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General Introduction

Recently, advances in atom- and nano-technology are remarkable. It is now possible

to measure, fabricate, and control structures on the atomic and molecular scale. Even a

single photon and a single electron spin can be measured and manipulated by the current

technology of photonics and spintronics. Considering such progress in experiments, as for

the theoretical side, theoretical prediction of physical phenomena and evaluation of physical

properties in a local region have been growing in importance. In order to treat spin properties

in a local region theoretically, it is essential to discuss them on the basis of relativistic

quantum field theory. In particular, in atomic and molecular scales, it is important to discuss

systems consisted of electrons, nuclei and photons on the basis of quantum electrodynamics

(QED). In the field of quantum chemistry, relativistic theory and QED have been regarded

as only a slight correction. However, the concept of “locality” based on relativistic theory

gives novel images to physical phenomena and mechanisms of chemical reactions. Hence, in

this study, the local picture of electron spin and the first principle calculation method based

on QED are discussed.

The following three things are needed to calculate physical quantities numerically in the

framework of QED. The first one is to define local physical quantity operators. The second

one is to compute time evolution of quantum field operators. The last one is to compute

the time evolution of a wavefunction, which corresponds to the state vector of quantum

field theory, as is done in quantum mechanics of point particles. In this study, since it is

difficult to prepare the state vector by quantum field theory as the first step, a quantum

mechanical wave packet of the steady electronic state is used as an approximation. Under

the approximation, numerical calculations of local physical quantities for spin are performed

in order to discuss local distributions of spin-related physical quantities which are derived

from operators by relativistic quantum field theory. Moreover, a formulation of a numerical
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simulation method of the time evolution of the quantum field operators is discussed with

aim for preparation of a state of QED.

This thesis is organized as follows. PART I (Chapter 1-3) is devoted to the theoret-

ical studies of the local picture of electron spin. In the framework of QED, the electron

has mainly three fundamental properties: charge, spin and mass. Strictly speaking, local

physical quantities for the electron are given by three symmetries. The first one is the

electric charge current density derived from the gauge symmetry. This is a famous quan-

tity which consists of the electric charge density and conventional charge current density.

The second one is the chiral current density derived from the chiral symmetry, which is

partially conserved approximately symmetry for the electron. The chiral current density

consists of the zeta potential and the spin angular momentum density. The last one is

the energy-momentum tensor density derived from the general principle of relativity. The

energy-momentum tensor density consists of the energy density, momentum density and

stress tensor density. Recently, the “quantum spin vorticity theory” is proposed as a conse-

quence of the general relativistic symmetry of the energy-momentum tensor. The quantum

spin vorticity theory can give the time evolution equations of the electronic momentum

density and the spin angular momentum density as equations which relate local mechanical

physical quantities derived from the energy-momentum tensor density. These local images

of an electronic state by the quantum spin vorticity theory can help us to understand spin

phenomena in condensed matter and molecular systems from a unified viewpoint.

In Chapter 1, local physical quantities for spin are investigated on the basis of the four-

and two-component relativistic quantum theory. In the quantum field theory, two types

of the torque densities appear in the equation of motion of the spin angular momentum

density operator. One is the “spin torque density”, which has the same form as the torque

derived by the quantum mechanics. The other torque density is called as the “zeta force

density” operator, which originates from the spatial distribution of the chiral component of

the electron density. The zeta force, which is the gradient of the zeta potential, does not

appear in the quantum mechanical Heisenberg equation for spin due to the definition of

the inner product including the integration over the whole region, the zeta force density can

have nonzero local contribution. The spin torque density, the zeta force density and the zeta

potential, which are significant physical quantities for spin to describe a local picture of spin
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dynamics based on the quantum field theory, are studied by using Li atom and C6H6 in the

steady ground states. In addition, a calculation method of these local physical quantities

based on the two-component relativistic quantum theory is discussed. Some different types

of relativistic numerical calculations of local physical quantities in Li atom and C6H6 are

demonstrated and compared. Local physical quantities for each orbital are also discussed,

and it is shown that a total zeta potential is given as a result of some cancellation of large

contributions from each orbital.

In Chapter 2, the local spin dynamics of the electron is studied from the viewpoint of

the electric dipole moment (EDM) of the electron in the framework of quantum field theory.

Heavy polar diatomic molecules are known as the most promising candidates for experiments

of the EDM of the electron, which is a hopeful and inexpensive probe of physics beyond the

standard model of particle physics. The improvements of the computational accuracy of the

effective electric field (Eeff) for the EDM and understanding of spin precession are important

for experimental determinations of the upper bound of the EDM. In this chapter, calculations

of Eeff in YbF (2Σ1/2), BaF (2Σ1/2), ThO (3∆1), and HF+ (2Π1/2) are performed on the basis

of the restricted active space configuration interaction approach by using the four-component

relativistic electronic structure calculation. The spin precession is also discussed from the

viewpoint of the local spin torque dynamics. It is shown that a new contribution to the

torque density for spin is brought into by the EDM. In addition, distributions of the local

spin angular momentum density and torque densities induced by external fields in the above

molecules are calculated and a property related with large Eeff is discussed.

In Chapter 3, the spin Hall effect as an application of the spin vorticity theory is dis-

cussed. It is proposed that the dynamical picture of the spin Hall effect can be explained as

the generation of the spin vorticity by the applied electric field on the basis of the “quantum

spin vorticity theory”, which describes the equation of motion of local spin and the vorticity

of spin in the framework of the quantum field theory. Similarly, it is proposed that the

dynamical picture of the inverse spin Hall effect can be explained as the acceleration of the

electron by the rotation of the spin torque density as driving force accompanying the gener-

ation of the spin vorticity. These explanations by the spin vorticity defined in the quantum

spin vorticity theory can help us to understand spin phenomena in condensed matter and

molecular systems from a unified viewpoint.
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PART II (Chapter 4-6) is devoted to studies of the time-evolution simulation method

of operators in QED. As mentioned in PART I, QED is significant to analyze electronic

structures by local physical quantities. Furthermore, QED plays an important role even

in the long range intermolecular interactions since QED is best suited to account for the

finite speed of propagation of the photon automatically. In this part, a formulation of time

evolution of a system which consists of the electrons, nuclei and photons is discussed in the

framework of QED.

In Chapter 4, a formulation of time evolution of physical quantities is discussed in the

framework of the Rigged QED. The Rigged QED is a theory which has been proposed to

treat dynamics of electrons, photons and atomic nuclei in atomic and molecular systems in

a quantum field theoretic way. To solve the dynamics in the Rigged QED, different tech-

niques from those developed for the conventional QED are needed. As a first step toward

this issue, a procedure to expand the Dirac field operator, which represents electrons, by the

electron annihilation/creation operators and solutions of the Dirac equation for electrons

in nuclear potential is proposed. Similarly, the Schrödinger field operators, which represent

atomic nuclei, are expanded by nucleus annihilation/creation operators. Then, time evolu-

tion equations for these annihilation and creation operators are derived and a calculation

method of time evolution of the operators for physical quantities is discussed. In addition, a

method to approximate the evolution equations of the operators by the evolution equations

for the density matrices of electrons and atomic nuclei is proposed. By solving the equa-

tions numerically under this approximation, it is found that “electron-positron oscillations”,

the fluctuations originated from virtual electron-positron pair creations and annihilations,

appear in the charge density of a hydrogen atom.

In Chapter 5, the discussion in Chapter 4 is advanced by including the effect of the

self-energy process, in which the electron emits a photon and then absorbs it again. As

a result, the period of the electron-positron oscillations becomes shorter by including the

self-energy process, and it can be interpreted as the increase in the electron mass due to the

self-energy.

In Chapter 6, the method to compute integrals which appear in the retarded potential

term for a real-time simulation based on QED is discussed. These integrals do not appear

in the quantum chemistry computation using the electrostatic Hamiltonian, and they are
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oscillatory integrals over the infinite interval, which are in general difficult to make converge.

Therefore, the retarded potential term is ignored in the previous chapter. In this chapter,

it is found that the oscillatory integrals over the infinite interval involved in them can be

efficiently performed by the method developed by Ooura and Mori based on the double

exponential formula.
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Theoretical Studies of Local Picture

of Electron Spin in Quantum

Electrodynamics
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Chapter 1

Local Physical Quantities for Spin

Based on the Relativistic Quantum

Field Theory in Molecular Systems

1.1 Introduction

Spin is one of the most significant nature of electron. Recently, a considerable number of

studies for spin are reported in various fields such as spintronics, multiferroics and molecular

spin science. The materials used in these fields are already in nano-scale. Therefore, the

unified understanding of the nature of local spin in the electronic state of condensed matter

and molecular systems based on the fundamental theory is desired.

A number of equations which describe the spin dynamics have been already proposed.

For example, the Landau-Lifshitz-Gilbert equation [1], which is introduced phenomenolog-

ically, is widely used in the field of the spintronics. Larmor precession, Thomas precession

and BMT (Bargmann-Michel-Telegdi) equation are also known as the text book matters [2].

More generally, the time derivative of the spin angular momentum is treated by the Heisen-

berg equation for a given Hamiltonian in the relativistic quantum mechanics [3].

A physical quantity in the framework of the quantum mechanics is defined only after

integrating over the whole region. As for the spin, the spin torque is defined as the time

derivative of the spatial integration of the spin angular momentum density by using the

quantum mechanical Heisenberg equation, ds⃗e/dt = i
ℏ [H, s⃗e ]. On the other hand, in the
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framework of the quantum field theory, a physical quantity is defined as an expectation

value of a density operator at each space-time. Since the local spin angular momentum

density operator, ŝie(x) = ψ̂(x)ℏ
2
Σiψ̂(x), is described by continuum field operators, the

torque density operator for spin defined by ∂ŝie(x)/∂t can include the internal torque which

originates from the internal structure of the electronic state, besides one induced by the

external fields. Hence, the time derivative of the spin angular momentum density operator,

∂ŝie(x)/∂t = t̂ie(x) + ζ̂ ie(x), gives a new torque density operator ζ̂ ie(x). It is different from the

“spin torque density” operator, t̂ie(x) = −ϵijk c
2

[
ψ̂†(x)γ0γk

(
−iℏD̂j

e(x)
)
ψ̂(x) + h.c.

]
, which

has the same form as the torque derived by the quantum mechanics. This new torque density

operator is called the “zeta force density” operator [4, 5], ζ̂ ie(x) = −∂i
(

ℏc
2
ψ̂(x)γ5ψ̂(x)

)
.

Due to the existence of the zeta force density, the spin torque density can have non-zero

contribution even in a steady state. Moreover their torque density can exist even if the spin

angular momentum density is zero over the whole region. Thus, local physical quantities

and their related equations help us to understand physical properties of a local region in a

molecule and an atom and chemical reaction mechanisms from a new point of view.

In order to investigate the nature of the local physical quantities in a molecular system,

the state vector should be prepared apart from the definition of the quantum field theoretic

density operator. It is so difficult to prepare the state vector by the quantum field theory

that we use a quantum mechanical wave packet as an approximation. Even if we use the

quantum mechanical wave packet, we need to rely on the ab initio calculation. In particular,

the relativistic electronic structure calculation is necessary to calculate the local physical

quantities for spin. Our group has already discussed the local physical quantities for spin

by using the four-component relativistic calculations for spin stationary state of diatomic

system of alkali atoms [6], transition element atoms [7], and allene type molecules with chiral

and achiral structures [8]. However, the four-component relativistic calculations consume

enormous computational time and cost. Therefore, in this paper we also discuss how to

treat the local physical quantities for spin by two-component relativistic wave packets.

This paper is organized as follows. At first, in order to clarify the nature of spin from the

viewpoint of the fundamental theory, we show that the equation of the local spin dynamics

under the external gravity in the quantum field theory is derived naturally as a consequence

of the general principle of relativity. This equation is called the “spin vorticity principle”.
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We also explain how the spin vorticity principle gives the equation of motion of local spin

and the vorticity of spin in the limit to the Minkowski space-time. After explaining the

feature of local physical quantities for spin, we mention problems for applying the two-

component relativistic wave packet to calculations of local physical quantities. We discuss

the formulation of the two-component expressions of the local physical quantities for spin

in a steady state. Finally, some different types of relativistic numerical calculations of

local physical quantities in Li atom and C6H6 are demonstrated and compared. Then the

distributions of local physical quantities for each orbital are discussed and we find that total

local physical quantities are given as a result of some cancellation of large contributions

from each orbital.

1.2 Theory

1.2.1 Spin vorticity theory

In this section, we review the spin vorticity theory [9–12]. First of all, we assume the

quantum electrodynamics system under external gravity. To treat the Dirac field under the

external gravity we have to use vierbein formulation [13]. This formulation enables us to

construct the gravitational covariant derivative of the Dirac field

D̂eµ(g) = D̂eµ + i
1

2ℏ
γabµJ

ab, (1.1)

D̂eµ = ∂µ + i
Zee

ℏc
Âµ, (1.2)

where D̂eµ is the gauge covariant derivative, Jab = iℏ
4

[
γa, γb

]
, γa are the gamma matrices,

γabµ is the spin connection [14], e is the electron charge (e > 0), Ze = −1, and Âµ is the gauge

field. Here, Greek indices and Latin indices a and b run over 0 to 3. The former refers to

the general coordinate indices, while the latter refers to the local Lorentz frame indices. We

adopt the Einstein summation convention. We put a hat to indicate a quantum operator to

distinguish it from a c-number. The gravitational covariant derivative of the Dirac spinor of

the electron D̂eµ(g)ψ̂ transforms covariantly under both of the general coordinate and local

Lorentz transformations. Then, the Lagrangian density L̂ for the quantum electrodynamics
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system under external gravity is written as

L̂ = L̂e + L̂EM, (1.3)

L̂e =
c

2

[
ˆ̄ψ(iℏγae µ

a D̂eµ(g) −mec)ψ̂ + h.c.
]
, (1.4)

L̂EM = − 1

16π
F̂µνF̂ρσg

µρgνσ, (1.5)

where ˆ̄ψ = ψ̂†γ0, e µ
a the vierbein field, me the electron mass, c the speed of light in vacuum

and gµν the metric tensor. The electromagnetic field strength tensor is F̂µν = ∂µÂν − ∂νÂµ.

The symmetric energy-momentum tensor is defined as [13]

T̂µν =
1√
−g

ηabe
b
ν

δ
(
L̂
√
−g
)

δe µ
a

= T̂eµν + T̂EMµν , (1.6)

T̂eµν = −ε̂Πµν − τ̂Πeµν(g) − gµνL̂e = T̂eνµ, (1.7)

T̂EMµν = − 1

4π
gρσF̂µρF̂νσ − gµνL̂EM = T̂EMνµ, (1.8)

where g = det gµν and ηµν = diag(1,−1,−1,−1) = ηµν . In Eq. (1.7), the symmetry-

polarized stress tensor τ̂Πeµν(g) originates from the direct derivative with respect to the vier-

bein field e µ
a . The other term ε̂Πµν is called the symmetry-polarized geometrical tensor, which

originates from the existence of the spin connection [9].

These anti-symmetric parts, ε̂Aµν and τ̂Aeµν , should cancel with each other since the energy-

momentum tensor is symmetric. Thus,

ε̂Aµν + τ̂Aµν
e (g) = 0. (1.9)

Eq. (1.9) is called the quantum spin vorticity principle. This equation can describe the

spin dynamics even in non-inertial frame. In the limit to the Minkowski space-time, it is

revealed that Eq. (1.9) describes spin dynamics. In the limit of eaµ → δaµ and gµν → ηµν ,

the symmetry-polarized tensors ε̂Πµν and τ̂Πeµν(g) are reduced to

ε̂Πµν = − ℏ
4Zee

ϵµνλσ∂λĵ5σ, (1.10)

τ̂Πµν
e =

c

2

[
ψ̂†γ0γν

(
−iℏD̂µ

e

)
ψ̂ + h.c.

]
, (1.11)

where ϵµνλσ is the Levi-Civita tensor, ĵµ5 = Zeec
ˆ̄ψγµγ5ψ̂ is the chiral current density and

γ5 = iγ0γ1γ2γ3. The Levi-Civita tensor ϵµνλσ is totally antisymmetric in all the indices and

ϵ0123 = 1. Substituting Eq. (1.10) and Eq. (1.11) for Eq. (1.9), the equation of motion of
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spin and the equation for the vorticity of spin are derived as follows:

∂

∂t
ˆ⃗se = ˆ⃗te +

ˆ⃗
ζe, (1.12)

rotˆ⃗se =
1

2

[
ˆ̄ψγ⃗
(
iℏD̂e0

)
ψ̂ + h.c.

]
− ˆ⃗

Πe, (1.13)

where the spin angular momentum density ˆ⃗se, the spin torque density ˆ⃗te, the zeta force

density
ˆ⃗
ζe, and the kinetic momentum density

ˆ⃗
Πe are defined as

ŝie = ψ̂†ℏ
2

Σiψ̂ =
ℏ

2Zeec
ĵi5, (1.14)

t̂ie = −ϵijkτ̂Ajk
e , (1.15)

ζ̂ ie = −∂iϕ̂5, ϕ̂5 =
ℏ

2Zee
ĵ05 , (1.16)

Π̂i
e =

1

2

[
ˆ̄ψγ0

(
iℏD̂i

e

)
ψ̂ + h.c.

]
. (1.17)

In the equations above, Σi is the 4 × 4 Pauli matrix, and ϵijk is the Levi-Civita tensor.

Hereafter, Latin letters run from 1 to 3.

The spin angular momentum density ˆ⃗se and the zeta potential ϕ̂5 correspond to the

spatial components and the zero-th component of the chiral current density ĵµ5 , respectively.

This fact indicates that the zeta potential is as significant as the spin angular momentum

density. Another expression of the zeta potential is ϕ̂5 = ℏc
2

(
ψ̂†
Rψ̂R − ψ̂†

Lψ̂L

)
, where the

right-handed and left-handed spinors are ψ̂R = [(1 + γ5)/2]ψ̂ and ψ̂L = [(1 − γ5)/2]ψ̂,

respectively. Similarly, the Lagrangian of the electron can rewritten with these spinors as

L̂e =
c

2

[
ˆ̄ψL(iℏγµD̂eµ)ψ̂L + ˆ̄ψR(iℏγµD̂eµ)ψ̂R −mec

(
ˆ̄ψLψ̂R + ˆ̄ψRψ̂L

)]
+ h.c. (1.18)

This mass term, which originates from the Yukawa interaction between the Dirac field and

the Higgs field according to the standard model [14], mixes ˆ̄ψL and ˆ̄ψR. Hence, the zeta

potential is not conserved due to this mixing.

As shown in Eq. (1.16), the gradient of the zeta potential is the zeta force density, which

compensates the spin torque density derived by the stress tensor. Apparently the spin torque

density is the same form as the torque derived by the Heisenberg equation of spin in the

relativistic quantum mechanics [3]; concretely,

d

dt
⟨⟨ψ|ℏ

2
Σi|ψ⟩⟩ = ⟨⟨ψ|1

2

(
−iℏcϵijkγ0γkDej

)
|ψ⟩⟩, (1.19)

where |ψ⟩⟩ is a quantum mechanical ket vector. Here, we mention that the definitions of

the physical quantities are different between the quantum mechanics and the quantum field
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theory. While the quantum field theory gives the physical quantities as an expectation value

for a time-independent state vector in the Heisenberg picture |Φ⟩, the physical quantity of

the quantum mechanics is defined only after integrating over the whole region. Namely,

⟨⟨ψ|ℏ
2

Σ⃗|ψ⟩⟩ ↔
∫
⟨Φ| : ψ̂†(x)

ℏ
2

Σ⃗ψ̂(x) : |Φ⟩d3r⃗, (1.20)

where we represent normal ordering with colons. In the quantum field theory, the state

vector should be prepared for calculations of physical quantities apart from the definition

of the quantum field theoretic density operator. When we use a relativistic quantum me-

chanical wave packet as an approximation of a state vector of the quantum field theory, we

can discuss local physical quantities by reading the electron field operator ψ̂ as the quantum

mechanical wave packet ψ. This approximation is used in later sections. Let us now return

to Eq. (1.19). The zeta force density does not appear in Eq. (1.19) since the zeta force is

lost due to the definition of the inner product in the quantum mechanics as we mentioned

above. Nevertheless, the zeta force can exist in a local region and its contribution is signifi-

cant for spin control in a molecular scale. Actually, the zeta potential is observable as the

difference of the chirality components of the electron density. The zeta force is its gradient

and also observable. Therefore this novel torque contribution is potentially important for

spin phenomena.

In addition, the spin vorticity in Eq. (1.13) plays a crucial role as a component of

the momentum density in spin dynamical phenomena. The electronic momentum density

P̂ i
e = 1

c
T̂ i0
e is given as

ˆ⃗
Pe =

ˆ⃗
Πe +

1

2
rotˆ⃗se. (1.21)

We discuss these local physical quantities in a benzene molecule by numerical calculations

in the later section.

1.2.2 Zeta potential and spatial symmetry

As we mentioned above, the zeta potential is the source of the zeta force density, which

plays an important role for spin control in the local region. We explain here a relation

between the zeta potential and the spatial symmetry of a concerning system in order to

grasp a feature of the zeta potential. For simplicity, we discuss hereafter in the framework of
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the relativistic quantum mechanics except for the definition of the local physical quantities.

The spatial rotation operator around k-axis and the parity operator for four-component

relativistic electronic state ψ are given as SR(ω) = cosω
2

+ iΣksinω
2

and SP = ηγ0 (|η|2 = 1),

respectively [3]. The reflection operator can be written as Sm = SR(π)SP

As for the zeta potential ϕ5 ∝ ψ†γ5ψ, it is easy to derive following equations,

(SPψ)† γ5SPψ = −ψ†γ5ψ, (1.22)

(SR(ω)ψ)† γ5SR(ω)ψ = ψ†γ5ψ, (1.23)

(Smψ)† γ5Smψ = −ψ†γ5ψ. (1.24)

These equations mean the following two relations between the zeta potential and the sym-

metry of ψ. (i) If ψ has n-fold rotational symmetry (excluding the phase factor), the zeta

potential has the same symmetry. (ii) If ψ has reflection symmetry (excluding the phase

factor), the sign of the zeta potential is reversed with the reflection plane. From these

relations, the interesting features for atoms and molecules are revealed. While the zeta

potential of single atoms and linear molecules is zero due to their C∞ symmetry, more com-

plex molecules can have the nonzero zeta potential. This fact means the zeta potential can

be generated by breaking of some symmetry in ψ along with the formation process of the

complex molecules.1

1.2.3 Local picture change errors

In order to investigate the local physical quantities in large molecular systems, the rela-

tivistic two-component formulation is suitable in comparison with the four-component for-

mulation, which consumes much time and cost. However, local physical quantities cannot

be derived rigorously by a two-component wave function. Here, we mention this prob-

lem with local physical quantities calculated from two-component relativistic wave packets.

