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Abstract We investigate a novel type of Langevin model that describes the nonequilibrium dynamics
of a classical particle interacting with a spatially extended environment. In this model, a particle,
which interacts with the environment through the nonlinear interaction Hamiltonian, is driven by
a constant external force, and subsequently, it reaches a nontrivial nonequilibrium steady state. We
derive an effective Langevin equation for the particle in the nonequilibrium steady states. Using this
equation, we calculate the effective temperature defined as the ratio of the correlation function of the
velocity fluctuation to the linear response function with respect to a small perturbation. As a result, it
is shown that the effective temperature associated with the time scale of the particle is identical to the
kinetic temperature if the time scale of the environment and that of the particle are well separated.
Furthermore, a noteworthy expression, which relates the kinetic temperature with the curvature of the
driving force-mean velocity curve, is derived.

Keywords Non-equilibrium · Brownian motion · Langevin equation · Fluctuation-dissipation relation

1 Introduction

It is of interest both from the fundamental aspect and a practical viewpoint to understand the nonequi-
librium dynamics of a particle interacting with a spatially extended environment. The fact that this
subject is deeply related to such diverse areas as condensed matter physics [1], chemical physics [2] and
biological physics [3] has attracted the attention of theoretical physicists. Recent progress in experi-
mental technique enables us to access the detailed dynamics of colloidal particles immersed in a passive
or active medium in the presence of an external driving force [4-6]. In spite of significant theoretical
and experimental efforts towards understanding these dynamics, many aspects of this problem are still
unclear.

For equilibrium cases, the Langevin equation has been a powerful tool for investigating the stochas-
tic dynamics of a particle in a homogeneous environment. The effect of the environment can be de-
scribed by introducing a linear friction with memory and Gaussian colored noise

M
dv(t)
dt

= −
∫ t

−∞
Γ (t − s)v(s)ds + R(t), (1)

where v(t) and M denote velocity and mass of the particle, respectively. Here, the zero-mean Gaussian
noise R(t) satisfies the fluctuation-dissipation relation (FDR) of the second kind

〈R(t)R(t′)〉 = kBTΓ (|t − t′|). (2)
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2 Taiki Haga

The friction kernel Γ (t) reflects the dynamical properties of the environment. The validity of the
Langevin equation has been confirmed experimentally and theoretically for some thermal or athermal
systems [7-9].

Let us consider the particle driven by an external force F . Since the environment is stirred by the
driven particle, the environment is not at equilibrium in such case. Thus, the friction Γ and the random
force R(t) can become different from equilibrium ones. Furthermore, the FDR that connects the random
force with the friction does not holds. However, if we assume that the time scale of the particle and
that of the environment are well separated, the environment rapidly relaxes to local equilibrium state
and one expects that the FDR recovers in spite of the presence of the driving force. We ask whether
this description is correct. Although this seems to be plausible, there is no explicit discussion because
of lack of unified treatment for nonequilibrium state.

The effective temperature is a useful ingredient to describe the violation of the FDR for nonequi-
librium states. It is defined as the ratio of the correlation function of fluctuation to the linear response
function with respect to small perturbations. It is known that driven systems with two well-separated
time scales, such as sheared glassy liquids, have two effective temperatures associated with each time
scale [10-13]. In this case, the effective temperature associated with the slow time scale is identical
to the kinetic temperature of a coupled Hamiltonian subsystem whose reaction time is equal to the
time scale [10]. A similar result is obtained for a heated nanoparticle suspended in a fluid by using a
detailed molecular dynamics simulation in Ref. [14]. The question mentioned in the previous paragraph
means that this relationship between the time-scale-dependent effective temperature and the kinetic
temperature holds for a particle driven by an external force.

The main purpose of this research is to investigate the relationship between the effective temper-
ature and the kinetic temperature for a particle driven by an external force. Since the environment
is no longer at equilibrium in the presence of the driving force, we introduce a microscopic model in
which the dynamics of the environment are explicitly considered. The system under study consists of
a particle and an elastic medium that corresponds to a spatially extended environment. The elastic
medium couples with an external heat bath of temperature T . Keeping a classical particle interacting
with the lattice oscillation of a crystalline solid in mind, we propose the simplest model for describing
the motion of the particle. For this model, we derive an effective Langevin equation by eliminating the
degrees of freedom of the environment. The nonlinear interaction leads to a friction kernel Γ (t) and a
non-Gaussian random force R(t) that explicitly depend on the particle’s velocity. Using the effective
Langevin equation, we calculate the kinetic temperature TK in nonequilibrium steady states (NESSs)
driven by a constant external force. The time-scale-dependent effective temperature Teff(ω) is also
calculated from the correlation function of the velocity fluctuation and the linear response function.
As a result, it is shown that the effective temperature associated with the time scale of the particle is
identical to the kinetic temperature if the time scale of the environment τE and that of the particle
τP are well separated. Remarkably, we found that the kinetic temperature TK is not equal to the ex-
ternal heat bath temperature T even in the limit τP/τE → ∞, where the environment is expected to
behave as an ideal heat bath. Furthermore, we derive a simple formula Eq. (55) that relates the kinetic
temperature with the curvature of the driving force-mean velocity curve.

