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ABSTRACT
Moduli spaces of framed symplectic and orthogonal bundles on P? and the

K-theoretic Nekrasov partition functions

Jaeyoo Choy

Let K be the compact Lie group USp(N/2) or SO(N,R). Let MX be the moduli
space of framed K-instantons over S* with the instanton number n. By [13], M
is endowed with a natural scheme structure. It is a Zariski open subset of a GIT
quotient of 1~1(0) where p is a holomorphic moment map such that p=*(0) consists
of the ADHM data.

The purpose of the dissertation is to study the geometric properties of 1=1(0)
and its GIT quotient, such as complete intersection, irreducibility, reducedness and
normality. If K = USp(N/2) then p is flat and x'(0) is an irreducible normal
variety for any n and even N. If K = SO(NNV,R) the similar results are proven for
low n and N.

As an application one can obtain a mathematical interpretation of the K-theoretic

Nekrasov partition function of [48].
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CHAPTER 1

Introduction
1.1. Brief introduction to Nekrasov partition functions

The Nekrasov partition function was formulated by Nekrasov [45] in the 4-
dimensional N = 2 supersymmetric gauge theory in physics, especially relevant
to the Seiberg-Witten prepotential [51]. It is defined as a generating function of
the equivariant integration of the trivial cohomology class 1 over Uhlenbeck partial
compactification of the (framed) instanton moduli space on R? for all the instanton
numbers. Its logarithm turned out to contain the Seiberg-Witten prepotential as the
coefficient of the lowest degree (with respect to two variables from the torus action
on R*), which is the remarkable result proven by Nakajima-Yoshioka [42], Nekrasov-
Okounkov [47] (both for SU(N)) and Braverman-Etingof [6] (for any gauge group)
in completely independent methods. The Nekrasov partition function is an equi-
variant version of Donaldson-type invariants for R*, where the ordinary Donald-
son invariants are integrals over Uhlenbeck compactifications of instanton moduli
spaces on compact 4-manifolds. More generally, a Nekrasov partition function for
the theory with matters is defined via the equivariant integration of a cohomology
class other than the trivial class. For instance, in the works of Gottsche-Nakajima-
Yoshioka [16][18], such partition functions are used to express wallcrossing terms of

Donaldson invariants and a relation between them and Seiberg-Witten invariants.
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Our interest in this paper is the K-theoretic Nekrasov partition function. It arose
from the 5-dimensional N/ = 2 supersymmetric gauge theory proposed by Nekrasov
[46]. Mathematically, one change in its definition is made [45]: the equivariant
integration of elements in the equivariant K-theory of coherent sheaves instead of
cohomology classes. There is a technical, but a subtle problem here. We need a
scheme structure on the Uhlenbeck space for the definition, but there are several
choices (see [6]). Therefore it is not clear what is the correct definition. For type A,
one can use framed moduli spaces of coherent sheaves instead, which are smooth.
The K-theoretic Nekrasov partition functions also appeared in mathematics litera-
tures as K-theoretic Donaldson invariants studied in [43][17] in which the K-theory
version of Nekrasov conjecture and blowup equations are proven for type A.

Nekrasov-Shadchin [48] took a different approach when the gauge group is of
classical type. They defined the partition function using the K-theory class of the
Koszul complex which defines the ADHM data of the instanton moduli spaces given
in [1].

The main purpose of this paper is to show that Nekrasov-Shadchin’s definition
coincides with a generating function of the coordinate rings of the instanton moduli
spaces for the classical gauge groups. The answer for the gauge group SU(N)
has been already known by a general result of Crawley-Boevey on quiver varieties
[12]. (See §1.3.2 for the precise motivating questions which we pursue). Our study
for the gauge groups USp(N/2) and SO(N,R) informs of some geometry of the

moduli spaces in algebraic geometry, as the instanton moduli space for USp(N/2)



and SO(N,R) is isomorphic to the moduli space of (framed) vector bundles with
symplectic and orthogonal structures on P? respectively. (See §1.2.3 for explanation

on the scheme structures of moduli spaces.)

1.2. Moduli spaces of instantons and ADHM description

1.2.1. Let us fix the notation and explain earlier results in order to our result
precisely. Let K be a compact connected simple Lie group. Let Pk be a principal
K-bundle over the 4-sphere S*. Since 73(K) = Z, an integer n uniquely determines
the topological type of Px. Let MX be the quotient of the space of ASD connections
(instantons) by the group of the gauge transforms trivial at infinity co € S* [14,
§5.1.1]. By [2, Table 8.1] MX is a C*-manifold with dim MX = 4nh", where
hY is is the dual Coxeter number of K. In this paper, we will also consider the
case K = SO(4,R). Its universal cover Spin(4) is the product SU(2) x SU(2), and
hence SO(4, R)-bundles over S* are classified by pairs of integers (ny,ng). We have

M,

np,MRrR

= MY 5 MY - and hence dim MGy = 8(nL +1g).

1.2.2. Let K = SU(N). Donaldson [13] showed that MZX is naturally isomor-
phic to the moduli space of framed holomorphic vector bundles E with c3(E) = n
over P?, where a framing is a trivialization of E over the line [, at infinity. This
was proved by using the ADHM description [1] and the relation between moment
maps and geometric invariant theory (GIT). Let K = USp(N/2) or SO(N,R) and

G be its complexification. Since G-bundles can be identified with rank N vector
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bundles with symplectic or orthogonal structures, we have the following description
of ME.

Let Gj, := O(k) (resp. Sp(k/2)) if G = Sp(N/2) (resp. SO(N)). Let p(C*) be
the space of symmetric endomorphisms of C* (see (2.1) for the precise definition).
The ADHM data are elements z € N satisfying u(z) = 0 where N := p(C*)®? @
Hom(CV,C*) and 4 is the holomorphic moment map defined on N. The G}-action
on N induces an Gj-action on p~'(0). Now ME is the image of the regular locus
p=(0)8 of the GIT quotient = 1(0) — ©~1(0)/G,.. Here the second Chern number
k of associated vector bundles is determined from n by the argument in [2, §10] as

(

n if G =Sp(N/2),

(1.1) k=4 2n if G=SO(N) where N > 5,

[ 4n i G =50(3).

See the details in Appendix A.

1.2.3. The scheme structure of M is given by p=1(0)™8/G. Since u=1(0)™8/G
is a Zariski-open subset of u71(0)/G, ME is a quasi-affine scheme. We notice
that MX may have two scheme structures because it is possible that Lie(K) =
Lie(K') for a different classical group K’ (hence ME = ME") but MX and ME'
have the different ADHM descriptions. Such pairs of (K, K’) are (SU(2), USp(1)),
(SU(2),S0O(3,R)), (USp(2),SO(5,R)) and (SU(4),SO(6,R)). A scheme-theoretic
isomorphism MZX = M is induced by sending the associated vector bundles

E to itself, adE, (A%E), and A%E respectively. The notations in the above are
4



as follows: adF is the trace-free part of End(E), and (A%E), is the kernel of the
symplectic form A2E — O.

In the above isomorphism we used the following two: By Donaldson’s theorem
[13], ME is canonically isomorphic to the moduli space of framed rank N vector
bundles E with ¢o(E) = k and G-structure. The latter space is endowed with a
(smooth) scheme structure and the canonical isomorphism is scheme-theoretic. See

§5.4.

1.3. Definition of Nekrasov partition functions

1.3.1. There is a canonical G x G-action on N. The canonical G-action on N
induces a G-action on MX. We define a (C*)?-action on N by (q1, ¢2).(By, Ba,i) =
(q1B1,¢2B2, \/q1¢21). More precisely this action is well-defined only on a double
cover of C* x C*, but we follow the convention in physics. It commutes with the
G x G -action and induces a (C*)2%-action on MX. Since i always appears together
with * for generators in C[N]% (see [53, Thereoms 2.9.A and 6.1.A]), the (C*)2-
action is well-defined on MX.

Let T be a maximal torus of G. We identify T = (C*)! where | = rank(G).
Let T := T x (C*)?2 = (C*)"*2. Then T acts on u(0)/G) and ME. Nekrasov-
Shadchin [48] defined the K-theoretic instanton partition function Z¥ for the gauge
group K by an explicit integral formula. Their formula can be interpreted as follows.

Fix the instanton number n. Let us consider p be a section of a trivial vector

bundle E = Lie G), x N over N. We endow E with a G}, x T-equivariant structure
5



so that p is a T-equivariant section. Then u defines a Koszul complex

(1.2) APRERY . 5 A’EY - EY — A’EY = On.

The alternating sum Y_,(—1)'A’EY of terms gives an element in K7*%(N), the
Grothendieck group of T' x G)-equivariant vector bundles over N. We then take a
pushforward of the class with respect to the obvious map p: N — pt. This is not
a class in the representation ring R(T" x G) because N is not proper. However,
it is a well-defined class in Frac(R(T x G})), the fractional field of R(T x G}) by
equivariant integration: Check first that the origin 0 is the unique fixed point in
N with respect to T" x T}, where T}, is a maximal torus of G. (See Appendix C.)
Therefore the pushforward homomorphism p, can be defined as the inverse of i,
thanks to the fixed point theorem of the equivariant K-theory, where i: {0} — N is
the inclusion. In practice, we take the Koszul resolution of the skyscraper sheaf at
the origin as above, replacing E by N, and then divide the class by Y. (—1)"A"NV.

In our situation, N has only positive weights with respect to the factor (C*)?
of T. (See Appendix C.) Therefore the rational function can be expanded as an

element in a completed ring of T' x G -characters

R(T x G}) = R(Te x Gy)llar ' a5 1),

where ¢, denote the T-characters of the 1-dimensional representations for the sec-
ond factor (C*)? of T = Tg x (C*)%. The expansion is considered as a formal

character, as the sum of dimensions of weight spaces: Each weight space is finite
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dimensional and its dimension is given by the coefficient of f € }A%(T x G}.) of the
monomial corresponding to the weight.

Next we take the G} -invariant part. This is given by an integral over the max-
imal compact subgroup of 7] by Weyl’s integration formula. Finally taking the
generating function for all n € Zx, with the formal variable ¢, we define the instan-
ton partition function

Z5 =3y (=1)'p.(AEY)% € R(T)[[4]),
n>0 i
where R(T) := R(Te)[[qr ", 45 1]]-
Explicit computation of ZX has been performed for small instanton numbers in

physics literature. See [4][23] for instance.

1.3.2. Nekrasov-Shadchin’s definition of Z¥ is mathematically rigorous, but
depends on the ADHM description, hence is not intrinsic in the instanton moduli

space MX. We can remedy this problem under the following geometric assumptions:

(1) p is a flat morphism;
(2) ©=1(0)/ G}, is a normal variety and MX has the complement codimension

> 2in 17(0) /G,

Under these assumptions, Y ,(—1)ip,(A'EY)% is the formal character of the ring
C[MZE] of regular functions on ME: First, (1) asserts u gives a regular sequence
so that the Koszul complex (1.2) is a resolution of the coordinate ring C[~*(0)] of

p~1(0). Secondly (2) asserts C[MX] = C[u~1(0)/G%] = C[p(0)]%* by extension
7



of regular functions on ME = p=1(0)¢/G) to u=*(0)/G,. As explained in §1.2.3,
the scheme structure of MX is independent of the choice of the ADHM description.

When K = SU(N), (1),(2) are proved by Crawley-Boevey [11] in a general
context of quiver varieties. Moreover the Gieseker space //\;l/nN of framed rank N
torsion free sheaves £ on P? with cy(£) = n gives a resolution of singularities of
w=(0)/G,.. Since ./\72’ is simplectic, higher direct image sheaves vanish. Therefore

CIMX] = Clu~(0))G,]. The T-action lifts to ML

n?

where fixed points are para-
metrized by N-tuples of Young diagrams corresponding to direct sums of monomial
ideal sheaves. Therefore the character of C[//\/lv,]f ] is given by a sum over N-tuples of
Young diagrams, which is the original definition of the instanton partition function

in [45]. See [43] for more detail of the latter half of this argument.

1.3.3. A goal of this paper is to prove (1),(2) for K = USp(NN/2). (See Theorem
6.1.) A key of the proof is a result of Panyushev [50], which gives the flatness of u
for N = 0.

We also study p~1(0) for K = SO(N,R) for (N, k) = (2,k), (N,2) or (3,4).
(See Theorems 7.2, 7.1, 7.3 respectively.) The case N = 2 is less interesting since
there are no SO(2,R)-instantons except for & = 0. But pu~'(0) does make sense,
hence the study of its property is a mathematically meaningful question. We show
that p is not flat, i.e., (1) is not true in this case. Similarly there is no instanton for
(N, k) = (3,2). We will see that y is flat, but =*(0) /Gj, = C? in this case, if the left
hand side is given the reduced structure. In particular, (2) is false in this case. In

the case (N, 2) with N > 4, we prove that x~(0) /G, is isomorphic to the product
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of C? and the closure P of the minimal nilpotent O(NN)-orbit. When (N, k) = (3,4),
we show that p is flat and p=1(0) /G, is a union of two copies of C? x P meeting along
C? x {0}. Here P is the minimal (= regular) nilpotent O(3)-orbit closure, which is
isomorphic to C?/Zy. In particular, (2) is false. The isomorphism MR 2 pg500)
asserts that both M@ and M5°®) are C2 x (P \ {0}) for n = 1. However their
ADHM description is different, as it is C? x P for SU(2). This phenomenon happens
only for SO(3). See Theorem 4.1. These examples show that the definition of Z%

depends on the ADHM description, and hence must be studied with care.

The author plans to study the case (N > 4,k > 4) in near future.

1.4. Organization of the thesis

The thesis is organized as follows.

In Chapter 2 we give the set-up for the entire part of this thesis. Specifically we
set up linear algebra of vector spaces with nondegenerate forms in §2.1, and quiver
representations in §2.2.

In Chapter 3 we identify the closed G)-orbits in IN. By this identification we see
that MX is the G/-orbit space of stable-costable representations in p~'(0). Hence
MK is endowed with the smooth quasi-affine subscheme structure of ;1~1(0)™8 /G

In Chapter 4 we stratify p=1(0)/G}, with ME as a stratum. Each stratum is
isomorphic to a product of MZX and a symmetric product of C? for some n’ <
n. From this stratification 1=1(0)/G}, looks similar to the Uhlenbeck space. For

USp(N/2), they are indeed equal while for SO(3,R), they are not.
9



In Chapter 5 we construct a Barth-type isomorphism from M to the moduli
space of framed vector bundles with symplectic or orthogonal structure. We real-
ize the latter moduli space as a locally closed smooth subscheme of the ordinary
Gieseker space. Hence we get a scheme-theoretic isomorphism between the two
moduli spaces which was mentioned in §1.2.3.

In Chapters 6 and 7 we have Theorem 6.1 and Theorems 7.1-7.3. The geometry
of p=(0) when K = USp(N/2) and SO(N,R) are described in these theorems.

Chapter 7 consists as follows. In §7.1 we explain Kraft-Procesi’s classification
theory of nilpotent pairs. In our study of x~1(0), their theory is quite useful to see
contribution from the factor Hom(CY, C*) of N. In the case k = 2, the geometry of
p~1(0) is immediately deduced from Kraft-Procesi’s theory on Hom(C", C*) since
p(C?) consists of the scalars.

In §7.2 and §7.3 we will see how Kraft-Procesi’s theory is applied to the cases
k =2 and N = 2. This will prove Theorem 7.1 and a part of Theorem 7.2.

In §7.4 we prove Theorem 7.3 (the case (N, k) = (3,4)). The proof involves
more than Kraft-Procesi’s theory since the pairs (By, Bs) € p(C*)®? are no more
commuting pairs. Since [By, By # 0 in general, the study of ~*(0) does not solely
come from the factor Hom(C?, C*). So we study the commutator map p(C*)®? —
Lie(Sp(2)), (B1, Bs) — [B1, Bal.

In §7.5 we finish the proof of Theorem 7.2 (the case (N, k) = (2,4)) based on

the study of the commutator map in the above.

10



CHAPTER 2

Preliminary on linear algebra and quiver representations

We set up convention and notation and review basic materials for the entire
part of the paper.

We are working over C unless otherwise stated. Vector spaces are all finite
dimensional and schemes are of finite type. We say that a morphism between
schemes is irreducible (resp. normal and Cohen-Macaulay) if all the nonempty fibres
are irreducible (resp. normal and Cohen-Macaulay). If M is a scheme then M
and M8 are the smooth locus and the singular locus of M respectively.

Let G be an algebraic group and g := Lie(G) the Lie algebra of G. Let M be
a G-scheme. Let G* := {g € G|g.x = z} the stabilizer subgroup of x € M. Let

g” := Lie(G").

2.1. Linear algebra on vector spaces with bilinear forms

2.1.1. the right adjoint. Let V; and V5 be vector spaces with nondegenerate
bilinear forms (, )y, and (, )y, respectively. Then for any i € Hom(V;, V3), we have
the right adjoint * € Hom(V2,V}), i.e. (v,i*w)y, = (iv,w)y, where v € V; and

w € V5. The map

« : Hom(V7, Vo) — Hom(Va, V1), i — @*
11



is a C-linear isomorphism. Further if V3 is a vector space with a nondegenerate

bilinear form then for i € Hom(V3, V3), j € Hom(Va, V3), we have (ji)* = i*j*.

2.1.2. anti-symmetric and symmetric forms. Let V be a vector space of
dimension k£ with a nondegenerate form (, )y. Let ¢ € {—1,4+1}. Let (, ). be
a nondegenerate bilinear form (u,v). = e(v,u). on V. If ¢ = +1 (resp. —1) then
(, ) is an orthogonal form (resp. symplectic form). We say V' is orthogonal (resp.
symplectic) if e = +1 (resp. € = —1).

We decompose gl(V) = (V) @ p(V) as a vector space where

oy ) X SOOI GK )= (0 X0 = (X €N = =)

p(V) = {X e gl(V)| (Xu,v): = (u, Xv).} = {X € gl(V)| X* = X}.
Let t :=t(V) and p := p(V) for short. The followings are immediate to check:

(22) [t Ct [tp]Cp, [pplCt

Let G(V) := {g € GL(V)| (gv, gv"). = (v,0'). for all v,v" € V'}. Then t = g(V)
where g(V) := LieG(V). We have dimG(V) = dimt = 3k(k — ). So dimp =

tk(k +e).

REMARK 2.1. If V is a symplectic vector space of dimension 2 then p(V') consists

of scalars.

If e = —1 then G(V) is denoted by Sp(V') (called the symplectic group) with
the Lie algebra sp(V). If ¢ = +1 then G(V) is denoted by O(V) (called the
orthogonal group) with the Lie algebra o(V"). Unless no confusion arises, we shorten

the notation as Sp, sp, O and o.
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2.1.3. It is direct to check that if (, )y, = (, )e and (, )1, = (, )_c for some
e € {—1,+1} then xx = —Id. If both (, )y, and (, )y, are (, ). for the same
e € {—1,+1} then xx = Id. In particular if V' is symplectic and W is orthogonal
then for ¢ € Hom(W, V), ii* € sp by (2.1) since (i7*)* = ¢**¢* = —ii*. Similarly

i*i € o for i € Hom(W, V).

2.2. Generality of quiver representations

We review some generality of quiver representations used in the later chapters.
For a fixed representation space, the quiver representations form a vector space.
We introduce a natural group action on the vector space. We will see the closed
orbits correspond to semisimple quiver representations. This is important in un-
derstanding the GIT quotient of the space of quiver representations (i.e. quiver

variety).

2.2.1. quiver representations. Let () be any finite quiver. Let I be the
vertex set and E be the arrow set. For a € E, let t(a) and h(a) be the tail and
head vertex respectively.

Let us assign to a vector space V, each vertex v € I. Let V := @ug%-

Frequently we denote V by (V) for short if there is no confusion for the vertex set

I. Let

MV = @ Hom(Vt(a), Vh(a))-

acE

An element of My is called a representation of Q) with the representation space V.

A representation B of ) is written as B = (B,)ecr € My
13



Let My be another space of representations of Q where V' := (V). Let B’ =
(B!)ace € Myr. A homomorphism o: B — B’ is a collection (0,),e; such that

oy: Vi, — V! are linear maps satisfying the commutativity of the following diagram:

Ba
V;f(a) - Vh(a)

iat(a) J/Uh(a)
Bl

Viw = Vi)
for each a € E. The category of the objects B is an abelian category.
We use the notation B’ C B as a subrepresentation if V] C V,, and B“‘Vt'(a) =B/
for all v € I and @ € E. So a subrepresentation of B always comes from a B-

invariant subspace V' of V.

2.2.2. semisimple quiver representations. A nonzero representation B is
called simple if any subrepresentation of B is either B itself or 0. A direct sum of
simple representations is called a semisimple representation.

Let GL(V) := [[,; GL(V;). Then, GL(V) acts on My by

(gv) . (Ba) = (gh(a) Bag&;) )

The following is well-known (cf. [35]).

LEMMA 2.2. Let V # 0 and B € My. Then B is semisimple if and only if the

orbit GL(V).B is closed in My .

We will not prove the lemma itself, but prove an essential ingredient of the proof:

14



LEMMA 2.3. Let V # 0 and B € My be semisimple. Let W and W' be B-
invariant subspaces of V. Then there exists a B-invariant W" such that W =

W' & W”. Hence any nonzero subquotient of B is semisimple.

PROOF. We may assume W # 0. Let Bw := B|w and Bw := B|w. Let
B =@ _, B™ be a decomposition by simple representations. We denote by V™
the representation space of B™. Let [n] := {1,2,...,n} for short.

We use the induction on n. If n = 1, then B is simple and the claim is obvious.

Let ps: V = @,,es V™ be the projection where S is any nonempty subset of [n].
We denote by pg,: B — @,,.¢ B™ the induced homomorphism by the projection.
Note that there exists ng € [n] such that p;,,(Bw) # 0, since otherwise W = 0.
We denote by 7y := [n] \ no. It is clear that Ker(ps,,) is equal to B™ and thus
simple. So if ps,,|Byw 1S non-injective for all ng € [n] then we have Byw = B and
thus W = V.

