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Abstract

We study the "t Hooft’s brick wall model for black holes in a holographic context. The brick wall model
suggests that without an appropriate near horizon IR cut-off, the free energy of the probe fields shows the
divergence due to the large degenerate states near the horizons. After studying the universal nature of the
divergence in various holographic settings in various dimensions, we interpret the nature of the divergence
in a holographic context. The free energy divergence is due to the large degeneracy and continuity of the
low energy spectrum in the boundary theory at the deconfinement phase. These divergence and continuity
should be removed by finite N effects, which make the spectrum discrete even at the deconfinement phase.
On the other hand, in the bulk, these degenerate states are localized near the horizon, and the universal
divergence of these degenerate states implies that the naive counting of the degrees of freedom in bulk
should be modified once we take into account the non-perturbative quantum gravity effects near the horizon.
Depending on the microscopic degrees of freedom, the position, where the effective field theory description
to count the states breaks down, has different Planck scale dependence. It also implies the difficulty to have
an electron like gauge-singlet elementary field in the boundary theory Lagrangian. These singlet fields are
at most composite fields, because they show divergent free energy, suggesting a positive power of N at the
deconfinement phase.
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1. Introduction

Understanding the quantum nature of gravity has been one of the most exciting topics in
high energy physics, and black holes are touchstones of our understanding of the quantum na-
ture of gravity. The recent developments of the AdS/CFT correspondence, or more broadly, the
gauge/gravity duality [1-3], give many new important insights about black holes. Recent devel-
opments of various aspects of the quantum nature of black holes, including their microscopic
entropy counting [4], the Hawking—Page transition [5], the quantum nature for information para-
dox including unitarity [6], are related to deepening our understanding of gauge/gravity duality.
Moreover gauge/gravity duality defines quantum gravity non-perturbatively.

The brick wall model is the model for black holes which ’t Hooft proposed [7]. He pointed out
that the degrees of freedom near the black hole event horizon, evaluated through the probe field
free energy or entropy, always diverge. This divergence is due to the infinite warped factor of
the metric near the horizon. By requiring that diverging free energy/entropy be finite, we have to
introduce the near horizon effective cut-off. The importance of brick wall model is the necessity
of this cut-off. Furthermore, ’t Hooft pointed out that by requiring it to be the same order of the
background black hole’s one, the cut-off scale ends up to be Planck scale measured by invariant
distances. Given the non-perturbative quantum gravity from dual field theory, it is very natural to
ask what the brick wall model implies in the gauge/gravity setting. The purpose of this paper is
to understand this point.

In this paper we revisit these brick wall model results from the dual field theory viewpoint.
First we study the universal nature of the brick wall model in various exotic black brane back-
grounds for the probe fields. These analyses are done for the probe fields not only the scalar
but also fermions, which are either charged or not, on the background which has non-trivial IR
dynamics. Then, we interpret the Planck-scale cut-off dependence of the brick wall models as
the large N dependence of the free energy of the probe fields. These analyses suggest us that in
dual field theory, it is difficult to have a gauge-free singlet object unless it is a composite object.

In order to simplify the bulk argument, in this paper we take the limit where g, is fixed
finite and N to be very large, so A = g¢N is also very large.” Note that this is different from
’t Hooft limit (gg — 0, N — oo with A = g;N fixed finite). Therefore, in our bulk analysis
we take both string scale /; and Planck scale [, of the same order, [; ~ [, and they are very
small [y ~ [, < 1, where other macroscopic quantities including AdS scale are assumed to be
O(1). This corresponds, in boundary, to the stronger coupling limit than the ’t Hooft limit since
A/N ~ 3)2/M fixed finite with A very large as A ~ N. Due to g; ~ 1, in bulk very short scale
distance such as string scale and Planck scale, it is different from usual perturbative string theory
where g — 0. However since we consider the limit [; ~ [/, < 1, we have low energy effective
theory description. In this limit, we will discuss when and where the classical gravity description
breaks down. In our limit, both stringy effects and quantum gravity effects appear at the same
level.

Another important assumption is that the whole gauge theory system becomes a thermal equi-
librium. Thermal equilibrium for the system is assumed for the gravity side, which is also the
basic assumption of the brick wall model. This implies that we will consider only the large black
hole in the AdS space—time, where the curvature of the black hole is AdS scale.

2 This limit has been considered, see for examples [8.,9].
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The organization of this paper is the following; In Section 2, we briefly review the known
results about the original brick wall model for black holes by 't Hooft and see the probe field free
energy show divergence due to the near horizon regime. In Section 3, we study the universal na-
ture of the brick wall in various exotic black branes including the recently studied Lifshitz black
branes [ 13—15], hyperscaling violating black branes [16,17]. We will see its universal nature that
under the mild conditions, probe field free energy always diverge and its equality with the back-
ground exotic black brane yield the Planck scale. Part of the results of Section 3 is already known
in the literature [18].

In Section 4, we interpret these IR divergences from the dual field theory viewpoint. We inter-
pret this universal divergence of the probe field without brick wall as an indication of difficulty to
introduce the gauge free (singlet) field in the dual boundary theories. This is the same statement
that the SU(N) gauge singlet fields, such as a fundamental electron field, are difficult to be in-
troduced in holographic setting, unless they are the composite fields (like meson), which implies
that they cannot be the fundamental fields in the Lagrangian level. There composite fermions
show divergent free energy in the large N limit, which is reflected to the universal divergent free
energy of the probe field near the horizon without the brick wall cut-off. The brick wall intro-
duces the Planck scale dependent cut-off, and this is the same as keeping the N finite. This is one
of the main result of this paper.

We also discuss Euclidean path integral measure and its apparent non-diffeomorphism invari-
ance. However this result is already known in the literature [44—47].

Before we proceed, we comment on the connection on the brick wall to the entanglement
entropy and also various related references. In [10,11], the entanglement entropy is shown to be
equivalent to the thermal entropy in Euclid Rindler Hamiltonian, and based on this, the black hole
entropy is interpreted as entanglement entropy associated with the ’t Hooft’s brick wall model in
[10,11]. In this paper, however, we take a different interpretation. Based on the modern viewpoint,
we assume that black hole entropy has dual microscopic origin from holographic viewpoint [4].
In this paper, we mainly consider the probe field added on top of above black holes and discuss
mainly the implication of the probe field free energy divergence and its connection to dual field
theory degrees of freedom.

2. The brick wall model by ’t Hooft
2.1. Quantization for probe fields

In this section, we review the original 't Hooft’s brick wall model [7]. First, we review the
quantization of the probe scalar fields, and then we evaluate the partition function and free en-
ergy. Here we consider probe scalar fields, however, the following discussion will be applied
to the other fields, for example the gravitons around the background metric, without essential
modifications.

The situation we consider is space—time where we assume the homogeneity and isotropy in
fixed r coordinate, where r is the radial coordinate. Under such mild assumption, we will conduct
the analysis in the generic setting. Given this assumption, the metric is specified by g (), g--(7),
gzx (r) only. X represents the d dimensional spatial directions in D = d + 2 space—time. By using
the r coordinate redefinition, we take the gauge that —g;;(r) = (g-+(r)) !, so the most generic
metric in this situation is always written as

ds* = g,,(r)dt2 + grr(r)dr2 + g;;(r)d)'c'z, (1)
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Since we consider the black hole (black brane) geometry, we assume g;;(r) = 0 at r = rj,, where
ry, is the radial position of the horizon.

Consider, for simplicity, the minimally coupled scalar field, with mass m in this background.
The scalar field wave equation is

<D+m2)¢20. ?)

We will consider the quantization of these fields by imposing two boundary conditions. Since we
solve the second order differential equations, we have two independent solutions. One boundary
condition forces us to take the appropriate linear combinations of the two solutions. Imposing
the other boundary conditions, we obtain the quantization condition for the spectrum. Let us see
this more concretely.

First, we impose the “UV cut-off” for the scalar field

=0 (r=L— 00). 3)

If we impose Eq. (3) for the asymptotically Anti-de Sitter (AdS) setting, this is nothing but
the requirement that the scalar field ¢ have no non-normalizable mode in the asymptotic AdS
region for the positive mass scalar, m > 0 case. Remember that asymptotic AdSp, the scalar
field behaves

d~rd, AL=D/2+./(D/2)?+m?. (4)

Instead, if we impose Eq. (3) in the asymptotic flat case, this is the same as imposing the Dirichlet
boundary condition at the spatial infinity, or normalizable condition for the fields.
Second, we impose the “IR cut-off” for the scalar field as ’t Hooft [7],

$=0 (r=ry+h), )

where r = ry, is the horizon of the black hole and # > 0 is some very small distance scale which
we will determine later. This imposes the Dirichlet boundary condition for the scalar field near
the horizon. Actually we will see later that the Dirichlet boundary condition is not the crucial,
we can impose either Dirichlet boundary condition with any constant values C;, 1

¢=Cryn (r=rp+h), (6)

or instead Neumann boundary condition at r = r, + k. For a moment, let’s first consider the
Dirichlet boundary condition, Eq. (5).

