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Abstract

This dissertation focuses on mechanical computation based on nonlinear microelec-

tromechanical system (MEMS) resonators. In particular, this dissertation shows read,

write, counter, and logic-memory operations in a single or coupled MEMS resonators. A

MEMS resonator has two coexisting stable states when a nonlinear hysteretic response

appears. The nonlinear MEMS resonator can be used as a mechanical 1-bit memory

and/or logic devices.

We propose read and write operations of the memory device. The read and write

operations imply a displacement measurement and a switching of two stable periodic

vibrations, respectively. In this dissertation, we realize a displacement measurement along

an approach avoiding supplemented sensors. In addition, we achieve the switching control

between two coexisting periodic states by a displacement feedback control and a delayed

feedback control.

This dissertation discusses a logical operation of multi-memories that consist of coupled

nonlinear MEMS resonators. We develop a sequential logic device with coupled multi-

resonators. From the viewpoint of application of nonlinear dynamics in coupled MEMS

resonators, we show the experimental and numerical success of the controlling nonlinear

behavior as a 2-bit binary counter.

This dissertation reports multifunctional operation based on the nonlinear dynamics

in a single MEMS resonator. We address a logic-memory device that uses a closed loop

control and a nonlinear MEMS resonator in which multiple states coexist. To obtain both

logic and memory operations in a MEMS resonator, we examine the nonlinear dynamics

with and without control input. Based on both experiments and numerical simulations,

we develop a device that combines an OR gate and memory functions in a single MEMS

resonator. In addition, a reprogrammable logic-memory device of the nonlinear MEMS

resonator is numerically investigated. We numerically realize the reprogrammable logic

function that consists of OR/AND gate by adjusting the excitation amplitude and the
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memory function by storing logic information in the single nonlinear MEMS resonator.

Keywords: MEMS resonator, memory device, logic device, nonlinear dynamics, coupled

resonators, logic-memory device, reprogrammable device
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Chapter 1

Introduction

1.1 Mechanical computation

A mechanical computer consists of mechanical components such as gears, beams and

so on. The history of mechanical computation began when the mechanical calculator

was invented by Wilhelm Schickard in the 17th century. In 1644, Blaise Pascal designed

and built a small and simple mechanical calculator (called Pascaline) that consisted of

the fundamental operations of addition and subtraction. Some thirty years later, Got-

tfried Wilhelm Leibniz extended Pascal’s invention by developing a mechanical calculator

known as the Leibniz wheel that could perform not only addition and subtraction but

also multiplication and division [1–3].

Many histories of the modern mainframe computer began with Charles Babbage’s

analytical engine. In the 19th century, Charles Babbage tried to build the analytical

engine that had the concept of a programmable computer, the automatic storage and

retrieval of information in coded form, the automatic execution of a sequence of operations,

and so on [1,2,4–6]. In 1820, Charles Thomas de Colmar designed the Arithmometer that

was mechanical calculator. The Arithmometer patented by Thomas de Colmar became

the first commercially successful mechanical calculator [6,7]. Thereafter, many mechanical

calculators such as Tiger Calculator [8] shown in Fig. 1.1 continued to be utilized until

the 1960’s. However, mechanical calculators were replaced by electronic calculators in the

early 1970’s [3, 9]. Do the histories of mechanical computation finish?

This dissertation focuses on mechanical computation especially in micromechanical

resonators. In addition, this dissertation opens the way for further investigations of

controlling nonlinear behavior in the micromechanical resonator from the viewpoint of
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Figure 1.1: Tiger Calculator.

application of nonlinear dynamics.

1.2 MEMS resonator

Microelectromechanical systems or nanoelectromechanical systems (MEMS or NEMS)

devices have micro-scale or nano-scale dimensions and mainly contain both electrical and

mechanical components. MEMS and NEMS devices have been extensively studied and

used as novel functional devices such as accelerometers [10], ink jet nozzle printing ar-

rays [11], radio-frequency (RF) MEMS [12–15], and so on [16, 17]. MEMS and NEMS

devices will become a key technology component in the telecommunications and informa-

tion technology, medical care, and chemical fields [16, 17].

In many MEMS devices, we focus on MEMS resonators. In the 1960’s, Harvey C.

Nathanson et al. produced the first MEMS resonator that was called resonant gate

transistor [18, 19]. In recent years, MEMS and NEMS resonators have been used as

frequency references, sensor elements, and filters due to high quality factor (Q factor) [17].

MEMS and NEMS resonators consist of common elements such as lumped masses, beams,

plates, and so on [20].

Recently, many studies focus on mechanical computation based on MEMS or NEMS

resonators [21–36]. In MEMS resonators, mechanical logic and memory devices have three

2



advantages. The first advantage of such devices is their possibility of lower power con-

sumption [28, 37, 38]. In nano-scale dimensions, those devices will consume principally

lower power than CMOS-based memories. The second advantage is their good environ-

mental stability. Mechanical logic and memory devices can be used in outer space at

high temperatures [37]. Finally, a single MEMS resonator allows active operations such

as parallel logic operation [28], logic-memory operation [36, 39], reprogrammable logic

operation [25], and so on.

Most modern computers use a binary representation that has two states “1” and

“0”. In mechanical computation based on MEMS or NEMS resonators, some studies

have addressed nonlinear dynamics in the MEMS or NEMS resonator that has two states

[21, 22, 25–27,30, 31, 34].

1.3 Nonlinear MEMS resonator

In 1987, M. V. Andres and colleagues showed that a MEMS resonator exhibited nonlin-

ear response such as bistable and hysteretic characteristics [40]. The nonlinear dynamical

responses are commonly observed in a microelectromechanical or nanoelectromechani-

cal resonator [16, 17, 20, 41]. The nonlinear dynamics of the resonator is well known to

be described by the Duffing equation [21, 27, 31, 42–44]. Such a nonlinear resonator has

hysteretic characteristics with respect to the excitation frequency [16, 17] or excitation

force [25,34]. In the hysteretic region, the MEMS resonator exhibits two coexisting stable

states that correspond to large and small amplitude vibrations [21, 25, 27, 31, 34, 42–44].

Thus, a nonlinear MEMS resonator can work as a 1-bit mechanical memory or logic device

indicating “1” and “0” at large and small vibrations.

As a new logic element using vibrating states, Eiichi Goto invented the parametron

that consisted of an LC resonant circuit in 1954 [45, 46]. In the LC resonant circuit, by

using parameter excitation, it is possible to excite an oscillation. This oscillation has

two phases (0 or π) that correspond to binary variables (“0” and “1”). The parametron

computers shown in Fig. 1.2 were used until the early 1960’s [8].

1.4 Purpose and outline of the dissertation

This dissertation focuses on mechanical computation based on nonlinear microelec-

tromechanical resonators. In particular, this dissertation shows 1) read, 2) write, 3)
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Figure 1.2: Parametron Computer.

counter, and 4) logic-memory operations in a single or coupled resonators. In the follow-

ing, the summarized contents of the dissertation are described.

Chapter 2 describes basics of comb-drive resonator and its nonlinearity. Furthermore,

the basics of memory and logic functions of MEMS resonators are discussed. Firstly, a

schematic diagram of MEMS resonator is explained. The electrostatically driven comb-

drive resonator is fabricated with silicon on insulator (SOI) technology. Next, the nonlin-

earity of MEMS resonators is explained. The nonlinear dynamics of the fabricated MEMS

resonator is described by the Duffing equation. Such a nonlinear resonator has hysteretic

characteristics, which lead to two stable states and one unstable state, depending on the

excitation frequency or excitation force. Finally, the basics of memory and logic func-

tions are shown. In particular, memory, sequential logic, and logic-memory devices of the

nonlinear MEMS resonators are discussed.

In chapter 3, we focus on a displacement measurement of a MEMS resonator as a read

operation of a memory device. The displacement measurements of MEMS resonators,

based on piezoelectric element [24], photodetector [47], electric circuit [42], and so on, have

been recently studied. We propose the displacement measurement by using a self-sensing

method for the combined structure of actuator and sensor in a MEMS resonator. That

is, the MEMS resonator has a comb-drive as a forcing actuator, which is simultaneously

used as a displacement sensor. The self-sensing can be a solution for the integration and

the simplification of whole system such as measurement system, control system, and so
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on. From this standpoint, we perform a self-sensing method, based on the measurement

of the current through the capacitor of the MEMS resonator.

In chapter 4, we numerically and experimentally demonstrate the switching between

two coexisting stable states by a displacement feedback control as a write operation of

the memory device in the single MEMS resonator. Recently, Quirin P. Unterreithmeier

and colleagues have shown a switching between two stable states in a nonlinear MEMS

resonator at a constant excitation frequency [27]. Their results motivated us to find

other appropriate continuous control methods for the practical use of MEMS resonators

based on feedback control. Based on the displacement measurement shown in chapter 3,

we discuss the switching between two stable periodic vibrations at a constant excitation

frequency by the displacement feedback control. As a typical control method for nonlinear

systems, we apply a delayed feedback control method (DFC) [48] to switching as a write

operation without exact solutions by numerical simulations. DFC is applied to switching

between stable periodic vibrations because DFC does not need any exact model except

the periodic of the target solution. We numerically show the switching without any exact

displacement amplitude.

In chapter 5, we investigate a binary counter that consists of a coupled system of

MEMS resonators with nonlinear characteristics. Previous studies have addressed that a

MEMS or NEMS resonator can be utilized as a mechanical 1-bit memory [21,24,26,27,30,

31,34] or mechanical logic gates [23,25,28,29]. The next phase is to develop a sequential

logic operation from coupled multi-resonators. Based on both experiments and numerical

simulations, we show the controlling nonlinear behavior as a 2-bit binary counter.

In chapter 6, we report multifunctional operation based on the nonlinear dynamics in

a single MEMS resonator. Recently, Imran Mahboob and co-workers have demonstrated

multifunctional operation in the form of a shift-register and a controlled NOT gate made

from a single mechanical resonator [36]. We focus on a logic-memory device that uses

a closed loop control and a nonlinear MEMS resonator in which multiple states coexist.

The closed loop allows output and excitation signals to be fixed at a constant excitation

frequency. To obtain both logic and memory operations in a MEMS resonator, we examine

the nonlinear dynamics with and without control input. We discuss the experiments and

numerical simulations that allow us to develop a device that combines multiple-input gate

and memory functions in a single nonlinear MEMS resonator. In addition, we address

a reprogrammable logic-memory device of a nonlinear MEMS resonator with multiple
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states by numerical simulations. Recently, D. N. Guerra et al. have experimentally shown

that the single nanomechanical resonator can work as a reprogrammable logic gate [25].

Based on their results and our study, we show the realization of the reprogrammable logic

function and the memory function in the single nonlinear MEMS resonator.

In chapter 7, the conclusions of this dissertation are summarized. The course of the

future work is also discussed.
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Chapter 2

Nonlinear MEMS resonator and its
application to memory and logic
functions

This chapter discusses memory and logic functions of nonlinear MEMS resonator.

The purpose of this chapter is to understand the fundamental matters of nonlinear MEMS

resonator and to associate it with logic and memory devices. Firstly, the fabricated MEMS

resonator is explained. Next, basics of the nonlinear characteristics in the fabricated

MEMS resonator are discussed. Finally, basics of 1) read, 2) write, 3) counter, and 4)

logic-memory operations in a single or coupled MEMS resonators are summarized.

2.1 Schematic of comb-drive resonator

Figure 2.1 shows a fabricated comb-drive MEMS resonator [43, 49–51]. Fig. 2.1(a)

shows a top view of the resonator. The resonator consists of a perforated mass with a

width, length, and thickness of 175, 575, and 25µm, respectively. The perforated mass is

supported by folded beams, which are designed to work as springs. They are connected

to anchors. The MEMS resonator has two comb capacitors. The left and right capacitors

are connected to the each side electrode, respectively. When the anchor is connected to

ground and either of the right or the left electrode to ac voltage source with a dc bias

voltage, the mass vibrates primarily in the lateral direction (X-direction) with weak link

to the longitudinal and vertical directions.

Figure 2.1(b) illustrates a cross section at the dotted lines of Fig. 2.1(a). The MEMS

resonator is fabricated using SOIMUMPs, which is a kind of silicon on insulator (SOI)
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technology and is offered by Memscap, Inc [52]. In this process, the MEMS device consists

of a 25µm thick Silicon layer as the structure layer, a 2µm thick Oxide layer as the

insulating layer, and a 400µm thick Silicon layer as the substrate layer. The substrate

and oxide layers underneath a movable structure are removed as shown in Fig. 2.1(b).

2.2 MEMS resonator and its nonlinearity

This section reports basics of the nonlinear characteristics in the fabricated MEMS

resonator. A MEMS or NEMS resonator substantially shows nonlinear responses at large

excitation force [16, 17, 21, 25, 25, 27, 31, 34, 34, 42–44, 49, 50]. In particular, it has been

experimentally [30, 35, 39, 50, 51, 53] and numerically [31,43, 49, 51, 54] confirmed that the

fabricated MEMS resonator shown in Fig. 2.1 exhibits nonlinear responses.

In the following, Section 2.2.1 explains the nonlinear restoring force in the MEMS

resonator. Next, Section 2.2.2 explains the hysteretic characteristics, which have two

stable states and one unstable state, as a function of excitation frequency in the nonlinear

MEMS resonator. Finally, the convergence conditions of two stable states are examined.