The Foldy-Wouthuysen-Tani transformation [15] is widely applied to construct a relativistic

1Incidentally, this explanation is apparently in contradiction with the previous works [6, 7], where the

calculated zeta potential in atoms and linear molecules had finite values. However, this is because the

symmetries of the ψ used in the previous works were broken a little. We emphasize that the local physical

quantities such as the zeta potential are more sensitive to the accuracy of ψ than integrated quantities such

as the total energy.
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two-component formulation. The large and small components of the Hamiltonian can be

decoupled by a unitary operator U as

H4c =

hLL hLS

hSL hSS

 , UH4cU
† =

h++ 0

0 h−−

 . (1.25)

The wave packet is transformed as

ψ2c = Uψ4c =

ψ2c+

ψ2c−

 . (1.26)

This transformation does not change integrated value of the energy density:∫
ψ†
4cH4cψ4cd

3r⃗ =

∫
ψ†
2c+h++ψ2c+d

3r⃗ +

∫
ψ†
2c−h−−ψ2c−d

3r⃗. (1.27)

Integrated physical quantities are often approximated as∫
ψ†
4cΩ4cψ4cd

3r⃗ =

∫
ψ†
2cUΩ4cU

†ψ2cd
3r⃗

≈
∫
ψ†
2c+[Ω4c]LLψ2c+d

3r⃗, (1.28)

where Ω4c is an arbitrary operator. This approximation causes the so-called picture change

error [16]. Besides the picture change error, there is another problem when we treat local

physical quantities by the two-component wave packets. Since the unitary operator U

includes some differential operators, local quantities are not conserved before and after the

transformation:

ψ†
4cΩ4cψ4c ̸= ψ†

2cUΩ4cU
†ψ2c. (1.29)

This means that local physical quantities cannot be derived rigorously by the two-component

wave function defined by this unitary transformation with the existence of the Dirac mass

term. This difficulty is characteristic of evaluation of local physical quantities. For this

reason, we calculate local physical quantities by using the two-component relativistic wave

function as an approximation of the large component of the four-component relativistic wave

function.

1.2.4 Two-component expressions of the local physical quantities

Next, we discuss how to express the local physical quantities by using the large compo-

nent of the four-component relativistic wave function. The time-independent Dirac equation
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neglecting the vector potential is written as

(ZeeA0 − E)ψL − iℏcσm∂mψ
S = 0, (1.30)

−iℏcσm∂mψ
L +

(
ZeeA0 − E − 2mec

2
)
ψS = 0, (1.31)

where E is the energy, ψ =

ψL

ψS

 is a relativistic four-component wave function, σm are

the 2 × 2 Pauli matrices.

It is easy to be derived from Eq. (1.31)

ψS =
−iℏK
2mec

σm∂mψ
L, (1.32)

K =
2mec

2

(2mec2 + E − ZeeA0)
. (1.33)

We can write Eq. (1.30) using Eq. (1.32) as

− ℏ2

2me

[
K∂n∂nψ

L + (∂nK)∂nψ
L + iεmnlσ

l(∂mK)∂nψ
L

]
+ ZeeA0ψ

L = EψL. (1.34)

Considering the non-relativistic limit c→ ∞, then K → 1, and Eq. (1.34) is reduced to

− ℏ2

2m
∂n∂nψ

L + ZeeA0ψ
L = EψL, (1.35)

which has the same form of the Schrödinger equation. The local physical quantities are also

reduced to

ske =
ℏ
2
ψL†σkψL, (1.36)

ϕ5 = − iℏ
2

4m
ψL†σm∂mψ

L + h.c. , (1.37)

ζke =
iℏ2

4m
∂k
(
ψL†σm∂mψ

L
)

+ h.c. , (1.38)

τΠkl
e ≈ ℏ2

4m

[
iεlmn∂m

(
ψL†σn∂kψ

L
)
− (∂kψ

L)†∂lψ
L + ψL†∂k∂lψ

L

]
+ h.c. , (1.39)

tke = − iℏ
2

4m

[
∂k
(
ψL†σm∂mψ

L
)
− ψL†σk∂m∂mψ

L

]
+ h.c. (1.40)

Using Eq. (1.35), the spin torque density is reduced to

tke = − iℏ
2

4m
∂k
(
ψL†σm∂mψ

L
)

+ h.c. (1.41)

Therefore, the spin torque density and the zeta force density, which exist even in the limit

of c→ ∞, are exactly canceled with each other in the steady state.
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Figure 1.1: Molecular structure of benzene (C6H6).

In other words, the difference between Eq. (1.40) and Eq. (1.41),

∆k
e =

iℏ2

4m
ψL†σk∂m∂mψ

L + h.c. (1.42)

is zero if the ψL obeys Eq. (1.35). Although Eq. (1.42) is not zero when the relativistic

interaction contribution is large, this value enables us to estimate roughly the accuracy of

the local physical quantities.

1.3 Computational details

We demonstrate calculations of local physical quantities for spin in Li and C6H6, whose

structure is shown in FIG. 1.1, by using the four- and two-component wave functions of

the relativistic quantum mechanics as approximations of state vectors of the quantum

field theory. The electronic state for Li is calculated by the Full-Configuration Interaction

(FCI) method. For C6H6, CISD, Dirac-Hartree-Fock (DHF), Exact-2-Component (X2C)

method [17–26] and the Dyall’s spin-free Hamiltonian [27] method are employed. The Dyall’s

spin-free Hamiltonian means the four-component Dirac-Coulomb Hamiltonian without the

spin-orbit interaction. These wave functions are derived by using DIRAC13 program pack-

age [28]. The uncontracted Dyall’s quadruple zeta (QZ) basis set [29] for the Li and double

zeta (DZ) basis sets for C6H6 are used in our calculations. These basis sets have corre-

lating functions for all shells. Calculations of the local physical quantities are performed

by the QEDynamics program package [30] developed in our group. As another example of

the two-component method for the benzene, we also employ a local spin density approx-

19



Figure 1.2: The distribution of (a) the spin torque density and (b) ⟨ˆ⃗te −
ˆ⃗
∆e⟩ (Eq. (1.42)) in

the Li atom.

imation [31] in the density-functional theory (DFT) [32] including the spin-orbit coupling

within the pseudopotential scheme. This calculation is performed by an ab initio DFT

code, OPENMX [33]. We made some modifications on the program code for our purpose

of calculating local physical quantities, which are calculated by using the two-component

relativistic wave function as a substitute for the large component of the four-component

relativistic wave function. Pseudoatomic orbitals centered on atomic sites are used as the

basis sets [34]. We use the pseudoatomic orbitals specified by H7.0-s2p1 and C7.0-s3p2d1,

where H and C stands for the atomic symbol, 7.0 represents the cutoff radius (bohr), and

s3p2d1 means the employment of three, two, and one orbitals for the s, p, and d component,

respectively.

1.4 Results and Discussion

At first, the spatial distribution of the spin torque density in the Li atom by the full CI

calculation is shown in FIG. 1.2. While the spin torque density is distributed with nonzero

values, the spatial distribution of the zeta force density is zero over the whole region as the

computational result. This results in inconsistency with Eq. (1.12). As we mentioned in

Sec. 1.2.2, the spin torque density and zeta force density in single atoms should be zero due

to C∞ symmetry. For this reason, the spin torque density shown in FIG. 1.2(a) is considered
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Figure 1.3: The distribution of (a) the spin torque density, (b) the zeta force density, (c)

the sum of them and (d) ⟨ ˆ⃗
∆e(x)⟩ in C6H6.

to originate from the inaccuracy of our wave function. From the result of the distribution of

the ⟨ˆ⃗te⟩ − ⟨ ˆ⃗
∆e⟩ shown in FIG. 1.2(b), it is confirmed that the inaccuracy of the spin torque

density is caused by ⟨ ˆ⃗
∆e⟩. In other words, the accuracy of a wave function can be estimated

by ⟨ ˆ⃗
∆e⟩ if the relativistic interaction is small enough to satisfy Eq. (1.35).

Next, we discuss local physical quantities in the ground state of C6H6. The numerical

results of the spin torque density and the zeta force density by our four-component CI

calculation are shown in FIG. 1.3. Unlike the Li atom, C6H6 has finite spin torque density

and zeta force density. Their distributions concentrate on the carbon nuclei, where the

relativistic interaction is a little larger than around the hydrogen nuclei. The cancellation

between the spin torque density and the zeta force density shown in FIG. 1.3(c) indicates

the accuracy of the results is sufficient. Furthermore, since the value of ⟨ ˆ⃗
∆e⟩ in C6H6

(FIG. 1.3(d)) is sufficiently smaller than that of the spin torque density, it is confirmed that

these numerical results are appropriate.

The zeta potential in C6H6 by each method is shown in FIG. 1.4. When the Dyall’s

spin-free Hamiltonian is employed, the zeta potential is zero over the whole region, since the
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Figure 1.4: The distribution of the zeta potential in each method. Red and blue envelopes

represent positive and negative zeta potential iso-surfaces, respectively. The threshold value

of isosurfaces of the zeta potential is taken as 2.5 × 10−6 [a.u.]. “4c-CI-Large” means the

method by use of substitution of ψL to Eq. (1.37). Only 2c-DFT method uses the effective

core potential scheme.

Hamiltonian has no spin-orbit interactions. The distribution of the zeta potential obeys the

symmetry derived from the molecular symmetry as discussed in Sec. 1.2.2. It is found that

the zeta potential in the singlet state of C6H6 has nonzero values around carbon nuclei, even

though the spin angular momentum density is zero over the whole region. This reason is

as follows. Since the electrons in a closed shell are degenerate, the spin angular momentum

density of an orbital χ is exactly canceled out by that of its Kramers partner χKP = −iΣ2χ∗

(i.e. χ† ℏ
2
Σ⃗χ = −χ†

KP
ℏ
2
Σ⃗χKP). However, as for the zeta potential, such cancellation does not

occur because χ†γ5χ = χ†
KPγ5χKP. Therefore, the contribution of the electrons in a closed

shell to the zeta potential can be nonzero values. From FIG. 1.4, the zeta potential near

carbon nuclei by the 2c-DFT method is different from that by the other methods due to the

effective core potential scheme. The zeta potential with the direction of the zeta force on a

plane x = 2.6[bohr] near the carbon nucleus by the 4c-CI method is shown in FIG. 1.5(a).

The calculation results of the zeta potential on lines y = 0.2[bohr] and y = 0.4[bohr] by

4c-CI, 4c-DHF, X2C-DHF and 2c-DFT are also shown in FIG. 1.5(b) and (c). Their results

indicate that the zeta potential near the nucleus is quite large because of stronger relativistic

interaction. Even in such regions, the zeta potential given by the X2C-DHF method is in

good agreement with that by the four-component methods. Although the accuracy of the
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(a) The distribution of the zeta potential on the plane x = 2.6[bohr] and the direction of the zeta force

density.
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(c) Comparison of the zeta potential on the line

(x, y) = (2.6, 0.4)[bohr] by 4c-CI, 4c-DHF,

X2C-DHF and 2c-DFT.

Figure 1.5: The distribution of the zeta potential on a plane and a line in C6H6.

zeta potential given by the 2c-DFT method is not good in the immediate vicinity of the

carbon nucleus (see FIG. 1.5(b)) due to the effective core potential, the accuracy is seen to

be reasonable at a point where the effect of the core potential is negligible (see FIG. 1.5(c)).

Let us now discuss local physical quantities of each orbital. The orbital energies by Spin-

Free (without the spin-orbit interaction) and 4c-DHF methods are shown in TABLE 1.1.

Some orbital energies calculated by 4c-DHF are splitting due to the spin-orbit interaction,

while they are degenerate when the Spin-Free Hamiltonian is used. Similarly, some large

orbital angular momentums of each orbital can be found in the result of the 4c-DHF method

in TABLE 1.1. This means large kinetic momentum density of each orbital exists in a local

region. The distribution of the kinetic momentum density, half of the spin vorticity and
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the electronic momentum density of each orbital by the 4c-DHF are shown in FIGs. 1.6, 1.7

and 1.8, respectively. The kinetic momentum density of each orbital depends on neither the

orbital angular momentum nor the spin-orbit interaction energy. Local physical quantities

cannot be necessarily discussed by integrated values. However, it is of course true that the

orbital angular momentum depends on the distribution of the kinetic momentum density

of each orbital. The orbitals which have a similar orbital angular momentum have the

similar distribution pattern of the kinetic momentum density. The same thing can be said

of half of the vorticity of spin. On the other hand, as shown in FIG. 1.8, each orbital

has a different distribution of the total electronic momentum density, which is the sum of

the kinetic momentum density and half of the spin vorticity. This is a good example that

the relativistic interaction has a great influence on the local physical quantities though it

has little effect on the orbital energies for a molecule made of light atoms. Furthermore,

considering a photon absorption or emission process, the distribution of the total electronic

momentum density of the highest occupied molecular orbital affects that of the momentum

density of the interacting photon.

The distributions of the zeta potential of each orbital by the 4c-DHF are shown in

FIG. 1.9. The orbitals which have a similar orbital angular momentum have the similar

distribution pattern of the zeta potential as well as the kinetic momentum density. The

norms of the zeta potentials of some orbitals are larger by two digits than that of the sum

of all orbitals. The zeta potentials of almost degenerate orbitals cancel out well with each

other (see FIG 1.10). However, the zeta potential in C6H6 exists because their orbital are

not completely degenerate due to the relativistic interaction. Since the zeta potential of the

highest occupied molecular orbital is also large, it is predicted that the norm of the zeta

potential of the excited state is much larger than the ground state one. This prediction will

be investigated in our future work.
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Table 1.1: Orbital energies and orbital angular momentums of C6H6

orbital

number
orbital energy (Hartree) orbital angular momentum |lz| |lz + sz|

Spin-Free DHF DHF−Spin-Free Spin-Free DHF DHF

1 -11.24442898 -11.24442871 2.70×10−7 2.84×10−4 2.85×10−4 0.500

2 -11.24386232 -11.24386205 2.70×10−7 2.84×10−4 5.65×10−3 0.505

3 -11.24386232 -11.24386204 2.80×10−7 2.84×10−4 5.08×10−3 0.495

4 -11.24263284 -11.24263258 2.60×10−7 2.85×10−4 5.83×10−3 0.506

5 -11.24263284 -11.24263255 2.90×10−7 2.85×10−4 5.27×10−3 0.494

6 -11.24203161 -11.24203134 2.70×10−7 2.85×10−4 2.84×10−4 0.500

7 -1.15113864 -1.15113857 7.00×10−8 2.40×10−5 7.24×10−5 0.500

8 -1.01529335 -1.01529973 -6.38×10−6 2.71×10−5 6.50×10−1 1.150

9 -1.01529335 -1.01528684 6.51×10−6 2.71×10−5 6.50×10−1 0.150

10 -0.82427334 -0.82429852 -2.52×10−5 2.64×10−5 1.31 0.814

11 -0.82427334 -0.82424811 2.52×10−5 2.64×10−5 1.31 1.814

12 -0.70969488 -0.70969490 -2.00×10−8 1.80×10−5 1.38×10−4 0.500

13 -0.64367539 -0.64367558 -1.90×10−7 2.36×10−5 1.02×10−2 0.490

14 -0.61981504 -0.61981488 1.60×10−7 3.07×10−5 1.06×10−2 0.511

15 -0.58812832 -0.58817821 -4.99×10−5 2.41×10−5 2.08×10−1 0.708

16 -0.58812832 -0.58807852 4.98×10−5 2.41×10−5 2.08×10−1 0.292

17 -0.50130873 -0.50130868 5.00×10−8 6.63×10−6 7.26×10−6 0.500

18 -0.49479202 -0.49490532 -1.13×10−4 2.89×10−5 1.17 0.672

19 -0.49479202 -0.49467876 1.13×10−4 2.89×10−5 1.17 1.672

20 -0.33639392 -0.33639417 -2.50×10−7 1.00×10−5 9.13×10−1 0.413

21 -0.33639392 -0.33639369 2.30×10−7 1.00×10−5 9.13×10−1 1.413

† Each orbital has degenerate α and β strings as Kramers pairs.

†† lz =
∫
⟨x(Π⃗e(r⃗))y − y(Π⃗e(r⃗))x⟩d3r⃗, sz =

∫
⟨(s⃗e(r⃗))z⟩d3r⃗, The atomic units are used.
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1.5 Conclusions

In this study, we investigate the local physical quantities for spin based on the relativistic

quantum theory. We have reviewed the spin vorticity theory and explained the feature of

local physical quantities for spin. In order to investigate the feature of the zeta potential in

a molecular system, the relation between the zeta potential and the molecular symmetry has

been discussed. After pointing out the difficulty of the rigorous formulation of local physical

quantities based on the two-component relativistic quantum theory, we have proposed a

simple approximation method. Numerical calculations of the zeta potential, the zeta force

density and the spin torque density in Li and C6H6 have been performed by using the four-

and two-component wave functions of the relativistic quantum mechanics as approximations

of state vectors of the quantum field theory. The cancellation between the nonzero zeta force

and spin torque densities is seen clearly in the ground state of C6H6, even though the spin

angular momentum density is zero over the whole region. Moreover, the accuracy of the

approximation method has been discussed by comparing some different types of relativistic

numerical calculations of the zeta potential. From these results, we have found the zeta

potential by the two-component relativistic quantum theory is good agreement with that by

the four-component one. In our results, since we used the effective core potential, it cannot

be checked whether the zeta potential by the two-component relativistic quantum theory

is well consistent with full relativistic results around the vicinity of nuclei. Calculations of

the local physical quantities of each orbital in C6H6 have been carried out by using 4c-DHF

wave functions. We have found the relativistic interaction can have a great influence on the

local physical quantities, even if it has little effect on the orbital energies for a molecule.

In our future work, we will investigate the local physical quantities for spin in the excited

state, the chiral molecules, crystal structure and high spin materials.
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Figure 1.6: The distributions of the kinetic momentum density ⟨ ˆ⃗
Πe(r⃗)⟩ of each orbital in

C6H6.
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Figure 1.7: The distributions of half of the spin vorticity ⟨1
2
rotˆ⃗se(r⃗)⟩ of each orbital in C6H6.
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Figure 1.8: The distributions of the electronic momentum density ⟨ ˆ⃗
Pe(r⃗)⟩ of each orbital in

C6H6.
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Figure 1.9: The distribution of the zeta potential of each orbital in C6H6. Red and blue en-

velopes represent positive and negative zeta potential iso-surfaces, respectively. The thresh-

old value of isosurfaces of the zeta potential is taken as 2.5 × 10−4 [a.u.] and 2.5 × 10−6

[a.u.].
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Figure 1.10: The distribution of the sum of the zeta potentials of each orbital in C6H6. Red

and blue envelopes represent positive and negative zeta potential iso-surfaces, respectively.

The threshold value of isosurfaces of the zeta potential is taken as 2.5 × 10−6 [a.u.].
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Chapter 2

Local Spin Dynamics with the

Electron Electric Dipole Moment

2.1 Introduction

The permanent electric dipole moment (EDM) of the electron is a significant key to

reveal a violation of the time reversal (T ) symmetry. With the CPT invariance, this means

the violation of the product of the associated charge (C) and the spatial parity (P), and this

CP violation may be a hint of the mystery of the dominance of matter over antimatter in our

universe. The value of the electron EDM (de) predicted by the standard model of particle

physics (de ∼ 10−40e cm) is too small to be observed by present experiments. However,

some extensions of the standard model, such as low-energy supersymmetric models [1],

predict much larger de, for example de ∼ 10−27 − 10−29e cm in a supersymmetric model [2].

Therefore, the existence of a nonzero electron EDM provides the evidence of the T -violation

and judges some extension theories. In the present experiments, the upper bound of the

EDM derived by using ThO and YbF molecules is reported as de < 8.7 × 10−29 [3] and

de < 1.05 × 10−27 e cm [4], respectively. Hence these constraints are already in ranges

predicted by supersymmetric models and experiments in the near future will find or rule

out extension models of the standard model.

Experiments for searching the EDM rely on observations of spin precession induced by

an electric field. Hence a larger electric field is more efficient to determine the upper bound

of the electron EDM. Recently, heavy polar diatomic molecules are chosen for experimental
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searches for the electron EDM, since an internal electric field in polar molecules is much

larger than an external electric field in the laboratory (∼100 kV/cm). Actually, the effective

electric field is reported to be 1–100 GV/cm for many polar molecules, for example YbF,

BaF, and ThO by numerical computations [5–8]. In this work, we focus on the value of the

effective electric field by using these diatomic molecules. In order to determine the upper

bound of de, both the interaction energy of the EDM (EEDM) and the effective electric field

(Eeff = EEDM/de) are needed. The former can be experimentally measured by observations

of spin precession, while the latter needs to be predicted by using ab initio calculations

based on the relativistic quantum theory because relativistic effects and correlation effects

are essentially important for the computation of heavy atoms. For the relativistic effects,

the four-component Dirac equation should be solved to include relativistic interactions such

as the spin-orbit interaction. For the correlation effects, post Hartree-Fock computations,

such as configuration interaction (CI), are required. These two treatments result in a very

large computational cost to calculate the effective electric field. Although some works have

already been reported on the values of the effective electric field in diatomic molecules [5–8]

by ab initio calculations with some approximations, the improvement of the precision of

Eeff is important for the accurate estimate of the experimental bound of the EDM. Another

key point is a treatment of spin precession. The quantum mechanical approaches for spin

dynamics are widely used; however, these approaches cannot explain local spin dynamics

since a physical quantity in the quantum mechanics is defined by the inner product, which

is derived by the integration over the whole region. In the quantum field theory, local

distributions of physical quantities such as the spin angular momentum density and torque

density for the spin can be predicted. The equation of motion of the spin based on the

quantum field theory was proposed in Ref. [9], and our group has already discussed the

local contribution of the spin torque by using numerical calculations particularly for a spin

stationary state of the diatomic system of alkali atoms [10], transition element atoms [11],

and allene-type molecules with chiral and achiral structures [12].

