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We review results on operator monotone functions on (0,1) and Kwong

matrices. For details, we refer [10].

1 Operator monotone functions on (0, 1)

Let f be a real-valued C! function on an interval (a,b). For n distinct

real numbers t1,...,t, € (a,b) a Loewner (or Pick) matriz L¢(t1,...,tp) is
defined as £(t) — £(t)
Litey.. . tn) = | ———221.
ti—t;

In the case where (a,b) £ (0,00), a Kwong (or an anti-Loewner) matriz
Ky(t1,...,tn) is defined by

f(ti)'*‘f(tj)}_

Kf(tla--',tn)ZI: P
i Tl

In this paper we study positive operator monotone functions on (0,1) to
continue our preceding studies on Loewner and Kwong matrices [3, 4, 7, 8,
11]. we show that the similar results of Loewner/Kwong matrices do not
hold in general. For basic facts on operator monotone functions, we refer
the reader to [2, 5, 6].

The following is useful for our study.

Lemma 1.1.

tf(t:) — tjf(tj)}

(1) Kf(tl,...,tn)+Lf(t1,...,tn)-——‘2 [ 22
? J

= 2 C ] Ltf(t)(t]_, eoe ,tn)
=2 L\/Zf(\/f)(sl’ ey Sn),



where C is given as C = [ ] , o stands for the Schur product and

ti+t;

8; = t?.

(2) Kf(tl,...,tn)—Lf(tl,...,tn) =2 [

b [ti/f(tz-) - tj/f(tj)J D

t,?—t;%

t:f(t;) — tjf(ti)J

t2 —tf.

=2Co <DLt/f(t)(t1, e ,tn)D)
== 2 DL\/t—/f(\/t_)(sl’ ey Sn)D,
where C and s; are the same as in (1) and D is given as D = diag (f(t1),..., f(tr)).

For our study we prepare the representation of positive operator monotone
functions on (0,1).

Theorem 1.2 A positive operator monotone function f(s) on (0,1) is of

the form

8
$0= [ vz O

where m is a positive measure on [0, 1].

For 0S (<1, put
fe(s) =

S 8

(1—2C)s+C:s+(—25C‘ (1.1)

Theorem 1.3  Let f¢(s) be the function in (1.1). Then s/ f¢(s) is operator
monotone if and only if { £1/2.

Corollary 1.4 Let f(s) be a positive operator monotone function on
(0,1) which is of the form

S
£(s) = /[0,1/2] fe(s) dm(¢) = /[0,1/2] e d O

where m is a positive measure on [0,1/2]. Then s/ f(s) is operator monotone
on (0,1).

The following corresponds to Kwong [9].

Theorem 1.5 If f(s) is the operator monotone function in (1.2), then
all Kwong matrices associated with f are positive semidefinite.



Theorem 1.6 Let fé(s) be the function in (1.1). Then all Kwong matri-
ces associated with f, are positive semidefinite if and only if ¢ = 1/2.

The following is a counterpart to Audenaert [1].

Theorem 1.7 Let f(s) be a positive function on (0,1). If /sf(y/s) or
\/8/f(+/s) is the operator monotone function in (1.2), then all Kwong ma-
trices associated with f are positive semidefinite.

For 0 £ ¢ £ 1, let us consider the function on (0, 1)

)= 5 = e (3

We note the following:

Theorem 1.8 Let g¢(s) be the function in (1.3). Then g¢(s) is operator
monotone if and only if 1/2 £ ¢, and all Kwong matrices associated with

g¢ are positive semidefinite if and only if { = 1/2.

Proposition 1.9 Let f(s) be the operator monotone function in (1.2).

Then for any positive integer m,

[f(sm - f(sa')m]

m _ om
S; Sj

are positive semidefinite for all n and s1,...,s, in (0,1).
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