Given the two boundary conditions (3) and (5) for the second order differential equation, the
allowed mode is always quantized, and its spectrum E is parameterized by discrete parameters
(m, k) and integer n.

Let us see this more concretely. Taking the ansatz,

¢ — ¢(r)e—iEt+i;} (7)
the wave equations for ¢ (r),
1 o
——0,(V/—88""0,¢) — E’g"¢ —k*g" ¢ —m*p =0, )

V=g

allow generic solutions

¢ (r. E.k,m) =ci(E.k,m)FV(r, E,k,m) + c2(E. k,m)F®(r, E, k,m) , 9)
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where F O, E, k m) and FO(r E, k ,m) are two independent solutions for Eq. (8) and
c1(E, k m) and ¢y (E, k m) are constant w.r.t.  coordinate.

We have freedom to re-define any linear combinations of F) and F® as new F and F®,
so by using this freedom, we can always take the choice such that F(! satisfy the UV boundary
condition (3). Generically for this choice of F1, F® do not satisfy the boundary condition (3),
therefore it forces us to set

c2(E, k,m) =0. (10)
Given this, the ’t Hooft’s IR boundary condition (5) gives the quantization condition for E, by
FOG=r,+h E k,m)=0. (an

This condition yields discreteness for the energy eigenvalues E. Here we have assumed that
we have also the IR cut-off along the X directions therefore, k is also quantized. We label the
discrete energy eigenvalues satisfying condition (11) as E,,, where n is positive integer and we
take E, < E), forn <n'.

2.2. PFartition function for probe fields

Given the discrete spectrum for the scalar field around black hole background, we will
consider the canonical ensemble for this scalar field with temperature given by the Hawking
temperature of the black hole 1/8.

For that purpose, it is convenient to introduce the occupation number g(E) below the en-
ergy E. First, we take the ansatz

b = poe ErH [ ke (rydr+iks (12)
where @ is constant, which is the same as setting

¢ (r) = goe /1" (13)
to define &, (r) for ¢ (r) in Eq. (7). Then we have quantization conditions from Eq. (11)

L
nw = / k. (r, E,, l?)dr (for positive integer n), (14)

rn+h

with L — oo. This gives the discrete spectrum labeled by n, I;, h, m as

E=E,k h,m). (15)

Therefore, by integrating over the k modes, the occupation number g(FE) is given by

gm:%/mmémm& (16)

where V is proportional to the volume of the field theory spatial dimensions defined by

1 o
=W/dx, a7
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and it excludes r direction.’ Here we have also approximated that the volume is large enough so
that the mode summation is given by ~Vdk.
Then we find that the partition function for the scalar field ¢ is given by

o0
Z =TI e
k

n m=0
1
=1l ===" (18)
k n

where n is for discrete spectrum, k in [z is taken for the integer quantum numbers and the
second summation over m is due to the boson. Therefore,

BFy=V /d%Zlog (1 —e_ﬁE")
:de (%)log(l —e_ﬂE>

_ Bg(E)
B /dE(l—e—ﬁE)

= —ﬂf _dE (d/?k,(r, 4 E)), (19)
7 ) (1-eFE)

where & is approximate as the continuous variables. Given the wave equations for &, (r, k,E ),

we can evaluate this. There is trivial volume dependence (19) in the above expression, which we

will omit since we will always consider free energy/entropy per unit volume.

We have considered the specific Dirichlet boundary condition for both UV and IR boundary
conditions in Egs. (3) and (5). For the free energy evaluation, the effects of the boundary condi-
tion only affect the quantization conditions (14), (15), (16). If we consider more generic Dirichlet
boundary condition, where in UV, we choose ¢ = C, and in IR, we choose ¢ = C,, 1, then,
quantization condition is shifted as

. L .
Coo _ ez rpth drk,(r)+2min

Crh-i-h
c L
= —ilog(——)= / drk,(r) +2mn. (20)
Crh+h
rp+h

Eq. (14) corresponds to Coo/Crptn = e with Cy,+n — 0. However it is clear that these
modifications of the boundary conditions will not qualitatively change the g(E) for Eq. (16).
Furthermore, if we replace both UV and IR boundary condition by Neumann boundary condi-
tion, g(E) is not modified qualitatively in that case too. In this way, for the free energy, these
modifications of the boundary condition will not affect the argument below qualitatively.

Using the WKB approximation, from Eqs. (8) and (13), we obtain

k() = \/grr(n (—E2¢" () —R2g™ () — m?). @

3 In holographic setting » direction does not appear in the dual field theory.
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Therefore, the integration d k in f dl?kr (r) can be conducted, and written as

/ dkk,(r) = %y(sdﬂ / dIkI? K192k, ()

2 G
_ G d—1 fr) d
=5 y(S°T) <—f( )2 ) (of(r)z, (22)

with the factor
1

Var(2-3)
cdzfdyyf/l_ = (23)
o )
in general dimensions. Here y (S9~1) is area of the unit radius S9!, f(r) = —g,(r) = " ()
and p = gzz (). The WKB approximation to obtain Eq. (21) is justified if
_ rrk !
(V—88""kr (1) <1, 24)

FgrrkZ(r)

is satisfied. In the near horizon region, which we are most interested in, g” approach constant,
but g’ diverges, therefore we are in the range —E2g" (r) > k2 X (r), —E2g" (r) > m?, and we
can approximate as,

kr(r) =/ =g (N (NE =g (NE (25)

in the gauge g,(r) = —g''(r). Then we see that \/—gg""k,(r) approach constant value, there-
fore WKB approximation (24) is satisfied.* _

So far the argument is for generic dimensions. The integration over k along (22) simplifies for
the d =2 case. In that case, it simplifies as

- 1 _
dkk, (r) ~ ——————(k, (r))>/? kr (r)=0
/ O~ g

|k]|=0

- — e (00 (B0 =)

_(en gy ()2
grr (g (r)
~(—gi) g (1) g3z E3, (26)

where we have neglected the effect of mass term and also irrelevant numerical factors. The mass
term is suppressed near the horizon compared with E since

—E%g" (r) > m? 27)

near the horizon, from which the dominant contributions come. Given f dzkr, using (19), we
can obtain the free energy of the probe. What ’t Hooft pointed out in [7] is that this contribution
diverges due to the near horizon contribution.

4 Later we will also consider large momentum region —E2g”(r) > —§2g;} (r), there, the WKB approximation is not
strictly valid. However, we neglect such subtle issues in this paper since we expect that the result will not change much
qualitatively.
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2.3. Schwarzschild black holes in asymptotic flat space—time in 4 dimensions

Let us review the 't Hooft’s original asymptotic flat Schwarzschild black hole case in D =4
dimensions. In this subsection, we take the 4d Planck scale set to be unit. Note that if we consider
the black holes, then due to the centrifugal force, k integration is replaced by the / integration
and we have additional r? factor and then, using that g, (r) has single zero at the horizon in
Schwarzschild black holes and

T _ —
7) 29 —gttl(r):grr(r)’

gr2r|r%rh ~(1-
iilr=r,+h =Tj; + O(h), (28)
so Eq. (26) gives the dominant contributions

3

L
/ drdlk,(r) ~ / drr’g. (r)?E3 ~ E3(

i
— 29
3+h)’ (29)

at L — oo and & — 0 limit. The necessity of factor r2 is clear from the dimensional analysis,
dk =dl(2l +1)/r? in D(=d + 2) = 4 case.

Therefore, using (19) in the black hole case as 't Hooft, after E integration, we obtain the free
energy per unit volume,

[e¢]

N 1 Tho4 3 (EZ _ m2)3/2

Fy h(ﬁ) L /dE BE_] (30)
m

This is the free energy of the probe scalar field around the black hole, where it is thermal

equilibrium with the black hole. This free energy diverges at 7 — 0. However it does not make

sense that the probe free energy diverges, and gets bigger than the background black brane free

energy.” This forces us to put the cut-off for the minimal values for 4. The black hole entropy is

2
r S r,
SBHZ—g = FBH~ﬂ=—; (31)
I B L
where /), is 4-dimensional Planck scale. The Hawking temperature T is

1
B==rm. (32)

A natural cut-off is given by the background black hole free energy, this gives the cut-off for A
as

12
FySFpu=>h<S2~TIE 33)
rn p

Actually this distance & measured in the coordinate invariant way gives

5 In this case, since it is asymptotic flat space—time, we do not have clear holographic interpretation. Later we discuss
in more detail about the probe free energy and background free energy contribution from gauge/gravity viewpoint in
asymptotic AdS.
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rp+h

As = / dr/grr

Th
rp+h

d
Sy o

so itis O(1) in Planck unit. Especially this means that it is independent of the black hole states
(mass, temperature) we consider for the background, and implies rather it is some intrinsic nature
of the theory.

