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1. Introduction

The purpose of this paper is to give a rigorous justification of the penalty method
for the Navier-Stokes equations in R¢ (d = 2). :

First of all we shall explain the penalty method which we will discuss and we
shall introduce motivation of the present paper. The motion of viscous incom-
pressible fluid is governed by the Navier-Stokes equations.

ou
——Au+u-Vu+Vp=0, xe,t>0, (1.1a)

ot
dive=0, xeQ,t=0, (1.1b)

where u = (u!(x,?),...,u%(x,t)) and p = p(x,t) denote the velocity field and
pressure, respectively; @ € R? (d = 2) is filled with viscous incompressible fluid.
If 0Q2 # @, we impose some boundary condition for # and p on the boundary, e.g.,
non-slip, perfect slip, stress free etc.

In (1.1a) the pressure term does not have time evolutional structure. This fact
is one of the main points of the Navier-Stokes equations. To overcome difficulty
caused by such a fact, in mathematical analysis of the Navier-Stokes equations by
semigroup approach, we are due to the Helmholtz decomposition and associated
projection. In fact, applying the Helmholtz projection P to (1.1a), (1.1) can be
formulated as an abstract evolution equation in some Banach space (e.g., L2, L3,
etc) with solenoidal condition (see e.g., Fujita & Kato [2] and Lemarié-Rieusset
[6]).

In numerical computation of the Navier-Stokes equations, we may encounter
similar difficulties caused by presence of the pressure term. As an example, we
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consider semi-discretization of (1.1). Applying forward Euler approximation to
du /9t in (1.1a), one can obtain the following difference-differential equations con-
cerning U" and P™:

U™ = U" + (AU —=U"-VU"-VP"), xe€Q,nz0, (1.2a)
divU" = 0, xeQ,nz0. (1.2b)

Here (U", P") is semi-discretized approximation of (u(x,,), p(x,?,)), where
t, = nh and h > 0 is temporal step size of time-discretization. Since the pressure
does not have time evolutional structure in (1.1), we have no rule to compute P"
from the previous steps directly in (1.2). Hence if we use the above formulation,
we need to compute P” by (1.2) with some resources. By (1.2b), we see that P"
satisfies the Poisson type equation:

_AP" = div(U" -VU"), x € 9. (1.3)

Therefore P" is formally given by P" = (—Ag) ' div(U" - VU"). However,
this representation is non-local one and the boundary condition of the pressure is
unclear in general. Thus, such a method requires quite complicate treatment of the
pressure term.

In order to compute numerical solution of the Navier-Stokes equations with-
out using complicate treatment of the pressure, the pressure term must be elimi-
nated from (1.1a) as in mathematical analysis. The penalty method introduced by
Temam [8] is one of the standard ways to remove pressure term from (1.1a) and is
widely used in numerical computation of viscous incompressible fluid flows.

In the penalty method, the equation of continuity (1.1b) is replaced by the
following one concerning u and p.

divu =-2, p>o0, (1.4)
n
where 7 is assumed to be very large. Substituting p = —ndivu into (1.1a), we

have an approximate problem of the Navier-Stokes equations only in terms of the
velocity u. Therefore numerical treatment for such an approximate problem is
much easier than that for original problem, because we are not required to treat the
pressure term directly.

Letting  — oo in (1.4), we formally have (1.1b). So we expect that the system
of (1.1a) and (1.4) gives a good approximate solution of (1.1). However the above
argument is nothing but formal one, we have to justify the penalty method by
mathematical viewpoints.



For such a problem, Temam [8] studied stationary flow in bounded domain and
gave a rigorous justification. For nonstationary flow Shen [7] gave a justification
for L? strong solution in bounded domain with nonslip boundary condition. How-
ever as far as the author knows there are no results for unbounded domain cases.
Our main problem is to justify the penalty method in the case of 2 is unbounded
domain. As a stating point of this study, we mainly consider the Cauchy problem
of the Navier-Stokes equations.

This paper is organized as follows. In Section 2 we will state our main results
of the present paper. In Section 3 we will consider the Stokes flow with the penalty
method which is linearized problem of penalized Navier-Stokes equations. We will
establish key estimtaes in this paper and show error becomes small when 7 goes to
large for the Stokes flow. In Section 4 we will discuss the Navier-Stokes flow and
show our main theorem with the aid of key estimates will be shown in Section 3.