In this work, we investigate the relation between the electron EDM and the spin in the

quantum field theory. The relation between the interaction energy of the electron EDM and

the spin precession is explained by an approximate description of time evolution originated

from the existence of the EDM. Using two approximation methods to evaluate the effective
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electric field, we calculate the effective electric field in YbF, BaF, ThO, and HF+ molecules

by ab initio calculations based on the relativistic quantum mechanics. We reconsider the spin

precession from the viewpoint of the local spin torque dynamics described by the equation

of motion of the spin angular momentum density in the quantum field theory. The equation

of motion of the spin is modified by the nonzero electron EDM, and then the torque density

contribution is revealed. After a discussion of the calculation results of the effective electric

field, the local distribution of physical quantities, the spin angular momentum density, and

the EDM torque density induced by external fields, are calculated and discussed. The reason

that the effective electric field in YbF is much larger than that in HF+ is discussed from

the viewpoint of the local physical quantities. This local distribution analysis indicates that

even light atomic molecules could have the large effective electric field.

2.2 Theory

2.2.1 Hamiltonian density with EDM

The Dirac Lagrangian density for the electron is written as

L̂e = c ˆ̄ψ
(
iℏγµD̂eµ −mec

)
ψ̂, (2.1)

where ψ̂ denotes the Dirac spinor of the electron, ˆ̄ψ = ψ̂†γ0, γµ are gamma matrices, me is

the electron mass, and c is the speed of light in vacuum. Here, Greek indices run over 0 to

3. We adopt the Einstein summation convention. The gauge covariant derivative is written

as D̂eµ = ∂µ + iZee
ℏc Âµ, where Âµ is the gauge field, e is the electron charge (e > 0), and

Ze = −1. By using the Euler-Lagrange equation, the equation of motion is given as

iℏcγ0γµD̂eµψ̂ −mec
2γ0ψ̂ = 0. (2.2)

The Hamiltonian density is derived by the ordinary Legendre transformation,

Ĥe(x) = c ˆ̄ψ
(
−iℏγk · D̂ek +mec

)
ψ̂ + ZeeÂ0ψ̂

†ψ̂, (2.3)

where Latin indices run over 1 to 3. To describe the interaction of the relativistic electron

EDM, we employ the gauge- and Lorentz-invariant effective Lagrangian density for the

electron EDM,

L̂EDM = −de
i

2
ˆ̄ψσµνγ5F̂µνψ̂, (2.4)
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Figure 2.1: Schematic pictures of ket states.

where de is the electron EDM, σµν = i
2
[γµ, γν ], γ5 = iγ0γ1γ2γ3, and the electromagnetic

field strength tensor is F̂µν = ∂µÂν − ∂νÂµ. This additional term in the Lagrangian extends

the Dirac equation [Eq. (2.2)] as follows:

iℏcγ0γµD̂eµψ̂ −mec
2γ0ψ̂ − de

i

2
γ0σµνγ5F̂µνψ̂ = 0. (2.5)

The EDM Lagrangian density yields the EDM Hamiltonian density,

ĤEDM(x) = de
i

2
ˆ̄ψσµνγ5F̂µνψ̂ (2.6)

= −de
(

ˆ̄ψΣ⃗ · ˆ⃗
Eψ̂ + i ˆ̄ψγ0γ⃗ · ˆ⃗

Bψ̂
)
, (2.7)

where
ˆ⃗
E and

ˆ⃗
B are the electric and magnetic fields, respectively, and Σ⃗ is the 4 × 4 Pauli

matrix.

2.2.2 Spin precession with EDM

Next, we describe a relation between the interaction energy of the EDM and spin pre-

cession. At first, neglecting the vector potential term in Eq. (2.3), we begin with the

Dirac-Coulomb Hamiltonian density,

ĤDC = c ˆ̄ψ
(
−iℏγk∂k +mec

)
ψ̂ + ZeeÂ0ψ̂

†ψ̂, (2.8)

for the system Hamiltonian. Namely, we treat other contributions, i.e., the effect of the

internal vector potential and the EDM interaction, in a perturbative manner. Then, we

assume that two time-independent degenerate state vectors, |+⟩ ≡ ĉ†+(t0)|0⟩ and |−⟩ ≡

ĉ†−(t0)|0⟩ (see FIG. 2.1), are the Heisenberg ground state of the system satisfying∫
⟨±| : ĤDC(r⃗, t = t0) : |±⟩d3r⃗ = E0, (2.9)∫
⟨±| : Ĵez(r⃗, t = t0) : |±⟩d3r⃗ = ±|Ω|, (2.10)
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where Ĵez(x) is the total angular momentum density. Here, we represent normal ordering

with colons. By the interaction of the EDM, these degenerate states are split into two energy

levels, ∫
⟨±| : ĤDC+EDM(r⃗, t = t0) : |±⟩d3r⃗ = E0 ± EEDM, (2.11)

where ĤDC+EDM = ĤDC + ĤEDM. Suppose the Hamiltonian density does not depend on the

time; then the electron field can be expanded approximately as the following equation:

ψ̂(x) =
∑
α=±

ĉα(t)ϕα (r⃗) , ĉα(t) = e−iωα(t−t0)ĉα(t0), (2.12)

where ω± = (E0 ± EEDM) /ℏ. In this two-state system, a general Heisenberg state vector

can be written as |Φ⟩ = λ+|+⟩+λ−|−⟩, where λα is the normalization constant which obeys

|λ+|2 + |λ−|2 = 1. The arbitrary operator of physical quantities
ˆ⃗O(x) such as the total

angular momentum density can be written as

ˆ⃗O(x) =
∑

α,β=±

O⃗αβ (r⃗) ĉ†α(t)ĉβ(t),

=
∑

α,β=±

O⃗αβ (r⃗) ĉ†α(t0)ĉβ(t0)e
+i(ωα−ωβ)(t−t0), (2.13)

Therefore, the time evolution of the expectation value ⟨Φ| :
ˆ⃗O(x) : |Φ⟩ depends on the

|ω+ − ω−| = 2EEDM/ℏ approximately. This is why the interaction energy of the EDM can

be determined by the observation of the spin precession.

2.2.3 The effective electric field for the electron EDM

While the observation of spin precession enables us to determine the interaction energy

of the electron EDM EEDM, we must still evaluate the effective electric field for the electron

EDM Eeff = EEDM/de to determine the value of de. In heavy polar diatomic molecules, which

were recently chosen for experimental searches for the electron EDM, it is known that the

magnetic term of the interaction energy of the electron EDM, EB
EDM [contribution from the

second term of Eq. (2.7)], is much smaller than the electric term, EE
EDM [contribution from

the first term of Eq. (2.7)]. Hence, we can write Eeff ≈ EE
EDM/de, and this is represented as
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the following form:

Eeff ≈ 1

de

∫ ⟨
Φ
∣∣∣: ĤE

EDM(r⃗) :
∣∣∣Φ⟩ d3r⃗,

≈
∫ ⟨

Φ
∣∣∣: − ˆ̄ψΣ⃗ · ˆ⃗

Eψ̂ :
∣∣∣Φ⟩ d3r⃗,

≈
∫ ⟨

Φ
∣∣∣: − ˆ̄ψΣ⃗ ·

(
ˆ⃗
E ele +

ˆ⃗
E nuc

)
ψ̂ :
∣∣∣Φ⟩ d3r⃗, (2.14)

where
ˆ⃗
E ele(r⃗) [

ˆ⃗
E nuc(r⃗)] is the electric field contributed by electrons (nuclei). To avoid time-

consuming calculations about the first term of Eq. (2.14), some approximations are used for

the internal electric field in a molecule. Two types of approximations are often used. One

is the approximation that the internal electric field is replaced only with
ˆ⃗
E nuc(r⃗) as follows:

Eeff ≈
∫ ⟨

Φ
∣∣∣: −ψ̂† (γ0 − 1

)
Σ⃗ · ˆ⃗

Eψ̂ :
∣∣∣Φ⟩ d3r⃗,

≈
∫ ⟨

Φ
∣∣∣: 2ψ̂†

Sσ⃗ · ˆ⃗
Eψ̂S :

∣∣∣Φ⟩ d3r⃗,
≈

∫ ⟨
Φ
∣∣∣: 2ψ̂†

Sσ⃗ · ˆ⃗
Enucψ̂S :

∣∣∣Φ⟩ d3r⃗, (2.15)

where ψ̂S is the small component of the four-component dirac spinor ψ̂. At the first line,

we use the Schiff’s theorem [13]. The deviation by the approximation in the last line is

reported to be within 3% for the computation of the effective electric field in YbF [5]. This

is because the small component of the spin angular momentum density is concentrated on

the Yb nucleus.

The other approximation is a method which uses the so-called effective one-body EDM

operator [14] as follows:

Eeff ≈
∫ ⟨

Φ

∣∣∣∣: 2iℏc
Zee

ψ̂†γ0γ5∆ψ̂ :

∣∣∣∣Φ⟩ d3r⃗, (2.16)

where the equation is satisfied only if |Φ⟩ is exactly an eigenstate of
∫
HDCd

3r⃗ due to the

Schiff’s theorem [13].

In later arguments, we discuss the parallel magnetic hyperfine interaction constant de-

fined as

A∥ =
µK

IΩ

∫ ⟨
Φ

∣∣∣∣: (Zee
ˆ̄ψ
γ⃗ × r⃗

|r⃗|3
ψ̂

)
z

:

∣∣∣∣Φ⟩ d3r⃗, (2.17)

where µK is the nuclear magnetic dipole moment, I is the nuclear spin quantum number,

and Ω is the quantum number of the total electronic angular momentum projection onto
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the internuclear axis. In addition, the molecular electric dipole moment (DM) is introduced

as

µ⃗ =

∫
⟨Φ |: r⃗ρ̂ (r⃗) :|Φ⟩ d3r⃗, (2.18)

ρ̂ (r⃗) = Zeeψ̂
†ψ̂ +

NA∑
a=1

Zaeδ
(
r⃗ − R⃗a

)
, (2.19)

where NA is the number of nuclei, Za and R⃗a are the charge and the position of each nucleus,

respectively. The DM as well as A∥ is useful to estimate the accuracy of the electronic

structure.

2.2.4 Local spin torque dynamics with EDM

We reconsider the spin precession from the viewpoint of the local spin torque dynamics.

In the quantum field theory without the interaction of the electron EDM, the spin angular

momentum density and its time derivative are given by [9, 15]

ˆ⃗se(x) = ψ̂†(x)
ℏ
2

Σ⃗ψ̂(x), (2.20)

∂

∂t
ˆ⃗se(x) = ˆ⃗te(x) +

ˆ⃗
ζe(x), (2.21)

where Eq. (2.21) is derived by using Eq. (2.2). The first term of the right-hand side of

Eq. (2.21) is called the spin torque density, which gives, by the integration over the whole

region, the spin torque in the Heisenberg equation of the spin in the relativistic quantum

mechanics [16]. The spin torque density can be written as

t̂ie(x) = t̂ieN(x) + t̂ieA(x), (2.22)

t̂ieN(x) = − iℏc
2
ϵijkψ̂

†(x)γ0γk∂jψ̂(x) + h.c., (2.23)

t̂ieA(x) = − Zeeϵijkψ̂
†(x)γ0γkÂj(x)ψ̂(x), (2.24)

where ϵijk is the Levi-Civita tensor. We note that ˆ⃗teA is the torque by the contribution

proportional to
ˆ⃗
A. The second term of the right-hand side of Eq. (2.21), which is named as

the zeta force density, is given as

ζ̂ ie(x) = −∂iϕ̂5(x), (2.25)

ϕ̂5(x) =
ℏc
2
ψ̂†(x)γ5ψ̂(x). (2.26)
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The zeta force density
ˆ⃗
ζe is represented as the gradient of the zeta potential ϕ̂5, which can

be rewritten as ϕ̂5 = ℏc
2

(
ψ̂†
Rψ̂R − ψ̂†

Lψ̂L

)
by using the right-handed and left-handed spinors:

ψ̂R = [(1 + γ5)/2]ψ̂ and ψ̂L = [(1 − γ5)/2]ψ̂. The zeta force density integrated over the

whole region is zero, as seen from Eq. (2.25). Hence when we consider the equation of

motion of the spin after the integration, the local contribution of the zeta force density is

lost and Eq. (2.21) can be identified with the ordinary Heisenberg equation of the spin in the

relativistic quantum mechanics [16]. Note that Eq. (2.21) is known to be derived naturally

by the “quantum spin vorticity principle” [17–21].

The contribution of the electron EDM to the torque for the spin is considered. The EDM

Lagrangian [Eq. (2.4)] gives the additional local spin torque density ˆ⃗tEDM(x),

ˆ⃗tEDM(x) = ˆ⃗tEEDM(x) + ˆ⃗tBEDM(x), (2.27)

ˆ⃗tEEDM(x) = de
ˆ̄ψ(x)

(
Σ⃗ × ˆ⃗

E(x)
)
ψ̂(x), (2.28)

ˆ⃗tBEDM(x) = dei
ˆ̄ψ(x)γ0

(
γ⃗ × ˆ⃗

B(x)
)
ψ̂(x), (2.29)

where we separate the EDM torque density ˆ⃗tEDM into the electric term ˆ⃗tEEDM and the magnetic

term ˆ⃗tBEDM. We note that the EDM torque has a component perpendicular to both the

electric and magnetic fields. Finally, the equation of motion of the spin angular momentum

density with the contribution of the electron EDM is summarized as

∂

∂t
ˆ⃗se(x) = ˆ⃗te(x) +

ˆ⃗
ζe(x) + ˆ⃗tEDM(x). (2.30)

For example, in recent experiments for the electron EDM, using heavy polar diatomic

molecules, the spin precession of the state |Φ⟩ = (|+⟩ + |−⟩)/
√

2 (see FIG. 2.1) is ob-

served. The torque accelerating spin by the EDM effective electric field corresponds to∫
⟨Φ|ˆ⃗tEDM(x)|Φ⟩d3r⃗. However, our Eq. (2.30) can explain even local distributions of the

physical quantities in a molecule. If one could estimate the spin angular momentum density

and the local torque densities in a local region, it would present a different way to observe

the electron EDM. In a later section, we calculate the local distribution of such quantities

as a demonstration.
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2.3 Computational details

We calculate the effective electric fields for the purpose of checking the accuracy of

the electronic state by comparing the other groups’ results of the effective electric field in

order to prepare the electronic states for calculations of the local physical quantities. All of

the effective electric fields are consistently calculated at the configuration interaction with

all single and double excitations (CISD) level to serve as useful references. We calculate

the effective electric fields in YbF (2Σ1/2), BaF (2Σ1/2), and ThO (3∆1) under the two

types of approximations, Eqs. (2.15) and (2.16). In order to investigate the origin of large

effective electric fields, we also calculate the effective electric field in HF+ (2Π1/2), which

also has a large molecular electric dipole moment. We use four-component wave functions

of these molecules in the relativistic quantum mechanics as a substitution of those in the

quantum field theory. The four-component wave functions are derived by using DIRAC13

program package [22]. We use the uncontracted Dyall’s four-component double zeta (DZ),

triple zeta (TZ), and quadruple zeta (QZ) basis sets which have correlating functions for all

shells [23]. After Dirac-Hartree-Fock computations with the Dirac-Coulomb Hamiltonian,

CI computations are performed in the restricted active space (RAS) method by using the

DIRRCI module. We carry out various CISD calculations to investigate the effect of a

basis set and the importance of core correlation effects. We refer to the name of CI wave-

function models as ne-CISD or ne-MRK-CISD, where n represents the number of active

electrons. Models of ne-MRK-CISD are used only for calculation of the ThO molecule, and

MR is the multireference CI. The reference states are generated by average-of-configuration

open-shell calculations for averaging with two electrons in the Th(7s, 6dδ) Kramers pairs.

The subscript K represents the number of active valence spinor spaces. When K = 3,

only the Th(7s, 6dδ) spinors are used in the RAS2 space. In another case, K = 10, the

Th(7s, 6d, 7p, 8s) spinors are used in the RAS2 space. For YbF and ThO, we performed

only a single geometry calculation with the bond length shown in TABLE 2.1, whose values

are reported in Refs. [24] and [8] for YbF and ThO, respectively. For BaF and HF+, their

bond lengths are determined by geometrical optimization computations at the Hartree-Fock

level.

The nuclear-spin quantum numbers I and the nuclear magnetic dipole moments µK

used in the calculations of the nuclear magnetic hyperfine coupling constant are listed in
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Table 2.1: Bond length for each molecule.

Species (state) Bond length (Å)

YbF (2Σ1/2) 2.073

ThO (3∆1) 1.840

BaF (2Σ1/2) 2.253 (DZ)

2.189 (TZ)

2.182 (QZ)

HF+ (2Π1/2) 0.991 (DZ)

0.987 (TZ)

0.986 (QZ)

TABLE 2.2. Although the experimental value µTh does not have even two significant digits,

we adopt the center value µTh = 0.46 as the face value for calculations of |ATh
∥ |, by neglecting

its accuracy. In addition, we investigate the distributions of the electron density and the

local spin angular momentum density in these molecules to investigate the origin of large

effective electric fields.

We also investigate the distributions of the local spin torque density and the local EDM

torque density of YbF as a demonstration. For the demonstration, we use the normalized

external electric field and magnetic field to make the demonstration simple. Namely, we

consider a situation that the external static electric field E⃗ext = (1, 0, 0) and magnetic field

B⃗ext = (1, 0, 0) (in atomic units) are applied at t = 0 on YbF. Then, the external vector

potential is set to A⃗ext = 1
2
B⃗ext × r⃗. Even if the external fields are multiplied by a constant

Table 2.2: Nuclear magnetic dipole moment for each atom in Ref. [25]. The uncertainty in

the experimental result is given in parentheses.

Species I µK
a (nm)

171
70Yb 1/2 0.4937

229
90Th 5/2 0.46(4)

137
56Ba 3/2 0.9374

a µK is the K’s nuclear magnetic dipole moment

in units of the nuclear magneton µN (nm).
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Table 2.3: Effective electric field in YbF. The uncertainty in the experimental result is given

in parentheses.

YbF(2Σ1/2)

Method/Basis

Active

orbitals

virt. orb.

cutoff

(hartree)

Eob
eff

(GV
cm

)

Enuc
eff

(GV
cm

)

|AYb
∥ |

(MHz)

DM

(D)

31e-CISD/DZ 25 − 80 1.82 21.0 21.7 6207 3.49

31e-CISD/TZ 25 − 80 0.92 19.7 20.1 5674 3.59

31e-CISD/QZ 25 − 80 0.60 19.8 20.2 5727 3.59

31e-CISD/QZ 25 − 109 1.30 20.8 21.2 5992 3.45

31e-CISD/QZ 25 − 127 2.00 20.3 20.7 5885 3.38

79e-CISD/QZ 1 − 109 1.30 20.8 21.2 6002 3.44

Experiment 7822(5)a 3.91(4)b

GRECP/RASSCF/EOc 24.9 7842

31e-RASCId 24.06

79e-CCSD/QZe 23.1 3.60

aRef. [27], bRef. [28], cRef. [29], dRef. [30], eRef. [6]

number, the distribution pattern of the torque density does not change. If we investigate

the spin precession used in present EDM experiments, the state |Φ⟩ = (|+⟩ + |−⟩)/
√

2 (see

FIG. (2.1)) should be used. However, it is hard to calculate the EDM torque term induced

by the internal electric field for its state. Therefore, we choose the state |Φ⟩ = |−⟩, which is

the same one used for the calculation of the effective electric field. The electric field induced

by the internal particle is not included in our computations of local torque density for this

state, since the direction of the integration of the internal electric field over a molecule is the

same as that of the spin and the contribution to the EDM torque is considered to be small,

as seen from Eq. (2.28). The computations of the effective electric field and local physical

quantities are performed by the QEDynamics program package [26] developed in our group.

2.4 Results and Discussion

The calculation results of the effective electric field with two approximations are shown

in TABLEs 2.3(YbF), 2.4(BaF), 2.5(ThO), and 2.6(HF+). In these tables, Enuc
eff is the

approximation using only the nuclear electric field [Eq. (2.15)] and Eob
eff is the approximation

using the effective one-body operator [Eq. (2.16)]. In our results, the difference between

the two approximations is not large and is within a few percents, except for HF+ which is
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Table 2.4: Effective electric field in BaF. The uncertainty in the experimental result is given

in parentheses.

BaF(2Σ1/2)

Method/Basis

Active

orbitals

virt. orb.

cutoff

(hartree)

Eob
eff

(GV
cm

)

Enuc
eff

(GV
cm

)

|ABa
∥ |

(MHz)

DM

(D)

17e-CISD/DZ 25 − 92 8.00 4.62 4.87 1647 3.08

17e-CISD/TZ 25 − 92 2.20 4.58 4.67 1580 2.20

17e-CISD/QZ 25 − 92 0.80 4.51 4.58 1552 2.36

65e-CISD/DZ 1 − 92 8.00 4.32 4.56 1589 3.11

Experiment 2453(9)a 3.1702(15)b

RASSCF/EOc 7.51 2224

17e-RASCId 7.28 3.203

aRef. [31], bRef. [32], cRef. [33], dRef. [7]

computed only for a comparison with heavy polar diatomic molecules. This confirms that

the large contribution to Eeff arises from electrons near a nucleus, and hence the difference

between the two approximations may become large for lighter molecules. For this reason,

we also show the parallel magnetic hyperfine interaction constant A∥, which is sensitive to

the electronic structure near the nucleus.

It is known that a post Hartree-Fock computation is efficient for large basis sets, i.e.,

triple zeta or larger. Actually, the dependence on basis sets can be clarified from the results

of YbF in TABLE 2.3. The effect of the change from DZ to TZ on calculation results is much

larger than that of the change from TZ to QZ. The same feature can be seen in the results

of BaF (TABLE 2.4). Focusing on the number of active orbitals in TABLE 2.3, we can find

that the number of virtual orbitals included in the CISD calculation is a more influential

one than the number of core orbitals in the active space. Although our best result of YbF,

79e-CISD/QZ, is not in sufficient agreement with the experimental data A∥, it would be

improved by including more virtual orbitals in the CI active space. Nevertheless, the value

of the effective electric field is consistent with other theoretical works, though our result is

slightly smaller.

