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Abstract

The (non)triviality of Samelson products of the inclusions of the spheres into
p-regular exceptional Lie groups is completely determined, where a connected
Lie group is called p-regular if it has the p-local homotopy type of a product
of spheres.
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1. Introduction and statement of the result

For a homotopy associative H-space with inverse X, the correspondence
XAX — X, (z,y) =~ zyx~'y~! induces a binary operation

(= =) mi(X) @ mi(X) = iy (X)

called the Samelson product in X. We consider the basic Samelson products
in p-regular Lie groups. Let G be a compact simply connected Lie group.
By the Hopf theorem, G has the rational homotopy type of the product
G2l 2l where ny < - - < ny. The sequence ny, ..., ne is called
the type of G and is denoted by t(G). We here list the types of exceptional
Lie groups.
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G | t(G) G | t(G)

Gs | 2,6 Es | 2,5,6,8,9,12

F, | 26,812 | E; | 2,6,8,10,12,14,18
Es | 2,8,12, 14, 18,20, 24, 30

We say that G is p-regular if it has the p-local homotopy type of a product
of spheres. By the classical result of Serre, it is known that G is p-regular if
and only if p > ny, in which case

2n1—1 2np—1
G(p) ~ S(p)l X o X S(p)e .

Suppose that G is p-regular, and let ey,,_1 be the composite
2n;—1 incl q2ng—-1 2ne—1

where if there are more than one i in t(G), we distinguish the correspond-
ing eg_1 but not write it explicitly. The Samelson products (eg;_1,€2j_1)
are fundamental in studying the homotopy (non)commutativity of G, as
in [KK] and its applications (See [KKTh, KKTs, Th], for example). So
we would like to determine their (non)triviality. In [B], Bott computes
the Samelson products in the classical groups U(n) and Sp(n). Then by
combining with the information of the p-primary component of the homo-
topy groups of spheres [To|, the (non)triviality of the Samelson products
(€2i—1, €2j—1) is completely determined when G = SU(n), Sp(n), Spin(2n+ 1),
where Sp(n)) ~ Spin(2n + 1), as loop spaces by [F] since p is odd. For
example, when G = SU(n) and p > n, the type of G is given by 2,...,n and

(€9i-1,€35-1) # 0 if and only if i+ j > p.

So apart from Spin(2n), all we have to consider is the exceptional Lie groups.
The (non)triviality of the Samelson products (€a;_1, €2j—1) is known only in
a few cases, and the most general result so far is:

Theorem 1.1 (Hamanaka and Kono [HK]). Let G be a p-regular exceptional
Lie group. Ifi,j € t(G) satisfy i+j = p+1, then (egi_1,€2j_1) is nontrivial.

Remark 1.2. The Samelson products in Gy are first computed in [O], and
some more Samelson products in E; and Eg are computed in [KK].



Based on this result, Kono posed the following conjecture (in a private
communication).

Conjecture 1.3. Let G be a p-regular exceptional Lie group. For i, j € t(G),
there exists k € t(G) satisfying i + j = k 4+ p — 1 if and only if (ey;_1, €25_1)
is nontrivial.

Notice that the only if part of the conjecture follows immediately from the
information of the p-primary component of the homotopy groups of spheres
[To] (cf. [KK]). We will prove the if part and obtain:

Theorem 1.4. Conjecture 1.3 is true.

The paper is structured as follows. In §2, we reduce the nontriviality
of the Samelson products (e _1,€9;—1) in the p-regular Lie group G to a
certain condition of the Steenrod operation P! on the mod p cohomology
of the classifying space BG. Then for a p-regular exceptional Lie group G,
we compute the mod p cohomology of BG as the ring of invariants of the
Weyl group of G. With this description of the mod p cohomology of BG, we
compute the action of P! on it. In §3, we prove that the above condition on
P! is satisfied to complete the proof of Theorem 1.4.

2. Mod p cohomology of BG
2.1. Reduction

Let G be a compact simply connected Lie group. We first reduce Theorem

1.4 to the action of the Steenrod operation P! on the mod p cohomology of

the classifying space BG as in [HK, KK]. Recall that if the integral homology

of G has no p-torsion, the mod p cohomology of the classifying space BG is
given by

H*(BG;Z/p) = Z/plws |i € 5(G)], || = (1)

When there are more than one i in t(G), we distinguish corresponding xo;
but do not write it explicitly as in the case of €y;_; in the preceding section.

Lemma 2.1. Suppose that G is p-reqular. For i,5 € t(G), if there is
k € t(G) such that P'zoy involves A\xoyxe; with X # 0, then (€1, €2j-1)
18 nontrivial.



