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1. Introduction

In mathematical biology, theoretical understanding of the spatio and/or temporal
dynamics of biological individuals is one of major subjects. As one example of popula-
tion dynamics, we meet the situation where two species are strongly competing. It is
observed that one species of the two becomes extinct in a habitat by competing, or two
species can coexist by avoiding the competition with migration (see, e.g., [10]). The
former phenomenon is called the competitive exclusion principle, while the latter means
the coexistence of niche-segregation. To understand these phenomena, Lotka-Volterra
competition models with diffusion have been often proposed so far.

A simple model in one dimension is described by

(1.1) uy = d1Uzz + u(my — c11u — €12v) 0<z<l1,t>0),
) vy = datyy + V(Mg — c1u — Cpov) (0<z<l1,t>0)

with the Neumann boundary conditions

uz(0,t) = uz(1,t)=0 (¢t >0),
(1.2) { v2(0,t) = vz(1,¢) =0 (t>0)

where u(z,t) and v(z,t) usually represent the population densities of two competing
species at position z € (0,1) and time ¢t > 0. Thus it is naturally assumed that u and
v are nonnegative. The constant m; is the intrinsic growth rate, ¢;; the intraspecific
competition rate, and ¢;; (z # j) the interspecific competition rate where all constants
mi, ¢ij, di (1,5 = 1,2) are positive. By simple rescalings, (1.1) with (1.2) is rewritten

as

(1.3) {ut=duu+u(a-u-—bv) (0<z< L,t>0),

v = Vg + V(1 — cu — v) 0<z<L,t>0)
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with the Neumann boundary conditions

u,(O,t) = u,_.(L,t) =0
(1.4) { 0 (0,) = v (L) =0 (£>0)

where a, b and c are positive constants. The global existence of a solution of the system
(1.3) with (1.4) is proved by the maximal principle (see [12]). However, the qualitative
property of solutions have not yet been completely revealed. For the first step to do it,

the system (1.3) in the absence of diffusion is considered

(15) | {ut=u(a——u—bv),

v = v(l — cu — v),

where both components of initial data are positive. It is known that the asymptotic
behavior of solutions to (1.5) consist of four types: (i) *(a,0) is a unique globally
stable equilibrium; (ii) Y(0,1) is a unique globally stable equilibrium; (iii) *(@,?) =
Y((b—a)/(bc—1),(ac—1)/(bc—1)) is a unique globally stable equilibrium; (iv) there are
two stable equilibria {(a,0) and ¥(0,1). In the first three cases, any solutions generally
converge to the unique stable equilibrium, while in the last case, which stable equilib-
rium the solution converges to depends on the initial state. Therefore, the following
question naturally arises: what sort of initial data lead to the specific equilibrium, eco-
logically speaking, which species of the two becomes extinct depending on the initial
state.

In general, the dynamics of solutions depends on the initial data, if multi-stable
equilibria coexist. Although there have been many works concerned with the asymp-
totic behavior of solutions to various systems including (1.3), most of them discuss the
existence and the stability of equilibria and/or periodic orbits (c.f. [4]), and do not tell
us sufficient information on the dependency of initial data on the dynamics of solutions
because we need to investigate the behavior of the solution with given initial data for
the full time range. This also motivates us to study the characterization of the basin

of attraction for the competition-diffusion system (1.3) as well as (1.5). Hereafter we



assume the condition
1
(1.6) - <a<hb,

for the bi-stable case (iv).

For the system (1.5) of ordinary differential equations with the condition (1.6), it
is already known that the first quadrant in the (u,v) plane is divided into two basins of
attraction by a separatriz which makes the boundary between two basins of attraction

[8], [7]- The separatrix for (1.5) is represented by the graph of a function 4, i.e.,
{*(u,v) ER?* |u >0, v>0, v=nh(u)}

(cf. [7]). That is, if v(0) > h(u(0)), then *(u(t),v(t)) converges to *(0,1), while if
v(0) < h(u(0)), then it converges to *(a,0). For the property of v = h(u), it is shown
in [7] that

(1) if a > 1, v = h(u) is concave (i.e., A" < 0);

(i) if @ = 1, it is a straight line (i.e., h(u) = (¢ — 1)u/(b — 1));

(iii) if @ > 1, it is convex (i.e., A" > 0).

Now, we return to the original system (1.3) with (1.6) under the Neumann condi-
tions (1.4). It is known that stable equilibria are only ¥(a,0) and *(0,1), that is, any
nonconstant equilibria and periodic solutions are unstable, even if they exist [9], [6].
Therefore, one finds that the problem is to determine the separatrix for the constant
equilibria ¥(a,0) and *(0,1).

For the special case where the diffusion coefficients are same (d = 1), lida et al [7]
have recently shown that in the case a > 1 there exists an initial data *(u(z,0),v(z,0))

such that even if
v(z,0) > h(u(z,0)) for every z € [0, L],

‘(u(z,t),v(z,t)) converges to *(a,0). In ecological terms, it implies that the species

u may wipe out v, even if v is superior to u everywhere at ¢t = 0. We call such a
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phenomenon the diffusion-induced extinction of a superior species. They show that
this phenomenon possibly occurs, using the effect of the diffusive migration and the
concavity of the separatrix (or a > 1). This implies the difference of the structure of
separatrix between the systems (1.3) and (1.5). In order to construct the separatrix for
*(a,0) and ¥(0,1) of (1.3), (1.4), and study the dependency of the asymptotic states on
the initial data and the parameters, we restrict our discussion to the neighborhood of
an unstable constant equilibrium (@, 7).

In §2, we construct the local invariant manifold with one codimension which coin-
cides with the separatrix for (1.3) near (%, ¥) in some sense (see Theorems 2.2 and 2.3).
In §3, by using this invariant manifold, we present several results: First, we give some
conditions on initial distributions under which one species of the two becomes extinct.
For an example, choose a =1, b = ¢ =2, and d = 1 in (1.3) which indicates that the
system is symmetric with v and v. If the initial data is taken as in Fig. 1, it turns
out that the species u survives and v becomes extinct (see §3). Namely, the species u,
which distributes more uniformly than v does near the equilibrium at ¢ = 0, wipes out
the other (see Fig. 2).