(a) Top view.

(b) Cross section.

Figure 2.1: Schematic diagram of fabricated MEMS resonator.
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2.2.1 Nonlinear restoring force

When the mass of the resonator vibrates in X-direction as mentioned previously, the

linear dynamical model is given by [16, 17, 41]

me

d2x

dt2
+ 2γ

dx

dt
+ ks1x = F sin ωt, (2.2.1)

where x denotes the displacement, γ the damping constant, F the excitation amplitude,

ks1 the spring constant, and me the effective mass. Here, it is assumed that the damping

is proportional to the velocity. In Eq. (2.2.1), the spring is a linear spring and the total

restoring force Fr follows Hooke’s law,

Fr = −ks1x. (2.2.2)

MEMS resonators are known to produce nonlinear responses when the deflections become

large [17]. As shown in Fig. 2.2, in the resonance of the MEMS resonator, the linear

stiffness is augmented by a nonlinear restoring force of the form ks3x
3 at large amplitude

excitation [16, 17]. In this figure, the total restoring force Fr is described by [16]

Fr = −ks1x − ks3x
3, (2.2.3)

where ks3 is the nonlinear mechanical spring constant. In Eq. (2.2.3), it should be noted

that two types of behavior occur according to the sign of ks3. If ks3 > 0, the spring is called

a hard spring [16,41,55]. In contrast, for ks3 negative, the spring is a soft spring [16,41,55].

The fabricated comb-drive MEMS resonator has the hard spring [30, 31, 35, 39, 43, 49–51,

51, 53, 54]. Therefore, in the following study, we discuss the MEMS resonator with hard

spring (ks3 > 0). As a result, the nonlinear dynamics of the MEMS resonator is described

by Duffing’s equation,

me

d2x

dt2
+ 2γ

dx

dt
+ ks1x + ks3x

3 = F sin ωt. (2.2.4)

2.2.2 Hysteretic characteristics

At nonlinear responses, amplitude-frequency response curves bend toward higher fre-

quencies owing to a hard spring effect [16, 41] as shown in Fig. 2.3. In Fig. 2.3, the red

line corresponds to the responses at the upsweep of frequency from fL to fH and the blue

9
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Figure 2.2: Linear and nonlinear spring force with respect to displacement.

line the responses at the downsweep of frequency from fH to fL. In the same figure, the

coexisting unstable solution is shown by the green line.

At f1 or f2, one stable solution and one unstable solution collide and then bifurcate.

After the bifurcation, there is no solution originated by both solutions in the neighbour-

hood. Therefore, there occurs a jump to the other stable solution. The jump phenomenon

is associated with the so-called saddle-node bifurcation [17, 55]. Notice that such a non-

linear resonator has hysteretic characteristics [17, 55] as shown by red and blue lines in

Fig. 2.3. In the hysteresis region, two coexisting stable states and one unstable state

appear. See Appendix A for the detailed classification of the stability of these periodic

vibrations.

2.2.3 Basins of attraction

As mentioned above, the nonlinear dynamical model of MEMS resonator is described

by Eq. (2.2.4) and has two stable solutions. In this study, conditions for existence and

uniqueness of solutions are established. Here, the multiplicity of alternative stable attract-

ing solutions depends on the initial conditions, which correspond to the displacement x
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Figure 2.3: Amplitude frequency response of nonlinear MEME resonator.

and the velocity y (or the amplitude and the phase) [55]. A study of stroboscopic points

of the xy plane onto itself serves to determine the basins of attraction [55, 56] of the

original continuous differential equation (2.2.4). That is, as mentioned in Section A, a

stroboscopic map [57] is considered.

Figure 2.4 shows one example of a set of initial conditions sampled by the period of the

excitation frequency. The stable fixed point sampled by the period of the excitation force

is called an attractor in the xy plane (See Appendix A for the stable fixed point.) [57,58].

In Fig. 2.4, the green and blue points show two attractors. In the plane of the initial values

of (x, y) at t = 0, there are basins of attraction such that the vibrations originating in

white region converge to the green point (attractor) after the decay of transients, while

vibrations starting in black region converge to the blue point (attractor). The aqua line

between the basins of attraction is called a separatrix curve [55, 57, 58]. The basins of

attraction for the two stable solutions are completely separated by stable manifolds of

the unstable solution. In the nonlinear MEMS resonator, the basins of attraction tend to

have a spiral form, which depends on both displacement and velocity. Here, two stable

solutions have each basin of attraction around each solution. Therefore, the nonlinear
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Figure 2.4: One example of basins of attraction. The white and black regions show the
basins of two stable solutions. The green (blue) point shows the large (small) amplitude
solution. Every initial state obviously corresponds to the convergence to small (white)
and large (black) amplitude solutions. As shown by aqua line, the basins are completely
separated by stable manifolds of an unstable solution.

MEMS resonator has the capability of staying at either of two stable solutions.

2.3 Memory and logic functions

In this section, the nonlinear MEMS resonator is associated with logic and memory

devices. This dissertation focuses on the digital systems such as logic and memory devices

using binary variables (“0” and “1”) that consist of vibrating states. As mentioned in

previous sections, the nonlinear MEMS resonator has two stable states and an unstable

state. Recently, some studies have shown that a nonlinear resonator can be utilized as a

mechanical 1-bit memory [21, 22, 26, 27, 30, 31, 34] or as mechanical logic gates [25]. That

is, as shown in Fig. 2.5, the nonlinear MEMS resonator has large and small vibrations

designed “0” and “1”, respectively, for logic or memory output.

In the following, we explain basics of memory and logic devices. Generally, logic

devices are classified in two categories: combinational logic devices and sequential logic
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Figure 2.5: Nonlinear MEMS resonator: The large (small) amplitude vibration is regarded
as a logical “1” (“0”).

devices [5, 59]. In addition, a logic-memory device is discussed. Finally, basics of four

operations in logic and memory devices of a single or coupled MEMS resonators are

summarized.

(a) Memory devices

Digital systems require memories to store the data used and generated by logic devices

and so on. Memory devices have two states to store the binary variables [5]. For example,

Dynamic Random-Access Memory (DRAM) stores a bit as the presence or absence of

charge on a capacitor [5]. Detecting or recalling data from memory devices corresponds

to the read or reading operation [59]. Storing data into a memory device corresponds to

the write or writing operation [59]. In other words, the write operation implies switching

between two states.

(b) Combinational logic devices

The outputs of a combinational logic device depend only on the current values of the

inputs. That is, the device combines the current inputs to compute the output. Therefore,

the device does not have memory. For instance, logic gates are combinational digital

13



devices. Logic gates take one or more binary inputs and produce a binary output [60].

(c) Sequential logic devices

The outputs of a sequential logic device depend on both current and previous values of

the inputs. The device depends on the input sequence. Thus the device has memory. For

example, a register and a counter correspond to sequential logic devices [60]. A binary

counter is a sequential system that goes through a prescribed sequence of states upon the

application of clock signals [61]

(d) Logic-memory device

As mentioned above, a combinational logic device such as a logic gate has no memory.

Here, we focus on fabricating a multifunction device that offers logic gate and memory

(called a “logic-memory device”) in the nonlinear MEMS resonator. The nonlinear MEMS

resonator works as a logic gate and then a memory device by storing the logic. The

output of the logic-memory device does not depend on the previous values of the inputs

and memory but the current values of the inputs.

(e) Logic and memory devices of MEMS resonators

As explained in Section 1.4, this dissertation shows 1) read, 2) write, 3) counter,

and 4) logic-memory operations in a single or coupled resonators. Based on the above

discussions, in the memory and logic devices of MEMS resonators, the four operations are

summarized as follows:

1) Read operation: To measure two distinct stable vibrations

2) Write operation: To switch between two stable periodic vibrations

3) Counter operation: To perform the switching control sequence as a binary counter

that consists of coupled nonlinear MEMS resonators

4) Logic-memory operation: To generate multifunction devices that offer memory

and multiple-input logic gates in a single MEMS resonator.
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Chapter 3

Read operation of memory device in
MEMS resonator

This chapter explains a read operation of the memory device in a MEMS resonator. As

explained in Section 2.3, the read operation corresponds to a displacement measurement of

a MEMS resonator. The comb-drive resonator shown in Fig. 2.1 is designed and fabricated

to obtain hysteretic characteristics during upsweep and downsweep of frequency [43,50,51].

In Section 3.1, two stable vibrating states are measured in the hysteresis by using the

differential measurement [62]. Section 3.2 shows the numerically calculated vibrating

states.

3.1 Differential measurement

This section explains a displacement measurement of comb-drive resonator by using the

differential measurement. The displacement measurements of MEMS resonators, based

on piezoelectric element [24], photodetector [47], electric circuit [42], and so on, have

been recently studied. In this dissertation, the displacement measurement by using a self-

sensing method is proposed for the combined structure of actuator and sensor in a MEMS

resonator. That is, the MEMS resonator has a comb-drive as a forcing actuator, which

is simultaneously used as a displacement sensor. The self-sensing can be a solution for

the integration and the simplification [63, 64] of memory system. From this standpoint,

we perform a self-sensing method, based on the measurement of the current through the

capacitor of the MEMS resonator. Here, we show that the sum of the current through

the capacitor only depends on the displacement in the differential measurement. This

displacement measurement represents the read operation.
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Figure 3.1: Input voltage and current through the capacitor in differential measurement.
The nonlinear MEMS resonator, fabricated using silicon-on-insulator technology, is ac-
tuated by an ac excitation voltage vac with a dc bias voltage Vdce. When the MEMS
resonator is excited, the mass vibrates in the X-direction.

In the following, the excitation force and the current are shown in the differential

measurement. Next, the experimental system is explained. Finally, the experimental

results are discussed.

3.1.1 Excitation force

This section explains the excitation force in the differential measurement shown in

Fig. 3.1. That is, the voltage of right (left) electrode is excited by V1 = Vdce +vac sin 2πfet

(V2 = Vdce − vac sin 2πfet), where vac denotes the ac excitation voltage, Vdce the exper-

imental dc bias voltage, and fe the experimental excitation frequency. As explained in

Section 2.1, when a MEMS resonator is actuated by applying an ac excitation voltage

with a dc bias voltage between the mass and the electrodes, the mass vibrates in the

X–direction.

When the mass vibrates, the right and left capacitances are given by

C1 = 2εN
h(l + x)

d
= 2εN

hl

d
+ 2εN

hx

d
= C0 + C(x), (3.1.1)

C2 = 2εN
h(l − x)

d
= 2εN

hl

d
− 2εN

hx

d
= C0 − C(x), (3.1.2)
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Figure 3.2: Schematic of comb capacitor at N=1.

Table 3.1: Device parameters in experiments.

Parameter Value Unit
N comb number 39
l initial overlap between the fingers 100 µm
h height of the finger 25 µm
d gap between the fingers 3 µm
ε permittivity 8.85418782× 10−12 F/m

where C1 denotes the capacitance of the right electrode, C2 the capacitance of the left

electrode, x the displacement, d (= 3µm) the gap between the fingers, l (= 100µm)

the initial overlap between the fingers, ε (= 8.85 × 10−12 F/m) the permittivity, N (=

39) the comb number, and h (= 25µm) the finger height. C0 (= 5.8 × 10−13 F) is the

initial capacitance and C(x) is the change of capacitance as shown in Fig. 3.2. When

the displacement x is set at 5µm, C(x) becomes 2.9 × 10−14 F. A parasitic capacitance

between bond pad and substrate are estimated as 1.4×10−12 F. Tab. 3.1 shows the device

parameters.

The energy W1 stored in the right capacitor is as follows:

W1 =
C1V

2
1

2
=

1

2
(C0 + C(x))(Vdce + vac sin 2πfet)

2. (3.1.3)
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In the same manner, the energy W2 stored in the left capacitor is

W2 =
C2V

2
2

2
=

1

2
(C0 − C(x))(Vdce − vac sin 2πfet)

2. (3.1.4)

Therefore, the excitation force acting on the each capacitor is obtained as follows:

F1 =

(

∂W1

∂x

)

v

= εN
h

d
(V 2

dce + 2Vdcevac sin 2πfet + v2
ac sin2 2πfet), (3.1.5)

F2 =

(

∂W2

∂x

)

v

= −εN
h

d
(V 2

dce − 2Vdcevac sin 2πfet + v2
ac sin2 2πfet), (3.1.6)

where F1 denotes the excitation force of the right electrode and F2 the excitation force of

the left electrode. The sum of these excitation is calculated as follows:

Fall = F1 + F2 = 4εN
h

d
Vdcevac sin 2πfet. (3.1.7)

As shown in this equation, there exists the excitation force in the differential measurement.

3.1.2 Current through capacitor

This section addresses the current through the capacitor shown in Fig. 3.1. When the

mass vibrates only in x-direction, a current of the anchor flows through the capacitor

depending on the displacement of the comb-drive resonator [17]. However, the current

is based not only on the displacement but also on the others such as the velocity when

either of the electrodes is connected to the voltage source and the other to ground [17].

Therefore, the displacement can be extracted by the differential measurement of current.