Our best result of the dipole moment in BaF (3.11 Debye) is very close to the experi-

mental value (3.1702(15) Debye [32]), whereas the parallel magnetic hyperfine interaction

constant (1589 MHz) is far from the experimental value (2453(9) MHz [31]). In addition,

our result Enuc
eff = 4.56 GV/cm is much smaller than Nayak’s result 7.28 GV/cm [7] and
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Table 2.5: Effective electric field in ThO. The uncertainty in the experimental result is given

in parentheses.

ThO(3∆1)

Method/Basis

Active

orbitals

virt. orb.

cutoff

(hartree)

Eob
eff

(GV
cm

)

Enuc
eff

(GV
cm

)

|ATh
∥ |

(MHz)

DM

(D)

18e-MR3-CISD/DZ 41 − 109 2.00 68.8 71.1 1154 3.47

18e-MR3-CISD/TZ 41 − 134 2.00 67.2 69.4 1330 3.53

18e-MR3-CISD/TZ 41 − 185 5.50 66.5 68.6 1151 3.66

18e-MR10-CISD/DZ 41 − 109 2.00 75.6 78.1 1280 3.86

18e-MR10-CISD/TZ 41 − 134 2.00 71.3 73.6 1156 3.86

Experiment 4.098(3)a

18e-MR12-CISD/TZb 75.2 1369

38e-2c-CCSD(T)c 81.5 1357 4.23

aRef. [34], bRef. [8], cRef. [35]

Table 2.6: Effective electric field in HF+.

HF+(2Π1/2)

Method/Basis

Active

orbitals†

Eob
eff

(GV
cm

)

Enuc
eff

(GV
cm

)

DM

(D)

9e-CISD/DZ 1 − 42 2.16×10−3 3.65×10−3 2.66

9e-CISD/TZ 1 − 80 2.53×10−3 3.16×10−3 2.60

9e-CISD/QZ 1 − 140 2.64×10−3 3.04×10−3 2.59

† All the virtual orbitals are included into the active space.

Table 2.7: Summary of Eeff for each molecule.

Species

(state)
Method/Basis

Eob
eff

(GV/cm)

Enuc
eff

(GV/cm)

YbF (2Σ1/2) 79e-CISD/QZ 20.8 21.2

BaF (2Σ1/2) 65e-CISD/DZ 4.32 4.56

ThO (3∆1) 18e-MR10-CISD/TZ 71.3 73.6

HF+ (2Π1/2) 9e-CISD/QZ 2.64×10−3 3.04×10−3
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Kozlov’s result 7.51 GV/cm [33]. The reason seems to be the differences of the number of

orbitals in the active space and reference states.

From the results of ThO shown in TABLE 2.5, the improvement from MR3-CISD to

MR10-CISD brings a notable increase of Eeff . Detailed discussions about correlation models

of ThO have already been reported in the work of Fleig and Nayak [8]. They mentioned

that the addition of σ-type spinors to the active space brings a significant change of the

electronic structure of ThO. Our best result Eob
eff = 71.3 GV/cm is close enough to the result

of Fleig and Nayak, 75.2 GV/cm [8].

As shown in TABLE 2.6, the effective electric field in HF+ is quite small compared to the

other molecules, though HF+ has a large molecular electric dipole moment. The reason is

discussed later from a viewpoint of local distribution of physical quantities. Our best results

of each molecule are summarized in TABLE 2.7. The electronic states of these correlation

models are used for the later discussion about local physical quantities.

Let us now investigate the distribution of local physical quantities defined by the quan-

tum field theory. The distributions of local physical quantities on a plane including the

internuclear axis in YbF, BaF, ThO and HF+ are shown in FIGs. 2.2–2.5, respectively.

Panels (a) – (c) show the results of the electron density, the norm of the spin angular

momentum density, and the norm of the small component of the spin angular momentum

density |⟨ψ̂†
S
ℏ
2
σ⃗ψ̂S⟩|, all in atomic units. The electron density distributions of YbF, BaF, and

ThO have a very similar pattern. The distribution patterns of the spin angular momentum

density are quite different from those of the electron density. The distribution patterns of

the spin angular momentum density and its small component contribution of YbF are sim-

ilar to those of BaF, since both of them are in the same state 2Σ1/2. A remarkable feature

of the spin angular momentum density distribution in YbF is that its distribution is not

symmetric for both sides of internuclear axis around nuclei and is concentrated at a little

distance away from nuclei. This feature is common with that of YbF, BaF, and ThO, which

have the large Eeff , while it is not seen in HF+. In FIGs. 2.6(a) and 2.7(a), we compare

the distribution patterns of the spin angular momentum density in YbF and HF+, respec-

tively. This feature is highlighted in these figures. However, for the effective electric field,

⟨ψ̂†
S
ℏ
2
σ⃗ψ̂S⟩ is more important than the spin angular momentum density itself. The norm

value of ⟨ψ̂†
S
ℏ
2
σ⃗ψ̂S⟩ in HF+ is as large as that in YbF. Since Eq. (2.15) indicates that the
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value of the effective electric field depends on the scalar product of ψ̂†
S
ℏ
2
σ⃗ψ̂S and

ˆ⃗
E nuc, one

may presume that the effective electric field in HF+ is as large as that of YbF; however, this

presumption is seen to be wrong from TABLE 2.7. As shown in FIGs. 2.5(c) and 2.7(b), the

distribution pattern of ⟨ψ̂†
S
ℏ
2
σ⃗ψ̂S⟩ in HF+ is nearly antisymmetric to a plane which intersects

orthogonally with the internuclear axis on the F nucleus, while the electric field of a nucleus

is distributed almost spherically and the direction is radial from the F nucleus. On the

other hand, the distribution pattern in YbF shown in Fig. 2.6(b) is asymmetric, though its

magnitude of symmetry breaking is smaller than the spin angular momentum density itself.

These features can be seen more clearly from the distributions of ⟨2ψ̂†
Sσ⃗ψ̂S · ˆ⃗

E nuc⟩ in YbF

and HF+ shown in FIG. 2.8. This means that not only the large nucleus charge but also

the asymmetric pattern of |⟨ψ̂†
S
ℏ
2
σ⃗ψ̂S⟩| are important features of the large effective electric

field. As a result, although |⟨ψ̂†
S
ℏ
2
σ⃗ψ̂S⟩| in HF+ is as large as that in YbF, the integration

of the inner product of ψ̂†
Sσ⃗ψ̂S and

ˆ⃗
E nuc over the whole region is much smaller than that in

YbF. In other words, it can be predicted that even light atomic molecules could have the

large effective electric field if the small component of the spin angular momentum density

has an asymmetric distribution pattern.

Next, the vector potential term of the spin torque density ⟨ˆ⃗teA⟩ and the EDM torque

densities in YbF are shown in FIG. 2.9. In this article, we adopt atomic units for torque.

Among three heavy molecules, we choose YbF for a demonstration, since this molecule is

very consistent with other works and is a familiar one due to many works reported by many

groups, while the other two molecules have the same features discussed below. The magnetic

term of the EDM torque density ⟨ˆ⃗tBEDM⟩ is perpendicular to the magnetic field as seen from

Eq. (2.29), and its distribution is concentrated around the nuclei. On the other hand, the

electric term of the EDM torque density ⟨ˆ⃗tEEDM⟩ is also perpendicular to the electric field

and its distribution pattern is almost the same as that of the spin angular momentum

density, where both features are seen from Eq. (2.28). We also calculate the integration

of each torque contribution over the whole region. The value of the vector potential term

of the spin torque is
∫
⟨ˆ⃗teA⟩d3r⃗ ≈ (0.0,−1.8 × 10−3, 0.0), which is perpendicular to both

magnetic field and spin angular momentum. The integrated value of the electric term of

EDM torque density is (0.0, 1.0 × de, 0.0), which is much larger than that of the magnetic

term, (0.0, 7.3 × 10−6 × de, 0.0). This difference between their integrated values can be
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Figure 2.2: The distributions of (a) the electron density, (b) the norm of the spin angular

momentum density, and (c) the norm of the small component of the spin angular momentum

density on a plane including the internuclear axis in YbF. All values are shown in atomic

units.
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Figure 2.3: The distributions of (a) the electron density, (b) the norm of the spin angular

momentum density, and (c) the norm of the small component of the spin angular momentum

density on a plane including the internuclear axis in BaF. All values are shown in atomic

units.
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Figure 2.4: The distributions of (a) the electron density, (b) the norm of the spin angular

momentum density, and (c) the norm of the small component of the spin angular momentum

density on a plane including the internuclear axis in ThO. All values are shown in atomic

units.
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Figure 2.5: The distributions of (a) the electron density, (b) the norm of the spin angular

momentum density, and (c) the norm of the small component of the spin angular momentum

density on a plane including the internuclear axis in HF+. All values are shown in atomic

units.
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explained by the difference of their distribution patterns. Since the distribution of ⟨ˆ⃗tBEDM⟩

forms vortices around the nuclei,
∫
⟨ˆ⃗tBEDM⟩d3r⃗ is averaged out drastically.

Figure 2.6: Distributions of (a) the spin angular momentum density ⟨ˆ⃗se⟩ and (b) the small

component of the spin angular momentum density ⟨ψ̂†
S
ℏ
2
σ⃗ψ̂S⟩ in YbF. The red sphere repre-

sents the Yb nucleus and the blue one represents the F nucleus. The color means the value

of densities in atomic units.

These results confirm that the equation of motion of spin [Eq. (2.30)] based on the

quantum field theory enables us to estimate the integrated value and even to visualize the

local pictures of spin torque dynamics, which give us a different perspective of local spin

dynamics.

2.5 Conclusions

In this paper, we have studied the spin dynamics of the electron from the viewpoint of

the electron EDM in the framework of the quantum field theory. The relation between the

interaction energy of the electron EDM and the spin precession is described approximately

by time evolution originated from the existence of the EDM. We have calculated Eeff for YbF

(2Σ1/2), BaF (2Σ1/2), ThO (3∆1), and HF+ (2Π1/2) by CI computations based on RASCI.

From the viewpoint of the local spin torque dynamics, the modification of the equation of

motion of the spin angular momentum density has been discussed and we have shown the

spin angular momentum density and the EDM torque density for the above molecules. We

have demonstrated that the local pictures of the spin and torque help us to understand

some of the physical origin of spin phenomena. We have predicted that even light atomic
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Figure 2.7: Distributions of (a) the spin angular momentum density ⟨ˆ⃗se⟩ and (b) the small

component of the spin angular momentum density ⟨ψ̂†
S
ℏ
2
σ⃗ψ̂S⟩ in HF+. The red sphere

represents the F nucleus and the blue one represents the H nucleus. The color shows the

value of densities in atomic units.

Figure 2.8: The distributions of ⟨2ψ̂†
Sσ⃗ψ̂S ·

ˆ⃗
E nuc⟩ in (a) YbF around the Yb nucleus and (b)

HF+ around the F nucleus (in atomic units).

55



Figure 2.9: Distributions of (a) the vector potential term of the spin torque density ⟨ˆ⃗teA⟩,

(b) the electric term of the EDM torque density ⟨ˆ⃗tEEDM⟩, and (c) the magnetic term of the

EDM torque density ⟨ˆ⃗tBEDM⟩ in YbF. The red sphere represents the Yb nucleus and the blue

one represents the F nucleus. The color shows the value of the torque in atomic units.

molecules could have the large effective electric field if the small component of the spin

angular momentum density has an asymmetric distribution pattern. In a future work, we

will investigate the distribution of the local physical quantities for other molecules and

explore new prediction methods of the spin precession. We also study the relation between

the local distributions of the torque for the spin and the internal electric field, which is used

for experiments in the search for the electron EDM.
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Chapter 3

Dynamical Picture of Spin Hall Effect

Based on Quantum Spin Vorticity

Theory

3.1 Introduction

The spin Hall effect (SHE), which refers to a conversion of an electric current into a

transverse flow of spin, is one of the most important phenomena in the field of spintronics.

Historically, the SHE was predicted theoretically first [1], and later experimental observa-

tions were performed in various types of materials by novel technology. The SHE was pro-

posed theoretically as an analogue of the anomalous Hall effect [2]. Early proposed theories

for the SHE are the so-called extrinsic mechanisms, which are based on the spin dependent

scattering of electrons by impurities [1, 3]. Later, the intrinsic mechanism of the SHE in a

semiconductor system was proposed on the basis of the concept of dissipationless quantum

spin currents [4, 5]. Although theoretical discussion about the origin of the SHE still con-

tinues, many experiments show the SHE is an observable physical phenomenon. The first

experimental observation of the SHE in a semiconductor was performed by Kato et al. [6]

They detected electrically induced spin accumulation near the edges of the semiconductor

by using Kerr rotation microscopy. Subsequently, Wunderlich et al. demonstrated the SHE

by detecting circularly polarized light emitted from a light-emitting diode structure [7].

Furthermore, observations of the SHE in a metallic conductor [8, 9], and the inverse SHE
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(ISHE) [10, 11], have been already reported. As for the theoretical side, an effective theory

for spin-Hall effect not only in insulating but on equal footing also in conducting state by

using a fully relativistic but model Hamiltonian has been discussed [12].

So far, the SHE has been treated by using the concept of the spin current. Even if the

idea of the spin current is suitable to analyze application devices, it is insufficient to under-

stand spin dynamical phenomena from the viewpoint of fundamental physics. Namely, it is

significant to understand such phenomena by dynamical pictures depicted with quantities

derived from the symmetric energy-momentum tensor. From this point of view, in this

study, we discuss theoretical aspects of the SHE and ISHE on the basis of a more funda-

mental theory called the “quantum spin vorticity theory” [13–17], which can give physical

dynamical quantities as local quantities. While quantum mechanics cannot explain local

contribution due to the definition of the inner product, which is derived by the integration

over the whole region, quantum field theory can give the definition of local physical quanti-

ties without losing local contributions. Therefore, the quantum spin vorticity theory gives

the equation of motion of local spin and the equation for the vorticity of the spin without

losing local contributions. In particular, the “spin vorticity”, which is a local quantity de-

fined as the rotation of the spin angular momentum density, is neglected in the framework

of quantum mechanics. On the other hand, the quantum spin vorticity theory reveals that

the spin vorticity is crucial for investigating spin dynamics as a component of the local

momentum density. The spin vorticity helps us to understand spin phenomena in molecular

systems and even in condensed matter systems from a unified viewpoint.

In this paper, firstly we review the quantum spin vorticity theory. After we explain

the local physical quantities, which are defined in quantum field theory, we show numerical

calculation results of the local physical quantities in a simple carbon chain under a bias

voltage as a demonstration. For these calculations of the local physical quantities defined

by quantum field theory, we use a quantum mechanical wave packet by the non-equilibrium

Green’s function method as an approximation to a quantum field theoretical one. Finally, we

show the SHE and ISHE can be explained by a local dynamical picture without introducing

the spin current but with the spin vorticity.
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3.2 Quantum Spin Vorticity Theory

First of all, we review the quantum spin vorticity theory. In this paper, we discuss this

theory in the framework of general relativity, though it can be applied even in the framework

of supergravity [16]. In general relativity, the energy-momentum tensor obtained from the

variational principle with a Lagrangian which is invariant under the general coordinate

transformation must be a symmetric tensor. This requirement leads to the equation of spin

dynamics, which reveals an important role of the spin vorticity for spin dynamics in the

limit to the Minkowski space-time. We begin by introducing the Lagrangian density L̂ for

the quantum electrodynamics system with an electromagnetic field under external gravity.

The Lagrangian density L̂ is written as the sum of the Lagrangian density of the electron

L̂e and that of the electromagnetic field L̂EM,

L̂e =
c

2

(
ˆ̄ψ(iℏγae µ

a D̂eµ(g) −mec)ψ̂ + h.c.
)
, L̂EM = − 1

16π
F̂µνF̂ρσg

µρgνσ, (3.1)

where ψ̂ denotes the Dirac spinor of the electron, ˆ̄ψ = ψ̂†γ0, γa are Dirac gamma matrices,

e µ
a is the tetrad field, me is the electron mass, c is the speed of light in vacuum, and gµν is

the metric tensor. The electromagnetic field strength tensor is F̂µν = ∂µÂν − ∂νÂµ, where

Âµ is the gauge field. Here, Greek indices and Latin indices from a to d run over 0 to 3. The

former refers to the general coordinate indices, while the latter refers to the local Lorentz

frame indices. We adopt the Einstein summation convention. The gravitational covariant

derivative is written as

D̂eµ(g) = D̂eµ + i
1

2ℏ
γabµJ

ab, D̂eµ = ∂µ + i
Zee

ℏc
Âµ, (3.2)

where D̂eµ is the gauge covariant derivative, Jab = iℏ
4

[
γa, γb

]
, γabµ is the spin connection [18],

e is the electron charge (e > 0) and Ze = −1. The variational principle for the system

action with respect to the tetrad field leads to the symmetric energy-momentum tensor Tµν

as follows [19]:

T̂µν =
1√
−g

ηabe
b
ν

δ
(
L̂
√
−g
)

δe µ
a

= T̂eµν + T̂EMµν . (3.3)
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Writing the right-hand side explicitly,

T̂eµν = −ε̂Πµν − τ̂Πeµν(g) − gµνL̂e = T̂eνµ, (3.4)

ε̂Πµν = − 1√
−g

ηabe
b
ν

[
∂
(
L̂e

√
−g
)

∂γcdρ

∂γcdρ
∂e µ

a
− ∂σ

∂
(
L̂e

√
−g
)

∂γcdρ

∂γcdρ
∂ (∂σe

µ
a )

], (3.5)

τ̂Πeµν(g) = − 1√
−g

ηabe
b
ν

∂
(
L̂e

√
−g
)

∂e µ
a

=
c

2

(
ψ̂†γ0γν

(
−iℏD̂µ(g)

)
ψ̂ + h.c.

)
, (3.6)

T̂EMµν = − 1

4π
gρσF̂µρF̂νσ − gµνL̂EM = T̂EMνµ, (3.7)

where g = det gµν and ηµν = diag(1,−1,−1,−1) = ηµν . The concrete expression of Eq. (3.5)

is written in Ref. [13]. Note that ε̂Πµν and τ̂Πeµν(g) are not necessarily symmetric tensors. To

emphasize this, we put the superscript Π and call them symmetry-polarized geometrical

tensor and symmetry-polarized electronic stress tensor, respectively [13]. These tensors can

be decomposed into a symmetric part and an anti-symmetric part as ε̂Πµν = ε̂Sµν + ε̂Aµν

and τ̂Πµν
e (g) = τ̂Sµνe (g) + τ̂Aµν

e (g).

Since the energy-momentum tensor is symmetric, the anti-symmetric parts ε̂Aµν and τ̂Aeµν

cancel with each other:

ε̂Aµν + τ̂Aµν
e (g) = 0. (3.8)

Eq. (3.8) is called the quantum spin vorticity principle. In the limit to the Minkowski space-

time, it is revealed that Eq. (3.8) describes spin dynamics. In the limit of eaµ → δaµ and

gµν → ηµν , the symmetric energy-momentum tensors T̂ µν
e and T̂ µν

EM are reduced to

T̂ µν
e = −ε̂Πµν − τ̂Πµν

e − ηµνL̂e, T̂ µν
EM = − 1

4π
ηρσF̂ µ

ρF̂
ν
σ − ηµνL̂EM , (3.9)

ε̂Πµν = − ℏ
4Zee

ϵµνλσ∂λĵ5σ, τ̂Πµν
e =

c

2

(
ψ̂†γ0γν

(
−iℏD̂µ

e

)
ψ̂ + h.c.

)
, (3.10)

where ϵµνλσ is the Levi-Civita tensor, ĵµ5 = Zeec
ˆ̄ψγµγ5ψ̂ is the chiral current and γ5 =

iγ0γ1γ2γ3. Then, Eq. (3.8) is also reduced to the following equations:

∂

∂t
ˆ⃗se = ˆ⃗te +

ˆ⃗
ζe, (3.11)

rotˆ⃗se =
1

2

(
ˆ̄ψγ⃗
(
iℏD̂e0

)
ψ̂ + h.c.

)
− ˆ⃗

Πe, (3.12)

where the spin angular momentum density ˆ⃗se, the spin torque density ˆ⃗te, the zeta force
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density
ˆ⃗
ζe, and the kinetic momentum density

ˆ⃗
Πe are defined as

ŝie = ψ̂†ℏ
2

Σiψ̂ =
ℏ

2Zeec
ĵi5, t̂ie = −ϵijkτ̂Ajk

e , (3.13)

ζ̂ ie = −∂iϕ̂5, ϕ̂5 =
ℏ

2Zee
ĵ05 , Π̂i

e =
1

2

(
ˆ̄ψγ0

(
iℏD̂i

e

)
ψ̂ + h.c.

)
. (3.14)

In the equations above, Σi is the 4 × 4 Pauli matrix, and ϵijk is the Levi-Civita tensor.

Hereafter, Latin letters run from 1 to 3. As are clear from the above definitions, these

operators are expressed by using the field operators of the electron ψ̂ and the photon Âµ.

The physical quantities are given as expectation values for a time-independent state vector

in the Heisenberg picture such as O = ⟨Φ|Ô|Φ⟩ − ⟨0|Ô|0⟩. Actual effects of condensed

matter, which may break some symmetry, are included in the state vector.

Apparently, Eq. (3.11) and Eq. (3.12) are the equation of motion of the spin angular

momentum density and the equation for the vorticity of spin, respectively. We note that

Eqs. (3.11) and (3.12) are related to the angular momentum and momentum, respectively.

The equation of motion of spin angular momentum density shown in Eq. (3.11) is derived

in the framework of quantum field theory, and hence it does not average out the local

contribution, while the Heisenberg equation in relativistic quantum mechanics [20] cannot

describe local spin dynamics since a physical quantity in quantum mechanics is defined

by the inner product, which is derived by the integration over the whole region. The

zeta force density does not appear in the equation of motion of spin in the framework of

relativistic quantum mechanics. In present experimental apparatuses, the local effect of the

zeta force density is integrated into a small surface effect, so that it has not been observed

experimentally yet. For example, the details of the spin torque and the zeta force for atomic

and molecular systems were discussed in Ref. [21-23].