Second, we show that even if the images of two different initial states in R? coincide
together, each solution may converge to the different equilibrium respectively. This
means that the asymptotic state of solutions can be never expected by means of the
information of initial data in the (u,v) plane.

Third, we consider the dependency of the asymptotic behavior on the parameter d
for suitably fixed a. We show that if the diffusion coefficients are different, the diffusion-
induced extinction can occur in the absence of the concavity of the separatrix for (1.5).
More generally, we investigate the dependency on the parameters a and d. It indicates
that one species u tends to be extinct as its diffusion rate d or growth rate a decreases,
that is, there is the relation between the diffusion rate and the growth rate such that

the two species are equally balanced. It is studied mathematically when (a,d) is close



to (1,1) and also numerically when (a, d) is not close to (1,1).

In §4, we give the proof of Theorems 2.2 and 2.3 and Proposition 3.5. If the stable
manifold at (%, v) has codimension one, the invariant manifold is uniquely determined.
If not, however, the invariant manifold is not unique. Under some conditions specified
later, we can construct it uniquely up to the second order (see Theorem 2.3 and Propo-
sition 4.2). We need to know the whole dynamics to prove that the invariant manifold
coincides with the separatrix up to the same order. We investigate the local dynamics
as long as the solution is close to *(i, ). Then we use the comparison theorem to show

the convergence of the solution.

2. Local invariant manifolds and separatrices

First we prepare the notation and the spaces. The usual inner product of R? is

U1 Ua
. = Uz + V102
U1 V2

for *(uq,v1),%(uz,v;) € R? and (-,-) means an inner product in L%(0, L), i.e.,

denoted by

(u,v) := /(;L u(z)v(z)dz for u,v € L*(0, L).

We also introduce Hilbert spaces H and X

Hi={w() = ‘58 |u(.)eL2(o,L), v(-)eL"’(O,L)},
X ={w(:)= ZE; € H| u, € L*(0,L), v, € L2(0,L)}

with their inner products and their norms respectively

Z;) ) (:)>H = /OL U1 (2)ua(x) + vi(z)v2(z)dz, ||“-’||iz = (w,w)y,

<
) Gy = (0 (), () (i), et o

We use a new variable



in order to investigate the behavior of solutions near the equilibrium point *(%,v). Let

us define a linear operator A and a nonlinear mapping F : X — X as follows:

62
dﬁ +a b
(2.1) A= * P
cv —% + v

with domain

o ={() e

and

(2.2) | F)= (‘5(“ b")) where w = (€> € X.

Ugz, Vez € L2(0, L), uz(0) = v-(0) = uz(L) = vz(L) = O}

—n(cf +n)

The resulting system from (1.3) is rewritten as
(2.3) w; = —Aw + F(w).

It is easily seen that A is a sectorial operator (see [5]). The fractional power of A
can be defined in a usual manner.
Let o) be the (k + 1)th eigenvalue of —d?/dz? with the Neumann conditions and

Ck a corresponding eigenfunction, namely,

2
(24) o= (%k) (k>0), (o= \l(%, and (; = \I—%cos% (k>1).

Since
(dog + @+ o + 8)? — 4((dog + @)(0o% + T) — bed) = (doy + @ — o — 9)* + 4bcuv > 0,

it is obvious that eigenvalues of the matrix

Mkz(dak+a b )

cv o+ v

are real.



LEMMA 2.1. Let pry+ (pr— < pi+) be the eigenvalues of M. The eigenvalues of

A are real, which can be denoted by {A;};>1 satisfying
M<A< A< <A<

Precisely there ezist functions ji(k) and k(j) such that

{ ,”'kr'*’ = A-7'0'("),

(2.5) Hk,—- = Aj_(k),

Aj = Br(G) 4 OT Hk(),~-
If \jy = Xj, (J1 # J2), then k(j1) # k(J2). Moreover Ay = po— < 0 and po+ > 0.
Proof. We prove the last part only. The remainder is easily shown, because the

family of eigenvalues of A consist of {us +}52,. The matrix

M0=(ﬁ_ b_‘")
Ccv v

has two real eigenvalues. The eigenvalues are the roots of the quadratic equation
(2.6) p? — (@ +9)pu — (be — 1)av = 0.

Since the last term is negative, we can check po- < 0 and go 4+ > 0. Noting

{1? — (dok + @+ 0% + D) + (dok + B)(0k + ) — boiD}|ump -
={—(d+ 1)po- + doy + u+ dv}or > 0,
dop+u+or+7v

5 >0>po- fork>1,

we can show that po_ < A; for j > 2.0

The corresponding eigenvectors of A are denoted by ¢;, namely,
Ap; = )jp;.
Especially, we can take
p; =erslr, if j=j1(k)

where ey 4 are the eigenvectors corresponding to pg 4:

Uk + 1 — 1_
€rt+ = ’ = prx —dox —u | = cv .
Okt ba Pkt — Ok — U
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The adjoint operator is

82
—d—+1 cv
2.7) A= | 07
. . bl—t 62

——— 47
Oz? t
with the same domain as in A. Let ¢} be an eigenfunction corresponding to A;. Mul-

tiplying appropriate constants, we can take ¢} satisfying

(w},,soj) = bj1,ja

where 6, stands for the Kronecker delta.

It is easily shown that {¢;}22, is a complete basis of H. Define

ij = <‘P;7w>H Pj ij = <(P;$w>H>
w;:= P;w, w; = Q;w

Thus w can be expanded by

0o )
w=) w;=Y wip;.
j=1 1=1

We also define the operator * from H to H by

= (I — Py)w E

We seek a locally invariant manifold with one codimension such that

Thus we split (2.3) into
Wi = —/\lwl + PlF(wl + L:’),
2.9) o = —hain £ PuF(w
t=—A0 + F(w; + ).