This paper is organized as follows. In Sec. 2, we introduce the model considered in this research. In
Sec. 3, the effective Langevin equation for the particle is derived by eliminating the degrees of freedom
of the environment. The correlation function of velocity fluctuation and the kinetic temperature are
calculated by using the equation. In Sec. 4, we discuss the relationship between the effective temperature
and the kinetic temperature in nonequilibrium steady states. We also derive a simple formula for the
kinetic temperature. In Sec. 5, we briefly discuss higher dimensional cases. In Sec. 6, we summarize
this work.

2 Model

We consider a one-dimensional system consisting of a particle and an elastic medium that corresponds
to a spatially extended environment. The position of the particle and the displacement field of the elastic
medium are denoted by q(t) and u(x, t), respectively. For simplicity, we consider only longitudinal

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp



Nonequilibrium Langevin equation for a driven Brownian particle 3

displacement of the elastic medium. The total Hamiltonian is written as

H = HP + HE + Hint, (3)

where HP, HE, and Hint represent the Hamiltonians for the particle, elastic medium, and interaction
between them, respectively. The dynamics of this system with an external force F are described by
the equation of motion

dp

dt
= −∂H

∂q
+ F, (4)

for the particle and
∂2u(x)

∂t2
= − δH

δu(x)
− γ

∂u(x)
∂t

+ ξ(x, t), (5)

for the elastic medium. Here, p(t) = Mv(t) is momentum of the particle, γ is a damping constant, and
ξ(x, t) is Gaussian zero-mean white noise satisfying

〈ξ(x, t)ξ(x′, t′)〉 = 2γkBTδ(x − x′)δ(t − t′). (6)

The second and third terms of the right-hand side of Eq. (5) express the effects of an external heat
bath of temperature T . The external heat bath is necessary to guarantee the existence of NESS in
the presence of the external force F . We assume that the external heat bath is always at equilibrium.
Moreover, we also assume the separation of scale between the relaxation time of the external heat bath
and that of the elastic medium. Note that the environment (elastic medium) is at equilibrium in the
absence of the particle. This means that the environment is passive. Thus, the environment should
behave as an ideal heat bath when the time scale separation between the particle and the environment
is complete. There are some researches for a Brownian particle suspended in an active environment
that is at nonequilibrium in the absence of the particle[15,16]. The present model is distinguished from
the classical Langevin model by the absence of phenomenological dissipation term for the particle.
Instead, the particle feels potential force from the fluctuating environment. The dissipation appears by
eliminating the degrees of freedom of the environment. We mention the boundary conditions. We impose
periodic boundary conditions with large period L. The constant driving force F is non-conservative
because of the periodic boundary conditions.

The Hamiltonian of the particle is given by

HP =
p2

2M
. (7)

For the Hamiltonian of the elastic medium, we assume the following simplest form:

HE =
1
2

∫ L/2

−L/2

{(
∂u(x)

∂t

)2

+ Ku(x)2 + g

(
∂u(x)

∂x

)2
}

dx. (8)

This form is rewritten as

HE =
1

2L

∑
k

{(
∂uk

∂t

)2

+ ω2
k|uk|2

}
, (9)

in terms of Fourier components

uk =
∫ L/2

−L/2

u(x)e−ikxdx, k =
2πn

L
, (n = 0,±1,±2, ...),

where ωk =
√

c2
sk

2 + K, and cs =
√

g denotes the sound velocity of the elastic medium. Thus, the
environment is an assembly of noninteracting harmonic oscillators.

Let us select the form of the interaction Hamiltonian such that it satisfies the following conditions:

1. Hint must have translational symmetry,

Hint(q + a, {u(x)}) = Hint(q, {u(x + a)}).
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4 Taiki Haga

2. Hint must have inversion symmetry,

Hint(q, {u(x)}) = Hint(−q, {−u(−x)}).

3. Hint should be linear with respect to u(x).

From the above conditions, we obtain

Hint = λ

∫ L/2

−L/2

Vint(q − x)(Lu)(x)dx, (10)

where Vint(x) is a periodic function given by Vint(x) =
∑

n vint(x + nL), where vint(x) denotes an even
function that rapidly decreases over the length scale a. L denotes a linear operator consisting of odd
order spatial derivatives. We assume that the system size L satisfies L ≫ a. It is reasonable to adopt
the simplest form

Hint = −λ

∫ L/2

−L/2

Vint(q − x)
∂u(x)

∂x
dx. (11)

The physical interpretation of this expression is simple. Since u(x) can be regarded as the displacement
of particles of the elastic medium whose equilibrium position is x, −∂u(x)/∂x corresponds to the density
fluctuation that should couple with the potential energy. This Hamiltonian is known as the Fröhlich
type interaction that describes the electron-phonon interaction in metals and it has been studied for a
long time in context of the polaron problem [17].