As shown in Fig. 3.1, the current i1 through the right capacitor and the current i2

through the left capacitor are described by the following equations:

i1 =
∂(C1V1)

∂t

= C1

∂V1

∂t
+ V1

∂C1

∂t

= (C0 + C(x))(2πfevac cos 2πfet) + (Vdce + vac sin 2πfet)2εN
h

d

∂x

∂t
,

i2 =
∂(C2V2)

∂t

= C2

∂V2

∂t
+ V2

∂C2

∂t

= (C0 − C(x))(−2πfevac cos 2πfet) − (Vdce − vac sin 2πfet)2εN
h

d

∂x

∂t
. (3.1.8)
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Therefor, the sum of the current i through the right and left capacitors are obtained as

follows:

i = i1 + i2

= 4πC(x)fevac cos 2πfet + 4vac sin 2πfetεN
h

d

∂x

∂t

= (8πεN
h

d
fevac cos 2πfet)x + (4εN

h

d
vac sin 2πfet)

∂x

∂t
. (3.1.9)

As shown in this equation, the sum of the current i through the right and left capacitors

depends on the displacement x and velocity ∂x/∂t of the MEMS resonator.

When the displacement x(t) is assumed as A0 sin(2πfet + φ), the current i is obtained

as follows:

i = 8πεN
h

d
fevacA0(sin(2πfet + φ) cos 2πfet + sin 2πfet cos(2πfet + φ))

= 8πεN
h

d
fevacA0 sin(4πfet + φ), (3.1.10)

where A0 and φ denote the amplitude and the phase of the displacement. Eq. (3.1.10)

shows that the displacement can be extracted by the differential measurement of current.

The frequency of current is twice the excitation frequency.

3.1.3 Experimental system

Here, we consider the experimental system to measure the sum of the current i through

the right and left capacitors as mentioned in Section 3.1.2. Fig. 3.3 shows schematic

diagram of measurement system to detect the current i that depends on the variation

of displacement by differential measurement. The current i is converted to the output

voltage Vout by two operational amplifiers (Burr-Brown; OPA627AP) as shown in Fig. 3.3.

The first stage operational amplifier works as the current-to-voltage (I-V) converter and

the second as the inverting amplifier. The output voltage Vout is obtained as

Vout = R
R2

R1

i = 8πfeR
R2

R1

εN
h

d
vacA0 sin(4πfet + φ), (3.1.11)

where R, R1, and R2 denote three resistors. It can be confirmed that Vout depends on the

amplitude A0 and the phase φ of the displacement x.

Figure 3.4(a) shows two photographs of the experimental system. In this experimental

system, the voltages (V1 and V2) of right and left electrodes are given by function generator
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(Tektronix; AFG3022). The output voltage is measured by an oscilloscope (Tektronix;

DPO4104). The supply voltage of two operational amplifiers is set at ±15V and supplied

by stabilized power supply (TEXIO; PW36-1.5AD). The mechanical vibrations are verified

by using the motion analysis microscope (KEYENCE; VW-6000).

Figure 3.4(b) shows a photograph of the internal vacuum chamber. The MEMS res-

onator is set in the vacuum chamber to reduce air resistance. In addition, in order to

reduce an electrical noise due to a crosstalk, two operational amplifiers are also set in the

vacuum chamber. The substrate and the vacuum chamber are grounded to reduce noise

and parasitic capacitances.

In the following experiments in this chapter, the ac excitation amplitude vac is set at

0.6V in vacuum at 10Pa. As shown in Tab. 3.2, the resistors R, R1, and R2 are set at

1MΩ, 1 kΩ, and 100 kΩ, respectively. From the parameter settings, the excitation force

Fall, the current i, and the output voltage Vout shown in Eq. (3.1.7), (3.1.10), and (3.1.11),

Figure 3.3: Schematic diagram of differential measurement. In the measurement system,
the output voltage Vout depends on the amplitude and phase of the displacement in the
nonlinear MEMS resonator.
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(b) Photograph of internal vacuum chamber.

Figure 3.4: Photographs of the experimental system.

respectively, are calculated as follows:

Fall = 6.906 × 10−9NV−1 × Vdcn sin 2πfet, (3.1.12)

i = 4.339 × 10−8 As/mfeA0 sin(4πfet + φ), (3.1.13)

Vout = 4.339 Vs/mfeA0 sin(4πfet + φ). (3.1.14)
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Table 3.2: Circuit parameters in experiments.

Parameter Value Unit
R resistance 1 MΩ
R1 resistance 1 kΩ
R2 resistance 100 kΩ

Figure 3.5: Analog multiplier and low-pass filter to convert the output ac voltage Vout to
the slowly changing dc voltage V 2

ave.

Figure 3.5 shows the circuit diagram to measure the amplitude of the output voltage

Vout. The output ac voltage Vout is converted to the dc voltage V 2
ave by an analog mul-

tiplier (ANALOG DEVICES; AD633) and a low-pass filter of the operational amplifier

(Burr-Brown; OPA627AP). The time constant of the low-pass filter is set to about 0.47 s.

Therefore, the dc voltage V 2
ave is described as follows:

V 2
ave =

|Vout|
2

2
. (3.1.15)

From Eq. (3.1.14), the dc voltage V 2
ave is calculated as follows:

V 2
ave =

(0.6906)2 Vs2/m2(2πfe)
2A2

0

2
≃ 6.040 × 10−3 Vs2/m2f 2

e A2
0. (3.1.16)

Here, it is assumed that the MEMS resonator has the vibrations at a single frequency

(See Appendix B for this assumption.).

3.1.4 Experimental results and discussions

Figure 3.6 shows the experimentally obtained frequency response curves of the dis-

placement at Vdce = 150mV. In Fig. 3.6, red and aqua lines show the response at upsweep

and downsweep of frequency, respectively. We have confirmed that the MEMS resonator

has hysteresis characteristics to frequency and two stable states coexist in the hysteresis

region. Two stable states coexist at 8.6650 kHz < fe < 8.6666 kHz in Fig. 3.6.
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Figure 3.7 depicts the oscillogram of two stable periodic vibrations at 8.6654 kHz. The

red and aqua lines are obtained by the average of 16 times measurements. It is found that

these two stable periodic vibrations are obviously distinguished by the amplitude and the

phase. In the following experiments in this chapter, the excitation frequency is fixed at

8.6654 kHz.

Figure 3.8 shows the experimentally determined hysteretic behavior as a function of dc

bias voltage Vdce at 8.6654 kHz and Vdce = 150mV. The hysteresis region exists at 95mV

< Vdce < 275mV. These stable regions, which correspond to large and small amplitude

vibrations, define the two states of the single-output memory device in a single MEMS

resonator. As a result, we realize the read operation by using the differential measurement.

3.2 Numerical study on read operation

This section focuses on the read operation of the nonlinear MEMS resonator by nu-

merical simulations. The nonlinear dynamics of the MEMS resonator is discussed. Here,

based on our reported parameter estimation method [65], the parameter settings are ob-

tained. It is shown that the model of the MEMS resonator has two coexisting stable states
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Figure 3.6: Experimentally obtained frequency response curves at Vdce = 150mV. The
dark (red) and thin (aqua) lines correspond to the responses to increasing and decreas-
ing frequency sweeps, respectively. In the hysteresis region, two coexisting stable states
appear.
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Figure 3.7: Two stable periodic vibrations at 8.6654 kHz and Vdce = 150mV.
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Figure 3.8: Measured hysteretic characteristics with respect to dc bias voltage Vdce at
8.6654 kHz. The excitation amplitude in the absence of the control input is proportional
to the dc bias voltage Vdce. The experimentally obtained response shows the hysteretic
behavior when the excitation amplitude is swept from left to right (thick red line) and
right to left (thin aqua line). For memory output, the thin (dark) line is regarded as a
logical “1” (logical “0”).

24



in the hysteretic region. In addition, in order to discuss one of the reasons for the differ-

ence between experimental and numerical results, the transient behavior is investigated

by numerical simulations.

3.2.1 Parameters of model based on experimental results

As mentioned in Section 2.2, the nonlinear dynamics of the MEMS resonator is mod-

eled as follows:

d2x

dt2
+

2πf0

Q

dx

dt
+ (2πf0)

2x + α3x
3 =

Fall

me

sin 2πfnt, (3.2.1)

where x denotes the displacement, f0 (=
√

ks1/me/2π) the resonance frequency, fn the

numerical excitation frequency, Q (= πf0me/γ) the quality factor, α3 (= ks3/me) the

coefficient of cubic correction to the linear restoring force, Fall the excitation amplitude,

and me the effective mass.

Using the experimental amplitude frequency response, the resonance frequency f0

of the device is estimated as 8.6644 kHz. Fig. 3.9 shows the typical time evolution of

the damped oscillation. The quality factor Q is approximated as around 25000 from

-1 0 1 2 3 4 5

x

t / s

Fall = 0

Figure 3.9: Time evolution of damped oscillation.
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Q = 2πf0τ/2, where τ (= 0.918 s) denotes the time constant of the damped oscillation.

The excitation force Fall is obtained by 6.906 × 10−9 NV−1 × Vdcn as with Eq. (3.1.12),

where Vdcn denotes the dc bias voltage. The value of the mass me is calculated from

me = FallQ/4π2f 2
0 Amax = 1.72 × 10−9 kg, where Amax (= 5.08µm) denotes the peak

amplitude of the MEMS resonator. The numerical frequency response curves are fit to the

measured data in Fig. 2(a), thereby obtaining α3 = 7.06× 1016 (sm)−2 as the numerically

adjusted parameter.

3.2.2 Steady states

Figures 3.10 and 3.11 show numerical amplitude- and phase-frequency response curves

generated from Eq. (3.2.1) at Vdcn = 150mV. The model of the MEMS resonator produces

a hysteretic response. The red and aqua lines correspond to the responses at the upsweep

and the downsweep of frequency, respectively. The solid (red and aqua) lines show two

stable solutions and the dashed (green) line shows an unstable solution. At any given

frequency in the hysteretic region, the MEMS resonator exhibits two coexisting stable

states. These results show that the amplitude and phase of the displacement are obviously
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Figure 3.10: Numerical amplitude-frequency response curves generated from Eq. (3.2.1)
for Vdcn = 150mV. The solid (red and aqua) lines show two stable solutions and the
dashed (green) line shows an unstable solution.
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Figure 3.11: Numerical phase-frequency response curves generated from Eq. (3.2.1) for
Vdcn = 150mV. The solid (red and aqua) lines show two stable solutions and the dashed
(green) line shows an unstable solution.

distinguished. In addition, the numerically obtained results in Fig. 3.10 are qualitatively

in agreement with experimental results in Fig. 3.6.

Figure 3.12 shows the time evolution of the two coexisting stable periodic vibrations

at fn = 8.6654 kHz and Vdcn = 150mV. In this figure, the red and aqua lines show the

large and the small amplitude vibrations, respectively.

Figure 3.13 shows the numerically determined hysteretic behavior as a function of dc

bias voltage Vdcn at 8.6654 kHz. The hysteresis region appears at 105mV < Vdcn < 245mV

in Fig. 3.13. The nonlinear MEMS resonator has stable regions (solid line) that are

completely separated by an unstable region (dashed line). These stable regions can be

used as two states, corresponding to logical “0” and “1”, for memory function. In the

numerical simulations, a displacement amplitude greater than 3.0µm is regarded as a

logical “1”; a value less than 3.0µm is regarded as a logical “0” for memory output. As a

result, we numerically demonstrate the read operation of memory device that consists of

the MEMS resonator. The hysteresis region exists at 95mV < Vdce < 275mV in Fig. 3.8

and 105mV < Vdcn < 245mV in Fig. 3.13. In Section 3.2.3, the reason for the difference

between experimental and numerical hysteresis results is discussed.
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Figure 3.12: Two coexisting stable states at 8.6654 kHz.
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Figure 3.13: Numerical hysteretic characteristics as a function of dc bias voltage Vdcn

at fn = 8.6654 kHz. The solid (red and aqua) lines show stable regions and the dashed
(green) line shows an unstable region. These stable regions can be used as two states,
corresponding to logical “0” and “1”, for memory function, as in Fig. 3.8.
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3.2.3 Transient states

Here, in order to discuss the difference between experimental and numerical hysteresis

results, the transient behavior is investigated by using numerical simulations under the

low noise condition. The nonlinear dynamics of the MEMS resonator is described by the

differential equations with the velocity y:















dx

dt
= y,

dy

dt
= −

2πf0

Q

dx

dt
− (2πf0)

2x − α3x
3 +

Fall

me

sin 2πfnt.

(3.2.2)

As studied in Section 2.2.3, the set of initial conditions sampled by the period of the

excitation frequency are considered as shown in Fig. 3.14. Here, the excitation frequency

is fixed at fn = 8.6654 kHz. In the figure, the white and black regions show the basins

of two stable solutions. The green and blue points correspond to the stroboscopic points

at every period as shown by blue and green circles in Fig. 3.12. The green point shows

the large amplitude solution and the blue point is the small amplitude solution. These

two stable solutions possess their basins completely separated by stable manifolds of an

unstable solution (aqua point). In white and black regions every initial state converges

toward individual solutions. In Fig. 3.15, the red (aqua) line corresponds to the locus of
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Figure 3.14: Basins of attraction at fn = 8.6654 kHz.
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convergence to the large (samll) amplitude solution in the xy plane.