We assume first that W # V. Then there exists ng € [n| such that Bw =
Dio,(Bw) via pp,,. Now we have subrepresentations

Piox(Bw) C Pag, (Bw) C Im(ps,,) = @ B™.

meng

By the induction on n, there exists a (D B™)-invariant subspace "W in pj, (W)

meng
complementary to ps, (W’). We set W” to be the pull-back of “W via p;,|w. We
are done in the case W # V.

We need to prove the case when W =V (i.e., Bw = B). We assume By # B

since otherwise we set W” = 0. By a similar argument as before, there exists

15



ng € [n] such that Bw: = p; (Bwr) via pa,,. And there exists a (D B™)-

meEng

invariant subspace "W in €D, ., V™ complementary to ps,(W'). By setting W” :=

“W & V™, we are done. O

Let A € Hom(C*,GL(V)) where Hom(C*, GL(V)) denotes the set of group
homomorphisms. Write A(t) = (A,(f))per where A, € Hom(C*, GL(V,)). Let
Viutn = Boe; (Vo) win where (V,)win := {a € Vy| A\y(t).a = t"a, t € C*} (the weight

n subspace). The decreasing filtration by weight defines a graded vector space

gr)‘V = @ (@(%)Wtzn/(vv)wtzn+l> .

vel n

Let B € My. The following two are equivalent:
(i) B := lim;_,o A(t).B exists in M.
(ii) Vt>n is B-invariant for each n € Z.

Suppose By exists. We denote by Byi>, 1= B|th2n which is a subrepresentation
of B. Then we have
BO = @ Bthnfl/Bwtzn-

neZ
by the obvious isomorphism V 2 gr*V. Lemma 2.3 yields the following.

LEMMA 2.4. If B is semisimple, so is By (if it ezists). O

16



CHAPTER 3
Moduli space of ADHM data for framed Sp-bundles and

SO-bundles

In this chapter we study the ADHM data associated to Sp-bundles and SO-
bundles. Such data are linear data originally given by Atiyah, Drinfeld, Hitchin
and Manin to describe the self-dual equations of instantons [1]. These involve real
constraints from a hyperkdhler moment map (cf. [34][37]). By Kempf-Ness’ theory
[28], we can avoid complication from the hyperkdhler moment map. See Appendix
B for details.

The ADHM data are now the ADHM quiver representations satisfying the holo-
morphic moment map 0 equation which is complex algebraic. The coarse moduli
space of such ADHM data is defined as a GIT quotient by a reductive group G in
the context of complex algebraic geometry. In general a GIT quotient parametrizes
the closed G-orbits. So our goal in this chapter is to find a necessary and sufficient
condition for the closedness of the G-orbit of an ADHM quiver representation. The
answer will be semisimplicity of the deframed quiver representation (Theorem 3.1).
The proof is similar but subtler than Lemma 2.2 because our G is not a general

linear group.
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Our study of ADHM data will give an algebraic stratification of the GIT quotient
of the ADHM data. Moreover the instanton moduli space MX is a stratum of the
GIT quotient. See Chapter 4.

Let

M := Hom(V, V)** @ Hom(V, W) @ Hom(V, W)
where V' and W are vector spaces. An element of M is called an ADHM quiver
representation. Let W = C¥ be any isomorphism. Then we have an obvious

(GL(V)-equivariant) linear isomorphism
c: M — Hom(V, V)*? @ Hom(V, C)* @ Hom(V,C)®".

We identify the target space of ¢ with the space of representations of the deframed
quiver given in Fig. 1 (cf. Crawley-Boevey’s trick [12, p.57]). The number of arrows
from the bottom vertex to the top is N, and the number of arrows from the top

vertex to the bottom is also N.

F1GURE 1. the ADHM quiver and the deframed quiver

Let ¢ € {—1,41}. In the rest of paper we fix V and W as a k-dimensional

vector space with (, ). and an N-dimensional vector space with (, )_. respectively.
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Let

N = {(317327i7j) & M|B1 = _BT7_B2 — B;;j :Z*}

It is clear that N isomorphic to the one we used in §1.2.2 by the projection.

We use the notation GLB for a direct sum of vector spaces orthogonal with respect
to the given nondegenerate forms.

Since the GL(V') x GL(C)-orbit of ¢(x) coincides with the GL(V')-orbit of ¢(z),
x has a closed GL(V)-orbit if and only if ¢(z) is semisimple by Lemma 2.2. We

have a similar result for G(V') as below.

THEOREM 3.1. Let x := (B, Ba,1,j) € N. Then the followings are equivalent.
(a) c(z) is semisimple.
(b) there exists a decomposition
= -
— S /
V=ve V.o, e lr)

such that
(1) Vi and V} are dual isotropic subspaces of V' for each index b;

(2) the summands ¢(B;

V57B1

V57Z.7j Vs)) (BI|VQ7B2|VM070)7 (BI|V57B2|V57070>
and (Bilyy, Balvy,0,0) of c(x) are simple quiver representations.

(¢) G(V).xz is closed in N.

We remark that (Bily,, Bz|v,, 0,0) and (Bi|vy, Ba|vy, 0,0) in the above statement
are dual to each other.

The proof will be given in §3.2.
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Let us recall the two GIT stability conditions for the GL(V')-actions on M (cf.

[41, Chap. 2]).

DEFINITION 3.2. (By, Bs,i,7) € M is stable (resp. costable) if the following

condition holds:

(1) (stability) there is no subspace S C V such that By(S) C S, By(S) C S
and Imi C S,
(2) (costability) there is no nonzero subspace T' C V such that By(T) C

T,By(T) C T and T C Kerj.

Note that € M is stable and costable if and only if ¢(x) is simple when W # 0.

Let sp: M — M, (By, Bs, i, ) — (B}, By, —j*,i*). Then N is the sy-invariant
subspace of M. If € M is stable (resp. costable) then sy(z) is costable (resp.
stable). Therefore stability and costability are equivalent on N. See Corollary 5.13.
In particular, z € N is stable if and only if ¢(z) is simple when W # 0.

Let u: N — g(V) be the moment map given by (B, Bs,i,j) — [Bi, Ba] + ij.
Let 1~ 1(0)™8 be the locus of stable-costable (abbr. regular) quiver representations in
p(0). We have p~1(0)*8 C p1(0)*™ since if # € N is stable then the differential
du, is surjective. By Theorem 3.1 the image of x~1(0)™8 of the GIT quotient map
p(0) = p=1(0)/G(V) is a Zariski open subset of x=1(0)/G(V) and it is a G(V)-
orbit space p~1(0)™8/G(V). In particular p=1(0)™8/G(V) is a smooth quasi-affine

scheme. In fact it is also irreducible by [7, Propositions 2.24 and 2.25].
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DEFINITION 3.3. Let ¢ = —1 (resp. € = +1). We say @ = (By, Ba,1,7) € u~(0)

is a SO-datum (resp. Sp-datum) if [By, Bs] +ij = 0.

The rest of this chapter is devoted to prove Theorem 3.1.

3.1. Semisimple ADHM quiver representations

We study a generality for representations in N first. And then we give an

equivalent statement to (b) of Theorem 3.1 at the end of this section.

LEMMA 3.4. Let x € N. Let V', W' be subspaces of V,W respectively such
that (V',W') is x-invariant. Then (V'*,W't) is also x-invariant. Hence, y* =

Tl sy is defined.

PROOF. Let z = (By, Bo,1,i*). We need to show B, ((V')+) c (V)*,i(W")+) C
(VY and (V")) ¢ W)t (n = 1,2). For v € (V):, o' € V', we have
(Bn(v),v")y = (v, B,(v'))y = 0 so that B, ((V')*) c (V).

For v € V/ and w € (W')*, we have (i(w),v)y = (w,i*(v))w = 0 so that
i((Wnh) c (V).

For v € (V')* and w € W', we have (w,i*(v))w = (i(w),v)y = 0 so that

#(V)) © (W)™, O

DEFINITION 3.5. A subspace of V' is nondegenerate (resp. isotropic) if the re-
striction of (, )y is nondegenerate (resp. 0). Two isotropic subspaces are dual, if

they are complementary and their direct sum is nondegenerate.
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Let z € M. Let y, z be any subrepresentations of x. We write x = y é z, if y
and z satisfies # = y @ z and y* = 2. Let (V', W) be the representation space of
y. f W' =0, we say y is of frame 0, if W/ = 0. When y is of frame 0, we say vy is
nondegenerate (resp. isotropic) if so is V.

For y € My 0y and 2z € My ), we say they are dual isotropic if so are V' and

v,

LEMMA 3.6. Let x € N. Let y be a simple subrepresentation of . If y is of

frame 0, it is either nondegenerate or isotropic.

PRrROOF. By Lemma 3.4 and the simplicity of y, TNT+ = 0 or 7. In the first

case (resp. the second case), (, )r is nondegenerate (resp. 0). O

*

If y and z are dual isotropic then y = 2z*. To see this, let us write y =

(B, B},0,0), z = (BY,BY,0,0) and B, := B, @ B" for n = 1,2. Since B, = B,

we have (B/ v v")y = (B, 0" )y = (v, Bv")y = (v, B/v")y where v/ € V' and

V" € V". Thus B], = BI".

DEFINITION 3.7. Let © = (B, By, 1,j) € N. We define

V* =Y " P(By,B,)i(W)

where P runs over all the 2-variable polynomials. Let 2° := x|vsw) € Mys w).
It is clear that z* is stable.

LEMMA 3.8. Let x € N. If c(x) is semisimple, V* is nondegenerate.
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PROOF. Let Z := VN (V*)+. By Lemma 3.4, Z is an z°-invariant subspace
and thus we have a subrepresentation z := x|z of 2°. By Lemma 2.3, ¢(x°) is
semisimple and there exists 2/ C ¢(x®) such that ¢(z®) = 2z @ 2’. Since the second
factor of the representation space of z is W, we have c¢(x®) = 2’. This implies z = 0

and thus Z = 0. This proves V* is nondegenerate. 0

Now we are ready to prove Theorem 3.1. In the actual proof it is convenient to

replace (b) into the following equivalent statement:

(b") z is decomposed as

1 1
x:xs@yaé@(zb@z{)).
b

a

where ¢(z°) and all the other summands are simple and 2z, z;, are dual

isotropic.

We also assume for convenience that the indices b are arranged as 1,2, 3, ... consec-

utively in Z>; unless empty.

3.2. Proof of the equivalences on semisimplicity and orbit-closedness

(Theorem 3.1)

We start to prove Theorem 3.1. The order of proof is (i) (a)<(b), (ii) (a,b)=(c),

(ii) (c)=(a).

3.2.1. Proof of (a)<(b). It is clear that (b) implies (a).

We prove the opposite direction (a)=(b’).
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By Lemma 3.8, we have z = z° é (z%). Our goal is to find y,, 2, 2, C (z%)*
satisfying the statement of (b). Let z C (z%)! be a simple subrepresentation. Since
z is of frame 0, it is either nondegenerate or isotropic by Lemma 3.6.

We assume first that z is nondegenerate. Let y; := 2. Since c(z) is semisimple

(Lemma 2.3), we are done by the induction on dim V.

We assume that z is isotropic.

LEMMA 3.9. If z is given as above, there exists a simple subrepresentation z' of

frame 0 in (2°)* which is dual isotropic to z.

PROOF. By Lemma 3.8, V¢ and thus (V*)* are nondegenerate. Since (z°)* is
semisimple it has a simple direct summand w := (Bj|r, Ba|r,0,0) such that 7' is
not orthogonal to Z. Thus Z # ZNT+ and T # T N Z+. By Lemma 3.4 and
simplicity of z,w, we have ZNT+ =T N Z+ = 0. This means (, )y on Z x T is
nondegenerate.

If T' is isotropic, then we are done by 2’ := z|(7,0).

If T is not isotropic, then it is nondegenerate by Lemma 3.6. By simplicity of
z,w, we have ZNT = 0. Hence Z ® T is nondegenerate.

We will find a By, Bo-invariant isotropic subspace Z’ in Z & T which is comple-
mentary to Z. Let 7" be the orthogonal complement of 7" in Z & T'. Since (, )y is
nondegenerate on Z x T', we have Z NT" = 0.

By Lemma 3.4, we have a subrepresentation w’ := x|z o). Let p1: T @ T — T

and po: T @ T' — T’ be the projections. Since ZNT = ZNT' = 0, p1|z and
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palz induce isomorphisms z = w and z = w’ respectively. So we have w = w’. Let
g € Isom(7,T") such that g.w" = w. Then we have Z = {(v,¢(v))|v € T'}. This
means gB,(v) = B,g(v) (ve T, n=1,2).

Let
7" = {(v,—g(v))|lv e T}.

Since —gB,(v) = —Bng(v), we have B,,(Z') C Z' (n = 1,2). Let 2’ := x|z ). Since
(v, =g(v)), (v, =g(V"))v = ((v,g(v)), (V',g(v"))y = 0 for v,v" € V, it is isotropic.
Since ZNZ' =0, Z @ Z' is nondegenerate.

It remains to show 2’ is simple. Since 2/ = w by the isomorphism induced by

p1]z, we are done. d

Let z; := z and 2{ := 2’ where 7’ is given as in Lemma 3.9. By the induction on
dim V', we have the decomposition
1z -
(21 ® 2t =2 @@ Yo P @ (20 B 2)-
a b#1
As a result we have
= 1 .
r=2" 8P v. &P (»e ).
a b>1

This proves (b’). O

3.2.2. Proof of (a,b)=(c). The strategy is to show that whenever z, :=
limy_,0 A(t).z exists for any given group homomorphism A € Hom(C*, G), it is con-

tained in G(V').x. Then Iwahori’s theorem [26] asserts G(V').z is closed.
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Let X\, xy be given as above. Let h be the highest weight. Then A > 0 and —h
is the lowest height, which are left as an exercise. If h = 0 then A is trivial. So we
may assume h > 0. Then xl(Vw:mO) is a subrepresentation of x.

Let Z be a subspace Vi, such that x|z is simple. Let z := x|(z0). It is a
subrepresentation of both z,z,. We showed in the above proof of (a)=-(b’) that
there exists a decomposition of x as in (b’) with z; = z. Similarly there exists a
decomposition of zy with w; = z as in (b):

1L 1
1L €L
0 = 25,6 0 & ) (wy 0.
a B>1

Here we used that xo is semisimple (Lemma 2.4). We denote by Vi, U,, Ws, Wj
(the factor of) the representation spaces of x{, uq, wg, wj respectively.

The canonical isomorphism V&, Yo €D, ., (268 Z;) 5 717 is a symplectic
isomorphism and induces an isomorphism

(3.1) 7 & Pr. ® Pz @ 2) = 2/

b£1

We need a similar isomorphism for a limit of 2% /2 with respect to A. Let us
define such a limit first. Since A(¢)(Z) C Z and A\(t)(Z+) C Z* for any t € C*, we
have the induced group homomorphism A(t) € Hom(C*, G(Z+/Z)). The existence
of the limit xq asserts (z*/2)o := limy_,0 A(t).2* /2 also exists in M1 /zw). Now
the canonical isomorphism Vi &, Us & D5, (Ws & W) = 717 is a symplectic
isomorphism and induces an isomorphism
(32) 5 @& P ua © P ws & wh) = (2+/2)o.

B#1
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By the dimension induction we have (z1/2)y € G(Z1/Z).2+ /2. Therefore by

(3.1) and (3.2), there exists a form-preserving isomorphism

g Ve@Prv.e@ e z) > Vi@ U.e PWs e W)

b£1 841
such that
v & @6 Plus o) = g <xs@@ya@@<zb@z@> |
o B#1 a b#1

Now it suffices to prove that there exists a form-preserving h € Isom(Z; @
Z1, Wi @ W) such that h.(z; @ 27) = wy ® w}. For, we will have ¢ ® h € G(V) and
xo = g.z so that Iwahori’s theorem asserts G(V').x is closed in M. The proof comes

from that z and 2" are dual. More precisely it is reduced to the following lemma:

LEMMA 3.10. Let (L, L") and (M, M) be pairs of dual isotropic subspaces of V.
Let B € End(L) and g € Isom(L, M). Then we have the following:

(1) There exists a unique B € p(L @ L') such that B(L) C L, B(L') C L' and
B|. = B.

(2) There exists a unique form-preserving g € Isom(L & L', M @& M') such that

g(L) =M, §(L') = M" and gl = g.

We omit the proof.

This completes the proof of (a,b’)=(c). O

3.2.3. Proof of (c)=-(a). We will prove (a) assuming (c): the orbit-closedness.
Let 2’ be a maximal direct summand of x such that the representation space of

x' is either (V',0) or (V/, W) for some V' C V and c¢(z’) is 0 or semisimple. Note
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such 2’ is unique, because if 2" is another, 2’ +2" is a direct summand with (2’ +2")
being semisimple. Here we used the canonical isomorphism 2'+2" = (2/®z") /2’ Na”
and the splitting of 2’ 4+ 2" C x by the composite z — 2/ @ 2" — (&' ® 2") /2’ N a”.

We need to prove 2’ is equal to . We suppose the contrary x’ # x. We divide
the proof into the cases: (i) V' is nondegenerate, (ii) V' is not nondegenerate.

Case (i). We have a decomposition z = 2/ @ (/). Let z be a subrepresentation
of x with the representation space (Z,0) or (Z, W) for some Z C V such that ¢(z)
is simple. If z has the representation space (Z,0), it is either nondegenerate or
isotropic by Lemma 3.6.

If 2 is nondegenerate we have decomposition z = 2’ @ z @ (z+ N (z’)*). This is
absurd to maximality of x’.

Suppose z is isotropic. Let A € Hom(C*, G(V)) such that

L
Vot =2, Viso=2", Vg1 =V.

The limit zy = limy o A(t).z is isomorphic to z @ 2+ /2 @ z/2t. Note that 2’ is a
direct summand of z+/z. Since z is isomorphic to zg by the orbit-closedness, it has
a direct summand isomorphic to z @ a’. This is absurd to maximality of x’.

If z has the representation space (Z, W), Z is nondegenerate since z N 2+ = 0.
Thus we have decomposition z = 2/ @® 2@ (2 N (z’)*). This is absurd to maximality
of z'.

Case (ii). In the case V' N (V’)* is a nonzero isotropic subspace of V. Let

z = 2’ N (2')t. Then z is a semisimple isotropic representation of frame 0. Let

28



A € Hom(C*, G(V')) such that
Vth = Z7 VWtZO = ZJ_? thZ—l =V

The limit 2y = lim;_,o A(¢).2 is isomorphic to z @ 2+ /2 ® z/2*+. Note that 2'/z is a
direct summand of 21 /2 and that 2/2z and z are dual to each other (so that x/z+
is semisimple). Since z is isomorphic to zy by the orbit-closedness, it has a direct
summand isomorphic to z @ 2'/z @ x/z. This is absurd to maximality of ’.

This finishes the proof of 2’ = . O

3.3. Generalization of Theorem 3.1 to quivers with more than 2 loops

We end up this chapter with a remark. Main Theorem 3.1 is valid under a
generalization of the ADHM quiver as follows. We replace the two loops into [
loops where [ is an arbitrary nonnegative integer. We also consider the deframed

quiver. See Fig. 2 for [ = 3.

FIGURE 2. a generalized ADHM quiver and its deframed quiver (I = 3)
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Now N is now modified to {(Bi, Bs, ..., B;,i,7)| B, = Bi,j =i*,n=1,2,...,1}.
The stability notions in Definition 3.2 are obvious to generalize for N. The state-
ment of Theorem 3.1 is corrected: only the corresponding statement in (b) should be
changed by increasing the number of B; in an obvious way. Similarly the statement
(b’) is corrected by generalizing the meaning of dual isotropic.

The proof of the generalized theorem goes similarly as above. We omit the

details.
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CHAPTER 4

Strafication of 1~ 1(0)/G(V)

In this chapter we give stratification of p=1(0)/G(V) using Theorem 3.1. In
fact, it is the standard one if ©=*(0)/G(V) coincides with the Uhlenbeck space.
However p~1(0)/G(V) is not the Uhlenbeck space exactly when G(W) = O(3).

To emphasize k = dim V', we use G, pu, for G(V), u respectively. It was denoted
by G, in §1. Let z := (By, Ba,i,j) € ;' (0). Assume Gy.z is closed in N. By

Theorem 3.1, (B

V57BQ

vs, i, j|lvs) corresponds to a framed vector bundle, and
(Bilv,, Balv,,; 0,0), (Bilv,, Ba|v,, 0,0) and (Bilyy, Balvy, 0, 0) are all commuting pairs
in p(V). Let us focus on commuting pairs here. We simplify the situation: By, By €
p(V) with [By, By] = 0, where V' is orthogonal or symplectic. By the semisimplicity
(Theorem 3.1), By and B are simultaneously diagonalizable. Therefore all V,, Vj,
and V; of Theorem 3.1 (b) are 1-dimensional. When V' is symplectic, V,, does not
appear and Bily,evy, Ba|v,evy are scalars, as p(V) = C if dimV = 2. When V' is

orthogonal, the index set of b can be absorbed in the index set of a. We have the

summary as follows.

THEOREM 4.1. Let S"A? be the n'™ symmetric product of A®.

(1) Suppose V' is symplectic. Then there exists a canonical set-theoretic bijection

AQ.

0)/Gr = H :“k'

0<k'<k
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(2) Suppose V' is orthogonal. Then there exists a canonical set-theoretic bijection

//sz H ,UJ reg/G . X Skz kAQ

0<k'<k

Note that this stratification is nothing but the one of the Uhlenbeck space except
the case G = SO(3). For G = SO(3), ;' (0)/ Gy, is different from the Uhlenbeck
space, where the symmetric product is S %MA2 by the formula (1.1).