Proof. Let &; : 5% — BG ) be the adjoint of e;_; for i € t(G), and so we
may assume that &,(zy;) = ug; for a generator uy; of H*(S%;Z/p). Assume
that the Samelson product (eg;_1,€2;_1) is trivial, which is equivalent to the
triviality of the Whitehead product [éy;, €;] by the adjointness of Samelson
products and Whitehead products. Then the map €;Veé; : S*V.S* — BGy,
extends to a map p : S* x S*¥ — BG ), up to homotopy. Hence since P'aoy,
involves A\zy;x9; with A # 0, we have

M*(Pll’zk) = ,LL*<)\$QZ'I‘2]‘) = )\Ugi X U2;j # 0.
On the other hand, by the naturality of P!, we also have
1 (Plag) = Pyt (zar) = 0

since P! is trivial on H*(S* x S%;7Z/p), which is a contradiction. Therefore

the proof is completed. ]
By Lemma 2.1, we obtain the if part of Theorem 1.4 by the following.

Theorem 2.2. Let G be a p-reqular exceptional Lie group. If i,7,k € t(Q)
satisfy i +j =k +p — 1, Plag, involves A\ro;xe; with X # 0.

The rest of this paper is devoted to prove Theorem 2.2.

2.2. Generators

In this subsection, we choose generators of the mod p cohomology of BG.
We set notation. Hereafter, let p be a prime greater than 5. Recall that
the integral homology of G is p-torsion free for p > 5, and so the mod p
cohomology of BG is given as (1). For a homomorphism p : H — K between
Lie groups, we denote the induced map BH — BK ambiguously by p.

We first choose generators of the mod p cohomology of BEg. Let T be a
maximal torus of Eg. Then as in [MT], since p > 5, the inclusion T — Eg
induces an isomorphism

H*(BEg; Z/p) = H*(BT; Z/p)"V®), (2)

where the right hand side is the ring of invariants of the Weyl group W (Eg).
We calculate invariants of W (Eg) through a maximal rank subgroup of Es.
Let €y, ..., g be the standard basis of R® which is regarded as the Lie algebra
of T. As in [MT], we choose simple roots of Eg as

1

1 )
Qa1 = §(€1+68)_§(62+63+€4+55+€6+€7)7 Qs =€1+€, o =¢6_1—€_2 (3<i<8),
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by which the extended Dynkin diagram of Eg is described as

(03] Q3 Qi (0731 Qg (07%4 ag —
o °

(&%)

where @ is the dominant root. Removing «; from the diagram, we get the
maximal rank subgroup of Eg which is of type Dg. Then there is a homo-
morphism p; : Spin(16) — Eg which induces a monomorphism

p1 : H*(BEs; Z/p) — H*(BSpin(16); Z/p).

By putting t; = —e€1, ts = —es and t; = ¢; (2 < i < 7), H(BT;Z/p) is
identified with the polynomial ring Z/p[t, ..., ts]. Let ¢; and p; be the i-th
elementary symmetric functions in ¢y,...,ts and in t3,...,t2, respectively.
As in (2), we have an isomorphism

H*(BSpin(16); Z/p) = Zlt, ... ts]" ) = Z/plp, ..., pr.cs),

and then since W (Eg) is generated by W(Dg) and the reflection ¢ corre-
sponding to the simple root «y, it follows from (2) that

H*(BEs; Z/p) =2 Z/plp1, - .., pr,cs) N Z/p[ty, ..., 1]%. (3)

Hence generators of H*(BEg;Z/p) are chosen as elements of Z/p|[p1, . . ., pr, ¢s]
which are invariant under . In [HK], the action of ¢ on pq,...,ps,cs €
Z]plti, ..., ts] is described as

1
op1) =p1, @) =pi+hici, p(cs) =cs — 1676 mod (c7)

for 2 < i < 8, where

3 1 1
hg = 563, h3 = —§<5C5 + C302), h4 = 5(707 + 36502 — C4C3),
1
hs = —5(50702 —3c6e3 + c5c4),  he = _5(50803 —3cres +co05), hr = 5(30805 — C1Cg).



We put
'i'll =P1,

1
Epﬂﬁ + 168cs,

. 5
o4 =60ps — Hpsp1 — 5papa + 3p3 — papapr + = —p3 + 110¢gps,

R 24 11
Fog =480p7 + 40pspa — 12paps — paps — 3papapr + €p§p1 + 36

. 25
36 =480p7p2 + T2peps — 30psps — 5195193 + 9papsps —

R 18
T16 =12py — gp:ﬂpl —HU% +

—pap1 + 312¢sp3 — 82cspapi,

1
— ~papy + 1020csps + 102cgpaps

18 4
p3 4

5

9 ,
—P3p2p1 +

3 5
SP4aPaP1 + 5

— 42pepap1 + Ipspspr — 5

89 ., 15, 11 5 9 27
+ —pspap} — —PaPsPT — —Pspap; + 156cspspt + —papopi + =pa3pt + ——p

1 89
24]72]01 330cgpap1 — Ecgpgm — 300cip,

1 3p3
4 2 20 16 8 32021
323 195 13 7 195 3 1

— g CsPaPA — PP — gyPsPaPl — 1g5Pabt + 5o Csp + opspl — 1o

) 25
40 =480p7ps + 50pep; + 50p3 — 10pspsps — —pip2 + Ipap; —

2
9 , 175 4
+ 2400cgps + 250cgpaps + 3550cgps + 6cgps — 15 P2

R 25 25 5 25 25
T4 = — 200p7ps — 60p7pap2 + 3P6p;2:, + = —p§p2 — =Ps5DaP3 — ﬂ%psp% 13

3
g PeP2 T 3 2
3 ” 1 ,, 25
1075 ™ 36752 ~ gag0e??