Figures 3.16(a) and 3.16(b) show the set of initial conditions sampled by the period

of each excitation frequency that corresponds to fn = 8.6652 kHz and fn = 8.6656 kHz,

respectively. In the figures, the green, blue, and aqua points denote the stroboscopic
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Figure 3.15: Basins of attraction at fn = 8.6654 kHz. The red (aqua) line has the initial
state in black (white) region.
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Figure 3.16: Basins of attraction.
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points that correspond to the large amplitude, small amplitude, and unstable solutions at

each excitation frequency, respectively. The white to black ratio depends on the excitation

frequency as shown in Figs. 3.14 and 3.16. In other words, the white region expands at

the upsweep of frequency and vice versa. Here, as studied in Section 2.2.2, a stable

state disappears through the saddle-node bifurcation in the quasi-static change. When

the excitation frequency is shifted and then the initial state of resonator is perturbed

by noise, it is anticipated that MEMS resonator does not maintain its original stable

periodic vibration. Therefor, it is considered that the precise bifurcation points can not

be measured in our experiments. It is considered that one of the causes of the different

hysteresis regions is the difference of bifurcation points caused by noise. The precise

bifurcation points in the experiments will be examined.

3.3 Summary

In this chapter, we numerically and experimentally demonstrate a read operation of

a memory device that consists of a nonlinear MEMS resonator. It is theoretically shown

that the excitation force exists at a single frequency and that the sum of the current

through the capacitor depends on the displacement in the differential measurement. Based

on these theoretical results, we have experimentally confirmed, without additional sensors

except the current measurement, that two vibrations can be distinguished in the amplitude

and the phase. The fabricated resonator has hysteretic characteristics depending on the

excitation frequency and/or excitation force. As a result, the vibration displacement

can be measured without additional sensors; therefore, the MEMS resonator is equipped

with a comb drive that normally serves as a forcing actuator, but which simultaneously

serves as a displacement sensor. Therefore, the read operation can be experimentally

implemented by the self-sensing method. It is also cleared that the state information is

kept through the measurement.

Next, through numerical simulations, we show the read operation in the MEMS res-

onator. Based on our experimental results, the parameters of the simulation model are

obtained. It is shown by numerical method that the dynamical model of a single MEMS

resonator exhibits hysteretic responses as a function of excitation frequency and/or exci-

tation amplitude. By using transient analysis, it is also confirmed that the experimental

noise is one of the causes of the difference between experimental and numerical results.
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In the experiments, the precise bifurcation points will be examined.
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Chapter 4

Write operation of memory device in
MEMS resonator

Through the experiments and numerical simulations, this chapter focuses on the

switching control between stable coexisting periodic vibrations in a MEMS resonator

with hysteresis at a single excitation frequency. As mentioned in Section 2.3, the write

operation implies a switching of two stable periodic vibrations in the nonlinear MEMS

resonator.

Recently, Q. P. Unterreithmeier and co-workers realized a switching between two coex-

isting stable states in a nonlinear MEMS resonator at a constant excitation frequency [27].

They applied a radio-frequency (RF) pulse to control two stable states (See Appendix C

for RF pulse control.). They clearly showed possibilities of switching states in their exper-

iments. Their results motivated us to find other appropriate continuous control methods

for the practical use of MEMS resonators based on feedback control.

In Section 4.1 and Section 4.2, the switching is experimentally and numerically per-

formed between two coexisting stable states by a displacement feedback control as a write

operation of the memory device in a MEMS resonator. Furthermore, in Section 4.3, we

apply a delayed feedback control method (DFC) to switching as a write operation without

exact solutions by numerical simulations.
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4.1 Experimental study on displacement feedback con-

trol

4.1.1 Experimental method and setup

This section focuses on the switching control by a displacement feedback control at

a constant excitation frequency as the write operation. It has already been explained

in Section 3.1 that the output voltage Vout is returned as a proportional signal to the

displacement by using the differential measurement. Therefore, based on the output

voltage, we consider the switching by using the feedback control.

As explained in Section 3.1, the MEMS resonator has a comb-drive as a forcing ac-

tuator, which is simultaneously used as a displacement sensor. Here, we need to apply

the control input to the MEMS resonator without any influence to measurement. Note

that the excitation force Fall depends on both the ac excitation amplitude vac and the dc

bias voltage Vdce, but the output voltage Vout only on the ac excitation amplitude vac, as

given in Eqs. (3.1.7) and (3.1.11). Based on these features, the control input is applied

as a slowly changed dc voltage to the MEMS resonator.

Figure 4.1 shows the switching control system based on displacement feedback control.

The output ac voltage Vout is converted to the square average dc voltage V 2
ave by an analog

multiplier and a low pass filter of the operational amplifier as shown in Fig. 3.5. The

control input ud is given as a slowly changed dc voltage by

ud = −Vref + KV 2
ave, (4.1.1)

where K (= 5.1V−1) is the feedback gain and Vref the external reference signal. The

external reference signal Vref is set at K(V L
ave)

2 (K(V S
ave)

2) when the state is requested

to switch to a large (small) amplitude vibration. Here, V L
ave (V S

ave) corresponds to the

targeted average dc voltage for the large (small) amplitude vibration. As a result, the

excitation force Fall with control input ud is given by

Fall = 4εN
h

d
(Vdc + ud)vac sin 2πfet, (4.1.2)

= 4εN
h

d
(Vdc − Vref + KV 2

ave)vac sin 2πfet. (4.1.3)

Therefore, in this study, the switching speed depends not only on Q factor but also on

the time constant of the low-pass filter.

34



Figure 4.1: Control system for switching of two vibrations by feedback control in MEMS
resonator.

Figure 4.2 shows the experimentally obtained frequency response curves of output

voltage Vout. In Fig. 4.2, red and aqua lines show the response at upsweep and downsweep

of frequency, respectively. In the following experiments in this section, the excitation

frequency, the dc bias voltage, and the ac excitation amplitude are set at 9.0668 kHz,

−0.15V, and 0.7V, respectively, in vacuum (≈ 10Pa). Note that the MEMS resonators

in Section 3.1 and this section are the same design on different chip dies.

4.1.2 Results and discussions

Figures 4.3(a) and 4.3(b) show the vibrations switched by the control input ud. In

these figures, aqua and purple lines correspond to the output voltage Vout and the control

input ud, respectively. The control input is applied at 1 s from the beginning of the

oscillogram. Fig. 4.3(a) shows the result of the switching from small to large amplitude

vibrations. It is found that the transition is slow from small to large amplitude vibrations.

It takes around 5 s until the conversion. After the switching is completed, the control

input ud almost becomes null. Fig. 4.3(b) shows the result of the switching from large to

small amplitude vibrations. It is observed that the converged state remains with a small
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amplitude periodic vibration in the comb-drive resonator. The switching is completed

after 4 s and the control input ud almost disappears. At the onset of the control (1 s),

the output voltage Vout shows a surge each in Figs. 4.3(a) and 4.3(b). In addition, the

electrical noise here appears. However, there does not happen any fault of switching

operation. As a result, we surely realize the write operation from “0” to “1” and “1” to

“0”.

4.2 Numerical study on displacement feedback con-

trol

Through the numerical simulations, this section reports the transient behavior in the

switching as the write operation. When the control input is applied to the system, the

basin, which is obtained by estimating the convergence without the control input, has

no practical meaning for understanding their response. Therefore, the trajectories of the

operating point under control are considered for the estimation of the ability of control.

4.2.1 Numerical method

Based on Eq. (3.2.2), the dynamical model of the MEMS resonator is given by the

following non-dimensional differential equations with the displacement x, the velocity y,

and the control input u:















dx

dt
= y,

dy

dt
= −

y

Q
− x − α3x

3 + (k + u) sinωt,

(4.2.1)

where ω (= 1.02) denotes the excitation frequency, Q (= 282) the quality factor, α3

(= 3.23) the coefficient of cubic correction to the linear restoring force, and k (= 0.001)

the amplitude of the excitation force. The parameter settings are due to Ref. [43] because

the same device is assigned as shown in Fig. 2.1.

4.2.2 Results and discussions

Figure 4.4 shows the control system in numerical simulations. According to the exper-

imental control method as shown in Section 4.1, the numerical control signal u is given
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Figure 4.4: Control system in numerical simulations.

as the following equations:

u = A2
ref − K1A

2
ave, (4.2.2)

A2
ave =

A2
1 + A2

2 + · · · + A2
m + · · · + A2

M

M
, (4.2.3)

where K1 denotes the feedback gain, A2
ref the external reference signal of squared ampli-

tude, m natural number, M the average number, and Am the displacement amplitude of

the previous m periods within 1 ≤ m ≤ M . Then, A2
ave is the average of A2

m. We set

M at 100. When the state is switched to the large and small amplitude vibration, the

external reference signal A2
ref is set at K1(A

L
ave)

2 and K1(A
S
ave)

2, respectively. Here, AL
ave

and AS
ave show the target of amplitude to the large and small vibrations, respectively.

Figure 4.5(a) (4.5(b)) shows the time evolution from small (large) to large (small)

vibration at K1 = 0.05. In these figures, the purple and aqua plots correspond to the

control signal and the displacement, respectively. These results show that we achieve the

switching between two coexisting stable states. Note that the control input disappears af-

ter the switching is completed. We find close similarity of numerical results in Figs. 4.5(a)

and 4.5(b) to experiments in Fig. 4.3.

Figure 4.5(c) shows the obtained trajectories at K1 = 0.05 in the xy plane. The aqua

and red points imply the loci of stroboscopic states from small to large vibrations and

vice versa. As mentioned in Section 3.2.3, in the figure, the white and black regions show

the basins of two stable solutions without control signal. It should be noted that the

states slowly transfer from small to large amplitude solutions and from large to small.

These loci of stroboscopic states appear along unstable manifolds of an unstable saddle.

Therefore, the feedback gain should be sufficiently high for the loci of stroboscopic states

to pass across the unstable manifolds. Fig. 4.5(c) shows that there exist the points of

intersection of these loci. The active MEMS memory may allow the rewrite operation

when the vibrating state is the transient state near these points. It will be a new research
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target. Consequently, we numerically demonstrate the write operation from “0” to “1”

and from “1” to “0”.

4.2.3 Gain dependence

This section focuses on the capability of the switching control between two stable

periodic vibrations when the control input is applied to the MEMS resonator. Here,

the gain dependence of the switching control is investigated. As shown in Fig. 4.6, a

stable state disappears through the saddle-node bifurcation, denoted by kS and kL, in the

quasi-static change.

Figures 4.7(a) and (b) show the switching from small amplitude solution at K1 = 0.04

and at K1 = 0.06, respectively. As shown in Fig. 4.7(a), the switching control does not

work at K1 = 0.04. At K1 = 0.04, there still remains the control input when the vibration

converges to the steady state. On the other hand, the switching control is achieved at

K1 = 0.06 as shown in Fig. 4.7(b). At K1 = 0.06, the control input disappears after

transient states is over. Note that the sum of the excitation force and the control input

u + k is less (more) than kL at K1 = 0.04 (K1 = 0.06). It is considered that we could

achieve the switching control from small to large amplitude states when u +k exceeds the

value around kL, defined by k
′

L, at the beginning of the control.
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Figure 4.7: Switching control from small to large amplitude vibrations.

Figures 4.8(a) and (b) are obtained at the switching from large amplitude solution at

K1 = 0.02 and at K1 = 0.04, respectively. At K1 = 0.02, there exists the steady state

near the initial state as shown in Fig. 4.8(a). Fig. 4.8(b) shows that the states change

from large to small amplitude solutions. These results suggest that the switching control

from large to small amplitude states can be realized when u + k becomes less than the

value around kS, defined by k
′

S, at the onset of the control.

In order to realize the switching between two states, we need to satisfy requirements

as shown in Tab. 4.1. There possibly happens a fault of the switching control when the

state of the resonator is perturbed by noises at the onset of the control.
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Figure 4.8: Switching control from large to small amplitude vibrations.

Figure 4.9(a) (4.9(b)) illustrates the controlled result from small (large) solution at

K1 = 0.02. These results show that the switching control does not work satisfactorily

at K1 = 0.02. It is noted that there still remains the control input when the vibrations

Table 4.1: Requirements for the switching.

Switching Resonator
results u + k

“0” → “1” u + k > k
′

L

“1” → “0” u + k < k
′

S
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converge to steady states. Figure 4.9(c) shows the controlled results at K1 = 0.02 in the

xy plane. Note that there exist the steady states near initial states when the control

input is applied. When the control input is stopped in the MEMS resonator, the initial

state cannot switch to the other stable state and converges to the original stable state

due to the basins of attraction. As a result, when requirements shown in Tab. 4.1 are not

satisfied, the states stay at “1” and “0” as shown in Fig. 4.9.

4.3 Numerical write operation without exact solu-

tions

In this section, through numerical simulations, a write operation without exact solu-

tions is discussed in the nonlinear MEMS resonator. As mentioned in previous sections,

the displacement feedback control needs the external reference signal. Here, we apply a

delayed feedback control method [48] to switching without any external reference as the

write operation without exact solutions.

K. Pyragas proposed a delayed feedback control (DFC) that could be used for con-

trolling chaos [66] in continuous-time system. It has been experimentally [67–69], numer-

ically [70, 71], and theoretically [71] confirmed that DFC can stabilize unstable periodic

orbits embedded in the chaotic attractor. Y. Yokoi and T. Hikihara have reported that

DFC can be used as the start-up control of rotation in parametric pendulum [72,73]. In

particular, DFC confirmed successful experimental results in micro mechanical fields [68].

