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Abstract

We investigate how to find generic and globally rigid realizations of graphs in R?
based on elementary geometric observations. Our arguments lead to new proofs of
a combinatorial characterization of the global rigidity of graphs in R? by Jackson
and Jordan and that of body-bar graphs in R? recently shown by Connelly, Jordén,
and Whiteley. We also extend the 1l-extension theorem and Connelly’s composition
theorem, which are main tools for generating globally rigid graphs in R%. In particular
we show that any vertex-redundantly rigid graph in R is globally rigid in R, where
a graph G = (V, E) is called vertex-redundantly rigid if G — v is rigid for any v € V.

Keywords: rigidity of graphs, global rigidity, unique graph realizations, rigidity ma-
troid

1 Introduction

A d-dimensional bar-joint framework (or simply a framework) is a pair (G, p) of a graph
G=(V,E)and amap p:v € V = p, € R% A pair (G, p) is also called a realization of
G in RY. We say that (G, p) is equivalent to (G, q), denoted (G, p) ~ (G, q), if

1w — poll = lgu — qoll ~ for all uv € B, (1)
and we say that p and q are congruent, denoted p = q, if
lpw — 2oll = g — @] for all pairs u,v € V.

The set of all maps p of the form p : V — R? is denoted by R?, and we will
regard R?Y as the d|V|-dimensional Euclidean space. A framework (G, p) is called rigid
if there is an open neighborhood U of p in R¥ such that p = q holds for any ¢ € U
with (G, p) ~ (G, q). (G,p) is called globally rigid if p = q holds for any ¢ € R?" with
(G,p) ~ (G, q).

A map p € R is called generic if the set of entries in p is algebraically independent
over Q. A framework (G, p) is called generic if p is generic. As observed by Gluck [12] and
Asimov and Roth [1], a generic realization of G is rigid in R? if and only if every generic
realization of G is rigid in R?. Hence the generic rigidity can be considered as a property
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of the underlying graph. We say that a graph is rigid in R? if some/any generic realization
of G is rigid in R? [1]. Laman’s theorem [25] gives a combinatorial characterization of
rigid graphs in R?, which states that G is rigid in R? if and only if G contains a subgraph
H satisfying |E(H)| = 2|V(G)| — 3 and |E(H')| < 2|V(H')| — 3 for any subgraph H’ of
H with |V (H')] > 2. Extending Laman’s theorem to rigidity in R? is one of the most
important open problems in this field. See, e.g., [34] for more details.

The analysis of global rigidity turns out to be more challenging, but substantial
progress has been made in the last decade. The main tool for analyzing global rigid-
ity is a stress matrix introduced by Connelly [5]. (For the definition of stress matrices,
see, e.g., [6].) Connelly [6] showed that, if (G, p) is generic and the rank of a stress matrix
of (G,p) is |[V(G)| — d — 1, then (G, p) is globally rigid. He also conjectured that the
rank condition is necessary. This conjecture was recently confirmed by Gortler, Healy,
and Thurston [13]. An important corollary of their result is:

Theorem 1.1 (Gortler, Healy, and Thurston [13]). If there is a globally rigid generic
realization of G in R?, then every generic realization of G is globally rigid in RY.

Thus generic global rigidity is a property of graphs, and we can say that a graph G is
globally rigid in R? if some/any generic realization of G is globally rigid.

Another breakthrough in this context is a combinatorial characterization of globally
rigid graphs in R? by Jackson and Jordan [16]. In [15] Hendrickson showed the following
necessary condition for global rigidity of graphs.

Theorem 1.2 (Hendrickson [15]). Let (G,p) be a generic framework in R:. If (G,p)
is globally rigid, then either G is a complete graph on at most d + 1 wvertices or G is

(d + 1)-connected and redundantly rigid, where G is called redundantly rigid if G — e is
rigid for all e € E(G).

A useful method for generating rigid/globally rigid graphs is the so-called Henneberg
operation, that is, an operation that creates a new graph by adding a new vertex. For a
graph G = (V, E), a 0-extension in R? adds a new vertex with d new edges incident to the
new vertex, and a I-extension in R? removes an existing edge e and adds a new vertex
with d + 1 new incident edges so that the new vertex is incident with the both endvertices
of e. It is known that both operations preserve the rigidity of graphs in R, which gives a
proof of Laman’s theorem in case of d = 2, see [25]. Analogously, Connelly showed that
the 1-extension preserves the corank of stress matrices and conjectured that for d = 2
every graph satisfying Hendrickson’s condition can be generated from K4 by a sequence
of 1-extensions and edge additions.

Theorem 1.3 (Connelly [6], Jackson, Jorddn and Szabadka [17], Szabadka [27]). ! A
graph obtained from a globally rigid graph in R® by a 1-extension is globally rigid in RY.

The conjecture was confirmed by Berg and Jordan [2] for rigidity circuits and later by
Jackson and Jordan [16] for the general case.

"What Connelly proved in [6] is that 1-extension preserves the corank of stress matrices, which implies
that 1-extension preserves the global rigidity due to the algebraic characterization by Gortler et al. [13].
The present form of Theorem 1.3 for d = 2 was first proved by Jackson, Jorddn and Szabadka [17] before
[13]. Their proof was extended for general dimension in [27]. Szabadka’s result is actually more general,
see the discussion after Lemma 4.1 for more detail.