25 ,
12 ———c2p3 + 300c;.

p2p17

3 5
pgpz +

25
p4p2 + 4

36 86477

p4p2

25 9
—~C8P4Po

— 400cgpsp2 — 115cgpsps — D

2 25 4
+ Pap3p2 + S PaDs —

864

25
+ 3cspipe + == cspy + THespy — 300¢ips —

27

We shall prove that the elements z; are invariant under ¢ and algebraically
independent, implying that they are generators of H*(BEsg;Z/p) through
the isomorphism (3). Hamanaka and Kono [HK] calculate ¢-invariants in
dimension 4, 16 and 24 as follows.

Proposition 2.3 (Hamanaka and Kono [HK]). Let z; € Z/p[p1, ..., pr, Cs)

1. If o(z;) = &; mod (c}) in Z/plty, ..., ts] for i = 4,16, then

Ty=aiy and Tig=PBig+yi; (o, 8,7 €Z/p).



2. If (Tos) = Toa mod (c2,¢2) in Z/plty,. .., ts], then
Toy = 045%24 (Oé S Z/p)

We further calculate ¢-invariants in dimension 28, 36, 40, 48, where a par-
tial calculation in dimension 28 is given in [KK].

Proposition 2.4 (cf. [KK]). Let z; € Z/p[p1, . . ., p7, cs] with |Z;] = 1.
1. If (Zas) = Tog mod (2, c3) in Z/plt1, ..., ts], then
Tog = Qidiog + Biudos mod (p3) (v, B € Z/p).
2. If p(T36) = T3¢ mod (c?) in Z/plt1, ..., ts], then
Tas = Q1 dse+Qodydig+astitag+audito+asditie+ast] (o € Z/p).
3. If p(7;) = x; mod (c2,¢) in Z/plty, ..., 1ts] for i = 40,48, then
Tao = nBgotoolulis, Tas = frdust+Pady+Psdls mod (p1) (o, B € Z/p).

Proof. The proof is the same as Proposition 2.3 given in [HK], and we only
consider Tog since other cases are analogous. Excluding the indeterminacy
T4T24, we may suppose that Zsg is a linear combination

AMP7+Aopspo+ A3paps + Aapapapr + )\5]93271 + )\6193]93 + /\7P3p1 +Agcgp3+Agcspapi

for \; € Z/p. By the congruence ¢(Zag) = Tog mod (2, c3) and the equality
Di = 2 keni(—1)cjcr, we get linear equations in Ay, ..., Ag. Solving these
equations, we see that Tog = adiss mod (2, c3), thus the proof is completed
since the intersection of the ideal (c?,c3) and the subring Z/p[pi, . . ., pr, cs]
of Z/plty,. .., ts] is the ideal (p?) in Z/p|py, ..., p7,cs). ]

As an immediate consequence of Proposition 2.3 and 2.4, we obtain:

Corollary 2.5. We can choose a generator x; of H*(BEg;Z/p) for i # 60
i such a way that

; (i =4,16,36), pi(z;)=2; mod (p7) (i = 24,28)
z; mod (p1) (i =40,48).

I
=

p1 (i)
1 (i)



Hereafter, we choose generators of H*(BEs,Z/p) as in Corollary 2.5.
From these generators, we next choose generators of H*(BG;Z/p) for G =
Fy4, Eg, E7. Recall that there is a commutative diagram of canonical homo-
morphisms

a3 a2 a1

F4 i EG » E7 ) Eg (4)

b b

Spin(9) —2 Spin(10) —2- Spin(12) —2 Spin(16).

Let us consider the induced map of arrows in the mod p cohomology of the
classifying spaces. Obviously, we have

gi(pl) =Di (Z = 1a 27 3747 5)a Qi(p6> - 027 9T<p7) = 07 QT(CS) = 07 (5)
9;(]9@) = Di (Z = 17 27 374)7 0;(p5> = Cgv 6;(66) = 07 (6>

To determine the induced map of a;, we recall the results of [A, C, N, TW, W].

