈ SN which splits completely in F (µq)/Q, and satisfies
ℓ2 ∈ P ′

n2
, ℓ ̸= q2 and

ϕ̄ℓ2(x) = |∆p|2 · β̃m1,N(x)

for all x ∈ F̄ ′
Qq,N . We put ν1 := 1.
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In the case i = 1, we put ν := ν1 = 1, and xν,q = x1,q = κm,N(η; q) = κ(q). It

follows from Proposition 5.6 (i) and Lemma 7.4 that x
δA|∆p|8
1,q is an element of F ′

Qq,N .

Suppose i ≥ 2, and let r be an integer satisfying 2 < r ≤ i + 1. We shall choose
prime numbers ℓr by induction on r as follows, and put νr−1 :=

∏r−1
s=2 ℓs. Suppose

that we have chosen prime numbers ℓ1, . . . , ℓr−1 satisfying the following conditions:

• For any integers s satisfying 2 ≤ s ≤ r − 1, it holds that ℓs ∈ SN .
• For any integers s satisfying 2 ≤ s ≤ r − 1, the prime number ℓs splits
completely in F (µqνs−1)/Q.

We consider the RN -linear homomorphism

β̃mr−1,N : F̄ ′
Qqνr−1,N

−→ RN .

Applying Proposition 6.1, we can take ℓr ∈ SN which splits completely in F (µqνr−1)/Q,
and satisfies the following conditions:

(x1) ℓr ∈ P ′
nr
\ {qr};

(x2) there exists br ∈ (F× ⊗ Zp)χ such that (br)F,χ = (ℓr,F − |∆p| · qr,F )χ and
ϕ̄ℓs(br) = 0 for any s with 2 ≤ s < r;

(x3) ϕ̄ℓr(x) = |∆p|2 · β̃mr−1,N(x) for any x ∈ F̄ ′
Qqνr−1,N

.

Thus, we have taken ℓ2, . . . , ℓi+1, and we put ν := νi =
∏i

r=2 ℓr ∈ NN . For each r
with 2 ≤ r ≤ i, we put

wℓr := −ϕℓr(br) ∈ RN ⊗Hℓr ,

and we obtain xν,q ∈ (F×/pN)χ. It follows from Proposition 5.6 (1) and Lemma 7.4

that x
δA|∆p|8
ν,q is an element of F̄ ′

Qqν,N . Note that qν is well-ordered.

7.3. In this subsection, we observe two homomorphism α and β by using xν,q, and
describe det(Mi) in RN . Recall that we fix non-zero elements δA ∈ annΛχ(Xχ,fin),
ε ∈ annΛχ(Y/(γ − 1)X), δφ ∈ Iφ(E;C), δI ∈ IPF

χ
and δJ ∈ JPE

χ
. Note that if ∆p = 0

and χ(p) ̸= 1, then we may assume ε = δφ = δφ = 1 and δJ ∈ JPE
χ
= annΛχ(Xχ,fin).

We need the following lemma.

Lemma 7.6 (cf. [Ku] Lemma 10.2). Suppose i ≥ 2. Then,

(i) β̃mr−1,N(x
δA|∆p|10
ν,q ) = 0 for all r with 2 ≤ r ≤ i;

(ii) ᾱj,N([xν,q]m,N,χ) = 0 for any j ̸= n1, ..., ni.

Proof. The second assertion (ii) of Lemma 7.6 is clear by Proposition 5.6 (i).

Let us prove the first assertion. We define an element yr ∈ (F×/pN)χ by

yr = xν,q

i∏
s=r

b
ϕ̄ℓs (xν/ℓs,q)
s
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for any r satisfying 2 ≤ r ≤ i. Note that we have ᾱN([br]m,N,χ) = 0 for any r satisfying
2 ≤ r ≤ i since we have (br)F,χ = (ℓr,F − |∆p| · qr,F )χ and ℓr ∈ P ′

nr
. By the definition

of β, we have β(br) = 0 for any r satisfying 2 ≤ r ≤ i. So, we have

β̃(xδA|∆p|8
ν,q ) = β̃(yδA|∆p|8

r )

for any r with 2 ≤ r ≤ i. Let us show β̃mr−1,N(y
δA|∆p|8
r ) = 0 for any integer r satisfying

2 ≤ r ≤ i. By Proposition 5.6 (i), we have [yr]F,N,χ ∈ JQqνr−1 . Then, by Lemma 7.4,

we have y
δA|∆p|8
r ∈ FQqνr−1,N . Therefore, we obtain

δA |∆p|8ϕ̄ℓr(yr) = |∆p|2 β̃mr−1,N(y
δA|∆p|8
r )

by the condition (x3). Note that by the condition (x2), we have ϕ̄ℓr(bs) = 0 for all
integers s satisfying r + 1 ≤ s ≤ i. So, it holds that

ϕ̄ℓr(yr) = ϕ̄ℓr(xν,qb
ϕ̄ℓr (xν/ℓr,q)
r ).

By Proposition 5.6 (iii), we have

ϕ̄ℓr(xν,qb
ϕ̄ℓr (xν/ℓr,q)
r ) = ϕ̄ℓr(xν,q) + ϕ̄ℓr(b

ϕ̄ℓr (xν/ℓr,q)
r )

= −ϕ̄ℓr(br)ϕ̄ℓr(xν/ℓr,q) + ϕ̄ℓr(xν/ℓr,q)ϕ̄
ℓr(br)

= 0.

Therefore, we obtain

β̃mr−1,N(x
δA|∆p|10
ν,q ) = |∆p|2 β̃mr−1,N(y

δA|∆p|8
r ) = δA |∆p|8 ϕ̄ℓr(yr) = 0.

□

The goal of this subsection is the following proposition.

Proposition 7.7 (cf. [Ku] pp.763–764). The following equalities of elements in RN

holds.

(i) We have

δA |∆p|10 det(M)ϕ̄ℓ2(x1,q)

= ± |∆p|20 (γ − 1)aχδAδIδJε det(M1)φ̄F,N,χ
(
(ηm)m≥0

)
.

(ii) We have

δA |∆p|10 det(Mr−1)ϕ̄
ℓr+1(xνr,q) = ± |∆p|14 δAε det(Mr)ϕ̄

ℓr(xνr−1,q)

for any r with 2 ≤ r ≤ i.

The signs ± in (i) and (ii) do not depend on m.

Proof. For each r satisfying 1 ≤ r ≤ i we put

x(r) := β̃N(xνr,q
|∆p|10δA) ∈ Rh

N ;

y(r) := |∆p| εᾱN(xνr,q |∆p|10δA) ∈ Rh
N ,

and regard them as column vectors. Then, by the commutative diagram (12), we
have y(r) =Mx(r) in Rh

N .
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We first prove the assertion (i) of Proposition 7.7. Note that δA |∆p|2 times of
x1,q = κ(q) is an element of Fq,N , and we have

y(1) = |∆p|12 δAε[κ(q)χ]qF,N,χe
(m)
n1

= |∆p|12 δAεϕ̄q(ηm)e(m)
n1

= |∆p|14 δAεψ(ηm)e(m)
n1

= |∆p|18 (γ − 1)aχδAδIδJε · φ̄F,N,χ
(
(ηm)m≥0

)
e(m)
n1
.

Note that the first equation follows from the condition (q1) and definition of α,
the second one follows from Proposition 5.3 (ii), and the third one follows from the

condition (q2). Let M̃ be the matrix of cofactors of M . Multiplying the both sides

of y(1) =Mx(1) by M̃ , and comparing the m1-st components, we obtain

(−1)n1+m1 |∆p|18 (γ − 1)aχδAδIδJε det(M1)φ̄F,N,χ
(
(ηm)m≥0

)
= det(M)β̃m1,N(x1,q

|∆p|10δA).

By condition (x3) for ℓ2, we have

|∆p|2 β̃m1,N(x1,q
|∆p|10δA) = |∆p|10 δAϕ̄ℓ2(x1,q),

and the assertion (i) follows.