Theorem 1.4 (Jackson and Jorddn [16]). A 3-connected redundantly rigid graph in R?
can be constructed from K4 by a sequence of 1-extensions and edge additions.

Combining these results, we have:

Theorem 1.5 (Connelly [6], Jackson and Jordan [16]). A graph G is globally rigid in R?
if and only if G is a complete graph on at most three vertices or G is 3-connected and
redundantly rigid in R?.

Hendrickson [15] conjectured the converse of Theorem 1.2, and Theorem 1.5 confirms
Hendrickson’s conjecture in d = 2. On the other hand Connelly pointed out that the
conjecture is false for d > 3. In this paper we show that, if G is vertez-redundantly rigid in
R?, then G is globally rigid in R%, where G is said to be vertex-redundantly rigid if G — v
is rigid for all v € V(G).

More generally, in this paper, we shall investigate how to find globally rigid generic
realizations of graphs in R? based on elementary geometric observations. Our arguments
lead to new proofs of combinatorial characterizations of the global rigidity of graphs in
R? (Theorem 1.4) and that of body-bar graphs in R recently shown by Connelly, Jordén,
and Whiteley [7] (Theorem 3.2). We also give extensions of the 1l-extension theorem
(Theorem 1.3) and Connelly’s composition theorem [8], which are main tools for generating
globally rigid graphs in R?, and prove a conjecture by Frank and Jiang [11, Conjecture
29] on the global rigidity of k-chains.

Before closing the introduction, we should emphasize that Theorems 1.3, 1.4, 1.5 were
proved before the work of Gortler et al. (Theorem 1.1). In particular, the result by
Connelly [6], Jackson and Jorddn [16] implies not only the existence of a globally rigid
generic realization of a 3-connected redundantly rigid graph but also Theorem 1.1 for
d = 2. Later, Jackson, Jordén and Szabadka [17] also gave a proof of Theorem 1.3
for d = 2 without using stress matrices. In this sense, their results lead to a proof of
Theorem 1.1 which relies on deep graph-theoretical observations, which is still important
as the proof of Theorem 1.1 in [13] mainly consists of geometric/algebraic observations.

Connelly’s stress matrix condition or the technique by Jackson, Jordédn and Szabadka [17]
can verify the global rigidity of all generic realizations of a graph. However, with the aid of
Theorem 1.1, we may now turn our attention to finding a globally rigid generic realization
of a graph. This paper shows that there are several simple techniques to find a generic
globally rigid realization, which sometimes lead to much simpler arguments for proving a
sufficiency of the global rigidity of graphs.

The paper is organized as follows. In Section 2 we give preliminary facts on rigidity.
In Section 3, we shall show how to find a globally rigid generic realization of a body-bar
graph. In Section 4, we shall discuss generalizations of the l-extension theorem and
the composition theorem and give applications. In Section 5, we shall discuss another
application of a result in Section 4 to the global rigidity of body-hinge frameworks, which
are important special cases of bar-joint frameworks which appear in many applications.

2 Preliminaries
For a graph G = (V, E), we consider a smooth function fg : R¥ — R defined by

fa(@)(w) = llgu — al* (¢ €RY v € E). (2)



The function is known as the rigidity map of G. The Jacobian of fg at p € R?V is called
the rigidity matriz of (G, p), denoted by R(G,p).

A vector in the kernel of R(G,p) can be considered as an assignment m : V —
R?, which is called an infinitesimal motion of (G,p). It turns out that, for any d x d
skew-symmetric matrix S and ¢ € R?, an assignment m : V — R? defined by m(v) =
Spy + t is an infinitesimal motion of (G, p). Such an infinitesimal motion is called trivial.
We say that (G, p) is infinitesimally rigid if any infinitesimal motion of (G, p) is trivial.
If p is generic, (G, p) is rigid if and only if (G, p) is infinitesimally rigid [1].

Note that there is a one-to-one correspondence between the set of rows of R(G, p) and
E. Hence, by using the row independence, one can define a matroid on E, which is called
the rigidity matroid of (G,p). Since the rank of R(G, p) is invariant from p as long as p
is generic, the rigidity matroid of (G, p) is the same as that of (G, q) for any generic gq.
Thus we define the generic rigidity matroid Rq(G) as the rigidity matroid of (G, p) for
any generic p € R¥Y. A graph G = (V, E) is rigid if and only if G is a complete graph or
the rank of Ry4(G) is equal to d|V| — (d;rl).

A graph G = (V,E) is called a rigidity circuit in R? if E is a circuit in Rq(G).
By Laman’s theorem, G is a rigidity circuit in R? if and only if |E| = 2|V| — 2 and
|E(H)| <2|V(H)| — 3 for any proper subgraph H of G.

Let [q] be the equivalence class of q in R defined by the congruence =. For a
framework (G, p), we denote by ¢(G,p) the number of distinct classes [g] with (G, q) ~
(G, p). The following elementary observation is a folklore, which turns out to be a key to
the subsequent arguments. See, e.g., [13, 20, 27] for more detailed discussion.

Proposition 2.1. Let (G, p) be a generic realization of a graph G. If (G, p) is rigid, then
c(G,p) is finite.