THEOREM 2.2. Assume A\; < 2\;. Then there ezists a C?-function & from (I —
P,)D(A) into P, D(A) such that the graph of ® is a locally invariant manifold to (2.8)

near *(4, ),

(2.9) =" +o(w]}), (@) =Q¥()
8



and

. 0‘(30,+ 60.+)w2 0
¢(w) — CO 5 ? 7+ (0)
Ho+ — Ho,-
(2.10) S {a(ek,+, €k, +)Wj, () Wi (k) 4 o€+, €k — Wi, ()Wj_(k)
k=1 2pk,+ — po,- B+ + Bk — Ho,-
a(€r,—, €k +)Wi_ (k)W (k) n ek~ €k,— )Wi_ () Wj_(k) }
P+ F Bk~ — Ho,- 20k,— — Ho,- ’

where

(2.11) a ((f}i) ; (f’z)) = ug _€1(€2 + bnz) + vy _m(cz + n2)-

We note that the denominators of the terms in the right hand side of (2.10) are

positive, because
Aj1+/\j2—/\1 22/\2—/\1 > 0.

Remark. The principal part of the separatrix of (1.5) is given by

o {eg, - (u—a,0—7))?

20,4+ — Ho,-

+o(leg 4 - (v — &0 —0)[%)

near ‘(u,v) = (4, ).
The locally invariant manifold in Theorem 2.2 is a separatrix in the following sense.

THEOREM 2.3. For sufficiently small € > 0, there ezists a positive constant ry such

that
(i) +f
SR (e I (TR Y ) [ |
then t(u(z,t),v(z,t)) converges to t(a,0) ast — oo;
(i) of
R i B (R ST i ) e i |

then *(u(z,t),v(z,t)) converges to *(0,1) as t — oo,
9



where *(u(z,t),v(z,t)) is a solution to (1.3) satisfying
u(-,0) —u
v(-,0) — 0

Proofs of Theorems 2.2 and 2.3 are stated in §4.

<r.
X

3. Applications

In this section we apply Theorems 2.2 and 2.3 to some special cases and we give
the observation of (2.10). Before presenting the applications, we give the following

elementary lemma:

LEMMA 3.1. The following hold:

;= \_/I—ZCO + \/%E(zgw
Goute ={ & B Ik

otherwise.

This lemma can be easily shown by (2.4) so that the proof is omitted.

3.1. Separatrices for the same diffusion coefficients. In this subsection we as-

sume d = 1. Then we have

(3.1) Kkt = Ok + pot, €k+ = €0+

by the definition of y; 4 and ey ;. For simplicity, we write po 1, €0+ = *(%o,+,v0,+), and

€5+ = (up4,v52) by py, €y = *(uy,v,), and e} = *(u},v]), respectively. Especially

£ Y%
we can take
py —1u cv
u, =1, v, = tbﬁ = — 3
(3.2) Py — 0 He bu
- - + —
ui - ﬂta 'Ui IB-_{: P ,B-_g w, — 1_),
where
1 _ 7)\2
— =1 + (,'I’:k _u) > 0’
B, bcuv



because *(0,1) cannot be eigenvectors (see Fig. 3). We can check
(3.3) e, e, =1 e -e =0

Similarly in §2 we set

y=e_-w, z=e, w,
e = (U, C)y 2 =(2,C), ¥ =1Y— Yo

We prepare the following lemma:

LEMMA 3.2.

*
utu_u, v

() aleyre_pralere,) = (n,bn) (255 4 0 ) )5,

S
=1

u v
Proof. We prove (i) only. We obtain the first equality of (i), substituting u, aud

u u? vl )

(iii) a(e_,e_)=,u_< = ==

*

u} into (2.11). For the last equality of (i), by definition, we have

wiul vy B B =)k, —0)
u v U b2ca?p?
= &. + B_(pyp = (py +p)u+a?)(p, — )
@ b2cu?o?
_ o+ bo—p,
=

The others can be proved similarly by (2.11) and (3.2). O
This lemma and Theorem 2.2 imply the following.
THEOREM 3.3. Assume p_ > —20; and d = 1. The separatriz for (1.3) is repre-

sented by the graph of the function & satisfying D = ve_(o + o||*(7, z)]|§() and

wiu? o vl 2 Cou_y? utu? vt? = Copt, 22
"z — - = + - = - + - + + - + +“k
(34;[)(3; ) ( i ] )kzzzl?crk+,u_ ( U D ),§2ak+2p+—,u_
' +(“iu-“+ 4 viv_v, ) i Colpo + 1y )yrzk

Remark. The principal part of the separatrix v = h(u) for (1.5) is given by

Copy,  uiul WIVE ., (op
3.5) Yo = s (Dete Doty 2 +
( ° 2u+—u-( a o 0 2, —p
11

ﬁ+bt‘:-—u+2§

B

buv



by means of Lemma 3.2 (i). In order to know the sign of the last term of (3.5), we

substitute @ + b0 into the left hand side of (2.6):

(@ +b0)2 — (w+0)(a+b0) + uv(l —bc) = bv(—(c—1)u+ (b—1)v)
= (a—1)bo.