Let us now focus on Eq. (3.12). It implies that the vorticity of the electronic spin

contributes to the momentum of the electron. We can see the fact clearly from the expression

of the electronic momentum density P̂ i
e = 1

c
T̂ i0
e , which includes half of the spin vorticity as

follows [14]:

ˆ⃗
Pe =

ˆ⃗
Πe +

1

2
rotˆ⃗se. (3.15)

Although the second term, which is the contribution from spin, as well as the zeta force

density disappears after integration over the whole of space, its contribution cannot be ne-

glected in a local region as well as the zeta force density. In other words, the electronic
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momentum density, which is derived by the covariant symmetry of the general coordinate

transformation, includes the local contribution of half of the spin vorticity unlike the def-

inition of the momentum in quantum mechanics. Furthermore, the time derivative of the

electronic momentum density is given as

∂

∂t
ˆ⃗
Pe =

ˆ⃗
Le + ˆ⃗τe

S, (3.16)

where
ˆ⃗
Le =

ˆ⃗
Eĵ0e + 1

c

ˆ⃗
je ×

ˆ⃗
B is the Lorentz force density, ĵµe = Zeec

ˆ̄ψγµψ̂ is the electronic

charge current density,
ˆ⃗
E = −gradÂ0− 1

c
∂
ˆ⃗
A
∂t

is the electric field and
ˆ⃗
B = rot

ˆ⃗
A is the magnetic

field. The second term on the right-hand side, ˆ⃗τe
S = div

↔̂
τe

S, is the tension density [24, 25],

which is defined as the divergence of the symmetric parts of the electronic stress tensor
↔̂
τe

S. Since the tension density as well as the spin vorticity disappears after integrating over

the whole region, the above equation is reduced to ∂
∂t

∫ ˆ⃗
Πed

3r⃗ =
∫ ˆ⃗
Led

3r⃗ , which is a well

known equation of motion in the framework of relativistic quantum mechanics [20]. By

using Eq. (3.11), the time derivative of half of the spin vorticity is given easily as follows:

∂

∂t

(
1

2
rot ˆ⃗se

)
=

1

2
rot ˆ⃗te = − div

↔̂
τe

A. (3.17)

This means that the divergence of the anti-symmetric part of the stress tensor
↔̂
τe

A generates

spin vorticity. By using Eq. (3.17), Eq. (3.16) can be rewritten as

∂

∂t
ˆ⃗
Πe =

ˆ⃗
Le + ˆ⃗τe

S − 1

2
rot ˆ⃗te. (3.18)

Equations (3.17) and (3.18) express that the rotation of the spin torque density ˆ⃗te as driving

force generates the kinetic momentum density
ˆ⃗
Πe accompanying the generation of half of

the spin vorticity, 1
2
rotˆ⃗se. This interpretation is a consequence of the quantum spin vorticity

theory.

Thus, in the spin vorticity theory, the equations regarding operators of the physical

quantities derived from the energy-momentum tensor are discussed. When we calculate a

physical quantity, we need both the operator of the physical quantity and the state vector

of quantum field theory. The equations of operators discussed in the spin vorticity theory

can be applied to QED systems universally, though the validity of the result of the physical

quantity depends on how the state vector of the system is calculated.
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3.3 Numerical calculations of spin vorticity

As an application example of the quantum spin vorticity theory, we demonstrate the

generation of the spin vorticity in a local region by using a simple carbon chain, attaching

both edges to electrodes in the presence of a finite bias voltage. The carbon chain is one

of the ideal model systems for studying the electronic structure under a bias voltage and is

also applicable in molecular device design as one of the nano carbon systems (such as rings,

fullerenes, and graphenes). Therefore, the carbon chain is suitable for our first demonstration

to understand spin phenomena in condensed matter and molecular systems from a unified

viewpoint. Although, rigorously speaking, the electronic bound state of quantum field theory

is required for calculations of the local physical quantities, such a calculation method is not

established for our purpose at this moment. (Incidentally, we are trying to develop a program

code QEDynamics [28] to calculate the electronic state described by quantum field theory,

but this is still work in progress.) Therefore, we use a relativistic quantum mechanical

wave packet as an approximation to the state vector of quantum field theory in order to

calculate the local physical quantities, which are given as the expectation values of the

density operators defined by quantum field theory. Nevertheless, it is sufficient to grasp some

aspects of the spin vorticity. This wave packet in the steady state of the system is given by an

ab initio calculation based on density-functional theory (DFT). Although this system is not

dynamical, the local picture in the nonequilibrium state can be demonstrated. The electronic

structure is calculated by means of a non-equilibrium Green’s function method [29, 30]

coupled with a local spin density approximation [31] in density-functional theory [32]. Since

this method is widely used for calculations of spin densities induced by a bias voltage [33], it

is suitable to demonstrate the distribution calculation of the local physical quantities such

as the spin vorticity. The electronic state calculation is performed by an ab initio DFT code,

OPENMX [33, 34]. We use QEDynamics [28] to calculate local physical quantities, which

are calculated by using the 2-component relativistic wave function as a substitute for the

large component of the 4-component relativistic wave function. The electronic structure of

a straight carbon chain with bond length of 1.5 Å under a finite bias voltage of 0.1 V is self-

consistently determined under an electronic temperature of 300 K. Pseudoatomic orbitals

centered on atomic sites are used as the basis function set [35]. We use the pseudoatomic

orbitals specified by C5.0-s2p2d1, where C stands for the atomic symbol, 5.0 represents the

66



cutoff radius (bohr), and s2p2d1 means the employment of two, two, and one orbitals for

the s, p, and d component, respectively. The cutoff energy is set to 180 Ryd. The system

we use consists of left and right electrodes and a central region. The electrodes are made of

semi-infinite carbon chains and the central region contains eighteen carbon atoms.

The results are shown in FIG. 3.1. The kinetic momentum density, the spin angular

momentum density and the spin vorticity of the system without bias voltage are smaller by

two digits than those with the bias voltage 0.1 V. Hence, we only show the local physical

quantities in the presence of the bias voltage 0.1 V in FIG. 3.1. Local physical quantities

around six atoms in the center of the system, where the attaching electrodes have little direct

effect, are shown in FIGs. 3.1 (a), (c) and (e). FIGs. 3.1 (b) and (d) show local physical

quantities around a nucleus on a plane perpendicular to the carbon chain. The kinetic

momentum density Π⃗e(r⃗) is distributed along the π-bondings (FIG. 3.1 (a)). On the other

hand, we can see the spin angular momentum density s⃗e(r⃗) is distributed circularly around

the nuclei (FIGs. 3.1 (c) and (d)), and therefore, the spin vorticity rots⃗e(r⃗) is concentrated

around a nucleus (FIG. 3.1 (e)). The distribution of the spin angular momentum density

on the cross section shown in FIG. 3.1 (c) is similar to spin accumulation on a flat device

which is observed experimentally as the SHE. However, in case of the carbon chain, the spin

angular momentum density forms clear vortices because of the rotational symmetry of the

system.

3.4 Application to the Spin Hall Effect

Finally, we propose a new dynamical picture of the SHE based on the spin vorticity

theory. The conventional SHE refers to the conversion of a charge current into a transverse

spin current due to the spin-orbit interaction [see Fig. 3.2(a)]. Although definitions of

the spin current are discussed in Ref. [26], it is actually almost impossible to observe the

spin current directly by electromagnetic detection. Furthermore, the relation between spin

currents and observable physical quantities such as spin accumulation is unclear. This is

because total spin is not conserved in general due to for example spin damping by spin-orbit

interactions [27]. However, in the quantum spin vorticity theory, the dynamical picture

of the SHE is not dependent on the concept of the spin current. Alternatively, the spin
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transfer can be explained by the time evolution of the spin vorticity without invoking the

spin current. Half of the spin vorticity is introduced naturally as a component of the electron

momentum density on the basis of the quantum spin vorticity theory as mentioned above. In

addition, the spin vorticity is an observable local physical quantity in principle and actually

can be measured experimentally by the distribution of the spin angular momentum density

for a system with large scale spin distribution such as the SHE, since the spin vorticity is

defined as the rotation of the spin angular momentum density.

After all, the SHE is described by using the spin vorticity as follows. When the electric

field is given in a conductor, the Lorentz force density L⃗e is generated. The Lorentz force

density increases the total electronic momentum density P⃗e, which consists of the kinetic

momentum density Π⃗e and half of the spin vorticity 1
2
rots⃗e (see Eqs. (3.15) and (3.16)).

The degree of the assignment of P⃗e to Π⃗e and 1
2
rots⃗e depends on the divergence of the anti-

symmetric stress tensor
↔
τe

A at each point in the space-time (see Eqs. (3.17) and (3.18)).

Since the anti-symmetric stress tensor is zero in the non-relativistic limit, the relativistic

interaction is necessary for the generation of the spin vorticity. Therefore, the spin vorticity

is generated mainly around nuclei (or impurities), where the relativistic interaction is strong

in the conductor. In addition, the superposition of the spin vorticity causes accumulation

of spin at both edges of the conductor [see Fig. 3.3(a)]. Similarly, although the conventional

ISHE refers to the conversion of an injected spin current into a transverse charge current or

voltage [see Fig. 3.2(b)], this phenomenon is described by using the electron spin vorticity

theory as follows. When the rotation of the spin torque density is given in a conductor, the

distribution of the spin angular momentum density become non-uniform, and it generates

the spin vorticity (see Eq. (3.17)). According to Eq. (3.18), the rotation of the spin torque

also accelerates the electron, and it generates the kinetic momentum density [see Fig. 3.3(b)].

The degree of the generation of half of the spin vorticity and the kinetic momentum density

depends on the divergence of the anti-symmetric stress tensor
↔
τe

A at each point in the space-

time (see Eqs. (3.17) and (3.18)). Of course, the value and direction of the spin vorticity

induced by a bias voltage depend on the species of nuclei and structures. Therefore, we will

try to evaluate local physical quantities of more complex structures which are used in the

fields of spintronics and multiferroics in our near future work.
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3.5 Conclusions

In this paper, we have proposed the dynamical local picture of the spin Hall effect based

on the quantum spin vorticity principle. In the quantum spin vorticity principle, half of the

spin vorticity is introduced naturally as a component of the electron momentum density. We

have performed numerical calculations of the local distributions of the kinetic momentum

density and the spin vorticity induced by a finite bias voltage by using a relativistic quantum

mechanical wave packet as an approximation to the state vector of the quantum field theory.

We also proposed new dynamical pictures of the SHE and ISHE based on the quantum spin

vorticity theory. The SHE is described as the generation of the spin vorticity by the applied

electric field in a conductor. The ISHE is described as the acceleration of the electron by the

rotation of the spin torque density as driving force accompanying the generation of the spin

vorticity in a conductor. The spin vorticity will be a key to give unified understanding of

physical phenomena related to spin in condensed matter and molecular systems beyond the

field of spintronics.
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Figure 3.1: (a) The distributions of the x component of the kinetic momentum density

on the plane z = 0 [nm], and (b) y and z components on the plane x = 1.65 [nm]. (c)

The distributions of the z component of the spin angular momentum density on the plane

z = 0 [nm], and (d) y and z components on the plane x = 1.65 [nm]. (e) The distribution

of the x component of the spin vorticity on the plane z = 0 [nm]. The y and z components

of the spin vorticity on the plane z = 0 [nm] are negligibly small. In panels (b) and (d),

the vectors consist of y and z components, and the color maps represent the norm of the

vectors.
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Figure 3.2: Conventional concepts of SHE and ISHE. (a) The SHE is understood as a

conversion of a charge current into a transverse spin current. (b) The ISHE is understood

as a conversion of an injected spin current into a transverse charge current.

Figure 3.3: Concept based on the quantum spin vorticity theory. (a) The SHE is under-

stood as the generation of the spin vorticity by the applied electric field. (b) The ISHE is

understood as the acceleration of the electron by the rotation of the spin torque density as

driving force accompanying the generation of half of the spin vorticity.
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Chapter 4

Study of Simulation Method of Time

Evolution in Rigged QED

4.1 Introduction

Recently, the technology for observation and manipulation of quantum systems involving

the interaction between light and matter is developed with increasing speed and new ex-

perimental tools are becoming available. Remarkable features of such developments include

real-time observation [1, 2], single-photon generation [3–6] and so on. Then, as for the theo-

retical side, it would be desirable to develop a formalism to simulate dynamical phenomena

observed by such experiments treating light and matter and the interaction between them

as accurately as possible. That is, by Quantum Electrodynamics (QED).

QED is probably the most successful fundamental physical theory we have. It is the

theory of electrically charged particles and photons and interactions between them, taking

the form of quantum theory of fields. Its accurate predictions include the Lamb shift of the

energy levels of the hydrogen atom and the anomalous magnetic moment of the electron.

In addition to such stationary properties, it can also predict dynamical properties like the

cross section for the electron-positron scattering (Bhabha scattering) to a great accuracy.

The successes are due to the development of the method to compute the QED interaction

as a perturbation. The success of the perturbative approach, in turn, owes much to the

capability of preparing the asymptotic states as the unperturbed states (and of course to

the renormalizability). It has been long since such formalism was established [7, 8].
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However, use of the asymptotic states and subsequently the S-matrix formulation has

shortcomings when we would like to know the step-by-step time evolution of the quantum

system employing QED. This is because it just describes the transition between infinite

past (“in-state”) and infinite future (“out-state”). Although it works fine for calculations

of cross sections of scattering processes or energy shifts of bound states, it cannot be used

for simulating the time evolution of the quantum system.

Hence, so far, simulations of time evolution of the quantum system involving light and

matter are performed using the time-dependent Schrödinger or Dirac equation with classical

electromagnetic fields (i.e. semi-classical treatment) [9–11] or using a quantized photon field

with the very much simplified matter part (so that the interaction between the photon and

matter is introduced somewhat in an ad hoc manner) [12–14]. It is true that these approx-

imations are appropriate for a wide range of systems. For example, the former treatment

is reasonable for a photon field produced by laser and the latter treatment for a system in

cavity QED. We consider, however, it is of great importance to develop a simulation method

based on QED in the form of quantum field theory, and without recourse to the perturbative

approach.1

Besides the non-perturbative time evolution scheme, what we wish to add to the standard

QED framework is the atomic nucleus. This is because, contrary to the high-energy physics

application, the existence of the atomic nuclei is essential for atomic and molecular science

in which we are interested. We would like to have a field theoretic QED formalism which is

applicable to low energy phenomena such as chemical reactions and photoionization process.

In this paper, as has been proposed in Ref. [17, 18], we include the atomic nucleus degree

of freedom in the framework of the Rigged QED.

The Rigged QED [17–19] is a theory which has been proposed to treat dynamics of

charged particles and photons in atomic and molecular systems in a quantum field theoretic

way. In addition to the ordinary QED which is Lorentz invariant with Dirac (electron)

field and U(1) gauge (photon) field, Schrödinger fields which represent atomic nuclei are

added. In this way, dynamics of nuclei and their interaction with photons can be treated

in a unified manner. Incidentally, we here note on semantics of the word “rigged”. It has a

1In Refs. [15, 16], a formalism to simulate the dynamics of the quantum Dirac field has been developed

but in the absence of the photon field.
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nautical connotation as in the phrase “fully rigged ship” and means “equipped”.2 Namely,

the Rigged QED is “QED equipped with Schrödinger fields” as we just described above.

Including the atomic nucleus degrees of freedom as quantum fields is crucial. Since we

would like to treat the interaction between an electron and an atomic nuclei or between

two nuclei as the one which is mediated by the quantized photon field (not by the classical

electromagnetic field), we need to express the atomic nuclei as quantum fields. Then, it is

necessary to compute the interaction non-perturbatively due to the existence of the bound

states. Although this is a difficult task to achieve, in this way, we can go beyond the

quantum mechanical treatment with perturbative QED corrections. We believe such a

theoretical technique opens up a way to study and predict new phenomena.

To solve the dynamics of the Rigged QED in a non-perturbative manner, we need dif-

ferent techniques from those developed for the standard QED. In this paper, as a first step

toward this issue, we propose a procedure to expand the Dirac field operator by solutions of

the Dirac equation for electrons in nuclear potential and derive time evolution equations for

the electron annihilation and creation operators. Similarly, the Schrödinger field operators

are expanded by nucleus annihilation and creation operators. Then we derive time evolution

equations for these annihilation and creation operators and discuss how time evolution of

the operators for physical quantities can be calculated. In the end, we propose a method

to approximate the operator equations by c-number equations and show some numerical

results.

Before ending this section, we note on our notations and conventions which will be used in

this paper. They mostly follow those of Refs. [17–19]. We use the Gaussian system of units.

c denotes the speed of light in vacuum, ℏ the reduced Planck constant and e the electron

charge magnitude (so that e is positive). We put a hat to indicate a quantum operator

to distinguish it from a c-number. A dagger as a superscript is used to express Hermite

conjugate. A commutator is denoted by square brackets as [A,B] ≡ AB−BA and an anti-

commutator by curly brackets as {A,B} ≡ AB +BA. We denote the spacetime coordinate

as x = (xµ) = (x0, xi) = (ct, r⃗) where the Greek letter runs from 0 to 3 and the Latin letter

from 1 to 3. We adopt the convention that repeated Greek indices implies a summation over

2Similar use of the word “rigged” is found in a quantum mechanical context as “rigged Hilbert space”

which means Hilbert space equipped with distribution theory [20]. But it should be noted that the concept

of the rigged Hilbert space is not used in the rigged QED.
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0 to 3. Other summations are explicitly written. The transformation between contravariant

and covariant vectors are done by the metric tensor gµν = diag(1,−1,−1,−1) = gµν . The

gamma matrices are denoted by γµ.

This paper is organized as follows. In the next section, the framework of the Rigged

QED which is relevant to the present study is reviewed briefly. In Sec. 4.3, we introduce

annihilation and creation operators for each field operator and describe how we expand the

field operators. In particular, Sec. 4.3.3 discusses how we treat the photon field operator

in a non-perturbative manner following Ref. [18]. In Sec. 4.4, we derive time evolution

equations for these annihilation and creation operators and discuss how time evolution of

the operators for physical quantities can be calculated. In Sec. 4.5, we propose a method

to approximate the evolution equations of the operators by the evolution equations for the

density matrices of electrons and atomic nuclei. Under this approximation, we carry out

numerical simulation of the time evolution of electron charge density of a hydrogen atom.

The last section is devoted to our conclusion.

4.2 Rigged QED

In this section, we briefly review the general setting of Rigged QED [17–19] by showing

its Lagrangian and equations of motion for the field operators.

4.2.1 Lagrangian

First, we describe Rigged QED in terms of the Lagrangian. A part of the Rigged QED

Lagrangian is the ordinary QED Lagrangian. The Lagrangian density operator of QED can

be written as

L̂QED(x) = − 1

16π
F̂µν(x)F̂ µν(x) + L̂e

({
ψ̂, D̂eµψ̂

}
;x
)
, (4.1)

where F̂µν(x) is the electromagnetic field strength tensor which can be expressed by the

photon field Âµ(x) as

F̂µν(x) = ∂µÂν(x) − ∂νÂµ(x). (4.2)
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We note here that we adopt the Coulomb gauge ∇⃗ · ˆ⃗
A(x) = 0 in this work. L̂e is the

Lagrangian density operator for the electron

L̂e

({
ψ̂, D̂eµψ̂

}
;x
)

= c ˆ̄ψ(x)
(
iℏγµD̂eµ(x) −mec

)
ψ̂(x), (4.3)

where me is the electron mass and the Dirac field operator ψ̂(x) represents the electron (and

positron). The operator with a bar on top is defined by ˆ̄ψ(x) ≡ ψ̂†(x)γ0. We denote the

gauge covariant derivative for the electron as

D̂eµ(x) = ∂µ + i
Zee

ℏc
Âµ(x), Ze = −1. (4.4)

The Rigged QED Lagrangian is this QED Lagrangian “rigged” with the Lagrangian of

the atomic nuclei which are represented by Schrödinger fields. We denote the Schrödinger

field operator for the nucleus a by χ̂a(x). This satisfies commutation relations if a is boson

and anticommutation relations if a is fermion (which in turn is determined by the nuclear

spin of a). The Lagrangian density operator for the atomic nucleus a can be written as

L̂a

({
χ̂a, D̂a0χ̂a,

ˆ⃗
D2

aχ̂a

}
;x
)

= χ̂†
a(x)

(
iℏcD̂a0(x) +

ℏ2

2ma

ˆ⃗
D2

a(x)

)
χ̂a(x), (4.5)

where ma is the mass of the nucleus a and the gauge covariant derivative of a is

D̂aµ(x) = ∂µ + i
Zae

ℏc
Âµ(x), (4.6)

where Za is the a’s atomic number. Thus, when we have Nn types of atomic nuclei in the

system,

L̂RiggedQED(x) = − 1

16π
F̂µν(x)F̂ µν(x) + L̂e

({
ψ̂, D̂eµψ̂

}
;x
)

+
Nn∑
a=1

L̂a

({
χ̂a, D̂a0χ̂a,

ˆ⃗
D2

aχ̂a

}
;x
)
, (4.7)

is the Rigged QED Lagrangian density operator. We note that this Lagrangian has U(1)

gauge symmetry but the Lorentz symmetry is broken by L̂a. This, however, will not be a

problem since we are not going to solve the dynamics in a Lorentz covariant way.

4.2.2 Equation of motion

Here, we show the equations of motion for field operators, ψ̂(x), χ̂a(x) and Âµ(x), in

Rigged QED. They are given by the principle of least action from the Lagrangian density
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operators introduced above. We also define the charge density operator ρ̂(x) and the charge

current density operator
ˆ⃗
j(x).

We begin with the Dirac field operator ψ̂(x). Since the “rigged” part of the Lagrangian

L̂a does not explicitly depend on ψ̂(x), the equation of motion of ψ̂(x) is same as one in the

ordinary QED. That is

iℏγµD̂eµ(x)ψ̂(x) = mecψ̂(x), (4.8)

if written covariantly, and it can be also expressed in a form

iℏ
∂ψ̂(x)

∂t
=
{

(Zee)Â0(x) + α⃗ ·
(
−iℏc∇⃗ − (Zee)

ˆ⃗
A(x)

)
+mec

2β
}
ψ̂(x), (4.9)

which has the same form as a Hamiltonian form of the Dirac equation. In our notation of

the gamma matrices, β = γ0 and α⃗ = γ0γ⃗.