Since p; ' (0)™8 /G, is a free quotient (unless p. ' (0)™8 = ), we have dim g, ' (0)™8 /G), =
dim N—2dim Gj. Using dim p—dim t = k£ if V is orthogonal, and dim p—dim t = —k
if V' is symplectic, we have

k(N —2) if V is symplectic,

(4.1) dim y;,1(0)™8/G), =
k(N +2) if V is orthogonal,

whenever g, '(0)*¢ # (. Therefore we get the dimension of the strata. Hence by

§1.2.2, we obtain the following.

LEMMA 4.2. (1) Assume V is symplectic. Then p;,'(0)8 /G x S A2
nonempty if and only if either N = 3 and k' € 4Z>o, or N > 4 and k' € 2Z>,. If
it 1s nonempty, it is of dimension k'(N — 2) + (k — k)

(2) If V is orthogonal then 1;,' (0)™8 /G x SE=F A2 is nonempty and of dimension

K (N +2) +2(k — k). 0

REMARK 4.3. (1) Suppose V is symplectic. By Spin(3) = SU(2), if N = 3 and
k € 47 then u; '(0)™8 /G, is irreducible (§1.2.2). Hence, the strata of u;'(0) /G,
are 1, *(0)™8 /Gy and S2A2, both of which are irreducible varieties of dimension 4.

See an alternative proof in Theorem 7.3 (3).
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By Spin(4) = SU(2) x SU(2), if N =4 and k € 27>, then y; '(0)™8/G}, has the
(k/2 + 1) irreducible components.
(2) We will prove in Theorem 6.1 that all the strata in Lemma 4.2 (2) are

irreducible normal.
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CHAPTER 5
Moduli spaces of framed vector bundles with symplectic

and orthogonal structures

In this chapter we show that MX = ;;71(0)& /G (V) is scheme-theoretically iso-
morphic to the moduli space of framed vector bundles with symplectic or orthogonal
structures. The latter space will be constructed as a closed smooth subscheme of
the vector bundle locus of the ordinary Gieseker moduli space.

This chapter is organized as follows.

In the last section §5.4, we construct the above moduli scheme and the iso-
morphism with £~1(0)™8/G(V) via Barth’s correspondence following Donaldson’s
argument [13]. But before §5.4, we need preliminary steps for the construction.

In §5.1, we review definitions and basic properties of framed vector bundles with
symplectic and orthogonal structures.

In §5.2, we review the monad construction and the dual monad construction.
More precisely, in §§5.2.1,5.2.2, we review the monad construction and Barth’s
correspondence for ordinary framed vector bundles. In §5.2.3, we introduce dual
monads. The dual monad is necessary to study symplectic and orthogonal struc-
tures in term of maps from monads to dual monads. In §5.2.4, we modify Barth’s
correspondence to involve the additional G(V')-structure and the map between a

monad and the dual monad.
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In §5.3, we restrict modified Barth’s correspondence to our moduli space p~*(0)™¢ /G(V).
Then the image of the restriction turns out to be the set of framed vector bundles
with symplectic or orthogonal structures.

The above streamline in §5.2-5.3 is included in [13]. See also [9].

5.1. Framed orthogonal bundles and framed symplectic bundles

We first define framed vector bundles with orthogonal or symplectic structure
in a general context.

Let X be an algebraic variety. Let X’ be a closed subvariety of X.

DEFINITION 5.1. A framed sheaf of rank N on X along X'| is a pair of a sheaf
E locally free along X’ and ®: E|x- = Oy ® CN for some N. We call ® frame.

For two framed sheaves (E, ®) and (E’, '), we say they are isomorphic if their
ranks are same and there exists a sheaf isomorphism o: £ — E’ such that & =

CI)/O'|X/.

REMARK 5.2. Huybrechts and Lehn define an isomorphism between (£, ®) and
(E', @) as follows ([25, Definition 1.4]): (E,®) = (E’,®') if there exists a sheaf
isomorphism o: E' — E’ such that & = ed’c|xs for some e € C. Our definition
looks stricter than their one, but it does not in fact because eo gives the isomorphism

in our sense.

Let us fix a linear isomorphism ¢ € Isom(W, W") where W = CV.
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DEFINITION 5.3. Let (E, ®) be a framed vector bundle. A p-structure on (E, )
is an isomorphism ¢: F = EY satisfying
¢lxr = @ o @,
where ¢y = Ido,, ® ¢: Ox @ W — Ox @ WY,
Let (E, ®), (£, ®") be framed vector bundles with p-structures ¢, ¢ respectively.

We say they are isomorphic if there exists an isomorphism o: (E, ®) — (E', ') as

framed sheaves such that ¢ = oV¢'o.

DEFINITION 5.4. A framed orthogonal bundle (resp. a framed symplectic bundle)

on an algebraic variety X is a framed vector bundle (E,®) with a ¢-structure ¢

satisfying ¢ = ¢ (resp. ¢ = —¢").

In the above, we used E = EYV by the canonical pairing.

On each fibre E, of F, ¢|, defines a nondegenerate form (, ), on E, by (s, '), :=
(¢|(s"), s), where x € X and (, ) denotes the canonical pairing. So if ¢ = ¢" (resp.
¢ = —¢") then (, ), is an orthogonal form (resp. a symplectic form).

If ¢ defines an orthogonal (resp. symplectic) form then so does ¢ along X’. Thus
we call g-structure as orthogonal (resp. symplectic) structure or SO(N)-structure

(resp. Sp(N/2)-structure). This clarifies the meaning of the above definition.

5.2. Construction from monad and dual monads

In this section we review relation among monads, ADHM quiver representa-
tions and framed torsion-free sheaves on P2. The relation is called Barth’s corre-

spondence. For the dual vector bundles we have also a similar description from
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dual monads. A Barth-type correspondence will be obtained for the framed vector
bundles with additional ¢-structures (Theorem 5.17).

Let O(m)™ := Opz(m)®™ for short. We use the notation V, V', W, W’ for vector

spaces.

5.2.1. recollection of monad construction. Let M be a sequence of sheaves

of the following form:

Ox V2
(5.1) M:O)eV - o 2201V
ORW

DEFINITION 5.5. M is a monad if it is a complex, « is injective and [ is sur-

jective.

Let M’ be a sequence of sheaves as above:

O®V/EB2
MOV -2 o Loomev.

oW

38



We define Hom(M, M’) as the space of triples (a, b, ¢) fitting in the commuting

diagram:
O Ve
(5.2) M:O(-)eV—= o “L.00eV
oW
a \Lb c
OV

MOV -2 o Zoomev

oW
From now on we regard a, b, ¢ as linear maps if no confusion arises.

If M, M’ are monads, their cohomology sheaves are concentrated in the mid-
dle. We denote the (middle) cohomology sheaves by F = Ker(5)/Im(a), E' =
Ker(5')/Im(a’) respectively. Let (a,b,c) € Hom(M, M’). We denote the induced
homomorphism by b: E — E’. By [49, Ch. II, Lem. 4.1.3] (see also [44, Lemma

5.8], [29, 2.2.1]) we have the following.

LEMMA 5.6. The canonical homomorphism H: Hom(M,M') — Hom(FE,E'),
(a,b,c) b, is an isomorphism. In particular if M = M', E = E' and H(a,b,c) =

Idg, we have a = c=1dy and b= Id%‘;2 @ Idy .

Let @ be the ADHM quiver and V, W be vector spaces assigned at the upper
and lower vertices of @) as before (cf. Fig. 1). Let My := Hom(V,V)®* @

Hom(W, V) @ Hom(V, W) (the space of ADHM quiver representations). Similarly
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we define My y) for another pair (V',W’). Let x := (By, Bs,4,7) € M w) and
x' = (B, Bj,7,5') € My w. Recall that Hom(x, 2") is the space of pairs (a,7)

fitting in the following commuting diagrams:

(5.3) VeV VeV WL W Vs VY

iBl J{Bi iBQ J{Bg \Lz ii' ij lj’
| VI VR VL R v VL VAR 7 (g 1 7

Let us fix an affine 2-plane A? in P2. Let 21, 25 be the coordinate functions of
A% A quiver representation x = (Bj, By, i, ) defines a sequence of sheaves as in
(5.1) by

By — 2z
(5.4) Q= | By— 29 |> B = (_B2+22 By — 2z Z)
J
We denote the sequence of sheaves by M (x).

Let M’ := M (a') where 2’ = (B, B3, %', j') € My wr) as before.
LEMMA 5.7. If (a,b,c) € Hom(M, M), we have
(5.5) c=aandb=a"®T
where a € Hom(V, V') and 7 € Hom(W, W'). Hence we have a linear isomorphism
Hom(R, R') = Hom(M, M), (a,7)+ (a,b=a®* ®T1,0a).
PROOF. Let us write b as
An A A

b= Aoy A B

C D T
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where A, € Hom(V, V"), A, B € Hom(W, V') and C, D € Hom(V, W’) for m,n =
1,2.

By commutativity of the left square diagram of (5.2), we have bav = o’a. Using

the explicit forms of «, o', we obtain
An By — Anz + A1eBy — Ajpze + Aj

ba = Ao By — Agiz1 + Age By — Agozo + Bj | >

CBl—Czl+DBQ—DZQ+Tj

Bla —az
'aq = '
aa= | Bya — az
j'a

Comparing the coefficients of z; and z3, we have A;; = Ay = a, C = D = 0,
Ajg = A9y =0, aBy = Bla, aBy = Bla, and j'a = 7j.
By commutativity of the right square diagram of (5.2), we have ¢ = f'b. Using

the explicit forms of 3, ', we obtain
cf = (—CB2 +czy ¢B; —cy ci)
B'b = (—Béa +az Bla—az —BYbA+ Az + B|B— Bz + i’T) :
Comparing the coefficients of z1, z3, we have A = B =0, a = ¢ and c¢i = i'T. O
Note that M(x) is a complex if and only if [By, Bs] + ij = 0, where x =
(B1, Ba,i,j). By [41, Lemma 2.7], § is surjective (hence, fibre-wise surjective)

if and only if x is stable. On the other hand « is always injective. Furthermore it is

fibre-wise injective if and only if a¥ is surjective if and only if x is costable. See [41,
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the proof of Lemma 2.7 (2)] for the latter equivalence. Thus if [By, By] +ij = 0, we
see that x is stable if and only if M (z) is monad.

Let [, := P?\ A2, If M(x) is a monad, the cohomology sheaf E = Ker(f3)/Im(«)
is a torsion-free sheaf locally free along l., with rank N = dim W, ¢;(E) = 0 and
co(E) = dimV = k. See [41, pp.18,21] for the Chern classes. The projection
p:ORVZEOW — O®W induces p: F — O ® W. By the restriction of p to

lo, we have a trivialization of F.
DEFINITION 5.8. We call this the canonical trivialization of E, denoted by p.

We have a description of the third factor 7 in (5.5) in terms of canonical trivi-
alizations as follows. For the purpose we set x € My, cvy and 2’ € My ey such

that M(z), M (z") are monads. Let (E,p), (E',7’) be the induced framed sheaves.

LEMMA 5.9. Let (a,b,c) € Hom(M (x), M(z')). Then the third factor T of b in

(5.5) satisfies Ido, @ T =D'b|; D"
PROOF. Tt is clear from the definitions of b and 7. O

5.2.2. Barth’s correspondence. So far we have reviewed the direction from
quiver representations to framed sheaves (via monads). We now review the converse
direction and then Barth’s correspondence. An essential ingredient is Beilinson’s
spectral sequence which we just refer to without its explicit form. See the details
in [41, §2.1].

Let (E,®) be a framed torsion-free sheaf of rank N and co(F) = k. By the

Beilinson spectral sequence, there exists a stable representation x = (By, Ba,4,j) €
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Mk cvy with [By, Bo] 4-4j = 0 such that £ is isomorphic to the cohomology sheaf
Ker(5)/Im(a) of M(xz). We denote this isomorphism by o. Then we have the
commuting diagram:

(5.6) E El. —2~0,_oCN

la ) iahm in

Ker(8)/Im(a) L0 _oCYN 2-0,_oCN
where v = ®(co|,)"!. Hence we have (E,®) = (Ker(8)/Im(a),vp) as framed

sheaves. We regard v € GL(N).
Let
¥ i=vx, M:=DM(z), M =M.

Let E' := Ker(f')/Im(a’) and ' be the canonical trivialization of E'.
LEMMA 5.10. We have an isomorphism (E,®) = (E')}) as framed sheaves.

PROOF. Let b := IdZ7@v € Hom(M, M'). For the induced isomorphism b: E 5

E', we have vp = p'b|;.. Therefore b is also an isomorphism of framed sheaves

(Ker(8)/Im(), vp) = (Ker(f') /Tm(a/), 7). N

Now we have Barth’s correspondence [3, Theorem 2| (see also [41, Proposition

2.1]):

THEOREM b5.11. The correspondence (By, Ba,i,j) — (Ker(8)/Im(a),p) gives
an isomorphism between the GL(k)-orbit space of the stable quiver representations
(B1, Ba,i,7) € Mgk cny with [By, By] +ij = 0 and the fine moduli space of the

framed torsion-free sheaves (E,®) on P? with rank N and cy(E) = k.
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PrOOF. We check first that the correspondence is well-defined. Let a € GL(k).
Let M := M(By, Bs,i,j) and M’ := M(a.(By, Ba,i,7)). We have a morphism
(a,b,c): M — M’ as in (5.2). It satisfies b = a® @ Idgn and ¢ = a by Lemma
5.7. By Lemma 5.9, we have the isomorphism between the cohomology sheaves
and its restriction to [, identifies the canonical trivializations. So it is an isomor-
phism between the induced framed sheaves. This implies the correspondence is
well-defined.

Let us check the correspondence gives a set-bijection. The surjectivity follows
from Lemma 5.10.

Let us check the injectivity. Let (E,®) and (E’,®’) be framed torsion-free
sheaves. Let o: (E,®) — (E’,®') be an isomorphism of framed sheaves. Then
we have ®o|,, = ®’'. We may assume (E,®) = (Ker(f)/Im(«),p) and (E',d') =
(Ker(8')/Im(a’),p') by the surjectivity. Let M := M (z) and M’ := M(2") (where
x,z" are defined by «,f,a’,f’). By Lemma 5.6, there exists a homomorphism
(a,b,c) € Hom(M, M') which induces 0. By Lemma 5.7, ¢ = a and b = a®? @ Idcw.
By Lemma 5.6 (the second statement), a is an isomorphism. By diagram-chasing
in (5.2), we see (By, Bs,i,j) = a.(BY, B},i',j'). This asserts the injectivity of the
correspondence.

The set-bijective correspondence is, in fact, a scheme-theoretic isomorphism.

See for details [3, §4.2] (cf. [41, Remark 2.2]). O
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5.2.3. dual monad. In this subsection we find a monad for a dual vector
bundle. The answer is the dual monad. With this we describe ¢-structure in terms
of linear maps. See the main Proposition 5.15 for the summary.

Let x := (By, B2,4,7) € Mywy. Let M := M(x) as in (5.1).

We define by MV the dual of M:

O VvV

o-nevy . o 2L onevy

(5.7)

Here we used the identification (O(n)™)" = O(—n)™ by the isomorphism O(n) ®

O(—n) — O.

LEMMA 5.12. Let (a,b,c) € Hom(M, M"). We have ¢ = —a and

0 —a 0
(5.8) b=1a 0 0
0 0 ¢

Furthermore BYa = aBy, Bya = aBy and —ai = 7" p.
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PROOF. As in the proof of Lemma 5.7, we compare the coefficients of z; and z,
of the left and the right square diagrams in (5.2) respectively. Let us write
An Ap A
b= 1Ay Ay B

C D ¢

By commutativity of the left square diagram we have ba = (3Ya. Using the
explicit forms of a, 3Y, we obtain
A By — Apzr + A1aBy — Apza + Aj
ba= [ Ay By — Ap1z1 + A By — Apzo + Bj | -

OBl — 021 + DB2 — DZQ + 90]

—Bya+ az

4
= Vv
Bla Bla —az

'V

17 a

Comparing the coefficients of z; and 25, we have Ay = Ay = C = D = 0,
—Ajp = Asy = a, BYa=aB;, Bja=aB, and iYa = ¢j.
By commutativity of the right square diagram we have ¢8 = a¥b. Using the

explicit forms of 3, a", we obtain
cf = <—0B2 +czy By —cxy cz')

a’b= <B2Va—a22 —BYa+azn BYA—A21+BQVB_BZ2+jv90)'

Comparing the coefficients of 21, 29, we have A= B =0, a= —cand c¢i = jVp. O

We have an immediate corollary of the lemma on adjoints. To state it, suppose

we have (a,b,c) € Hom(M, M") as above. There are two bilinear forms (, )4, (, )y
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on V, W induced by a, ¢ respectively where ¢ is the matrix coefficient of b in (5.8).
To be precise, we define (, )4, (, )y by (v,0)q = (a(v'),v), (w,w'), = (p(W), w)

respectively where (, ) denotes the canonical pairing.

COROLLARY 5.13. (1) By and By are symmetric with respect to (, ).
(2) (i(w),v)q = (w,j(v))y and —(v,i(w))q = (j(v),w), forveV and w € W.
(3) In particular if a and ¢ are isomorphisms, we have the identities with the

right adjoints
By =Bj, Bb=DB;, j=1i" i=—j"

Furthermore (By, Ba,i,7) is stable if and only if it is costable.

PRrROOF. (1) follows from BYa = aB, for n = 1,2 by Lemma 5.12.

(2) By Lemma 5.12, (i(w),v), = (a(v),i(w)) = (iVa(v),w) = (pj(v),w) =
(w,j(v))y. Similarly by Lemma 5.12, —(v,i(w)), = —(v,ai(w)) = (v, ci(w)) =
(0,7 0w)) = (), () = (), W)y

(3) The first statement is a direct consequence of the above.

We prove the second one. We prove that stability implies costability. We need
to check T" = 0 whenever B;(T'), Bo(T') C T and T C Keri*. By the symmetricity
we have By(T1), Bo(T+) € T+ where T+ = {v € V| (T,v), = 0}. Since Keri* =
(Imi)*, we have T' C (Imi)* and thus Imé C T+, By stability we have T+ = V and
thus T'= 0.

The other way implication is similarly proven. ([l
47



Let us given a relation between a dual vector bundle and a dual monad. We

need naturality of bundle maps:

LEMMA 5.14. Let

A—*~B
l )
C—%.D

be the commutative diagram of bundle maps. Then we have the induced commutative

diagram of bundle maps

Coker(av) Ker(a")
Ker(a) AV <2 Coker(a)¥

Y ¢V TCV Tbv Tbv b

Coker(d") Ker(d")

where ® denotes the canonical induced homomorphism and all the isomorphisms are

induced by the canonical pairings. ([l

From now on we identify two given vector bundles A and B, if there is an

isomorphism A = B by the canonical pairing.

PROPOSITION 5.15. Suppose M is a monad whose cohomology sheaf E is a

vector bundle. Then we have the following.

(1) EY = Ker(a")/Im(8").
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(2) Let ¢: E — EY. If $ = H(a,b,c) then ¢V = H(cY,b",a"). Moreover the

matriz coefficient @ of b in (5.8) satisfies

¢l =P’ (Ildo,, ® ¢)p.

Hence (E,p) is a framed vector bundle with p-structure ¢.

PRrROOF. We denote the sequence of the monad M by M; = M, LN Mj3 for short.
(1) Since EY = (Ker(8)/Im(«))Y, we need to show Ker(a") /Im(8Y) = (Ker(5)/Im(a))".
Let B: Coker(a) — Ms be the induced map by 3. Then j3 is an injective bun-
dle map and E = Ker(8). By Lemma 5.14, we have Ker (B)v = Coker(gv)
and Coker(a)Y = Ker(a"). we have EY = Ker(a")/Im(8Y) from the bundle map
B My — Coker(a)” = Ker(a).

(2) We prove the first statement. We split the commuting diagrams (5.2) of

monads M, M’:
M, —*~Ker(f) — = E E — Coker(a) ——~ M;
T L Y N |
My L Ker(aV) —= EVY EY —— Coker(8") o My

By dualizing we obtain the commutative diagrams:

MY <27 Coker(BY) <—— BV EY —— Ker(a¥) <—— MY

o E R T
M; S Coker(a) <— E E <~——Ker(B) <> M,
Here we used Lemma 5.14. These are nothing but the splitting of (¢¥,b",a").

Therefore we have ¢¥ = H(c",b",a").
The second statement follows from the obvious diagram-chasing. We omit the

detail. O
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5.2.4. Barth’s correspondence for framed vector bundles with p-structure.
We are ready to give a version of Barth’s correspondence for framed vector bundles
with ¢-structure (Theorem 5.17).

Let V := CF and W := CV. We fix ¢ € Isom(W,WV). Let M be a monad with
a cohomology vector bundle E. We denote by ¢, € Hom(E, EY) the morphism

corresponding to b € Hom(M, M") given by

0 —a 0
b=1a 0 0
0 0 o

where a € Isom(V, V") (Lemma 5.12).

The following lemma is a direct consequence of Proposition 5.15 (2).

LEMMA 5.16. (E,p) is a framed vector bundle with @-structure ¢, . O

Note that there is a canonical GL(V)-action on Hom(V,V") and hence on
Isom(V, V).

Let M(V,W) = My,w) x Isom(V,VY). It is a GL(V)-space by the diagonal
action. The following theorem is a version of Barth’s correspondence for framed

vector bundles with ¢-structure (cf. [9][27]).
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THEOREM 5.17. The correspondence (By, Bs,i,j,a) — (Ker(8)/Im(a),D, da)

gives a set-theoretic bijection between

( )

(By, Bs,i,j): stable
[Bh BQ] + ’lj =0 and
(Bly B2a i7j7 (l) € M(V,W) Bl = BT, B2 = B; /GL(V>

j=iti=—j

(with respect to a, p)

and

(E,®): framed vector bundle
(£, 9,9) /isomorphism. .

with rank N, co(E) = k and @-structure ¢

PRrROOF. We notice first that the constraints in the quiver side come from Corol-
lary 5.13 (3).