This implies that
h"(u) <0 near u =@,

if and only if a > 1 (see [7]).
In particular, we consider the case a = d = 1. In this case we can easily calculate

the eigenvalues and the eigenvectors. The eigenvalues of the matrix M, are

(36) _(b_l)(c_l)

= = 1.
#— bC—]. bl lu+

The corresponding eigenvectors of M, and ‘M are

1 1
e = - = Cc e, = U+ = c—1
NS A oy =1/
(3.7 b ) - )
- v* 2bc—b—c \ — ’ v 2bc—b—c\ =
c—1 + c
Recall

_ b(e—1) b(b—1) _(b—1)c b(b— 1)
T Obc—b—c" Zbe—b-c” ‘T %e—booc " 2c—b-=c

Substituting the above into Theorem 3.3, we get the following corollary:

COROLLARY 3.4. If

2
(b_—bl)(f—l_—l)—<2(%> and a=d=1,
c—-

then ¢ is given by

2

. Yk b + c— Yk 2k
3.8 R
(3.8) Y(y,2) = Cokz:l2a T C220k+u+

We address the question: Which species of the two becomes extinct when the initial

distributions for them are given in Fig. 1 7 Let us consider the case a = 1,b = 2,
12



and ¢ = 2 to pay attention only to the influence of the initial states on the asymptotic

states. In this case we note that

ﬁ_ﬁ_l _u-—v Z_u+v l
VT YT T T T T3
Then we have
. _Co“ui—vi

by this corollary where u; = (u, (i) and vy = (v, (). Since
up=1vy, u=0 (k>1), v,#0 andv,=0 (k2>2)

at the initial data, we have

2

> el -

Theorem 2.3 implies that the species u wins out v, namely, that the species which
distributes uniformly near the equilibrium point *(@,?) survives and the other becomes
extinct (see Fig. 2). Consider the initial distributions in Fig. 4. By the effect of the
diffusion, u easily become spatial homogeneous. So u dominates (see Fig. 5).

Next we present two different initial data where the images of them in R? coincide
together and each solution converges to the different equilibrium. In other word, it is
impossible to select equilibria to which solutions converge, by means of the information

of the (u,v) plane of initial data. If we specify the initial data such that

_ 2
ul(z,0) 3 VAN U—sp
(vl(z,0)>_w(x’0)+ o) 1‘;+3cos% ’

and

_ 2
u?(z,0)) a u—sp
(vz(x,O))_w(x’0)+ o) t')+sc0527rTz ’
where

2p <

21 20, + 1

13



for sufficiently small s > 0, then the image of the initial data (u'(z,0),v'(z,0)) coin-

cides with that of {(u*(z,0), v?(z,0)). However, since

Qufwl - (‘>}=£(—2p+ ! )

4 20, + 1
2 _giom - YL (_ I\
Qulwt - v} = ¥ (zp+202+1)s,

the former solution {(u',v!) converges to *(a,0), while the latter {(u?,v?) converges to

t(0,1) by Corollary 3.4 and Theorem 2.3.

3.2. Dependency on diffusion coefficients. In this subsection, we focus ourselves
to the phenomena which are exhibited by the difference between two diffusion coeffi-
cients. Hence we denote &,%,%, ¢, and @, in Theorem 2.2 by & Pl qpod <p;’d and
24 respectively.
First we consider the case where a and d are close to 1. Puta=1+d,d =1+4d.

Note that the function ¥ given by (3.4) converges to (3.8) as a tends to 1. Since eg_

is independent of d, we also note that

a,l-d. _ a,l
1 - w1l -

Then we have the following proposition.

PROPOSITION 3.5. Set

—a awa,d
= ad d=1'
Then
=9, 2)

R IEU (2 )(c—1) +c(b+c—2))< y? 4 YkZk )
2bc—b—c 20k+# 201 + p, 200+ 208+ p,
Cob(b+c—2) C—1<P“§: Y2k 7
(2bc —b—c)(b—1) ! Pt 2crk-+-,u+ 200+ p,  20%x42p, —p_

(3.10)

The proof is stated in the successive section.
14



In particular, if we put a =1, b = ¢ =2 and ug = vy = 0, then we obtain

0 2 2
11-d( 5 — @ Yk ~ Uk
¥ (@) 2,;20k+1

ol —u)?  2ul — o} i ]
CoZ o {(Uk ve)® | 2w v")+(u"+vk)}+0(d||‘?—'llfv)-

+Z 20‘k+1 20/:—‘:13- 20k+1 20k+%

k=1

(3.11)

Since

2

X? 2XY Y? X Y

I N I T
k— 3 Ok + O+ 3

\/éa'k -1 20,41

it turns out that

o i or | (uk— vkl)2 + 2(uf — vi) O ’Uk7)2 S 0.
4 520k +1 201,—5 20 + 1 201 + 3

This implies that if the diffusion coefficient of one species decreases in the case where
a =1 and d is close to 1, then the species tends to become extinct.

lida et at [7] shows the diffusion-induced extinction in the case with the same
diffusion coefficients, namely, the species v can become extinct even if the species v is
superior to u everywhere at t = 0, i.e., v(z,0) > h(u(z,0)). This phenomenon occurs
by the effect of diffusion and the concavity of the separatrix. If the diffusion coeflicients

are different, it may occurs without the concavity. Actually, pick the initial data

(3.12) (Zg,’ 83) =w@0+ (U) - (ﬂ +ﬁpf'oszsgl)

for sufficiently small s wherea =1, b=c=2, d=1+d and

]|

QJSZO'ICO
O0<p< .
PS o +1)20m+ D)
Since
v=nh(u)=u

in this case, we have

v(z,0) — h(u(z,0)) = —p(o < 0 for each z.

15



By (3.11), however, we have

30132(0 7
ds?) <0,
@i+ Doy ¥ D) + o(ds®)

1 {wi(0) - @, 00} = £ -

from which it follows that the solution with the initial data (3.12) converges to (0,1).
Ecologically speaking, the species u becomes extinct, nevertheless u is superior to v
everywhere at the initial state. Thus the diffusion-induced extinction can occur even in
the case with the same growth rates (see Figs. 6, 7).

It is natural that the species of which the growth rate decreases becomes extinct.
As seen in (3.11), the species tends to win out, if its diffusion rate increases.