The equations of motion are given by

dp

dt
= λ

∫ L/2

−L/2

∂

∂q
Vint(q − x)

∂u(x)
∂x

dx + F, (12)

for the particle and

∂2u(x)
∂t2

=
(

g
∂2

∂x2
− K

)
u(x) + λ

∂

∂q
Vint(q − x) − γ

∂u(x)
∂t

+ ξ(x, t), (13)

for the elastic medium.

3 Langevin equation for NESS

Let us derive the effective equation of motion for the particle by eliminating the degrees of freedom of
the environment. Eqs. (12) and (13) are respectively rewritten in terms of the Fourier components as

dp

dt
= −λ

L

∑
k

k2Ṽint(k)ukeikq + F, (14)

and
d2uk

dt2
= −ω2

kuk − γ
∂uk

∂t
− ikλṼint(k)e−ikq + ξk(t), (15)

where ωk =
√

c2
sk

2 + K and Ṽint(k) denotes the Fourier transform of the interaction potential Vint(x).
The Gaussian noise ξk(t) satisfies

〈ξk(t)ξ∗k′(t′)〉 = 2LγkBTδk.k′δ(t − t′). (16)

The solution of Eq. (15) can be obtained as

uk(t) = − 1√
γ2 − 4ω2

k

∫ t

−∞
ds

(
−eαk+(t−s) + eαk−(t−s)

) (
−ikλṼint(k)e−ikq(s) + ξk(s)

)
, (17)
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Nonequilibrium Langevin equation for a driven Brownian particle 5

where αk± = 1
2 (−γ ±

√
γ2 − 4ω2

k). Since we are interested in steady states, the terms that depend on
the initial condition can be dropped. Substituting Eq. (17) into Eq. (14) and integrating by parts, we
obtain the following equation of motion for the particle:

M
dv(t)
dt

= −
∫ t

−∞
Γ (t, s)v(s)ds + F + R(t), (18)

where the friction kernel Γ (t, s) is defined as

Γ (t, s) ≡ λ2

∫
dk

2π

k4

ω2
k

√
γ2 − 4ω2

k

Ṽint(k)2(αk+eαk−(t−s) − αk−eαk+(t−s))eik(q(t)−q(s)). (19)

The sum with respect to k is replaced with the integral because of the condition L ≫ a. The term
q(t)− q(s) in Eq. (19) has ambiguity because of the periodic boundary conditions. In order to remove
this ambiguity, we assume that the system size L is so large that it also satisfies L ≫ v/γ, where
v is characteristic velocity of the particle and γ−1 is the relaxation time of the elastic medium. This
condition means that the elastic medium completely relaxes before the particle goes through the system
and comes back to the original position. The random force R(t) is given by

R(t) ≡ −λ

∫
dk

2π
k2Ṽint(k)eikq(t)uλ=0

k (t), (20)

where uλ=0
k is uk without the interaction

uλ=0
k (t) = − 1√

γ2 − 4ω2
k

∫ t

−∞
(−eαk+(t−s) + eαk−(t−s))ξk(s)ds. (21)

Although the expression Eq. (18) resembles the Langevin equation given by Eq. (1), it should be noted
that Γ (t, s) and R(t) are nonlinear functions of the particle’s state q(t). Therefore, the dynamics of
the particle are described by the nonlinear Langevin equation with multiplicative non-Gaussian noise.
This means that this model exhibits nontrivial nonequilibrium dynamics in the presence of a non-zero
driving force F .

We estimate the friction kernel Γ (t, s) for NESS driven by the constant external force F . The
equation is rewritten as

M
dv(t)

dt
= −

∫ t

−∞
ds

∫
dk

2π
Gk(t − s) cos k(q(t) − q(s))v(s) + F + R(t), (22)

where Gk(t) is defined as

Gk(t) ≡ λ2 k4

ω2
k

√
γ2 − 4ω2

k

Ṽint(k)2(αk+eαk−t − αk−eαk+t). (23)

We write the particle velocity as v(t) = vs +δv(t), where vs denotes the mean velocity, and we linearize
Eq. (22) with respect to the fluctuation δv. Let us consider the condition that this approximation is
valid. We notice that the relaxation time of Gk(t) is about γ−1. Furthermore, the dominant contribution
of the k integral in Eq. (22) comes from a region near k = 1/a. Thus, we have the following condition:√