2. Main results

2.1. Notation and the Helmholtz decomposition

Before stating our main results in the present paper, we shall introduce notation
and the Helmholtz decomposition in R?. Co° (R9) denotes the set of all infinitely
differentiable function with compact support in R?. For 1 =< r = oo, L"(RY)
denotes usual Lebesgue space. To denote function spaces for vector field, we use
the following symbols: C°(R9)?, L™ (R?)4, etc.

To denote various constants, we use the same letters C and Ca,b,c,. Which
means that the constant depends on a, b, ¢, .... The constants C and C, ... my
change one line to another lines.

Next we shall introduce the Helmholtz decomposition. The Helmholtz decom-
position plays an essential role in our arguments. Let 1 < r < co. Then it is well
known that L™ (R¢)? admits the Helmholtz decomposition:

L'"RY)Y = LT (RY) ® G"(R?) & : direct sum.

Here and hereafter

(-7 ®)

Ly (R?) = C§5, (RY)
= {f € L"(R?%)? | div f = 0 (in the sense of distribution)},
G'(RY) ={f = Vop|p e W' R}
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Here C2.(R?Y) = {f € CP([R?)? | div f = 0} and W LT (R) is homogeneous
Sobolev space:

Wir(RY) = {p € L[ (RY) | Vg € L"(R?)?}.

loc

Let P = P,ga be a continuous projection from L™ (RY)? into L;(]Rd ) (1 <
r < 00). It is well known that P, is bounded linear operator from L" (R%)? into
L’ (R?). To give a reformulation of the Stokes and Navier-Stokes equations, we
set Q = Q,ge := I — P,. Q, is also bounded linear operator from L" (R%)4 into
G"(RY).

For the homogeneous Sobolev space WLr(RY), the following fact is known
(see e.g., Farwig & Sohr [1], Galdi [3]).

Lemma 2.1. CS°(R9) is dense in W' (R¢) with respect to the Dirichlet norm,
that is, for any ¢ > 0, there exists ¢, € CSP(RY) such that [|V(g — @e) |l < & for
any p € WL (R9).

The above lemma plays a crucial role to show decay estimate of the solution to
penalized Stokes flow in terms of 7.

2.2. Results

We are now in a position to state our main result of this paper. The first result is
concerning the Stokes equations.

Theorem 2.2. Let 1 < r < oo. Let (u(¢), p(¢)) be solution to the Stokes equations
with initial data uoy € L(’,(Rd) and let #"(¢) be solution to the penalized Stokes
equations with initial data u) € L"(R?)?. Then there holds that

Jim lu™(2) —u@)ll; = C||Pug — uollr, (2.1)
Lim |V (p" () = pe)l-=0 (2.2)
for any ¢ > 0, where p"(¢) = —ndiv #”(¢). In particular, if we take initial data for

the penalized Stokes equations in such a way that u! = ug € L7 R%), we have
p q y 0 o

lim [l (@) ~ (@)l = 0 23)

for any t > 0.

Next result is our main result concerning the Navier-Stokes initial value prob-
lem of this paper.



Theorem 2.3. Let u(t) € C([0,00); L4(R?)) be global-in-time mild solution
of the Navier-Stokes initial value problem with initial velocity u, € Lg (R9)
(lwolla < 1) and let u”(¢) € C([0,00); L?(R?)?) be global-in-time mild so-
lution of the penalized Navier-Stokes initial value problem with initial data u, €
LY@R)? (ludlla < 1). Then the following estimate holds.

nli)ngo lu"(t) —u(t)|s = C||Puy —uplla (2.4)

for any ¢ > 0. In particular, if we take ug =ug € Lg(Rd), we have

Jim flu”(2) —u(®)lla =0 (2.5)

forany ¢t > 0.

3. Linearized problem (the Stokes flow)

For a justification of the penalty method for the Cauchy problem of the Navier-
Stokes equations, we shall justify the penalty method for the linearized problem
(the Stokes equations) and establish some key estimates which will be used later.

In order to do so, first we shall give a reformulation of the penalized Stokes
equations.

ou’
—L—Au”——Vdivu":O, x€RY 1 >0, (3.1a)

ot
u"(x,0) =u), xeRY (3.1b)

Here and in what follows u,) = u;(x) is given initial velocity.

To give a reformulation of (3.1), we are due to the Helmholtz decomposition of
L’ -vector fields. By the Helmholtz decomposition u” € L™ (R%)? (1 < r < 00) is
decomposed into u” = v" + w”, where v” = Pu” € L, (R?) and w” = V" €
G"(RY), p" € WL (RY).