The proof goes as in that of ordinary Barth’s correspondence (Theorem 5.11).
But we need to consider p-structure additionally.

We first prove the correspondence is well-defined. Let h € GL(V'). Let M :=
M (By, By,i,j) and M' := M(h.(By, Bs,i,7)). Let (E,p),(E',7) be the framed
vector bundles with the canonical trivializations from M, M’ and the @-structures
®ba, On.o respectively. Recall that in the proof of ordinary Barth’s correspondence
(Theorem 5.11) there is an induced isomorphism b: (E,p) 5 (E',7') given by
(h,b,h) € Hom(M,M') where b = h®* @ Idy,. We need to check that it also

induces an isomorphism as framed vector bundles with (-structures. This amounts
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to showing ¢ = dV¢'o, i.e.,

0 —a 0 00 0 —ha O\ [h O O
(5.9) a 0 0o]l=1o0o n o0 ha 0 0|0 n O
0 0 ¢ 0 0 Idy, 0 0 ¢/ \o 0 Idy

(Lemma 5.6). Looking at the matrix coefficients we need to check h.a = (h¥) tah™*
and ¢ = Idy,@ldy. Both identities are obvious.

Secondly we check that the correspondence is a set-theoretic bijection. We show
the surjectivity first. Let (F, ®) be a framed vector bundle with rank N, co(E) =k
and a -structure ¢. Due to the surjectivity of ordinary Barth’s correspondence we
may assume (E, @) = (Ker(f)/Im(«),p) where a, § are the boundary maps of the
Beilinson monad. Now we need to show ¢ = ¢,. Since ¢ is a morphism between
E.EY, it corresponds to a morphism between the monads M, M" which is written

as

for some a € Hom(V, V") and ¢’ € Hom(W,W") (Lemma 5.6). The matrix coef-
ficient ¢’ is equal to ¢. This is due to ¢, = p'(Ido, ® ¢')p (Proposition 5.15
(2)) and ¢|;,, = p"(Idp, ® ¢)p from the definition of y-structure. Thus we have
¢ = ¢4. This finishes the proof of the surjectivity.

Finally we show the injectivity. Let (E, ®), (E’, ®') be the framed vector bundles
with p-structures ¢, ¢’ respectively. Due to the surjectivity in the above, we may

assume

(Ev (I)u QS) = (Ker(@)/lm(a),ﬁ, gba) and (E,7 CI)/, ¢,) = (Ker(ﬁl)/lm(a/>7ﬁla ¢a’)
52



where «, 8 (resp. o/, ') are the boundary maps of the corresponding monads as
usual. Let (By, Bo,1,7), (B}, B}, i, j') be quiver representations defining («, 8), (o/, )
respectively as usual. Let o be an isomorphism between the above framed vector
bundles with p-structures. By ordinary Barth’s correspondence there is a morphism
between the monads corresponding to o which is written as o = H(h, h%? @& Idy,, h)
where h € GL(V) and (By, Ba,i,j) = h.(B}, B,,,j"). From ¢, = 0V¢uo €

Hom(E, EY), we have

0 —a 0 o0 0 0 - 0)[h O O
a 0 0|l=|0 A 0 @ 0 o|llon o
0 0 o 0 0 Id,/ \o 0 ¢/ \o 0 Idy

(Lemma 5.6). Comparing the matrix coefficients we obtain o’ = h.a. This implies

(B1, Ba,1,j,a) = h.(By, By, 1, j',a"). This completes the proof of the injectivity. [

5.3. Barth’s correspondence for framed symplectic and orthogonal

vector bundles

In this section we will deduce another version of Barth’s correspondence for
framed vector bundles with symplectic or orthogonal structure (Theorem 5.21). It
is obtained from restriction of the previous version.

First we need a description of symplectic and orthogonal structures in terms of
morphisms of monads. It is immediate from comparison of all the matrix coefficients

of b,bY (Proposition 5.15 (2)).
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LEMMA 5.18. A @-structure ¢ is symplectic (resp. orthogonal) if and only if ¢

is symplectic (resp. orthogonal) and a is orthogonal (resp. symplectic). O

Barth’s correspondence for framed vector bundles with symplectic or orthgonal
structure can be rewritten further from the previous version for framed vector bun-
dles with ¢-structure due to the above lemma (Theorem 5.17). But we can sweep
out the fifth factor in the quiver side in the previous version. We need a lemma for

this.

DEFINITION 5.19. We define some subsets of Hom(V, V") as follows.
Hom(V, V"), := {a € Hom(V,V")|a = a"},
Hom(V,V"Y)as := {a € Hom(V,V")|a = —a"},
Isom(V, V"), := Hom(V, V"), N Isom(V, V"),
Isom(V,V"),s := Hom(V, V"), N Isom(V, V).
LEMMA 5.20. (1) Both Hom(V,VV)s and Hom(V,VV).s are GL(V)-invariant

subsets.

(2) Both GL(V)-actions on Isom(V,V"V)s and Isom(V,V"),s are transitive.

PRrOOF. (1) Let h € GL(V). Let a € Hom(V,V")s. We need to show h.a €
Hom(V, VV)s. We have (h.a(v),v") = (a(h™'(v)),h 1 (v")) = (b (v),a(h (V")) =
(v, h.a(v")). Therefore we have (h.a)¥ = h.a.

The proof for Hom(V, V), is similar.

(2) Let a,a’ € Tsom(V,V");. We take any orthogonal bases By, B, of V with

respect to (, )a, (, )o respectively. We define h by sending B, to B, bijectively.
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Since (v,v)pa = (K71 (v), A7 (v'))4, the two forms (, )u, (, )n.a coincide on By.
Thus we have o' = h.a. This proves Isom(V, V") = GL(V).a.

The proof for Isom(V, V"), is similar by using symplectic bases instead. O

Let us fix ¢ € Isom(W,WV),s and ag € Isom(V,VVY)s or ¢ € Isom(W, WV,
and ay € Isom(V,VV),. In the first case W (resp. V) is an symplectic (resp.
orthogonal) vector space. Whilst in the second case we need to exchange V and W
in the above. Since we have assumed W = CV and V = C*, we may take these

forms as the standard ones. We fix the notation for the nondegenerate forms from

¥, Ao as(, )W ::(7)4P and(?)v ::(7)%'

THEOREM 5.21. The correspondence (B, Ba, i, j) — (Ker(8)/Im(a),p) gives a
set-theoretic bijection between p~'(0)"8/G(V) and the set of isomorphism classes
of framed vector bundles E with rank N, co(E) = k and symplectic or orthogonal

structure.

PROOF. Let M := M) and M := M x Isom(V, V"), for short. The
quiver side of the previous version of Barth’s correspondence (Theorem 5.17) is
a subset of M/GL(V). We use the (elementary) identification of M/GL(V) with
M x {ag}/G(V). Here we used G(V) = Stabg(ag). Now our theorem follows
from the appropriate restriction of both sides of the previous version of Barth’s

correspondence. O
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We notice that a G-structure on a framed vector bundle (E,®) is uniquely
determined by ¢,, up to isomorphisms of (E,®). So the third factor from G-
structure in the image of the above correspondence is given by the isomorphism
class of a framed vector bundle. Therefore the image can be viewed as a subset of
the ordinary Gieseker moduli space via the projection to the framed vector bundle
component. But it is not clear if it is endowed with a subscheme structure. We

continue this discussion in the next section.

5.4. Scheme-structure of the moduli space of framed vector bundles

with symplectic or orthogonal structure

Our goal in this section is to show that the image of the correspondence in
Theorem 5.21 is a locally closed smooth subscheme of the Gieseker moduli space.
Hence the correspondence will turn out to be a scheme-theoretic isomorphism.

We use the notations (, ), (, )_c for (, )y, (, )w for convenience of sign con-
vention (¢ = =£1). The isomorphisms given by those pairings are denoted by
a.:V = V¥ and p_.: W — WV defined by v — (v,e). and w — (w,e)_. respec-
tively. Up to the previous section these have been denoted by ag, ¢ respectively.
We have @) = ca. and p”_ = —cp_..

We use the simplified notations M = My, * = *v and z* := x(z). Let
pnvi: M — gl(V) be the moment map given by (By, Be,i,j) — [B1, Ba] +ij. It is

obvious that p = pum|N-
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We define an involution *: M*™&/GL(V) — M"&/GL(V) by GL(V).x — GL(V).x*.
Then the fixed locus M8 /GL(V)* (resp. uy; (0)™8/GL(V)¥) is a smooth subscheme
of M /GL(V) (resp. ppz (0)8/GL(V)).

Since N is the fixed locus of M, we have a canonical embedding
v H0) /G (V) = gy (0)%/GL(V)™.

We will see ¢ is surjective.

Let G be the vector bundle locus of the Gieseker moduli scheme of framed
torsion-free sheaves £ with rank N and cy(F) = k. We denote the restriction of
ordinary Barth’s correspondence by F': uy; (0)'8/GL(V) — G. We denote by the
same notation ¥ the induced involution on G via F’. Thus we have the isomorphism
between the fixed loci

F: iyt (08 /GL(V)* — G*
by restriction.

According to the last version of Barth’s correspondence (Theorem 5.21) the
image of the composite F is the set of the isomorphism classes of framed vector
bundles F with G-structure.

We claim that the image of F' is contained in that of Ft given as above. So
our claim will assert that ¢ is surjective. The proof itself is similar to our strategy
toward Barth’s correspondence (Theorem 5.21). Let GL(V).x € uy; (0)*8/GL(V)*
where = € pyy (0)8. Then there exists ¢ € GL(V) such that g.z = 2*. By taking
x to the both sides of g.x = x*, we obtain g.x = g*.xz. By the stability of x, we

have g = ¢g*. The cohomology sheaf of the monad associated to x* is isomorphic to
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EY as the monad is isomorphic to the dual monad of z. Here we used Proposition
5.15 and the commuting diagram (5.10) below. The induced maps by g, g* between
the monads are explicitly written in terms of linear maps in End(V®? & W) as in
(5.10). By diagram-chasing in (5.10) and passing to the cohomology sheaves, the
constraint g = ¢g* gives an isomorphism g: £ — EY with §¥ = —eg and g|, = ¢_
where = € [,,. This finishes the proof of the claim.

By Zariski’s main theorem we obtain the isomorphism MX = G* which was
used in §1.2.3.

We end up with the commuting diagram used in the proof above:

OV
(5.10) M(z): O-1)eV 2= 4o —Loonev
0o W
g ig@QéBIdW g
OV
M(z%) O-1)eV ——> ¢ ——=01)aV
0o W
O VVe?
M(z)Y o-nev X o 2l onevy
oWV
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where
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CHAPTER 6

Geometry of the moduli spaces of Sp-data

Let V be an orthogonal vector space of dimension k, and W be a symplectic
vector space of dimension N > 2. Let G := G(V) = O(V).

The main theorem of this chapter is the following.

THEOREM 6.1. p is normal, irreducible, flat, reduced and surjective. Hence
= (0) is a normal irreducible variety of dimension k(N + 2) + k(k —1)/2. And
u=(0) /G is a normal irreducible variety of dimension k(N +2), and (u=(0)/G)\

(u=(0)°¢ /@) is of codimension > 2 in u~1(0)/G.
The proof will appear in §6.2.1.

COROLLARY 6.2. The canonical embedding induces the equality of the ring of

regular functions: Clu=*(0)/G] = C[p1(0)™8/G].

6.1. Panyushev’s theorem

Let m: p x p — t by (B, B2) — [By,Bs]. The following is a theorem of

Panyushev [50].

THEOREM 6.3. For any X € t, m™'(X) is an irreducible normal variety and
a complete intersection in p X p of the dimt-equations. And the smooth locus of

m~Y(X) is the locus of x € m™Y(X) such that the differential dm, is surjective.
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PROOF. By [50, (3.5)(1)] and [50, Theorem 3.2], m~!(X) is an irreducible com-
plete intersection. See also [8] for a different proof. The normality is due to [50,
Corollary 4.4].

For z € m™!(X), z is a smooth point of m™*(X) if and only if dim T,m (X)) =
dimm™(X) (= 2dimp — dimt) if and only if dm, is surjective (cf. [50, the proof

of Proposition 4.2]). d

For B € gl, gI® = {A € gl|[A, B] = 0}. Let p” := gl® np.

Let gl := {B € gl| dimgl® =1} and p; := {B € p| dimp”® =1} (I € Z>o).
LEMMA 6.4. ([30, Prop. 5]) For any B € p, dimp? — dimt? = k. O

LEMMA 6.5. For any l € Z>q, p>; is a closed subvariety of p. And py is Zariski

open dense in p.

PrOOF. By [40, p.7], for the conjugation action of GL(V') on gl, the map A €
gl — dim GL(V)# = dim gl is upper-semicontinuous. Thus gl; is a locally closed
subvariety of gl. By (2.2), for any B € p, g’ = p” @ t®. By Lemma 6.4, for B € p,
B € p; if and only if B € gly;_,. Since p is a closed subvariety of gl, p; = p N gly,_;
is a locally closed subvariety of p.

The second claim comes from the upper-semicontinuity, pr, = p N gl # 0 and

gl, =0 for I < k. 0

Let m;: p X p — p be the i projection (i = 1,2).
Note that for X = 0, the singular locus of m~1(0) is of codimension > 3 by [8,

p.6414, Lemma]| (cf. [50, Theorem (4.3)]).
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Let M be a smooth variety, and ¢: M — t be a morphism. The fibre-product
(p X p) xX¢ M is cut out by the dim t-equations [By, Bs] — ¢(x) = 0.

Let S := {z € p x p| dm,, is surjective}.

PROPOSITION 6.6. Let M be a smooth variety and ¢: M — t be a morphism.
Then (p X p) xX¢ M is an irreducible normal variety and a complete intersection in

p X p x M of the dim t-equations.

PROOF. Let m: (p x p) xi M — M be the projection. Note that m is surjective
since so is m by Theorem 6.3. For each z € M, m *(z) & m~'(f(z)), which
means any fibre dimension of m is 2dimp — dim+t. Therefore dim(p x p) x( M =
2dimp — dim t + dim M which proves (p X p) x¢ M is a complete intersection.

Since every fibre of m is irreducible by Theorem 6.3 and equi-dimensional, (p x
p) X¢ M is irreducible.

By the upper-semicontinuity, S is an open subvariety of p x p. By Theorem 6.3,
m~1(X)\ S is of codimension > 2 in m™'(X) for each X € t. Thus (p x p)\ S is of
codimension > 2 in p x p. By the smooth base change ([20, I11.10.1 (b)]), Msxm
is a smooth morphism. By [20, II1.10.4], S x; M is smooth. By Serre’s criterion

([20, Proposition I1.8.23]), we get the normality. O

We have further description of the smooth locus of each fibre of m as follows,

which is not necessary in the proof of Theorem 6.1.

PROPOSITION 6.7. Let X € t.

(1) m|: m~Y(X) N (7 (pe) Uy Hpr)) — t is a smooth morphism.
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(2) The codimension of m=*(X) \ (7, (pr) Uny  (pr)) in m~(X) is larger than

PrROOF. (1) Let Lg:p — t by A — [B, A], where B € p. If B € p; then
Lp is surjective since dimt + k = dimp. Since for (B, By) € 7 (px) U my ' (pr),
the differential dmp, B,y p X p — t maps (A, Ag) to [By, As] + [A1, By]. Since
t=ImLp, +ImLp, C Imdmp, B,), dm(p, B,) is surjective. This proves (1).

(2) will be proven in §6.2.2. O

REMARK 6.8. Let M = (p x p) x¢ M, S := S x¢ M and &' = (a7 (py) U
753 (b)) x¢ M. Then S’ ¢ S ¢ M. By Proposition 6.6, S is a smooth variety
such that M \ S is of codimension >21in M. In fact, we can strengthen the result
further as follows: S’ is a smooth variety such that M \ S’ is of codimension > 2.
By Proposition 6.7 (1) and the smooth base change, S’ is a smooth variety. By
Proposition 6.7 (2), (p x p) \ (77 (pr) U m5 *(pr)) is of codimension > 2 in p x p.

Thus M \ S" is of codimension > 2 in M.

6.2. Flatness and normality of the moment map u

The section is devoted to the proofs of Theorem 6.1 and Proposition 6.7 (2).

6.2.1. Proof of Theorem 6.1. Let M := Hom(W,V) and ¢: M — ¢, i —
—it*. By Proposition 6.6, 71 (0) = (p x p) x( M is an irreducible normal variety and
a complete intersection in p X p x M. By the method of associated cones (Theorem

D.1), p is normal, irreducible, flat and reduced. Since m is surjective, so is p.
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By [40, p.5], £7'(0)/G is an irreducible normal variety. If one can show
p=t(0)8 #£ () then by Lemma 4.2 (2), u~(0)™8 /G is of the complement codimension
> 2, since N > 2.

It remains to show p~'(0)™¢ #£ (. Let i € Hom(W,V)\ 0. Let X := —ii*.
Let By € pi. Let a, be the eigenvalues of By (n = 1,2,...,k). Let V, be the
an-eigenspace. Let p,: V. — V, be the projection. We may take B; so that
pn(Im(2)) # 0 for all n. By Theorem 6.3, for any By € py, there exists By € p
such that [By, Bs] = X. Now, (By, B, i,i*) € pu=1(0)™8, since V =3, P(By)i(W)

where P runs over one-variable polynomials. 0]

6.2.2. Proof of Proposition 6.7 (2). We prove Proposition 6.7 (2) in this
section: the codimension of m™'(X)\ (7, (pr) Umy *(px)) in m~1(X) is larger than

1.

LEMMA 6.9. ([15, Theorem XI1.4]) Let B € p. Then O(V).B = p N GL(V).B

where O(V).B and GL(V).B are the orbits by conjugation. O

Let Ey: gl — S*C be the morphism mapping B to the unordered set of eigen-
values of B. Here, S; is the symmetric group of k-letters and its acts on CF by
permutation of coordinates so that S*C := C*/Sy. Let E := Eyl, and E; := E|,,.
To construct Ey explicitly, let P: S*C — C* be the isomorphism by [(ay, ..., ax)]
(p1(a), ..., pr(a)) where a := (ay, ..., az) and p;(a) = a® + ... +al (the i*" power sum).

Let E}: gl = C" by B (trB, trB?, ..., trB*). Let Ey := P~' o E,.
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Let pl(e) := {B € p;| B has e distinct eigenvalues}. Let pgge) = o< pl(e/). Then
pl(ge) is a closed subvariety of p. Indeed, let A C S*C be the locus of all the
unordered sets of e distinct points. Let A(S¢) = |, <e A) Then A=9 is a closed
subvariety of S*C. Therefore E~1(A(59) is a closed subvariety of p. In particular,
pl(e) = p,NEY(A®) is locally closed in p by Lemma 6.5. It is manifest that if e > &k

then for any [, pl(e) = () and that if e = k then pl(e) # () if and only if [ = k.

LEMMA 6.10. (1) [fpl(e) # () then dimpl(e) < dimp—I+e. In particular, if | > k
then dim pl(e) < dimp — 2.

(2) If e = k — 1 then p\* # 0 if and only if | € {k, k + 1}.

(3) p,(c]i_ll) consists of B € p conjugate by O(V') to diag(ay, ay, as, ..., ax_1), where

ai,as, ..., ai_1 are distinct in C.

PRrOOF. (1) The image Ej|: pl(e) — S*C is contained in A©). Any nonempty
fibre of E; is a union of O(V').B for finitely many B € pl(e) (Lemma 6.9), so that its
dimension is dim O(V).B = dim O(V)—dim O(V)? = dim t—dim t® = dimp—p? =
dimp — | where the third identity comes from Lemma 6.4. Therefore dim pl(e) <
dimp — [ 4 dim A®). Since dim A(®) = ¢, we have proven (1).

(2) Let ¢ = k— 1. Let B € p. Let ay,...,ap_1 be the (distinct) cigen-
values of B. We may assume that only the ai-eigenspace of B is 2-dimensional

while the other ones are all 1-dimensional. The Jordan normal form of B is either

aq 1
@ diag(ag, ..., ax_1) or diag(as, ai, ..., ax_1). Both cases actually happen,

0 aq
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ay 1 CL1—|—\/—1 1

since is conjugate by GL(2) to a symmetric matrix
0 ay 1 a, — v -1

We have dim gl = k and k + 2 respectively. Using gl® = p® @ t% (by (2.2)) and
Lemma 6.4, we have dim p? = k and k + 1 respectively. This proves (2).

(3) follows from Lemma 6.9. O

LEMMA 6.11. Let X € t. Leti € {1,2}. Suppose ﬂ{l(pl(e))ﬁm_l(X) # (. Then
dim Wi_l(pl(e)) Nm~Y(X) < dimp+e. In particular, if e < k—2 then dim Wi_l(pl(e)) N

m 1 (X) <dimp+k—2=dimm*(X)—2.

PROOF. We claim that any nonempty fibre of m|: 7 ' (p\”) Nm~1(X) — p\? is
of dimension [. Take B € p'® and identify 7; ' (B) with p. Then 7; '(B) Nm~(X),
unless empty, is an affine space isomorphic to p?, since for any B’ € 7;'(B) N
m~Y(X), B'— B € pP. The base dimension dim pl(e) is estimated in Lemma 6.10.