Proposition 2.6. 1. H*(Eq/Spin(10);Z/p) = Z/plys]/ (y2) @A (y17), |y:| =
1.
2. g*(Eﬁ/FAL’Z/p) = A(Zg,2’17), |ZZ| = 1.
3. H*(E7/E6, Z/p) = Z/p<2107 218>; |ZZ| =1 fOT’ x < 37.
4. H*(Es/E7;Z/p) = Z/p|z12, 220], |z:| = i for x+ < 40, .
We next choose generators of H*(BG;Z/p) for G # Es. Let
T10 =5, 12 = —O6p3 + pap1 — 60cs, T1s =pacs and  Tag = p5 + Pace.
We abbreviate 6;(z;) by ;.
Corollary 2.7. We can choose a generator x; of H*(BEz;Z/p) so that
ps(wy) =2 (i =4,12,16,36) and pi(z;) =2; mod (p?) (i = 20,24,28).

Proof. Consider the Serre spectral sequence of the homotopy fiber sequence
Es/E; — BE; — BEg. Then by Proposition 2.6, we get af(x;) = z; for
i =4,16,24, 28,36, hence the desired result for pj(z;) by Corollary 2.5. Asin
[BH], we can choose a generator x5 of H*(BFy;Z/p) so that pj(z12) = —6ps+
pap1. On the other hand, it is calculated in [N] that pj(z12) = —6ps — 60c

8



modulo decomposables. Then we get pi(z12) = 12 by (6) and (7). By
the Serre spectral sequence of the homotopy fiber sequence Eg/Spin(10) —
BSpin(10) — BEg and Proposition 2.6, we have p5(x19) # 0. Then for a
degree reason, we may choose x19 € H*(BEg;Z/p) so that pi(z19) = c5.
Consider next the Serre spectral sequence of the homotopy fiber sequence
E;/E¢ — BEg — BE;. Then it follows from Proposition 2.6 that we may
choose x99 € H*(BE7; Z/p) so that ab(xq) = %, hence pi(r20) = ps+ apacs
mod (p?) by (6), where o € Z/p. For a degree reason, we have o} (z40) = A\,
mod (x4, x12, T16), hence

03(240) = A(ps + apace)®  mod (24, T19, T16)-

. A . o 2
Since 05(#40) = 50p3 — 10pspspa + %pgpg and 23, = p3 — $D5p3p2 + %pipg
mod (Z4, 12, T16), we get « = 1 and A = 50. O

Corollary 2.8. We can choose a generator x; of H*(BEg;Z/p) so that
pi(w:) =& (i=4,10,12,16,18) and pj(v2s) = &4 mod (p7).

Proof. By the Serre spectral sequence of the homotopy fiber sequence E7 /Eg —
BEg — BE7 together with Proposition 2.6 and Corollary 2.7, we get o (x;) =
x; for i = 4,12,16,24. Then we obtain the desired result for z; (i =
4,12,16,24) by Corollary 2.7. By Proposition 2.6, we have p%(x19) # 0, so
we may put pi(x19) = ¢5 for a degree reason. By Proposition 2.4, Corollary
2.7 and a0 p3 = py oy, we see that pjoas(zeg) includes the term poc? which
does not belong to p(Z/plxy, ..., T1s,...,224]). Then we get pi(r15) # 0,
implying that we may put pi(x15) = pacs for a degree reason. O

Corollary 2.9. We can choose a generator x; of H*(BF4;Z/p) so that
pi(zi) =2 (i=4,12,16) and pj(ra4) = a9 mod (p?).

Proof. The result follows from the Serre spectral sequence of the homotopy
fiber sequence Eg/Fy — BF; — BEg together with Proposition 2.6 and
Corollary 2.8. m

Recall that G is a subgroup of Spin(7). We denote the inclusion Gy —
Spin(7) by p.
Proposition 2.10. The induced map of p : BGy — BSpin(7) in mod p
cohomology satisfies

P (p) =4, p*(p2)=0 and p*(ps3) = x12.



Proof. Tt is well known that Spin(7)/Gy = S7. Then by considering the Serre
spectral sequence of the homotopy fiber sequence Spin(7)/Ge — BGy —
BSpin(7), we obtain the desired result. O

For the rest of this paper, we choose generators of H*(BG;Z/p) as in
Corollary 2.7, 2.8, 2.9, 2.10.

2.8. Calculation of Plpf(%’)

We first calculate the action of P! on H*(BSpin(2m);Z/p). Recall that
H*(BSpin(2m); Z/p) = Z/p[p1, - - . , Pm—1, Cm] as above.

Lemma 2.11. In H*(BSpin(2m);Z/p), we have

i A i — 1))

il ]

Plp, = Z (_1)il+-~-+z‘m+%1 (

i1+2ip+ A+ mim =i+ 25T

i1 /ey - N
(2t 4+p—1—279)2, ) )
><<2i—1—23—1( b ‘7)]>p111...p%

i i — 1

and Pte,, = Sp—1Cm, where py, = ¢ and sy = thpo tﬁl.

Proof. By [S], we have the mod p Wu formula

i 4 g — 1)!

21! . 'sz!