Applying P, and Q, to (3.1a), (3.1) is decoupled into the following two initial
value problems in L7 (R?) and G" (R¥), respectively.

ov"

_5';— — Av" =0, (3.2a)
Jw"

= — (1 +mAw’ =0, (3.2b)
v"(x,0) = v := Pug, w"(x,0) = wy = Qu{. (3.2¢)

Here we have used the facts that P, Q and spatial derivative 0, , commutes each
other in R? and V div w” = V div V" = VAp"T = AVp" = Aw".
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Remark 3.1. The above reformulation does not work in general domains, because
we used the fact that P, Q and 9y, are commutable.

3.1. Estimate of solution

To justify the penalty method, we need a good error estimate between (u(z), p(¢))
and (u"(¢), p"(t)), where p"(t) = —ndivu”(z).
For such a purpose, we observe 7-dependence of solution to (3.1). Of course
it suffices to get such one for (3.2a) and (3.2b), respectively. In order to get 7-
dependence of solution to (3.2a) and (3.2b), we consider the following initial value
problem of the linear diffusion equation as a model problem.
a
a—);—-vAy=O xeRY >0 (3.3a)
y(x,0) = yo, x €R?, (3.3b)

Here y = y(x,t;v) is unknown and yo = yo(x) is given initial datum. v > 0
denotes the diffusivity. It is well known that the solution of (3.3) is given by

1 — &2
e, = e 4y0w) = o [ e (M) yo@ras 0

(see e.g., Giga, Giga & Saal [4]). e'!8 is standard notation of the heat semi-
group. For the heat semigroup eV'2, the following L"-L4 estimates follows from
Hausdorff-Young’s inequality.

Lemma 3.2 (L"-L9 estimates). Let 1 < r < g =< oo. Then the following L"-L?
type estimate holds for any ¢ > 0.

lel _ ;

18/02" (. 1)llg < Cort™ 20Dy 8 G0 =5y,
where ¢ = (¢y,...,aq) € Ng is multi-index and j € Nj.

As a consequence of Lemma 3.2, we have the following estimates for v”(¢)
and w”(?).

Lemma 33. Let 1 < r < g = oo,r # oo. Then there hold the following

estimates. ‘
i _d(1_1\_lel_;

180%07 (1) 4 < Crawit~ 2G5 0], (3.5)

1

1805w @)l = Crges (1 +m~EG-D=F 2D E ug),  G6)
x q W 0

NI
EN

for any ¢t > 0, where j € Ny and o € Ng.



Remark 3.4. Taking g = r, j = 0, = {0} in (3.6), we have only the bounded-
ness of w”(¢): |w”(¢)|, = C,|lwg|l,. This boundedness is not enough to guaran-

tee the penalty method for the Stokes equations.

In order to guarantee the penalty method for the Stokes equations, we need
to refine the above estimate. To refine the estimate, we are due to the density
argument. For any & > 0, there exists ¢g, € C§° (R?) such that

ng —Vooelr = ”V(‘Pg —@oe)lr <e (3.7)

for any r < (1, 00). Such a fact follows from Lemma 2.1.
By triangle inequality with (3.7), Lemma 3.3 and analytic semigroup property
of the heat semigroup e’ 74 we have

lw" @), = lle’*+P2 w7,
< e A VR — g0l + e TPAT g,
< Ce+ [|[Vel @+, ),
< Ce+C(1+n) 267137801 d)g |

for r > 0, where s € (1,r]. Here we have used the fact that gy, € C*(R?) C
L*(R?). Let us fix ty > 0. Then we have lim sup [w7(¢)|l, = Ceforanyt =ty >

n—00 -

0. Since & > 0 can be chosen arbitrary, we have desired result.

lim Jw"(0)], =0 (33)

forany ¢ = to > O and r € (1, 00), provided that u] € L™ (R%)4.

3.2. Error estimate (proof of Theorem 2.2)

We are now in a position to show error estimate for the Stokes equations. Let
(u, p) be solution to the Stokes equations with initial datum uo € L7 (R?) and u”
be solution to the penalized Stokes equations with initial datum u] € L™ (R%)4,
where r € (1, 00).