Throughout the paper we shall use the following notation. For a point p € R% and
e €R, let B(p,e) ={x € R?||p— x| < ¢} and OB(p,e) = {x € R? | ||p — z|| = €}.

For a graph G = (V, E), let Ng(v) C V' \ {v} be the set of neighbors of a vertex v and
let d(v) = |Ng(v)|. For a finite set X, let K(X) be the edge set of the complete graph on
X. For disjoint finite sets X and Y, let K(X,Y") be the edge set of the complete bipartite
graph on the vertex classes X and Y.

A k-separation of a graph G is a pair (G1,G3) of edge-disjoint subgraphs of G each
with at least k + 1 vertices such that G = G1 U Gy and |V (G2) NV (G2)| = k. A graph
G is said to be k-connected if it has at least k + 1 vertices and has no j-separation for all
0 < j <k —1. For a connected graph G = (V, E), a vertex set X C V with |X| = k is
called a k-separator if G — X is disconnected.

3 Global Rigidity of Body-bar Frameworks

A body-bar framework is a structure consisting of rigid bodies linked by disjoint bars.
By regarding each body as a dense bar-joint framework, one can consider a body-bar
framework as a special case of bar-joint framework. The underlying graph of a body-bar
framework is a multigraph obtained by identifying each body with a vertex and each bar
with an edge.

Given a multigraph H which is the underlying graph of a body-bar framework in
R?, the associated body-bar graph is defined by “replacing” each vertex v by a complete
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Figure 1: A graph H and its body-bar graph Gy for d = 3.

subgraph with (d 4+ 1 4+ dg(v)) vertices. Formally, the body-bar graph of H is a simple
graph Gg = (Vi, Er), where

e Vpy is the union of disjoint vertex sets B}, for each v € V(H) which is defined by
By ={v?,...,09,,} U{vl | e € E(H) is incident to v};

o Brt = (Uyey K(By)) U fulv! | e = wo € E(H)}.

See Figure 1 for an example.

Note that B}, induces a complete subgraph in G, which is called a body associated
with v. Each body forms a globally rigid subframework when realizing G g generically. A
bar-joint framework (G, p) with p : Vi — R? is called a body-bar realization of H in R
A celebrated theorem by Tay gives a combinatorial characterization of generically rigid
realizability.

Theorem 3.1 (Tay [30]). Let H be a finite multigraph. Then there is a rigid and generic
body-bar realization of H in R® if and only if H contains (d—gl) edge-disjoint spanning
trees.

Connelly, Jorddn and Whiteley [7] recently proved the global rigidity counterpart of
Tay’s theorem, which confirms that Hendrickson’s conjecture is true in this model.

Theorem 3.2 (Connelly, Jorddn and Whiteley [7]). Let H be a multigraph. Then there
is a globally rigid and generic body-bar realization of H in R if and only if there is a rigid
and generic body-bar realization of H — e in R? for every e € E(H).

Proof. The necessity follows from Hendrickson’s theorem (Theorem 1.2) and our target is
to prove the sufficiency. The proof is done by induction on |V (H)|. The statement is clear
if |V(H)| =1, so assume |V (H)| > 1.

Let us take any e = uv € E(H) and let H' = H — e. Since G is rigid, by Proposi-
tion 2.1 there is a generic and rigid body-bar realization (Gp,p’) such that ¢(Gyr,p’) is
finite. Let us consider the set of equivalent realizations, that is,

EGu,p)={d Vi >R | (Gw.,q') ~ (Gu,p'),Yw € B}y, q'(w) = p'(w)}

(where we restrict our attention to realizations fixing the body of u). Then £(Ggr,p')
is a finite set. Note that the body of v is a complete subgraph, and hence for each



q € E(Gyr,p') there is an isometry which can be written as a pair of a d x d orthogonal
matrix Ay and ty € R? such that ¢'(w) = Agp'(w) + tg for all w € BY,.

We now extend p’ : Vir — R? to p: Vg — R? as follows. Recall that Vi \ Vir =
{ul,v!}. We take p(ul) and p(v}) in such a way that {p(ul),p(v!)} is algebraically
independent over the field generated by Q and the entries of Ay and ty for all ¢’ €
E(Gyr,p'). Since E(Gyr,p’) is finite, such p exists.

We prove that (Gg,p) is globally rigid in R?. To see this let us consider

E(Gr,p) ={q:Vy - R? | (Gu,q) ~ (Gu,p),Yw € B, q(w) = p(w)}.

Since (Ggr,p’) is a subframework of (G, p), for each q € E(Gm,p) there is some
q € E(Gp,p') such that q(w) = Agp(w) + tg for all w € BY. In particular, g(v}) =
Agp(vl) + ty holds by vl € BY. Moreover p(ul) = q(ul) and |p(ul) — p(v})|| =
llg(ul) — q(v})| due to the existence of edge ulv!. Hence,

Ip(ue) = p(ve)|? = Ip(ug) — Agp(ve) — tg|* = 0.

If we regard the left hand side as a polynomial with variables p(u!l) and p(v!), then this
polynomial is not identically zero unless Ag is the identity matrix and ty = 0. (For
example, take p(ul) = p(v}) = p for any p € R? with (I — Ag)p # tg.) Thus, due to the
choice of p(ul) and p(v!), Ay is the identity and ¢y = 0.