T

2.4. Origin of the divergence

The essential parts of the 't Hooft’s brick wall model is the necessity of the near horizon cut-off
at r =ry + h, with h > 0. The origin of the free energy divergence is due to the divergence of
the occupation number g(E) given in Eq. (16) and this is associated with the infinite volume of
the deep throat region near the horizon. Note that g(E) diverges at finite E means that there are
infinitely low energy spectrum degeneracy.

As the spatial volume gets bigger in the system, the allowed low energy excitations increase.
Therefore, given the temperature, we have more entropy. This is physically due to the large IR
regime near the horizon, we can have infinitely low energy quantized mode allowed. This is
exactly happening in the near horizon. However, considering the infinite volume factor from the
radial direction only, we have only a logarithmic divergence in

E
/ drk, ~ / drgE~ —logh. 35)

which is not what we have observed. Actually, in the near horizon region the volume of the X
direction also becomes bigger and then this divergence is enhanced after the k integration as

- E3
/ drdkk,(r) ~ / drg? E3 ~ ST (36)

in the g, (r) = g"" (r) gauge. This is the origin of the fdrdkk o 1/ h divergence.
In summary, k in Eq. (25) has g;, but the k integration, also add another factor g,,. The k
integration yields another factor g, because of the integration region

12 2 1t 2
0 < 1K < gxslrmn s (—E28" lr=ny4n — %)

2 T
~ E“gzi&rrlr=r,+h ~ " (37)
near the horizon. Therefore if we introduce the boundary field theory momentum cut-off A,
712 2 2 T
k" <A< E g}}grr|r:rh+h ~ Z (38)

Then, the free energy has divergence only by F ~ A%logh, since

dkk, (r) ~ / A’g E (39)

instead of Eq. (26), and this gives
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F ~ A’Tlogh (40)

using Eq. (19). It depends on the theory whether the theory admits momentum cut-off A satisfy-
ing (38) or not.

Later we discuss this point from the generic holographic viewpoint. There, since it approaches
the asymptotic AdS, which is scale invariant theory, it is unnatural to have such a momentum
cut-off scale A from the boundary viewpoint.

It is pointed out in [12] that a Pauli—Villars regulator induces the similar finite IR cut-off
effect. In [12], a Pauli—Villars regulator field ¢©'"" is introduced, where ¢*'V) has opposite sign
to the ¢ field and has large mass M with m?> <« M?. Under the same WKB approximation, the

regulator field ¢V (r) = ¢*V (r)oe’ TR0 ghows the relation which is very similar to (21)
but m? is replaced by M? as

KPV () = \/grrm (—E2¢" ()~ R2g¥ () - M?). (41)
This kPY) approaches k, for ¢ given by (21) at

—E%"(r) > M?, K¢ ) > M2, (42)
These are equivalent to

r—rh<<%, K> M2 “3)

However as we have seen in this subsection, the divergence of the free energy is exactly origi-
nated by the many modes in this parameter region. Therefore a Pauli—Villars regulator ¢©") with
mass M plays the same role as introducing the cut-off # with
T
h~ (44)
Since the local temperature at » =ry, + h is

T

Tipcal = —F———
vV gtt|r:rh+h

this regulator ¢*V) removes the degrees of freedom

~M, (45)

E Z M s l_élzocal Z Mz ’ (46)
where we define I_élzo cal = gﬁ F— 122, so that the divergent contribution is cut-off. In terms of
h, this is

T = T
E > a Kipeal 2 e a7

It is clear that any regulator, other than above Pauli—Villars which removes the local modes
(46), plays the same role as introducing nonzero cut-off / to remove the modes (47).° And if M
is Planck scale, the regulated free energy Fy becomes the same order to the Gibbons—Hawking

6 Such a removal of UV degrees of freedom should be considered as a result of the strong gravitational interactions
near the horizon. Note that this is a UV cut-off in the bulk gravitational theory, which corresponds to the IR cut-off in the
holographic dual boundary theory through the UV/IR relation [53].
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black hole free energy. Regarding the black hole entropy as this Fy, and replacing the black
hole by the brick wall is the original idea of "t Hooft’s brick wall model for the black holes [7].
However in this paper, we interpret this divergence rather as an evidence of the composite nature
of the any probe fields in holographic dual field theory. Since in dual field theory, we can have
clear interpretation of the probe scalar fields as new degrees of freedom, it is more natural not
to regard Fy as the background black hole entropy Fpp. But for a moment, we keep this issues
aside and continue the universal nature of the model. Then later in Section 4, we discuss dual
interpretations.

3. Universality of brick wall models

In previous section, we have reviewed the original ’t Hooft’s brick wall model. In this sec-
tion, we first consider the brick wall model for the 4-dimensional Schwarzschild black brane in
asymptotic anti-de Sitter and see the same results hold. In some sense, this is expected since the
brick wall model is determined by the near horizon nature and both Schwarzschild black brane
in asymptotic flat space—time and in asymptotic AdS has the same near horizon.

Then, we will study more generic setting of the brick wall properties. We will now generalize
the previously studied nature of the universality of the brick wall in more generic black brane
and see how universal it is.

In order to check this universality, we consider more generic situation where the background
black brane shows various exotic natures, some of which include the recently studied Lif-
shitz black branes [13—15], hyperscaling violating black branes [16,17]. There, the background
scalar/gauge fields do not take a constant VEV but rather takes non-trivial dynamics. We will con-
duct the analysis for both neutral scalar and also the charged scalar on non-trivial background,
with and without minimal coupling assumption. We will see its universality under the mild con-
ditions, probe field free energy always diverge and its equality with the background exotic black
brane yield the Planck scale. We will also check for the model on the probe brane degrees of
freedom. Then we check similar things this for fermions.

3.1. Schwarzschild black brane in AdS4

Let’s first consider the Schwarzschild black brane in AdS4. In this case, the metric is
1
£
fr)y=r*—rf. (48)

Here we have set the AdS curvature scale to be unit.
Since g, (r) has single zero at the horizon and we have

ds® = —f(r)dr® + —dr* +r’dx*,

o O (e ) B (49)
8 (=g (1), gizlrmman =12+ O(h). (50)

Therefore after r integration using Eq. (19), we have free energy divergence as 1/ #,
/ drdkk (r) ~ / drgr(r) gz () E>

~pt L 1)
L' h
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where we have used grr(r)2 — 1/r4, gzz(r) — rZatr — L ~ co. At the h — 0 limit, this free
energy for the probe scalar field in black brane background diverges. And we obtain the free
energy per unit volume

0
Fy——11 I/dE E° (52)
CT T T L PE_1°

m

In the black brane case, the background black brane entropy is proportional to the spatial
dimension volume, so the free energy per unit volume is

1 SBB 1 r,%
S = g gi£|r=rh = Fpp~ 7 = EF (53)
Therefore, we have cut-off
12
h~—L_. 54
riﬂ?; ( )
Since we have temperature in terms of rj, as
1
p=—." (55
T'n

therefore the cut-off 4 is
12 2
h rhlp_Tlp. (56)
The distance 7 measured in the coordinate invariant way (the invariant distance)

rp+h

ds = / dr./grr

Yh
rp+h

/ dr _ h ; 57)
S \m "

Th
3.2. Lifshitz and hyperscaling violating black brane in 4 dimensions

3.2.1. Background near horizon solution
To study more generic setting, let’s consider the following dilaton Maxwell and gravity model
[16,17].

S= / d*xJ =g {R —2(V$)? — P F, FRY — voem} . (58)

This theory allows more exotic black brane solutions. We consider the case Vy < 0. We are
assuming that this is the effective theory valid near the horizon, which smoothly connect to the

dr?
rp(r=r)°
F=[dr/rn(r—rp) ~ /(r =rp) /. we have ds> = F2r2dt? + dF>. This gives B ~ 1/ry, or T ~ry,.