SetU" := u" —uand 11" := p" — p. Then (U", I1") satisfies

U ) . )

—— — AU + VI =0, xeRY 1 >0, (3.92)
n

divU" = diva" = -2 xeRY >0, (3.9b)
n

U'(x,0) =UJ :=u) —uy, xeR. (3.9¢c)
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Applying P, and Q,, (3.9) is decoupled into two initial value problems:

98"
—-g—;t— —AE"=0, divE" =0, (3.10a)
€"(x,0) = & := v} —up € LL(R?) (3.10b)

and (3.2b), because Vp = 0in G"(R?). By the triangle inequality and the bound-
edness of heat semigroup, ||U"(t)||, is estimated by

1wl 2 18"O1- + lw" @l = CllEGIlr + W @)l

Hence by (3.8), we obtain
lim |U"@®)|, = Cl& |- (3.11)
n—>00

forany t = fo > 0.

Next we shall estimate L”-norm of the pressure gradient VII”. Since divu” =
divw” and Vp = 0in G"(R?), VII" = Vp" = —nV divw”". Hence, by virtue
of (3.6) and semigroup property of e’!*M4  we have

V@)1l < 720" (O]l = nl|V2e HE L TR w ),
certir o)
Combining the above estimate and (3.8), we have
nli)n;o v, =0 (3.12)

foranyt = £ > 0.

(3.11) implies that if ||vg — uo||, is small enough, then error between u”(f)
and u(t) is also small enough. Therefore (3.11) and (3.12) give us a mathematical
justification of the penalty method for the Stokes equations.

4. Proof of main results

This section is devoted to the proof of Theorem 2.3. We consider the penalized
Navier-Stokes initial value problem.
du’ : d
—E—t——_—Au"—anlvu"+u"-Vu"=0, x eR%,t>0, (4.1a)
u"(x,0) = ug, x € R4,  (4.1b)



Let £yu ;= —Au —nVdivu foru € D(£,) = W2 (R (1 < r < o). &Ly
is called Lamé operator. It is well known that —£, generates an analytic semi-
group (e7"*7),5 on L"(R%)¢ and e~'%n enjoys usual L'-L9 estimates like the
heat semigroup e’®. Furthermore (4.1) has the same scaling property as original
Navier-Stokes equations. Therefore one can construct global-in-time mild solution
for the penalized Navier-Stokes equations, provided that the initial velocity u) sat-
isfies suitable smallness condition: |juoll; <« 1 (By similar argument, one can
show that local in time existence for large initial data if we choose existence time
T > 0 small enough. In what follows, we only consider global mild solution).

By using e %7, p-dependence of u"(t) may be hidden. In order to show that
the penalty method works well for the Navier-Stokes initial value problem, careful
analysis on the n-dependence of solution #” is important.

4.1. Construction of mild solutions

To know 7n-dependence of solution, we shall construct mild solution of the penal-

ized Navier-Stokes equations without using &£,,. In what follows, we consider the
following system of abstract evolution equations.

dv’ " " .
= Av" — P(u" - Vu"), (4.2a)
dw"’ _ n n n

o= 1+ nAw" — Q" - Vu"), (4.2b)

where u(t) = Pu"(¢) + (I — P)u"(t) = v"(¢) + w"(¢).
By Duhamel’s principle, (4.2) is converted into the following system of integral
equations.

V(1) = e o] — /t e AP (s) - Vu"(s)) ds
=:0%%) + ]\(/)1 (u)(2), (4.3a)
w’(t) = ! UFMAyT /t eU=9U+MA O (y7(5) . Vu'(s)) ds
= w'(¢) + Nz(u)(zt). (4.3b)
For (4.3), we have a result on small data global existence.

Lemma 4.1. Let u] € LY(R?)?, thatis, (v], w]) € L7 (R?) x G"(R?). Then
there exists a § > O such that if |lu] [|; < & then there exists a unique mild solution
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of (4.3) (v"(¢), w" (1)) € C([0, 00); LE(R?) x G¢(R?)) which enjoys
Tim 1(07(0), w"(0) = (05, wp)la =0,
I @, w" @)l = 0 (174%), d=r<co
1907 @), we)lla = 0 (:7F)

as t — +oo for any fixed n > 0. Furthermore, the above mild solution satisfies
lw@l, =0 (r#*%), d=r<oo (44)

as 7 — oo for any fixed ¢ = 0.

To show Lemma 4.1, we are due to Banach’s fixed point theorem with the aid
of L"-L9 estimates for linearized problem (such an argument is essentially the

same as Kato’s iteration scheme [5]).
Let ® be defined by

0 N n
=[] i) e

and let us set

" |g,g0 = sup s (0" (9)llg + (1L + )lw (S)lly),

0<s<t

[w"]; := |“n|%_d re T Ivunl%,d,t’

2r:

e[|l == [u"lo,a + [#"]:.