DFC uses time delay outputs.

The switching between two stable states by DFC has three advantages. The first

advantage of such a switching is a continuous closed loop control method. The second

advantage is that the control method does not need external reference. Finally, the

advantage is the disappearance of the control signal after the switching.

In the following, the idea of control is confirmed by numerical simulations.

4.3.1 Numerical method

Based on Eq. (4.2.1), the system with control signal u(t) is given by














dx

dt
= y,

dy

dt
= −

y

Q
− x − α3x

3 + k cos ωt + u(t).

(4.3.1)
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Figure 4.10: Switching system by using DFC from small to large amplitude vibrations.

Here the excitation frequency ω is set to 1.025. Note that the excitation force is given

as the cosine wave. Note also that the control input is not added to the excitation

amplitude. Therefore, we will examine the switching control method without any influence

to measurement in our experimental system as explained in Section 4.1.

DFC employs the control signal [48] as

u(t) = KDFC{x(t) − x(t − T )}, (4.3.2)

where T (= 2π/ω) denotes the period and KDFC is the feedback gain. As shown in

Eq. (4.3.2), when the vibration in the MEMS resonator corresponds to one of two stable

states, there does not appear the control input due to x(t) = x(t − T ). Therefore, the

control input in Eq. (4.3.2) can not be applied to the switching between two states. Here,

we give the direction to the control signal based on the difference between small and large

amplitude vibrations.

In order to realize the switching by DFC, this study focuses on the phase difference.

As shown in Fig. 3.11, the phase region of the small (large) amplitude vibration exists

at −π/2 > φ > −π (0 > φ > −π/2), where φ is the displacement phase. When the

excitation force is given as the cosine wave, the stroboscopic point of the displacement

has a positive (negative) value at −π/2 > φ > −π (0 > φ > −π/2) [74].

Based on the above discussions, the direction to the control signal is given by sg

function. Fig. 4.10 (4.11) shows the switching system from small (large) to large (small)

amplitude vibrations by using DFC. The control signal for the switching by DFC is
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Figure 4.11: Switching system by using DFC from large to small amplitude vibrations.

obtained by

u(t) = KDFC{x(t) − sg(x(nT )) · x(t − T )}, (4.3.3)

where g = 0, 1. Here n is natural number at t ∈ [nT, (n + 1)T ). s0(x(nT )) is defined by

s0(x(nT )) ≡

{

+1 (x(nT ) ≥ 0),
−1 (x(nT ) < 0),

(4.3.4)

when the states are requested to come towards the large amplitude vibration as shown

in Fig. 4.10. When the state is requested to switch to the large amplitude vibration as

shown in Fig. 4.11, s1(x(nT )) is defined by the following equations:

s1(x(nT )) ≡

{

+1 (x(nT ) ≤ 0),
−1 (x(nT ) > 0).

(4.3.5)

4.3.2 Numerical results and discussions

Figure 4.12 shows the results controlled by DFC in the xy plane. In this figure, the

feedback gain KDFC is set to −0.02. The sequences of the red and aqua points show the

loci of map with DFC from small to large and from large to small amplitude vibrations,

respectively. It should be noted that the states slowly transfer from small to large or

from large to small amplitude vibrations. It takes around 1500 (13800) periods before

converging to the small (large) amplitude vibration.

DFC is a continuous closed loop control method. Here, we investigate the initial value

dependence of the convergence. Fig. 4.13 shows the calculated results. In Fig. 4.13(a),

yellow grid points indicate the initial states that converge to the large amplitude vibration.
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Figure 4.12: Switching between stable periodic vibrations at ω = 1.025 and KDFC = −0.02
by DFC: The basins of attraction corresponding to the two states are separated by the
manifold of the unstable solutions. The red and aqua points show the switching from
small to large and from large to small amplitude vibrations, respectively.

In the initial state plane, DFC can control the vibration to the large amplitude vibration

without exception. In Fig. 4.13(b), red grid points indicate the initial states of convergence

to the small amplitude vibration. There still remain the uncontrollable initial states.

Figures 4.14 and 4.15 depict the time evolution of the control signal from small to

large and large to small amplitude vibrations, respectively. These results show that the

control signal of DFC disappears after the establishment of switching. It is confirmed that,

based on the stroboscopic points depending on the displacement phase, the sg function

is changed. It is implied that the converged state is exactly one of the stable periodic

vibrations in the resonator.

Figure 4.16 shows the gain dependence of the switching control by DFC. In Figs. 4.16(a),

4.16(b), and 4.16(c), each feedback gain is set to −0.03, −0.01, and 0.02, respectively. In

these figures, the red (aqua) points show the controlled result from small (large) ampli-

tude solution. These results show that the switching control by DFC strongly depends on

the feedback gain. Therefore, the gain dependence of the switching control by DFC will

be investigated in more details.

The switching between two states is numerically achieved when the direction to the
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(a) Region of convergence to large amplitude vibration at ω = 1.025 and
KDFC = −0.02.
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Figure 4.13: Initial value dependence of convergence by DFC: Yellow and Red grid points
show the region of convergence to large and small amplitude vibrations, respectively.

control signal of DFC is given by sg function. The switching by DFC does not need

the external reference signal. We numerically confirm the write operation without exact
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Figure 4.14: Time evolution of control signal from small to large amplitude vibrations at
ω = 1.025 and KDFC = −0.02.
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Figure 4.15: Time evolution of control signal from small to large amplitude vibrations at
ω = 1.025 and KDFC = −0.02.

solutions by using DFC. However, the switching system in DFC becomes complex in

comparison with the displacement feedback control.

4.4 Summary

In this chapter, based on both experiments and numerical simulations, the switching

between two coexisting stable states is done at a single excitation frequency as the write

operation of memory device that consists of the nonlinear MEMS resonator.

Based on the displacement measurement as shown in Section 3.1, the switching be-

tween two stable periodic vibrations is achieved. The dc voltage bias is added to the
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(a) KDFC = −0.03. (b) KDFC = −0.01.

(c) KDFC = 0.02.

Figure 4.16: Switching between stable periodic vibrations with respect to gain at ω =
1.025 by DFC.

excitation voltage for avoiding the influence to measurement. After the switching is

completed, the control input becomes null. As a result, the switching operation is ex-

perimentally achieved between two coexisting stable states by the displacement feedback

control at a constant excitation frequency in the hysteresis.

Next, the switching control between two sates is numerically demonstrated. Further-
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more, the transient behavior is numerically investigated in the write operation. When the

transition of state is performed, we need to consider the system depending not only on

the excitation force but also on the control input.

Finally, it is numerically confirmed that the switching control without any external

reference by using DFC as the write operation without exaction solutions in the nonlinear

MEMS resonator. In a nonlinear MEMS resonator, when the direction to the control

signal of DFC is given, the switching between two states is numerically demonstrated.

The availability of the delayed feedback control is numerically confirmed. The control

input disappears after the switching is completed. The dependence of initial conditions on

the convergence is investigated. These results show that DFC is effective for application.

However, in DFC and displacement feedback control, there still remains the precise gain

dependence of the switching control for further investigation. The experimental success

of the switching of two stable periodic vibrations will be realized by using DFC.
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Chapter 5

Counter operation in coupled MEMS
resonators

This chapter discusses a 2-bit binary counter [61] from the viewpoint of application of

nonlinear dynamics in coupled MEMS memories. Previous studies address that a micro-

electromechanical or nanoelectricalmechanical resonator can be utilized as a mechanical

1-bit memory [21, 24, 26, 27, 30, 31, 34] or mechanical logic gates [23, 25, 28, 29]. The next

phase is the development of a sequential logic device such as a counter with coupled multi-

resonators. From the viewpoint of application of nonlinear dynamics in coupled MEMS

resonators, Section 5.1 and Section 5.2 show the experimental and numerical successes of

the controlling nonlinear behavior as a 2-bit binary counter.

5.1 Experimental study on 2-bit binary counter

The overview of this section is organized as follows. Section 5.1.1 presents two fabri-

cated MEMS resonators and its four coexisting stable states. Section 5.1.2 explains the

switching control system in the coupled nonlinear MEMS resonators. In Section 5.1.3, the

switching control sequence of counter operation is experimentally achieved and examined.

5.1.1 Two MEMS resonators

By using a differential measurement as shown in Section 3.1, the vibrations of two

MEMS resonators are measured. In the differential measurement for a single MEMS

resonator, excitation force Fallj and output voltage Voutj are obtained by the following
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equations:

Fallj = 4εN
h

d
Vdcjvacj sin 2πfjt, (5.1.1)

Voutj = 8 × 108πfjεN
h

d
vacjAj sin(4πfjt + φj), (5.1.2)

where j = 1, 2. Here fj denotes the excitation frequency of the j-th MEMS resonator in

the coupled system, Aj the amplitude of the displacement, and φj the phase. The device

parameters have been shown in Tab. 3.1. In this section, the dc bias voltage Vdcj , the ac

excitation amplitude vacj, and the pressure are set at −0.15V, 0.6V, and around 12Pa

at room temperature. The first (second) MEMS resonator is called Res. 1 (Res. 2) from

here on.

Figure 5.1(a) (5.2(a)) shows the experimentally obtained frequency response curves in

Res. 1 (Res. 2). The red and aqua lines correspond to the responses at the upsweep and

the downsweep of frequency, respectively. The frequency response curves strongly depend

on the sweep direction in the hysteresis region. We find that the behavior exhibited by

the MEMS resonator qualitatively resembles to each other. Two stable states coexist at

8.6612 kHz < f1 < 8.6642 kHz in Fig. 5.1(a) and at 8.6134 kHz < f2 < 8.6162 kHz in

Fig. 5.2(a). It is considered that the difference of hysteresis is caused by different doping

angle, debris deposited during fabrication and die separation, and/or minute cracks [50].

Figures 5.1(b) and 5.2(b) show the oscillogram of two stable periodic vibrations at

8.6614 kHz in Res. 1 and at 8.6136 kHz in Res. 2. The red and aqua lines are averaged

out over 32 measurements. In the following experiments in this section, the excitation

frequency is fixed at 8.6614 kHz in Res. 1 and at 8.6136 kHz in Res. 2. The large (small)

amplitude vibration is regarded as the “1” (“0”) state for each resonator. In addition,

Res. 1 holds the first bit and Res. 2 the second bit.

5.1.2 Experimental switching method

Figure 5.3 shows the switching control system. A binary counter is a sequential system

that goes through a prescribed sequence of states upon the application of clock signals [61].

In a binary counter, the output transition of MEMS resonator (except the first) serves as a

source for triggering other MEMS resonator. The 2-bit binary counter consists of a series

connection of two MEMS resonators, with the output of the first resonator connected to

the input of the second resonator. Here, two MEMS resonators are interconnected in a

unidirectional coupled system. Although the electrical noise here appears due to electrical
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Figure 5.1: Displacement measurement by differential configuration in Res. 1. At any
given frequency in the hysteretic regime, the resonator can exist in two distinct amplitude
states.
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Figure 5.3: Switching control system.

coupling between two MEMS resonators, there does not happen any fault of switching

control.
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By using the same control method shown in Section 4.1, we construct a switching

control system with the feedback control in Res. 1 and apply the control input as a slowly

changing dc voltage to the MEMS resonator. In Res. 1, excitation force Fall1 under control

and the control input u1 are defined by the following equations:

Fall1 = 4εN
h

d
(Vdc1 + u1)vac1 sin 2πf1t, (5.1.3)

u1 = −Vref + K1V
2
ave1, (5.1.4)

where K1 (= 9.1V−1) denotes the feedback gain, Vref the external reference signal, and

V 2
ave1 the square average dc voltage of Res. 1. The MEMS resonator exhibits the hysteretic

behavior with respect to the excitation force at a fixed excitation frequency as shown in

Fig. 3.13. We need to decrease (increase) the amplitude of the excitation force under

control when the state is switched to the small (large) amplitude vibration.

The 2-bit binary counter consists of a series connection of two MEMS resonators,

where the output of Res. 1 is connected to the input of Res. 2. As shown in Eq. (4.1.3),

the excitation force depends on both dc bias voltage Vdc1 and control input u1. Here, it

is proposed that the dc bias voltage Vdc2 of Res. 2 is given as the input depending on the

square average dc voltage V 2
ave1 of Res. 1. In Res. 2, excitation force Fall2 under control,

dc bias voltage Vdc2, and control input u2 are obtained by the following equations:

Fall2 = 4εN
h

d
(Vdc2 + u2)vac2 sin 2πf2t, (5.1.5)

Vdc2 = K2V
2
ave1, (5.1.6)

u2 = Kcon2V
2
ave2, (5.1.7)

where K2 denotes the gain, Kcon2 (= −3.9V−1) the control gain, and V 2
ave2 the square

average dc voltage of Res. 2. When the state of Res. 1 is switched to the large (small)

amplitude vibration, the external reference signal Vref and the gain K2 are set at K1(V
L
ave1)

2

(K1(V
S
ave1)

2) and KL
2 (KS

2 ), respectively. Here, KL
2 (V L

ave1)
2 and KS

2 (V S
ave1)

2 are adjusted at

−0.15V. Furthermore, the feedback gain K1 and the control gain Kcon2 are swept within

the operating range and are adjusted at 9.1V−1 and −3.9V−1.