Consequently, for any g € £(Gy,p), we have g(w) = p(w) for all w € B}, U B, and
hence the subgraph induced by B}, U B}, can be regarded as one body; More precisely,
there is a globally rigid generic body-bar realization of H if and only if there is a globally
rigid generic body-bar realization of H*, where H* is the graph obtained from H by
contracting v and v. Clearly there is a generic rigid body-bar realization of H* — f for
all f € E(H*), and hence there is a globally rigid generic body-bar realization of H* by
induction. This completes the proof. O

Remark. Theorem 3.2 along with Theorem 1.1 and Theorem 3.1 implies a combinatorial
characterization of the global rigidity of body-bar graphs, which is the main theorem of
[7]. We should remark that the proof in [7] is done by the evaluation of the rank of stress
matrices by using a constructive characterization of Frank and Szegé [10]. Thus their
proof further implies Theorem 1.1 for body-bar graphs.

Remark. The definition of body-bar graphs in [7] is slightly different from the one given
above. In [7] each vertex of H is replaced by a complete graph on dy(v) vertices. One
can easily check that this distinction does not cause any difference of the global rigidity

property.
4 Global Rigidity of Bar-joint Frameworks
In this section we shall discuss the global rigidity of generic bar-joint frameworks in R%.

4.1 Vertex Removal Lemma

The following lemma extends Theorem 1.3, which turns out to be a very powerful tool as
shown in applications in subsequent sections.



Lemma 4.1. Let G = (V, E) be a graph and v be a vertex of degree more than d. Suppose
that

o G — v is rigid in R%, and
e G — v+ K(Ng(v)) is globally rigid in RZ.
Then G is globally rigid in R,

Proof. Let (G —wv,p’) be a generic realization of G —v, and let us take any pair of distinct
vertices i,j in Ng(v) such that ij ¢ E(G) . Since G — v is rigid, we may assume that
¢(G—w,p’) is finite by Proposition 2.1. Hence, the number of possible distances between ¢,
and ¢} over all ¢’ : V(G —v) — R? with (G —wv,¢q') ~ (G —v,p') is finite. This implies that
there is € > 0 such that, for any ¢’ with (G —v,q") ~ (G —v,p"), [[[p; =Pl = llgi = g;[|| < €
implies [l¢; — ¢jIl = Ilp; — ;|-

Let us extend p’ to p : V(G) — R? such that p is generic and p, € B(p;, %)

Consider any g : V(G) — R? with (G, q) ~ (G, p). By py € B(p;, §) and 4, j € Ng(v),
we have |||pi —pjll — |lgi — ¢;||| < €. Since (G — v, p’) is a subframework of (G, p), it follows
that ||¢; — ¢;|| = |lpi —p;||. Therefore, (G, p) is globally rigid if (G +ij, p) is globally rigid.
In other words G is globally rigid if (and only if) G + ij is globally rigid.

Applying the same argument to G + ij and then repeatedly to the resulting larger
graphs we conclude that G is globally rigid if and only if G + K (Ng(v)) is globally rigid.
The global rigidity of G + K(Ng(v)) now follows from the global rigidity of G — v +
K (Ng(v)) since v has degree more than d. O

Remark. Lemma 4.1 is also implicit in [27, Lemma 2.3.1] with a completely different
argument. It should be noted that Szabadka’s proof does not rely on Theorem 1.1. See
also [17, 20].

Our proof of Lemma 4.1 relies on Theorem 1.1. In the appendix of the preprint
version of this paper [29] we show how to find a generic globally rigid realization based on
elementary geometric observations without using Theorem 1.1 in d < 3.

4.2 Applications

In this subsection we shall give two applications of Lemma 4.1.

Theorem 4.2. Let G = (V, E) be a vertex-redundantly rigid graph in R, Then, G is
globally rigid in R?.

Proof. The proof is done by induction on |[V|. When |V| < d 4 2, a vertex-redundantly
rigid graph G is isomorphic to K|y, which is globally rigid in R? by definition.

Let us assume |V| > d + 2. Take any vertex v € V. If dg(v) < d, then the removal
of any neighbor of v results in a flexible framework. Hence, dg(v) > d 4+ 1 due to the
vertex-redundancy of GG. Also G — v is rigid.

Let G' = G — v+ K(Ng(v)). Suppose that G’ is not vertex-redundantly rigid. Then
there is a vertex u such that G’ — u is not rigid. Since dg(v) > d+1, Ng(v) \ {u} induces
a complete subgraph of at least d vertices in G’ — u. Therefore, G — u cannot be rigid,
which contradicts the vertex-redundancy of G. Thus G’ is vertex-redundantly rigid, and
by induction G’ is globally rigid in R?. By Lemma 4.1 G is also globally rigid in R¢. [



The extremal properties of vertex-redundantly rigid graphs in R? are investigated in
[26, 23], where vertex-redundantly rigid graphs are referred to as bi-rigid graphs.

We also remark that the characterization for body-bar frameworks (Theorem 3.2) easily
follows from Theorem 4.2.