Our first task is to show unique existence of the fixed point of mapping ®. As an
underlying space, let us introduce X as follows.

Xg = {(@" (1), w"(t)) € C([0, 00); LZ(R?) x G* (R?)) |

. n _ n — ] n —_ n sl
Jim [[07(1) —volla =0, lim, [w”(t) —wolla =0,  (4.6)
: n — : n —
t-lirilo |u |%_':§i_r’r’t - O’ tl—1>r'£'10 lvu 1%’d’t _— 0, (47)
sup [[|@(", w)[||: = 2R[uglla}, (4.8)
t>0

where r € (d, o0) and R > 0 will be determined later.
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In order to find a fixed point of ® on Xg, we first consider initial flows v0(1)
and w®(z). Since Coo (R?) is dense in Lg (R?), for any & > 0 there exists Vo €
C&%(Rd) such that |[v) — vo.lls < &. Hence by L%-boundedness of the heat
semigroup e’® and triangle inequality, we obtain

10" () — vglla = lle"®(vg — vo,)lla + [l voe — voella + [|vos — volla
—-—emvo,g ds

t
= Cd8+f
0 ds d

= Cae + Ct|voellw2.aga).

This implies that liIE sup [|[v"(f) — vglla = Ce. Since ¢ > 0 can be chosen
210 0<s<t

arbitrary, we can conclude that hIEo |v7(¢) — vglla = 0. By similar manners,
t—>

(4.6) and (4.7) can be verified.

Next we shall estimate the Duhamel terms Ny (u#)(z) and N, (u)(¢). Let r > d
and g satisfy 1/q = 1/r + 1/d. Then by using L"-L7 estimate (Lemma 3.3) and
the Holder inequality, we have the following estimate for N; (&) (¢).

IN @), < / 192 Pu(s) - Vu (s)) [, ds
0
< Cra / (t = 5)"H|u(s)], | Vi" (5) 4 ds
0

t

§<xd/(t~@‘%*+%dﬂw%

0

1 d 1,4
—, — 72t [u")?
2 Zr) e,
Here and hereafter B(«, ) denotes Euler’s beta function. By similar manners, we
obtain

= Cr,a’B (

IM @O lla < Clu"?, VN @)(@)]a < Ct3[u"].

Estimates for N, (u")(¢) are also follows from similar arguments. In fact, by using
Lemma 3.3, we obtain

IN @) (@) < /0 leHPE=DA P 7 (5) - VU (5))||, ds

t
< Cra(l + )} f (t —5)" 357 dslun)?
0

< Cra(1 4+ )72+ "2,
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Here we have used the fact that 1 + n > 1. By similar arguments, the following
estimates are also guaranteed.

IN @D (@)lla < CA+ )~ Fw"? < Clu"P,
IVN2@™)(@)]la £ CA+ )~ Fr 2w < C(L+ )~ 232,
Summing up the above estimates, if (v7, w"”) € X then there holds

I @@M)|ll: < Rlluglla + Clulf

< R|ulllq + 4CR?||ul|f3

for any t > 0 and n > 0. Therefore if we choose § > 0 in such a way that
4CR{§ < 1, then we have

1@@™)]ll: = 2R|luglla

for any t+ > 0 and n > 0. This implies that ®(u") € Xg, provided that "7 =
(v, w") € Xp.

Since a similar argument works well for the difference ®(u") — ®(@"), we can
conclude that & becomes contraction mapping on X into itself. Therefore exis-
tence of fixed point of mapping & is follows from Banach’s fixed point theorem.
Such a fixed point gives global mild solution of (4.3). Uniqueness of solution also
follows from property of fixed point.

Let to > 0 be fixed arbitrary. Then by the above construction of mild solution,
we see that w"(¢) satisfies nll}rgo |lw(®)|l, = 0forr € (d,o0) and any ¢t = ¢y > 0.