〈δv2〉 ≪ aγ, (24)

where a denotes the interaction range of Vint(x). We define Γ (0)(t) as

Γ (0)(t) ≡
∫

dk

2π
Gk(t) cos kvst, (25)

which is obtained by simply replacing k(q(t) − q(s)) with its mean value kvs(t − s) in Γ (t, s). Taking
the average of Eq. (22) for NESS, we have

F = vs

∫ ∞

0

Γ (0)(t)dt + O(δv2). (26)
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6 Taiki Haga

Since
∫ ∞
0

Γ (0)(t)dt corresponds to the friction constant in NESS, we call it static friction. Substituting
q(t) − q(s) = vs(t − s) +

∫ t

s
δv(τ)dτ into Eq. (22) and neglecting the quadratic term of the velocity

fluctuation, we have

M
d
dt

δv(t) = −
∫ t

−∞
dsΓ (0)(t − s)δv(s) −

∫ t

−∞
dsΓ (1)(t − s)

∫ t

s

δv(τ)dτ + R(t), (27)

where Γ (1)(t) is defined as

Γ (1)(t) ≡ −
∫

dk

2π
Gk(t)kvs sin kvst. (28)

The second term of Eq. (27), which vanishes for F = 0, represents the correction due to nonlinear
friction. Introducing the Fourier transform

δṽ(ω) =
∫ ∞

−∞
δv(t)e−iωtdt, Γ̃ (i)(ω) =

∫ ∞

0

Γ (i)(t)e−iωtdt,

Eq. (27) is rewritten as
iMωδṽ(ω) = −Γ̃eff(ω)δṽ(ω) + R̃(ω), (29)

where Γ̃eff(ω) is defined as

Γ̃eff(ω) ≡ Γ̃ (0)(ω) +
1
iω

[
Γ̃ (1)(0) − Γ̃ (1)(ω)

]
. (30)

This is the effective Langevin equation for the particle in NESS. The effective friction kernel Γeff(t) is
obtained by the inverse Fourier transform

Γeff(t) =
∫

ReΓ̃eff(ω)eiωt dω

π
. (31)

We are interested in the following power spectrum of the velocity fluctuation δv(t) = v(t) − vs in
NESS:

Css(ω) ≡
∫

〈δv(t)δv(0)〉 e−iωtdt. (32)

In order to calculate the power spectrum, it is required to know the correlation function of the random
force R(t). We have from Eq. (20)

〈R(t)R∗(t′)〉 = λ2

∫
dkdk′

4π2
k2k′2Ṽint(k)Ṽint(k′)

〈
uλ=0

k (t)uλ=0
−k′ (t′)eik(q(t)−q(t′))

〉
. (33)

We expand eik(q(t)−q(s)) with respect to δv, and consequently, it can be shown that

〈R(t)R∗(t′)〉 = λ2

∫
dkdk′

4π2
k2k′2Ṽint(k)Ṽint(k′)

〈
uλ=0

k (t)uλ=0
−k′ (t′)

〉
eikvs(t−t′) + Rem. (34)

In order to estimate the correction term Rem in Eq. (34), we note that the relaxation time of the
correlation function of uλ=0

k (t),

〈
uλ=0

k (t)uλ=0
−k′ (0)

〉
=

2πkBT

ω2
k

1√
γ2 − 4ω2

k

(
αk+eαk−t − αk−eαk+t

)
δ(k − k′), (35)

is about γ−1. Furthermore, the dominant contribution of the k integral in Eq. (33) comes from a
region near k = 1/a. Thus, we have Rem = O

(〈
δv2

〉
/a2γ2

)
. Since the correction term can be dropped

because of the condition (24), we obtain the correlation of the random force as

〈R(t)R∗(t′)〉 = kBTΓ (0)(|t − t′|). (36)
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Fig. 1 Friction kernel Γeff(t) for the weak-friction limit for the mean velocity vs = 0.0 (solid line), 0.5 (dashed line),
and 1.0 (dotted line). Parameters: λ = 1, cs = 1, K = 0.2, a = 1, γ = 0.1.
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Fig. 2 Static friction Γ̃ (0)(ω = 0) for the weak-friction limit as a function of mean velocity for γ = 0.1 (solid line), 0.2
(dashed line), and 0.5 (dotted line). Parameters: λ = 1, cs = 1, K = 0.2, a = 1.

From this result, we also obtain the following expression for Css(ω):

Css(ω) =
2kBT ReΓ̃ (0)(ω)

ReΓ̃eff(ω)2 + (Mω + ImΓ̃eff(ω))2
. (37)

Furthermore, the kinetic temperature defined by

kBTK ≡ M
〈
δv(t)2

〉
ss

(38)

is given by

kBTK =
∫

dω

2π

2MkBT ReΓ̃ (0)(ω)
ReΓ̃eff(ω)2 + (Mω + ImΓ̃eff(ω))2

. (39)

Note that TK is not equal to the bath temperature T .