7 To see this, note that our metric has in Euclidean signature, ds? = rp(r —rp)d 24 By coordinate changes
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UV region where we have constant dilaton and the metric approaches AdS.® Taking the metric
ansatz,

d 2
ds® = —a(r)?di* + = + b(r)2(dx> +dy?), (59)
a(r)?
the Maxwell equations are satisfied by
F = Qe sdi Adr, (60)
f(@)b

and the remaining equations of motion can be conveniently expressed in terms of an effective
potential [29]

1/ _ b*Vy
Ve = 35 (€720 02) + 752, ©1)
as
1
(a2b2¢/)/= Ead)veﬁc, (a2b2 ”=-2V0€28¢b2,
b" 2 2,02 L arar 9,000
?z—q’) , a‘b —I—Ea b” =a’b"p " — V. (62)
Solving equations of motions with the ansatz,
a=Cur’, b=rP, ¢=klogr, (63)
we obtain
g (o +6)* L ICE))
Tir@erer VT T ar@tar
A G ) 0=V, 2—-8(a+96)
T At @402 7T 202 ta@+o)’

__y (44 (@ +8)2)
a0 2 a@+8) @+ Ba—8)@+9)
Finite temperature solution is obtained from the fact that the equations of motion continue to
hold under the following shift

(64)

a’b* > a’b* +Cr, b>=fixed, ¢ =fixed (65)

where C is any constant, which we will set as C = Cﬁriﬁ +2V—1, for convenience. This allows us
to obtain the finite temperature solution

o> = CH <1 _ (’Th)zﬂm_l) (66)
In the near horizon, this becomes

) ~QB+2y — ) (r—r)r’ ' C2. (67)
The temperature of the black brane solution is given by

T~C2r (68)

8 This can be achieved by setting the potential as V (¢) = 2V(y cosh28¢, for example, and ¢ — 0 in UV.
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3.2.2. Scalar fields on this background

Let’s consider the minimally coupled scalar field in this set-up. In a quite analogous way
to Section 2, we obtain the wave equations using the WKB approximation. The argument of
Sections 2.1, 2.2 till Eq. (26) still holds as far as d = 2. Since the metric is different we have,

1

0 69
N a (69)
and
. b(r)?
/drdkkr(r)’\’/dr "
a(r)*
r}%ﬂ E3
~ ——-—— + (L dependent part) 7o
Cf;rhy h

where for the first relation, we used (26). So the free energy of the scalar Fs per unit volume is

dE -
F(p ~ / mdrdkkr(r)

2B
"
iy v + (L dependent part) . 71)
Ca T h'B
On the other hand, the generalized Lifshitz black brane temperature is T ~ Cgriy_l, and the
entropy of the black brane is
Sgp ~ 2P (72)
p
so the free energy is
1 _
Fgp~ T Sgp~ — Cory 2071 (73)
I
Comparing this with Fy, we have cut-off of & as
Fpp S Fy, (74)
l 2p—1
Sh<—L __ ~C T2 ~TI. (75)
ﬁ4 Cgr,?yﬁ a'h r P
Then the invariant distance is
rn+h
Vh
As = / dr\/grr(r)’vmfvlp. (76)
alp

Th

Again, it is Planck length in terms of invariant distance, and independent of 8 and y which
characterize IR.
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3.3. Generic dimension argument

In this subsection, we will show that the universality we have seen is from the Rindler like
geometry. Especially, we will extend the previous results to the Schwarzschild black brane in
AdSp space—time. In this subsection, we keep the all length scale explicit. However we neglect
irrelevant numerical coefficients.

The geometry we consider here is the Rindler like geometry

1
f@r
fr)=T@u —rn), (77)
for the near horizon, where ty, rj,, p = p(r),) are constant and X represents the d = D — 2 dimen-
sional flat space with compactification such that [ dX = V. T is the Hawking temperature. This

geometry is the near horizon geometry of generic black branes.” Then again, using the WKB
approximation, we have

ds® = —f(r)d* + )dr2 + pdi?,

. 1 o
f akky () = 3y (5*) f AP IRk ()
d+1

1
CCd a1 (EPEmEE() 2 g
= V(S ><7f(r)2 ) (pf ()2 (78)

The factor ¢y is given in Eq. (23), and it is order one irrelevant numerical factor, so we have

d+1

dE E?>\ 7 d
ron v [ar [ 2 (f(r)2> (f ()

~vpta [ gy

rp+h
d+2  _d

va%(T)Th 7, (79

again we have neglected the numerical factor and m? term which is not the leading contribution
near the horizon since f(r) — 0 at the horizon.

Note that since the mass term is in the end negligible due to the warped factor implies that
the argument above is not unchanged for non-minimally coupled scalar fields. This is because
the effects of non-minimal coupling, like curvature couplings, are included to “renormalize” the
mass term. However in the end the mass term is not dominant compared with the other terms, so
above argument hold more generic situations.

On the other hand, the BH entropy of this geometry is Spp ~ V,o% /( p)d . From this, we have
1
p®

Assuming Fy ~ Fpp, we have

ST

Fpg~TVp (80)

9 For example, for the Schwarzschild black brane in AdSp space-time, we have T =ry/ (RAdS)Z as the Hawking

temperature and p = (ry,/ RAdS)Z. In more generic Lifshitz or hyperscaling violating geometry, this power is more exotic
as is given in Eq. (68).
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h~TI, (81)
and the distance & measured in the coordinate invariant way

rp+h

ds = / dr./grr

Th
rp+h

N/ ar b, (82)
Voe—mT V1T "7
Fh

which is universal as before.
We find the local temperature at r =rp, + h is

T 1
~ (83)

Y}OCGZ =
VI lr=ry+h lp
which is also universal.
Actually, the local temperature cannot be much larger than the Planck scale in our analysis,
otherwise the quantum correction will be needed.
The region of the momentum k which gives the dominant contributions for this % is

. 1/d
|k|~£E~£~ @ , (84)
VTh Ip 14

which is the order of the entropy density.'”
Finally, let us consider what happens if we assume the free energy of the background black
brane and the one for the probe has different N scaling, as

N°Fy ~ Fgg~ N. (85)

For example, usual N. = N D3-branes with N flavor branes system give

Fpg=N*T! fop(gym, T),
Fy=NyNT f4(gym, T), (86)

in our limit, where gyy and T are fixed and N is very large and fgp and f are some functions.
In this case, & = 2, § = 1.!! However in more generic D p-branes at non-"t Hooft limit and also
branes in M-theory, @ and § vary, generically. We require that the free energy of the scalar field
to be probe field yield,

0<é<a. 87)

Below we will keep only /,, as a dimensionful parameter. Since

10 Eqgs. (83) and (84) imply that the quantum gravity effects cannot be neglected near r = ry + h. The role of brick
wall is to remove the degrees of freedom for the quantum gravity for local temperature/momentum above a cut off scale
~1/1p. This can be done also by introducing the regulator which effectively cut off the geometry for r < rj, + 1 without
the explicit brick wall as [12].

I N D3-branes have N2 degrees of freedom due to adjoint matrices, and Ny D7-branes have N degrees of freedom
due to fundamental quarks. This is consistent with the famous 3/4 factor difference between A — oo limit and A — 0
limit [19.20].
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Fppox Gyl oy, Fyoch™8, (88)

from Eq. (79), this means

25 2(a—8)

Iy~N"8, and h~N"T" ~(,) 5. (89)

Note that this /,, is defined from the relation Gy o lg, so I, is Planck length in the bulk
AdS;+2. Note also that the IR cut-off & in Eq. (89) is written not in terms of invariant distance
but rather in terms of r. h ~ [, if Fgg ~ (Fy)?.

Indeed, for the large black hole in the AdS coming from typical D3—D7 system in holographic
QCD setting in the high temperature phase, the Fpp is expected to be scale like N2 and the Fy for
the probe brane theory scale like N, since we have N D p-branes for O(N?) d.o.f. from adjoint
representation and O (1) probe Dp’-branes for O(N) d.o.f. from fundamental representation of
SU(N).

In the string theory context, usually there are Kaluza—Klein (KK) modes for the probe field.
If the mass of a KK mode satisfies

(90)

then the KK modes give the same contribution to the free energy as the massless modes. The

b4
number of such modes will be (%) 2, where y is, typically, a dimension of the compactified
manifold. Here the scale of the manifold was assumed to be O (1). Thus including the KK modes,
we have

_d (T 7
Fpoch™2 () (91)

instead of (88) and
2@=48) _d
h~(l,) « &, 92)
Below we will assume that there are no KK-modes for notational simplicity because the essential
discussions are not altered by replacing (89) with (92).

3.4. Charged scalar hair model

The effects of background charges for the black branes, which are dual to the chemical
potential, are modification of the bulk momentum into covariant momentum. Therefore only
modification due to the background flux is WKB approximated equation (21) should be replaced
by

ky(r) = \/ grr (1) (—gtt(r)(«‘n2 — g (r) (ki) — m2) (93)
where
E=E+qAy, ki=ki—qAi (94)

The k integration in dlzkr (r) is not modified since the integration range is still the range where
the inside of the square-root in (93) is positive, and A; gives just the integration parameter shift.
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Ao approaches zero at the horizon.'” Therefore the effects of the flux do not modify essentially
our the brick wall free energy divergence properties.

We have been considering minimal coupling. However as we have seen, the effect of the mass
term is negligible for the brick wall argument, since —E?g* > m?. Non-minimal couplings
make the mass term position dependent, so this is effective mass changes. However as far as its
value near the horizon does not diverge, still the mass term is negligible due to —g'’" — 0o near
the horizon and our brick wall argument is not modified.