Next we consider the global rigidity of k-chains. Following Frank and Jiang [11], we
define a k-chain as a bipartite graph on disjoint k sets Ay, Ao, ..., Ag such that A; U A; 41
induces the complete bipartite graph on A; and A;4; for all 1 <4 < k — 1 and there are
no other edges. Note that if £ = 2 or kK = 3 a k-chain is a complete bipartite graph. Frank
and Jiang [11] gave a characterization of the global rigidity of k-chains with (d;rl) vertices
and conjectured the case of more than (d;rl)
affirmative answer to their conjecture.

vertices [11, Conjecture 29]. Here we give an

Theorem 4.3. Any (d + 1)-connected k-chain with more than (d;rl) vertices is globally
rigid in RY.

Proof. By Bolker and Roth [3], it is known that any (d + 1)-connected complete bipartite
graph is rigid in R? if the number of vertices is at least (d;rl). Frank and Jiang showed
that any (d+ 1)-connected k-chain is rigid if £ > 4 and the number of vertices is (d;rl) [11,
Lemma 17]. We claim that any (d + 1)-connected k-chain G with at least (dgl) vertices is
rigid. This can be checked as follows. If k£ < 3 the claim follows from the result of Bolker
and Roth. If £ > 3, then we can take X; C A; with | X;| = d+1 for i = 2,3. By inductively
adding vertices to the induced subgraph by X3 U X3, one can find a (d + 1)-connected
k’-chain G’ in G with (d;rl) vertices for some k' < k. This subgraph G’ is rigid by the
result of Frank and Jiang, and G is rigid since G can be obtained from G’ by inductively
adding the vertices along with at least d edges.

Now consider any (d + 1)-connected k-chain G and without loss of generality assume
|A1| < |Ag|. Let us take a vertex v from A;. Then G —wv is still a (d+1)-connected k-chain
and hence is rigid. Also G—v+ K (Ng(v)) is globally rigid in R?, since K (Ng(v)) = K(A2)
is globally rigid by |A2| > d+ 1 and G — v + K(Ng(v)) can be obtained from K(A3) by
inductively adding vertices along with at least d + 1 edges.

Therefore Lemma 4.1 implies that G is globally rigid in R¢. 0

4.3 A Proof of Theorem 1.5

In this section we shall give a new proof of the sufficiency of Theorem 1.5.

Since Lemma 4.1 is an extension of 1-extension theorem (Theorem 1.3), it might be
possible to replace Theorem 1.4 with a shorter combinatorial argument for proving The-
orem 1.5. Here we show that the following weaker version of Theorem 1.4 suffices for
proving Theorem 1.5.

Lemma 4.4. Let G be a 3-connected redundantly rigid graph in R%. Then G has a vertex
of degree three or has an edge e for which G — e is 3-connected and redundantly rigid.

Before showing Lemma 4.4 let us give a proof of the sufficiency of Theorem 1.5.

Proof of the sufficiency of Theorem 1.5. The proof is done by induction on the lexico-
graphical order of (|V|,|E|). The base case is when G is isomorphic to Ky, which is
globally rigid.



Let us consider the case when |V| > 4. By Lemma 4.4, G has a vertex v of degree
three or has an edge e for which G — e is 3-connected and redundantly rigid in R2. If
G has such an edge e, then by induction there is a globally rigid generic realization
(G —e,p), and (G, p) is globally rigid. If G has a vertex of degree three, then G — v is
rigid and G — v + K(Ng(v)) is 3-connected and redundantly rigid since G is 3-connected
and redundantly rigid. Therefore by Lemma 4.1 G is globally rigid in R2. O

The remaining of this subsection is devoted to the proof of Lemma 4.4. For proving
it (without using Theorem 1.4), we still need several observations given by Berg and
Jordén [2] and Jackson and Jordan [16] at an early stage of the proof of Theorem 1.4.
Some of these observations are already nontrivial, but reasonably short proofs were given
there.

To explain these ingredients we need some terminology. Let M be a matroid on a
finite set E. We define a relation ~ on E such that e ~ ¢’ if there is a circuit of M
that contains e and €’. The relation ~ is known to be an equivalence relation, and an
equivalence class with respect to ~ is called an connected component of M. A subset
F C E is called connected if e ~ €' for any e, e’ € F, and M is called connected if E is
connected.

A sequence C1,Cy, ..., Cy of circuits in M is called a partial ear decomposition of M
if for any 2 <4 <t

e C;ND;_1#0, where D; =C;UCyU...Cj;
o Ci\ Di—1#0;

e for any circuit C' with C N D;—1 # 0 and C\ D;—1 # 0, C\ D;—1 C C; \ D;—1 does
not hold.

A partial ear-decomposition is called an ear decomposition if Ule C;=F.

Theorem 4.5 (Coullard and Hellerstein [4]). A matroid M is connected if and only if
M has an ear decomposition. If M is connected, then any partial ear decomposition can
be extended to an ear decomposition.

Now let us come back to rigidity. Following [16], we say that a graph G is M -connected
in R? if R4(G) is connected.

Theorem 4.6 ([16], Theorem 3.2). Suppose that a graph G is 3-connected. Then G is
redundantly rigid in R? if and only if G is M-connected in R?.

The following lemma is implicit in [16, Lemma 5.2] and explicit in [21].