Thus the lemma is proven. 0

Now we are ready to estimate the codimension of m=1(X)\ (7 *(px) Uy (1))
in m~*(X). By Lemma 6.11 and Lemma 6.10 (2), to check the codimension > 2, it
suffices to check that so is the codimension of W;l(p](clj__ll)) Nt (p\ pr) Nm~H(X)
in m~(X), whenever {7,7} = {1,2}. By Lemma 6.11, W;I(p,ﬁﬁzl)) Nm~1(X) is of
codimension > 1 in m~(X). It remains to prove W[l(p,(ﬁ_ll)) N 7rj_1(pk) Nm HX)
is Zariski (open) dense in 1(p,(£;11)) Nm Y(X). Let By € p;’f;l”. This is reduced

to check that

(6.1) 7 (BN 7rj_1(pk) Nm~(X) # 0 provided 7; 1(By) N m™ 1 (X) # ()
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since m; (By) N m~1(X) = pP irreducible (see the proof of Lemma 6.11). Let
By € m H(B1) Nm~Y(X) C p where 7; }(B;) are canonically identified with p. Let
us write By = g.diag(ay, aq, as, ..., ax—1) where g € O(V) and ay, ..., ax_; are distinct
(Lemma 6.9 and Lemma 6.10 (3)). Let By := g.diag(by, ..., b;) where by, ..., by are
distinct so that By € py.. By the Zariski openness of py in p, there exists u € C\ {1}
such that (1—u)By+ubBsy € py since for u = 1, By € py. Therefore By+ - B € py.
Now we have (By, By + 1% Bs) or (B + 1% Bs, B1) € m; ' (By) Ny H(pr) Nm ™1 (X),

which shows (6.1). This completes the proof of Proposition 6.7 (2).
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CHAPTER 7

Geometry of the moduli spaces of SO-data

We assume that V' is symplectic and W is orthogonal in the rest of the paper,
except §7.1.1 where preliminaries from linear algebra will be given. Let £k = dim V'
and N = dim W.

If ¥ = 0 then we have N = 0. If N = 1 and k > 2, u~(0)™ = () as the
right hand side of (4.1) is negative. We will study the next simplest cases, k = 2
(Theorem 7.1), N = 2 (Theorem 7.2) and (k, N) = (4,3) (Theorem 7.3). u is not
flat nor irreducible in general unlike the case of the moduli spaces of Sp-data.

In the following theorems, P denotes the minimal nilpotent O (W )-orbit closure
in o(W). If N =3 or N > 5 then P is irreducible and normal. When N = 4, P has
two irreducible components, which are isomorphic by the action of an element in
O(W) \ SO(W). Each irreducible component is the closure of a SO(W)-orbit. See

[10, Theorems 5.1.4 and 5.1.6].

THEOREM 7.1. Let k = 2. Then we have the followings.
(1) u=(0) is isomorphic to C* x {i € Hom(W,V)|ii* = 0} by (By, Ba,1,i*) —
(tI‘Bl, tI‘BQ, ’l)

(2) If N > 3, p is flat.
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(3) If N > 5, u=Y(0) is irreducible and normal. Hence, p is irreducible and
normal. If N =4, it is a reduced scheme and a union of two isomorphic irreducible
components. If N = 3, it is wrreducible, but non-reduced.

(4) TN <3, 5o (07 = 0. IFN > 4, 5= (0) = ' (0)™.

(5) If N < 3, the reduced scheme 1= (0)/Sp(V )yea is isomorphic to C2.

(6) If N >4, u=(0)/Sp(V) is isomorphic to C*x P. Moreover the isomorphism

restricts to p=*(0)™8/Sp(V) =2 C? x (P \ 0).

THEOREM 7.2. (1) Let N = 2 and k > 2. Then pu'(0) is not a complete
intersection. Hence 1 is not flat.

(2) Let N =2 and k = 4. Then pu='(0)™& = 0.

It is true that p~1(0)*® = () for N = 2 and any k > 2, as there is no nontrivial
SO(2)-instantons. But the author does not find its proof in terms of the ADHM

description.

THEOREM 7.3. Let N =3 and k = 4. Then we have the followings.

(1) u=1(0) is a reduced complete intersection and a union of two irreducible
components. Hence p is flat.

(2) One irreducible component of u=*(0) is the closure of p='(0)™®.

(3) w=1(0)/Sp(V) is isomorphic to C* x (P Ly P). Moreover the isomorphism

restricts to p=*(0)™e/Sp(V) =2 C? x (P \ 0).

Here, Py P := (P x {0}) U ({0} x P) in P x P. The proofs will appear in the

subsequent sections.
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Note that the first statement of Theorem 7.1 (4), Theorem 7.2 (2) and the second
statement of Theorem 7.3 (3) are either obvious or well-known in the context of
instantons on S in §1.2.2 (See also Remark 4.3).

The properties of the moment map g in Theorem 7.1 (2), (3), Theorem 7.2
(1) and Theorem 7.3 (1) follow from the corresponding properties of 1~1(0) by the
method of associated cones (Theorem D.1), as in the proof of Theorem 6.1.

The author is planning to study on flatness of u for N > 4 and normality of u

for N > 5 near future. At least the following is true for small k& for a fixed N.

REMARK 7.4. It is known by [33, Remark 11.3] that p: Hom(W, V) — sp(V),
1 — 4%, is flat if N > 2k. Moreover p is normal and irreducible if N > 2k + 1. By

the base change argument used in the proof of Proposition 6.6, the same is true for
L
7.1. Kraft-Procesi’s classification theory of nilpotent pairs

In this section we review some geometry of Hom(W, V') following Kraft-Procesi

[33], which will be used in the proofs of the main theorems above.
7.1.1. generalized eigenspaces and bilinear forms. Let V' be a vector

space with (, ) :=(, ). where ¢ € {—1,+1}.

DEFINITION 7.5. Let X € gl(V). Let V" := Ker(X — ald)” for n > 0. We call

Va 1= Up>1V]" the generalized a-eigenspace of X.

LEMMA 7.6. (1) If X € p(V) and a # b then V, L V},.
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(2) If X e (V) and a # —b then V, L V.

PRrOOF. (1) Let m,n > 0. Let v € V* and w € V. We will show (v, w) = 0.
We use the induction on m,n. If m or n = 0, the assertion is obvious. Suppose the
assertion is true for m — 1,n and m,n — 1. Let v/ := (X —a)v € V™" ! and v’ :=
(X —a)w € V"', We have (Xv,w) = a(v,w) as (v',w) = 0 by our assumption.
Similarly we also have (v, Xw) = b(v,w). Thus we have a(v,w) = b(v,w) which
asserts (v,w) = 0.

(2) The proof is same if one uses (Xv, w) = —(v, Xw). O

Let X € t(V) or p(V). Let us define a bilinear form |, | on Im(X) by | Xv, X¢'| :=

(v, X0') (cf. [33, §4.1]).

LEMMA 7.7. (1) If X € t(V) then |, | on Im(X) is a nondegenerate bilinear
form of type —¢.

(2) If X € p(V) then |, | on Im(X) is a nondegenerate bilinear form of type €.
PROOF. (1) is obvious, as noted in [33, §4.1]. (2) is also clear. O

PROPOSITION 7.8. Let V' be a 4-dimensional symplectic vector space. Let X &€

p(V). Then X has an eigenspace of dimension > 2.

PRrROOF. By Lemma 7.6, either V =V, @V}, for some a # b, or V =V, for some
a. In the first case, V,, and V, are 2-dimensional symplectic subspaces of V' and thus
X|v, = aand X|y, = bby Remark 2.1. In the second case, by Lemma 7.7, Im(X —a)

is a symplectic subspace of dimension 0 or 2. If dimIm(X — a) = 0 then X = a. If
72



dimIm(X — a) = 2 then X|m(x—a) = a by Remark 2.1 as X € p(Im(X —a)). We

are done. 0

Let W be a vector space with (, )_.. Recall that for i € Hom(W, V'), we have
ii* € (V) and i*i € (W) (§2.1.3). Let V, (resp. W,) be the generalized a-eigenspace

of #i* (resp. i*7).

LEMMA 7.9. We have i*(V,) C W, and i(W,) C V,. Moreover if a # 0 then i

and 1* are isomorphisms between V, and W,.

PROOF. For any a € C and n € Zs(, we have i*(ii* — a)" = (i*i — a)™i* and
(17" — a)"i = i(i* — a)™. If v € V, then (i*i — a)"i*v = i*(ii* — a)"v = 0 for n > 0.
Similarly, if w € W, then (it* — a)"iw = i(i*i — a)"w = 0 for n > 0. Therefore
i*(V,) € W, and i(W,) C V,. This proves the first claim.

The restriction of #* to V, is aldy, plus a nilpotent endomorphism of V,. So it is
an isomorphism of V, if a # 0. Similarly ¢*¢ gives an isomorphism of W,. Therefore

1 and ¢* give isomorphism between V, and W,. ]

7.1.2. Kraft-Procesi’s results on nilpotent endomorphisms in t. Let
Sp := Sp(V),0 := O(W),sp := sp(V) and o := o(WV), for short. Let X and Y be
nilpotent elements of sp(V') and o(V') respectively.

A nilpotent orbit Sp.X corresponds uniquely to a partition n = (1,7, ...) such
that its transpose (7, 7z, ...) is given by 7, := dim Ker(X™)/Ker(X""1). We denote
n by nx. We represent nx by the Young diagram with the boxes replaced by b

(b-diagram). For instance, a partition (5,3,3,2,2,0,0,...) is represented by the
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b-diagram:
bbbbb
bbb
bbb
bb
bb

For a nilpotent orbit O.Y, we use the symbol a instead of b, and the Young diagram

is called an a-diagram.

REMARK 7.10. By [52, IV 2.15], for nx = (n1,m2,...) (vesp. ny = (n1,7m2,-..)),

#{n|n, = m} is even for any odd m (resp. for any even m).

PRroOPOSITION 7.11. ([33, Proposition 2.4]) For nx =mn:= (m,n2, ...),
: 1 9 .9 :
dim Sp. X = 3 (\77] + 0| — Znn — #{n|n, is odd}> :

Forny =n:= (n,m2,...),

: 1 . :
dimO.Y = 5 <|7I|2 —n| - Zni + #{n|n, is 0dd}> .

We say o > n for two partitions o = (oy, 09, ...) and n = (91, 12, ...) with |o| = |n|

if Zlgz‘gj o; > Zlgigj n; for any j > 1 (dominance order [38, §1.1])

ProOPOSITION 7.12. ([21, Theorem 3.10]) Let X and X' be nilpotent elements

in sp. Then nx > nx if and only if Sp. X' C Sp.X. The similar holds for o.

COROLLARY 7.13. (1) If dim W < 2, there is no nonzero nilpotent orbit in o.

(2) If dim W = 3, there exists a unique nonzero nilpotent orbit is given by the

a-diagram aaa.
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(3) If dim W > 4, the minimal nilpotent orbit is given by the a-diagram

aa
(7.1) o
;
PrOOF. These come from Remark 7.10 and Proposition 7.12. 0

Let us define two maps from Hom(W, V)
m: Hom(W,V) — o, i +— "1,
p: Hom(W, V') — sp, i +— di*.
THEOREM 7.14. ([33, Theorem 1.2]) m and p are the GIT quotient maps onto

the images, by Sp and O respectively.

We review Kraft-procesi’s classification theory of nilpotent pairs in [32] and
[33]. A pair (i,j) € Hom(W, V) x Hom(V, W) is a nilpotent pair if ¢j is a nilpotent
endomorphism. As in the case of nilpotent endomorphisms, a Young diagram plays
an important role in the classification of the GL(V') x GL(W)-orbits of nilpotent

pairs.

DEFINITION 7.15. ([32, §§4.2-4.3]) By an ab-diagram, we mean a Young diagram

whose rows consists of alternating a and b. E.g.,

ababa
aba
aba

(7.2) ab
ba

An ab-diagram A gives a nilpotent pair as follows. Suppose the number of
a (resp. b) in A is k (resp. N). Let us take any basis {by,bs,...,bx} of V (resp.

{a1,as,...,an} of W). We replace all the a and b in A by a; and b;. We define a
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nilpotent pair (4,7) such that ¢ maps a,, to b, in the right adjacent position or 0
if there is no such b, and j maps b,, to a, or 0 similarly. In the above example of
ab-diagram, we have a nilpotent pair as follows:
a1|—>b1»—>a2l—>b2|—>a3~—>0
ayq —r bg — a5 +— 0
ag > b4 — a7 — 0

(73) ag + bs — 0
b6 = Qg > 0

The above correspondence from an ab-diagram does not determine uniquely a
nilpotent pair as the bases of V' and W can be changed. Therefore up to the change
of the bases, we have the bijective correspondence ([32, §4.3])

{ab-diagram with #a = dim V' and #b = dim W'}
— {(GL(V) x GL(W)).(4,7)| (4,4) is a nilpotent pair}.

Suppose (i,7*) is a nilpotent pair. From the ab-diagram of (i,4*), the a-diagram
of 7*1 and the b-diagram of #7* are obtained from the ab-diagram of ¢ by removing b

and a respectively. For example,

bb ababa aaa
b aba aa
b 0 aba  _ aa
b ab a
b ba a

For an ab-diagram we define
(7.4)

Agp = Z (#rows of length n starting with a)-(#rows of length n starting with b).
n:odd

THEOREM 7.16. ([33, Theorem 6.5 and Proposition 7.1]) Let i € Hom(W, V).
(1) The orbits (Sp x O).i such that X :=ii* and Y :=i*i are nilpotent, are in
1-1 correspondence with the ab-diagrams whose rows are one of the types

a, B,7,0,€ of Table 1 with #a = dimW, #b=dimV.
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(2) For the associated ab-diagram to i,

1
(7.5) dim(Sp x O).i = i(dim Sp.X +dimO.Y +dim V.dim W — Ag).

TABLE 1. Rows of ab-diagrams

Type U Bn Vn On €n

aba---ba bab---ab aba---ab

ab-diagram aba ---ba bab---ab aba---ba bab---ab bab---ba

n odd even
#a 2n+1 2n—1  2(n+1) 2n 2n
#b 2n 2n 2n 2(n+1) 2n

7.2. Moduli spaces of SO(/N)-data with N > 2 and k =2

This section contains the proof of Theorem 7.1.

Let dimV =k = 2 and dimW = N > 2. Then p := p(V') consists of scalars
by Remark 2.1. Thus (Bj, Bs,i,i*) € p *(0) implies [By, By] = #* = 0, and
p1(0) = C? x p~4(0) by (By, By, 1,i*) +— (tr(By), tr(By),7). This proves (1).

Let i € p~1(0). Since it* = 0, b cannot appear twice in the same row in the

ab-diagram of 7. Looking at Table 1, we find that the ab-diagram of i is one of the

followings:
aba ab b
(7.6) aba ba b
é ; o



where the left-most actually happens only when N > 4. We denote elements of
Hom (W, V') corresponding to the above ab-diagrams by i,y and i3(= 0) respec-
tively where i; does not exist unless N > 4. By Theorem 7.16, dim(Sp x O).i; =
2N — 3, dim(Sp x O).iy = N and dim(Sp x O).i3 = 0. Therefore p~1(0) is of the
expected dimension. By the method of associated cones (Theorem D.1), p is flat.
Thus p is flat. This proves (2). See Remark 7.4 for the flatness when N > 4.

Suppose N = 3. Then O = SO LU —SO. Since —Idy € Sp and —Idy.i = —Idy .
for any ¢« € Hom(W, V), (Sp x O).iy (= (Sp x SO).iz) is irreducible and its Zariski
closure is p~'(0). Let us check p~'(0) is not reduced. By [33, Remark 11.4],
p (0™ = {i € p~1(0)|i is surjective}. By (7.6) any ¢ € p~1(0) is not surjective,
which implies p~*(0) is not reduced.

If N =4 then by [33, §11.3], p='(0) is reduced and consists of two irreducible
components which are isomorphic by the action of an element of O \ SO.

If N >5,[33, §11.3] asserts p~*(0) is normal and irreducible. This proves (3).

Let  := (By, Bo,i,1*) € p~(0). By the ab-diagrams in (7.6), Ker(i}) and
Ker(i}) are nonzero. Any nonzero vector in Ker(i5) or Ker(:3) is a common eigen-
vector of scalars B; and B,. Thus, if i = 75 or i3 then x is not costable. Since
Ker(it) = 0, if ¢ = i; then z is costable. So p=1(0)™ = @ if N < 3. If N > 4,
p=t(0)8 = (Sp x O).4;.

We describe the smooth locus of p=(0) = C* x p~(0) when N > 4. Since
T.p ' (0) = Kerdp, and dimp~'(0) = dim Hom(W,V) — dim Sp, p~(0)*™ is the

locus of x such that dp, is surjective. Thus it is the locus of x such that p is smooth
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at z. By [33, Remark 11.4], p=1(0)™ = {i € p='(0)| i is surjective}. Among iy, iy
and i3, only ¢; is surjective. This proves (4).

Since Sp acts trivially on p, we have p~1(0)/Sp = C? x (p~(0)/Sp). By Theo-
rem 7.14 and the ab-diagrams in (7.6), the reduced scheme

X 0 ifN<3
p~(0)/Sprea =
P if N>4.

This proves the statement on p~*(0)/Sp in (5) and (6). By Theorem 7.14 and the
a-diagrams coming from the ab-diagrams in (7.6), we have (Sp x O).i//Sp = 0.

This proves the second claim of (6). O

7.3. Moduli spaces of SO(2)-data

This section contains the proof of Theorem 7.2 (1). The proof of Theorem 7.2
(2) will appear in §7.5.

Let dimV =k >2and dimW =N =2. Let m: pxp — t, (B, B') — [B, B'].

We will show there exists a subvariety in z~(0) of dimension > 2 dim p —dim t+

dim Hom(W, V). The idea is to show that Sfl/k,z/z)Cz in 1~1(0)/Sp gives such a
subvariety. Let X := {(B, B’,1,7*)|[B, B =0 =#*} = m~(0) x p~1(0) € u~(0).
We will show dim X > 2dimp — dim t 4+ dim Hom(W, V).

Let us estimate dimm™(0). Let p'® := {B € p| B has distinct e eigenvalues}.
As shown in Appendix 6.2.2, p(=¢) is a closed subvariety of p. By Lemma 7.6 (1), if
e > k/2, p'® = (. With respect to a symplectic basis of V, diag(a1, as, ..., ar2)®? €

p*/2) where ay, as, ..., a2 are all distinct. Therefore p*/2) i a Zariski dense open

subset of p. Let p: m~1(0) — p be the first projection. It is clear that p is surjective.
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And p~'(By) = pPo for any By € p (see §6.1 for the notation). If By € p*/2) then we
claim dim p?° = k/2. We have the (2-dimensional) eigenspace decomposition V =
fﬁ V,, of By. Since gl®® = EBfﬁ al(V,,) we have pPo = @fﬁ p(V,) = EBfﬁ C.

By the claim we obtain an estimate:
o koo
dimm™"(0) > §+dlmp.

Let us compute dim p~1(0). Leti € p~'(0). Since dim W = 2 and 4*i is nilpotent,
i*i = 0 (Corollary 7.13 (1)). By a similar argument in §7.2, the ab-diagram of any

nonzero 7 1s

ab
ba
b

b
Thus p~1(0) is the Zariski closure of (Sp x O).i and dim p~'(0) = k by Theorem
7.16 (2).

To sum up, dim X > %k—l—dimp > 2dim p—dim t+2k because dim t—dim p = k,

which means p~1(0) is not a complete intersection in N. O

7.4. Moduli spaces of SO(3)-data with k = 4

This section contains the proof of Theorem 7.3.

Let dimV =k =4 and dim W = N = 3. Let SO := SO(W) for short.

7.4.1. description of 1 ~'(0). Let p/ := {D € p|trD = 0}. Let X :=
{(By, Bs,i,i*) € = 1(0)| By, By € p'}. Then
p(0) = C* x X,
(By, Ba,i,i") ((tr(Bl),tr(Bg)), (B — %tr(Bl)IdV, By — ;Ltr(Bg)IdV,i,i*)) :
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Let N’ := p/®2 & {(i,i*)|i € Hom(W,V)}. Then X is defined by u = 0 in N'.
Therefore it is enough to show the corresponding statements for X to prove Theorem
7.3.

Let X, := {(By,Bs,i,i*) € X|[Bi1,Bs] = 0}. Then X, = {(By,Bs) € p x

p'| [B1, Ba] = 0} x p~1(0).

LEMMA 7.17. p=1(0) consists of two irreducible (Sp x O)-orbits of dimension 5

and 0 respectively.

PROOF. By a similar argument as in §7.2, the possible ab-diagrams of i of p~1(0)

are
b

ab b

ba b

(7.7) b b
b a

a a

a

By Theorem 7.16, p~!(0) consists of two (Sp x O)-orbits associated to the above
ab-diagrams of dimension 5 and 0 respectively.
Since —Idy € O \ SO and —Idy € Sp, (Sp x 0).i = (Sp x SO).i for any

i € Hom(W, V). So we have irreducibility. O

Let e, €9, €3, e4 be a basis of V such that (eq, e2)y = (e3,e4)y = L and (e, e,)v =

0 for other [,m with | < m. Let fi, fo, f3 be an orthogonal basis of W so that

(fis f5) = 45
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Let I be the 2 x 2 identity matrix. Let

0 —1 1 0 01 00
(78) J:: 7H:: ’X:: andY::

1 0 0 -1 0 0 10

We identify gl(V') = Mat, with respect to ey, ...,eq. Then we can write the

elements of t and p in matrix forms in 2 x 2 subminors:

P JQ
t:= e gl(V)|tr(P) =tr(S) =0,
JQt S
(7.9) )
al JR
pi= 9 egl(V)|a,beC
—JR" bl
\

where P, (), R, S € Maty. Note that

0 H 0 X 0 I/ 0 Y
and

-0 0 -X 0 I 0 -Y 0

are elements of p’ by letting R = —JH, R = —JX, R = —JY and R = —J

respectively. Therefore we obtain a basis of p’ as

11 0 0 H 0 X
U1 '= ¢ , U 1= , V3 1= )
0 -1 -H 0 -X 0
(7.10)
0 Y 110 1
Vg 1= , Us 1= 5
-Y 0 I 0



By direct computation, the Lie brackets of pairs of basis elements of p’ are

(7.11)
0 H 0 X 0 Y Lo
[Ulv'U?] = ) [U17U3] = ) [U17U4] - ) [U17U5] = §
H 0 X 0 Y O —1
X 0 Y 0 H 0
[U27 U3] - _2 ) [UQa U4] == 2 ) [U27 U5] = )
0 X 0 Y 0 —H
H 0 X 0 Y 0
[U37U4] = - ) [U3,U5] = ) [04,1)5] =
0 H 0 —-X 0 -Y

These form a basis of t.
Let us define a linear map F: A% p’ — t by setting F'(v; A v;) := [v;,v;] where

1 <4< j <5. Then we have a commuting diagram

(7.12) p' x p 2= A2

N

t.
By (7.11), Im(F) contains the basis of t and dimt = dim A*p’ = 10. Thus F is an

isomorphism. In particular, for By, By € p/, [By, By] = 0 if and only if By A By = 0.