3.5. Probe brane model

We have seen the universal nature of the probe scalar fields. Note that we have never identified
the bulk microscopic (or string theory) origin of the scalar fields. The scalar fields could be
simple Kaluza—Klein mode from higher dimension compactified to lower dimensional AdS, or it
could comes from some moduli fields in Calabi—Yau compactifications. It could be either closed
string mode or open string mode. For example, in the D3-D7 system, open strings on the probe
D7-brane, which are scalar “meson” fields, obey the similar wave equation as (2), from the probe
DBI action in the Iy — 0 limit.

Generically, if we consider introducing probe branes in the background, we will have some
probe fields in the background at least in low energy limit. The contents of fields and the inter-
actions are fixed by the type of probe branes and how they embed. However, on the black hole
background geometry which has an infinite throat, the nature that low energy continuous spec-
trum appear for any fields on the probe branes are universal as far as probe brane are touching
the black hole horizon. Thus, the above argument can be essentially applied for any probe fields.

Even for probe branes which does not cover the whole AdS space time, for example D8-branes
in D4-D8, we expect that the branes will intersect the horizon of the black hole generically. In
fact, for D8-brane in D4-D8 system see [27] for high finite temperature solutions where probe
brane intersect with horizon.

Actually, if we consider larger and larger black holes in AdS, the branes eventually intersect
the horizon and once horizon and probe brane intersect, essentially the same argument shows the
probe meson free energy diverges.

3.6. Argument for fermions

We shall explicitly calculate minimally coupled Dirac fermion with the background gauge
field. We work in the Lorentzian signature, while the Euclidean signature (which we employed
in the derivation) can be easily obtained by an analytic continuation. First, we derive the Dirac
equation. The fermion action in the bulk is

Stemion = [ @1 =g [ FTY Dagy i ], ©3)

Here the Dirac operator is Dy = dy + }TwabMF”b — iqApy . The definitions of the Gamma
matrices in the local Lorentz frame are

12 4¢ Aq does not vanish at the horizon, by analytically continuing it to the Euclid signature, it yields non-trivial Wilson

i [ Apdt

loop W =e = /2740 on the tip of the (z,r) cigar geometry. But since this is a contractible circle, it gives

contradiction.
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1, 0, w_ [ 02y
(02 —12>’ F=<V“ 0, (°6)

with Y0 =io3, y! = 01, and y% = —0», where o1, 02, 03 are the Pauli matrices. We follow the
notation of [30] and [17] except for the assignment of y# (this difference is necessary to see
the diagonalization as for fermion components, see below). The notation for the indices are:
M=0,1,2,z,and ©u =0, 1, 2.

Writing the 4-component fermion as

s

V= ( zj ) L ve=(-g¢") s, O7)

where ¢+ is a two-spinor, the Dirac equation is
8ii .
—g” @ Fmy/gr)ps =FiKuy oz, 98)
rr

with Ko = —i /%(80 —iqAp) and K; = —i(9; —igA;) withi=1,2.
The Dirac equation (98) is a coupled equation of ¢+ and ¢_, but one can eliminate one of
them. Bringing (98) into the following form formally,

8ii

(—iKu ™)™ PN (99)
(Kuy™) ! jl(ar+m¢g7>¢7=¢+, (100)

we can combine these to eliminate ¢_, to have

. -1 /| &ii . -1 | &ii
[(zlwﬂ) W gy Ot m B iRy [ 0~ m«/_grr)} ¢ =04  (101)
rr rr
This is a second order differential equation for a two-spinor ¢, so we generically have four
independent solutions. Without magnetic field, given E, four states are degenerate and they cor-
respond to spin {up and down}, and {normalizable and non-normalizable} modes.
Under the WKB approximation, this equation becomes

Lait (87707 = m?) | = (Kuv™) 9 (102)
and with the ansatz ¢, = e~/ E/+i fdrk’(’)“'z’?, we obtain

(i (7742 +m?) | = ~(Rupy?

=—(— s (E+qu)y°+<k,-—qA,->y’)

— &1t
~ BB+ qA0)® — (ki — g A, (103)
— &1t
so we obtain k, as
k() = \/ 8rr (1) (=8 ()(EP = g (1) (i)> = m?) (104)

where
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E=E+qAy, ki=ki—qA. (105)

Since fermions are self-conjugate, taking Dirichlet boundary condition for Dirac fermion at r =
rn + h is too restrictive. Instead, we have to take an appropriate boundary condition such that
only half of the degrees of freedom are fixed and also that energy flow at that boundary vanishes.
By taking any such appropriate boundary conditions for the fermions, the same argument holds
for fermions. Again, the difference from the background flux Ag, A; does not change the result.
k; integration is the same, A; gives just a shift of the integration. Near the horizon, Ag vanishes,
therefore for the brick wall argument, this shows that essentially the same nature holds in fermion
case with charged background.

4. Holographic interpretation of the brick wall

In the brick wall model, the Dirichlet boundary condition is imposed on the probe scalar field:
¢(r =ry + h) = Cy,yp. The scalar field is assumed to be free. The boundary is on r =r; + h
with 4 > 0, i.e. outside the horizon. We first discuss various IR boundary conditions.

4.1. Various IR boundary conditions

In the Lorentzian AdS/CFT context, we usually take the ingoing boundary condition at the
horizon since classically horizon keep absorbing objects. In fact, this choice of boundary con-
dition allows us to evaluate the retarded Green function. However, it is also possible to take the
Dirichlet boundary condition at least for probe fields once we go slightly away from the hori-
zon.!3 One can say that our boundary condition is on the “stretched horizon” [31]. Since it is a
time-like surface, it is natural to consider either Dirichlet or Neumann boundary condition. Here
we summarize some obvious properties of the Dirichlet (or Neumann) and ingoing boundary
conditions.

Near the boundary at r & ry + h, with & > 0, the equations of motion allow two independent
approximated solutions with fixed E are ¢ ~ ¢/ Btk 0nr) and ¢ ~ ¢! (Et=k- 1)) \where k, (ry) is
the value of k, in (21) evaluated at » = rj,, with Re(E/ k- (r,)) > 0. From the action principle, we
know not only the equation of motion but also what is a consistent boundary condition. If we take
the ingoing boundary condition which means ¢ ~ ¢! (E/+%%) it does not make the boundary term,
¢ 0,¢|, vanish. Thus generically in such case the energy is not conserved through the boundary
term and the amplitudes of scalar fields decay/amplify as time evolution. This is reflected to
Im(E) # 0. Instead, if we take the Dirichlet boundary condition ¢ = C,, 4, at r =r, + h with
constant C,, 1, it makes the boundary condition satisfied only with C,, 1, = 0. In this case, the
eigenmodes are proportional to e Etsink, (rp) (r — 1)), where ¢ is the static time outside the
horizon, and we have real £, Im(E) = 0.

This can be seen explicitly from the bulk equation of motion as follows

[ele] ) | .
0= f V=8¢ (ﬁarW—gg”am)Ezgf% — kg — m2¢>

rn+h

13 We should stress that we do not think these boundary conditions are really realized near the horizon. Instead, they
are effective descriptions for quantum gravity, which represent where the semi-classical picture breaks down. As we will
see later, this breakdown is related to the finite N effects. Thus, the usual computation without the brick wall (using the
in-falling boundary condition) with the 1/N expansion may be consistent with the brick wall model.
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= [ (adTaema0) + g (-E2" - e - n?) o)
rp+h
+ («/__ggrréar¢)r:rh+h . (106)

Here we consider the normalizable modes, i.e. ¢ — 0 as r — oo so that the UV AdS boundary
contribution vanishes, i.e., net energy flow at infinity.'* For Cr,+r =0, taking the imaginary part
of this, we find Im(E 2) =0and E2 > Q.IS This means that there are no tachyonic modes, even
though there can be modes with EZ « k2. For a general boundary condition, the imaginary part
of this equality relation gives

Im(E?) / V=2 (8" 99) = (V=88 3 ®)r=r+h - (107)
rh+h

The right hand side surface term vanishes by C,, 1, = 0 with Dirichlet boundary condition, or
Neumann boundary condition, but not for Dirichlet boundary condition with C;, 4, # 0 nor in-
going/outgoing boundary condition.

Remember that we need thermal equilibrium for the probe fields with the background black
branes. This forces us that we cannot have a net energy flow between probe fields to the black
branes therefore, only C,, +, = 0 with Dirichlet boundary condition, or Neumann boundary con-
dition are the possible choices.

Note that in the original derivation of the probe field free energy in Section 2, as far as g(E)
in Eq. (16) is not qualitatively modified, we obtain the divergent free energy contributions. For
h # 0, generic Dirichlet and Neumann boundary conditions are qualitatively the same in the sense
that in both cases we obtain qualitatively the same g(E). However ingoing/outgoing boundary
conditions drastically change g(E). Thus, the free energies with ingoing/outgoing or Dirich-
let/Neumann boundary condition are completely different. Physically the spectrum obtained from
the solutions with ingoing/outgoing boundary conditions has non-zero Im(E) # 0, so it is rather
decaying object, due to the existence of the surface contribution.