3.1 Correlation function of velocity fluctuation

3.1.1 The weak-friction limit

Let us consider the weak-friction limit where the damping constant of the elastic medium γ is consid-
erably smaller than the frequency of the mode that most strongly interacts with the particle. Since the
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Fig. 3 Power spectrum of velocity fluctuation C(ω) of the weak-friction limit for the mean velocity vs = 0.0 (solid line),
0.3 (dashed line), and 0.6 (dotted line). Parameters: λ = 1, cs = 1, a = 1, M = 1, γ = 0.1, K = 0.2, T = 0.001.

mode whose wavelength is nearly equal to the interaction range a is most important, this condition is
written as

γ ≪ ωk=1/a =
√

K + (cs/a)2. (40)

Then, Gk(t) is given by

Gk(t) = λ2 k4

ω2
k

ṽint(k)2 cos ωkte−
γ
2 t, (41)

because αk± ≅ ±iωk − γ/2 for the mode with wavenumber k ∼ 1/a. We replace Ṽint in Eq. (23) with
ṽint. Γeff(t) is calculated by using Eqs. (25), (28) and (30).

In what follows, we take the Gaussian function as the interaction potential

vint(x) = exp
[
− x2

2a2

]
. (42)

We display the friction kernel Γeff(t) for different values of the mean velocity vs in Fig. 1. We observe
that the closer to the sound velocity cs = 1.0 the mean velocity is, the longer the relaxation time of the
friction kernel becomes. We also show the static friction Γ̃ (0)(ω = 0) as a function of vs for different
values of γ in Fig. 2. The static friction increases with the mean velocity below the sound velocity.
Since the correlation of the random force R(t) is given by Γ (0)(t), this means that R(t) is more strongly
correlated in NESS than in the equilibrium state. In Fig. 3, Css(ω) is shown for different values of the
mean velocity. In NESS, a pronounced peak is observed. This peak is regarded as the consequence of
increase in the relaxation time of the friction kernel.

3.1.2 The strong-friction limit

We next consider the strong-friction limit

γ ≫ ωk=1/a =
√

K + (cs/a)2. (43)

Noting that αk± ≅ −ω2
k/γ, −γ, Gk(t) becomes

Gk(t) = λ2 k4

ω2
k

ṽint(k)2e−
ω2

k
γ t. (44)

Let us investigate the asymptotic behavior of Γeff(t) in the large-t region. Since the integrand of Eq. (25)
has dominant contribution in k ∼ 0 in the large-t region, one can replace ṽint(k) with a constant
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Fig. 4 Friction kernel Γeff (t) for the strong-friction limit for the mean velocity vs = 0.0 (solid line), 0.5 (dashed line),
and 1.0 (dotted line). Parameters: λ = 1, g = 1, K = 0.2, a = 1, γ = 2.0.
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Fig. 5 Static friction Γ̃ (0)(ω = 0) for the strong-friction limit as a function of mean velocity for γ = 1.0 (solid line), 2.0
(dashed line), and 3.0 (dotted line). Parameters: λ = 1, g = 1, K = 0.2, a = 1.

value ṽint(0). Moreover, Γ (1)(t) has the contribution of O((vs/cs)2) for a small velocity vs ≪ aγ, cs.
Consequently, we describe the large-t behavior of Γeff(t) as the following:

Γeff(t) ∼ 1
K

P (t) exp
[
−

(
K

γ
+

γv2
s

4g

)
t

]
+ O

(
(vs/cs)2

)
, (45)

where P (t) denotes a polynomial with fractional power of t. This result is independent of the detailed
form of the interaction potential vint(x). The relaxation time of the friction kernel decreases with
increasing mean velocity.

In the gapless dispersion limit K ≪ g/a2, we have the asymptotic form of Γeff(t):

Γeff(t) ∼ t−3/2, for vs = 0,

and

Γeff(t) ∼ Q(t) exp
[
−γv2

s t

4g

]
, for vs ̸= 0,

in the large-t region. Thus, Γeff(t) exhibits a power law decay in equilibrium but an exponential decay
in NESS if K ≪ g/a2.

We display the friction kernel Γeff(t) for different values of the mean velocity vs in Fig. 4. We
observe that in NESS the relaxation time becomes shorter than that in equilibrium as predicted by
Eq. (45). This tendency is opposite to that of the weak-friction limit. We also show the static friction
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Fig. 6 Drag force Γ̃ (0)(ω = 0)vs for the strong-friction limit as a function of mean velocity for γ = 1.0 (solid line), 2.0
(dashed line), and 3.0 (dotted line). Parameters: λ = 1, g = 1, K = 0.2, a = 1.