Next, we assume i ≥ 2, and we shall prove Proposition 7.7 (ii). The proof is
essentially the same as the proof of assertion (i). It is sufficient to prove the assertion
when r = i. We write x = x(i) and y = y(i). Let x′ ∈ Rh−i+1

N be the vector obtained
from x by eliminating the mj-th rows for j = 1, ..., i− 1, and y′ the vector obtained
from y by eliminating the nk-th rows for k = 1, ..., i − 1. Since the mr-th rows of x
are 0 for all r with 1 ≤ r ≤ i− 1 by Lemma 7.6 (i), we have y′ =Mi−1x

′. We assume
the m′

i-th component of x′ corresponds to the mi-th component of x, and the n′
i-th

component of y′ corresponds to the ni-th component of y. By Lemma 7.6 (ii) and
Proposition 5.6 (ii), we have

y′ = |∆p|12 δAεϕ̄ℓi(xνi−1,q)e
′(m)

n′
i
,

where (e′
(m)
i )h−i+1

i=1 denotes the standard basis of Rh−i+1
N .

Let M̃i−1 be the matrix of cofactors of Mi−1. Multiplying the both sides of y′ =

Mi−1x
′ by M̃i−1, and comparing the m′

i-th components, we obtain

(−1)n′
i+m

′
i |∆p|12 δAε det(Mi)ϕ̄

ℓi(xνi−1,q) = det(Mi−1)β̃mi,N(xν,q
|∆p|10δA).

Since xν,q
|∆p|10δA belongs to FQqν,N , the condition (x3) for ℓi+1 implies

|∆p|2 β̃mi,N(xν,q
|∆p|10δA) = |∆p|10 δAϕ̄ℓi+1(xν,q).

Here, the proof of Proposition 7.7 is complete. □
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7.4. Now we shall prove Theorem 7.1. It is convenient to use the following notion of
convergence.

Definition 7.8. A sequence (am)m≥0 ∈
∏

m≥0RFm,Nm,χ is said to converge to

b = (bm)m≥0 ∈ lim←−
m≥0

RFm,Nm,χ = Λχ

if for each m, there exists an integer Lm such that the image of am′ in RFm,Nm,χ

coincides with bm ∈ RFm,Nm,χ for any m′ ≥ Lm.

Proof of Theorem 7.1 . Here, we vary m. In this subsection, we denote the element

ϕ̄ℓr+1(xνr,q) ∈ RN = (Z/pNm)[Gal(Fm/F0)]χ

defined in §6.2 by ϕ̄ℓr+1(xνr,q)m. By induction on r, let us prove that the sequence(
ϕ̄ℓr+1(xνr,q)m

)
m≥0

converges to

± |∆p|6+4r (γ − 1)aχδIδJδφε
r det(Mr) ∈ Λχ

in the sense of Definition 7.8 for any integer r satisfying 0 ≤ r ≤ i.

First, we consider the equality

|∆p|10δA det(M) · ϕ̄ℓ2(x1,q)
= ± |∆p|20 (γ − 1)aχδAδIδJε det(M1)φ̄F,N,χ

(
(ηm)m≥0

)
.

Since the right hand side converges to

± |∆p|20 (γ − 1)aχδAδIδJδφε det(M1) det(M)

and |∆p|10 δA det(M) is non-zero, it follows that
(
ϕ̄ℓ2(x1,q)m

)
m≥0

converges to

± |∆p|10 (γ − 1)aχδIδJδφε det(M1).

(Note the sign ± does not depend on m, see Proposition 7.7).

Next, we assume that the sequence
(
ϕ̄ℓr(xνr−1,q)m

)
m≥0

converges to

± |∆p|2+4r (γ − 1)aχδIδJδφε
r−1 det(Mr−1).

Then, the right hand side of

|∆p|10 δA det(Mr−1)ϕ̄
ℓr+1(xνr,q) = ± |∆p|14 δAε det(Mr)ϕ̄

ℓr(xνr−1,q)

converges to

± |∆p|16+4r (γ − 1)aχδAδIδJδφε
r det(Mr) det(Mr−1)

Since we take det(Mr−1) ̸= 0, the sequence
(
ϕ̄ℓr+1(xνr,q)m

)
m≥0

converges to

± |∆p|6+4r (γ − 1)aχδIδJδφε
r det(Mr).

By induction, in particular, we conclude
(
ϕ̄ℓi+1(xν,q)m

)
converges to

± |∆p|6+4i (γ − 1)aχδIδJδφε
i det(Mi).

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



42 TATSUYA OHSHITA

Since (xν,q)m is contained in an RN -submodule of (F×/pN)χ generated by the set∪
e|qνWm,N,χ(e) with ϵ(qν) = i, we have ϕ̄ℓi+1(xν,q)m ∈ Ci,Fm,Nχ for all m ∈ Z≥0.

Hence we have
± |∆p|6+4i (γ − 1)aχδIδJδφε

i det(Mi) ∈ Ci,χ.

This completes the proof of theorem. □

8. The higher cyclotomic ideals and Mazur–Rubin theory

In this section, we assume that the extension degree of K/Q is prime to p, and fix

a character χ ∈ ∆̂ satisfying χ(p) ̸= 1. We denote by O the Zp-algebra isomorphic to
Oχ with trivial GQ-action. We identify the ring O (resp. O[[Γ]]) with Oχ (resp. Λχ)
when we ignore the action of GQ. In particular, we sometimes regard Ci,χ as an ideal
of O[[Γ]], and Rm,N,χ as a quotient ring of O[[Γ]]. In this section, we complete the
proof of Theorem 1.1. In the previous section, we have already proved

annΛχ(Xχ,fin) FittΛχ,i(X
′
χ) ⊆ Ci,χ

for any i ∈ Z≥0. In order to complete the proof of Theorem 1.1, we have to show

Ci,χ ≺ FittΛχ,i(Xχ)

for any i ∈ Z≥0. Since this statement is already proved for i = 0 (see Theorem 4.16),
it is sufficient to show the following theorem.

Theorem 8.1. Let i ≥ 1 be a positive integer, and P ⊂ O[[Γ]] = Λχ a prime ideal of
height one containing FittΛχ,i(Xχ). We define two integers αi(P) and βi(P) by

FittΛχ,P,i(Xχ ⊗O[[Γ]] Λχ,P) = Pαi(P)Λχ,P,

Ci,χΛχ,P = Pβi(P)Λχ,P.

Then, we have βi(P) ≥ αi(P).

In the rest of this section, we prove Theorem 8.1. The key of the proof is a
comparison between the higher cyclotomic ideals Ci,χ defined in this paper and the
theory of Kolyvagin systems, which is established by Mazur and Rubin ([MR]).

8.1. In this subsection, we recall some results (specialized for our purposes) on Koly-
vagin systems proved in [MR] §§5.2. (See also Appendix §A.) Note that here, we use
some notation introduced in Appendix §A.

We define an O-module Tχ by Tχ := Zp(1) ⊗Zp Oχ−1 . A set Σ of places of Q is
defined by

Σ := {p,∞} ∪ {ℓ | ℓ ramifies in K/Q}.
Then, let us consider the Selmer structure (Tχ,Fcan,Σ). (See Appendix §A.1 for the
definition of the local condition Fcan.) By Kummer theory, we have

H1(Q, T/pNT ) = (F×
0 /p

N)χ,

and global class field theory implies

H1
F∗

can
(Q, T ∗

χ) = Hom(AF0,χ,Qp/Zp).
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(See also Appendix §A.4.)

We define
Tχ := Tχ ⊗O O[[Γ]] = Λχ−1 ⊗Zp Zp(1),

and the local condition FΛ on Tχ by

H1
FΛ

(Qv,Tχ) := H1(Qv,Tχ).

By standard arguments, we have

H1(Q,Tχ) = H1(QΣ/Q,Tχ) ≃ lim←−H
1(QΣ/Qn, Tχ),

where the projective limit in the rightmost term is defined by the projective system
with respect to corestriction maps. (See, for example [MR] Lemma 5.3.1.) In partic-
ular, the triple (T,FΛ,Σ) is a Selmer structure in the sense of §A.1. By local duality,
we have H2(Qp, T

∗
χ) = 0, so (the limit of) Poitou-Tate exact sequence implies

Xχ = Hom(H1
F∗

Λ
(Q,T∗

χ),Qp/Zp) = H2(QΣ/Q,Tχ).

We define a set ΣΛ of prime ideals of height one of the ring O[[Γ]] = Λχ by

ΣΛ :=
{
P ∈ Spec(Λχ) | htP = 1 and charΛχ(Xχ) ⊆ P

}
∪ {pΛχ}.