Now we will consider the 7 — 0 limit. For 4 — 0, the solutions with the ingoing boundary
condition are called the quasi-normal modes, [32,33]. The number of low energy quasi-normal
modes is finite [32] and E has non-zero imaginary part. On the other hand, for the modes with the
Dirichlet boundary condition with 2z — 0, we cannot take 7 — 0 limit as a well defined limit. To
see this, let us study the near the horizon geometry, r ~ ry, ds?=—-T(@r — r;,)a't2 + drz/ T(r —
rp). By setting 7 = dr /~/T (r —ry) =2/(r —ry)/T, and 0 = £i Tt /2, the metric approximates
as

ds* ~ di* +7d6* + dx* (108)
which is a cigar geometry in Euclid signature. With the ansatz
¢=¢ne", (109)
Laplacian gives
1 12
O¢ = 23 (F:¢) = ¢ =0 (110)

14 We restrict the mass of the scalar field so that it has a normalizable and a non-normalizable modes for simplicity.
15 For Cry+h # 0, the charge density is not conserved at the boundary in general.
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solution that allows power law behavior ¢ (7) ~ #, ¢ ~ 7~!. By setting | = F2E/T, 0 =
+iTt/2, we have

¢N’::|:2iE/TeiEtN(r_rh)q:iE/TeiEt' (111)
So the solutions are

b= —r) ETh_Q+0G =)+ 0 —m)EThi(14+ 00 —r)), (112)

where terms proportional to #_ and A represent the ingoing and outgoing modes, respectively.
Imposing the Dirichlet boundary condition, we have

hy
h_

in which the phase oscillates infinitely. Thus in addition to the fact that the number of low energy
modes diverges in 2 — 0 limit, we cannot make the Dirichlet boundary condition well-defined
in & — O limit.

Let us discuss shortly the connection to the Euclidean case, since in that case, we have direct
connection to the GKPW prescription [2,3] of the holographic Green function evaluation. For the
h # 0 case, we have two solutions. So we can take any boundary conditions by combining these
two solutions. On the other hand, at 7 = 0, one solution diverges so we cannot make any linear
combination, in fact, it allows only one regular solution. This regular solution in Euclid signature
goes to ingoing one in the Lorentzian signature as we have seen above Eq. (111). Actually by
using this point and also the relationship between the Euclid Green function and retarded Green
function

:_e—2iE/Tlnh(1+O(h))’ (113)

Gr(@,k) = GE(@E, K)|wp=—i(wric), (114)

it was shown in [34] that one can obtain the retarded Green function, which was first proposed
in [35] by bottom up approach, from the Euclid Green function using the GKPW prescription.
For h = 0 case, since it is admitted only one solution from the regularity in Euclid signature, we
do not have much freedom to obtain other Green function by using GKPW prescription. In that
sense, 1 # 0 makes the situation better since it allows any linear combinations, as a results, any
Green’s functions.

4.2. Dual field theory interpretation of the divergence

Let us consider the background geometries dual to the confinement phase where the geometry
has smooth IR “cut-off”! at r = r, without black hole horizon. Examples for such geometries are
global AdS which has a spherical boundary, and for R* boundary, we have Klebanov—Strassler
[21] or D4-brane geometry compactified on S! [5]. These geometries are dual to the confinement
phase in boundary theories and related to the scale » = r,, they admit nonzero confinement/de-
confinement transition at finite 7 = T,. At temperature 7 > T, these geometries admit black
hole horizon as [22]. If we add probe branes on these settings [23], then, in dual field theory,
quark fields are introduced and we can study various meson confinement/deconfinement dynam-
ics, see for example [24-27] and review [28]. The probe fields are quarks and whose degrees of

16" This “cut-off” is the bulk IR endpoint of the geometry related to the confinement scale in the boundary theory, not
the IR cut-off of the brick wall at the deconfinement phase.
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freedom are O(N) in the Lagrangian level.!” After a long time, the probe fields in the boundary
theory will be thermalized with the gluons.'® In the bulk theory, this is interpreted as a thermal-
ization of the probe fields in the bulk with a black hole.'” As we discussed in Section 3.5, we
consider the brick wall model for the probe scalar fields on the probe branes under such thermal
equilibrium.

For T < T, they are confined into the mesons. The number of low energy spectrum of the
mesons is finite, namely there is a mass gap and the spectrum is discrete and low energy free
energy does not diverge. This is consistent with the spectrum of the scalar in the bulk Lorentzian
(global) AdS; analysis.

For T > T, the quarks will be deconfined. Therefore, in the gravity dual we expect that
there are O(N) contributions, which become divergent free energy in the large N limit. This
divergence is exactly what we have seen in the bulk analysis of Sections 2 and 3 in the 7 — 0
limit, namely without the brick wall cut-off. Note that if we take the ingoing boundary condition,
then we do not have such behavior at least. Since it diverges, in the large but finite N case, we
need to put regulator near the horizon r = rj, 4+ h, with  # 0. For a boundary condition there, we
can take Dirichlet or Neumann boundary condition for example. This helps, since as we have seen
in Section 2.4, the divergence comes from the divergence of the number of the low energy degree
of freedom, namely £ — 0 modes. This E corresponds to the energy conjugate to the boundary
time, due to our choice of the ansatz (7).”" Since the Dirichlet boundary condition suppresses
the low energy mode divergence and changes the spectrum from continuous to discrete, in field
theory dual, this corresponds to introduction of the IR cut-off by the finite N effect. This is
the brick wall in a holographic context. Note that we expect that at infinite N with nonzero
coupling A, the spectrums of the gauge theories at the deconfinement phase are continuous as
is seen in the analysis [36—39]. On the other hand, finite N makes the spectrums discrete even
at the deconfinement phase. The essential role of finite N is to introduce the IR cut-off and
remove the divergent IR degeneracy by making the continuous spectrum into discrete spectrum
at the deconfinement phase, and as a result, the free energy becomes finite. The brick wall with
nonzero h plays the role of the finite N effect in the dual field theory, since finiteness of N makes
the spectrum discrete in the boundary theory at the deconfinement phase, and finiteness of 1/4
makes the spectrum discrete in the bulk theory under the presence of a black hole.

The free energy will increase and diverge if we take 1 — 0. However we know that the probe
D7-branes introduce at most O(N) (quarks) contributions in the Lagrangian level, and it can-
not exceed the O(N?) contribution of the background D3 degrees of freedom. This gives the
lower bound for /2, where at least, naive picture allowed by local quantum field theory in curved
space—time is not trustworthy. As we discussed in the end of Section 3.3, this implies that the
trust in local field theory for counting bulk d.o.f. under the given metric (1) will be lost at 2 ~ [,
i.e. r =rp + O(lp) at least, for the black hole in the AdS space-time. More precisely, the semi-
classical free field approximation for counting d.o.f. on the geometry will not be valid.

In more generic setting,

17 we neglect the effect of the massive open string modes by the non-’t Hooft limit which we take, Is ~ [, < 1. These
massive open strings are dual to massive vector mesons such as p mesons.

18 The backreaction of the probe fields to the gluons will be small in the large N limit.

19" The backreactions to the black hole geometry by the probe fields will be small because the black hole mass is large.
20 The continuity of the low energy spectrum for the free energy divergence can be seen in other places. For example,
by considering the scalar fields in Poincaré coordinate pure AdS space, where we have zero temperature horizon, we can
see that the spectrum becomes continuous and as a result, their free energy diverge, see for example [28].
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N°Fy ~ Fpp~ N“, (115)

we have seen that the IR cut-off % is determined as

2(x—9)

h~(,) @ (116)

in Eq. (89). Without £, the free energy of the probe field Fy diverges. Since we expect that the
metric and semi-classical description for counting d.o.f. are trustworthy from far infinity up to
O (1)?! close to the horizon r 2 rp+ O(1) > ry + h, this implies that & must be at most positive
power of Planck scale, especially, it cannot be independent of the Planck scale.”” Therefore, it is
reasonable to expect o > §, SO

Fy~N*?% - 00 (in the large N limit) (117)

Therefore, Fy always diverges by the positive powers of N.

Of course, these arguments have several loopholes. One should note that we have assumed
that at finite /,,, quantum gravity effects are not important at r 2 r, + O (1) >> ry + h, therefore
we have squeezed the quantum gravity effects at the region r < rj, + h. However we do not
have good argument to justify this assumption. It is interesting to study this more concretely in
holographic setting.

Note that for the argument (117), we have assumed that the boundary theory does not have
momentum space cut-off satisfying (38). For D3-D7 [23] or D4-D8 [26] system, the theory in
UV approaches the scale invariant theories and they do not admit any cut-off A. However if
there is momentum space cut-off satisfying (38), then the conclusion (117) breaks down and the
cut-off & could be bigger.