Γ̃ (0)(ω = 0) as a function of vs in Fig. 5. The result indicates that Γ̃ (0)(ω = 0) decreases monotonically
with increasing vs. The drag force that is given by Γ̃ (0)(ω = 0)vs is shown in Fig. 6 as a function of vs.
For large values of γ, there is a region in which the drag force decreases with increasing mean velocity,
and thus, no NESS exists in such a region. In Fig. 7, Css(ω) is shown for different values of the mean
velocity. We observe a disappearance of a peak with increasing mean velocity. This disappearance is
regarded as the consequence of decrease in the relaxation time of the friction kernel.

3.2 Kinetic temperature

Let us calculate the kinetic temperature from Eq. (39). We show TK as a function of mean velocity
in Fig. 8. For the strong-friction limit (γ = 2.0), the kinetic temperature increases with the mean
velocity. On the other hand, for the weak-friction limit (γ = 0.1), the kinetic temperature decreases in
the small-vs region. Furthermore, it increases in the large-vs region.

The explanation of these results is as follows. For the strong-friction limit, the static friction is
a decreasing function of mean velocity (Fig. 5). Thus, the fluctuation in velocity is enhanced, and
subsequently, the kinetic temperature increases. For the weak-friction limit, the static friction increases
with the mean velocity below the sound velocity (Fig. 2). Thus, the fluctuation in velocity is suppressed,
and subsequently, the kinetic temperature decreases. Note that this result does not violate the second
law of thermodynamics. The nonmonotonic behavior may be due to the inertial effect related to the
second term of the denominator of the integrand in Eq. (39).

4 Effective temperature for NESS

In this section, we calculate the effective temperature, which is defined as the ratio of the correlation
function of the velocity fluctuation to the linear response function. We discuss the relationship between
the effective temperature and the kinetic temperature. As the first step, we define the linear response
function in NESS. Suppose the particle exists in NESS with a mean velocity vs. We apply a time
dependent weak probe force f(t) in addition to the driving force F for t ≥ t0. Then, the linear
response function Rss(t) in NESS is defined as

∆v(t) = 〈v〉F+f − 〈v〉F =
∫ t

t0

Rss(t − s)f(s)ds (46)
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Fig. 7 Power spectrum of the velocity fluctuation C(ω) of the strong-friction limit for the mean velocity vs = 0.0 (solid
line), 0.2 (dashed line), and 0.4 (dotted line). Parameters: λ = 1, g = 1, a = 1, M = 1, γ = 2, K = 0.2, T = 0.001.

 0.7

 0.8

 0.9

 1

 1.1

 1.2

 1.3

 1.4

 1.5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7

T K
/T

vs

γ=0.1
γ=0.5
γ=1.0
γ=2.0

Fig. 8 Kinetic temperature TK as a function of mean velocity for different values of γ. Parameters: λ = 1, g = 1, a = 1,
M = 1, γ = 0.1, 0.5, 1.0, 2.0 (from bottom to top at vs = 0.5), K = 0.2, T = 0.001.

where 〈...〉 denotes the ensemble average with respect to realization of the noise ξ(t). We define the
frequency-dependent effective temperature Teff(ω) as

kBTeff(ω) ≡ Css(ω)
2ReR̃ss(ω)

. (47)

where R̃ss(ω) denotes the Fourier-Laplace transform of Rss(t). From the effective Langevin equation
(29), ReR̃ss(ω) is given by

ReR̃ss(ω) =
ReΓ̃eff(ω)

ReΓ̃eff(ω)2 + (Mω + ImΓ̃eff(ω))2
. (48)

Therefore, we have
Teff(ω)

T
=

ReΓ̃ (0)(ω)
ReΓ̃eff(ω)

. (49)

We consider the case wherein the time scale of the dynamics of the elastic medium is considerably
faster than that of the particle. The time scale of the dynamics of the elastic medium and that of the
particle are given by

τE = γ−1, (50)
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and
τP =

M∫ ∞
0

Γeff(t)dt
, (51)

respectively. Thus, the above condition is written as

τE ≪ τP. (52)

The expression (39) is rewritten as

kBTK =
∫

dω

2π

2MkBTeff(ω)ReΓ̃eff(ω)
ReΓ̃eff(ω)2 + (Mω + ImΓ̃eff(ω))2

. (53)

The numerator and denominator of the integrand vary over the scale of τ−1
E and τ−1

P , respectively.
Thus, Teff(ω) can be put out of the integral with ω = 0 because of the condition (52). Noting that∫

dω

2π

2M ReΓ̃eff(ω)
ReΓ̃eff(ω)2 + (Mω + ImΓ̃eff(ω))2

= 1, (54)

we obtain the following formula:

TK

T
=

Teff(ω = 0)
T

=
Γ̃ (0)(ω = 0)
Γ̃eff(ω = 0)