Let Q ⊆ O[[Γ]] = Λχ be a prime ideal of height one not contained in ΣΛ. We denote
the normalization of O[[Γ]]/Q by SQ. Note that SQ is a complete discrete valuation
ring of mixed characteristic (0, p) whose residue field is finite. We fix a uniformizer π
of SP. Here, let us consider the Selmer triple(

Tχ ⊗O[[Γ]] SQ = Tχ ⊗O SQ,Fcan,P := P1

)
.

Note that Tχ⊗O SQ satisfies conditions (T1)–(T4) in Appendix §A.1, so we can apply
results on Kolyvagin systems mentioned in the appendix.

For each positive integer N , we define

SN(Q) :=
{
ℓ ∈ SN | Frℓ acts trivially on T ⊗O SQ/p

NSQ

}
,

and we denote the set of all well-ordered square-free products of SN(Q) by Nw.o.
N (Q).

We also set P := P1(T ⊗O SQ,Σ) and N (P) as in Appendix A.2. Let M be any
SQ/pNSQ-module, and n ∈ SN(Q) any element. Then, throughout this section, we
identify M ⊗Z

⊗
ℓ|nHℓ with M by the isomorphism

M ⊗Z
⊗
ℓ|n

Hℓ
≃−−→M ; m⊗

⊗
ℓ|n

σℓ 7−→ m.

Note that we have SN ′ ⊆ SN(Q) for any sufficiently large N ′. Under the assumption
in Proposition A.6, there exits a natural R-linear map

ES(Tχ ⊗O SQ,Σ) −→ KS(Tχ ⊗O SQ,Σ); c 7−→ κ(c) = {κ(c)n}n.

Proposition 8.2 (See Proposition A.6). Assume that the action of Frp
k

ℓ on Tχ⊗OSQ is
non-trivial for any ℓ ∈ P and k ∈ Z≥0. Take arbitrary elements c ∈ ES(Tχ⊗O SQ,Σ)
and n ∈ Nw.o.

N (Q). Let κ0,N(c;n) be the Kolyvagin derivative of c at n. Then, we
have

κ(c)n = κ0,N(c;n) in H
1(Q, Tχ ⊗O SQ/p

NT )/M(n, c),
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where M(n, c) is an SQ-submodule of H1(Q, Tχ ⊗O SQ/p
NT ) generated by{

κ(c)d

∣∣∣∣ 0 < d | n, d ̸= n

}
.

Recall that for each element n := ℓ1 × · · · × ℓr ∈ N (P), we denote the number of
prime divisors of n by ϵ(n) := r. For any non-zero Kolyvagin system κ = {κn} ∈
KS(Tχ⊗SQ,Fcan,P) and any non-negative integer i, we denote the maximum element
of the set {

j ∈ Z≥0

∣∣∣∣ κn ∈ πjHF(n)(Q, Tχ ⊗O SQ/In)
for all n ∈ N (P) with ϵ(n) = i

}
by ∂i(κ;Q) := ∂i(κ;Tχ ⊗ SQ). (See also Appendix §A.2.) We also define

∂i(Q) := min{∂i(κ;Q) | κ = {κn} ∈ KS(Tχ ⊗O SQ,Σ)}.
We have the following result by Mazur–Rubin.

Proposition 8.3 (See Proposition A.3 in Appendix). Let Q ⊆ O[[Γ]] be a prime
ideal of height one not contained in ΣΛ. We fix a uniformizer πQ of SQ. Then,

H1
F∗

can
(Q, (Tχ ⊗O SQ)

∗)∨ := Hom
(
H1

F∗
can
(Q, (Tχ ⊗O SQ)

∗),Qp/Zp
)

is a torsion SQ-module, and we have

FittSQ,i

(
H1

F∗
can
(Q, (Tχ ⊗O SQ)

∗)∨
)
= FittSQ,i

(
H1

F∗
can

(Q, (Tχ ⊗O SQ)
∗)
)

= π
∂i(Q)
Q SQ

for any i ∈ Z≥0.

8.2. In this section, we study the higher Fitting ideals of A0,χ. We combine Proposi-
tion 8.3 with the usual Euler system arguments (without Kurihara’s elements), and
obtain the following theorem.

Theorem 8.4. Assume the extension degree of K/Q is prime to p. Let χ ∈ ∆̂ be a
character satisfying χ(p) ̸= 1. Then, we have

FittOχ/pN ,i(A0,χ) = Ci,0,N,χ

for any non-negative integer i and sufficiently large integer N .

Proof. Recall that we assume that the order of χ is prime to p here. So, p is a prime
element of the discrete valuation ring Oχ. Since A0,χ is a finitely generated torsion
Oχ-module, we have an exact sequence

0 −→ Orχ
f−−→ Orχ

g−−→ A0,χ −→ 0,

of Oχ-modules, where the matrix Mf associated with f for the standard basis (ej)
r
j=1

of Orχ is a diagonal matrix

Mf :=


pd1

pd2

. . .

pdr
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satisfying d1 ≥ d2 ≥ · · · ≥ dr.

We fix an integer N satisfying pN ≥ #A0,χ. First, let us show the inequality
FittOχ/pN ,i(A0,χ) ⊇ Ci,0,N,χ. Let

η = {ηm(n)χ ∈ (Fm(µn)
× ⊗Z Zp)χ}m,n

be an Euler system of circular units defined by a Λχ-linear combination of basic
circular units, n ∈ Nw.o.

N satisfying ϵ(n) ≤ i, and

f : (F×
0 /p

N)χ −→ R0,N,χ = Oχ/pN

an arbitrary homomorphism of R0,N,χ-modules. Then, from Proposition 8.3 for the

prime ideal (γ− 1)Λχ and Proposition 8.2, it follows that κ0,N,χ(n, η)χ is a p
∑r

j=i+1 dj -
power of some element in (F×

0 /p
N)χ. This implies

f(κ0,N(η;n)χ) ∈ p
∑r

j=i+1 dj(Oχ/pN) = FittOχ,i(A0,χ)(Oχ/pN),

and we obtain FittOχ/pN ,i(A0,χ) ⊇ Ci,0,N,χ.

Note that the inequality FittOχ,i(A0,χ) ⊆ Ci,0,N,χ follows from the usual Euler sys-
tem argument. (See, for example, the arguments in [Ru2] §4.) Here, let us sketch the
proof of it briefly. Let N be a sufficiently integer. Note that any circular unit in F0

extends to an Euler system defined by a Λχ-linear combination of basic circular units
since we assume χ(p) ̸= 1 (cf. Remark 4.6). Fix an Euler system

η = {ηm(n)χ ∈ (Fm(µn)
× ⊗Z Zp)χ}m,n

of circular units defined by a Λχ-linear combination of basic circular units, and assume
that the circular unit η0(1) generates the free Oχ-module C0,χ = (C0 ⊗ Zp)χ of rank
one. Recall that E0,χ := (O×

F0
⊗ Zp)χ is a free Oχ-module of rank one. We fix an

isomorphism

ψ0 : E0,χ/p
N −→ R0,N,χ = Oχ/pN

of Oχ-modules and a prime number ℓ1 whose ideal class [ℓ1]F0,χ in A0,χ coincides with
g(e1) and satisfying

ϕℓ1m,N,χ |E0,χ/pN= ψ0.

(Note that Proposition 6.1 ensures the existence of such a prime number ℓ1.) By the
arguments in [Ru2] §4 combined with Proposition 6.1, we can inductively take prime
numbers ℓ1, ..., ℓr+1 ∈ SN and homomorphisms

ψj : (F
×
0 /p

N)χ −→ R0,N,χ = Oχ/pN (j = 1, ..., r)

satisfying the following conditions.

• [ℓj,F0 ]χ = g(ej) in A0,χ for any integer j with 1 ≤ j ≤ r.

• The integer nj :=
∏j

ν=1 ℓj is well-ordered any integer j with 1 ≤ j ≤ r.
• pdj−1ψj(κ0,N(η;nj)) = ψj−1(κ0,N(η;nj−1)χ) for any integer j with 1 ≤ j ≤ r.
Here, we put n0 := 1.