Plci — Z (_1>i1+---+12m71 (

i1+42i2+-+2miom,m =i+p—1

i1 N -
St t+tp—1—9); 4 )
X(z’—l—Z]?( p j>]>c?---c§’:

i+t g, — 1

in H*(BU(2m);Z/p). Since the natural map c: BSpin(2m) — BU(2m)
satisfies ¢*(co;) = (—1)'p; and c*(cgi11) = 0, we obtain the first equation.
The second equation is obvious. O

We now calculate Plp?(x;).

Proposition 2.12. Define ideals I; of Z/plp1, ... ,pr,cs] for j =0,...,8 as

]0 - (pl)pg)p§7pz217pf237c8)a -[1 - -[O + (p37p6)7 ]2 - IO + (p27p§7p4ap$)a
Iy = Iy + (p2, 93, pe), Iy = Iy + (p2, 03, p4), I5 = Iy + (p2, p3, P4, P6, P7),
Is = Io+ (po, 03,04, 06),  Ir = I+ (p2, P35, p1, 06, D7), Is = Io + (2, pas 3, E24).
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Then for a generator x; € H*(BEg;Z/p), we have the following table.

p |k | Ppi(zr) mod I I |p |k |Ppi(xr) mod I I
31| 16 | 9p2ps + 24prp2ps + 22p3py I || 37 | 4 | p2ps + 34prp2ps + 36pip, I
24 | 28p7pepsps + 16peps I 16 | 8p2psps + 2Tprp3 + 2p3paps | I
28 | 27p2psps + 30p7p3 + 30p2paps | I 24 | 5pdps + 27p2p: + 36pepips | 14
36 | pips + 10p2p2 + 6pepips Iy 28 | Tp3 I
40 | 8p3 I 36 | 20p3p3ps + 35pps Is
48 | 4p2pzps + Sprps I 48 | 36prpaps + 3p8 I
41 | 4 | 35prpepsps + 40pep? I || 43 | 4 | 3p2psps + prpd + 39pipaps | I3
16 | 9p2ps + 38p2p? + 16pspips Iy 16 | 9p3 I
28 | Tp3pips + 6prps Is 24 | 11p2p2ps + 40pqp? Is
40 | 34prp3ps + 16p¢ Iz 36 | 35prpaps + 42p8 I7
A7 [ 4 | p3ps + 25p2p? + 43pepips Iy || 53 | 4 | 6psp3ps + prps Is
16 | 35p7p3ps + 10p7p; Is 16 | 23p7p3ps + 39p8 I;
28 | 17p7pips + 23p8 I; | 59 | 4 | 5prpips + 10p8 I;

For p =31, we also have

Ploi(vas) = 1Tpspa+4p2p2ps+5pips,  P2pi(ras) = 26pspip3+5p2pips+8prps

Proof. Fori = 4,16,24,28, 36, we have p%(x;) = 2; mod (p?). Since P(p?) C
(p1) by the Cartan formula, we have Plpi(z;) = P'#; mod (p;). For i =
40, 48, we analogously have Ppt(x;) = P'2;+ (P'p1)q for some polynomial ¢
inpo,...,prcs. Foradegreereason, we have ¢ =0 mod (py, pa, p3, pa, Pe; Cs),
implying that P'pi(z;) = P'#; mod I for the prescribed ideal I. Thus in
order to fill the table, we only need to calculate P'#; by Lemma 2.11.

For p = 31, we have Plpi(xss) = Pliss + (P'pi)g mod (p;) for some
polynomial ¢ in ps,...,pr,cs as above. Since z; € Ig for i = 4,16, 24, 36,
we have Plp; = 0 mod I3 for a degree reason, hence P;pi(r4s) = Pliyg
mod Ig. Then we can calculate P'pf(z43) mod Iy by Lemma 2.11. Since

P?p, = pi and p}(x48) = 248 mod (py), we have P%p}(z45) = P?24s mod (py).

Now P?p;(x4g) for p = 31 can be calculated from Lemma 2.11 and the Adem
relation PPt = 2P2. O

Quite similarly to Proposition 2.12, we can calculate P'pi(z;) for G =
E;, Es.

11
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Proposition 2.13. For a generator x;, € H*(BEz;Z/p), we have the follow-