As for the Schrödinger field operator χ̂a(x), we obtain the equation of motion in the

same form as the Schrödinger equation of the non-relativistic quantum mechanics as

iℏ
∂

∂t
χ̂a(x) = − ℏ2

2ma

ˆ⃗
D2

a(x)χ̂a(x) + ZaeÂ0(x)χ̂a(x). (4.10)

This can also be written as

iℏ
∂

∂t
χ̂a(x) = − ℏ2

2ma

{
∇⃗2 − 2i

Zae

ℏc
ˆ⃗
A(x) · ∇⃗ −

(
Zae

ℏc

)2
ˆ⃗
A(x) · ˆ⃗

A(x)

}
χ̂a(x)

+ZaeÂ0(x)χ̂a(x), (4.11)

where we use the Coulomb gauge condition ∇⃗ · ˆ⃗
A(x) = 0.

Finally, the equations of motion for the photon field Âµ(x) have the same form as the

inhomogeneous Maxwell equations of the classical electrodynamics. In the Coulomb gauge,

we have

−∇2Â0(x) = 4πρ̂(x), (4.12)

1

c

∂

∂t
∇⃗Â0(x) +

(
1

c2
∂2

∂t2
−∇2

)
ˆ⃗
A(x) =

4π

c
ˆ⃗
j(x), (4.13)

where ρ̂(x) is the charge density operator,
ˆ⃗
j(x) is the charge current density operator. Note

that in the case of Rigged QED, ρ̂(x) and
ˆ⃗
j(x) include the contribution from atomic nuclei

in addition to that of electrons. These “rigged” charge and current are described below.
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The charge density operator ρ̂(x) is the sum of electron charge density operator ρ̂e(x)

and atomic nuclear charge density operator ρ̂a(x):

ρ̂(x) = ρ̂e(x) +
Nn∑
a=1

ρ̂a(x), (4.14)

where

ρ̂e(x) = Zee
ˆ̄ψ(x)γ0ψ̂(x), (4.15)

ρ̂a(x) = Zaeχ̂
†
a(x)χ̂a(x). (4.16)

Similarly, the charge current density operator
ˆ⃗
j(x) is the sum of electron charge current

density operator
ˆ⃗
je(x) and atomic nuclear charge current density operator

ˆ⃗
ja(x):

ˆ⃗
j(x) =

ˆ⃗
je(x) +

Nn∑
a=1

ˆ⃗
ja(x), (4.17)

where

ˆ⃗
je(x) = Zeec

ˆ̄ψ(x)γ⃗ψ̂(x), (4.18)

ˆ⃗
ja(x) =

Zae

2ma

(
iℏχ̂†

a(x)
ˆ⃗
Da(x)χ̂a(x) − iℏ

(
ˆ⃗
Da(x)χ̂a(x)

)†
· χ̂a(x)

)
. (4.19)

Here, in passing, some notes are in order. First, the equations of continuity hold for each

species, namely,

∂

∂t
ρ̂α(x) + div

ˆ⃗
jα(x) = 0, (4.20)

where α = e or a. Second, ρ̂α(x) (α = e or a) is connected to position probability density

operator N̂α(x) as ρ̂α(x) = ZαeN̂α(x) and
ˆ⃗
jα(x) is connected to velocity density operator

ˆ⃗vα(x) as
ˆ⃗
jα(x) = Zαeˆ⃗vα(x).

In summary, the rigged charge and the rigged current are

ρ̂(x) = Zee
ˆ̄ψ(x)γ0ψ̂(x) +

Nn∑
a

Zaeχ̂
†
a(x)χ̂a(x), (4.21)

ˆ⃗
j(x) = Zeec

ˆ̄ψ(x)γ⃗ψ̂(x)

+
Nn∑
a

Zae

2ma

(
iℏχ̂†

a(x)
ˆ⃗
Da(x)χ̂a(x) − iℏ

(
ˆ⃗
Da(x)χ̂a(x)

)†
· χ̂a(x)

)
. (4.22)

Now, we have a closed set of time evolution equations for field operators ψ̂(x), χ̂a(x) and

Âµ(x): Eqs. (4.9), (4.11), (4.12), (4.13), (4.21) and (4.22). To solve them, we rewrite them

82



using annihilation and creation operators as is done in ordinary QED (or other quantum

field theories). In the next section, we describe how we expand the field operators by the

annihilation and creation operators and derive time evolution equations for them.

4.3 Expansion of field operators by annihilation and

creation operators

In this section, we introduce annihilation and creation operators for each field opera-

tor and describe our expansion method. As is explained in the following, definitions for

annihilation and creation operators are different from those used in the conventional QED

treatment. This reflects our aim to treat dynamics of electrons, photons and atomic nuclei

in atomic and molecular systems, which are bound states, in a non-perturbative manner.

4.3.1 Electron field

In QED, the electron is expressed by the Dirac field operator ψ̂(x) and it is usually

expanded by plane waves, which are solutions for the free Dirac equation. As is well-

established, this works extremely fine for the mostly considered QED processes which are

represented by scattering cross sections. This is because those processes are described by

a perturbation series to non-interacting system with the interaction mediated by photons

treated as the perturbation.

In our case, however, since molecular systems are highly non-perturbative and electrons

are bounded, the same method is not likely to work. In addition, what we want to know is

not the cross section, which just describes the transition between infinite past (“in-state”)

and infinite future (“out-state”), but time step-by-step evolution of the systems. To this

end, we propose an alternative way to expand ψ̂(x) as

ψ̂(ct, r⃗) =

ND∑
n=1

[
ên(t)ψ(+)

n (r⃗) + f̂ †
n(t)ψ(−)

n (r⃗)
]
, (4.23)

ψ̂†(ct, r⃗) =

ND∑
n=1

[
ê†n(t)ψ†(+)

n (r⃗) + f̂n(t)ψ†(−)
n (r⃗)

]
, (4.24)

where ên(t)/ê†n(t) is the electron annihilation/creation operator, f̂n(t)/f̂ †
n(t) is the positron

annihilation/creation operator and ψ
(+)
n (r⃗) (ψ

(−)
n (r⃗)) are the four-component wave functions
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of the electron (the positron), which are solutions of the time-independent Dirac equation

for a particle in a nucleus field. Concretely, ψ
(±)
n (r⃗) can be considered as the n-th molecular

orbitals which are obtained by solving the four-component Dirac Hartree-Fock equation for

the system and ND is the number of the basis set.

We note that this expansion of the field operator is similar to the Furry representation

(picture) of ordinary QED [21, 22] in a sense that it uses the solutions of the Dirac equation in

an external field. However, the annihilation/creation operators in the Furry representation

do not depend on time (so it can be considered as a variant of the interaction picture)

whereas those in our expansion carry all the time-dependence of the field operator. In other

words, we adopt to work in Heisenberg picture. Since we wish to solve the dynamics of

the system in a non-perturbative manner, the use of interaction picture does not make our

problem easier.

Before proceeding further, to make equations below less cluttered, we introduce our

notation for the annihilation/creation operators and the electron/positron wavefunctions.

We define

ên+ ≡ ên, (4.25)

ên− ≡ f̂ †
n, (4.26)

and

ψn+(r⃗) ≡ ψ(+)
n (r⃗), (4.27)

ψn−(r⃗) ≡ ψ(−)
n (r⃗). (4.28)

Note that the positron creation operator does not have a dagger as superscript in our

notation. Then the field operator expansion eq. (4.23) can be written as

ψ̂(ct, r⃗) =

ND∑
n=1

∑
a=±

êna(t)ψna(r⃗), (4.29)

and orthonormality of the wavefunctions can be expressed as∫
d3r⃗ ψ†

na(r⃗)ψmb(r⃗) = δnmδab. (4.30)

The anti-commutation relation can be written by{
êna , ê†

mb

}
= δnmδab, (4.31)
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and anti-commutators of other combinations are zero. Also, for later use, we define the

electron excitation operator

Ênamb ≡ ê†na êmb . (4.32)

4.3.2 Nucleus field

We expand the Schrödinger field operator χ̂a(x) for the atomic nucleus a by the nucleus

annihilation operator ĉai and creation operator ĉ†ai as

χ̂a(ct, r⃗) =

NS∑
i=1

ĉai(t)χai(r⃗), (4.33)

χ̂†
a(ct, r⃗) =

NS∑
i=1

ĉ†ai(t)χ
∗
ai(r⃗), (4.34)

where χai(r⃗) is a set of orthonormal functions∫
d3r⃗ χ∗

ai(r⃗)χaj(r⃗) = δij. (4.35)

The commutation relation for ĉai and ĉ†ai is
[
ĉai, ĉ

†
aj

]
= δij and the anti-commutation relation

is
{
ĉai, ĉ

†
aj

}
= δij. For the other combinations, (anti-)commutators are zero. Which of

them is imposed depends on the a’s nuclear spin. If a has (half-)integer spin, the (anti-

)commutation relation is imposed.

As is done for the electron case, we define the nucleus excitation operator

Ĉaij ≡ ĉ†aiĉaj, (4.36)

for the later convenience.

4.3.3 Photon field

In QED, the photon is expressed by a vector field operator Âµ(x) with U(1) gauge

symmetry. In the standard QED treatment, the quantization is performed to free electro-

magnetic field and the interaction with the electron is taken into account as a perturbation.

Although this is not the way we try to solve the dynamics of the system as mentioned previ-

ously, since we are going to use the expression of the quantized free field as a part of Âµ(x),

we begin by showing its expression. We call this Ârad,µ(x) to distinguish from the total
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Âµ(x). In the Coulomb gauge, as is commonly done when quantizing the electromagnetic

field (e.g. Ref. [7, 8, 12]), we have

Â0
rad(ct, r⃗) = 0, (4.37)

Âk
rad(ct, r⃗) =

√
4πℏ2c√
(2πℏ)3

∑
σ=±1

∫
d3p⃗√
2p0

[
â(p⃗, σ)ek(p⃗, σ)e−icp0t/ℏeip⃗·r⃗/ℏ

+â†(p⃗, σ)e∗k(p⃗, σ)eicp
0t/ℏe−ip⃗·r⃗/ℏ

]
, (4.38)

where â(p⃗, σ) is the annihilation operator of the photon with momentum p⃗ and helicity σ

and e⃗ is the polarization vector. The photon annihilation/creation operators satisfy the

commutation relation

[â(p⃗, σ), â†(p⃗ ′, σ′)] = δ(p⃗− p⃗ ′)δσσ′ , (4.39)

and commutators of the other combinations are zero. As for the polarization vector, when

we take the photon momentum in the polar coordinate as

p⃗ =


p0 sin θ cosϕ

p0 sin θ sinϕ

p0 cos θ

 , (4.40)

(0 ≤ θ ≤ π, 0 ≤ ϕ < 2π, |p⃗| = p0), we have

e⃗(p⃗, σ) =
1√
2


cosϕ cos θ ∓ i sinϕ

sinϕ cos θ ± i cosϕ

− sin θ

 , (4.41)

where the double sign corresponds to σ = ±1. We note that Â0
rad(ct, r⃗) and

ˆ⃗
Arad(ct, r⃗) by

construction satisfy Maxwell equations (4.12) and (4.13) with the right-hand-sides being

zero (i.e. equations for free fields).

To solve the dynamics of the system non-perturbatively, we take advantage of the fact

that the formal solutions of the inhomogeneous Maxwell equations (4.12) and (4.13) are

known from the classical electrodynamics [23]. We shall employ the strategy to express

Âµ(x) by such solutions [18].

As for the first inhomogeneous Maxwell equation (4.12), since it only contains the scalar

potential Â0(ct, r⃗), its solution is readily written by the sum of the solution of Eq. (4.12)
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with the right-hand-side being zero and the particular solution of Eq. (4.12). The former is

Â0
rad(ct, r⃗) which is zero (Eq. (4.37)) and the latter is known as the solution of the Poisson

equation. Thus,

Â0(ct, r⃗) =

∫
d3s⃗

ρ̂(ct, s⃗)

|r⃗ − s⃗|
. (4.42)

As for the second inhomogeneous Maxwell equation (4.13), we can make it simpler by

decomposing the current
ˆ⃗
j(x) into the transversal component

ˆ⃗
jT (x) and the longitudinal

component
ˆ⃗
jL(x) as

ˆ⃗
j(x) =

ˆ⃗
jT (x) +

ˆ⃗
jL(x), (4.43)

where ∇⃗ · ˆ⃗jT (x) = 0 and ∇⃗× ˆ⃗
jL(x) = 0. This transforms Eq. (4.13) into two equations each

involving only Â0(ct, r⃗) or
ˆ⃗
A(ct, r⃗)(

1

c2
∂2

∂t2
−∇2

)
ˆ⃗
A(x) =

4π

c
ˆ⃗
jT (x), (4.44)

∂

∂t
∇⃗Â0(x) = 4π

ˆ⃗
jL(x). (4.45)

Since we have already found Â0(x) as Eq. (4.42), Eq. (4.45) tells us
ˆ⃗
jL(x), which in turn

gives the right-hand-side of Eq. (4.44) by
ˆ⃗
j(r⃗) − ˆ⃗

jL(r⃗). Then we can obtain the solution

of Eq. (4.44) by the sum of the solution of Eq. (4.44) with the right-hand-side being zero

and the particular solution of Eq. (4.44). The former is
ˆ⃗
Arad(ct, r⃗) (Eq. (4.38)) which is

written by the annihilation/creation operators and the latter is known from the classical

electromagnetism, which we shall call
ˆ⃗
AA(ct, r⃗). Written explicitly,

ˆ⃗
AA(ct, r⃗) =

1

c

∫
d3s⃗

ˆ⃗
jT (cu, s⃗)

|r⃗ − s⃗|
, (4.46)

where

u = t− |r⃗ − s⃗|
c

. (4.47)

In summary, the vector potential
ˆ⃗
A(ct, r⃗) is

ˆ⃗
A(ct, r⃗) =

ˆ⃗
Arad(ct, r⃗) +

ˆ⃗
AA(ct, r⃗), (4.48)

which are given by Eqs. (4.38), (4.46) and (4.47).
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4.3.4 Charge density and charge current density

In this subsection we express the charge density operator ρ̂(x) (Eq. (4.21)) and the charge

current density operator
ˆ⃗
j(x) (Eq. (4.22)) in terms of annihilation and creation operators

(or excitation operators) which are defined in previous subsections.

The expression for the electronic charge density operator can be derived by substituting

Eq. (4.29) into Eq. (4.15), and the atomic nucleus charge density operator by Eq. (4.33)

into Eq. (4.16). They give

ρ̂e(x) =

ND∑
p,q=1

∑
c,d=±

ρpcqd(r⃗)Êpcqd , (4.49)

ρ̂a(x) =

NS∑
i,j=1

ρaij(r⃗)Ĉaij, (4.50)

where

ρpcqd(r⃗) ≡ (Zee)ψ
†
pc(r⃗)ψqd(r⃗), (4.51)

ρaij(r⃗) ≡ (Zae)χ
∗
ai(r⃗)χaj(r⃗). (4.52)

The expression for the charge current density operator can be derived in a similar manner.

From Eq. (4.18), the electronic charge current density operator is

ĵke (x) =

ND∑
p,q=1

∑
c,d=±

jkpcqd(r⃗)Êpcqd , (4.53)

where

jkpcqd(r⃗) ≡ Ze e c
[
ψ†
pc(r⃗)γ

0γkψqd(r⃗)
]
. (4.54)

From Eq. (4.19), the atomic nucleus charge current density operator is

ĵka(x) =

NS∑
i,j=1

{
jkaij(r⃗)Ĉaij −

(Zae)

mac
ρaij(r⃗)

(
Âk

radĈaij + ĉ†aiÂ
k
Aĉaj

)}
, (4.55)

where

jkaij(r⃗) ≡ −(Zae)
iℏ

2ma

{
χ∗
ai(r⃗)∇kχaj(r⃗) −

(
∇kχ∗

ai(r⃗)
)
χaj(r⃗)

}
. (4.56)

Note that in our notation the spatial components of the covariant derivative are D⃗(x) =

−∇⃗ + i q
ℏcA⃗(x). Also, we have used the fact that ĉaj commutes with Âk

rad but not with Âk
A.
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Therefore, the total charge density operator ρ̂(x) and the charge current density operator

ˆ⃗
j(x) are

ρ̂(x) =

ND∑
p,q=1

∑
c,d=±

ρpcqd(r⃗)Êpcqd +
Nn∑
a=1

NS∑
i,j=1

ρaij(r⃗)Ĉaij, (4.57)

ĵk(x) =

ND∑
p,q=1

∑
c,d=±

jkpcqd(r⃗)Êpcqd

+
Nn∑
a=1

NS∑
i,j=1

{
jkaij(r⃗)Ĉaij −

(Zae)

mac
ρaij(r⃗)

(
Âk

radĈaij + ĉ†aiÂ
k
Aĉaj

)}
. (4.58)

Now, we can rewrite the scalar potential Â0(ct, r⃗) using the excitation operators. Sub-

stituting Eq. (4.57) into Eq. (4.42) gives

Â0(ct, r⃗) =

ND∑
p,q=1

∑
c,d=±

Vpcqd(r⃗)Êpcqd +
Nn∑
a=1

NS∑
i,j=1

Vaij(r⃗)Ĉaij, (4.59)

where we define integrals

Vpcqd(R⃗) ≡
∫
d3s⃗

ρpcqd(s⃗)

|s⃗− R⃗|
, (4.60)

Vaij(R⃗) ≡
∫
d3s⃗

ρaij(s⃗)

|s⃗− R⃗|
. (4.61)

Then, we can express
ˆ⃗
jL(x) using the excitation operators via Eq. (4.45). Substituting

Eq. (4.59) into Eq. (4.45) gives

ĵkL(x) = −
ND∑

p,q=1

∑
c,d=±

Ek
pcqd(r⃗)

dÊpcqd
dt

−
Nn∑
a=1

NS∑
i,j=1

Ek
aij(r⃗)

dĈaij
dt

, (4.62)

where we define integrals

Ek
pcqd(R⃗) ≡ − 1

4π

∂

∂Rk
Vpcqd(R⃗) = −Zee

4π

∫
d3s⃗ ψ†

pc(s⃗)ψqd(s⃗)
(s⃗− R⃗)k

|s⃗− R⃗|3
, (4.63)

Ek
aij(R⃗) ≡ − 1

4π

∂

∂Rk
Vaij(R⃗) = −Zae

4π

∫
d3s⃗ χ∗

ai(s⃗)χaj(s⃗)
(s⃗− R⃗)k

|s⃗− R⃗|3
. (4.64)

Finally, we can obtain
ˆ⃗
jT (x) from Eqs. (4.58) and (4.62), and in turn

ˆ⃗
AA(ct, r⃗) using

Eq. (4.46). However, the existence of retardation (Eq. (4.47)) in the right-hand-side of

Eq. (4.46) prevent us from making the expression of
ˆ⃗
AA(ct, r⃗) simpler. In other words,

ˆ⃗
AA(ct, r⃗) is determined by

ˆ⃗
jT at earlier times than t, whose expression contains

ˆ⃗
AA at these

times. Thus,
ˆ⃗
AA(ct, r⃗) is computed step-by-step in time using all the information of itself

at earlier times.
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4.4 Time evolution of annihilation and creation oper-

ators

In this section, we derive time evolution equations for annihilation operators of the

electron êpc and the nucleus ĉai. Those for the creation operators can be obtained by taking

Hermite conjugate. We note that in our formalism, the photon annihilation operator â(p⃗, σ)

does not depend on time as is in the standard QED treatment. We also discuss the time

evolution of the excitation operators and physical quantities.