5.1.3 Results and discussions

In order to realize the 2-bit binary counter as shown in Tab. 5.1, we apply the proposed

switching control to two MEMS resonators. Fig. 5.4 shows the experimental results of the
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switching control. Figs. 5.4(a), (c), and (e) (Figs. 5.4(b), (d), and (f)) correspond to the

switching control results in Res. 1 (Res. 2). When the clock signal is set at 0V (1V), the

control input is off (on). The external reference signal Vref and the dc bias voltage Vdc2 of

Res. 2 are switched by the rising edge of the clock signal.

The switching control from “00” to “01” is implemented as shown in Figs. 5.4(a) and

(b). In these figures, Res. 2 stays at “0” and Res. 1 changes from “0” to “1”. Figs. 5.4(c)

and (d) show the switching control from “01” to “10”. When Res. 1 changes from “1”

to “0”, it triggers the switching control of Res. 2. Note that the absolute value of the

excitation force (the sum of the dc bias voltage and the control input) in Fig. 5.4(d)

exceeds that in Fig. 5.4(b) when the control input is applied. As a result, Res. 2 changes

from “0” to “1”. Figs. 5.4(e) and (f) show that the present state is “10” and the next

state becomes “11”. The transition is slow from “0” to “1” in Res. 1 and Res. 2 stays at

“1”. After the switching control is completed, the control input u1 of Res. 1 disappears

due to the feedback control as shown in Figs. 5.4(a), (c), and (e). It is confirmed that the

dc bias voltage Vdc2 of Res. 2 becomes −0.15V when the state of Res. 1 converges to a

steady state. The switching control results are related to the initial states in two MEMS

resonators.

Figure 5.5 shows the oscillogram of the switching control sequence. The states in

two MEMS resonators start from “00” and continues to “01”, “10”, and “11” at each

clock signal. Here, the outputs must repeat the binary count sequence with a return to

“00”. However, the switching from “11” to “00” is not realized in the proposed switching

system. In order to implement the switching from “11” to “00”, it is proposed that a reset

operation is applied to the coupled MEMS resonators. This reset operation is discussed

in the next section.

Table 5.1: Count sequence for 2-bit binary counter.

Clock Res. 2 Res. 1
Vout2 (x2) Vout1 (x1)

0 “0” “0”
1 “0” “1”
2 “1” “0”
3 “1” “1”
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Figure 5.4: Switching control in coupled nonlinear MEMS resonator. Aqua and red lines
correspond to output voltage Vout1 in Res. 1 and Vout2 in Res. 2. Purple, blue, and green
lines show clock signal, dc bias voltage Vdc2 of Res. 2, and control input. The control
input is applied at 2 s from the beginning of the oscillogram as shown in the first vertical
dashed line. The second vertical dashed line at 12 s represents the moment the control
ends. External reference signal Vref and gain K2 are switched at 2 s.
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Figure 5.5: Switching control sequence (“00” → “01” → “10” → “11”) as 2-bit binary
counter in electrically coupled nonlinear MEMS resonators.

5.2 Numerical study on 2-bit binary counter

Based on our experimental results, the switching control is numerically confirmed in

coupled nonlinear MEMS resonators as a 2-bit binary counter. In addition, the trajectories

of the operating point are investigated for estimating the ability of switching control

sequence and reset operation.

5.2.1 Dynamical model in two MEMS resonators

As in the above-mentioned experiments, two MEMS resonators are used. Based on the

system described by Eq. (4.2.1), the dynamical model of a single MEMS resonator [43],

which is a single element of the coupled MEMS resonators, is given by the following
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non-dimensional differential equations:














dxj

dt
= yj,

dyj

dt
= −

yj

Q
− xj − α3x

3
j + (kj + uj) sin ωt,

(5.2.1)

for j = 1, 2. Here xj denotes the displacement of the j-th MEMS resonator in the coupled

system, yj the displacement velocity of the j-th MEMS resonator, kj the amplitude of the

excitation force, and uj the control input. Here, ω denotes the excitation frequency of the

system, Q (= 282) the quality factor of both oscillators, and α3 (= 3.23) the coefficient of

cubic correction to each linear restoring force. k1 is set at 0.001. As shown in Section 4.2,

the parameter settings are due to Ref. [43], because the same device is assigned to the

coupled system.

5.2.2 Numerical switching method

Figure 5.6 shows the numerical control system in two coupled MEMS resonators. Ac-

cording to the experimental method, the numerical control input u1 of Res. 1, the numer-

ical excitation force k2 of Res. 2, and the numerical control input u2 of Res. 2 are given

by the following equations:

u1 = A2
ref − K1A

2
ave1, (5.2.2)

A2
ave1 =

A2
1 + A2

2 + · · · + A2
m + · · · + A2

M

M
, (5.2.3)

k2 = K2A
2
ave1, (5.2.4)

u2 = Kcon2A
2
ave2, (5.2.5)

A2
ave2 =

A2
21 + A2

22 + · · · + A2
2m + · · · + A2

2M

M
, (5.2.6)

where K1 denotes the feedback gain of Res. 1, A2
ref the external reference signal of squared

amplitude, m natural number, M the average number, and Kcon2 the gain of Res. 2. Here,

Am (A2m) is the displacement amplitude of Res. 1 (Res. 2) of the previous m periods within

1 ≤ m ≤ M . Then, A2
ave1 (A2

ave2) is the average of A2
m (A2

2m). M is set at 100. When the

state of Res. 1 is switched to the large (small) amplitude vibration, the external reference

signal A2
ref is set at K1(A

L
ave1)

2 (K1(A
S
ave1)

2) and the gain K2 of the excitation force is

set at KL
2 (KS

2 ). Here AL
ave1 (AS

ave1) corresponds to the target of amplitude to the large

(small) vibration. In addition, KL
2 (AL

ave2)
2 and KS

2 (AS
ave2)

2 are adjusted at 0.001.
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Figure 5.6: Numerical control system in coupled MEMS resonators.

As mentioned in Section 4.2.3, the requirements of the switching control are obtained

by using k
′

L and k
′

S. Therefore, the requirements for the 2-bit binary counter operation as

shown in Tab. 5.2 are obtained from Tab. 4.1. In the following calculations, K1 is set at

0.06 and Kcon2 at 0.03.

5.2.3 Numerical results and discussions

The proposed switching control is numerically applied to two MEMS resonators. In

Figs. 5.7(a), 5.8(a), and 5.9(a), the solid and dotted lines show the loci of stroboscopic

states of Res. 1 and Res. 2 in the phase space, respectively. Figs. 5.7(b), 5.8(b), and

5.9(b) display the time evolution of Res. 1. Figs. 5.7(c), 5.8(c), and 5.9(c) show the

Table 5.2: Requirements for 2-bit binary counter.

Count Switching Res. 1 Res. 2
results u1 + k1 u2 + k2

1 “00” → “01” u1 + k1 > k
′

L u2 + k2 < k
′

L

2 “01” → “10” u1 + k1 < k
′

S u2 + k2 > k
′

L

3 “10” → “11” u1 + k1 > k
′

L u2 + k2 > k
′

S

0 “11” → “00” u1 + k1 < k
′

S u2 + k2 < k
′

S
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(a) Trajectories under control in Res. 1 (solid line) and Res. 2 (dotted line).
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Figure 5.7: Switching from “00” to “01”.
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(a) Trajectories under control in Res. 1 (solid line) and Res. 2 (dotted line).
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Figure 5.8: Switching from “01” to “10”.
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Figure 5.9: Switching from “10” to “11”.
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vibrating states of Res. 2. In Figs. 5.7(b), 5.8(b), 5.9(b), 5.7(c), 5.8(c), and 5.9(c), the

dashed, solid, and dotted lines correspond to the excitation force, the displacement, and

the control signal, respectively.

Figure 5.7 shows the switching from “00” to “01”. Here, while Res. 1 changes from

“0” to “1”, Res. 2 keeps from “0” to “0” because the sum of the excitation force k2 and

the control input u2 is equal to almost null.

In Fig. 5.8, the results show that the present state is “01” and the next state is “10”.

When Res. 1 changes from “1” to “0”, it triggers Res. 2 and complements it. As a result,

Res. 2 changes from “0” to “1”. Here, the stress for Res. 2 seems large for repeated use.

The sum of the excitation force k2 and the control input u2 of Res. 2 is 30 times as large

as the excitation force of Res. 1 at the onset of the control.

Figure 5.9 shows the switching from “10” to “11”. The transition is slow from “0” to

“1” in Res. 1. Res. 2 changes from “1” to “1” because the control input u2 of Res. 2 is

kept around 0.0006.

Figures 5.10(a) and (b) show the switching control sequence (“00” → “01” → “10” →

“11”) in two coupled MEMS resonators. In these figures, the control input is switched at

intervals of 600 periods. Fig. 5.10(c) gives a partially magnified view of Fig. 5.10(b) and

shows the switching control from “0” to “1” in Res. 2. The switching from large to small

(small to large) amplitude vibrations is completed after around 300 periods (350 periods)

in Res. 1. In Res. 2, the duration of the transient state is around 800 periods (700 periods)

when the state stayed at the large (small) amplitude vibrations. It is found that the

transition is slow from small to large amplitude vibrations in Res. 2. It takes around

900 periods until the conversion.

As mentioned above, the 2-bit counter must start from “00” and continues to counts

“01”, “10”, “11” and then back to “00”. Therefore, for the switching control from “11”

to “00”, the reset operation is applied to MEMS resonator. When the control input is

not applied, every initial state converges toward either of two stable states (“0” and “1”)

due to two basins of attraction. The small amplitude solution has the basin of attraction

around the origin as shown in Figs. 5.7(a), 5.8(a), and 5.9(a). Based on these results, the

reset operation can be realized. As a result, two coupled MEMS resonators can be used

as a 2-bit binary counter by using the proposed switching control and the reset operation.
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Figure 5.10: Switching control from “00” to “11”.

5.3 Summary

Through the experiments and numerical simulations, this chapter reports a binary

counter that consists of a coupled system of MEMS resonators with nonlinear character-

istics. In order to realize a 2-bit binary counter, two MEMS resonators are interconnected
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in a unidirectional coupled system. It is confirmed that the switching control results are

related to the initial states in coupled resonators. Based on both experiments and nu-

merical simulations, the novel switching control sequence (“00” → “01” → “10” → “11”)

is realized as a 2-bit binary counter that consists of coupled nonlinear MEMS resonators.

Based on the transient analysis, it is also proposed that a reset operation can be applied

to MEMS resonators for the switching control from “11” to “00”.

Since the proposed switching control system is only a prototype, its performance will

be improved by an optimized switching control method. Nevertheless, this study is the

implementation of a sequential logic system consisting of electrically coupled nonlinear

MEMS resonators. In addition, this study opens the way for further investigations of

the switching control of coexisting states in coupled nonlinear dynamics. Based on our

results, the coupled MEMS resonators may allow other sequential logic devices which are

a shift register and so on.
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Chapter 6

Logic-memory operation in a single
MEMS resonator

This chapter reports multifunctional operation based on the nonlinear dynamics in a

single MEMS resonator. This chapter focuses on fabricating a multifunction device that

corresponds to a “logic-memory device” explained in Section 2.3. To obtain both logic

and memory operations in the MEMS resonator, the nonlinear dynamics with and without

control input is examined. Section 6.1 addresses the experiments and numerical simula-

tions that allow us to develop a device that combines multiple-input gate and memory

functions in a single nonlinear MEMS resonator. Section 6.2 focuses on a reprogrammable

logic-memory device of a nonlinear MEMS resonator with multiple states by numerical

simulations.

6.1 Logic-memory device

We experimentally and numerically study a device that combines an OR gate and

memory functions in a single MEMS resonator. Recently, multifunctional operation has

been demonstrated in the form of a shift-register and a controlled NOT gate made from

a single mechanical resonator [36]. The next phase is to use a closed loop control to

generate multifunction devices, which consist of memory and multiple-input gates, in a

single device. The closed loop allows output and excitation signals to be fixed at a single

frequency. The goal of the work presented in this section is to develop multifunction

operation by applying the nonlinear MEMS resonator through coexistence of multi-states

with closed loop control.

In this section, firstly, the experimental and numerical systems are shown to perform
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the logic and memory operations. Next, in order to perform logic and memory operations,

the nonlinear dynamics with and without control input are numerically examined. Finally,

based on numerical results, the logic and memory operations are experimentally performed

in a single MEMS resonator.

6.1.1 Experimental and numerical systems

A nonlinear MEMS resonator has hysteretic characteristics with respect to the numer-

ical (experimental) dc bias voltage Vdcn (Vdce) as shown in Fig. 3.8 (3.13). In these figures,

the stable regions, which correspond to large and small amplitude vibrations, define the

two states of the single-output logic or memory device in a single MEMS resonator. In the

numerical simulations and experiments, a displacement amplitude greater than 3.0µm is

regarded as a logical “1”; a value less than 3.0µm is regarded as a logical “0” for logic and

memory output. In experiments and simulations in this section, the excitation frequency

and the ac excitation amplitude are set to 8.6654 kHz and 0.6V in vacuum at 10Pa. In

Section 6.1, the numerical and experimental dc bias voltages (Vdcn and Vdce) are fixed at

150mV. In the following, the experimental and numerical systems are explained.