ing table.
p |k | Plpi(xr) mod I I
19 | 12 | 18p2p2 + 3pspaps + 15pspsps + 10p; + 17p3p3 + 6paps + 15p5 (1,3, cs)
16 | 11psp; 4 16pspaps + 15psps (p1,p3, C6)
20 | paps + 18p2p3 + 17pspapsps + pspsps + Acepspapa + 12¢6psps (1,13, ¢3)
+16¢6pips + 8pacepsps + Tcepsps
24 | 13pspip2 + Tpspaps + 8pspl (p1, p3, P2, Co)
28 | 14p2paps + p2p3 + 8pspips + 10pspapsp? + 17pspspl + pt + 9pip? (p1, 13 ¢3)
+6pips + pap$ + 3p
36 | 9p2p3 + 4p2pap3 + 6p2ps + 1Tpspipsps + 15pspsp3 + 4pips + 5pips | (b1, 13, 2)
+2piph + 11pap} + 3p
23 | 4 | 22p¥ps + 21pspaps + 3pspsp3 + 15p3 + 13p3p3 + 22pps + 4p5 (p1, 13, c6)
12 | Tp3pa + 6pips + 14pspapspz + 13pspsp3 + 10pips + 18p3ps + 21pap3 | (p1, p3, c5)
+4p] + 14cepspaps + 16cepsps + Teepips + 2pacepsps + Tepspy
16 | 3pspip2 + 20pspaps + 19psp3 (p1, p3, P3, Co)
28 | 9pEpi + 3pEpaps + 2p3p5 + 10pspipspe + 10pspapsps + Spspsps (p1, 13, c5)
+14pips + 15pips + 14p5 + 9pip3 + 15pap;
29 | 4 | 26pspips + 4pspaph + 28psp) (1,3, D3, C6)
16 | 19p2p3 + p3paps + 19p3ps + 10pspipsp2 + 6pspapsps + 13pspsps (p1, 13, €3)
+pip2 + TPips + 2p3ps + 16pap; + 21p)
31 | 12 | pips + 17p2pi + 10p3paps + 28p3ps + 4pspipsps + 18pspapsps (p1, 13, ¢3)

+21pop] + 3p3p3 + 6papl + 4pdp) + 10cep3 + 3cpipsps + 3cepspips
+27cepspaps + cepspy + CePips + 25¢epapspa + Hegpapsps + 30cepsps

Proposition 2.14. For a generator x);, € H*(BEg;Z/p), we have the follow-

ing table.
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p |k | Ppi(xr) mod I I
13 | 10 | 6cspaps + 1lesps (p1,p3, c2)
12 | 10papspa + 12p3p3 + 4c3pa + c3p3 | (p1,p3)
16 | 5p3 (p1, D3, s C5)
18 | 5esp? + 9espap? + Tesps (p1,ps3, c2)
24 | pi + 4pips + 12papsy + Tps (p1,p3;¢5)
17 | 4 | 2papspa + 16psp3 + 16¢2ps + c3p3 | (p1,p3)
10 | 4csp? + 9espaps + 2¢5ps (p1,p3, c2)
16 | 11p + pip3 + 8paps + 815 (p1, 3, C5)

We finally calculate Play, for a generator x), € H*(BGo; Z/p).

Proposition 2.15. For a generator x;, € H*(BGg;Z/p), we have

T4T1 + 22% (k,p) = (4,7)
Play = 621, + 2fr1y (k,p) = (12,7)
622, + w3x1s + 228 (k,p) = (4,11).

Proof. By Proposition 2.10 and the naturality of P!, we have Play,

Plo*(pr) = p*(Plpr), hence the proof is completed by Lemma 2.11.

3. Proof of Theorem 2.2

In this section, we prove Theorem 2.2 by using results in the previous

section.

3.1. The case of Eg

Suppose that Eg is p-regular, that is, p > 30. By an easy degree consider-
ation, we see that if P'zy mod (x9; | i € t(Es))? is nontrivial for a generator

xy of H*(BEg;Z/p), it is as in the following table.
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Pl mod (29 |4 € t(Eg))? (k,p)

(1) | M@azeo + Ao162as + A3TosTao + AaTosze | (4,31)

(2) | Mix16T60 + A2TosTss + A3T36T40 (16,31), (4,37)

(3) | Mx2ameo + Ao36Tas (24,31), (4,41)

(4) | Mxosmeo + AoaoTas (28,31),(16,37), (4,43)

(5) | Masszeo + Aoty (36, 31), (24, 37), (16, 41), (4, 47)

(6) | Maozeo (40,31), (28,37), (16, 43)

(7) | Avaszeo (48,31), (36, 37), (28, 41), (24, 43),
(16,47), (4,53)

8) | A2, (60,31), (48, 37), (40, 41), (36, 43),
(28,47), (16, 53), (4, 59)

Let I for k =1,...,8 be the ideals of Z/p[p1, . .., pr, cs| as in Proposition
2.12.
(1) It is proved in [HK] that A\; # 0 for i = 1,2, 3, 4.
(2) Since z; € I; for i = 4,16, 24, for a degree reason, we have

pi(Plag) = AaBosBas+Asd36840 = —4000(24Mop2ps+(Aa—6A3)prpips)  mod I1+(py).