Lemma 4.7. Let G be an M-connected graph in R2, C1,Cs, ..., C, be an ear decomposition
of R2(G), and D; = J;_, Cj where Do = 0. If V(Cy) C V(Dyi—1), then |Ct| = 1; otherwise
G has a vertex of degree three that is contained in V(Cy) \ V(Dy—1).

We also need certain properties of rigid graphs related to 2-separators. We say that two
2-separators {u,v} and {s,t} in G cross if s and ¢ are in distinct connected components

of G —u—w.

Lemma 4.8 ([16], Lemma 3.6). If G is rigid in R?, then any two 2-separators do not
cross.



Let G; and Gy be graphs with V(G1) N V(G3) = 0. For edge a1b; € E(G1) and
asby € E(G2), the 2-sum G @2 G2 of G1 and G2 (along aib; and agby) is the graph
obtained from G — a1b; and Go — agby by identifying a; with as and b; with bo.

Conversely, suppose that (G, G2) is a 2-separation of a graph G with V(G1)NV(G3) =
{a,b}. Fori=1,2,let G = G; + ab if ab ¢ E(G;) and otherwise G} = G;. We say that
G| and G, are the cleavage graphs obtained by cleaving G along {a,b}.

Lemma 4.9 ([16], Lemma 3.3). Suppose G1 and G are M-connected in R%. Then the
2-sum G ®o G is M -connected in R2.

Lemma 4.10 ([16], Lemma 3.4). Suppose G1 and G are obtained from a M -connected
graph G in R? by cleaving G along a 2-separator. Then Gy and Go are M -connected in
R2.

For a 2-connected graph G = (V, E), a nonempty set X C V is called a fragment if
ING(X)|=2and V \ (X UNg(X)) # 0. Now we are ready to prove Lemma 4.4.

Proof of Lemma 4.4. By Theorem 4.6 G is M-connected. Suppose that G has no vertex of
degree three. By Lemma 4.7, for any ear decomposition C1, ..., Cyof G, V(Cy) C V(Dy—1),
where D;_1 = Uf;% C;. Hence, |Cy| = 1 by Lemma 4.7, and G — e is M-connected for
e € Cs.

Let E' = {e € E(G) | G — e is M-connected}, which is nonempty as we have just
noted. If G — e is 3-connected for some e € E’, then we are done. Hence we assume that
G — e is not 3-connected for any e € F’.

Let us take e € E’ such that the size of the smallest fragment in G — e is minimized
over all e € E'. Let (Hi, H2) be the 2-separator of G — e such that V(H;) \ V(Hz) is
the smallest fragment, and denote {a,b} = V(H;) NV (Hz2). By Lemma 4.10, the graphs
H{, H} obtained by cleaving along ab are M-connected.

Let v be the endvertex of e in H{. Let us take a circuit C' of Ro(H]) such that ab € C
and v € V(C). Such a circuit exists since H] is M-connected. By Theorem 4.5, there is
an ear decomposition Cf,...,C% of H| with C] = C for some s > 1.

If s =1, Hj is a circuit and has a vertex of degree three incident to neither e nor ab,
implying that G has a vertex of degree three, a contradiction. If s > 1, by Lemma 4.7
H/ has a vertex u of degree three with w € V(C%)\ V(C]) or an edge f € V(C.) such
that H{ — f is M-connected. In the former case u is incident to neither e nor ab, implying
that G has a vertex of degree three, a contradiction. In the later case, since Hj — f is
M-connected, G — f is M-connected by Lemma 4.9. Hence G — f is not 3-connected, and
there is a separator in G — f. However, since f connects two vertices in Hy, Lemma 4.8
implies that a fragment in G — f is properly contained in V/(Hp)\ V(Hz2). This contradicts
the choice of e. O

4.4 Combining Two Graphs

We next consider another operation for constructing globally rigid graphs from smaller
graphs. Let G be a graph, X be a subset of V(G), and H be a graph on X (whose edges
may not be in G). We say that (H, X) is a rooted minor of (G, X) if H can be obtained
from G by deleting and contracting edges of G, i.e., there is a partition {U, | v € X} of
V(G) into | X| subsets, each of which is indexed by an element of X, such that (i) v € Uy,
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(ii) the induced subgraph of G by U, is connected for each v € X, and (iii) G has an edge
between a vertex in U, and a vertex in U, for each uv € E(H).

Theorem 4.11. Let Gy and G2 be graphs with X =V (G1) NV (G2) and H be a graph on
X whose edges may not be in Gy U Ga. Suppose that

o | X|>d+1,
e Gy is rigid in R?,
o (H,X) is a rooted minor of (G2, X).

e Gy UH and Gy U K(X) are globally rigid or G U K(X) and Go U H are globally
rigid in R,

Then G1 U Gy is globally rigid in RY.

Proof. Let p : V(G1 U Ga) — R? be generic, and p; be the restriction of p to V(G;) for
i =1,2. Since (H, X) is a rooted minor of (G, X), there is a partition {U, | v € X} of
V(G2) into | X| subsets, each of which is indexed by an element of X, such that, for each
xy € E(H), there is a path Py, from x to y such that P,y is in the induced subgraph of
Go by U, U U, and passes through an edge between U, and U, exactly once.