. (55)

as our central result. The effective static friction Γ̃eff(ω = 0) is given by

Γ̃eff(ω = 0) = Γ̃ (0)(ω = 0) + vs
∂

∂vs
Γ̃ (0)(ω = 0). (56)

Therefore, the effective temperature associated with the time scale of the particle is identical to the
kinetic temperature. This result is consistent with those reported in Refs. [18] and [19], wherein the
effective temperature is calculated for the Langevin model with a tilted periodic potential. The fact
that the separation of time scales is required for the effective temperature being meaningful is also
emphasized in Ref. [20]. With respect to Eq. (55), it is remarkable that the kinetic temperature does
not depend on the mass of the particle. In other words, the kinetic temperature is not equal to the
bath temperature even in the limit of τP/τE → ∞, for which the environment is expected to behave
as an ideal heat bath. It is also important that this formula is written by measurable quantities. The
numerator of the right-hand side is the static friction, which is simply the ratio of the external force
to the mean velocity. The denominator of the right-hand side represents the effective static friction for
the fluctuation around NESS. It can be determined by measuring the linear response in NESS. These
quantities do not coincide in the presence of nonlinear friction. This expression indicates that TK < T
when v′′s (F ) < 0 and TK > T when v′′s (F ) > 0. Thus, the kinetic temperature is determined by the
curvature of the force-velocity curve. These results are consistent with those observed in Fig. 8. Note
that this formula is correct when the condition (52) is satisfied. The nonmonotonic behavior shown in
Fig. 8 for the weak-friction limit is not derived from this formula.

We next consider the opposite case where

τE ≫ τP. (57)

In Eq. (53), Teff(ω) can be put out of the integral with ωτE → ∞ because of the condition (57). Thus,
we have

TK

T
= lim

ωτE→∞

Teff(ω)
T

= 1. (58)

We note that the heat bath temperature and the kinetic temperature appear as the limiting cases of
the frequency-dependent effective temperature.

There are some works that concerns the linear response theory for nonequilibrium systems[21,22].
We consider the relation between the general formula derived in these works and our results. Let Γp

and ΓE be the phase space coordinates of the particle and the environment, respectively, i.e. Γp =

A Self-archived copy in
Kyoto University Research Information Repository

https://repository.kulib.kyoto-u.ac.jp
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(q, p), ΓE = ({u(x)}, {∂u(x)/∂t}). And Γ denotes the phase space coordinates of the total system, i.e.
Γ = (Γp, ΓE). We define the information potential as I(Γ ) ≡ − log ρss(Γ ), here ρss(Γ ) is the probability
density function for NESS. Using this, we can immediately derive the general linear response function
around NESS,

Rss(t − s) =
〈

∂I(Γt)
∂p

v(Γs)
〉

ss

, (59)

which is identical to the equation (16) of Ref. [22]. If the time scale of the dynamics of the elastic
medium is considerably faster than that of the particle, we may write ρss(Γ ) as decoupled form,

ρss(Γ ) ≅ ρp(Γp)ρE(q;ΓE). (60)

Note that ρE(q;ΓE) depends on both particle’s position q and ΓE. Moreover, it is legitimate that the
probability density function for the particle is the Maxwell-Boltzmann distribution with the kinetic
temperature TK,

ρp(Γp) ∝ exp
[
− (p − ps)2

2kBTKM

]
. (61)

Therefore, from Eq. (59), we have
kBTKRss(t) = Css(t), (62)

which means that the effective temperature is identical to the kinetic temperature.

5 Higher dimensional cases

In this section, we briefly discuss higher dimensional cases. We consider the three dimensional elastic
medium as the environment. The equation of motion is given by

dpi

dt
= λ

∫
∇iVint(q − x) {∇ · u(x)}dx + Fi, (63)

for the particle and

∂2ui(x)
∂t2

=
(
µ∇2 − K

)
ui(x) +

(
κ +

1
3
µ

)
∇i(∇ · u) + λ∇iVint(q − x) − γ

∂ui(x)
∂t

+ ξi(x, t), (64)

for the elastic medium, where µ and κ are shear modulus and bulk modulus, respectively.
We introduce the Green’s function gαβ

k (t) as the solution of the following equation,[{
∂2

∂t2
+ γ

∂

∂t

}
δαβ +

{
(µk2 + K)δαβ +

(
κ +

1
3
µ

)
kαkβ

}]
gβγ
k (t) = δαγδ(t). (65)

Then, we have the equation of motion for the particle,

M
dvi(t)

dt
= −

∫ t

−∞
Γij(t, s)vj(s)ds + Fi + Ri(t), (66)

and Γij(t, s) is given by

Γij(t, s) ≡ λ2

∫
d3k

(2π)3
kikjkαkβΘαβ

k (t − s)Ṽint(k)2eik·(q(t)−q(s)), (67)

here,

Θαβ
k (t) ≡ −

∫ t

0

gαβ
k (τ)dτ. (68)