On the other hand, by the naturality of P! and Proposition 2.12,

. 24prpips + Ip? =31
PP ) = Plpu(ay) = 4 2 DPsbe + 9pips (P=31" a1+ (pa),
3dprpspe +p7ps  (p = 37)

implying that (Ag, A\3) = (19,2),(5,30) according as p = 31,37. Since
T4, B36, Toa, T3 € I + (p2, pr), we also have
Pi(Prax) = Mirepi (60)+AsE 36240 = M 16p] (T60) —1500Aspaps  mod I1+(ps, pr),

and by Proposition 2.12,

2202p4 (p=31)
Y(Plag) = Plpi(zy) = > mod I + (p2, p7).
Pl( k) 01( k) {36p§p4 (p _ 37) 1 (p2 p7)

Then we see that A\ Z16p}(z60) = (1500A3 + 0)p2ps # 0 mod I; + (py, pr) for
0 = 22,36 according as p = 31,37, implying \; # 0.
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(3) Since &;, 23 € I, for i = 4,16 and j = 24,28, 36, we have
P (Prag) = Mdaap;(Te0) Fhadz6das = Md2ap)(T60) —14400X0prpepsps  mod L.

By the naturality of P! and Proposition 2.12, we also have

28 + 16pgp3 =31
pf(Plil?k) _ Plpf(xk) — { P7P6P5P3 P65, (p ) mod I,

35p7pepsps + 40peps  (p = 41

implying that A; # 0 and Ay # 0 for both p = 31, 41.
(4) Since &, 735 € I3 + (p3, pa, 3, 40) for 1 = 4,16, 24, 36, 40, it follows from
Proposition 2.12 that

)\15%28p>{(x60) = PT(Pl?Ek) = 731[)»{(%) §—£ 0 mod I3+ (p3,p4ap%, 5040)

so A\; # 0. We can similarly get Ay # 0 by considering p}(P'z;) mod I3 +
(p2, &9g) since &; € I3 + (p%, &9g) for i = 4,16, 24, 28.
(5), (6) and (7) We get A # 0 similarly to (4) by considering p}(P'x})
modulo the ideals I+ (p7), Is, Is + (23,) respectively for (5), (6) and (7) since
T4, T16, ‘%%47‘%36 e+ (p7), z; € Iy for i = 4,16,24, 18,36 and z; € I+ (.i‘?l(])
for i = 4,16, 24, 36, 40,
(8) Suppose (k, p) # (60, 31). Since Z;, ¥35, T3, € Ir+(23,) for i = 4,16, 24, 36,
we get A # 0 by considering pj(P'zy) mod I7 + (3,) as above.

Suppose next that (k,p) = (60,31). By a degree reason, we have

pi(e0) = api + Bprpsps  mod Is + (i5,)

for a, B € Z/p. Since #;, 3%, € Is + (&%) for i = 4,16,24,36 and p}(z4s) =
—200p7ps mod Ig, we have

Pi(Plass) = pivaspi(ze0) = —200p(aprps + Bpzpips) mod Iy + (&)
for some p € Z/p. By Proposition 2.12, we also have
pr(Plass) = P'pi(as) = 10p7p; + L1ppZps  mod Is + (i7,)

Then we may put (a, 5) = (17,28) and p = 1. In the case (7), we have seen
that Ployg = prysreo mod (z9 |1 € t(Eg))?, implying that P'Plarg = (A +
Dagsxd, mod (xg; |1 € t(Eg))?, where Plagy = A\ad, mod (x9; |7 € t(Eg))?.
Then for a degree reason, we get

Pi(P'Plasg) = (A + 1)Zaspi(ze0)” = 21(A + 1)pipdp; mod Is + (&3,).
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On the other hand, by the Adem relation P!P! = 2P? and Proposition 2.12,
we have

PI(P'Plasg) = pi(2P%w4s) = 2Pp;(z4s) = Tpipep; mod Is + (23)),
hence A # 0.

3.2. The case of E;
Suppose that E; is p-regular, that is, p > 18. Then if P'z; mod (x9;|i €
t(E7))? is non-trivial, it is as in the following table.

Pl mod (w9 |4 € t(E;))? (k,p)
(1) | Mzazss + Aax12%as + As@16224 + Aax3g | (4,19)
(2) | Mi19236 + AaTaoTog + A373, (12,19), (4, 23)
(3) | Mx16w36 + AoTosTag (16,19)
(4) | Mzaoss + Aar (20,19), (12, 23)
(5) | Awaazss (24,19), (16, 23), (4, 29)
(6) | A\xoswss (28,19), (4,31)
(7) | AaZ (36,19), (28, 23), (16,29), (12, 31)

(1) It is proved in [HK] that A\; # 0 for i = 1,2, 3, 4.
(2) Put I = (py1,p3,ce, 216). Since 4, 13,, 216 € I, by Corollary 2.7, we have

P (73 ZBk) = )\1$12$36+>\2$20{B28—|—>\3£BQ4 = 60)\1p5p3p2+40)\2p5p2+ )\3]92 mod 1.
On the other hand, it follows from Proposition 2.13 that
. 18p2ps + 10 2+ S =19
p5(Pray) = Plpo(zy) = p;pz p5p31292 pz (p ) mod I,
22psps + Tpspspy + Tpy  (p = 23)

hence Ay # 0, Ay # 0 and A3 # 0.
(3) In this case, we have (k,p) = (16,19). Put I = (pi1, ps, ¢, 35). Since
T4, T19, 3% € 1, it follows from Proposition 2.7 that

p;(,PliL‘w) = )\15%165%364_)\25%24:%28 = (13)\1+9)\2)p5p4p§+(9)\1+14/\2)p5p;1 mod .