We shall assume that, for each w € U,, py € B(py,€) holds for some € > 0. Due to
the existence of Py, for each xy € E(H), there is a constant C' such that, for any g, with
(G2, q2) ~ (G2,p2),

72 = pyll =l — gyl < CIV(Ga)le 3)

for all zy € E(H).

Since (G1,p1) is rigid, ¢(G1,p1) is finite. Therefore, for each zy € E(H), there are
finite number of possible distances between g, and g, over all ¢ with (G1,q1) ~ (G1,p1).
Since the position of p,, for w € V(G2) \ X is independent from these distances, if we take
small enough €, we have

lpe —pyll = llgz — gyl for xy € E(H)

for every q with (Gy U Ga, q) ~ (G1 UGy, p). Therefore, Gy UGy is globally rigid in R? if
G1 UGy U H is globally rigid.

By assumption, for some i € {1,2}, G;UH is globally rigid. However, since G UG2UH
contains G; U H as a subgraph and (G; U H, p;) is globally rigid in R?,

1Pv = Pwll = l1gu — qul| for all u,w € X

for every g with (G1 UGo U H,q) ~ (G1 UGy U H,p). Thus G; UGy U H is globally rigid
if G1 UG2 U K(X) is globally rigid. Since |X| > d+ 1 and G; U K(X) and Go U K(X)
are globally rigid, G1 U Go U H is globally rigid. This in turn implies the global rigidity of
(G,p). O

Theorem 4.11 extends [8, Theorem 11], which copes with the case when |X| =d + 1,
|[E(H)| =1, G; U H are globally rigid for each ¢ = 1,2. Indeed, in this case, G; U H is
(d + 1)-connected and redundantly rigid by Theorem 1.2. So Gj is rigid. Denoting the
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(a)
(b)

Figure 2: (a) H and (b) Gy in R3.

edge in F(H) by ab, Go — (X \ {a,b}) is connected. Hence (H, X) is a rooted minor of
(G, X).

Notice also that Theorem 4.11 contains Theorem 1.3 as a special case. In this sense,
Theorem 4.11 is a common generalization of the 1-extension theorem and the composition
theorem [8, Theorem 11| by Connelly.

5 Global Rigidity of Body-hinge Frameworks

In this section we consider body-hinge frameworks. A body-hinge framework is a structural
model consisting of rigid bodies connected by hinges. A hinge is a (d — 2)-dimensional
affine space which links two bodies, and the bodies can rotate around the hinge.

Given a body-hinge framework, where each hinge connects two bodies, we shall define
the underlying graph H by associating a vertex with a body and an edge with each
hinge. As in the case of body-bar frameworks one can regard a body-hinge framework as
a bar-joint framework by replacing each rigid body with a complete bar-joint framework.
Since each hinge is a (d — 2)-dimensional affine subspace, we are interested in the rigidity
of the associated body-hinge graph Gy = (Vi, E) defined as follows:

o Vy = (Uvev(H) B,)U (UeeE(H) H.), where B, = {v1,...,v441} for each v € V(H)
(which induces the body associated with v) and He = {he 1, he2, ..., heq—1} for each
e € E(H) (which induces the hinge of e);

o Fyy = (UveV(H) K(By))U (UeeE(v) K(By, H.)), where E(v) denotes the set of edges
incident to v.

Figure 2 provides an example. A bar-joint framework (G, p) with p : Vg — R? is called
a body-hinge realization of H in R?. We are interested in the rigidity/global rigidity of G'g
for a given H.

For a graph H and a positive integer k, let kH denote the graph obtained from H by
replacing each edge by k parallel copies. For each edge e € E(H), ke denote the set of the
k copies of e in kH. Tay [31, 32] and Whiteley [33] independently gave a combinatorial
characterization of the rigidity of body-hinge frameworks.

Theorem 5.1 (Tay [31, 32], Whiteley [33]). Let G be the body-hinge graph of a graph H.
Then Gy is rigid in R if and only if ((dgl) — 1)H contains (d;rl) edge-disjoint spanning
trees.
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Connelly and Whiteley [9] conjectured that K55 is the only 4-connected redundantly
rigid graph in R? that is not globally rigid. Observe now that, for a graph H, if Gy is rigid,
then G is 4-connected and redundantly rigid unless |V (H)| = 1. Therefore, a special case
of the conjecture by Connelly and Whiteley states that G is rigid in R3 if and only if G
is globally rigid in R3. Recently, counterexamples for this special case were discovered [22],
which also implies the existence of counterexamples for the Connelly-Whiteley conjecture.

Also in [22] a corrected combinatorial characterization of the global rigidity of body-
hinge frameworks were also presented. Here we shall show that a slightly weaker statement
follows from Theorem 4.2.

Theorem 5.2. Let Gy be the body-hinge graph of a graph H. If ((d'gl) —1)(H —e)+
((d'QH) — 3)e contains (d;ﬂ) edge-disjoint spanning trees for every e € E(H), then G is
globally rigid in R?.

Proof. By Theorem 4.2 it suffices to show that Gy is vertex-redundantly rigid. To this
end, it suffices to show the rigidity of Gy — he 4—1 for each e € E(H) (where recall that
he,d—1 is a vertex in Vi associated with e). Let G1 = Gy — hed—1.