This proves the following lemma.

LEMMA 7.18. {(B1, B) € p' x p'| [B1, Bs] = 0} = {(aB,bB)|a,b € C, B € p'}

and 1t 1s irreducible. O

COROLLARY 7.19. (1) X, is irreducible of dimension 11.

(2) Any element of X, is an unstable quiver representation.

ProOF. (1) follows from Lemmas 7.17 and 7.18.
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(2) The non-costability amounts to the existence of a common eigenvector v of
By and Bj such that i*(v) = 0. From (7.7), we have dim Ker(i*) > 3. Let B; = a; B
and By = ayB for some aj,a; € C and B € p’ (Lemma 7.18). By Proposition 7.8,
we have an eigenspace of B of dimension > 2. By the dimension reason it has a

nonzero vector contained in the eigenspace and Ker(i*). U
On the other hand, if 0 € Imw is nonzero then we have
(7.13) w (o) = SL(2).

since Imw \ 0 is the set of 2-dimensional subspaces S of p’ with a volume form of S.
This isomorphism can be described in more detail as follows. Define an SL(2)-action
on p’ x p’ as

a b
(714) -(Bh Bg) = (a31 + bBQ, CBl —+ de)

c d
The SL(2)-action on w™(A%p’\ 0) is free. The SL(2)-action on A%p’ is trivial and

Wlw-1(r2p\0) 18 SL(2)-equivariant. Now (7.13) is nothing but the identification of a

free SL(2)-orbit.

DEFINITION 7.20. Let G := SL(2) x Sp x O. Then we have a G-action on X by

(91,92, 93)-((B1, Ba), i,i%) := (91.(92-B1, 92.B2), gigs ', (g2ig5 ')").
LEMMA 7.21. Let By, By € p'. Then ([B1, Ba))? is a scalar endomorphism.

Proo¥F. This follows from a tedious, but direct computation. O
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Let X, := X\ X, = {(B1, By, i,i*) € X|[B1, Bo] # 0}. Let p: X3 — Hom(W, V)

be the projection.
COROLLARY 7.22. Let i € p(X3). Then (ii*)? = 0.

PROOF. Write i = p(By, By,1,1*) for some By, By € p’. By Lemma 7.21,

[B1, By)* = (i3*)? is a scalar endomorphism. Since rank: < 3, the scalar is 0. O

COROLLARY 7.23. Let i € p()Z'Q). Then the ab-diagram of i is one of the fol-

lowings:
bab
bab ababa bab b
(7.15) (1)  bab (IT) b (III)  ba (IV) b
a b ab a
a

PROOF. Since (ii*)? = 0 by Corollary 7.22 and i:* # 0, the maximal length of

rows of the b-diagram of #¢* is 2. Thus the b-diagram of ii* is one of the followings:

bb
(7.16) 22 b
b
From Table 1, we get the list of ab-diagrams as above. 0

LEMMA 7.24. (1) Let By := v5 and By := vy — %/UQ. Then [By, By is a nilpotent

matrix whose b-diagram is

bb
(7.17) v

(2) Let By :=v3 and By :=/—1v; — vs. Then [By, Bs] is a nilpotent matriz whose

b-diagram is

(7.18) b



PRrROOF. (1) By direct calculation we have

1 0 -1 0
110 -1 0 -1
[Bla BQ] == 5
1 0 -1 0
0o 1 0 1
which maps
1 1 1 1
(719) €1 — §(€1+63), 5(61—1—63) l—)O, €9 —5(62—64), 5(62—64) — 0.
(2) By direct calculation we have
0 -1 0 —/-1
0 0 0 0
[31732] =
0 —v—-1 0 1

which maps
(720) €y —(61 + —163), e1+v—les— O, el — 07 es +vV—1leg — 0.
0

We denote By, By in Lemma 7.24 (1) by Bfl), BS) respectively. We denote By, By
in Lemma 7.24 (2) by B?I), Bgl) respectively. Let B{™ and B{"") be BI (n=1,2).
For each A = 1,11, 111, IV there exists i) € Hom(W, V') whose ab-diagram is of type
(A) in (7.15) and [BYY, B{Y] + i@i)" = 0 by Theorem 7.16 (1).

Let us define iV in a matrix form. We take a basis {¢1, €, €3, ¢4} of V' by setting

€1 :=eq, €y := €y — ey, €3 := e + e3 and €4 := e4. We take a basis {fl,f;, f;} of W
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by setting fl = %(fl +V=1f3), fg = \%(ﬁ —/—1f,) and f;, = f3. Let

0 0 0
0 —1 0

. 1
V=20 0 0
0 0 0

with respect to {€1, €s, €3, €4} and {ﬁ,fg, ]?3}

Let us define i™ M) and ™) in matrix forms respectively. We take a basis
{€,,¢,, ¢y, ¢} of V by setting € := eg, ¢, := —(e; + /—1les), & := e3 and €, =
—v/—1ey + eq. We take a basis {f], f}, f;} of W by setting f] := \%(ﬂ +V/=1f3),

fo:= fo and fi = J5(fi = V=1f). Let

1 0 0 0 0 0 0 0 0

0 -1 0 0 -1 0 0 -1 0
G0 . ;= and ") =

0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0

with respect to {€}, e, e, ¢, } and {f1, 12, f;}

COROLLARY 7.25. Xs is the union of four G-orbits through (B%A), BéA), i) (A7)
for A=11IL1II,IV. And each G-orbit is irreducible of dimension 12, 12, 11 and 9

respectively.

PROOF. Let X} be the union of four G-orbits. Since X} C X;, we need to show

the opposite inclusion. By Corollary 7.23, we have p(X,) C Uazrn Sp.it) = p(X3).
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Thus p(X,) = Uazrn Sp.i = p(X}). On the other hand, p~*(p(z)) = SL(2) for
z € X, by (7.13). Therefore X, C p~L(p(X)) = p~L(p(X})) = X},

By Theorem 7.16 (2), the explicit value of dim G.(BiA),BéA),i(A),i(A)*) =3+
dim(Sp x 0).iY for each A, is computed as above.

The irreducibility comes from the above G-orbits are the (SL(2) x Sp x SO)-
orbits. To see this we observe that —Idy € O acts on N in the same way as

—Idy € Sp. [l

LEMMA 7.26. Let x € G.(B™, BV i iA"Y for A = LILIILIV. Then we
have the followings.

(1) If A=1, x is unstable and sp” is trivial.

(2) If A =11, = is stable (hence Sp® is trivial).

(3) If A=1II,1V, z is unstable.

(4) X is a reduced complete intersection.

PRrOOF. (1) It is direct to check e; + e3 is a common eigenvector of BEI) and

BV, We have i0" (e, + e5) = i0"(&3) = 0. So e; + e5 violates the costability of .
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We check sp® is trivial. Use (7.9). Then we have

" P JQ P JQ 0 I
spPi = €sp|| : ]=0
JQ S JQ S I 0
P R
= trP=0, R=JQ, Q=Q";,
R P
S0 P R P R I H
spol NspT2 = [ : |=0, trP =0
R P R P “H —JI

On the other hand, Im(iV) = C(&,, &) = Cle; + e3,e3 — e4). So

5pi(l) ={g €sp|gles +e3) =g(ea — eq) = 0}.

(@

We claim 5}339) N ﬁpBS) Nsp”" = 0. The solution a,b,c € C of the following

equations

X =X Y Y H 0

a +b +c (61 + 63) =0
-X X Y Y 0 H
X =X Y Y H 0

a +b +c (e9 —ey4) =
-X X Y Y 0 H

is trivial. So the claim is proven.
(2) We show there does not exist a common eigenvector v of Bfn) and BSI)

such that i™"(v) = 0. By direct computation we have Ker(B") = C{ey, es) and
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Ker(BM™) = Cle; + v/—les, e2 + v—les). So we have Ker(B{"™) n Ker(B{") =
Cler + v—1e3).

On the other hand i™"(e; + /—Teg) = —i™"(&,) # 0. This proves (2).

(3) In (2) we checked that e; + +/—1les is a unique common eigenvector of B\
and BéA) for A =1II,IV up to constant.

On the other hand i (e; + v/—Tles) = —iW(@,) = 0 for A = TIL,IV. So
e1 + v/—1leg violates the costability of z.

(4) By Corollaries 7.19, 7.25 and the dimension reason, X is a complete inter-
section of dimension 12. By (1) and (2), X is smooth along the two 12-dimensional
G-orbits since sp® = 0 implies that du,: T,IN' — sp is surjective. Therefore X is
reduced along the two 12-dimensional G-orbits. Hence X itself is reduced by [19,

Prop. 5.8.5]. O

7.4.2. description of y~1(0)/Sp. In the previous subsection we proved

(1) X is a reduced complete intersection with two irreducible components S
and U, where S is the stable locus and U is a G-orbit G.(B{", BS" i® (07,

(2) S is a G-orbit G.(B%II), B§H),¢4,z’;‘;).

(3) The Sp-action on U is locally free (i.e., sp” = 0 for any = € U).

(4) X /Sp = S//Sp U U /Sp as varieties (as X is reduced).
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From now on we fix an orthogonal basis of W. Then o is the set of anti-symmetric

matrices. Let us identify

0 e f
(7.21) 0= C?, e 0 g|—(efig)
—f =9 0
0 e f
The characteristic polynomial of A:= | _¢ (¢ 4 [ intis t* 4 (e + f> 4+ ¢°)t.
—f =9 0

Therefore A is nilpotent if and only if 2 + f2+ ¢g* = 0. Since any nonzero nilpotent
element x in o has the a-diagram aaa, the minimal nilpotent orbit is O.z. Hence,
P is the quadric surface in C3 defined by e? + f2 + ¢g? = 0, which also equals the

nilpotent variety.

LEMMA 7.27. The map [(z,y)] — (22, v/ —1zy,y?) gives an isomorphism C?/Zy =
P, and hence P is an irreducible mnormal variety. Moreover, P2 = [A ¢

P|rankA =2} =P\ 02 (C?\ 0)/Zo,.

PROOF. The first isomorphism is well-known in invariant theory. Since C? is
irreducible and normal, so is C?/Z,.

We prove the second assertion. The a-diagram of a nilpotent matrix A € o is

either
a
(7.22) a or aaa
a
Therefore A # 0 means rankA = 2. O
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LEMMA 7.28. O3 : Xy — P, (By, By,i,i*) = (tr(B}), v/~ 1tr(ByBy), tr(B2)),

is the GIT quotient by Sp.

PROOF. Let 2 := (By, By,i,i*) € X;. By Corollary 7.19 (2), z is unstable.
Suppose Sp.z is closed in N. Since z ¢ p~(0)™8, we have 2* = 0 by Theorem 3.1
and Theorem 7.1 (4). Thus ¢ = 0. Let T := {(aB,bB,0,0)| B € p', a,b € C}. Let
¢:=d5 |7. Tt is enough to show that ¢ is the GIT quotient by Sp by Lemma 7.18.

Since the Sp-action on P is trivial and P is normal, we need to show that
¢//Sp: T)/Sp — P is bijective by Zariski’s main theorem.

Since tr(vi) # 0, ¢ is surjective and thus so is ¢//Sp.

To show injectivity, it is enough to show that ¢~!(c) is an Sp-orbit for any
c € P\ 0 and that 0 is the unique closed Sp-orbit in ¢~(0).

Let c € P\ 0. Then ¢ = (a? v/—1ab,b?) for some a,b € C. Then we have
¢~ 1(1,0,0) = ¢ '(c), (B,0,0,0) — (aB,bB,0,0). Thus ¢ '(c) is an irreducible
variety of dimension 4 since dim7 = 6 and dim P = 2.

On the other hand, we have p’® = C(B) for any B € p’\ 0 by Lemma 7.18. So
dim p? = 2. By [30, Prop. 5] we have dimt® = 6 and dim Sp.B = 4. This means
¢ *(c) is a Sp-orbit by irreducibility and the dimension reason. This proves the
first item.

By a similar argument we have ¢//Sp: p’/Sp — C is a birational surjective
morphism where ¢: p’ — C is given by B + trB2. Since both p’/Sp and C are

irreducible normal varieties of dimension 1, ¢/Sp is an isomorphism by Zariski’s
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main theorem. Therefore 0 is the unique closed Sp-orbit in ¢ ~!(0). This proves the

second item. |

LEMMA 7.29. ®5: S — P, (By, By, i,i*) = i*i, is the GIT quotient by Sp.

PROOF. Let = := (By, Bs,1,i*) € S. By the ab-diagram (7.15) of i, we have
i*i € Pak2. So dg(S) = Pk2 and g is well-defined.

We claim that @;(a) is an Sp-orbit for any a € P\ 0 = P2, Note that since
S is irreducible, so is @gl(a). Since x is stable, Sp” is trivial. Thus dim Sp.z = 10.
On the other hand, @gl(i*i) = (SL(2) x Sp).z by Theorem 7.14 and (7.13). Thus
@gl(i*i) is an irreducible 10-dimensional variety. If Sp.x C (SL(2) x Sp).z then for
y € (SL(2) x Sp).x \ Sp.x, we have dim Sp.y = 10. But then @;(i*i) contains two
disjoint locally closed subvarieties Sp.xz and Sp.y of dimension 10. This is absurd
to the irreducibility of @gl(z*z) Therefore Sp.z = @gl(i*i) as desired.

Since S consists of Sp-closed orbits (Theorem 3.1), S/Sp is Zariski open in
S/Sp. By Luna’s slice theorem [36], S/Sp is a smooth variety. By the above

P %2 j5 an isomorphism where

claim and Zariski’s main theorem, ®gls/sp: S/Sp —
®5: S//Sp — P is the induced morphism. Let us finish the proof of the lemma. Let
f € C[S]’P. Then f|s € ®*T(Op\o). By the normality of P, I'(Op\g) = C[P]. Thus

f € ®5C[P]. This means C[S]» = ®C[P], equivalently @ is the GIT quotient by

Sp as desired. O

LeEMMA 7.30. X; € U and X, //Sp = U /Sp.
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PRrROOF. Since U is an irreducible reduced locally free G-orbit of dimension 12,
we have U//Sp is an irreducible reduced variety of dimension < 2. Now the second
assertion follows from the first by Lemma 7.28.

Let us prove the first assertion. Suppose X, ¢ U. Then X; C S since X; is
irreducible by Corollary 7.19 (1). Let T := {(aB,bB) € p' x p’|a,b € C, B € p'}.
By Lemma 7.17 and (7.7), X, is the closure of T' x (Sp x 0).i for a nonzero i €
Hom(W, V) with i*i = 0. By Lemma 7.29, ®g(X;) = 0. This contradicts Lemma

7.28. 0

DEFINITION 7.31. Define ®: X — (Px0)U(0x P) (C P xP), (By, By, i,i*) —

((tr(B2), V= 1tr(B, By), tr(B2)), i*i).

To see @ is well-defined morphism one notices that :M ;0 = D7D — ;AI*;(1) —
2
0 and tr(B; B ) = +/—1tr(B H)B H)) = tr(Bén) ) = 0, which come from Corollary

7.23 and the direct computation respectively.

THEOREM 7.32. ® is the GIT quotient by Sp onto (P x 0) U (0 x P). Hence,

“H0)/Sp 2 C? x (P x 0)U (0 x P)).

ProOF. By Lemmas 7.28, 7.29 and 7.30, ® factors through )?//Sp. The canon-
ical morphism given by the composite
f ~ — ~
(P x0)U(0xP)——X1/Sp[]S/Sp——=X/Sp

is the inverse of ® /Sp where f := (®|5, /Sp)~! [1;(®ls/Sp) " and ® /Sp: X /Sp —

(P x 0) x (0 x P) is the induced morphism. O
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7.5. Moduli spaces of SO(2)-data with k£ = 4

This section will be devoted to the proof of Theorem 7.2 (2).
Let dimV =k =4 and dimW = N = 2. Let p’ := {B € p|tr(B) = 0}. Let
X := {(By, By,i,i*) € p~(0)| By, By € p’}. Then as in §7.4.1, u~(0) = C2 x X.

Let p: X — Hom(W, V) be the projection.

LEMMA 7.33. Let ¢ € Im(p). Then ii* is nilpotent and the ab-diagram of i is

one of the followings:

b
ab b bab
ba b bab b
(7.23) b b bab b
b a a
a

PROOF. Let (By, By,i,i*) € X. By Lemma 7.21, ([By, By])? = (ii*)? is a scalar.
Since rank 7 < 2 and dim V' = 4, the scalar is 0. Since there is no nontrivial nilpotent
element in o0, we have ¢*s = 0. By a similar argument as in §7.2, the ab-diagram of

i is one of (7.23) from Table 1. O

Let Xy := {(By, By) € p' x p'|[By, Bs] = 0} x {i € Hom(W, V)| ii* = 0}. Let

%,m X\
THEOREM 7.34. p~1(0)™& = ().

PROOF. Let z := (B, By,1,1*) € X. We will prove that x is not costable.
Suppose x € X,. The ab-diagram of i is either the first or the second in (7.23).
Therefore dim Ker(i*) > 3. As in the proof of Corollary 7.19 (2), we see that x is

not costable.
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Suppose z € X,. As in the proofs of Lemma 7.26 (1) and (3), we deduce that =

is not costable. O
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APPENDIX A

Instanton numbers and the second Chern numbers

We find a relation between cy(E) and the instanton number where E is an asso-
ciated vector bundle of a principal K-bundle over S*. As usual we use the notation
c2(E) both for a 2-form (the second Chern class) and an integer via integration over

S* (the second Chern number).

A.1. Basic case K = SU(2)

In this section we assume K = SU(2). We identity S* = R* LU {oo} so that
RZ, (resp. Ry, LU {co}) is the lower (resp. upper) hemisphere. We identify R* = H
(the space of quaternions). We also identify SU(2) = {x € H||x| = 1}. Let
o(g) := g~'dg (the Maurer-Cartan form on SU(2)). We can view o as a 1-form on

R*\ 0 using the quaternion coordinates x = x; + i + w35 + 24k. Let

1 4“1 lgyday Adzg A Adz A Ad
W= —Etr(a/\a/\a) <: 2 iz (=)' iz, 922 T $4) .
T

Thus w restricts to the volume form of SU(2) and dr Aw = r~3wgs where wgs is the
volume form of R*.

Let us define a complex vector bundle E of rank 2 over S as follows. Let r := ||
where x € R*. Let ¢: R*\ 0 — SU(2) be any smooth map independent of r (e.g.

é(x) = z/|x]). We define F using ¢ as a transition matrix: C? x % — C? x 3,
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(v,x) = (¢(z).v,x), where the left hand side S (resp. the right hand side S?)
denotes the equator of the lower (resp. upper) hemisphere.
Let us define a connection A on E. To define a connection matrix we need an

auxiliary smooth function s: R* — [0, 1] satisfying

(1) s(x) depends only on r = |z,

(2) s is monotonically increasing with respect to r,

(3) s(0) =0, s|,—1 =1 and

(4) s¢*o extends to a smooth 1-form on R*.
Let A := d + s¢*o. To see that A extends to a connection of F, we note that
ddop! + ¢pd*op~! (the connection matrix on the upper hemisphere) is 0.

The curvature form of A is
Fa=dsAT+ (s°—8)TAT.

where 7 := ¢*o. We have the second Chern class c2(E) = gstr(Fa A Fy) =

(s — s)tr(ds AT AT A T). By direct calculation we have

dS * . dS . dS _3
tr(ds A\TATAT) = —12%d7‘ A¢*(w) = —12n%dr Nw = 12n%r WR4

where = denotes the cohomology equivalence as classes in the De Rham cohomology

group Hpr(S*) and n denotes deg ¢|,—;. Therefore we have

(A.1) / ca(E) = _3n (s* — s)r‘3§wR4 =n.
g4 dr

Since ¢ is SU(2)-valued, it also defines a principal SU(2)-bundle. We denote
this bundle by Psy(g). It is clear that ' = Psy(2) Xsu(2) C?. The instanton number

of Psy(z) is n since in general the instanton number of a principal SU(2)-bundle is
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defined as the degree of the transition from the lower to upper hemisphere. Hence
(A.1) asserts that the instanton number of a principal SU(2)-bundle and the second
Chern number of the vector bundle associated to the fundamental representation
are equal.

In the next section we generalize this result to K-instantons for any compact

simple Lie group K.

A.2. Cases of simple groups

Let K be any compact simple Lie group. Here ‘simple’ means that ¢ := Lie(K)
is a simple Lie algebra.

We follow the argument of Atiyah-Hitchin-Singer [2, p.453] for generalization of
the previous result to K-instantons Px. Our steps toward the generalization are as

follows:

(1) find first a principal SU(2)-subbundle Pgy2) of Px with the same instanton
number;
(2) compare the second Chern numbers of the two associated vector bundles

from Psy(e) and Pk

We now start (1) using Bott’s periodicity. We need a set-up for this.

Let h be a Cartan subalgebra of €. Let a € h{ be any root of éc. Let L, C &c be

the weight a subspace (root space). Let h, € b¢ such that (h,, 3) =
(,) and (, ) denote the canonical pairing and the dual invariant form respectively

(cf. [24, §8.3]). Then h, spans [L,, L_,]. Since the invariant form on b is negative
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definite, b is spanned by v/—1h, over R. We define a lattice in v/—1h
L :=7Z (hy| a : root) .