By Proposition 2.13, we also have p5(P'z16) = P'p5(216) = 11pspapi+14psps
mod [ , implying A; # 0 and Ay # 0.

16



_ 2 2 A A2 A s a9 e AL A2 A 22
(4) Put I = (p1,p3, ¢, T12, T1g, T2a, T16T50). Since Ty, Tig, T162T50T24 € I for
1 =4,12,24, we have

P5(Pray) = Mdaodse+A3d5g = (—10A+1600)\,)p2pi+ ( A1 %)\Q)pw;;p;’ mod 1.

By Proposition 2.13, we also have

10p2p3 + 12 3 =19
PP ) = Pls(a) = { o R D)
15p5p; + 22pspsp; - (p = 23)

hence \; # 0 and Ay # 0.

(5) and (7) Put I = (pl,pg, p%, Cg, 5%16) and J = (pl, pg, Cg, flg, 12'16, Zi‘%o, ZIAL‘%4, ii‘goii‘24fi‘28).
Then since i;,73, € I for i = 4,12,16 and &y, 23,, 23,, To0To4Tes € J for

i = 4,12,16, we have X\ # 0 similarly to (4) of Eg by considering p}(P'xy)
modulo I and J respectively for (5) and (7).

(6) The case p = 31 follows from the above case of Eg together with Corollary

2.7. Then we consider the case p = 19. Put I = (p1, p3, 2, Z19, T16, T3, T34)-

Since ;i"i,.fc? € [ for i = 4,12,16 and j = 20,24, we get A\ # 0 as above by
considering p3(P'z;) mod 1.

3.3. The cases of Eg and Fy

We first consider the case of Eg. Suppose that Eg is p-regular, that is,
p > 13. By an easy dimensional consideration, we see that if Plz, # 0
mod (z9; | i € t(Eg))3, it is as in the following table.

Play, mod (w9 |7 € t(Eg))? (k,p)
(1) | Mzamos + Aox10%1s + Asx12216 | (4,13)
(2) | Mz1oT24 + Ao1621s (10,13)
(3) | Mx12w2s + Noxiy (12,13), (4,17)
(4) | A16z2 (16,13), (4,19)
(5) | Ax18wa4 (18,13), (10, 17)
(6) | Aa2, (24,13), (16,17), (12, 19), (4, 23)

When p = 19, 23, the result follows from the above case of E; and Corol-
lary 2.8.
(1) It is proved in [HK] that A; # 0, A2 # 0 and A3 # 0.
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(2) Put I = (py1,p2,c2). Since &4, 23, 23, € I, we have
p3(Pra1g) = Md1odaat+Aodiedis = 5>\1(—p4p205+%1?§05)+>\2(12P4P2C5+P305) mod 1,

where 19 = ¢5 and 213 = pacs. On the other hand, by Proposition 2.14,
we have pi(Plzig) = Plpi(x10) = 6papacs + Tpics mod I for p = 13, hence
A1 # 0 and Ay # 0.

(3) Put I = (p1, p3, #16). It is sufficient to consider the case p = 13,17. Since
G432, € I for i = 4,16,

P5(Plag) = MZ1aBas + Aodig = —13—0)\1]73])3 + Aopic: mod 1.
By Proposition 2.14, we have

Ipsps +5cEps  (p = 13)

mod I,
L3psps — 11c3p;  (p=17)

ps(Praw) = Plps(ar) = {

implying Ay # 0 and Ay # 0.

(4)7 (5) and (6) Put I = (pl,pg,p4, C5), J = (p17p37 C%, ‘%16) and K = (pl,pg, Cs, i’l(;).
Then since 2; € I for i =4,10,12, 3;, 4%, € J for i =4,12,16 and #; € K for

i =4,12,10,16, we get A # 0 similarly to (4) of Eg by considering p4(P'x},)
modulo 1, J, K respectively for (4), (5) and (6).

We next consider the case of Fy. Notice that Fy is p-regular if and
only if so is Eg, and that as in the proof of Corollary 2.9, the map oj :
H*(BEg;Z/p) — H*(BF4;Z/p) is surjective. Then the result for F, follows
from that for Eg above.

3.4. The case of Ggy

For a degree reason, if Gy is p-regular and Plx, #Z 0 mod (w9 |i €
t(Gy))?, then (k,p) = (4,7),(12,7), (4,11). Hence Theorem 2.2 for Gy read-
ily follows from Proposition 2.15.
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