4.4.1 Electron annihilation operator

We first derive the time derivative of the electron annihilation operator êpc . This is ob-

tained by substituting the expansion (4.29) into (4.9), multiplying by ψ†
pc(r⃗) and integrating

over r⃗. Then, the orthonormality of the wavefunctions (Eq. (4.30)) yields

iℏ
∂êpc

∂t
=

ND∑
q=1

∑
d=±

(
Î1pcqd + Î2pcqd + Î3pcqd + Î4pcqd

)
êqd , (4.65)

where

Î1pcqd =

∫
d3r⃗ ψ†

pc(r⃗)α⃗ ·
(
−iℏc∇⃗

)
ψqd(r⃗), (4.66)

Î2pcqd =

∫
d3r⃗ ψ†

pc(r⃗)α⃗ ·
(
−(Zee)

ˆ⃗
A(x)

)
ψqd(r⃗), (4.67)

Î3pcqd =

∫
d3r⃗ ψ†

pc(r⃗)(mec
2)βψqd(r⃗), (4.68)

Î4pcqd =

∫
d3r⃗ ψ†

pc(r⃗)(Zee)Â0(x)ψqd(r⃗). (4.69)

Î1pcqd and Î3pcqd are contributions from kinetic energy and mass energy respectively. We

define the electron kinetic energy integral

Tpcqd ≡ −iℏc
∫
d3r⃗ ψ†

pc(r⃗)γ
0γ⃗ · ∇⃗ψqd(r⃗), (4.70)

and the electron mass energy integral

Mpcqd ≡ mec
2

∫
d3r⃗ ψ†

pc(r⃗)γ
0ψqd(r⃗). (4.71)

Then, we have Î1pcqd = Tpcqd and Î3pcqd = Mpcqd .
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Î4pcqd can be rewritten using Eq. (4.59) as

Î4pcqd =

∫
d3r⃗ ρpcqd(r⃗)Â0(x) (4.72)

=

ND∑
r,s=1

∑
e,f=±

(pcqd|resf )Êresf +
Nn∑
a=1

NS∑
i,j=1

(pcqd|iaja)Ĉaij, (4.73)

where we define two types of four-center integral as

(pcqd|resf ) ≡ (Zee)
2

∫
d3r⃗ d3s⃗ ψ†

pc(r⃗)ψqd(r⃗)
1

|r⃗ − s⃗|
ψ†
re(s⃗)ψsf (s⃗), (4.74)

(pcqd|iaja) ≡ (Zee)(Zae)

∫
d3r⃗ d3s⃗ ψ†

pc(r⃗)ψqd(r⃗)
1

|r⃗ − s⃗|
χ∗
ai(s⃗)χaj(s⃗). (4.75)

We can write Î2pcqd using Eq. (4.54) as

Î2pcqd = −1

c

∫
d3r⃗ j⃗pcqd(r⃗) ·

(
ˆ⃗
Arad(x) +

ˆ⃗
AA(x)

)
. (4.76)

Here, the term including
ˆ⃗
Arad(x) can be written, by substituting Eq. (4.38), as

−1

c

∫
d3r⃗ j⃗pcqd(r⃗) · ˆ⃗

Arad(x)

= −1

c

√
4πℏ2c√
(2πℏ)3

∑
σ=±1

∫
d3p⃗√
2p0

×[
F⃗pcqd(p⃗) · e⃗(p⃗, σ)e−icp0t/ℏâ(p⃗, σ) + F⃗pcqd(−p⃗) · e⃗∗(p⃗, σ)eicp

0t/ℏâ†(p⃗, σ)
]
, (4.77)

where we define the integral which is the Fourier transformation of the function for the

electron charge current density (Eq. (4.54))

F k
pcqd(p⃗) ≡

∫
d3r⃗ jkpcqd(r⃗)eip⃗·r⃗/ℏ. (4.78)

The term including
ˆ⃗
AA(x) can be written, by substituting Eq. (4.46), as

−1

c

∫
d3r⃗ j⃗pcqd(r⃗) · ˆ⃗

AA(x) = − 1

c2

∫
d3r⃗ d3s⃗

j⃗pcqd(r⃗) · ˆ⃗
jT (cu, s⃗)

|r⃗ − s⃗|
. (4.79)

Further simplification is not possible due to the retardation u = t− |r⃗−s⃗|
c

in
ˆ⃗
jT .
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Putting these all together, we obtain

iℏ
∂êpc

∂t
=

ND∑
q=1

∑
d=±

(Tpcqd +Mpcqd)êqd +

ND∑
q,r,s=1

∑
d,e,f=±

(pcqd|resf )Êresf êqd

+

ND∑
q=1

∑
d=±

Nn∑
a=1

NS∑
i,j=1

(pcqd|iaja)Ĉaij êqd

− 1

c2

ND∑
q=1

∑
d=±

∫
d3r⃗ d3s⃗

j⃗pcqd(r⃗) · ˆ⃗
jT (cu, s⃗)

|r⃗ − s⃗|
êqd

− 1

c

√
4πℏ2c√
(2πℏ)3

ND∑
q=1

∑
d=±

∑
σ=±1

∫
d3p⃗√
2p0

×[
F⃗pcqd(p⃗) · e⃗(p⃗, σ)e−icp0t/ℏâ(p⃗, σ)êqd + F⃗pcqd(−p⃗) · e⃗∗(p⃗, σ)eicp

0t/ℏâ†(p⃗, σ)êqd
]
.(4.80)

The Born-Oppenheimer approximation version of this equation is derived in the Appendix 4.6.

4.4.2 Nucleus annihilation operator

We next derive the time derivative of the nucleus annihilation operator ĉai. Similarly to

the electron case, this is obtained by substituting the expansion (4.33) into (4.11), multiply-

ing by χ∗
ai(r⃗) and integrating over r⃗. Then, the orthonormality of the expansion functions

(Eq. (4.35)) yields

iℏ
∂ĉai
∂t

=

NS∑
j=1

(
Î1aij + Î2aij + Î3aij + Î4aij

)
ĉaj, (4.81)

where

Î1aij = − ℏ2

2ma

∫
d3r⃗ χ∗

ai(r⃗)∇⃗2χaj(r⃗), (4.82)

Î2aij =
iℏZae

mac

∫
d3r⃗

ˆ⃗
A(x) ·

(
χ∗
ai(r⃗)∇⃗χaj(r⃗)

)
, (4.83)

Î3aij =
(Zae)

2

2mac2

∫
d3r⃗

ˆ⃗
A(x) · ˆ⃗

A(x)χ∗
ai(r⃗)χaj(r⃗), (4.84)

Î4aij = (Zae)

∫
d3r⃗ Â0(x)χ∗

ai(r⃗)χaj(r⃗). (4.85)

Î1aij is the contribution from nucleus kinetic energy. Defining the nucleus kinetic energy

integral by

Taij = − ℏ2

2ma

∫
d3r⃗ χ∗

ai(r⃗)∇⃗2χaj(r⃗), (4.86)

92



we have Î1aij = Taij.

Î4aij can be rewritten using Eq. (4.59).

Î4aij =

∫
d3r⃗ ρaij(r⃗)Â0(x) (4.87)

=

ND∑
p,q=1

∑
c,d=±

(pcqd|iaja)Êpcqd +
Nn∑
b=1

NS∑
k,l=1

(iaja|kblb)Ĉbkl, (4.88)

where we use Eq. (4.75) and define another four-center integral

(iaja|kblb) ≡ (Zae)(Zbe)

∫
d3r⃗ d3s⃗ χ∗

ai(r⃗)χaj(r⃗)
1

|r⃗ − s⃗|
χ∗
bk(s⃗)χbl(s⃗). (4.89)

Î2aij can be written as

Î2aij = −1

c

∫
d3r⃗ j⃗aij(r⃗) ·

(
ˆ⃗
Arad(x) +

ˆ⃗
AA(x)

)
, (4.90)

where we integrate by parts, use the Coulomb gauge condition and Eq. (4.56). We note

that this has the same form as Eq. (4.76) but j⃗pcqd(r⃗) replaced by j⃗aij(r⃗). Then the term

including
ˆ⃗
Arad(x) should have the right-hand-side of Eq. (4.77) but F⃗pcqd(p⃗) (Eq. (4.78))

replaced by F⃗aij(p⃗) where

F k
aij(p⃗) ≡

∫
d3r⃗ jkaij(r⃗)e

ip⃗·r⃗/ℏ, (4.91)

is the Fourier transformation of the function for the nucleus charge current density (Eq. (4.56)).

Also, the term including
ˆ⃗
AA(x) is Eq. (4.79) but j⃗pcqd(r⃗) replaced by j⃗aij(r⃗).

Î3aij can be decomposed into four terms because
ˆ⃗
Arad(x) and

ˆ⃗
AA(x) do not commute.

Namely,

Î3aij =
Zae

2mac2

∫
d3r⃗

(
ˆ⃗
Arad ·

ˆ⃗
Arad +

ˆ⃗
Arad ·

ˆ⃗
AA +

ˆ⃗
AA · ˆ⃗

Arad +
ˆ⃗
AA · ˆ⃗

AA

)
ρaij(r⃗). (4.92)

Since the last three terms involve
ˆ⃗
AA(x) which includes the retarded potential, we cannot

make their expression simpler. The first term can be rewritten using the Fourier transfor-

mation of the function for the nucleus charge density (Eq. (4.52)),

Faij(p⃗) ≡
∫
d3r⃗ ρaij(r⃗)e

ip⃗·r⃗/ℏ, (4.93)

and subsequently defining

Gaij(p⃗, σ, q⃗, τ) ≡ e⃗(p⃗, σ) · e⃗(q⃗, τ)Faij(p⃗+ q⃗), (4.94)
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as

Zae

2mac2

∫
d3r⃗

(
ˆ⃗
Arad ·

ˆ⃗
Arad

)
ρaij(r⃗) =

Zae

4π2maℏc
∑

σ,τ=±1

∫
d3p⃗√
2p0

d3q⃗√
2q0

×[
Gaij(p⃗, σ, q⃗, τ)e−ic(p0+q0)t/ℏâ(p⃗, σ)â(q⃗, τ) +Gaij(p⃗, σ,−q⃗, τ)e−ic(p0−q0)t/ℏâ(p⃗, σ)â†(q⃗, τ) +

Gaij(−p⃗, σ, q⃗, τ)eic(p
0−q0)t/ℏâ†(p⃗, σ)â(q⃗, τ) +Gaij(−p⃗, σ,−q⃗, τ)eic(p

0+q0)t/ℏâ†(p⃗, σ)â†(q⃗, τ)

]
,(4.95)

where we used eµ(−p⃗, σ) = e∗µ(p⃗, σ).

4.4.3 Excitation operators and physical quantities

As is shown in Eqs. (4.49) and (4.50), operators for physical quantities are expressed

by the excitation operators Êpcqd (Eq. (4.32)) and Ĉaij (Eq. (4.36)). (For the field operator

expression of other physical quantities of our interests, we refer Refs. [17, 19].) Thus, we

here show the time derivative of Êpcqd and Ĉaij.

As for Êpcqd , Eqs. (4.32) and (4.65) (and its Hermite conjugate) give

iℏ
dÊpcqd
dt

=

ND∑
r=1

∑
e=±

(
−ê†re Îrepc êqd + ê†pc Îqdre êre

)
, (4.96)

where we define Îpcqd ≡ Î1pcqd + Î2pcqd + Î3pcqd + Î4pcqd and use Î†
pcqd

= Îqdpc . Similarly,

Eqs. (4.36) and (4.81) (and its Hermite conjugate) give

iℏ
dĈaij
dt

=

NS∑
k=1

(
−ĉ†akÎakiĉaj + ĉ†aiÎajkĉak

)
(4.97)

where we define Îaij ≡ Î1aij + Î2aij + Î3aij + Î4aij and use Î†aij = Îaji.

Finally, we describe how we can calculate physical quantities from these equations taking

the electronic charge density for example. The electronic charge density operator is shown

in Eq. (4.49). To make the operator observable, we have to take its expectation value.

Since we work in the Heisenberg picture as we have mentioned in Sec. 4.3, the operator is

sandwiched by time-independent initial bra and ket. Let |Φ⟩ be such a ket vector which is

constructed by multiplying the vacuum |0⟩ by the creation operators at the initial time in

an appropriate manner for a desired initial condition. Then the electronic charge density

ρe(ct, r⃗) is

ρe(ct, r⃗) = ⟨Φ| : ρ̂e(ct, r⃗) : |Φ⟩ =

ND∑
p,q=1

∑
c,d=±

ρpcqd(r⃗)⟨Φ| : Êpcqd(t) : |Φ⟩, (4.98)
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where :: denotes the operator in between should be normal ordered. Alternatively, we can

also say the physical quantity should be defined to have zero vacuum expectation value:

⟨Φ| : Êpcqd(t) : |Φ⟩ = ⟨Φ|Êpcqd(t)|Φ⟩ − ⟨0|Êpcqd(t)|0⟩. This expectation value can be com-

puted using the (anti-)commutation relations after Êpcqd(t) is expressed by the operators at

the initial time via the evolution equation Eq. (4.96). To express Êpcqd(t) in terms of the

annihilation/creation operators at the initial time, we may discretize the time variable and

solve Eqs. (4.96) and (4.97) step by step in time direction. Although this procedure and

subsequent computation of the expectation value can in principle be carried out, since we

are dealing with the differential equations of operators, which are not commutative, the

algebraic manipulation required is hugely demanding. The difficulty would increase very

rapidly as the time steps grow. We consider such brute force computation is important to

obtain as exact results as possible and it may not be impossible to do so employing recent

developments in the field of computer algebra [24, 25]. At this stage, however, it is more

important to look for a method to truck the time evolution of the physical quantities based

on Eqs. (4.96) and (4.97) with suitable approximations. We will discuss such a method in

next section.

4.5 Approximation by density matrix equations

At the end of the previous section, we have pointed out that the excitation operator

equations of the Rigged QED, Eqs. (4.96) and (4.97), are practically impossible to solve

by the present computational technology. We therefore propose an approximation method,

which is described in this section. We also show a result of numerical calculation based on

that approximation for a hydrogen atom.

4.5.1 Density matrix equations

We begin by introducing density matrices for electrons and atomic nuclei. They are

defined by the expectation values (Sec. 4.4.3) of the corresponding excitation operators and

we denote them as Epcqd and Caij respectively. Namely, the electron density matrix Epcqd is

Epcqd(t) ≡ ⟨Φ| : Êpcqd(t) : |Φ⟩, (4.99)
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and the atomic nucleus density matrix Caij is

Caij(t) ≡ ⟨Φ| : Ĉaij(t) : |Φ⟩. (4.100)

The first step of our approximation is to replace
ˆ⃗
AA and

ˆ⃗
jT by their expectation values,

which are denoted by

A⃗A ≡ ⟨Φ| :
ˆ⃗
AA : |Φ⟩, (4.101)

J⃗T ≡ ⟨Φ| :
ˆ⃗
jT : |Φ⟩. (4.102)

Using the density matrices, they are expressed as

J k
T (x) = J k(x) − J k

L (x), (4.103)

J k(x) =

ND∑
p,q=1

∑
c,d=±

jkpcqd(r⃗)Epcqd

+
Nn∑
a=1

NS∑
i,j=1

{
jkaij(r⃗)Caij −

(Zae)

mac
ρaij(r⃗)

(
⟨Âk

rad⟩Caij + Ak
ACaij

)}
, (4.104)

J k
L (x) = −

ND∑
p,q=1

∑
c,d=±

Ek
pcqd(r⃗)

dEpcqd
dt

−
Nn∑
a=1

NS∑
i,j=1

Ek
aij(r⃗)

dCaij
dt

, (4.105)

where ⟨Âk
rad⟩ = ⟨Φ|Âk

rad|Φ⟩, and

A⃗A(ct, r⃗) =
1

c

∫
d3s⃗

J⃗T (cu, s⃗)

|r⃗ − s⃗|
, u = t− |r⃗ − s⃗|

c
. (4.106)

The second step is to replace Â0 by its expectation value. This leads to replacement of

the excitation operators in Î4pcqd and Î4aij (Eqs. (4.73) and (4.88)) by corresponding density

matrices.

The final step is taking the expectation values of the time evolution equations of the

excitation operators, Eqs. (4.96) and (4.97), to obtain those of the density matrices. Then,

the evolution equation of electron density matrix is derived from Eq. (4.96) as

iℏ
dEpcqd
dt

=

ND∑
r=1

∑
e=±

(
−IrepcEreqd + IqdreEpcre

)
, (4.107)
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where Ipcqd ≡ I1pcqd + I2pcqd + I3pcqd + I4pcqd and

I1pcqd = Tpcqd , (4.108)

I2pcqd = −1

c

∫
d3r⃗ j⃗pcqd(r⃗) ·

(
⟨ ˆ⃗
Arad(x)⟩ + A⃗A(x)

)
, (4.109)

I3pcqd = Mpcqd , (4.110)

I4pcqd =

ND∑
r,s=1

∑
e,f=±

(pcqd|resf )Eresf +
Nn∑
a=1

NS∑
i,j=1

(pcqd|iaja)Caij. (4.111)

Similarly, the evolution equation of atomic nucleus density matrix is derived from Eq. (4.97)

as

iℏ
dCaij
dt

=

NS∑
k=1

(−IakiCakj + IajkCaik) (4.112)

where we define Iaij ≡ I1aij + I2aij + I3aij + I4aij and

I1aij = Taij, (4.113)

I2aij = −1

c

∫
d3r⃗ j⃗aij(r⃗) ·

(
⟨ ˆ⃗
Arad(x)⟩ + A⃗A(x)

)
, (4.114)

I3aij =
Zae

2mac2

∫
d3r⃗

(
⟨ ˆ⃗
Arad ·

ˆ⃗
Arad⟩ + 2⟨ ˆ⃗

Arad⟩ · A⃗A + A⃗A · A⃗A

)
ρaij(r⃗), (4.115)

I4aij =

ND∑
p,q=1

∑
c,d=±

(pcqd|iaja)Epcqd +
Nn∑
b=1

NS∑
k,l=1

(iaja|kblb)Cbkl. (4.116)

Eqs. (4.107) and (4.112), together with Eqs. (4.103)-(4.106), form a closed set of time

evolution equations of the density matrices. Since they are c-number quantities, they can

be solved by a straightforward manner.

4.5.2 Numerical calculation

We here show the result of numerical computation of solving the equations derived in

Sec. 4.5.1. We adopt to make the equations simpler by employing further approximations.

One is neglecting A⃗A contribution from the vector potential to avoid heavy numerical inte-

gration involving the retarded potential. Another is the Born-Oppenheimer approximation

(Sec. 4.6) to eliminate the degree of freedom of the atomic nucleus density matrix. Then,

we need to only solve the equation for the electron density matrix Eq. (4.107) with Ipcqd

being

Ipcqd = hpcqd +

ND∑
r,s=1

∑
e,f=±

(pcqd|resf )Eresf −
1

c

∫
d3r⃗ j⃗pcqd(r⃗) · ⟨ ˆ⃗

Arad(x)⟩, (4.117)
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where the first term on the right-hand side is defined by Eq. (4.126) and the third term can

be written as Eq. (4.77) with â and â† replaced by ⟨â⟩ and ⟨â†⟩ respectively.

Now, we describe our computational setups for solving time evolution of electron charge

density of a hydrogen atom. The orbital functions which are used to expand the electron

field operator (Sec. 4.3.1) are obtained by the publicly available DIRAC 10 code [26]. The

Dirac-Coulomb Hamiltonian and the STO-3G basis set are used. Note that in this basis

set, the electron density matrix is 4 × 4 matrix whose components denote electron (1+), its

Kramers partner (1̄+), positron (1−) and its Kramers partner (1̄−). The initial state for

the electron is taken to be the ground state. In terms of the electron density matrix, at

the initial time, E1+1+ = 1 and the other components are set to be zero. As for the initial

state for the photon, we perform calculation with and without initial photon field. When

we include initial photon, we assume coherent state for the initial state so that ⟨â⟩ and

⟨â†⟩ have non-zero values. We take the coherent state to be that of a single mode with the

eigenvalue equals to 1. The mode is chosen to be in the x-direction (θ = π/2 and ϕ = 0)

and the polarization to be σ = +1 (see Sec. 4.3.3). The momentum p0 is taken to be 1, 10

and 20. We work in the atomic units so that me = e = ℏ = 1 and c = 137.035999679. The

1 a.u. of time corresponds to 2.419 × 10−17 s or 24.19 as.

As is described in Sec. 4.4.3, the electronic charge density ρe(ct, r⃗) is calculated as

Eq. (4.98). In our approximation by the density matrix,

ρe(ct, r⃗) =

ND∑
p,q=1

∑
c,d=±

ρpcqd(r⃗)Epcqd(t). (4.118)

We compute this quantity at (x, y, z) = (1, 0, 0) and plot the time evolution in Figs. 4.1-4.4.

Fig. 4.1 shows the result with no photon in the initial bra and ket. Figs. 4.2, 4.3 and 4.4

show the result with the initial photon bra and ket taken as a coherent state (as describe

above in detail) with p0 = 1, 10 and 20 respectively.

The common feature of these results is the oscillatory behavior. From the visual inspec-

tion of the figures, there are two types of oscillations. First, we see very rapid oscillations

with the period of about 1.7×10−4 a.u. in all of Figs. 4.1-4.4. Second, as is seen in Figs. 4.3

and 4.4, there are oscillations with longer period which modulate the rapid oscillations.

They have the period of roughly 4.6 × 10−3 a.u and 2.3 × 10−3 a.u in Figs. 4.3 and 4.4 re-

spectively. These numbers suggest the origins of the oscillations. The period of rapid ones
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is very close to the period which is determined from mass scales of electron and positron,

that is, 2π/(2mec
2) = 1.67 × 10−4. The longer periods seen in Figs. 4.3 and 4.4 are very

close to the period which is determined from the initial photon momentum, 2π/(p0c), giving

4.59 × 10−3 and 2.29 × 10−3 for p0 = 10 and 20 respectively. The interpretation of the

latter oscillations is that they are caused by the initial photon state which operates as the

external oscillating electromagnetic field. Technically, they originate from the third term

of Eq. (4.117) and the time scale of the oscillations is easily read off from Eq. (4.77). As

for the former rapid oscillations, since it has the period of twice the mass of electron (or

positron), it can be interpreted as the fluctuations originated from virtual electron-positron

pair creations. The numerical origin is of course the mass term, Eq. (4.71), in the first term

of Eq. (4.117). To see this electron-positron oscillations more explicitly, in Fig. 4.5, we plot

the time evolution of (1+, 1−)-component of the electron density matrix in the case of no

photon in the initial state. (Note that 1+ denotes electron and 1− positron as explained

earlier.) We see the oscillations with the period same as those in Fig. 4.1. Although some of

the other components exhibit similar oscillatory behavior, their amplitudes are much smaller

and almost all of the contribution to the oscillations come from the (1+, 1−)-component.

4.6 Conclusion

In this paper, we have discussed how we formulate time evolution of physical quantities in

the framework of the Rigged QED treating non-perturbatively the interactions among elec-

trons, atomic nuclei and photons. We have defined the time-dependent annihilation/creation

operators for the electron and the atomic nucleus from corresponding field operators by ex-

panding them by appropriate functions of spatial coordinates. The photon fields have been

shown to expressed by the photon annihilation/creation operators of the free photon field

and those of the electron and the atomic nucleus. This enabled us to include the interactions

mediated by the photon field in a non-perturbative manner. We then have derived the time

evolution equations for the excitation operators of the electron and the atomic nucleus and

sketched how physical quantities can be computed from them.

We have pointed out that the last parts of the procedure are very computationally de-

manding. Solving the coupled evolution equations for the electron and nucleus excitation
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operators by a finite difference method in time requires sophisticated coding technique due

to non-commutativity of the operators. The existence of the retarded potential makes the

time evolution method more difficult. Also, since the coefficients of the equations involve

spatial integration of up to six dimensions, their computation is very time-consuming. After

that, similar difficulty of non-commutative algebra lies in computing expectation values of

the time-evolved excitation operators to obtain time-evolved physical quantities. This is

somewhat alleviated by the use of the Wick’s theorem but it still requires large compu-

tational resource even with small number of time steps. It is true that such brute force

evaluation can be carried out for a few time steps for a small system and would be feasible

in future for longer time scale and larger systems considering the recent development in

computer science and technology. Also, it is certainly meaningful to obtain accurate results

in such a way. However, at this beginning stage, we consider it is more important to look

for approximation methods to truck the time evolution of the physical quantities without

too much computational time.

Therefore, we have proposed a method to approximate the time evolution equations of

the operators by replacing some operators with their expectation value in the evolution

equations. In other words, in an exact sense, we have to compute expectation value after

the operators are evolved, but, in our approximation, some operators are replaced by their

expectation values and expectation values are evolved. Although this method has room

for improvement, we consider this is a good point to start. In fact, the numerical result

of the time evolution of charge density of a hydrogen atom exhibits the oscillatory feature

which is considered to originate from the electron-positron pair creations. This shows that

our simplified way of computation can reproduce one of the most notable features of QED.