It is isometric to the coroot lattice.

Let exp: ¢ — K be the exponential map where K is the universal covering of K.
Let SU(2),, be the subgroup of K generated by exp((Lo+ L_o)r) where (Lo +L_o)r
denotes the space of real forms in L, + L_,. We have SU(2), = SU(2).

Let p,q € SU(2), be the points corresponding to I,—I € SU(2) respectively.

The geodesics in K from p to g are written as
Cx(t) = g.exp(2ntX) (¢t €[0,1])

where X € b, Cx(1) = ¢ and g € Zz(q) ([39, Lemma 21.2]). Here Zz(q) denotes
the centralizer subgroup of ¢ in K. We notice from Cx (1) = ¢ that X € V—=1(3ha+
L) since 2my/—1L = exp~!(idz) N b.

We use the notation (, ) also for the invariant form if no confusion arises. By nor-
malizing the length of a 1-dimensional torus in SU(2), the length of C'x is —(X, X).

We have a criterion for the minimal length of Cx where X € v/—1(3hq + L):

LEMMA A.1. Suppose « is a long root. Then —(X, X) attains the minimal value

(a}a) if and only if X = :I:%\/—lha.

We say that C'x(t) has indez [ if it has [ conjugate points. We will not give the
precise definition of conjugate points, but in our situation the index [ coincides with

the number of pairs of a root v and a positive integer n such that |y(X)| > n. See
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[39, Theorem 20.5 and the proof of 21.7 on pp.116-117]. We need a lower bound

of the index [ to use Bott’s periodicity later.
LEMMA A.2. Suppose v is a long root. If X # :I:%\/—lha then | > 4.

So the two lemmas assert that any non-minimal geodesic of the form Cx(t) has

index > 4 provided « is a long root.

THEOREM A.3. If a is a long root, the canonical homomorphism w3(SU(2),) —

m3(K) is an isomorphism. Hence the canonical homomorphism m3(SU(2),) —

m3(K) is an isomorphism.

PROOF. Let Qgy(a), (resp. 2z) be the loop space of SU(2), (resp. K). Let
Q%U@)a (resp. Q%) be the space of minimal geodesics from p to ¢ in SU(2),, (resp. [?)
By fixing any path C from ¢ to p in SU(2),, we have an embedding chlU@)a — Qsu(2)a
by the amalgamation product 7 — C % 7. Similarly C' induces an embedding
Q% — Q. These embeddings induce homomorphisms between homotopy groups

and thus fit in the following commuting diagram of homotopy exact sequences:

M(QvE)e Woe.) — 2 Qpe.) — 2Qsue.) — 2 Qsue. Wy,

| | | |

Wl(Q[},Q%) m(Q%) T2 () WQ(QFOQC;})

We claim that the relative homotopy groups in the above diagram are all trivial.
This will follow from Bott’s periodicity [39, Theorem 22.1], once we check that the
assumptions of the theorem are fulfilled: Both QCSlU(Q)a and Q‘}( are C*°-manifolds

and the indices of non-minimal geodesics in both SU(2), and K are not less than
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4. The second assumption was readily checked in Lemma A.2. The first assump-
tion was also checked since the action of Zz(q) (resp. Zgu(),(q)) on Q4(K) (resp.
Q4(SU(2),)) is transitive.

Now the two horizontal maps in the middle in the above diagram are isomor-

phisms. To conclude that m(Qsy(2),) = m2(2%), we need to prove
(A.2) (W (e).) = m(0F).

Let X' := my/~1h, (so that ¢ = exp(X’)). We have Q% = Zz(q)/Zz(exp(RX"))
and QCSlU(Q)a = Zsu2).(2)/Zsu(2)., (exp(RX")). Thus QgU@)a is a submanifold of QL.
We claim that (Q%)o = (24, )Jo Where (o) denotes the identity component. The

claim will assert (A.2). It amounts to showing
(A.3) Lie(Zz(q)) = b + su(2)a, Lie(Zgz(exp(RX"))) =,
where su(2),, := Lie(SU(2),). For, these induce a canonical isomorphism

TinZsu(2).(9)/ Zsu@). (exp(RX")) = TinZz(q)/ Z 7 (exp(RX))

as both sides are isomorphic to su(2),/h N su(2),. Here the notations 77 denote
the tangent spaces at the identity classes respectively.

It remains to prove (A.3). Let Y € £. We denote by e® the ordinary exponential
> o 2o defined on gl(€). Since Adexp X' = ' (see [22, p.128, (5)]), Y €

Lie(Zz(exp X')) if and only if

(A.4) D = (adX)"(Y) = 0.



We write Y = > jv5 € tc = ©pLg. Since (adX')"(V) =35 8(X')"vg, (A.4) holds
if and only if Y7 (e’ — 1)vg = 0 if and only if vg = 0 or e’ =1 for each 3.
Note that e?X) = 1 amounts to B(X’) € 27v/—1Z and thus to 8 € {0,+a} (as
X' = my/=1h,). Therefore we have Lie(Zz(q)) = b + su(2),.

A similar argument shows Lie(Zz(expRX')) = b because ePRX) — 1 for all 8
with vg # 0, which amounts to 8 = 0. This finishes the proof of (A.3).

Now we have the isomorphism (A.2). As a result we have m5(Qsu(2),) = m2(Q5)

and thus m3(SU(2),) = m3(K) by the canonical isomorphism m5(£2,) = 73(e). O

If « is not a long root, the canonical homomorphism is never an isomorphism.
See Remark A.4 below.

Let Px be a principal K-bundle over S*. It is given by a transition from the
lower hemisphere to the upper one. Such a transition corresponds to an element of
m3(K). Thus an element of 73(K’) determines Pk topologically in a unique way.

Let P, be the induced principal SU(2)-bundle over S* by the canonical homo-
morphism 73(SU(2),) — m3(K). Via the homomorphism the element of 73(SU(2),)
corresponding to P, maps to the element of m3(K’) corresponding to Pk. So if this
does not happen, such P, does not exist. But if « is a long root, the homomorphism
is an isomorphism by Theorem A.3 and thus P, always exists. And the instanton
numbers of Pk, P, are equal. Our first step (1) is attained.

Let us start (2): compare the second Chern numbers of associated vector bundles
of P, P,. We denote by F' be a finite dimensional representation of €. Let trf.: € x

t—C, (X,Y)— tr(XY: F — F) be the (bilinear) trace form on E.
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Note that trt, = trf5 exe. And trl = triS |ewe, if F itself is a complex representa-
tion of . Therefore we will use the simplified notation trp as the trace forms from
¢, £c do not cause confusion.

By [24, Lemma 22.1], trp is a scalar multiple of trp where F’ is an irreducible
representation. In particular if F” = €, we denote this scalar by cp := trp/tre.

Let F := Px xx F. We have py(F) = cppi(8) and cy(Fo) = cres(be), since
trzF3 = cptref5 where A is an adé-valued connection.

If K=SU(2) and F = C? (the fundamental representation) then

(A.5) c(50(2)c) = cplea(F) = 4ey(F) = 4n

where the last equality was deduced in (A.1). Thus we have cy(€c) = c2(Pa Xsu(2)

tc) = 4cen where ¢ = tre/troy o).

Let us compute ¢ in the above in order to compute ¢y (€c). Let o be the highest
root. It is known to be a long root (cf. [24, Lemma D, §10.4]). We can compute

Cp = tre, (adia )/ tsu2)e (ad,zla) explicitly by using the root space decomposition. Since

trr,ady, is equal to %, it is 0 or 1 unless = +«. Thus we have

(6,)
(a,2)

Ce — 9

+1

where ¢ is the sum of all positive roots. The numerator in the above is called the dual
Coxeter number denoted by hY. See [5, Ch. VI, §84.7-4.13] for the expressions of
a, 0 in linear combinations of simple roots. Hence we get h¥ by direct computation.

See Table 1 (I denotes the rank of K'). This finishes the step (2).
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TABLE 1. dual Coxeter number h"
K 14[ lgl Ch l)l 126 127 128 fh (;2

RV I+1 20—1 1+1 20—2 12 18 30 9 4

With the steps (1) and (2), we get back to the original goal: a relation between
Cg(ﬁ(c) and the instanton number n. Here F' is the fundamental representation
of classical groups K. Since Cg(ﬁ(c) = CFCQ(/E(C) = 2cphVn, we need to compute
cr = trp(a?)/tre(ad?). We will choose a € £ in a way that we can compute cx by
hand without heavy computation.

Let K := SO(N,R) and F := R” first. Let e, , be the (p, g)-elementary matrix.
Let E,, == ¢€pq—€qp- Then E, , form a basisof £ for 1 <p < ¢ < N. Let a := E 5.

Then cp = trp(a?)/tre(ad? Thus we obtain

_ —2
)=

- 2n if N>5
CQ(}QC) =
dn it N =3.
Let K := USp(N/2) and F := R”Y, secondly. A basis of & (= sp(N/2)) is

the set of the matrices e,, — egin/2pin/2 (I < p,g < N/2) and the two kinds

of matrices e, 44 n/2 + €gpin/2 and €pyn/ag + €qiny2p (1 < p < g < NJ2). Let

a = e;1 — ei4n/214N/2- Then cp = trFC(aQ)/trgC(adi) = 4(N2+2). Thus CQ(EC) =

2hVn
2(NT2)

=n.
Let K := SU(N) and F := CN. We can show ¢,(F) = n similarly. We omit the

details.
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REMARK A.4. The canonical homomorphism 73(SU(2),) — m3(K) is not sur-
jective in general. Let a (resp. ag) be any root (resp. a long root). Suppose the
instanton number n of Pk is in the image of the above homomorphism. Let n, be

its instanton number of P,. By Theorem A.3, we have n = n,,.

On the other hand we have cy(fc) = ceca(Pa Xsu(2) SU(2)c) = 4cena. So cng

Ang

and hence trgc(adia)na (= (on0)

) are independent from the choice of . This implies

(@)

N = n. Therefore if « is a short root, n, = n/2 or n/3 and thus 1 is not in
(@0,00)

the image of the canonical homomorphism.

A.3. Proofs of Lemmas A.1 and A.2

Let @ be the root system of €¢ and A be a base of ®. Let L™ (resp. L™) be the
semigroup of L generated by hg (resp. —hg) and 0 where 5 € A. For z € L, we

denote by z > 0 (resp. z > 0) if z € LT (resp. z € LT\ 0). Let o3 be the reflection

with respect to the hyperplane 8+. So o5(y) = v — 2%5.

We fix a long root «. By basic properties of A ([24, §§9.4,10.1]), we have

(8,6')
(8,8)(8, )

2
€ Lo

(A6) (hﬁ7 h’ﬁ') = 4 (Oé, Oé)

for any distinct 3, 5" € A.
Let Y € L. We can write Y = } ;_\ mghg as a unique linear combination

where mg € Z. By (A.6), we have

(Y’ Y) S ZZO

4
(o, @)
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Let X =Y + %ha where Y € L. This notation X differs by v/—1 from the one
in the statements of Lemmas A.1 and A.2. We use only v/—1§ instead of h via the
multiplication by y/—1 during this section. Since they are isometric up to sign, the

lemmas can be adjusted in an obvious way.

Proof of Lemma A.1. We write (Y,Y) = 22 for n € Zs;. Then by the

(a,@)

Cauchy-Schwarz inequality (Y, hy)| < (‘la*g, we have

(X, X) = (V,Y) + (Y, ha) + i(ha, he) > A=V 1

(@, )

So, (X, X) > ﬁ and the equality holds if and only if Y =0 or Y = —h,. We are

done. O

The following remark is about a generalization of Lemma A.1 to short roots. It
is irrelevant to Lemma A.2 and its proof, so can be safely skipped for those who are

not interested in the case of short roots.

REMARK A.5. In this remark we suppose « is not necessarily a long root. In-
stead, we fix a long root ay.

Lemma A.1 is slightly generalized as follows: (X, X) attains the minimal value

@ if and only if X = 1h, for some 3 with the same length with o, unless K is of

type G.

Let us consider the case when K is of type Go first. If a is a short root,

(X, X) > (ala) fails. For instance X = hg + 1h, has strictly shorter length than

%ha, where [ is a long root with angle %71’ from a.
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Now we prove the generalized claim. So K is not of type Gs. The case when «

is a long root was proven readily. So « is a short root. Note that a short root exists

o 1

ao ao) 2°

only when the type of K is one of B, and F'. Thus we have

As before we write (Y,Y) = (afzo) for some n € Zsy. By the Cauchy-Schwarz

inequality |(Y, hq)| < (i‘/ﬁ), we obtain

4(n — \/%)

1 1
n hom hoz Z n
( ) (Oéo, Cko) 4

(A.7) (X, X)=XY)+ (Y,hy) + 1

(ha ha)-

Thus for n > 3, (X, X) is not minimal.

On the other hand when Y € Zh,, we have nothing to show since Lemma A.1
itself is true manifestly. So we assume Y ¢ Zh,,.

Now we need to study the cases n =0, 1, 2.

The cases n = 0,2 do not happen. The reason is as follows. The equality of
(A.7) holds if and only if the equality of the Cauchy-Schwarz inequality holds if and
only if Y € Z<oh,. This contradicts to our assumption Y ¢ Zh,,.

The case n = 1 can happen as follows. In the case the Cauchy-Schwarz inequality

s (Y, ha)| < (4\[ By (A.6), it is refined as |(Y,hy)| < —~—. Plugging this

ag,0) (a0,0)

into (A.7), we have (X,X) > 1(ha,ha). And the equality holds if and only if

YY) = and (Y, hy) = We find Y satisfying the latter two equalities

4
(ao,0) (a ,a0)

from now on. In Lemma A.8 below, we will see that (Y,Y') = (a;;ao) if and only if

4
(a0,20)?

Y = hg for some long root §. Plugging Y = hg into the equality (Y, h,) = —

we have (hg, hy) = —— This happens exactly when the angle between «, 3

(ao0,20)

is %71’ and Eiﬁg = 2. In the case a + (8 is a short root and X = ha+5 which

B
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follows from checking directly that v(hs + 5ha) = 37(ha+s) for all roots . Since

(X, X) = $(ha, ho) in the case, the claim is proven.

For the proof of Lemma A.2, we need a preliminary lemma.

LEMMA A.6. Let By, B2 be any roots. Then we have the followings.
(1) @ is not contained in B U By .

(2) If (B1, B2) > 0, there is a root v such that (v, 1), (7, B2) > 0.

The proof will appear at the end of this section.

We prove Lemma A.2 for some special cases:

LEMMA A.7. Let m,n € Z and B be any root such that  # +«a. Let X =

mhg + (n+ 3)ha. If X # $ha, we have | > 4.

PrOOF. We may assume either m, (n + 3) > 0 or m, (n + 1) < 0, because we
can replace #,m into —f, —m, respectively if necessary. We proceed the proof in

the following three possible cases: (i) (a, 8) =0, (ii) («, 5) > 0, (iii) (o, B) < 0.

Case (i). Let v be a root such that (v,«),(v,5) > 0 (Lemma A.6). Then we
have 3(X) = 2m, o(X) = 2n+ 1 and [y(X)| = [m + (n + 3)|. If m # 0 then
1B(X)], |7(X)| > 1 which implies [ > 4. If m = 0 then |a(X)| > 2 which implies
[ >4.

Case (ii): (a, 8) > 0. We have [5(X)| > [2m+ (n+3)| and a(X) = m+2n+1.

Thus [ > 4 as the case m = n = 0 does not happen.
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Case (iii): («, 5) < 0. We use the followings:

/

_ 1 if ()
3m+2n+i) if Go =3
oX) =9 —2m+2mn+d) 5P =2
1 3 (o‘:a) —
—m+2n+3) i FE=1

B(X) :2m—(n+1)

2
( (a2
—m+(n+3) if G5 =3
— 1 (a’a) —
(a+B)(X) =< n+i if 55 =2
(o) _
\ m—i—(n—l—;) 1f(/3ﬂ)—1
m if (&) _ 3
(a+28)(X) = o
(a,0)
2m if 5B = 2
1 .o (o)
(a+3ﬂ)(X):3m—(n+§) if 55 =3

(2a 4+ 36)(X) = 3(n+ %) if Eggg =3.
Note that o, 8, + 8, a4+ 26, a + 3 and 2a + 35 are all roots in respective case in
the above. See [24, Theorem 8.5] for the first five roots; see [24, Theorem 11.4] for
the last root (the Gy case). We check | > 4 by computing the absolute values of the
right hand sides of the above identities for some m, n. By looking at the coefficients

in the above we see that the case m < 0,n < —1 is essentially same as the case

m > 0,n > 0. So we assume m > 0,n > 0.

Let us prove the case E‘;g; = 3 (G case). If n > 1, then (2o + 38)(X) = 4,
which asserts [ > 4. If n = 0 and m > 1 then a(X) < —2 and p(X) > %, which

asserts [ > 4.
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Let us prove the case Eggg = 2 (BCF case). If m,n > 1 then (o + 8)(X) > %

o

and (o + 203)(X) > 2, which asserts [ > 4. If m > 1 and n = 0 then S(X) > 2 an
(v +26)(X) > 2, which asserts [ > 4. If m = 0 and n > 1 then «(X) > 3, which

asserts { > 4.

Let us prove the case Egg; =1. If m,n > 1 then (a + 3)(X) > 3, which asserts
[ >4 Ifm>1and n =0 then 3(X),(a+ 8)(X) > 2, which asserts [ > 4. If
m =0 and n > 1 then a(X) > 3, which asserts [ > 4.

This completes the proof. ([l

We need further set-up to prove Lemma A.2 for general cases. Let us write
Y =) 3camphps as a unique linear combination. We define
Y+ = Z mﬁhg, Y i=-— Z mgh/g
mﬁ>0 m5<0

in L, and

yi=>Y mgB, yi= > meh, y i=— Y mgp

BeA mg>0 mg<0

in the root lattice. It is obvious that Y =Y, —Y_and y =y, —y_.
The support of Y, denoted by Supp(Y'), is defined to be the set {8 € A|mg # 0}.
We also define Supp(y) := Supp(Y) the support of y. We observe that Supp(Y,)

and Supp(Y-) are mutually disjoint and thus
(A.8) (8,0") <0 for any 8 € Supp(Y;) and 5 € Supp(Y_).

Suppose Y_ = 0 and Y, # 0 in this paragraph. Let § be any root in Supp(Y') (=

Supp(Yy)). A maximal root v containing § in y always exists, i.e., § <y <y and
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for any ' € Supp(Y), either v + 3" is not a root or v + ' £ y. Clearly a maximal
root 7 containing £ in y is also a maximal root containing ' in y for any other
B' € Supp(y). For brevity we call such v as a maximal root without specifying 3

or y, if no confusion arises. For a maximal root v, we have

(A.9) (7, 8") > 0 for any 8" € Supp(y — )

([24, Lemma 9.4]).

Proof of Lemma A.2. We prove the lemma for the following three possible cases:

(i) Yy, Y. #£0, (i) Y_ =0, (iii) Y, = 0.

Case (i). If both Supp(YL) are one-point sets respectively and one of them is
{a}, we already proved the statement in Lemma A.7. So we assume this does not
happen.

Suppose first that none of Supp(Yy) is {a}. We choose maximal roots vy in y4
such that v+ # a, respectively. So v4(h,) € {0,£1}. Using (A.8) and (A.9), we

have v, (Y3) > 2,74 (Y2) <0 and v_(Yy) < 0,7_(Y_) > 2. Therefore we have

V(X)) =74 (Yy) =9 (Y2) + 7+(%ha) > g
(A.10) ; 3
7-(X) = 7-(Ys) =7-(Y2) +7-(5ha) < =5

Since 74 are not mutually proportional (as they have disjoint supports), we have
[ >4.
Suppose secondly that one of Supp(Y.) is {a}, say Supp(Y_) = {a}. We choose

a maximal root 74 in y;. Let m € Zsq such that y, —my, > 0 but y. —(m+1)y, #
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0. If yy —my; = 0 then y = myy —na and thus Y = mh,, —nh, for some n > 1.
This case was proven in Lemma A.7. If y, — mvy, # 0, we choose a maximal root
Y. in y; — mryy. As was proved in (A.10), we have v, (X),7, (X) > 3. Therefore
[ >4.

The case Supp(Yy) = {a} is similarly proven.

Case (ii): Y- =0 (i.e., Y = Y}). The case when Supp(y) is a one-point set is
proven by Lemma A.7.

So we assume #Supp(y) > 2. We choose a maximal root v, in y, such that
v+ # a. Let m € Zsy such that yy —m~y; > 0but yy — (m+1)y4 2 0. Iy, —mys
is a multiple of «, we have y, = m~y, +m’«a. This case was proven by Lemma A.7.
So we may assume there is a maximal root 7/ in y; — myy other than a. As was

proved in (A.10), we have v (X), v, (X) > 2. Therefore [ > 4.

Case (iii): Y4 = 0. This case is similarly proven as in Case (ii).

This completes the proof of Lemma A.2. 0

LEMMA A8. (1) If (Y,Y) = =X, we have Y = hg for some long root 3.

(a,0)7

(2) If (V,Y) = ﬁ, we have either Y = hg for some short root 8 with (B, ) =

%(a, a), or' Y = hg+ hg for some long roots B, 5" with (5,0') = 0.

PROOF. (1) By (A.6) and (A.8), we have 2(Y*,Y ™) € Z<y—=~. Since each

(a,@)

term in (YY) = (Y, Y )+ (Y~,Y ") —2(Y*",Y ") is contained in Zso——, one of

(CH)

Y+ should be 0.
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Suppose Y~ = 0. Let v be a maximal positive root in y = y,. We have

(Y,Y) = (hy, hy) + (Y — hy,Y — b)) 4+ 2(hy,Y — b)) = ol

Each term in the above is nonnegative by (A.9). Therefore by (A.6), we have m = 1,
7 is a long root and Y = h,.

In the case Y = 0, similarly we have Y = —h,, (= h_,) for a long root .