Note also that the brick wall model requires the thermal equilibrium between the black hole
and the probe field, and this is possible with the large black hole in the AdS space-time, since
it allows positive specific heat. Moreover, the thermal equilibrium implies that there is no net
energy flow between the probe fields and the black holes. In dual field theory, this is between
probe quarks and the background gluons. Zero value Dirichlet boundary condition and Neumann
boundary condition make the surface term vanish, but ingoing and outgoing boundary conditions
allow the nonzero surface term and therefore there are energy flows, so they will not allow a
thermal equilibrium.

The divergence of the free energy Fj we have evaluated is, in fact, a one-loop effect and
the reader might wonder at the tree level contribution. In fact, as is seen in [40,41] the classi-
cal Dirac-Born-Infeld (DBI) action evaluated on the Euclidean black hole background yields
the O(ANyN) results. Note that this is the same as Gibbons-Hawking prescription [42], and
O(ANyN) contribution is due to the horizon existence. This is correct in the N — oo limit with
A fixed. On the other hand, in the brick wall context where N is large but rather finite, we do
not expect the sharp notion of the horizon existence; full quantum gravity effects become im-
portant and geometry is not trustworthy slightly outside of the horizon, which is described by
the brick wall at r = rj, + h. So tree level contributions are actually expected to be O (1) [43] in

2L o) implies AdS scale or any other scales, which are independent of Planck or string scale.

22 Note that we are considering the limit where gg is fixed finite as gg ~ 1 and N — 0o so that string scale and Planck
scale are the same order and both are very small, [s ~ [, — 0, compared with AdS curvature scale or large black hole
curvature scale. Therefore in our limit, there is no distinction between Planck corrections and stringy corrections since
both appear simultaneously in our limit.
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our case. Therefore this one-loop divergence can be dominant.”®> We emphasize that as we have
interpreted, this IR divergence is physical in the sense that it is associated with the continuity of
the spectrum in the boundary theory. We will discuss more in the discussion section for the finite
N effect as an IR cut-off.

4.3. Difficulty of having a fundamental “electron” in the dual field theories

We have seen that under the black hole background, there is universal nature for the probe
free energy Fy; it always diverges due to the continuous gapless spectrum. The universality of
the brick wall implies that all the probe fields show divergent free energy by the same mechanism.
What does this mean in a boundary context? We interpret this as a signal that all the probe fields
which are singlet at the confinement phase, show the continuous gapless spectrum with large IR
degeneracy at the deconfinement phase. So they are actually not the fundamental fields such as
electrons but rather they are at most composite fields.

What this brick wall model argument is suggesting is that the holographic dual field theory
can have gauge-singlet fields (SU(N) singlet) only as composite fields, like mesons.’* In other
words, the brick wall model suggests that the gauge singlet components should always show
the confinement—deconfinement transition and their degrees of freedom (in the Lagrangian level)
should scale by a positive power of N, therefore, we can have electron like objects as composite
objects like mesons, or fermionic superpartners of mesons to make them fermionic.

To see this, let’s consider adding an SU(N) gauge-singlet fundamental field (in the Lagrangian
level), like an electron field, to the SU(N) QCD like theory. Suppose that the gauge-singlet funda-
mental field becomes thermal equilibrium, then we can consider its free energy. The contribution
to the free energy from the gauge singlet field should be independent of N, so it is always O (1)
even after the SU(N) QCD like theory shows the confinement—deconfinement transition. How-
ever this contradicts the gravity analysis; if we consider the free energy of the bulk scalar field,
which is dual to the gauge singlet field, it shows the divergence without the brick wall cut-off
due to the near horizon throats in the vicinity of the black holes with 4 = 0. With IR cut-off
h # 0, free energy behaves as ~1/h. Note that this divergence is due to the almost continuity
of the spectrum in the IR, therefore its degrees of freedom cannot be O(1). Therefore, they can-
not be gauge singlet fields after the confinement—deconfinement transition, but rather they are
composite fields at most.”?

The fact that they always show these divergences is due to the universality of the gravity.
Gravity couples to all the fields, furthermore gravitational theory, which has asymptotically AdS
boundary, always forms a large black hole at high temperature. Therefore, as we have seen in
Sections 2 and 3, any bulk fields dual to the gauge-singlet matter fields obey their equations of
motion, and their free energy always shows the divergence due to the localized modes near the
black hole horizon, at least in large N limit.

S Usually, the 1-loop effects give O(1) contributions. However, in our case the number of the low energy modes is
infinite and it is O (1) x oo contribution in the N — oo limit, i.e. & — 0 limit. Then, because N is finite and 4 is finite,
the 1-loop effects can give O (N). On the other hand, in the usual 1/N expansion picture, tree level contribution is O (N).
24 This is the argument for theories which have some UV cut-off energy scale and we assume that this UV cut-off is
much bigger than the confinement—deconfinement transition.

%5 One possible loophole of this argument is that this discrepancy is due to the strong coupling A effect, since gravity is
at large A but gauge theory is at small A, so free energy behaves as a positive power of A, instead of N. However in the
limit we are considering, where gyys = O(1), we do not distinguish the large A effect and large N effect since A ~ N.
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How much the cut-off is necessary in the gravity side is evaluated from the field theory sides.
If we add the glueballs, then their free energy and entropy scale as O (N?) at the deconfinement
phase. This makes the free energy of the dual bulk scalar fields the same order as background
black brane free energy (which is dual to the gluons), and this fix the 4 to be Planck scale in
the invariant distance. On the other hand, if we introduce the probe brane as we discussed in the
previous subsection, then free energy of the meson scalar is O (N) at the deconfinement phase,
which is suppressed by N from the black brane entropy. This yields the new IR cut-off scale.
Again, note that the IR cut-off / in Eq. (116) is not invariant distance but rather distance in terms
of r-coordinate.

4.4. Path-integral measure from Euclidean analysis

So far we have seen the divergence from the Lorentzian signature. Since after the analytic
continuation, the bulk geometry near the black branes or holes becomes simply smooth cigar
geometry where no metric components show coordinate singularities, unlike Lorentzian signa-
ture. Therefore one might wonder in Euclid signature, if these divergences disappear. However
since we have seen the divergences are physical from dual field theory viewpoint, they should not
disappear even after the analytic continuation. Here we will conduct the partition function evalu-
ation by Euclidean path-integral method and see that the divergences still exist. This subsection
is mainly a review.

For the partition function evaluation in Euclidean path-integral analysis, we can consider the
usual Matsubara formalism. We will see that the path-integral measure for this is different from
the diffeomorphism invariant one with the conformal transformation by g, [44—47].

By interpreting partition function as Euclid time evolution by g,

Z=Tre PH :/[dqs]e*deLE(@ (118)

We will evaluate this path-integral in this subsection.
For that purpose, let us recall the analysis in Lorentzian signature. We will define the complete
set motivated by the Lorentzian signature Laplacian V7,

V7 =g"87 + Vf,x =g" (8,2 + gnVE,x) (119)
such that complete sets we define are

8V} Bnrx = Ennrx (120)
with the normalization

- / drdx\, _gg”(pn,r,x(pm,r,x = (Sn,m . (121)

Note that this gives precisely Eq. (8). Then we expand the field as
¢, r.x) =Y calt)Purx- (122)
n

The solutions of the equation of motion are given by ¢, (t) = cpe Ent Then the action is

/dtL = / dry” (c',,(t)2 _ E,%c,,(t)z) , (123)
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the harmonic oscillators for quantum mechanical modes ¢, (¢). Thus, the Hamiltonian is

> 1
H=) (my+2)E (124)
n=0

for the eigenstates,
[ima}> = T30 (a))"" 10> (125)

labeled by {m,} where m,, =0, 1,2, - - -, and this reduces to the Section 2 analysis.
Motivated by this Lorentzian analysis, we will evaluate Eq. (118). In the path-integral con-
ducted in Euclid signature, we will expand the field as

¢(z,r,x) zzcn(f)¢n,r,x s (126)

where we choose the complete sets ¢, » similar to the one defined in Eq. (120) in Lorentzian
case, i.e., we choose,

_grf(r)v;%x¢n,r,x = Ey%qsn,r,x . (127)
The Euclid Lagrangian L g gives

/dTLE(¢)

= / drdrdfc\/gg” Z <én (T)Cm (":)¢n,r,x¢m,r,x + (Em)2cn(f)cm (f)¢n,r,x¢m,r,x>

m,n

= / dt Z (c’,,(r)2 + E,z,cn(r)z)
=y ((2”7’”)2 + E,%) (cnm)® (128)

where we have used the periodicity under the T — 7 + 8 from the trace property to expand

cp(T) ~ ZmEZ came BT and the completeness condition

/drdx\/gg”(bn,r,x(bm,r.x =0n,m (129)

as a normalization.
This yields the path-integral evaluation of the partition function (118) up to a numerical nor-
malization constant,

1

2
Z=T,Mez ((2”7’”>2 + Eﬁ) . (130)
Consider the background which is pure AdS. Then the partition function determined by this
prescription gives the thermodynamical partition function of the, for example, mesons. This jus-
tifies that prescription above gives the correct answer from the AdS/CFT viewpoint.
On the other hand, the above prescription gives the divergent contribution on the path-integral
method in view of Euclid prescription. This divergence is due to

T

gt =00, (131)
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for the complete sets (127), since then, we have large n mode with fixed energy and this yields
the free energy divergence. The large n mode has bigger value for the r derivatives. The existence
of huge n with fixed E ~ T is the origin of the divergence.