We linearize Eq. (66) with respect to the fluctuation δvi,

M
d
dt

δvi(t) = −
∫ t

−∞
dsΓeff,ij(t − s)δvj(s) + Ri(t). (69)
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Γeff,ij(t) is given by

Γ̃eff,ij(ω) ≡ Γ̃
(0)
ij (ω) +

1
iω

[
Γ̃

(1)
ij (0) − Γ̃

(1)
ij (ω)

]
, (70)

where, provided F = Fe1,

Γ
(0)
ij (t) ≡ λ2

∫
d3k

(2π)3
kikjkαkβΘαβ

k (t)Ṽint(k)2eik1vst, (71)

and,

Γ
(1)
ij (t) ≡ λ2

∫
d3k

(2π)3
kikjkαkβΘαβ

k (t)Ṽint(k)2(ivsk1)eik1vst. (72)

Since the environment is isotropic, Γij does not have off-diagonal part,

Γeff,ij(t) = (Γeff∥(t) − Γeff⊥(t))δ1iδ1j + Γeff⊥(t)δij . (73)

We define the correlation function of the velocity fluctuation,

Css∥(t) ≡
〈
δv∥(0)δv∥(t)

〉
ss

, Css⊥(t) ≡ 〈δv⊥(0)δv⊥(t)〉ss . (74)

where δv∥ = δv1, δv⊥ = δv2. From Eq. (69), we have

Css,ν(ω) =
2kBT ReΓ̃ (0)

ν (ω)
ReΓ̃eff,ν(ω)2 + (Mω + ImΓ̃eff,ν(ω))2

, (ν =∥,⊥). (75)

We also define the kinetic temperature as

kBTK∥ ≡ M
〈
δv∥(t)2

〉
ss

, kBTK⊥ ≡ M
〈
δv⊥(t)2

〉
ss

. (76)

The response function,

Rss,ij(t − t′) ≡
δ 〈vi(t)〉F+f

δfj(t′)
, (77)

is also rewritten by

Rss,ij(t) = (Rss∥(t) − Rss⊥(t))δ1iδ1j + Rss⊥(t)δij . (78)

The effective temperature is defined as

kBTeff,ν(ω) ≡ Css,ν(ω)
2ReR̃ss,ν(ω)

, (ν =∥,⊥). (79)

Eventually, we have the relation between the effective temperature, the kinetic temperature and the
bath temperature,

TK,ν

T
=

Teff,ν(ω = 0)
T

=
Γ̃

(0)
ν (ω = 0)

Γ̃eff,ν(ω = 0)
, (ν =∥,⊥), (80)

if the time scale of the dynamics of the environment is considerably faster than that of the particle.
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6 Summary

We investigated a simple model that describes the dynamics of a particle interacting with a spatially
extended environment. The effective Langevin equation for nonequilibrium steady states driven by a
constant external force is derived by eliminating the degrees of freedom of the environment. As a result,
we obtained the following observations.

The model exhibits different behaviors in two limiting cases: the weak-friction limit γ ≪ ωk=1/a

and the strong-friction limit γ ≫ ωk=1/a. In the weak-friction limit, the relaxation time of the friction
kernel Γeff(t) increases with the mean velocity of the particle. Conversely, in the strong-friction limit,
we found that the relaxation time decreases with increasing mean velocity. This behavior leads to the
negative slope observed for the drag force-velocity curve.

The kinetic temperature TK of the particle in NESS is calculated as a function of mean velocity. In
the strong-friction limit, the kinetic temperature monotonically increases with the mean velocity. On
the other hand, in the weak-friction limit, the kinetic temperature decreases and exhibits nonmonotonic
dependence. From the simple expressions (55) and (56), we note that the decrease in TK stems from
the increase in the static friction Γ̃ (0)(ω = 0).

We calculated the effective temperature, which is defined as the ratio of the correlation function
of the velocity fluctuation to the linear response function. It is shown that the effective temperature
associated with the time scale of the particle is identical to the kinetic temperature if the time scale of
the environment τE and that of the particle τP are well separated. This result indicates that the FDR
recovers in NESS by replacing the heat bath temperature T with the kinetic temperature TK for the
time scale of the particle. It is consistent with observations for driven glassy systems [10-13]. A similar
behavior is also observed in athermal systems. For a Brownian particle in driven granular matter,
it is shown experimentally that the effective temperature is identical to the granular temperature in
the low-frequency region [23]. Furthermore, we derived a simple formula Eq. (55) that relates the
kinetic temperature with the curvature of the driving force-mean velocity curve. This relation can be
investigated by experiment or detailed molecular dynamics simulation for more realistic systems. At
present, the universality of this result is not clear. Thus, further research is required to elucidate it.
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