(2) Using (V,Y) = (YH,YH) + (YY) = 2(YT,Y) = -2 we have only

(a,0)?

three possible cases:

Q) (Y5 Y =Y, Y )= L2 Y+ Y )=0or

(a,0)?

(i) Y= =0,(Y,Y) = - or

(a,cx)

(i) Y* =0,(Y,Y) = &

(@)

Case (i). The first item of the lemma assures Y* = hg and Y~ = hg for
some long roots 3, 5". We also have (5,3) = 0 by (Y,Y ™) = 0. Thus we have
Y = hg + hg for some long roots g, 5’ with (3, 5') = 0.

Case (ii). Let v be a maximal root in y. Since

YY) = (hmh”/) + (Y = hy Y — hv) + Q(th - hw) = ma

(A.6) and (A.9) force either Y = h, and (h., h,) = L) or (hy,hy) = (Y —h,,Y —

(e,

h,) = 2= and (h,,Y — h,) = 0. In the first case we have Y = hg for a short root

(@)
with % = 1. In the second case the first item of the lemma asserts Y = h, + hg

where both 3, v are long roots. And (h,Y — h,) = 0 implies (v, ) = 0.

The case (iii) is similar to (ii). This completes the proof.
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Proof of Lemma A.6. (1) If B; = £ then the lemma comes from the fact that
® is an irreducible root system. So we assume 3; # +/5. We take a partition of A

as follows:
A= ANBE\BE, Ay:=ANBE\BE, Api=ANSENSL

It is obvious that both A, Ay are nonempty.

There exist v, € A1, 72 € Ay and distinct 41, ds, ..., 0, € Aqp such that among
the inner products of two distinct roots in {71, 1, ds, ..., dn, 12}, the possible nonzero
ones are exactly (y1,61), (01,02), ..., (0n—1,6,) and (,,72). This is possible because
the reduced Dynkin diagram is a tree. Here the reduced diagram is obtained by re-
placing the multiple oriented edges to a multiplicity 1 non-oriented edge respectively.
Since these nonzero products are strictly negative we have (y1 + > 0;,72) < 0
and (y1 + Y ivy 0i,0m) < 0 for all m < n. Thus the sum v : =~ + > ., & + 72 is
a root by [24, Lemma 9.4].

We have (v,01) = (72,61) # 0 and (v,52) = (71,02) # 0. Thus v is not
contained in B{ U By. This finishes the proof of (1).

(2) By (1), there is a root ~ such that (v, ;) > 0 and (v, 52) # 0. If (y,82) >0
then we are done. Otherwise, we claim that og,(7) is the desired root. First we

have (0s,(7), B2) = (v — BZ gz)ﬁmﬁz) = —(v,B2) > 0. Since (B, 52) > 0, we have

(05,(7), B1) = (7, $1) = 75255 (B, 1) > 0. This proves the claim. O

REMARK A.9. We remark that the second item of Lemma A.6 does not hold

for (o, 8) < 0. E.g., F5.
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APPENDIX B

Hyperkahler moment map

We give the explicit forms of the hyperkéhler structure and the moment map
(cf. [41, §3.2]). The hyperkidhler moment map 0 equation is nothing but the real
ADHM equation ([1]).

Let V := C*F and W := C¥ with the standard symplectic and orthogonal forms
(, )v and (, )w respectively. Let M := My,w). We declare that the standard
bases {eq,es,...,er} and {ej,es, ...,en} are symplectic or orthogonal bases. Let
N := {(By, Ba,i,j) € M| By = Bf, By = Bj,j = i*} as before.

Let Mat,, ,, be the space of (m x n) matrices. If m = n, we write Mat,,, =
Mat,,. Let Id, be the identity matrix of Mat,. We identify Hom(V, V) = Maty,

Hom(W, V) = Maty xy and Hom(V, W) = Maty by the standard bases of V' and

W. Let
0 Idip
S =
—Idgz 0
Then
(B.1) B*=-SB'S, i*=1i'S, j =-S5

where B € Hom(V, V), i € Hom(W, V) and j € Hom(V, W).
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We denote the hermitian adjoint of A by AT := A" where A € Mat,, ,. We
use the hermitian inner product on Mat,,, given by tr(AAT). Hence we have the
hermitian inner product on M.

Let us define the hyperkahler structure on IN. First we recall the quaternion
structure on M ([41, p.41]). Let I be the standard complex structure on M.
Let J be another complex structure given by J(By, Bs,i,j) := (B}, =B, ji, —it)
where (By, By,i,7) € M. Let K := IJ (a complex structure). Then the complex

structures I, J, K define a quaternion structure on M.

LEMMA B.1. N is a quarternion subspace of M.

ProoF. I(N) C N is clear. It suffices to prove J(IN) C N. We need to check
Bi" = Bf and (j')* = —if where B € Hom(V, V) for n = 1,2 where (By, By, i, j) €

N. This comes from the direct computation using (B.1). O

The hermitian inner product on M defines a Riemannian metric g. A (flat)
hyperkahler structure on M is defined with respect to g and I, J, K as follows (see

[41, Definition 3.29]). Let wr,w s, wx be Kéahler forms defined by

wr(v,w) = g(lv,w), wy(v,w) = g(Jv,w), wi(v,w) = g(Kv,w) for v,w € M

respectively. Let us denote the restricted Kahler forms on N by the same notation
wr,wy,wg. Hence N is a hyperkéahler subspace of M.

Let us define moment maps first in a general context.
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DEFINITION B.2. Let V be a real (resp. complex) vector space with a symplectic
(resp. holomorphic symplectic) form w. Let G be a Lie group acting on V. We
assume this action is Hamiltonian (i.e., preserves the symplectic form w). Let g :=
Lie(G). A moment map (resp. holomorphic moment map) is a map p$)q: V — g"
such that (d(15) )2(v), 9) = w(g.z,v). Here g.x is defined via the Lie algebra action

on V.

We impose the condition /5, ;(0) = 0 once and for all. Thus the moment map
exists uniquely. Let us construct the moment map u“l\’{USp(V): N — usp(V)Y with
respect to the Kéhler (symplectic) form w; where usp(V') = Lie(USp(V)). It is
known that the moment map /iy ;)0 M — u(V)" with respect to U(V) is given

by

(see [41, (3.16)]).

It is clear from the definition of the moment map that juy; g,y = LV,LL;‘\’/}’U(V)
where ¢: usp(V) — u(V) is the inclusion. Therefore jiy ;g is of the same form
(B.2). Now composed with the inclusion N C M, 4 g,y 18 also of the same form
(B.2).

Similarly the explicit forms of usp(vy and /“L{;{(USp(V) coincide those of u“l\’;LU(V)
and MK{‘U(V) respectively. We can write their explicit forms using (B.2). But they

can be also expressed as parts of one holomorphic moment map as follows. Let

w:=wy + v —lwg. By direct calculation we have w((By, Ba,1,7), (B, B,,,j")) =
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tr(By By — ByB| + ij' — ji'). This implies w is a holomorphic symplectic form. See
also [41, Remark 3.31]. Hence the holomorphic moment map iy g, is given by
1% sp(vy (Bts Bz, j) = tr(([Bi, Bo] +4j)e). Note that yig gy is our moment map
w after identifying sp(V') with its dual via trace. Now the original moment maps
,u‘li{ USp(V)? qulifl,(USp(V) can be viewed as the real and imaginary parts of u respectively
after identifying sp(V') = usp(V)c.

We define the hyperkahler moment map as

hk L w w w . 3
HN,USp - = (MNI,USp(V)? 'U’NJ,USp(V)7 'uNI,(USp(V)) N = R @usp(V)",

(cf. [41, (3.33)]). As was observed above the part (L ys, () K uspv)) 1 Hlli}(,USp(V)
can be identified with u. We apply Kempf-Ness’ theorem [28] to an affine Sp(V)-

variety p~'(0). Then we have a canonical set-theoretic bijection

(1N usp(r)) " (0)/USp(V) = (M_l(o) N /jliII,USp(V)_l(O)> /USp(V) — p=H(0) /Sp(V).

A similar argument equally works for O(V'), O(Vg) and the same N where Vg

denotes the real vector space in V.
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APPENDIX C

Finite dimesionality of weight spaces

The main purpose of this chapter is to prove that each weight space of C[p~1(0)]%(V)

with respect to T is finite-dimensional.
Let e(m) = 0 (resp. e(m) = 1) if m is even integer (resp. odd integer). If ¢ = —1
then using a symplectic basis of V, we identify V = C*. If ¢ = 41 then using the

basis

{fAEV="1for fs V=1 a, s froett)—1 £ V=L rctr), (fr)}
we identify V' = C* where {fi, f2,..., fr} is an orthogonal basis of V. Here the
notation (fy) denotes fi only when k is odd (vacuous otherwise). By a similar way
we identify W = CV. Let |a] be the maximal integer in Z<, where a € R. We fix

maximal tori of G(V') and G(WW) as
Ty = {diag(z1, 22, ..., Z(k/2)) ® diag(z; ', 251, ..., zt_klm)\ 21, 22, -, Z|ky2) € CT}

TG(W) = {dlag(tl, tQ, eeey tI.N/QJ) ) dlag(tfl, t;l, cony t[]\li/2J)| tl, tg, cery tLN/QJ € C*}
respectively.

Now we identify the rings of characters of Ti(v), Teuw) and (C*)?
R<TG(V)) = Z[Zitlu 23:17 ) Zﬁ’l/Qj]?
R(Tawy) = Z[t 657 "'7t:LtJ\1f/2J]

R((C)?) = Zlgi ", 43 ']
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respectively.

Let us prove

(C.1) Xepr oo € R(T) = R(Tea)llar ', 3]

where T' = Tgw) x (C*)? and Xgp,-1(gyeo) is the formal T-character. The idea is

to use the following two:

(1) = 1(0)J/G(V) is a closed (C*)? x G(W)-subscheme of N J/G(V);
(2) the (surjective) GIT quotient N — N /G (V) is (C*)? x G(W)-equivariant.

G(V)

So each weight space of C[u~1(0)] is a subquotient of the weight space of the

same weight of C[N]. So the proof will be done if we show a stronger claim:

~

X(‘C[N} S R(T).

The claim will follow from an even stronger claim:

1 1

Cc*)? -3 —3
X(é[N% €Zq %59 °]]

where Xéﬁ;r denotes the formal (C*)?-character of C[N]. This is because all the
monomials in X¢n) have nonnegative integer coefficients.

Let us check the last claim. The decomposition N = p(V) @& p(V') & Hom(W, V)
is the weight decomposition with respect to (C*)2. The first two direct summands

p(V) of N are of weight ¢; and ¢, respectively. The last summand Hom(W, V) is

of weight (g1g2)2. Since C[N] = S(p(V)¥) @ S(p(V)¥) ® S(Hom(W, V)¥) where S
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denotes the symmetric product, we have

Lk(k+e) Lk(k+e) kN
(C* 2 —n _n
(C[N) = <Zq ) <Z 92 > (Z((h(h) 2) :

n>0 n>0 n>0

This proves the last claim.
To complete the proof of (C.1) we recall from §1.2.2 that ¢ € Hom(W, V) al-
ways appears together with i* in C[N]9"). Hence any monomials with non-integer

exponents in Xgp,—1(g)ew) have coefficient 0. This proves (C.1).

REMARK C.1. (1) R(T) is a ring.

(2) The origin 0 is the unique (C*)*-fixed point of N.
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APPENDIX D

Method of associated cones

We adjust Kraft’s method of associated cones in [31, 11.4.2] to apply it to the
moment map p. It was mentioned by Panyushev [50]. It is a slight modification
from Kraft’s original arguments in [31, 11.4.2]. The goal is to prove the following

theorem:

THEOREM D.1. Let Vi, V5 be finite dimensional vector spaces over C with dy :=
dim V; —dim V3 > 0. Suppose there is a C*-action on Vy (resp. Va) such that t.v = tv
(resp. t.v = t"v for some ng € Z~g). Suppose ¢: Vi — Vy is a C*-equivariant affine
morphism.

(1) ¢ is flat if $=1(0) # 0 and dim ¢~ (0) = dp.

If ¢ is flat, we have the followings.

(2) If »=1(0) is reduced and irreducible, so is any nonempty fibre ¢~ (v) where
v E Vs,

(3) If we further assume ¢~'(0) is normal, so is any nonempty fibre ¢~ (v)

where v € V5.

In the original setting in [31, 11.4.2], ¢ is a C*-equivariant GIT quotient map.
The arguments in [loc. cit.] are also true under our setting with only slight modifi-

cation.
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The proof will appear after preliminary steps. In the case of u we have ng = 2.

Note that the C*-equivariant assumption in the theorem asserts ¢—*(0) # () since
»(0) = 0.

We will use Chevalley’s semicontinuity theorem ([19, Theorem 13.1.3]): dim, ¢~ *(¢(z))
is an upper-semicontinuous function on X where ¢: X — Y is a morphism between
irreducible schemes X, Y (of finite type) and dim, denotes the dimension at = € X.

Let R := C[V4]. It decomposes as R = @, R4 by the usual homogeneous

degree denoted by deg. Let deg0) = —oo as a rule. Let grf := f, if f # 0 and

f=3"_ fn where h = deg f. If f =0, let gr f := 0.
D.1. Associated graded rings and ideals

DEFINITION D.2. Let T' C R be a subspace. Let grT" be the subspace spanned

by gr f for all f € T.

LEMMA D.3. (1) If I is an ideal of R, gr I is also an ideal of R.

(2) If I is a homogenous ideal, gr I = 1.

(3) gr (fT) = (gr f)(grT) for any f € R and subspace T C R.

(4) If T C T where T and T" are subspaces of R, grT C grT'. Moreover if
TCT, gr'T CgrT'.

(5) gr VI C \/gr T where I is any ideal of R.

ProoF. Use gr fg = (gr f)(grg). Then (1), (2) and (3) are clear.
(4) The first assertion is clear. Let f € 7"\ T such that deg f = min{degg| g €

T'\T}. Let h := deg f. We will show f, ¢ grT. Suppose the contrary. There
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exists g € T such that grg = f,. We have f —¢g € T"\ T and deg(f — g) < h. This
contradicts to the minimality of the degree of f in 7"\ T.

(5) Let f € R such that f™ € I for some n > 0. Since gr f™ = (gr f)" € gr I, we

have gr f € \/gr 1. O
Let Reg = @?_, Ry. Then R = UyR<,4 and R is a filtered algebra.
DEFINITION D.4. Let I C R be an ideal. Let R := R/I the quotient ring. Then

R has an induced filtration from R by Egd = (R<g+1)/1. If f € Egd \Egd,l then

we define deg f := d. Let deg0 := —oc0 as a rule. Let gr R := Do Reg/Req 1.
LEMMA D.5. gr R is a Zso-graded ring.
PROOF. This is direct to check. ([l

DEFINITION D.6. We define p: R — gr Rby r + Y, [rg+1]g wherer = 3,14 €

R =@, Rq and [rq + I]q is the class in Reg/Re<q 1.
Note p is a surjective graded ring homomorphism.

ProposITION D.7. ([31, Lemma, p.134]) We have Ker p = grI. Hence we have

the induced ring isomorphism R/gr I — grR.

PrOOF. We have Ker pN Ry = (R<4—1+1)N Ry for each d > 0. We need to show
that this is equal to (grl)y. Let f € KerpN Ry. Then there exists g € R<yq_1 such
that f+g € I. Since deg(f+g) = deg f, we have f = gr f = gr (f +¢). This means

f € (grI)y and proves one inclusion. Let f € (gr)y. Then there exists g € I such
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that grg = f. Thus degg = d and g4 = f. Therefore f = g— Zd;lo gn € I +R<yy.

n

This proves the opposite inclusion. 0

Suppose R is an integral domain in the rest of this section. Let K := Quot(R)

the quotient field. We define the degree on K as follows.

DEFINITION D.8. Let f/g € K where f € Rand g € R\ 0. Let deg f/g :=

deg f — degg.
It is easy to check deg on K is well-defined.

DEFINITION D.9. Let K<y := {f € K| deg f < d}. Letgr K := @, K<a/K<q_1.
We define grf = f+ K<y1 € Keg/K<qo1 C gr K where f € K with f €

Keg\ K<g1.

Then gr K is a Z-graded ring.

The following lemma is clear.

LEMMA D.10. For each d > 0, we have RN K<q = R<4. Hence grR is a

Z-graded subring of gr K. ([l

D.2. Associated cones

Let I, be the ideal of R defining ¢~!(v). The coordinates of ¢ are e elements
1, P2y -y Pe € Ry, where e := dim V5, since ¢ is C*-equivariant. Let v = (vy, ..., ve).

Then I, is generated by ¢ — vy, ¢po — va, ..., ¢ — V.. Thus gr I, = I for any v € V5.
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DEFINITION D.11. Let X be a closed subscheme of ¢~!(v) for some v # 0. Let
Cone(X) := Spec (R/gr Ix) where Ix is the defining ideal of X in Vj. Cone(X) is

called the associated cone of X.

Let R[T] := R ®c C[T] where T is an indeterminate. Then R[T] is a Z-graded
ring by R[T]q == @_, R,T* ™. We give a C*-action on Spec R[T] = V; x C by

t.(x,2') = (tx,tz’).

DEFINITION D.12. Let f = Zi:o fn € R where d = deg f. We define fr :=
ZZ:O foTT™ € R[T]. Let Ix be the ideal of R[T] generated by fr for all f € Ix.
Let X := Spec (R[T]/Ix). Let 7: X — C a (surjective) morphism induced by the

inclusion C[T] — R[T.

Note that I- x is a homogenous ideal. Thus gr I x = I x.

The following lemma is immediate.

LEMmMA D.13. We have canonical isomorphisms
(1) 771(0) = Cone(X).

(2) TN (t) = X (£ £0). O

LEMMA D.14. (1) Cone(X) is a closed subscheme of ¢~(0).

(2) If X is reduced and irreducible, dimyCone(X) = dim Cone(X) = dim X.

ProoOF. (1) This follows from Iy = grl, C grlx.
(2) We claim X = X,.q = X where X is the Zariski closure of C*.(X x {1}) in

Vi x C. Since )N(red is a Zariski closed cone in V] x C and X x {1} C )N(red, we have
129



X cC )?red. So we have

X C Xoeq C X,

It remains to prove X C X, equivalently Iy C Iy. Let F € Ix. Let F = ZLO F,
where F,, € R[T],. Since t.F = Zizo t™"F, and t.F € Iy for any t € C*, F), € I
forall0 <n <d.

We write F, = > " _o fm "™ where f,, € R,,. Then f :=>"" _ f,, vanishes
on X and thus f € Ix. Therefore F,, € I x. This proves the claim.

We prove (2) using the claim. Since dimC*.(X x {1}) = dim X + 1, we
have dim X = dim X + 1. Since 7 is surjective and X is irreducible we have
dim Cone(X) < dim X by Lemma D.13. By Chevalley’s semicontinuity we have
dimg Cone(X) > dim X. As a result dimg Cone(X) = dim Cone(X) = dim X since

dim Cone(X) > dimy Cone(X). O

D.3. Proof of Theorem D.1

We start to prove our main theorem in this chapter.

(1) By the assumption dim ¢~1(0) = dy, every irreducible components of ¢~1(0)
are all of dimension d.

The flatness will be shown if dim, ¢ *(v) < dy holds for any z € ¢ '(v)
and v € V; ([20, Exer. 111.10.9]). Suppose ¢~ '(v) # 0. Let x € ¢~ *(v). Then
dimy, ¢~ (t"v) (= dimy, ¢~ (4(t2))) is an upper-semicontinuous function with re-
spect to t € C by Chevalley’s semicontinuity theorem. Since dimg, ¢~1(t™v) is

constant on C*, dim, ¢~*(v) < dim ¢~*(0) = d.
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(2) Let X be any irreducible component of a nonempty fibre ¢~'(v). Then

dim X = dy by the flatness of ¢. Since I, C Iy, we have

(D.1) Io=grl, Cgrix C \/grlx.

Equivalently we have Cone(X),.q C Cone(X) C ¢~ 1(0). By Lemma D.14, Cone(X)
is a dy-dimensional subscheme of the (reduced and irreducible) fibre ¢—!(0) of di-
mension dy. Therefore we obtain Cone(X),q = ¢~ 1(0). Thus all the inclusions in
(D.1) are equalities. By Lemma D.3 (4) we have I, = Ix. This means ¢~ *(v) = X.
Since X is reduced, so is ¢~ (v).

(3) Let I := I, and R := R/I. By (2), R is an integral domain.

We can define the quotient field Quot(gr R) of gr R since gr R = R/I, is an
integral domain by the assumption. We claim that there is a canonical inclusion
gr K C Quot(grR). Let s € K<g/K<y1 C gr K. So we write s = f/g + K<q_1
where f,g € R and deg f = h +d, degg = h for some h. Thus (grg)s = (g +
Kan1)(f/9+ K<ae1) = f + Kcgan1 = gr f. So s =gr f/grg € Quot(grR).

Let S be the normal closure of R in K. Let S<qg = SN Key. Let gr§S =

D ,cs S<a/S<a—1. We have gr R C grS C gr K. By the above claim we get
grRCgrS cgrK C Quot(grR).

We finish the proof of (3) by showing S = R. Since S is a finitely generated
R-module ([20, Theorem 1.3.9A]), there exists f € R\ 0 such that fS C R. Since
fS is an ideal of R, gr fS is an ideal of gr R by Lemma D.3 (1). By Lemma D.3

(3), (gr f)(grS) is an ideal of gr R. Since gr R (= R/Iy) is a Noetherian ring, the
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ideal (gr f)(gr S) is a finitely generated gr R-module. Since the multiplication map
grf:grS — (grf)(grS) is a gr R-module isomorphism, grS is a finitely gener-
ated gr R-module. We obtain gr R = gr S since gr R is a normal domain by the
assumption. By Lemma D.3 (4) we have S = R. This completes the proof of the

theorem.
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