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   Summary of thesis: Statistical mechanics for athermal 

fluctuation: Non-Gaussian noise in physics  

                  Kiyoshi Kanazawa 

 

Recent experimental development enables us to investigate fluctuation of 

small systems in detail, such as biological and colloidal ones. To understand 

thermal fluctuation in such systems, Gaussian stochastic thermodynamics is 

a powerful tool on the basis of the nonequilibrium identities. On the other 

hand, stochastic thermodynamics for athermal small systems has not been 

fully understood yet. Fluctuation in athermal systems is experimentally 

characterized by non-Gaussianity, and is quite different from thermal 

fluctuation. Thus, a systematic framework for such non-Gaussian stochastic 

systems is necessary to understand athermal fluctuation.  

In this thesis, a systematic framework for athermal fluctuation is proposed 

on the basis of non-Gaussian stochastic theory. We first review the recent 

Gaussian stochastic theory for thermal fluctuation in Part I (Chaps. 1-5), 

and clarify problems needed to be solved toward construction of athermal 

stochastic thermodynamics. In Part II (Chaps. 6-10), our corresponding 

solutions are shown from the viewpoint of statistical mechanics (Chaps. 6 

and 7) and thermodynamics (Chaps. 8-10). 

In Chaps. 6 and 7, the origin of non-Gaussianity in athermal systems is 

explained from the viewpoint of statistical mechanics. In Chap. 6, we show a 

derivation of a non-Gaussian Langevin equation from microscopic dynamics 

by generalizing the system size expansion on the following three 

assumptions: (1) Large system size, (2) coexistence of both thermal and 

athermal noise, (3) strong thermal friction. We further show that the 

non-Gaussian properties of athermal fluctuation can be used to infer 

microscopic information on the athermal bath. As a demonstration, a 

granular rotor is analyzed under viscous friction, and the validity of our 

formulation is numerically verified.  

 In Chap. 7, we derive a non-linear non-Gaussian Langevin equation for 

multiple stochastic environments. We further derive a full-order asymptotic 

formula of the steady distribution function for an arbitrary non-linear model, 

and show that the first-order truncation of our formula leads to the 

independent kick model proposed by Talbot et al. [Phys. Rev. Lett. 107, 

138001 (2011)]. By introducing a diagrammatic representation, the direct 



correspondence is illustrated between high-order terms and multiple-kicks 

during relaxation. As a demonstration, a granular motor is studied under dry 

friction.  

 From Chap. 8, stochastic thermodynamics for athermal fluctuating systems 

is formulated. We first study the first law of thermodynamics for 

non-Gaussian processes as a generalization of stochastic energetics. 

Stochastic energetics is a stochastic framework to introduce thermodynamics 

quantities, such as work and heat, along a single trajectory, and plays an 

important role in stochastic thermodynamics. To generalize stochastic 

energetics for non-Gaussian processes, we reformulate the Markovian 

stochastic theory using the smoothed δ-function on the basis of a similar idea 

to the Wong-Zakai theory [Wong et al., Int. J. Eng. Sci. 3, 213 (1965)], and 

introduce three types of stochastic products between a stochastic variable 

and the smoothed δ-function: the Itô, Stratonovich, and ∗ products. We show 

that the differential rule is simplified by the ∗ integral for an arbitrary type 

of a stochastic differential equation. Applying the above formulation to 

stochastic energetics, thermodynamic quantities can be naturally introduced 

for general Markov processes consistently with the first law.  

 In Chap. 9, we apply stochastic energetics for non-Gaussian processes to 

study athermal heat conduction. We model heat transport between athermal 

baths as a pair of overdamped non-Gaussian Langevin equations, and study 

the statistics of heat current. As a result, the generalized Fourier law and 

the generalized heat fluctuation theorem are obtained. We further show that 

the direction of heat current depends on the properties of the conducting 

wire, which implies the absence of the zeroth law. As a demonstration, 

energy transport between two granular motors is studied.  

 In Chap. 10, energy pumping from athermal fluctuation is studied. We 

consider an electrical circuit driven by avalanche noise. Avalanche noise is a 

kind of athermal noise originating from avalanche diodes driven by electrical 

field. We model this setup as a non-Gaussian Langevin equation under an 

external potential, and study the average of extracted work. We then find 

that positive work can be extracted from athermal noise through a cyclic 

manipulation, though the system is preserved spatially symmetric 

throughout the protocol. We also derive a power formula for finite speed 

operations. The validity of our formulation is numerically checked finally.  