Let us consider the relationship locally near (a,d) = (1,1) when the two species
are equally balanced. As neutral initial data, we pick the initial data below for (1.3) on
the separatrix of (1.5):

LEMMA 3.6. There ezists initial data *(u®(z,0),v%(z,0)) = w*(z,0)+*(@,v) placed

on the separatriz for (1.5) such that

s (500)=(

where

a32

) + sCieo+ + 7°s°Coeo,— + 7\/5 (a1€0,- + 0(s?)

Qe 8

a _ a(eo+,€04)C0
2p0,+ — po,-

Proof. Recall that the separatrix for (1.5) is given near *(@, %) by the graph:
(3.14) VIe;_-w=1"(VIej, -w) +olles, - wf).
Substitution of
w = s(eo 4 + O(s?)
into (3.14) yields

e - w = VLY (Es® + o(s?).
16



Lemma 3.1 immediately implies (3.13). O

Substitute the initial data (3.13) into (2.10), i.e.,
a a,d(fAa\ __
w] — P (&%) = 0.

From the condition that the leading term of w? — &*¢(&?) vanishes, we obtain the

relationship between a and d, which is given by the following implicit form:

vwi - 8240} _

ul'i_r'% 52 v* — 9% ((eos) = 0.
More precisely,
a(eot,€0,4) _ a(e,'+,e,'+)(e,"+ - eg )’ + a(e—,e;_)(e;_ - eo+)?
+(a(e,,_, el+)+alens,e—))(ef_-eos)(ef, - €oq)
B+ + M- — po,-

If we take a = 1 and d = 1, then this equation holds. Actually, it is shown by (3.1),
(3.3) and o(e,,e,) =0,if a = d = 1. We want to seek the function a(d) satisfying
(3.15) and a(1) =1, if it exists. |

It seems that (3.15) is complicated. First we deal with the case with a =1+ @ and

d = 1 + d where @ and d are sufficiently small. The implicit function theorem implies

that
OY™?((ieo+)
Oa ad
3.16 —(1) =
1) 2"~ 9~ Gear))
da (a,d)=(1,1)
Thus
a _ a1 — A0 2/l'+ —H_ a __ 201C0N+,B_('l—l + bo — Iu+)
Ty Gens) = 201+ 20, —p_ | (201 +2u, —p_)(2p, — p_)bud

by (3.1) and (3.3). Since

ou, (b—1)c

da a=1= 2bc —b—c

17



by (2.6), we obtain

o(a+bv—p,) _ b(c—1)
Jda ezt 2bc—b—¢c

(l_l. + bo — /J'+)|a=1 = Oa

Substituting (3.10) into (3.16), we get

i _ ., (Bbc—b—c—1)(2bc—b—c)(b+c—2); o(ld
(3.17)  a(l+d)=1 2= 1P 1) d + o(|d|).

We present the relationship computed numerically. In Fig. 8, the nullcline of (3.15)
has been plotted in the cases with b = ¢ = 2. The relation (3.17) indicates the graph

near a = 1.

4. Proofs

We assume A; < 2); < 0 in this section, because we can prove the case A\, > 0
more easily.

First we give the proof of Theorem 2.2.

Proof of Theorem 2.2.

We make a modification of the system (2.3) outside certain neighborhood near

w = 0. Consider the following modified system instead of (2.3):
(4.1) wy=—Aw + f(w)

where x is a smooth function satisfying

and

s = (120) (1) e

Recall that



and hence that

lwi| = Coleo,—| |wi]| = Coy/ ud _ + g _|w|.

Note that there exists a positive constant K; > 1 satisfying
|(1 = Py)et=Piae| < KyemCamFKint for ¢ > 0
(42) § [P (') = Pf(?)] < Kar(jwl = ol + 0" - @7 ),
I(I = Py f(w!) = (I = PO f(w?)x < Kir(jw} — w?| + &' = &?| ),

for any w!,w? € X. Especially,

Py f(@)] < Kir(lwr] + [@1l),
(43) { 1 = POF@)lx < Kar(lwr] + [1]L0).

The asymptotic behaviors of solutions to this system coincides with those of solutions

to (2.3) in the neighborhood D, of origin given by
Dr={w=w1+&eX]|u] <, [0flx <r}.

The existence of such a local invariant manifold to (4.1) follows from standard methods
of the construction of invariant manifolds, the Lyapunov-Perron method (see [5], or [2]).
That is, there is a C?-function @ from (I — P;)D(A) N B, to P;D(A) whose graph is

locally invariant under the semiflow defined by (4.1) where
B, ={& e (I - P)X]| [[@]lx <r}

and r(> 0) is sufficiently small. If suffices to show the properties of . Review a cone
property, which will be useful in several contexts as well as the construction of the

manifold.

LEMMA 4.1. If X, Y are positive continuous functions satisfying

- - 0 -
(4 X(t+ 7)eMtn) < X(t)eMt + /clr/ {X(t+s) + Y(t+s)}ehtHds,
4.4 . t 7 :
Y(t)et <Y(0) + fclr/ {X(s) + Y(s)}e ds,
0

for0 <t+ 71 <t then
19



(1) Y(t) < Y(O)e"(’i""‘(”"’)’)‘ provided X (s) < kY (s) for0 < s <t;
(il) X(¢) > X(O)e'(’-\"""‘(”":‘)r)' provided Y (s) < k3X(s) for 0 < s <,

where k; (1 = 1,2,3) are positive constants. Moreover, if

< « 1
Ag—Al—Kl (2+I‘CQ+—)T>0,
K2

then the region T, = {(X,Y) € R?| 0 < k.Y < X} is positively invariant.