• The restriction of ϕ
ℓj
0,N,χ on W0,N.χ(nj) coincides with ψj−1 any integer j with

1 ≤ j ≤ r.
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Then, we obtain

p
∑i−1

j=1 djψi(κ0,N(η;ni)χ) = p
∑i−2

j=1 djψi−1(κ0,N(η;ni−1)χ) = · · · = ψ0(η).

By [Ru2] Theorem 4.2 (see also [MW] Theorem 1.10.1 or [Ru4] Corollary 3.2.4 for
general cases), there exists a unit u ∈ O×

χ such that

ψ0(η) = u#A0,χ = up
∑r

j=1 dj .

Therefore, we obtain

C0,N,χ ⊆ ψi(κ0,N(η;ni)χ)R0,N,χ = p
∑r

j=i+1 djR0,N,χ.

This completes the proof. □
Remark 8.5. Fix a pseudo-isomorphism

Xχ −→
r⊕
j=1

Λχ/fiΛχ,

where f1, ..., fr are non-unit and non-zero elements of Λχ satisfying fr | · · · | f2 | f1.
Then, by similar arguments to that in the proof of the inequality FittOχ,i(A0,χ) ⊆
Ci,0,N,χ, we can prove rough estimates

(13) FittΛχ,i(Xχ) ≺ Ci,χ

without using Kurihara’s elements. In this arguments, we use the arguments of [Ru2]
§5 and the Iwasawa main conjecture instead of the arguments of [Ru2] §4 and [Ru2]
Theorem 4.2. Note that when we apply such arguments, we have to ignore error
factors of “≺” completely. So, Theorem 7.1, which is proved by Euler arguments via
Kurihara’s elements, is stronger than results obtained by usual arguments without
Kurihara’s elements.

Note that Theorem 8.4 implies that for any non-negative integer i and any two
integers N and N ′ satisfying N ′ ≥ N > 0, the image of C0,N ′,χ in R0,N,χ coincides
with C0,N,χ. Combining this fact and the second assertion of Corollary 4.14, we obtain
the following corollary immediately.

Corollary 8.6. Assume the extension degree of K/Q is prime to p. Let i be a non-

negative integer, and χ ∈ ∆̂ a character satisfying χ(p) ̸= 1. Then, the following
holds.

(i) The image of Ci,χ in R0,N,χ coincides with the ideal Ci,0,N,χ for any positive
integer N .

(ii) The image of Ci,χ in R0,χ := Zp[Gal(F0/Q)]χ coincides with the ideal Ci,F0,χ :=
lim←−N Ci,0,N,χ.

We put m := pΛχ + (γ − 1)Λχ. Note we have the natural isomorphism

Xχ/mXχ ≃ A0,χ/p

by Proposition 3.9. So, the least cardinality of generators of the Λχ-module Xχ

coincides to that of the Oχ/p-module A0,χ by Nakayama’s lemma. Hence the following
corollary follows from Remark 2.3, Theorem 8.4 and Corollary 8.6.
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Corollary 8.7. Let K/Q and χ ∈ ∆̂ be as in Theorem 1.1. Let r be a non-negative
integer. Then, the following two conditions are equivalent.

(i) The least cardinality of generators of the Λχ-module Xχ is r.
(ii) Cr−1,χ ̸= Λχ and Cr,χ = Λχ.

8.3. In this subsection, we prove Theorem 8.1. Here, we fix a positive integer i and
a height one prime ideal P of O[[Γ]] containing FittΛχ(Xχ). In particular, we have
P ̸= (p). For simplicity, we put α := αi(P) and β := βi(P). We define a non-negative
integer s by

ps = (SP : O[[Γ]]/P).

In the proof of Theorem 8.1, we mainly use a method of “deformation of Weierstrass
polynomials” which was used in [MR] §5.3. (In [MR] §5.3, they treat only the case
of Oχ = Zp, but we can prove similar results for general Oχ by similar arguments.)
We identify O[[Γ]] with the ring O[[T ]] of formal power series by an isomorphism
O[[Γ]] ≃ O[[T ]] defined by γ 7→ 1+T . Let f(T ) ∈ O[T ] be the Weierstrass polynomial
generating the fixed prime ideal P of O[[Γ]] ≃ O[[T ]]. For any positive integer k, we
put

fk(T ) := f(T ) + pk

and let Pk be the principal ideal of Λχ = Oχ[[T ]] generated by fk(T ). We need the
following lemma (cf. [MR] p. 66).

Lemma 8.8. There exists a positive integer N(P) satisfying the following properties.

(i) The ideal Pk is a prime ideal for any k ≥ N(P).
(ii) The ideal Pk is not contained in ΣΛ for any k ≥ N(P).
(iii) The residue ring O[[Γ]]/Pk is (non-canonically) isomorphic to O[[Γ]]/P as
O-algebra for any k ≥ N(P).

(iv) The action of Frp
m

ℓ − 1 on Tχ ⊗O SPk
is injective for any ℓ ∈ P, any m ≥ 0

and any k ≥ N(P).

Proof. The arguments in [MR] p. 66 implies that there exists an integer N ′(P) such
that the conditions (i)–(iii) in the lemma holds for any integer k satisfying k ≥ N ′(P).
(See loc. cit. for details.) So, it is sufficient to show that the fourth condition holds
for any sufficiently large integer k. We denote the cyclotomic character by

χcyc : Γ // 1 + pZp � � // O×.

Let k be an integer satisfying k ≥ N(P). The natural projection induces a continuous
character

ρk : Γ −→ (O[[Γ]]/Pk)
×.

Note that the action of Frp
m

ℓ − 1 on Tχ ⊗O SPk
is not injective for some ℓ ∈ P and

some m ≥ 0 if and only if the order of the character χcycρk is finite.

We denote the number of p-power torsion elements of (O[[Γ]]/Pk)
× by pν . As-

sume that the character χcycρk has finite order. The image of χcycρk is contained in
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(O[[Γ]]/Pk)
×, so the character χcycρk is annihilated by pν . In particular, we have

ρk(γ
pν ) = (χcyc)−p

ν

(γ)

in O[[Γ]]/Pk. This implies the polynomial

(1 + T )p
ν − (χcyc)−p

ν

(γ) ∈ O[T ]
is divisible by the monic polynomial fk(T ). Obviously, such a situation occurs for only
finitely many k, so the condition (iv) holds for any sufficiently large integer k. □
Definition 8.9. Let M be an integer, and {xk}k≥M and {yk}k≥M sequences of real
numbers. We write xk ≻ yk if lim infk→∞(xk − yk) ̸= −∞. We write xN ∼ yN if
xk ≻ yk and yk ≻ xk. In other words, we write xk ∼ yk if |xk − yk| is bounded
independent of k.

We denote the ramification index of Frac(SP)/Qp by eP, and the extension degree
of the residue field of Oχ over Fp by fχ. Let us recall the following observations in
[MR] p. 66. Let d be a non-negative integer. Then, we have

Pk +Pd = Pk + πk
dePkO[[Γ]]

for any sufficiently large integer k. So, we obtain the natural isomorphism

(O[[Γ]]/Pd)⊗O[[Γ]] SPk
≃ SPk

/(πk)
dePk

of SPk
-algebras for any sufficiently large k. Moreover, we obtain the following lemma

from the observations in [MR] p. 66. (See [MR] loc. cit. for the proof.)

Lemma 8.10. Let M be a finitely generated torsion O[[Γ]]-module, and

E :=
r⊕
j=0

O[[Γ]]/Pdj ⊕
r′⊕
j′=0

O[[Γ]]/(gj′(T )ej′ )

an elementary O[[Γ]]-module, where dj and ej′ are positive integers, and gj′(T ) is a
Weierstrass polynomial in Oχ[T ] prime to f(T ) for any integer j and j′. Suppose
that the O[[Γ]]-module M is pseudo-isomorphic to E. Then, there exists a sequence{

ιk : M ⊗O[[Γ]] SPk
−→

r⊕
j=0

SPk
/(πk)

djePk;SPk
-linear

}
k>N(P)

of homomorphisms such that the orders of the kernel and cokernel of ιk are finite for
any k ≥ N(P), and bounded by a constant independent of k.

Then, we immediately obtain the following Corollary 8.11 of Lemma 8.10 combined
with Lemma 2.7. This corollary plays an important role in this section.