(a) Experimental system

Figure 6.1 shows the control system to perform the logic operation. As studied in

Section 4.1, the switching between two coexisting stable states was done by a displacement

feedback control in the nonlinear MEMS resonator. Based on the results, the feedback

control is performed. The logic inputs are applied to the MEMS resonator in the form of

two dc voltages (Line1 and Line2). In the experiments, the control input ue is described as

follows:

ue = Line1 + Line2 − KeV
2
ave, (6.1.1)

where Ke denotes the feedback gain and V 2
ave a slowly changing dc voltage that depends

on the displacement [30]. Note that the external reference signal in Section 4.1 becomes

two logic inputs in this section. Based on Eqs. (6.1.1) and (4.1.3), the excitation force

under the control is obtained by

Fall = 4εN
h

d
(Vdce + ue)vac sin 2πft (6.1.2)

= 4εN
h

d
(Vdce + Line1 + Line2 − KeV

2
ave)vac sin 2πft. (6.1.3)
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Figure 6.1: Schematic of MEMS resonator, measurement system, and control system that
relates to logic inputs (Experimental system). The control system is implemented with a
feedback input and logic inputs. The feedback input is given as the slowly changing dc
voltage V 2

ave, to which the output voltage Vout is converted by an analog multiplier and a
low-pass filter as shown in Section 3.1. The logic inputs, represented by two dc voltages
(Line1 and Line2), are added to the dc bias voltage Vdce. As a result, the excitation force
under control becomes proportional to Vdce +ue = Vdce +Line1 +Line2−KeV

2
ave. Here Line1

and Line2 denote the input signals, which serve as the logic inputs, ue is the control input,
and Ke (= 11V−1) is the feedback gain in the experiments.

(b) Numerical system

Figure 6.2 shows the numerical system. According to the experimental method as

shown in Eq. (6.1.1), the corresponding numerical control input un is described as follows:

un = Linn1 + Linn2 − KnA
2
nave, (6.1.4)

A2
nave =

A2
n1 + A2

n2 + · · · + A2
nm + · · · + A2

nM

M
, (6.1.5)

where Linn1 and Linn2 denote the input signals that are the logic inputs. Kn denotes the

feedback gain, m a natural number, M the average number, and Anm the displacement

amplitude of the previous m periods within 1 ≤ m ≤ M for the numerical simulations.
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Figure 6.2: Numerical system.

In this case, A2
nave is the average of A2

nm. Kn is set to 1.42 × 1010 Vm−2 and M is set to

22000.

Based on Eqs. (3.2.1) and (6.1.3), the nonlinear dynamics of the MEMS resonator

with the control input is obtained by

d2x

dt2
+

2πf0

Q

dx

dt
+ (2πf0)

2x + α3x
3 = 4.0 m(Vs2)−1 × (Vdcn + un) sin 2πfnt

= 4.0 m(Vs2)−1 × (Vdcn + Linn1 + Linn2 − KnA
2
nave) sin 2πfnt. (6.1.6)

6.1.2 Logic operation (numerical results)

In order to realize a logic operation in a MEMS resonator, we discuss the nonlinear

dynamics with control input. Fig. 6.3 shows the numerically obtained steady states when

the control input is applied to the MEMS resonator. The control input can induce a

modulation of the resonator’s amplitude and thus change the logical value of the output.

In Fig. 6.3(a) (6.3(b)), the initial state of memory output is a logical “1” (logical “0”).

In Figs. 6.3(a) and 6.3(b), there exist regions in which the displacement amplitude is

the same because the control system depends on the feedback input. Assume that the

control system receives only the input signals Linn1 and Linn2. When the input signals

Linn1 = Linn2 = 0.0mV are sent to the MEMS resonator, the large stable state cannot

switch to the small state. Therefore, a single MEMS resonator can be used as a logic gate

because of the adjustment of the logic inputs and the feedback input.
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Figure 6.3: Amplitude modulation systematically varied in input signals Linn1 and Linn2

at fn = 8.6654 kHz and Vdcn = 150mV (numerical results). The light (dark) region
corresponds to more than (less than) 3.0µm in displacement amplitude, corresponding to
a logical “1” (logical “0”) output. For an OR gate as shown in Tab. 6.1, input signals
are set to 150.0mV and 37.5mV, as shown by the four circles with light (aqua) color: (a)
Initial state is set to the large amplitude solution (logical “1” for memory output) (b)
Initial state is the small amplitude solution (logical “0” for memory output).

6.1.3 Memory operation (numerical results)

To execute a memory operation in a MEMS resonator, we must consider the nonlin-

ear dynamics without the control input. When the control input is not applied, every

initial state corresponds to the convergence to either the small amplitude (black) or large

amplitude (white) solutions, as shown in Fig. 6.4. As mentioned in Section 3.2, in the

nonlinear MEMS resonator, the small and large amplitude solutions have each basin of

Table 6.1: Truth table of OR gate.

Input Output
Linn1 Linn2 x

0 0 “0”
0 1 “1”
1 0 “1”
1 1 “1”
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Figure 6.4: Calculated convergence conditions (final state) when the control input shown
in Fig. 6.3 is off. The white (black) region corresponds to convergence to a logical “1”
(logical “0”) for memory output. Light (aqua) circles show the logic input in our simu-
lations, as in Fig. 6.3: (a) Numerical results corresponding to Fig. 6.3(a). (b) Numerical
results corresponding to Fig. 6.3(b).

attraction around each solution. The convergence conditions depend on the two basins

of attraction. The light region (displacement amplitude greater than 3.0µm) in Fig. 6.3

corresponds to white region in Fig. 6.4 and vice versa. When the control input is not

applied, the MEMS resonator maintains its original logic output. Thus, the nonlinear

MEMS resonator works as the memory device by storing the logic information.

6.1.4 Experimental and numerical results and discussions

The results shown in Figs. 6.3 and 6.4 show that MEMS resonator works as a combined

logic-memory device. The logic and memory operations can be programmed by adjusting

the resonator’s operating parameters (input signals). In the numerical simulations, when

the input signal (Linn1 or Linn2) is set to 150.0mV (37.5mV), the logic input is regarded

as logical 1 (logical 0). The logic inputs (0, 0) of input signals (Linn1, Linn2) have a value

of 75.0mV, (0, 1) and (1, 0) have a value of 187.5mV, and finally (1, 1) have 300.0mV,

as shown by the light (aqua) circles in Figs. 6.3 and 6.4. The output of the device is
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a logical “0”, when the logic inputs are (0, 0), which correspond to a value of 75.0mV.

However, when the logic inputs are set to (0, 1), (1, 0), or (1, 1), the output corresponds

to a logical “1”. Therefore, the single MEMS resonator combines the function of an OR

gate and memory.

These logic and memory operations can be demonstrated experimentally in a single

MEMS resonator. The operations are confirmed for the behavior of device at clock evo-

lution. The calculated time evolutions of the device are shown in Fig. 6.5(a) and the

corresponding experimental time evolutions are shown in Fig. 6.5(b). The calculated re-

sults are consistent with the experimental results. When electrical noise and surges appear

in Fig. 6.5(b), no logic faults occur and the memory operations are not perturbed. The

experimental modulation of the amplitude and the convergence conditions will be exam-

ined in more detail in a future presentation. Nevertheless, this work demonstrates both

experimentally and numerically a combined device of OR gate and memory functions in

a single MEMS resonator.

Here, we estimate an instantaneous power of the MEMS resonator. In Fig. 6.1, when

the voltage of right electrode is excited by V1 = Vdce + vac sin 2πfet and the left by V2 =

Vdce − vac sin 2πfet, the right and left comb capacitances (C1 and C2) are given by C1 =

5.75×10−9 Fm−1×(l+A0 sin(2πfet+φ)) and C2 = 5.75×10−9 Fm−1×(l−A0 sin(2πfet+φ)),

where A0 denotes the displacement amplitude and l (= 100µm) is the initial overlap

between the fingers as explained in Section 3.1. The power of the MEMS resonator p is

described by p = V1∂(C1V1)/∂t + V2∂(C2V2)/∂t. In this study, lv2
ac is much greater than

A0Vdcevac. Thus, the maximum power is estimated as 1.13 × 10−8 W.

6.2 Reprogrammable logic-memory device

In this section, a reprogrammable logic-memory device is discussed by numerical sim-

ulations. In the previous section, a combination of an OR gate and a memory device is

demonstrated in a single MEMS resonator. Recently, Guerra et al. have reported that

the nonlinear mechanical resonator can be used as a reprogrammable logic gate [25]. This

section focuses on the reprogrammable logic gate and memory devices in a single MEMS

resonator.

In order to realize the reprogrammable logic-memory device, the nonlinear dynamics is

examined at the change of excitation amplitude in the MEMS resonator. We confirm the
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Figure 6.5: Time evolution of the combined device (OR gate and memory). The initial
memory output is a logical “1”. When the clock signal is high (low), the control input
is (is not) applied to the MEMS resonator. Note that the nonlinear MEMS resonator is
used as a logic (memory) device at high (low) clock signal. The logic inputs start from
(0, 0) and continue to (0, 1), (1, 0), and (1, 1). The logic output in a MEMS resonator
changes to logical “0”, “1”, “1”, and “1” at each high clock signal: (a) Numerical results.
(b) Experimental results. In our experiments, the logic input 1 (0) of experimental input
signal (Line1 or Line2) has a voltage of 150.0mV (37.5mV).

realization of the reprogrammable logic function by adjusting the excitation amplitude

and the memory function by storing logic information in the single nonlinear MEMS

resonator.

6.2.1 OR/AND gate and memory operations (numerical results)

By using the same method as shown in Section 6.1, we discuss both logic and memory

operations in a MEMS resonator. In this section, the dynamical model of the MEMS
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Figure 6.6: Displacement amplitude (logic output) with and without control input at
k = 0.00150. (a) and (b) show the amplitude modulation systematically varied in input
signals Linn1 and Linn2. (c) and (d) show the final state when the control input is off.

resonator is given by the non-dimensional differential equations (4.2.1) as explained in

Section 4.2. Here, the excitation force k is set to either 0.00075 or 0.00150.

Figures 6.6(a) and (b) (Figures 6.7(a) and (b)) show the amplitude modulation sys-

tematically varied in input signals Linn1 and Linn2 when the control input is applied to the

MEMS resonator at k = 0.00150 (k = 0.00075). In Figs. 6.6(a) and 6.7(a) (Figs. 6.6(b)

and 6.7(b)), the initial state correspond to logical “1” (“0”) for memory output. In these

figures, the light (dark) region corresponds to more than (less than) 0.1 in displacement
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Figure 6.7: Logic output with and without control input at k = 0.00075. (a) and (b) ((c)
and (d)) show the amplitude modulation in the presence of the control input (the final
state without the control input), as in Fig. 6.6.

amplitude, corresponding to a logical “1” (logical “0”) output. Note that the logic input

is regarded as logical 1 (logical 0) when the input signal (Linn1 or Linn2) is set to 0.0008

(0.0001), as shown by the four circles in Figs. 6.6 and 6.7. When the logic inputs are (0,

0), (0, 1), or (1, 0), the output of the device becomes a logical “0” at k = 0.00075. When

the logic inputs are set to (1, 1), the output is a logical “1” at k = 0.00075. On the other

hands, at k = 0.00150, when the logic inputs are set to (0, 1) or (1, 0), the output is a

logical “0”. Therefore, the nonlinear MEMS resonator works as an OR (AND) gate at
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Table 6.2: Truth table of AND gate.

Input Output
Linn1 Linn2 x

0 0 “0”
0 1 “0”
1 0 “0”
1 1 “1”

k = 0.00150 (k = 0.00075) as shown in Tab. 6.1 (Tab. 6.2).

Next, the memory operation is considered in a MEMS resonator. Figs. 6.6(c) and

6.6(d) (Figs. 6.7(c) and 6.7(d)) show the calculated convergence conditions when the

control inputs shown in Figs. 6.6(a) and 6.6(b) (Figs. 6.7(a) and 6.7(b)) are off. As

shown in Figs. 6.6(a) and 6.6(b) (Fig. 6.7(c) and 6.7(d)), the nonlinear MEMS resonator

can be used as the memory device by storing the output of OR (AND) gate. The single

MEMS resonator combines the function of OR (AND) gate and memory at k = 0.00150

(k = 0.00075). As a result, we numerically demonstrate the reprogrammable logic function

that consists of OR/AND gate and the memory function in the single nonlinear MEMS

resonator due to the adjustment of the excitation amplitude.

6.3 Summary

In conclusion, a multifunctional device consisting of a nonlinear MEMS resonator is

numerically and experimentally demonstrated. It is confirmed that when a control input

is applied to a nonlinear MEMS resonator, two equal-amplitude regions exist because of

the adjustment of the feedback input. Therefore, a single MEMS resonator can work

as an OR gate. Numerical simulations are also used to show that in the absence of the

control input, the nonlinear MEMS resonator maintains its original logical state. Thus,

this resonator also serves as a memory device. Therefore, a combination of an OR gate

and a memory device is demonstrated in a single MEMS resonator. I. Mahboob et al.

have developed a device that combines a controlled NOT gate and memory functions in

a single resonator at 2K [36]. In this study, a logic-memory device of high reliability

operating at room temperature is realized with the logic inputs given as two dc voltages

that do not depend on the phase.
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Next, in numerical simulations, the reprogrammable logic gate and memory devices

are demonstrated in a single MEMS resonator. It is numerically shown that when the

excitation amplitude is adjusted, the logic function as the AND gate can be programmed.