Naively one might think that because in Euclid signature, the black hole is replaced by the
cigar geometry so there is no warped factor, at least locally. However, since the normalization
must be chosen in such a way (127), the effect of (131) still induces the divergence for the
partition function.

If we use the different complete sets, for example,

_vrz,xd)n,r,x = Eyzld)n,r,x (132)

this does not diagonalize the path-integral, therefore it does not reduce to the simple determinant,
unlike (128).

On the geometry far outside the horizon, we believe that usual quantum field theory in curved
space—time should hold as a good approximation. This means that we should path-integrate the
scalar field on the geometry as usual. However as we have seen, the treatment for the basis choice
in Egs. (127) and (129) treats diffeomorphism in a non-invariant way, since we treat g** specially
and this induces divergence as Eq. (131). The reason for treating g** special must be clear. In
order to define energy or temperature for thermal partition functions, we have to specify their
conjugate, which is time, that is why we treat metric component g** specially.

5. Discussion

Probe fields in the bulk, which are dual to the probe fields like meson fields, show the divergent
free energy due to the near horizon throat of black holes. The origin of the free energy divergence
is due to the large degeneracy of the modes, living near the throat region of the horizon r —ry, 2 h,
with

T ., T
E 5 Z ’ klocal Sj Z (133)

from the bulk theory viewpoint. We have seen that the value of cut-off & depends on the micro-
scopic theories. In the microscopic system where the degrees of freedom for background black
brane Fpp and probe fields Fy are given by

Fgg~N®, Fy~N*73, (134)
the appropriate IR cut-off % is
2(a—9)
h~(p) e (135)

otherwise, semi-classical approximation over-counts the degrees of freedom as we have seen in
Section 4.2. For example, in the Dp-Dp’ brane setting with (p, p’) = (3,7), where we have
N Dp branes with probe Ny Dp’ branes, we have o =2 and § = 1. These probe D p’-branes
introduce microscopic quark fields which have no mass gap and continuous spectrum in the
boundary theory at the deconfinement phase. In this way, we have seen that these divergences
are not pathological, but rather physical consequence, at least for the probe brane models from
the holographic viewpoint. Note that from the bulk viewpoint, if we do not remove the modes

T - T
E>>\/;, kl%,ml>>ﬁ, (136)
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then the free energy of the probe field becomes bigger than the microscopic counting (134),
which is inconsistent. Taking only the modes satisfying (133) but not the modes satisfying (136),
we obtain a large but non-diverging free energy as (134).

In Section 2.4 we have seen that after the k integration, we have enhancement for 1/ by the
contributes g, ~ 1/ h factor. This implies that large |k|> ~ T/ h does not give large E due to the
near horizon warping effect. In dual field theory, this is interpreted as due to the interaction with
the background gluon plasmas, which are dual to black holes.

In the dual field theory, the semi-classical limit corresponds to the large N limit and then the
free energy for the deconfinement phase quarks should scale as O(N), which is divergent. From
this microscopic analysis, it should be answered what are the cut-off effects in the gravity side,
which corresponds to the finite N effects. We have seen that once we specify the microscopic
degrees of freedom for both probe fields and background black branes, then the cut-off is obtained
as appropriate positive power of the Planck scale.

What we have seen is that the semi-classical path-integral method for counting the degrees of
freedom diverges in the large N limit from both bulk and boundary viewpoint. But on large but
finite N, bulk semi-classical path-integral method over-counts due to the modes (136). Therefore,
this implies that the semi-classical approximation and our trust for the naive picture of the black
hole geometries might break down for » — rg < h. The point that the semi-classical approxima-
tion breaks down near the horizon is indeed what we expect from the recent firewall argument or
fuzzball argument, [48-51], although, these arguments are based on other viewpoints: the incon-
sistency between unitarity of black hole evaporations and local quantum field theory in curved
space near the horizon. Our argument is different; it is rather based on the over-counting issues
of the degrees of freedom in the semi-classical limit, and also on how the finite N or [, effects
should appear in the bulk.

In full quantum gravity, the geometric picture probably breaks down. However, it might be
reasonable to assume that at least the geometry is very well approximated to the black hole
geometry as far as r > rgy. Therefore, it might be reasonable to expect that the probe field free
energy divergence is cured and the modes (136) are effectively removed by the quantum gravity
effects at r Sry + h.

The role of the finite N effect in the boundary theory reduces the degrees of freedom, com-
pared with N — oo limit. From a boundary theory viewpoint, these finite N regulators effectively
reduce the oo by oo matrices into finite N by N.

Note that we expect that at infinite N with nonzero coupling X, the spectrums of the gauge
theories at the deconfinement phase are continuous as is seen in the analysis [36-39]. On the
other hand, finite N makes the spectrums discrete even at the deconfinement phase. Therefore,
the reduction of degrees of freedom by finite N makes the spectrum from continuous to discrete
even at the deconfinement phase, and this discreteness is crucial to see the Poincaré recurrence
of the time-evolution of the unitarity. Apparent non-unitarity of the black hole information loss
is due to the continuity of the spectrum at the deconfinement phase. With infinite N the phase
space volume is expected to be infinite’® while with finite N, the phase space volume is expected
to be finite, and no physical quantities should diverge. If the spectrum is continuous, the Green
functions do not show Poincaré recurrence and decay in late time as [36-39]. In that aspect, our
argument is also implicitly relying on the unitarity nature of the quantum mechanical system.

26 Note that if the spectrum is discrete even at N — oo limit as is A — 0 case, then the phase space volume becomes
finite and the time-scale of the Poincaré recurrence is finite, contradicted with the classical information loss picture.
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From a bulk theory, introducing both a non-zero cut-off 4 and a Pauli—Villars regulator like
[12] has an effect to reduce the UV degrees of freedom above Planck scale (measured in the
local Lorentz frame) as Eq. (136) with Eq. (44). Therefore, by introducing the brick walls, the
spectrum also changes from the continuous one to discrete one. The point that these effects are
UV in bulk theory but are IR in boundary theory is due to the UV/IR mixing in holography [52,
53]. Therefore, finite N effects are IR cut-off in a boundary theory to make the spectrum discrete,
and in the bulk, this is what brick wall does with 4 # 0. Brick wall effects with finite 1/ % are the
same as finite N effects in the boundary theory and these are IR cut-off effects for the boundary
theory spectrum.

The reductions of degrees of freedom from classical limit due to the non-perturbative quan-
tum gravity effects are expected to be generic. In fact, they are seen using the gauge/gravity
correspondence for many situations. Finite N matrix model for M-theory [1,54-56] yields the
quantum gravity reduction. In [57], the reduction by finite N occurs due to the “droplet” quanti-
zation, also in [39], the discreteness nature of the Young tableaux reduces the degrees of freedom.
Such reductions of degrees of freedom in full quantum gravity are important and the cut-off 4 of
the brick wall model reflects this reduction. This suggestion might be important since this gives
another estimate of the where the locality breaks down, and deviation from classical gravity limit
occurs.

Originally, the brick wall was introduced for regularization of the divergence of the free en-
ergy. This divergence can be absorbed into the renormalized Newton constant [ 12,31]. If our goal
is simply to obtain finite numbers for the free energy of the probe fields, the classical DBI action
evaluation near the horizon gives the correct non-diverging free energy in the large N leading or-
der [40,41], and the brick wall may not be needed. From holographic boundary theory viewpoint,
this Newton constant renormalization can be regarded as an effective N change as

Fpp(N?) + F(N) = Fpp(Ngg), (137)

so that O(N) contribution of Fy is absorbed as an effective N change into Ny for Fpp. This
might be meaningful if N is infinite and one can be regarded 1/N as an almost continuous
parameter. However in finite N, it is unclear if such an effective N change makes sense. Similarly,
the problem behind the divergence is the almost continuous low energy spectrum in large N.
Thus, the real advantage of the brick wall picture is for a finite N, i.e. a finite /,, theory, where
the naive classical picture of horizons does not work. It is interesting to investigate more on the
difference between the large N picture and the finite N picture, where non-perturbative quantum
gravity effects are dominating.
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