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Summary of  thesis:  Classical Reduction of Quantum Master 

Equations as Similarity Transformation 

                  Norikazu Kamiya    

 

 

Recent developments of technologies have enabled us to observe 

quantum phenomena in nanoscale systems. Since influence of the 

environment cannot be ignored for those systems, we have to deal with them 

as open quantum systems. For example, quantum transport is a typical 

phenomenon of open systems. The time evolution of the density matrix of an 

open quantum system is described by a quantum master equation. If a 

quantum master equation is written in the Lindblad form, it has Markovian 

characteristics and ensures the trace-preserving property and complete 

positivity of the density matrix, which are required for the probabilistic 

interpretation of the density matrix. Thus the Lindblad form is a desirable 

property for the quantum master equations. 

The quantum master equation is formally derived from the von 

Neumann equation that describes the evolution of the total system by 

tracing out the degrees of freedom of the environment in the second-order 

perturbation with respect to the coupling between the system and the 

environment. The resulting equation is called the Redfield equation, which 

unfortunately is not of the Lindblad form, and it is known that the positivity 

of the density matrix is not necessarily satisfied. The rotating-wave 

approximation (RWA) is commonly used for the Redfield equation to obtain 

the equation of the Lindblad form. As a result of the RWA, the diagonal and 

off-diagonal elements are decoupled. Thus the RWA master equation can be 

regarded as a classical one. The RWA has been successfully used in quantum 

optics. However, the RWA is not suitable for the study of energy transport. 

This is because the internal energy current vanishes in the RWA due to the 

fact that the stationary solution of the RWA is diagonal, while the current 

operator is off-diagonal in the energy basis [1]. 

In this thesis, I give a solution for the above problem. As stated above 

the RWA is regarded as a classical reduction of the quantum master 

equation. In Chapter 2, I have shown that the same classical master 

equation is rederived by several different methods such as the projection 

operator technique and a similarity transformation of the Liouvillian. In the 



former case, the classical master equation is regarded as a mere 

approximation for the density matrix and physical quantities remain 

unchanged. In the latter case, however, because the similarity 

transformation is the change of the basis of the Liouvillian space, it 

naturally leads to the idea that physical quantities should also be 

transformed accordingly in the computation of expected values. This 

transformation of physical quantities is the main result of the thesis. As an 

example, I have discussed the transformation of energy current using a 

certain simple system and have shown that exact result is recovered in the 

leading order of the expansion in Chapter 3. In this case, the similarity 

transformation makes off-diagonal elements in the energy basis diagonal in 

the new basis.  

In Chapter 4, I have proved that the classical master equation gives the 

exact value for some quantities such as quantum transport efficiency. The 

transport efficiency is an important quantity for excitonic transport in some 

light-harvesting complexes, for which long-lived coherence was recently 

discovered [2]. It is defined as how often the excitonic particle is trapped in 

the trapping site. I have confirmed that its value computed with the classical 

master equation agrees with the exact value in the long time limit. Because 

this exact correspondence generally holds in any parameter region, it 

extends the validity of the classical reduction of the master equation. 
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