However it is not enough to guarantee the penalty method for the Navier-Stokes
equations. As in the case for Stokes equations, we have to show that w”(¢) satisfies

lim [|w”(#)[ls =0 (4.9)
n—00

for any ¢t = ty > 0. To show (4.9), we first show such a result for (vg, wg) €

CS (RY) x C(RY)4. Taking ¢ € (d/2,d) and set o = d/2g — 1/2 (ie., 0
satisfies 0 < o < 1/2), by Lemma 4.1, L9-L? estimate and L%-L4 estimate, we
have

t
" )lla = Ct™%lvgllq + C/ (t = )72 u" ()| Vu" (5)l|a ds
0

t
- 1 1
< C1 “nvzud+CIu"|a,d,,||u8||d/ (t —s) s dds
0

= Ct™(lvglla + Clugllale|od.)- (4.10)



By similar computation, we have

lw(1)]la
< Cto(1 4 )~ Jwoll, + C(1 + )~} / (t — ) ()4 | Va(s)]la ds
S Cr2(+m ™ (lwollg + € luollalu”|o.a.:). (4.11)

Taking initial data so small that C [lug [l < 1/2, we have by (4.10) and (4.11)

sup s7 (llv”(S)lld + sup(1 + U)UII'D"(S)Ild> = 2C|luglla- (4.12)

O<s=t n=>0

This implies that (4.9) holds for any ¢ = #, > 0. For general initial data (v, w]) €
Lff (R?) x G4(R?), (4.9) follows from the density argument. We omit the details.

4.2. Error estimate (proof of Theorem 2.3)

In this subsection we shall prove error estimate.
The following integral equation is mild formulation of the Navier-Stokes initial
value problem.

u(t) = e'®u, —f e AP(u(s) - Vu(s)) ds. (4.13)
0

If ||uo||4 is small enough, unique existence of global-in-time mild solution holds
(see Kato [5]). In what follows, we will denote by u(¢) the mild solution of (4.13)
with initial velocity uo. Let u”(¢) = v"(¢) +w"(¢) be global mild solution of (4.3)
with initial data |uf|ls < 1.
Our main purpose of this subsection is to show that
Lim [|U"(Dlq := lim [|a"(t) —u(®)]la = Cllug — uolla (4.14)
n—>00 n—00

for any 1 = fp > 0. We have by triangle inequality, |U"(t)|la = 187(@)|la +

lw”(¢)||a, where we have set £"(¢) := v"(¢) — u(t). For w”(t), we already have
the estimate (4.9). Therefore it suffices to show that &7(¢) enjoys

lim [€7(®)lla = ClI€qlla (4.15)

foranyt = tp > 0.
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From (4.3) and (4.13), 87 (¢) satisfies the following integral equations.

t
&(t) = e8] —[ =2 P& . Vu +u-VE)(s)ds
0

t A (4.16)
__/ eU=OAP(w" . Vo + 9" - Vw" + w” - Vw")(s) ds
0

=: Io(t) + [,(t) + L (2).

where &; = v{ — uo.

We shall estimate fo(t), I;(¢) and I,(¢), separately. By L% -boundedness of
e'®, Io(t) satisfies |"(t)lla = C||Eolla-

Next we shall observe I;(¢). Since u(t) and v"(¢) are solenoidal, £7(¢) also
satisfies solenoidal condition. Hence by the fact that P(u - Vv) = P div(u ®
v) = div P(u ® v) for solenoidal vector fields # and v, L9-boundedness of the
Helmbholtz projection P = P, (q € (1, 00)), properties of the mild solutions u(?)
and u"(¢) and Lemma 3.2, we have

, |
11 (D)]la < f ”e("s)AP(div(S ® u) + div(r" ® 8))(5)“d ds
0
t
_ / Jaivet=2 P& @u+v" & &s)| , ds
0

<cC fo (t — )" F 20" () ]l + e INIE(s)]la ds
< C(|luolla + ullla) sup 1€7(s)la-

0<s=t

By L7-boundedness of P,, Lemma 3.2 and estimates for w”(¢) and properties of
mild solution, we have

1)l < C f t =) E (W) 10" ()
@ IVl + 107, V() la) ds
< Cllud |31 + )3+ E,

If we choose ||ug|ls and |vg|ls are small enough if necessary, we have by the
above estimates for Io(2), I;(¢) and I,(2),

sup [1€7(s)]la = ClEolla + C(A+m)™+%,

O0<s=t



which proves desired estimate:

limsup sup [[E7(t)]la = Cl&olla (4.17)

n—>+o00 0<s=t

forany t =ty > 0.

In particular, if we take uy = ug € Lg (Rd), we can conclude that solution
of penalized Navier-Stokes initial value problem converges to solution of original
Navier-Stokes one as 7 goes to infinity. This result is a rigorous justification of the
penalty method.
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