This lemma follows from Gronwall’s inequality. See [2, Lemmas 2.3-2.5]. This
property is called a cone property. |
By the variation-of-constants formula, we have
jwi(t + 7)|e E+7)
(4.5) < (Bl + Kar [ (wr(t+9) 4 100t + 9)llx)eh e+ ds,
W(+t) = e M&(-,0) + /: e~ A=) fwy, &)ds,

for a solution w; + @ to (4.1). Set

M=, Xe=d—Kir, X(t)=lea(t), Y(2) =supe™ e G, 1) .
320

Note that

(4.6) lo(,Ollx < Y(2) < Ky [lo( 1)l -

It is easily seen from (4.5) that (X(t), Y (t)) satisfies (4.4) with x; = K7, and k, = k3 =

1. Thus we get
[2(@)] < |l x
such that
(4.7) Ay — A\ — Kyr —4K?2r > 0.
Hence, Lemma 4.1 (i) implies

(4.8) I&Ct)llx < Kaflo(,0)llx e
20



where
—\ -2
vy = A — 2K,

if wy(t) + @(-,¢) is a solution on the manifold, i.e., wq(t) = P(&(-,1)).
PROPOSITION 4.2. Assume that @ is a C*-function from (I — P1)D(A)N B, to
P,D(A) such that

G(&; ) := g—i{_m +(I-P)f(P+a)}+ P - Pif(d+D)
with
IG(@;®)| < C @]k
in B, for some p satisfying p > 1 and \; < pA;. Then there ezits a positive constant C'
B(@) — (&) < C' @Iy
in @ € B, with sufficiently smallr > 0. If
G(@; @) < Cl@llk + (d = 1)™ |@]IF)
as d is close to 1 where p; > 0,p, < p, then
[8(&) - B(@) < C'(|@ll + (d = 1)™ |@]f)

Proof. This proposition can be proved by the argument similar to the center man-
ifold theory in [3], [5] and [13] except for the infinite-dimensional invariant manifold.

So, we give the sketch of the proof of the latter part only. Let &(-,t) be the solution of
Oy = —AG + F(B(D) + ).

Suppose that @ is as in the lemma, and is extended to (I — P1)X subject to the
same condition in (I — P;)X, if necessary, by multiplying the cut-off function. Set
wi(t) = B(&(-,t)) — D((-, 1)), which satisfies

wie = —Mwi + Py(f(®+@) - f(®+)) +
21



Thus, we obtain
|wi(t + 7)|eMt+m)
< lwi(t)le* + / " EKar (L4 K)lwn(t + )| + ClG]% + C(d = 1) |&[[7} M+ ds
where

OB (') .,
6(:.’ w |.

K, = sup
~41 ~42
W |w | x=1

Substitution of (4.8) into the above inequality yields

0
X(t+71)< X(1)+ Kur / (14 K3)X(t + s)ds
LOK & (0)]I% + CKP(d — 1)7 [|&o(0)]I%2 emralt+)

v

where

X(t) = |wi(t)|eM?, vy = min(p(Ay — 2K2r) — A\, p2(X2 — 2K37) — ).
Gronwall’s inequality implies that

X(t+7) < X (1) FrOHRIT 4 Ko(||@(0)I + (d = 1) [@(0)|IF e+,
where K3 is a positive constant independent of r. Since
X (t)efr0+k)t 0 ast — oo,
we have
|8(&(0)) — D(@(0))] = X(0) < Ka{l|l&(0)[I + (d — 1) @(0)[I%},
taking 7 = —t and letting ¢ — oo, where r is chosen such that
M—Ki(14+ K)r <0, v,—K;(1+ K,;)r>0,

and (4.7) hold. O

Since

~

@l

G(&30) = —P1f(&) = O]
22
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we have
(4.9) 1B(0)] < Ky ||@]|%,

using Proposition 4.2. Next we construct the approximate function ¥ of @. The
principal part of G(&; W) =0 is

(4.10) ‘;—‘Z{—Aa +(I - P)F(&)} + MW — P, F(&) =0.

This argument is slightly different from the theory of center manifolds. Actually, in
constructing (finite-dimensional) center manifolds, we can easily seek ¥ as the solution
of (4.10), substituting the formal expansion for ¥. In our case, however, it seems to
be difficult to seek it because ¥ maps from the infinite-dimensional space. We do it as
follows. We can construct the solution of (4.10) by a method of characteristics. Namely,

we solve the invariant manifold to the system

wyy = —Aw; + Q1 F (@),
4.11 .
(4.11) { wi = =Aw; (5 22).

We substitute solutions of the latter equations into the former equation and we get

wy = —Mwy + QL F (Z wj(O)e"\ftgoJ-) .

i=2

Using the variation-of-constants formula and letting t — oo yield

(4.12) wy(0) = ——/ M QL F (Z wj(O)e"Af’tpj) ds.
0 i

Recall that

Q1 F(w) = —ug _ (u(u + bv), (o) — vg _ (v(cu + v), (o)

where

( ) i {w1+(k) ( ) Ck + wj_(x) <Z:'—> Ck} € X.
k=0 -



We have
(u(u + bv), (o)

= <Z(wf+(k)w.+ + w;_ (k)= )Ck _{wjy 0y (ute + burg) + wi_y(wi— + bui-)}¢, Co>
k=0 =0

=Y (W), (k) uk+ + Wi (k)Vk= ) {Wj, (k) (k4 + B0k 1) + Wi k) (uk,— + bk, )} o,
k=0

using Lemma 3.1. By (2.11),

O F(w) = —(oa(eo+, €o+)W;, 0)Wj, (0)

—Co )_{a(erts €kt ) Wiy Wiy (k) + (€x, 4, €x,— ) Wi, (1)W5_ (k)
k=1

+a(er,— x4 )wi_ (kWi (k) T (k- er-)Jwi_mwi_(k}-
Substitution of this into (4.12) yields (2.10). Let 6§ > 0 be so small that
(4.13) (24 6)A2— A >0.
Since
G(@; ) = (&%)
where ¥ is given by (2.10), Proposition 4.2 implies

& =w+0(|o|%). 0

Next we prepare two lemmas to prove Theorem 2.3.
LEMMA 4.3. There ezists a positive constant R > 1 independent of r such that the

solution w(t) + *(4, ) to (1.3) satisfying

Q1w1(0) > Rl (-, 0)llx

converges to ‘(a,0).