Corollary 8.11. Let M be a finitely generated torsion O[[Γ]]-module. We define a
non-negative integer C by

FittO[[Γ]],i(M ⊗O[[Γ]] Λχ,P) = PCΛχ,P.

For each positive integer k with k ≥ N(P), fix a uniformizer πk of SPk
, and define a

non-negative integer ck by

FittSPk
,i(M ⊗O[[Γ]] SPk

) = πckk SPk
.
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Then, we have ck ∼ CePk.

Definition 8.12. Let k be a non-negative integer with k ≥ N(P). We define non-
negative integers ak and bk by

πakk SPk
= FittSPk

,i(Xχ ⊗O[[Γ]] SPk
),

bk = lengthSPk

(
(O[[Γ]]/Ci,χ)⊗O[[Γ]] SPk

)
.

By Corollary 8.11, we have ak ∼ αePk and bk ∼ βePk.

Proposition 8.13 ([MR] Proposition 5.3.14). Let k be an integer satisfying k ≥
N(P), and

πk : Xχ ⊗O[[Γ]] SPk
−→ Hom

(
H1

F∗
can

(
Q, (Tχ ⊗O SPk

)∗
)
,Qp/Zp

)
a natural homomorphism. Then, the kernel and cokernel of πk are both finite, and
the orders of kernel and cokernel of πk are bounded by a constant independent of k.

Combining Proposition 8.13 with Proposition 8.3, we obtain the following corollary.

Corollary 8.14. We have ak ∼ ∂i(Pk).

For an integer k with k ≥ N(P), we take an integer N ′
k satisfying

• N ′
k ≥ ∂i(Pk), and

• pN ′
k ∈ Ci,χ +Pk.

Note that there exist such an N ′
k since the ideal Ci,χ +Pk has finite index in O[[Γ]].

Then, we take N ′′
k ≥ N ′

k satisfying

• γpN
′′
k −1 − 1 ∈ Pk + pN

′
kO[[Γ]], and

• SN ′′
k
⊆ SN ′

k
(Pk).

We put mk := N ′′
k − 1.

Proof of Theorem 8.1. Now, we shall prove Theorem 8.1. It is sufficient to show
βePk ≻ αePk. Let k be any positive integer satisfying k ≥ N(P). Then, we have

βePk ∼ bk = lengthSPk

(
(O[[Γ]]/(Ci,χ +Pk))⊗O[[Γ]] SPk

)
= lengthSPk

(
(O[[Γ]]/(Ci,χ +Pk + pN

′
kO[[Γ]]))⊗O[[Γ]] SPk

)
= lengthSPk

(
(O[[Γ]]/(Ci,χ +Pk + (pN

′
k , γp

mk − 1)))⊗O[[Γ]] SPk

)
= lengthSPk

(
(Rmk,N

′
k,χ
/(the image of Ci,χ))⊗O[[Γ]] SPk

)
≥ lengthSPk

(
(Rmk,N

′
k,χ
/(the image of Ci,mk,N

′′
k ,χ

))⊗O[[Γ]] SPk

)
Since the ring Rmk,N

′
k,χ
⊗O[[Γ]] SPk

is a quotient of the discrete valuation ring SPk
, the

image of Ci,mk,N
′′
k ,χ

in Rmk,N
′
k,χ
⊗O[[Γ]] SPk

is a principal ideal. So, there exist
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• a circular unit

η(nk) = η(k)mk
(nk) :=

∏
d|fK

ηdmk
(n)ud ×

r∏
i=1

η1,aimk
(n)vi ∈ Fmk

(µnk
)×,

where r ∈ Z>0, ud and vi are elements of Z[Gal(Fm/Q)] for each positive
integers d and i with d | fK and 1 ≤ i ≤ r, and a1, ..., ar are integers prime to
p,
• an element nk ∈ Nw.o.

N ′′
k
,

• a homomorphism hk : F
×
mk
/pN

′′
k −→ Rmk,N

′′
k ,χ

,

such that the ideal of Rmk,N
′
k,χ
⊗O[[Γ]] SPk

generated by the image of Ci,mk,N
′′
k ,χ

is a
principal ideal generated by the image of hk(κmk,N

′′
k
(η;nk)). Therefore, we obtain

(14) βePk ≻ lengthSPk

((
Rmk,N

′
k,χ
/hk(κmk,N

′′
k
(η;nk))Rmk,N

′
k,χ

)
⊗O[[Γ]] SPk

)
.

We denote by h̄k : F
×
m/p

N ′
k −→ Rmk,N

′
k,χ

, the Rmk,N
′
k,χ

-linear homomorphism induced
by hk.

For a moment, we fix an integer k ≥ N(P), and put N ′ := Nk, N
′′ := N ′′

k , m := mk,
n = nk and h̄k := h̄ for simplicity. We put

NHn :=
∑
σ∈Hn

σ ∈ Z[Hn].

Let νHn : Rm,N ′,χ −→ Rm,N,χ[Hn]
Hn be an isomorphism of Rm,N ′,χ[Hn]-module defined

by 1 7→ NHn . Note that Rm,N ′,χ[Hn] is an injective Rmk,N
′
k,χ

-module, so there exist

an Rmk,N
′
k,χ

-linear homomorphism h̃ : (Fm(µn)
×/pN

′
)χ −→ Rm,N ′,χ[Hn] which makes

the diagram

(F×
m/p

N ′
)χ� _

��

h̄ // Rm,N ′,χ

νHn

��
(Fm(µn)

×/pN
′
)χ

h̃ // Rm,N ′,χ[Hn]

commute.

Note that by Shapiro’s lemma and limit arguments (cf. [MR] Lemma 5.3.1), we
have a natural isomorphism

H1(Q(µn),Tχ/p
N ′
)

≃−−→ lim←−
m′

(Fm′(µn)
×/pN

′
)χ.

Then, by Lemma 4.13 (ii), we obtain the following lemma.

Lemma 8.15. There exists a homomorphism

h̃∞ : H1(Q(µn),Tχ/p
N ′
) −→ O[[Γ]][Hn]/p

N ′
= lim←−

m′

Rm′,N ′,χ[Hn]
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of O[[Γ]][Hn]/p
N ′
-modules which makes the diagram

H1(Q(µn),Tχ/p
N ′
)

h̃∞ //

��

O[[Γ]][Hn]/p
N ′

mod (γp
m−1)

��
(Fm(µn)

×/pN
′
)χ

h̃ // Rm,N ′,χ[Hn]

commute.

Recall that we define a non-negative integer s by

ps = (SP : O[[Γ]]/P).

Let us show the following proposition.

Proposition 8.16. There exists an SPk
[Hn]-linear homomorphism

h̃Pk,N ′ : H1(Q(µn), (Tχ ⊗O SPk
)/pN

′
) −→ SPk

[Hn]/p
N ′

which makes the diagram

H1(Q(µn),Tχ/p
N ′
)

��

p4sh̃∞ // O[[Γ]][Hn]/p
N ′

��

H1(Q(µn), (Tχ ⊗O SPk
)/pN

′
)

h̃Pk //_______ SPk
[Hn]/p

N ′

commute. Here, the vertical maps in this diagram are the natural ones.

Proof. We divide the vertical maps in some short steps, and we will construct suit-
able homomorphisms step by step. In order to prove Proposition 8.16, we need the
following Lemma 8.17 and its corollary. (Note that the following lemma is proved by
similar arguments to Lemma 3.1, so we omit the proof.)

Lemma 8.17. Let M be an O[[Γ]]/Pk-module. Then, the kernel and the cokernel of
the natural O[[Γ]]/Pk-linear map

M −→M ⊗O[[Γ]]/Pk
SPk

is annihilated by ps.

The following corollary follows from Lemma 8.17 by the similar arguments to Corol-
lary 3.3.