As a result, we numerically confirm the realization of the reprogrammable logic function

that consists of OR/AND gate and the memory function in the single nonlinear MEMS

resonator. By considering the closed loop and bias inputs, these results open the way to

further research in high and multi functionality in single and coupled resonators, which

may take the form of multiple-input gates such as three- or four-input logic gates and

memory. In addition, in order to realize the arbitrary logic and memory devices, the

system design based on the nonlinear dynamics will be discussed in the MEMS resonator.
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Chapter 7

Conclusions and future work

This dissertation addressed four operations in mechanical computation based on a

single or coupled nonlinear MEMS resonators. Firstly, the vibration displacement was

measured without additional sensors as a read operation in a nonlinear MEMS resonator.

Secondly, as a write operation, the switching control between two states was achieved by

the feedback control. Thirdly, the switching control sequence of counter operation was

achieved in the coupled nonlinear MEMS resonators. Finally, a logic-memory operation

was realized in a single MEMS resonator. The conclusions of this study are presented and

the future work is discussed as follows.

7.1 Conclusions

Chapter 2 focused on a nonlinear MEMS resonator and its application to memory

and logic functions. This chapter showed a schematic of a fabricated comb-drive MEMS

resonator. It was explained that the fabricated MEMS resonator has nonlinear responses,

which lead to two stable states and one unstable state. Finally, this chapter explained

memory, sequential logic, and logic-memory devices that consists of a single or coupled

nonlinear MEMS resonators with hysteresis.

Chapter 3 described a displacement measurement of the comb-drive MEMS resonator

as a read operation of the memory device. It was experimentally and theoretically con-

firmed that the MEMS resonator can be equipped with a comb drive that normally serves

as a forcing actuator, but which simultaneously serves as a displacement sensor in the dif-

ferential measurement. Therefore, it was confirmed that two vibrations can be detected,

based on the measurement of the current through the capacitor without additional sen-
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sors. These results showed that the read operation can be realized by the self-sensing

method. It was also shown that the read operation does not destroy the bit value stored

by the MEMS resonator. In addition, it was numerically shown that the dynamical model

of the single MEMS resonator exhibits hysteretic responses.

Chapter 4 addressed the switching between two coexisting stable states as a write op-

eration of the memory device in the single MEMS resonator. In particular, the switching

was performed by using a displacement feedback control and a delayed feedback control.

Based on the displacement measurement as studied in chapter 3, the switching between

two stable periodic vibrations was experimentally and numerically demonstrated. The

control input was applied to the MEMS resonator as the dc voltage bias without any

influence to measurement. As a result, the write operation can be achieved by the dis-

placement feedback control. In addition, the switching without any external reference

was numerically realized by using a delayed feedback control method as a write opera-

tion. When the direction to the control signal of delayed feedback control was given, the

switching between two states was realized by numerical simulations. These results showed

that the delayed feedback control works as a write operation without exact solutions of

the memory device in the resonator.

Chapter 5 proposed a binary counter that consists of a coupled system of MEMS res-

onators with nonlinear characteristics. An electronically coupled system of two MEMS

resonators were investigated. It was confirmed that the switching control results depend

on the initial states in coupled nonlinear MEMS resonators. The switching control se-

quence (“00” → “01” → “10” → “11”) were experimentally and numerically demonstrated

as the counter operation of two coupled MEMS resonators. Based on the numerical tran-

sient behavior, it was also proposed that a reset operation is applied to MEMS resonators

for the switching control from “11” to “00”. As a result, based on both experiments and

numerical simulations, the controlling nonlinear behavior were realized as a 2-bit binary

counter.

Chapter 6 reported multifunctional operation from the viewpoint of application of

nonlinear dynamics in the single MEMS resonator. A logic-memory device, which consists

of memory and multiple-input gates, was demonstrated in the nonlinear MEMS resonator

by using a closed loop control. The nonlinear dynamics in the presence (absence) of

control input was examined as the logic (memory) operation. It was confirmed that in the

presence of the control input, two equal-amplitude regions exist because of the adjustment
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of the feedback input. It was also shown that in the absence of the control input, the

nonlinear MEMS resonator maintains its original logical state. Through the experiments

and numerical simulations, a device that combines an OR gate and memory functions

operating at room temperature was demonstrated in the single MEMS resonator. In

addition, a reprogrammable logic-memory device of the nonlinear MEMS resonator was

numerically investigated. This chapter numerically realized the reprogrammable logic

function that consists of OR/AND gate by adjusting the excitation amplitude and the

memory function by storing logic information in the single nonlinear MEMS resonator.

This dissertation realized read, write, counter, and logic-memory operations of the

nonlinear MEMS resonator by the self-sensing method, the feedback control, the elec-

tronically coupled system, and the closed loop control. Chapters 4, 5, and 6 focused

on the excitation force under control. In each chapter, the dc bias voltage and control

input were given as shown in Tab. 7.1. By relatively easily changing the control system,

memory and logic devices were realized. It is believed that four operations will be keys

to develop histories of mechanical computation and new functions in the application of

nonlinear MEMS.

7.2 Future work

In this study, a single MEMS resonator has two states and works as a mechanical 1-bit

memory and/or logic devices. In the nonlinear dynamics described by Eq. (2.2.4), there

appear other solutions owing to parameter changes [75]. Furthermore, due to nonlinear

design, the nonlinear dynamics has other solutions [75] in the single MEMS resonator .

Therefore, the single MEMS resonator may allow multiple-bit devices.

In a logic-memory device, the single nonlinear MEMS resonator has two functions that

Table 7.1: Control input and dc bias voltage . The excitation force under control becomes
proportional to the sum of the dc bias voltage and the control input.

Chapter Operation Control input dc bias voltage
4 Write operation −Vref + KV 2

ave Constant
5 Counter operation Res. 1 −Vref + K1V

2
ave1 Constant

Res. 2 Kcon2V
2
ave2 K2V

2
ave1

6 Logic-memory operation Lin1 + Lin2 − KV 2
ave Constant
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correspond to logic gate and memory. Furthermore, the nonlinear MEMS resonator allows

a reprogrammable function. Based on these results, it is possible to include additional

functions such as energy harvesting, sensing, learning and so on in the single MEMS

resonator. In addition, the MEMS resonator may work as an on-demand device [76] that

offers many functions. These studies open the way to research of the system of high

reliability.
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Appendix A

Classification of stability

This appendix shows the classification of the stability of vibrations as mentioned

in Section 2.2.2 and Section 2.2.3. Let us rewrite Eq. (2.2.4) as a system of first-order

equations,

dx

dt
= f(x, t) = f (x, t + T ), (A.0.1)

x = (x, y)† ∈ R
2, (A.0.2)

with a T -period orbit xf(t) = xf(t + T ).

When a stroboscopic map P for the system Eq. (A.0.1) can be constructed, Eq. (A.0.1)

is described by

xk+1 = P (xk), (A.0.3)

where (xk, yk) = (x(t; tk, xk, yk), y(t; tk, xk, yk)) and (xk+1, yk+1) = (x(t; tk +T, xk+1, yk+1),

y(t; tk +T, xk+1, yk+1)). (xk, yk) is a solution of Eq. (A.0.1) which is at the point P (xk) of

the xy plane when t = tk. Here k is an integer. xk is called the stroboscopic point [57,58].

For the stroboscopic map P , the T -period orbit xf(t) = xf(t + T ) is given as

xf = P (xf). (A.0.4)

Here xf is called a fixed point. Therefore, the fabricated MEMS resonator has three fixed

points.

In order to perform the classification of the stability, the neighboring behavior of the

fixed point xf is approximated by linearizing the map P

∆xk+1 = DP (xf)∆xk, (A.0.5)
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where xk+1 = xf +∆xk+1, xk = xf + ∆xk, and D ≡ ∂/∂x. The linear map DP (xf) is an

2 × 2 matrix. Two eigenvalues λ1, λ2 of the matrix determine the stability of the fixed

point xf . If both |λ1| and |λ2| are different from unity, simple fixed points are classified

as follows [57, 58]:

• Completely stable if |λ1| < 1, |λ2| < 1,

• Completely unstable if |λ1| > 1, |λ2| > 1,

• Directly unstable if 0 < λ1 < 1 < λ2,

• Inversely unstable if λ2 < −1 < λ1 < 0.

In this study, the stable fixed points correspond to the completely stable and the

unstable fixed point is the directly unstable.
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Appendix B

Nonlinear analysis

The following non-dimensionalized equation represents the nonlinear MEMS resonator

by substituting tn = 2πf0t and x = Acx
∗ in Eq. (3.2.1):

d2x∗

dt2n
+

1

Q

dx∗

dtn
+ x∗ + α∗

3x
∗3 = B sin ω∗tn (B.0.1)

where α∗
3 = A2

cα3/4π2f 2
n , B = Fall/4π2f 2

nAcm, and ω∗ = fn/f0.

When the method of harmonic balance [75] is applied to the system (B.0.1), a periodic

solution may be chosen as

x∗ = xω sin ω∗tn + yω cos ω∗tn + x3ω sin 3ω∗tn + y3ω cos 3ω∗tn (B.0.2)

Substituting Eq. (B.0.2) into Eq. (3.2.1) and equating the coefficients of the terms

containing sin ω∗t, cos ω∗t, sin 3ω∗t, cos 3ω∗t separately to zero yields

((ω∗2 − 1) − 3α∗
3(x

2
ω + y2

ω + 2(y2
3ω + x2

3ω))/4)xω

+(ω∗/Q)yω + 3α∗
3(x

2
ω − y2

ω)x3ω/4 + 3α∗
3xωyωy3ω/2 = B, (B.0.3)

(ω∗/Q)xω − ((ω∗2 − 1) − 3α∗
3(x

2
ω + y2

ω + 2(y2
3ω + x2

3ω))/4)yω

−3α∗
3(x

2
ω − y2

ω)y3ω/4 + 3α∗
3xωyωx3ω/2 = 0, (B.0.4)

((9ω∗2 − 1) − 3α∗
3(2(x2

ω + y2
ω) + y2

3ω + x2
3ω)/4)x3ω + 3(ω∗/Q)y3ω

+xωα∗
3(x

2
ω − 3y2

ω)/4 = 0, (B.0.5)

3(ω∗/Q)x3ω − ((9ω∗2 − 1) − 3α∗
3(2(x2

ω + y2
ω) + y2

3ω + x2
3ω)/4)y3ω

−yωα∗
3(3x

2
ω − y2

ω)/4 = 0 (B.0.6)

r2
1 = x2

ω + y2
ω, r2

3 = x2
3ω + y2

3ω (B.0.7)
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Figure B.1(a) (B.1(b)) shows the amplitude-frequency response curves for harmonic

oscillations (higher-harmonic oscillations). Therefore, it is expected that the MEMS res-

onator has the vibrations at a single frequency.
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Figure B.1: Frequency response curves.
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Appendix C

RF pulse control

In this appendix, we confirm the previously achieved results by Unterreithmeier et

al. [27]. The system with control signal u(t) is given by















dx

dt
= y,

dy

dt
= −

y

Q
− x − α3x

3 + k1 cos ωt + u(t).

(C.0.1)

Here the quality factor, the coefficient of cubic correction to the linear restoring force,

the excitation amplitude, the excitation frequency are set to Q (= 1.2 × 105) , α3 (=

1.273× 10−5), k1 (= 9.818× 10−5), and ω (= 1.0001245210), respectively. The parameter

settings are due to Ref. [27].

They applied a radio-frequency (RF) pulse to control signal u(t) [27]:

u(t) = kp cos(ωt + ϕ), (C.0.2)

where kp (= 1.767× 10−3) denotes the amplitude, and ϕ the phase of the RF pulse. The

phase of the RF pulse ϕ is set at 77◦ (233◦) for the control to the small (large) amplitude

vibration. The RF pulse with adjustable duration tp(= 6470) is used. The RF pulse

control possibly switches the state between the stable vibrations when the amplitude,

phase, and duration of the RF pulse are adjusted.

Figure C.1 shows the results controlled by the RF pulse. The red and aqua lines show

the loci of map with the RF pulse from small to large and from large to small amplitude

vibrations, respectively. Unterreithmeier et al. employ their extended knowledge to per-

form fast switching between the stable states no longer bound by relaxation times. The

duration of the RF pulse was about 1030 periods.

89



Figure C.2 shows the initial value dependence by RF pulse control. In Fig. C.2(a)

(C.2(b)), yellow (red) grid points indicate the initial states of convergence to the small

(large) amplitude vibration. These results show that the RF pulse control can not insure

the convergence exactly in the initial state plane for both directions. The complicated

convergence area appears in the simple basin. The background mechanism is not clear

at this moment. Therefore, it is considered the RF pulse control is weak for application

from the standpoint of control engineering.
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Figure C.1: Switching between stable periodic vibrations by RF pulse control: The basins
of attraction corresponding to the two states are separated by the manifold of the unstable
solutions. The red and aqua lines show the switching from small to large and from large
to small amplitude vibrations, respectively.
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(a) Region of convergence to large amplitude vibra-
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Figure C.2: Initial value dependence of convergence by RF pulse control: Yellow and
Red grid points show the region of convergence to large and small amplitude vibrations,
respectively.
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