Proof. There exists a positive constant K5 such that

(L, o (2) e

ug,— > 0 and vo - < 0.
24

sup(|u(z)] + [o(2)]) < Ks

Recall that



If we take

we have
w1 (0)Couo,~ > Rlouo,- [|@(+,0)||x = 2sup|i(z,0)],
—w,(0)ovo,- > —Rovo,- [|&(+,0)||x > 2sup|9(z,0)|
where
) i(z,t)
‘”(m’t) = wl(t)COeO,— + w(mat) = wl(t)Coeo,- + 6(3: t)
Namely,
3 . 1
Ewl(O)COUO,— > wi(0)Couo,- + u(z,0) > §w1(0)(0u0,_,
1
—wl(O)Covo,—-

3
§w1(0)Covo,- < w1 (0){ovo,~ + ¥(z,0) < 5

1,2) be a spatial homogeneous solution to (1.5) with

&?(0) = gwl(O)goeo,_.

Let @'(t) + *(a,0) (i =

@'(0) = %wl (0)¢oeo,-,

1,2), we can show that w(z,?) +

Comparing w(z,t) + *(@,9) with @'(¢) + 4(a,v) (¢
(@, D) converges to ¥(a,0). O

LEMMA 4.4. Set

e_Asd"("t)“x

X(t) = Qu{wn(t) ~ 2(@(,1)},  Y(t) =supe’
for a solution w; + @ to (4.1). If

. - 1
)\2—/\1—I(G<2+2R+ﬁ)r>0,

then, the region

Tr = {(X,Y) € R? 0 < 2RY < X}

is posttively invariant where

e r 1
[\6 = 2[\12 max {W, 1, |eo'_|<0} .
0,-160
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Moreover, if (4.13) holds and Q,{w,(t;) —P(@w(-, 1)} <2R

|@ (-, t1)||x for somet; > 0,

then

Quw1(t) = B@(,0)} 5 a1 Qulws(0) = B6(,0)
loGoI%" o, 015
for 0 <t <ty and sufficiently small v > 0.

Proof. We can assume that X(t) is positive. The following inequalities are easily

obtained:

- - 0 -
X(t+ 7)eMt) < X(t)eMt + Ker / X(t+ s)eMt+ds,

T

(4.14) ) ‘ .
Y(t)e < Y(0) + Keor /0 (X(s) + Y(s)}e**ds.

The first part of this lemma follows from the above inequalities and Gronwall’s inequality

(see Lemma 4.1). We prove the latter part. By assumption, X(t) < 2RY (t) holds for

0 <t <t,. Hence, we have
jwi(t) = B(&(-,1))] > w1(0) — B(&(-,0)) ™M+ [l (-, t)]|x < Ki [lo(-,0)]x "
for 0 <t <t;, where
vs = {A; — Ks(1 + 2R)r}.
Since
(24 8)vs — A — Ker >0

for sufficiently small r > 0, we obtain

Qufwi(t) — S(@( 1))}  Qu{w:i(0) — S(<(-,0))}

loCHI%° T K eGolF
if Qi{w:(0) —2(w(-,0))} >0.0
Proof of Theorem 2.3.

Let w,(t) + @(z,t) be a solution to (4.1) satisfying the assumptions of Theorem 2.3

(1). If there exists a positive time t; > 0 such that

Q[{wl(tg) — Q(Q(,tg))} 2 2R ”L:J(,tg)”x , wl(t) + (:)(,t) € Dr fOI' 0 S t S tl,
26



then the solution *(@,?) + w,(t) + &(z,t) converges to *(a,0) by Lemma 4.3. So, we

suppose that

Qu{wi(t) — S(@(, 1))} < 2R[j@(-,t)llx

as long as w,(t) + @(-,t) € D,. By Lemma 4.4, we have

Ql{.‘*’l(t) — P(w(-1))} > Q1{w1(0) — &(@(-,0))} €
G5’ KPP e,0)%° K3 jla(-,0))1%

We pick r; satisfying

Kiry < r eleo[lo ( r >2+6 > 2r
1 Jeo|GoR’ (Kari)® \ Kileo—|CoR ’

where K7(> 1) is a positive constant such that

If |w(-,0)[|y <7 and [|&(-,1)]lx =7/(|eo,-|(oR) at some positive time ¢, then

S| = - ¢leo,- [Co r a
o1 = (@) = ool Qufen - #(@)} > Toclle (LT ) s

This implies that
|wi| >7r or |®(w)|>r.

The latter inequality contradicts (4.9) if < 1/K,. The former inequality also con-
tradicts w € D,. Since ||&(-,0)||x < 7r/(leo,-|¢oR), |@(-,t)|lx < 7/(]eo,-|¢oR) as long
as wy(t) + w(-,t) € D,. The first equation of (4.14) and (4.9) imply that there exists
t3 > 0 satisfying |w;(t3)| = r. Thus

r_ lwi(ts)l

RII&C, )l < _
IoC o)l leo~|Co  leo,-|o

= Q1w (t3).

Using Lemma 4.3, we complete the proof of Theorem 2.3 (i). Theorem 2.3 (ii) can be

shown similarly. O
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Hereafter we consider the case with d close to 1. Put
d=1+d.

The function 1*? given by (2.10) converges to (3.4) as d tends to 1. Then we have

PROPOSITION 4.5. The following holds:
(4.15) @t = ot —dEe 4 O(|6]F + 8 @ll%)

where W' = ¥*?|,_, and

— a,l — * * —_—Uku_yz
5= et T@unmk) +uimk) g =
k=1 -
g z
+(2ulu, (k) + (u, +ulu (k) + 2“1“—73(’“))20:331; ;
(72 () + 2unp (k) 2T +
U Yo u, 73 _ ’
s o2 o 201 + 2p+ K
k) = — — —
k)= (= )5
wuu,  vov, Go(u +p,)
k) = + + 450 +
utu?l  v*o? Copt
k)= (—t+—% : :
wlk) = (G543 )2ak+2#+—u_

Proof. The system (2.3) is rewritten as

Yyie=—p_y1 + <e:F, Co>,
§o = oe — p_j + €2 F — (€2 F,Go) + du” s,

2= Zgg — f, 2+ e:F + du:uu.