Corollary 8.18. Let f : M −→ N be a homomorphism of O[[Γ]]/Pk-modules, and

iM : M −→M ⊗O[[Γ]]/Pk
SPk

the natural homomorphism. Consider the SPk
-linear map

f ⊗ SPk
: M ⊗O[[Γ]]/Pk

SPk
−→ N ⊗O[[Γ]]/Pk

SPk

induced by f . Then, p2sKer(f ⊗ SPk
) is contained in iM(Ker f). In particular, if f

is injective, then Ker(f ⊗ SPk
) is annihilated by p2s.
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Here, we return to the proof of Proposition 8.16. From the exact sequence

0 // Tχ/p
N ′ ×fk(T ) // Tχ/p

N ′ // Tχ/(p
N ′
Tχ +PkTχ) // 0,

it follows that the natural homomorphism

H1(Q(µn),Tχ/p
N ′
)⊗O[[Γ]] (O[[Γ]]/Pk) −→ H1

(
Q(µn),Tχ/(p

N ′
Tχ +PkTχ)

)
is injective. So, by Corollary 8.18, the kernel of the SPk

[Hn]-linear map

H1(Q(µn),Tχ/p
N ′
)⊗O[[Γ]] SPk

−→ H1
(
Q(µn),Tχ/(p

N ′
Tχ +PkTχ)

)
⊗O[[Γ]] SPk

is annihilated by p2s.

TheO[[Γ]][Hn]-linear homomorphism h̃∞ induces an SPk
[Hn]-linear homomorphism

h̃(0) : H1(Q(µn),Tχ)⊗O[[Γ]] SPk
−→ SPk

[Hn]/p
N ′
.

For simplicity, we put

Tχ,k := Tχ/(p
N ′
Tχ +PkTχ).

Let ImSPk
be the image of SPk

[Hn]-linear map

H1(Q(µn),Tχ/p
N ′
)⊗O[[Γ]] SPk

−→ H1(Q(µn),Tχ,k)⊗O[[Γ]] SPk
.

Then, there exists an SPk
[Hn]-linear homomorphism

h̃(1) : ImSPk
−→ SPk

[Hn]/p
N ′

which makes the diagram

H1(Q(µn),Tχ)⊗O[[Γ]] SPk

p2sh̃(0) //

��

SPk
[Hn]/p

N ′

ImSPk

h̃(1)

33hhhhhhhhhhhhhhhhhhhhhh

commute. Note that SPk
[Hn]/p

N ′
is an injective SPk

[Hn]/p
N ′
-module since SPk

/pN
′

is a quotient of a complete discrete valuation ring SPk
with finite residue field. So,

we can extend h̃(1) to an SPk
[Hn]/p

N ′
-linear map

h̃(1) : H1(Q(µn),Tχ,k)⊗O[[Γ]] SPk
−→ SPk

[Hn]/p
N ′
,

and we obtain the commutative diagram

H1(Q(µn),Tχ/p
N ′
)

��

p2sh̃∞ // O[[Γ]][Hn]/p
N ′

��

H1(Q(µn),Tχ,k)⊗O[[Γ]] SPk

h̃(1) //______ SPk
[Hn]/p

N ′
.

Since Tor
Λχ/Pk

1

(
Tχ,k, SPk

/(O[[Γ]]/Pk)
)
and (Tχ,k⊗O[[Γ]]/Pk

SPk
)/Tχ,k are annihilated

by ps, the kernel of the natural homomorphism

H1(Q(µn),Tχ,k)⊗O[[Γ]] SPk
−→ H1

(
Q(µn), (Tχ ⊗O SPk

)/pN
′)
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is annihilated by p2s. Then, the injectivity of SPk
[Hn]/p

N ′
implies that there exists

an SPk
[Hn]/p

N ′
-linear map

h̃Pk
: H1

(
Q(µn), (Tχ ⊗O SPk

)/pN
′) −→ SPk

[Hn]/p
N ′
,

which makes the diagram

H1(Q(µn),Tχ,k)⊗O[[Γ]] SPk

��

p2sh̃(1) // SPk
[Hn]/p

N ′

H1
(
Q(µn), (Tχ ⊗O SPk

)/pN
′) h̃Pk

33hhhhhhhhhh

commute. The homomorphism h̃Pk
is what we want to construct, and this completes

the proof of Proposition 8.16. □

We identify SPk
/pN

′
with SPk

/pN
′
[Hn]

Hn as an SPk
/pN

′
[Hn]-module by the isomor-

phism

νHn : SPk
/pN

′ −→ SPk
/pN

′
[Hn]

Hn ; 1 7−→ NHn ,

and let

hPk
: H1(Q, (Tχ ⊗O SPk

)/pN
′
) −→ SPk

/pN
′

be the homomorphism induced by h̃Pk
. Since we assume the ideal Pk + pN

′O[[Γ]]
contains γp

m − 1, the natural homomorphism

H1(Q(µn),Tχ/p
N ′
) −→ H1(Q(µn), (Tχ ⊗O SPk

)/pN
′
)

factors through

H1
(
Q(µn),Tχ ⊗Λχ Rm,N ′,χ

)
≃ (Fm(µn)

×/pN
′
)χ.

We denote the image of H1(Q(µn),Tχ/p
N ′
) in (Fm(µn)

×/pN
′
)χ by ImF . Note that

by the exact sequence

0 −→ Tχ/p
N ′ γp

m−1−−−−−→ Tχ/p
N ′ −→ Tχ ⊗Λχ Rm,N ′,χ −→ 0,

we have a natural isomorphism

H1(Q(µn),Tχ/p
N ′
)⊗Λχ Rm,N ′,χ

≃−−→ ImF ⊆ (Fm(µn)
×/pN

′
)χ,

and h̃|ImF
coincides with the map

h̃∞ ⊗Λχ Rm,N ′,χ : ImF ≃ H1(Q(µn),Tχ/p
N ′
)⊗Λχ Rm,N ′,χ −→ Rm,N ′,χ[Hn]
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induced by h̃∞. By Proposition 8.16, we obtain the commutative diagram

H1(Q(µn),Tχ/p
N ′
)

��

p4sh̃∞ // O[[Γ]][Hn]/p
N ′

��
ImF

p4sh̃ //

��

Rm,N ′,χ[Hn]

��

H1(Q(µn), (Tχ ⊗O SPk
)/pN

′
)

h̃Pk // SPk
[Hn]/p

N ′

H1(Q, (Tχ ⊗O SPk
)/pN

′
)

hPk //
?�

OO

SPk
/pN

′
.

?�

νHn

OO

By the norm compatibility of circular units, we can define the element

ηDn
∞ := (ηm(n)

Dn) ∈ H1(Q(µn),Tχ/p
N ′
) = lim←−

m′

(Fm′(µn)
×/pN

′
)χ.

In particular, we have

ηm(n)
Dn ∈ ImF ⊆ (Fm(µn)

×/pN
′
)χ.

Let OS be a ring which is isomorphic to SPk
as a Oχ-algebra, and we assume that the

Galois group GQ acts on OS trivially. The action of GQ on SPk
defines a continuous

character

ρ : Γ −→ O×
S .

We regard both Tχ ⊗O OS and Tχ ⊗O SPk
as free OS-modules of rank one. Let

η ⊗ ρ :=
{
(η ⊗ ρ)m(n′) ∈ H1

(
Qm′(µn′), (Tχ ⊗O SPk

)
)}

m′,n′

be the Euler system for (Tχ ⊗O SPk
,Σ) which is the twist of the Euler system

η(k) :=
{
η
(k)
m′ (n

′) ∈ H1
(
Qm′(µn′), Tχ

)}
m′,n′

for (Tχ ⊗O OS,Σ) by the character ρ in the sense of [Ru4]. Since we assume n ∈
Nw.o.
N ′′ ⊆ Nw.o.(SN ′(Pk)), we can define the Kolyvagin derivative class

κ0,N ′(η ⊗ ρ;n) ∈ H1
(
Q, (Tχ ⊗O SPk

)/pN
′)

of the Euler system η⊗ρ, whose image in H1(Q(µn), (Tχ⊗O SPk
)/pN

′
) coincides with

the image of ηm(n)
Dn . By Proposition 8.2, we have

κ0,N ′(η ⊗ ρ;n) = κ(η ⊗ ρ)n +
∑
d

wd · κ(η ⊗ ρ)d ∈ H1
(
Q, (Tχ ⊗O SPk

)/pN
′)

where d runs through all positive divisors of n satisfying d < n, wd’s are elements of
SPk

, and κ(η⊗ ρ)n is the n-component of the Kolyvagin system corresponding to the
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Euler system η ⊗ ρ. Therefore, we obtain

βePk ≻ lengthSPk

(
SPk

/pN
′(

the image of hk(κmk,N
′′
k
(η;nk))

)
· (SPk

/pN ′)

)

∼ lengthSPk

(
SPk

/pN
′

ν−1
Hn

(
p4sh̃(ηmk

(nk)
Dnk )

)
· (SPk

/pN ′)

)

≥ lengthSPk

(
SPk

/pN
′∑

d|n hPk
(κ(η ⊗ ρ)d) · (SPk

/pN ′)

)
≥ min{∂0(Pk), . . . , ∂i(Pk), ePN

′} = ∂i(Pk) ∼ ak

∼ αePk

Thus, we obtain β ≥ α, and this completes the proof of Theorem 8.1. □

Appendix A. Review of some results on Kolyvagin systems

In this appendix, we briefly review some basic notions and results on Kolyvagin
systems over complete discrete valuation rings of mixed characteristic (0, p) whose
residue fields are finite. For details, see [MR]. In our paper, we only use results on
Kolyvagin systems for free modules of rank one, so we focus on such cases in this
appendix. For application to the classical setting to study the structure of A0,χ, see
§A.4.