Intuitively, (G1,p) is a framework in which bodies are linked by hinges except that
the hinge associated with edge e is replaced with a (d — 3)-dimensional affine space (i.e.,
the bodies incident to the hinge of e are linked at points py, -+ Dh,, +2)- We now show
that G is rigid. The proof idea is essentially from [33, 19].

By the lemma assumption ((dgl) —1)(H—e) —l—((dgl) —3)e contains (dgl) edge-disjoint
spanning trees T; ;,1 <1i < j < d+ 1. Without loss of generality we may assume that

(((d—; 1) _ 3) e> N (Ty-1,4UTy—1a41 U Tyar1) = 0. (4)

Let ey,...,eq be the standard basis of R?, and for simplicity of description the origin
of R% is denoted by ey 1. We shall define p : V(Gg) — R? as follows. For each v; € B,
let p(v;) = e;. For each f € E(H) \ {e}, there is at least one pair (k,[) of indices such
that (((d;rl) —1)f) N Ty;) = 0. Hence one can define p(hy;) such that {p(hys;) | 1 <
i <d—-1}={e; |1 <i<d+1,i# k,1}. Also, for e, we shall define p(h. ;) such that
{p(hsi)|1<i<d—-2}={e;|1<i<d—2}.

Now we show that (Gy,p) is infinitesimally rigid in R%. To this end let us take any
infinitesimal motion m : V(Gy) — R? of (G, p). The proof is completed if we can
show m is trivial, i.e., there is a d x d skew-symmetric matrix S and t € R? such that
m(v) = Sp(v) + t for each v € V. Since {p(v;) | v; € B,} affinely spans R? and B,
induces the complete graph, for each v € V(H), there is a d X d skew-symmetric matrix .S,
and t, € R? such that m(v;) = S,p(v;) +t, for every v; € B, and m(hy ;) = Sup(hsj)+ty
for every hy ; incident to B,.

For 1 <i < j <d+1, consider any edge f = wv € T; ;. If f # e, by the definition of
p, there is at least one index k with 1 < k < d — 1 such that p(hyy) is either e; or e;.
Similarly, if f = e, there is £ with 1 < k < d — 2 such that p(hyy) is either e; or e; by
(4). Therefore, one can take a vertex v; from B, such that {p(hsi),p(v))} = {€;, €;}.

Let us assume p(hys i) = e; and p(v;) = e;. The first-order length constraint by edge

e, 17" "
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hﬁkvl implies

0= (p(hsr) — p(v), m(hgr) —m(v))
= <p(hf,k) - p(’Ul), Sup(hf,k) +ty — SvP(Ul) - tv>
= (e; — €j,Sue; +t, — Spej —t,)

= —e;—Suei - eZTSvej + (ei — ety — to). (5)

This equation follows even when p(hysy) = e; and p(v;) = e; by changing the role of u
and v.
For j =d+ 1, since egy1 = 0, (5) implies

(ei,ty —ty) =0 for 1 <i<dand uv €T 441.

This implies ¢, = t; for any pair a,b € V(H) since T; 411 is a spanning tree. Therefore,
using the skew-symmetry of S, (5) becomes

eZTSUej :e;rSuej for1 <i<j<danduveT;.
This in turn implies S, = Sp for any pair a,b € V(H). Thus m is trivial. O
One important corollary of Theorem 5.2 is the following.

Corollary 5.3. Let Gy be the body-hinge graph of a graph H. If Gy is hinge-redundantly
rigid (i.e., Gg—_. is rigid for any e € E(H)), then Gy is globally rigid.

It is also natural to consider a more general body-hinge model where each hinge may
connect more than two bodies. Such a framework is called an identified body-hinge frame-
work. The underlying graph becomes a hypergraph (or the corresponding bipartite graph),
and a combinatorial characterization of the rigidity is known in terms of a count condition
of the underlying graphs [31, 32, 28]. The argument can be easily generalized to show the
counterpart of Corollary 5.3 for identified body-hinge frameworks.

A challenging open problem is to show a characterization for panel-hinge frameworks
or hinge-concurrent frameworks, where in a panel-hinge framework the hinges incident to
a body lie on a 2-dimensional affine space, and in a hinge-concurrent framework all the
hinges incident to a body intersect at a point. It is known that in R® the infinitesimal
rigidity of such frameworks coincides with that of molecular frameworks, which are bar-
joint frameworks whose underlying graphs are the square G2 of graphs G. A combinatorial
characterization of the generic rigidity of those frameworks was shown in [24].

6 Concluding Remarks

The global rigidity of graphs in complex spaces was analyzed by Jackson and Owen [20]
and independently by Gortler and Thurston [14]. Bill Jackson pointed out that the proof
of Theorem 3.2 can be applied even in the complex setting.

It is a long standing open problem whether there is a constant connectivity upper
bound for the rigidity of graphs in R? for d > 2. Tibor Jorddn pointed out that the
existence of such a bound immediately implies a constant connectivity upper bound for
the global rigidity by Theorem 4.2.
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One of the challenging problems in this context is to determine which 4-connected
redundantly rigid graphs are globally rigid in R3. Currently it is not clear how large a
subclass of 4-connected redundantly rigid graphs we can construct by the operations of
Lemma 4.1 and Theorem 4.11.
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