Thus W“’H'd- satisfies

awa,l+d. ) ) . 6W“'1+J -
ag ( zr—/‘_y‘i‘du_uxz)'l‘T(Zggz—#+2+du+u”)

= —p_ T 4 (" F(&), (o).

Substituting (4.15) into the above equation and taking the principal part yield

0=° ., 0=° ow*! | ow*' | —a
ag (ya:z — ﬂ_y) + E—(Zrz - ,U+Z) — Tg—u_uu — TU‘*'UII = —U_=".
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We use the same argument as in the proof of Theorem 2.2 in order to solve the above

equation. That is, one can find Z° as an invariant manifold of the system

Yu=—p_ %1+ awaylu‘u + 6!pa'lu‘u
1t = —HU_Y “Qaa U_Ugr a_ Ty
(4.16) . — %

Yt = Yzz — KL Y,

2t = Zpp — ’t+2.
Recall that

Wa’l = Z(’yl(k)yz + 72(k)yk2k) + Z 73(1‘7)2'13
k=1 k=0

by (3.4). Substitute
yu(t) = e Oy, (0),  zi(t) = e )2(0)

into the first equation of (4.16) and integrate over [0,00). Then we obtain Z*. Propo-

sition 4.2 implies
a, ] a, Jema A § 7 A2
@21+ — (@ —d=%)| < C(l|@lX™ + d*° (|l k).

Since ¥ is bilinear in &, we can show
b

8!pa,d
== — 0

ad d:l‘

Proof of Proposition 3.5. Since a = d = 1, we have

_ (b—c)Co
LR

_ b+C—2 (0
72(k) - (b— 1)(20k +ﬂ+),
73(k) =0,

by (3.8). Substituting v;(k) (z = 1,2,3) into =*, we obtain (3.10). O

Acknowledgements. The author would like to thank Professor Takaaki Nishida (Ky-
oto University) and Professor Masayasu Mimura (University of Tokyo) for their useful

comments.
29



DEPARTMENT OF APPLIED PHYSICS

TOKYO INSTITUTE OF TECHNOLOGY

References

(1] S. AEMAD AND A. C. LAZER, Asymptotic behavior of solutions of periodic competition diffusion

(2

(3]

(4]

(5]

(6]

(7

(8]

9]

(10}

(11]

(12]

(13]

P.

system, Nonlinear Anal., 13 (1989), pp. 263-284 .

W. BATEs AND C. K. R. T. JoNEs, Invariant manifolds for semilinear partial differential
equations, U. Kirchgraber and H. O. Walther, ed., Dynamics Reported Vol. 2, (1989), pp. 1-
38.

J. CARR, Centre manifold theory, Springer-Verlag, 1981.

S. E1 AND E. YANAGIDA, Dynamics of interfaces in competition-diffusion systems, SIAM J. Appl.

D.

M.

K.

M.

Math., (to appear).

HENRY, Geometric theory of semilinear parabolic equations, Lecture Notes in Math. No. 840
Springer-Verlag, 1981.

W. HirsH, Differential equations and convergence almost everywhere of strongly monotone

semiflows, Contemp. Math., Amer. Math. Soc., Providence, R. I., 17 (1983), pp. 267-285.

. Iipa, T. MURAMATSU, H. NINOMIYA, AND E. YANAGIDA, Diffusion induced extinction of a

superior species in a compelition model, (submitted to J. Math. Biol.).

. S. KAHANE, On the competition-diffusion equations for closely compeling species, Funkcialaj

Ekvacioj, 35 (1992), pp. 51-64.
KisHiMoTO AND H. F. WEINBERGER, The spatial homogeneity of stable equilibria of some

reaction-diffusion systems on convez domains, J. Differential Equations, 58 (1985), pp. 15-21.

. MATANO AND M. MIMURA, Patlern formation in competition-diffusion systems in nonconvez

domains, Publ. Res. Inst. Math. Sci., 19 (1983), pp. 1049-1079.

. de MoTTONI, Qualitative analysis for some quasilinear parabolic systems, Institute of Math.,

Polish Academy Sci., zam. 11/79, 190 (1979).
H. PROTTER AND H. F. WEINBERGER, Mazimum principles in differential equations,
Prentice-Hall Inc., 1967.

. VANDERBAUWHEDE AND S. A. VAN GiLs, Center manifolds and contractions on a scale of

Banach spaces, J. Funct. Anal., 72 (1987), pp. 209-224.

30



Captions

Fig. 1 Example of initial data.

Fig. 2 The solution *(u(z,t),v(z,t)) with the initial data as in Fig. 1 in the case
a=1,b=c=2,d=1and L =1.

Fig. 3 Separatrix and vectors e,.
Fig. 4 Example of initial data.

Fig. 5 The solution {(u(z,t),v(z,t)) with the initial data as in Fig. 4 in the case
a=1,b=c=2,d=1and L =1.

Fig. 6 Example of solution with initial data

‘(u(z,0),v(z,0)) = *(@ + 0.0035 + 0.1 cos %,6 + 0.1 cos %)

in thecasea=1, b=c=2, d=0.01,and L = 1.

Fig. 7 Example of solution with initial data

2rzx

2
(u(z,0),v(z,0)) = *(@ + 0.0035 + 0.1 cos %,1‘) + 0.1 cos T)

in the casea =1, b=c =2, d =0.01, and L = 1. The image of initial dis-
tribution in R? coincides with that of Fig. 6. However, each solution converges

to the different equilibrium.

Fig. 8 Plot of the solution a(d) of (3.15) in the case b=c =2 and L = 1.
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