A.1. First, we recall the notion of Selmer structures over complete local ring in a
general context. Let (R,m) be a Noetherian complete local Zp-algebra whose residue
field R/m is finite. Here, we may assume R is the integer ring of a finite extension

field of Qp or the Iwasawa algebra Oχ[[Γ]] for some χ ∈ ∆̂. Fix a finite set Σ of places
of Q containing p and ∞. In this appendix, we consider a free R-module T of rank
one on which GQ,Σ acts via a continuous character

ρT : GQ,Σ −→ R×.

We naturally regard the abelian group T ∗ := HomZp(T, µp∞) as an R[GQ]-module.
Throughout this appendix, we always assume the following four conditions (T1)–(T4):

(T1) Recall that we fix an embedding pQ : Q ↪→ Qp in §1. We denote by Qp,∞ the
composite field of pQ(Q∞) and Qp. Then, the action of GQp,∞ on T ∗[m] is not
trivial.

(T2) Recall that we fix an embedding ∞Q : Q ↪→ C in §1. The character ρT is not
trivial on GQR . (So, the character ρT is “odd”.)

(T3) The order of the image of GQ∞ by ρT is finite, and prime to p.
(T4) The actions of GQ on T/mT and T ∗[m] are non-trivial, and the Fp[GQ]-module

T/mT is not isomorphic to T ∗[m].

A local condition F of T is a family

F = {H1
F(Qv, T ) ⊆ H1(Qv, T )}v:place of Q
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of R-submodules of local Galois cohomology groups satisfying

H1
F(Qv, T ) = H1(Qunr

v /Qv, T )

for all finite places v /∈ Σ. We call a triple (T,F ,Σ) a Selmer structure over R.

We define the Selmer group for a Selmer structure (T,F ,Σ) by

H1
F(Q, T ) := Ker

(
H1(Q, T ) −→

∏
v

H1(Qv, T )

H1
F(Qv, T )

)
,

where in the product, v runs through all places of Q.

Assume that R is the ring of integers of a finite extension field of Qp. Then, we
treat the local condition Fcan for T by

H1
Fcan

(Qv, T ) :=


H1
f (Qv, T ) if v is a finite place prime to p;

H1(Qp, T ) if v = p;

H1(R, T ) = 0 if v =∞,

where H1
f (Qv, T ) is defined by

H1
f (Qv, T ) = Ker

(
H1(Qv, T ) −→ H1(Qunr

v , T ⊗Zp Qp)
)

for finite places v prime to p. We define the dual local condition F∗
can on T ∗ by

H1
F∗

can
(Qv, T

∗) :=

{
H1
f (Qv, T

∗) if v is a finite place prime to p;

0 if v = p,∞.

Let I be an ideal of R. Then, for any place v of Q, we denote by H1
Fcan

(Qv, T/IT ) the
image of H1

Fcan
(Qv, T ) in H

1(Qv, T/IT ), and by H1
Fcan

(Qv, T
∗[I]) the inverse image of

H1
Fcan

(Qv, T
∗) in H1(Qv, T

∗[I]) respectively.

A.2. Here, we recall the definition of Kolyvagin systems over complete discrete val-
uation rings. In this subsection, let (R,m) be the integer ring of a finite extension
field of Qp, and (T,Fcan,Σ) be a Selmer structure over R introduced in the previous
subsection. Note that the Selmer structure (T,Fcan,Σ) satisfies the conditions (H.0)–
(H.4) and (H.6) in [MR] §3.5. We also remark that we have χ(T,Fcan)=1, where
χ(T,Fcan) is the core rank defined in [MR] Definition 4.1.11. (See also [MR] Theorem
5.2.15.)

For each prime number ℓ /∈ Σ, we define

Pℓ(x) := detR(1− Frℓx | T ) = 1− ρT (Frℓ)x ∈ R[x],
where Frℓ ∈ GQ is an arithmetic Frobenius element. Note that the polynomial Pℓ(x)
is well-defined since the action of GQ on T is unramified at ℓ. We denote by Iℓ the
ideal of R generated by ℓ−1 and Pℓ(1). Take a square-free product n := ℓ1×· · ·× ℓr,
where ℓi is a prime number not contained in Σ for i = 1, ..., r. Then, we define an
ideal In :=

∑r
i=1 Iℓi .

Let P a set of rational primes disjoint from Σ. We denote the set of all square-free
products of P by N (P). (Note 1 ∈ N (P).) We call such a triple (T,Fcan,P) a Selmer
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triple. In this paper, we always take P = P1. Here, for any positive N , we denote by
PN := PN(T,Σ) the set of all prime numbers ℓ not contained in Σ satisfying Iℓ ⊆ mN .

In order to define Kolyvagin systems, we have to introduce new local conditions
Fcan(n) on T/m

NT for all n ∈ N (PN), and two homomorphisms of Galois cohomology
groups, the “localization” map and the “finite-singular comparison” map.

Let N be a positive integer and ℓ ∈ PN an arbitrary element. Then, we define

H1
tr(Qℓ, T/m

NT ) := Ker
(
H1(Qℓ, T/m

NT ) −→ H1(Qℓ(µℓ), T/m
NT )

)
.

Then, by [MR] Lemma 1.2.4, we have a direct sum decomposition

H1(Qℓ, T/m
NT ) = H1

Fcan
(Qℓ, T/m

NT )⊕H1
tr(Qℓ, T/m

NT ),

so the natural projection

H1
tr(Qℓ, T/m

NT ) −→ H1
s (Qℓ, T/m

NT ) :=
H1(Qℓ, T/m

NT )

H1
f (Qℓ, T/mNT )

is an isomorphism. For any n ∈ N (P), we define a new local condition

H1
Fcan(n)(Qℓ, T/m

NT ) :=

{
H1

Fcan
(Qℓ, T/m

NT ) if ℓ ∤ n;
H1

tr(Qℓ, T/m
NT ) if ℓ | n.

Let ℓ be a prime number prime to n and not contained in Σ. Recall that we put
Hℓ := Gal(Q(µℓ)/Q) ≃ F×

ℓ in §4.1. The localization map

(·)ℓ,s : H1
Fcan(nℓ)(Q, T/InℓT )⊗Z Hnℓ −→ H1

s (Qℓ, T/InℓT )⊗Z Hnℓ,

is the homomorphism induced by the restriction map of Galois cohomology groups.

In order to define the “finite-singular comparison” map, we need the following
lemma.

Lemma A.1 ([Ru2] Lemma 1.4.7). Let ℓ ∈ PN be an arbitrary element. Then,
evaluating cocycles on Frℓ and Hℓ induces isomorphisms

α : H1
f (Qℓ, T/m

NT )
≃−−→ T/

(
mNT + (Frℓ − 1)T

)
= T/mNT

β : H1
s (Qℓ, T/m

NT )
≃−−→ HomZ(Hℓ, T/m

NT )Frℓ=1 = HomZ(Hℓ, T/m
NT )

of R/mN -modules respectively.

Now we define the “finite-singular comparison” map

ϕfs
ℓ : H

1
f (Qℓ, T/InT ) −→ H1

s (Qℓ, T/InT )⊗Z Hℓ

to be the inverse map of the composite map

H1
s (Qℓ, T/m

NT )⊗Z Hℓ
≃−−→
β−1

Hom(Hℓ, T/m
NT )⊗Z Hℓ

≃−−→ T/mNT
≃−−→
−α

H1
f (Qℓ, T/m

NT )

for any n ∈ NN and any prime divisor ℓ of n.
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Definition A.2. A Kolyvagin system for a Selmer triple (T,Fcan,P1) is a family of
cohomology classes

κ =

κn ∈ H1
Fcan(n)(Q, T/InT )⊗Z ⊗Z

⊗
ℓ|n

Hℓ


n∈N (P1)

satisfying

(κnℓ)ℓ,s = ϕfs
ℓ (κn) in H1

s (Qℓ, T/InℓT )⊗Z
⊗
ℓ|n

Hℓ

for any n ∈ N (P1) and any ℓ ∈ P1 satisfying nℓ ∈ N (P1). We denote the set of all
Kolyvagin systems for (T,Fcan,P1) by KS(T,Σ).

As we shall see below Proposition A.3, Kolyvagin systems for the triple (T,Fcan,P)
describe the structure of the Selmer group

H1
F∗

can
(Q, T ∗) = Ker

(
H1(Q, T ∗) −→

∏
v

H1(Qv, T
∗)

H1
F∗

can
(Qv, T ∗)

)
,

where in the product, v runs through all places of Q.

Recall that for each element n := ℓ1 × · · · × ℓr ∈ N (P), we denote the number of
prime divisors of n by ϵ(n) := r. For any non-zero element κ = {κn} ∈ KS(T,Σ) and
any non-negative integer i, we denote the maximum (accepting ∞) of the set{

j ∈ Z≥0 | κn ∈ mjHF(n)(Q, T/InT )⊗Hn for all n ∈ N (P1) with ϵ(n) = i
}

by ∂i(κ;T ). We also define

∂i(T ) := min{∂i(κ;T ) | κ = {κn} ∈ KS(T,Σ)}.
Note that ∂i(T ) = 0 for sufficiently large i, and ∂j(T ) ≥ ∂j+1(T ) for any j ∈ Z≥0.
(See [MR] Theorem 5.10 (ii) and Theorem 5.12).

Proposition A.3 (a special case of [MR] Theorem 5.2.12). Let (T,Fcan,P1) be as
above, and we put

H1
F∗

can
(Q, T ∗)∨ := Hom

(
H1

F∗
can
(Q, T ∗),Qp/Zp

)
.

Then, we have

FittR,i
(
H1

F∗
can
(Q, T ∗)∨

)
= m∂i(T )

for any i ∈ Z≥0.

A.3. Here, we recall a result with relate Euler systems to Kolyvagin systems. Let
(R,m) and (T,Fcan,P1) be as in the previous subsection. First, we recall the definition
of Euler systems in the sense of [Ru4] Remark 2.1.4.

Definition A.4. Let N (Σc) the set of all positive integers decomposed into square
free products of prime numbers not contained in Σ. In this paper, we call a family

c :=
{
cm(n) ∈ H1(Qm(µn), T )

}
m≥0,n∈N (Σc)

of cohomology classes an Euler system for (T,Σ) if c satisfies the following conditions:
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(ES1) For any n ∈ N (Σc) and any non-negative integer m, we have

CorQm+1(n)/Qm(n) (cm+1(n)) = cm(n).

(ES2) Let n ∈ N (Σc) and m a non-negative integer. Then, for any prime divisor
ℓ of n, we have

CorQm(n)/Qm(n/ℓ) (cm+1(n)) =
(
1− ℓ−1ρT (Frℓ) · Fr−1

ℓ

)
· cm(n/ℓ).

We denote the set of all Euler systems for (T,Σ) by ES(T,Σ).

Remark A.5. Note that “Euler factors” in (ES2) are a bit different from that in
[MR]. In order to fit our notation into that in [MR], see [Ru4] Lemma 9.6.1. (In
particular, see the construction of cF in the proof of [Ru4] Lemma 9.6.1.)

Fix an Euler system c = {cm(n)}m≥0,n∈N (Σc) ∈ ES(T,Σ), a positive integer N and
any element n ∈ N (PN). Let Dn ∈ Z[Hn] be the element introduced in Definition
4.7. Then, as in Definition 4.9, we can construct the canonical element κ0,N(n; c) ∈
H1(Q, T/mNT ) called Kolyvagin derivative, whose image in H1(Q(µn), T/m

NT ) co-
incides with Dn · cm(n). (For details, see [Ru4] §4.4.) The following result relates
Euler systems to Kolyvagin systems.

Proposition A.6. Assume that the action of ρT (Frℓ)
pk ̸= 1 for any ℓ ∈ P and any

k ∈ Z≥0. Then, there exists an R-linear map

ES(T,Σ) −→ KS(T,Σ); c = {cm(n)} 7−→ κ(c) := {κ(c)n}n
satisfying the following property.

(EK) Let n ∈ N (P1) be any well-ordered element (cf. Definition 4.10), and put
In = mN . Then, for any c ∈ ES(T,Σ), we have

κ(c)n ≡ κ(n; c)⊗
⊗
ℓ|n

σℓ mod M(n; c),

where M(n, c) is an R-submodule of H1(Q, T/InT )⊗Z
⊗

ℓ|nHℓ generated by{
κ(c)d

∣∣∣∣ 0 < d | n, d ̸= n

}
.

Here, we put M(1; c) := 0.

Remark A.7. For the construction of map in A.6, see [MR] Appendix A. (See also
[MR] Proposition 5.2.9.) The property (EK) follows from the construction of the
map.

A.4. In §8.2, we specialize the above general setting to the following case. We assume

p ∤ [K : Q], and fix a character χ ∈ ∆̂ satisfying χ(p) ̸= 1. We define a set Σ of places
of Q by

Σ := {p,∞} ∪ {ℓ | ℓ ramifies in K/Q},
Put R = O := Zp[Imχ] and T = Tχ = O(1) ⊗ χ−1. Note that p is a prime element
in O since the order of χ is prime to p. In §8, we consider the Selmer structure
(Tχ,Fcan,Σ). (Note that in our paper, we also treat “twisted” Selmer structures
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(Tχ⊗O SQ,Fcan,Σ), but we do not introduce them here.) For any positive integer N ,
we have

H1(Q, T/pNT ) = (F×
0 /p

N)χ

by Kummer theory, and for any prime number ℓ, local class field theory implies

H1
f (Qℓ, T/p

NT ) =
(
(OF0 ⊗ Zℓ)×/pN

)
χ
.

Since we assume χ(p) ̸= 1, by global class field theory, we have

H1
F∗

can
(Q, T ∗

χ) = Hom(AF0,χ,Qp/Zp).

By definition, we have SN ⊆ P := P1 for any N ∈ Z>0. Let ℓ ∈ SN and n ∈ NN be
arbitrary elements satisfying (ℓ, n) = 1. We put In = pN

′O and Inℓ = pN
′′O. Then,

the localization map

(·)ℓ,s : H1
Fcan(nℓ)(Q, Tχ/InℓTχ)⊗Z Hnℓ −→ H1

s (Qℓ, Tχ/InℓTχ)⊗Z Hnℓ,

and the composite map

H1
Fcan(n)(Q, Tχ/InTχ)⊗Z Hn −−−−→ H1

f (Qℓ, Tχ/InℓTχ)⊗Z Hn

ϕfsℓ ⊗1
−−−−→ H1

s (Qℓ, Tχ/InℓTχ)⊗Z Hnℓ,

coincide with the restriction of the map

[·]ℓ0,N ′′,χ ⊗ 1: (F×
0 /p

N ′′
)χ ⊗Z Hnℓ −→ R0,N ′′,χ ⊗Z Hnℓ

defined in Definition 5.1 and that of the composite map

(F×
0 /p

N ′
)χ ⊗Z Hn −→ (F×

0 /p
N ′′

)χ ⊗Z Hn

ϕℓ
0,N′,χ⊗1

−−−−−−−→ R0,N ′′,χ ⊗Z Hnℓ

defined in Definition 5.2 respectively.

Note that for any Kolyvagin system κ = {κn}n ∈ KS(Tχ,Σ), each κn is written
by an Oχ-linear combination of Kolyvagin derivatives {κ•0,N(d)}•,d|n of basic circular
units.
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