Even within the framework of this approximation, there are a lot more works to be done. In

our near future work, we will remove the Born-Oppenheimer approximation and will include

the full effect of vector potential.
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APPENDIX A: Born-Oppenheimer approximation

In this section, we show the time evolution equation of the operators for the electron

under the Born-Oppenheimer (BO) approximation. Namely, we fix positions of the nuclei.

Since the Rigged QED is proposed to include nucleus motion, this approximation is some-

what contradictory. However, there are many phenomena which can be described under

the BO approximation. Moreover, since it eliminates the nucleus degree of freedom, the

equations become extremely simpler and more accurate results can be obtained with less

difficulty compared with the non-BO case. Thus, we consider it would be useful to present

here the BO approximated version of the evolution equations.

Under the BO approximation, the atomic nuclear charge density operator ρ̂a(x) (Eq. (4.16))

is given by

ρ̂a(x) = Zae δ(r⃗ − R⃗a), (4.119)

where R⃗a is the position for the nucleus a, R⃗a = R⃗a1 ⊕ R⃗a2 ⊕ · · · ⊕ R⃗ana
specified by the

generic direct sum of c-numbered na vectors that are clamped in space if any, with which

mandatory manipulation for a function f of R⃗a should read f(R⃗a) =
∑na

k=1 f(R⃗ak) as made

obvious, and the atomic nuclear charge current density operator
ˆ⃗
ja(x) = 0⃗.

This approximates the operators shown in 4.3.4 as follows. Eq. (4.59) is simplified as

Â0(ct, r⃗) =

ND∑
p,q=1

∑
c,d=±

Vpcqd(r⃗)Êpcqd +
Nn∑
a=1

Zae

|r⃗ − R⃗a|
, (4.120)

Eq. (4.58) as

ĵk(x) =

ND∑
p,q=1

∑
c,d=±

jkpcqd(r⃗)Êpcqd , (4.121)

and Eq. (4.62) as

ĵkL(x) = −
ND∑

p,q=1

∑
c,d=±

Ek
pcqd(r⃗)

dÊpcqd
dt

. (4.122)

Then
ˆ⃗
AA(ct, r⃗) can be written as

ˆ⃗
AA(ct, r⃗) =

1

c

ND∑
p,q=1

∑
c,d=±

∫
d3s⃗

{
j⃗pcqd(s⃗)

|r⃗ − s⃗|
Êpcqd(u) +

E⃗pcqd(s⃗)

|r⃗ − s⃗|
dÊpcqd
dt

(u)

}
, (4.123)
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where u = t− |r⃗−s⃗|
c

.

In addition, Î4pcqd (Eq. (4.73)) is simplified as

Î4pcqd =

ND∑
r,s=1

∑
e,f=±

(pcqd|resf )Êresf +
Nn∑
a=1

(Zae)Vpcqd(R⃗a). (4.124)

Therefore, the BO approximation version of Eq. (4.80) can be written as

iℏ
∂êpc

∂t
=

ND∑
q=1

∑
d=±

hpcqd êqd +

ND∑
q,r,s=1

∑
d,e,f=±

(pcqd|resf )Êresf êqd

− 1

c2

ND∑
q,r,s=1

∑
d,e,f=±

∫
d3r⃗ d3s⃗

{
j⃗pcqd(r⃗) · j⃗resf (s⃗)

|r⃗ − s⃗|
Êresf (u) +

j⃗pcqd(r⃗) · E⃗resf (s⃗)

|r⃗ − s⃗|
dÊresf
dt

(u)

}
êqd

−1

c

√
4πℏ2c√
(2πℏ)3

ND∑
q=1

∑
d=±

∑
σ=±1

∫
d3p⃗√
2p0

×[
F⃗pcqd(p⃗) · e⃗(p⃗, σ)e−icp0t/ℏâ(p⃗, σ)êqd + F⃗pcqd(−p⃗) · e⃗∗(p⃗, σ)eicp

0t/ℏâ†(p⃗, σ)êqd
]
, (4.125)

where we define

hpcqd ≡ Tpcqd +Mpcqd +
Nn∑
a=1

(Zae)Vpcqd(R⃗a). (4.126)

Under the BO approximation, this is the only equation which governs the time evolution of

the system.
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Figure 4.1: The time evolution of charge density of the hydrogen atom at (x, y, z) = (1, 0, 0).

The variation from the initial value is plotted. The atomic units are used. There is no photon

in the initial state.
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Figure 4.2: Similar to Fig. 4.1 but the initial photon state with p0 = 1.
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Figure 4.3: Similar to Fig. 4.1 but the initial photon state with p0 = 10.
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Figure 4.4: Similar to Fig. 4.1 but the initial photon state with p0 = 20.
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Figure 4.5: The time evolution of the (1+, 1−)-component of the electron density matrix for

no photon in the initial state.
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Chapter 5

Study of Simulation Method of Time

Evolution of Atomic and Molecular

Systems by Quantum

Electrodynamics

5.1 Introduction

The elementary processes of almost every phenomenon in condensed matter physics

and chemistry can be regarded as time evolution of a system which consists of interacting

charged particles and photons. The physical theories which describe such a system are

electromagnetism and quantum mechanics, and their unified theory has already been con-

structed before the middle of last century as the quantum electrodynamics (QED), taking

the form of quantum field theory. The QED is the most stringently tested theory of physics

and its precision is confirmed by many types of experiments of elementary particle physics.

It can be considered as the most successful fundamental physical theory we have.

However, there has been only limited use of QED in the fields such as condensed matter

physics and quantum chemistry. There are a lot of works to simulate the time evolution of

the quantum systems involving light and matter by using the time-dependent Schrödinger,

Dirac, or DFT (density functional theory) equation with classical electromagnetic fields (i.e.

semi-classical approximation) [1–4], but both matter and light are not treated as quantized
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fields. In some simulations, the quantum photon field is used but the matter part and its

interaction with the photon are much more simplified than QED [5–7], or the quantum

Dirac field is used for electrons but the interaction is not given by the photon field [8, 9]. In

atomic physics and quantum chemistry, QED is only regarded as a small correction to the

Coulomb potential which appears in the time-independent Dirac equation [10–12], and not

considered in dynamical situations.

It is true that the approximations above are valid for a broad range of systems so far,

but the atomic, molecular, and optical physics experiments are in rapid progress recently.

It is now possible to measure, fabricate, and control structures on the atomic and molecular

scale with the advances in nanotechnology. A single photon and a single electron spin can be

measured and manipulated by the current technology of photonics and spintronics [13–16].

Moreover, developments in the laser science have made it possible to observe a phenomenon

at the time scale of femtosecond to attosecond time scales [17, 18]. Considering such progress

in the experiments of smaller space-time scales and the most fundamental particle properties,

it is important for the theoretical side to develop a simulation method based on as an

elementary theory as possible. This is the reason why we try to formulate a time evolution

simulation method for atomic and molecular systems, which consist of electrons, atomic

nuclei and photons, closely following QED in the form of quantum field theory.

To achieve our goal to develop a method to simulate time evolution of atomic and molec-

ular systems by QED, we have to overcome some issues which do not appear in the ordinary

QED. When we say the ordinary QED, we mean that it is a relativistic (Lorentz invariant)

quantum field theory and the calculation method of the scattering amplitude is performed

by the covariant perturbation theory [19, 20]. It implies that the only transition between

infinite past (“in-state”) and infinite future (“out-state”) is concerned and the quantum

fields in those states (“asymptotic states”) can be treated like non-interacting fields. This

in turn makes it possible to apply the perturbative approach by taking the asymptotic states

(where fields are described by non-interacting Hamiltonian) as the unperturbed states and

interaction as the perturbation. Also, the perturbative method is established in a quite sys-

tematic way, owing to the Lorentz invariance of the theory. Although such a method yields

physical quantities which can be precisely compared with experiments of particle physics in

particular, it is not sufficient for our interests. For simulating time evolution of atomic and
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molecular systems, there are mainly three issues we have to face which are not simultane-

ously concerned in the ordinary QED: (i) there are atomic nuclei, which are non-relativistic

and not elementary particles, (ii) the matter particles in those systems are in bound states,

(iii) we would like to follow the finite time evolution of the systems step by step.

In fact, there have already been methods which can partly treat these three points within

the framework of quantum field theory. First, as for (i), there are effective field theories in

which nucleons are treated as quantized fields [21, 22], but the computation is within the

scattering theory, so they are not suited to our needs of (ii) and (iii). In principle, since

the nucleons consist of quarks and gluons which are described by quantum chromodynamics

(QCD), they can be treated in a quantum field theoretic way, and the method of lattice field

theory has been well developed to perform non-perturbative calculation of QCD, known as

lattice QCD calculation. However, it takes too much computational time even to describe

a nucleon as a bound state of quarks, and adding QED to study atoms is much more

unpractical. Other shortcomings include that the current lattice field theory is developed

only to describes an equilibrium state and time evolution cannot be treated. Also, in

contrast to lattice QCD, lattice QED has a problem that, being U(1) gauge theory which

does not exhibit asymptotic freedom, the continuum limit of lattice spacing cannot be taken.

Second, as for (ii), a well-known technique is the Bethe-Salpeter equation [23]. In Ref. [24],

the Bethe-Salpeter equation and various other techniques to describe bound states in QED

are reviewed, but those incorporating (i) or (iii) are not found. Finally, as for (iii), some

formalisms are known to describe a non-equilibrium state by quantum field theory, such as

closed time path (CTP) formalism [25, 26] and thermo field dynamics [27]. In particular,

CTP formalism is applied to gauge theory including QED and QCD, but currently not for

bound state problems. This is because the CTP formalism uses systematic perturbative

expansion based on the interaction picture, but we cannot divide the QED hamiltonian into

unperturbed and interaction parts when we consider bound states.

Therefore, to simulate time evolution of atomic and molecular systems based on QED,

we cannot just use preexisting formalisms as mentioned above. We briefly explain our

proposals [28, 29] to cope with these issues in the following. First of all, as for (i), we

add the atomic nuclei degree of freedom as Schrödinger fields, and the interaction with the

photon field is determined from U(1) gauge symmetry as usual [28]. Although this deprives
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the theory of the Lorentz invariance, since we try to follow the finite time evolution of the

system, this would not be a crucial problem. Next, as for (ii), in order to describe the bound

state, we expand the matter field operators by localized wavepackets, not by the usual plane

waves, and define the creation and annihilation operators [29]. In the case of the Dirac

field operator for electrons, for example, we may adopt the stationary solutions of the Dirac

equation under the existence of external electrostatic field, as the expansion functions. This

is similar to the Furry picture [30, 31], but, as described below, we do not assume the time-

dependence of the operators which is determined by the energy eigenvalues. Finally, as for

(iii), we follow the time evolution using the equations of motion of the field operator in the

Heisenberg picture [29]. As is mentioned earlier, since we do not have well-defined division

between unperturbed and interaction parts of the QED hamiltonian for the bound state, we

cannot work in the interaction picture.

The setups described above determine the evolution equations of field operators, and

those of creation and annihilation operators, but we have to make further approximations

and assumptions to obtain the evolution equations for the expectation value of physical

quantities. In Ref. [29], we have studied the time evolution of one of the most basic physical

quantity operators, the electronic charge density operator, and have discussed approxima-

tion methods to obtain the time evolution of its expectation value. The charge density

operator is expressed by the product of two creation or annihilation operators, which is

called an excitation operator, but since the time derivative of creation and annihilation

operators contains more than one of these operators, the time differential equation of the

excitation operator is not closed. In other words, differentiating the excitation operator

yields operators which cannot be expressed by the excitation operator. Such a problem

is generic for interacting quantum field theories [25], and not special to our approach. In

Ref. [29], we have introduced several approximations to obtain the time evolution equation

for the expectation value of the excitation operator, which is called a density matrix, and

numerically solved the time evolution of the density matrix. The time evolution of the ex-

pectation value of the charge density operator has been obtained by multiplying the density

matrix by the expansion functions of the field operator. Then, we have found that the time

evolution of the charge density of a hydrogen atom exhibits very rapid oscillations of the

period ≈ 1.7×10−4 a.u. (4.1×10−21 s), which corresponds to the inverse of twice the electron
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mass. This is interpreted as the fluctuations originated from the virtual electron-positron

pair creations and annihilations, showing the effect of QED, and we have designated the

phenomenon as “electron-positron oscillations”.

In the present paper, we improve one of the approximations employed in Ref. [29] with

respect to the terms which include the photon creation and annihilation operators. In our

formalism, the time derivative of the electron excitation operator has the terms which consist

of two creation or annihilation operators sandwiching a photon creation or annihilation

operator (we call this type of operator by “ê†âê-type operator” for short). In Ref. [29],

when we take the expectation value of these terms, we have factorized the terms into the

expectation value of the excitation operator and that of the photon creation or annihilation

operator. After this approximation, these terms give finite contribution only when an initial

photon state is a coherent state, which is an eigenstate of the photon annihilation operator.

In particular, they vanish for the photon vacuum state. To go one step further, we, in this

paper, do not perform the above factorization, and solve the time evolution equation of the

ê†âê-type operators simultaneously with that of the excitation operator. As we show in a

later section, this procedure corresponds to counting the self-energy process of the electron

(the electron emits a photon and then absorbs it again), and, consistently, it gives non-zero

contribution even when the initial state is the photon vacuum state.

This paper is organized as follows. In Sec. 5.2, we derive the time evolution equations

of the quantum operators. After we describe how we expand field operators and define

creation and annihilation operators, we show time derivative of the creation and annihilation

operators from the equations of motion of the quantum fields. Then, we derive the time

evolution equation of the excitation operator and ê†âê-type operator. In Sec. 5.3, we derive

time evolution equations of the density matrix by taking the expectation value of the time

derivative of the excitation operator. We explain our approximation methods to derive closed

sets of time evolution equations. In Sec. 5.4, we show the results of numerical computation

of these equations for a hydrogen atom and molecule. Finally, Sec. 5.5 is devoted to our

conclusion. The notations and conventions follow those in Refs. [28, 29, 32, 33].
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5.2 Evolution equations for quantum operators

We would like to describe atoms and molecules as systems which consist of electrons,

atomic nuclei and photons. In this paper, we work in the Born-Oppenheimer (BO) approxi-

mation, in which positions of the atomic nuclei are fixed. Then, only electrons and photons

are described as quantum field operators, and atomic nuclei contribute to the charge density

as delta functions. The source of the photon field can be both electrons and atomic nuclei.

The quantum field operators which appear in this paper are the four-component Dirac field

operator ψ̂(x) for the electron, and the U(1) gauge field Âµ(x) for the photon. (Inciden-

tally, the approach to treat the electron as the two-component Schrödinger field [34] is also

developed in our group. See Refs. [35–37] for details.) Although there are some overlaps in

this section with the contents in Ref. [29], we reproduce them in the reorganized form for

the convenience of the readers.

5.2.1 Definitions of creation and annihilation operators

Our expansion of the Dirac field operator is

ψ̂(ct, r⃗) =

ND∑
n=1

∑
a=±

êna(t)ψna(r⃗), (5.1)

where ψn+(r⃗) and ψn−(r⃗) are respectively the n-th electron and positron solutions of the

four-component Dirac-Hartree-Fock equation under the existence of external electrostatic

field, and they form an orthonormal basis set as
∫
d3r⃗ ψ†

na(r⃗)ψmb(r⃗) = δnmδab. In Eq. (5.1),

ND is the number of the electron expansion functions, which is same as one of the positron

expansion functions. Considering the Kramers pair, ND usually equals to twice the number

of basis functions used to solve the Dirac equation. We note that ND has to be infinite to

make the expansion function set complete, but this is not available in numerical calculation.

In practice, we use a finite set which only spans a certain region of the complete space. We

should interpret thus obtained results as phenomena within the subspace spanned by the

finite set of expansion functions. We may use any localized wavepackets for the expansion

functions, but the above choice is convenient because we can obtain such functions easily

by the publicly available code like DIRAC [38]. The creation and annihilation operators

are defined as the coefficients of the expansion functions and carry the time dependence.
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In our notation, ên+ is the electron annihilation operator and ên− is the positron creation

operator. Accordingly, ê†n+ is the electron creation operator and ê†n− is the positron annihi-

lation operator. In the literature, a creation operator is usually expressed by an operator

with a dagger as superscript, but, note that, in our notation, the positron creation operator

does not carry a dagger whereas the positron annihilation operator does. We adopt this

notation to make compact the expression of the expansion of Eq. (5.1) and equations below.

The equal-time anti-commutation relation can be written as
{
êna(t), ê†

mb(t)
}

= δnmδab, and

anti-commutators of other combinations are zero.

For later convenience, we here define the electronic excitation operator, which is formed

from two creation or annihilation operators as

Ênamb ≡ ê†na êmb . (5.2)

Then, the electronic charge density operator and current density operators are written by

the excitation operator as

ρ̂e(x) =

ND∑
n,m=1

∑
a,b=±

ρnamb(r⃗)Ênamb(t), (5.3)

ĵke (x) =

ND∑
n,m=1

∑
a,b=±

jknamb(r⃗)Ênamb(t), (5.4)

where we define

ρnamb(r⃗) ≡ (Zee)ψ
†
na(r⃗)ψmb(r⃗), (5.5)

jknamb(r⃗) ≡ Ze e c
[
ψ†
na(r⃗)γ0γkψmb(r⃗)

]
, (5.6)

and Ze = −1. The total charge density operator have contribution from both electrons and

atomic nuclei, ρ̂(x) = ρ̂e(x) +
∑Nn

a=1 ρ̂a(x), where ρ̂a(x) is the atomic nuclear charge density

operator, a denotes the type of atomic nucleus and we assume Nn types of atomic nuclei

in the system. Under the BO approximation, ρ̂a(x) = Zae δ
(3)(r⃗ − R⃗a), where Za is the

nucleus a’s atomic number, and R⃗a should be understood as the direct sum of the position

of each nucleus of type a (see Appendix of Ref. [29] for details). As for the total charge

current density operator, since there is no contribution from the atomic nuclei under the

BO approximation, we have
ˆ⃗
j(x) =

ˆ⃗
je(x). Although we do not compute the energy of the

system in this paper, it may be instructive to show the QED Hamiltonian operator. This is

shown in Appendix 5.5.
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As for the photon field operator, we use the integral equation form of the equation of

motion. Namely, we use the fact that the formal solutions of the inhomogeneous Maxwell

equations are known from the classical electrodynamics [5, 39, 40], and express Âµ(x) by such

solutions [28, 29]. Similar technique is used to derive the so-called Yang-Feldman equation,

which is originally introduced to discuss the S-matrix of QED in Heisenberg picture [41].

We adopt the Coulomb gauge, ∇⃗ · ˆ⃗
A(x) = 0. Then, the scalar potential is given by

Â0(ct, r⃗) =

∫
d3s⃗

ρ̂(ct, s⃗)

|r⃗ − s⃗|
, (5.7)

and the vector potential by

ˆ⃗
A(ct, r⃗) =

ˆ⃗
Arad(ct, r⃗) +

ˆ⃗
AA(ct, r⃗), (5.8)

where the first term is the quantized free radiation field in the Coulomb gauge [5, 42] and

the second term is the retarded potential.
ˆ⃗
Arad(ct, r⃗) is expressed as

Âk
rad(ct, r⃗) =

√
4πℏ2c√
(2πℏ)3

∑
σ=±1

∫
d3p⃗√
2p0

[
âp⃗σe

k(p⃗, σ)e−icp0t/ℏeip⃗·r⃗/ℏ

+â†p⃗σe
∗k(p⃗, σ)eicp

0t/ℏe−ip⃗·r⃗/ℏ
]
, (5.9)

where âp⃗σ (â†p⃗σ) are the annihilation (creation) operator of the photon with momentum

p⃗ and helicity σ, and e⃗ is the polarization vector. They satisfy the commutation relation

[âp⃗σ , â
†
q⃗τ

] = δ(p⃗−q⃗)δστ , and commutators of the other combinations are zero. Our convention

for e⃗(p⃗, σ) is found in Ref. [29].
ˆ⃗
AA(ct, r⃗) is expressed as

ˆ⃗
AA(ct, r⃗) =

1

c

∫
d3s⃗

ˆ⃗
jT (cu, s⃗)

|r⃗ − s⃗|
, (5.10)

where we define the retarded time u = t− |r⃗− s⃗|/c, and
ˆ⃗
jT (x) is the transversal component

of the current. Writing explicitly,

ĵkT (cu, s⃗) =

ND∑
p,q=1

∑
c,d=±

{
jkpcqd(s⃗)Êpcqd(u) + Ek

pcqd(s⃗)
dÊpcqd
dt

(u)

}
, (5.11)

where

Ek
namb(R⃗) = −Zee

4π

∫
d3s⃗ ψ†

na(s⃗)ψmb(s⃗)
(s⃗− R⃗)k

|s⃗− R⃗|3
. (5.12)

As we mentioned in Sec. 5.1, we do not consider the usual asymptotic states of the field

operator, in which the state becomes non-interacting as t→ −∞ asymptotically. We assume
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that the interaction is absent for t < 0 and the free part expressed above by Ârad,µ(x) is

considered to realize at t = 0. This, in particular, implies the initial condition

ĵµ(cu, s⃗) = 0, u < 0, (5.13)

and enables us to rewrite the retarded potential as [34]

ˆ⃗
AA(ct, r⃗) =

1

c2π

∫ t

0

du

∫ ∞

−∞
dα exp

(
iα(t− u)2

) ∫
d3s⃗

ˆ⃗
jT (cu, s⃗) exp

(
−iα(r⃗ − s⃗)2

c2

)
.(5.14)

To derive this, we use the following formulae for the delta function δ(x2−a2) = {δ(x− a) + δ(x+ a)} /(2a)

with a > 0, and δ((t− u)2 − (r⃗ − s⃗)2/c2) = 1
2π

∫∞
−∞ dα exp[iα{(t− u)2 − (r⃗ − s⃗)2/c2}]. This

form may be convenient for the numerical calculation since the retarded time is eliminated,

but at the cost of increasing the dimension of integration.

In passing, some comments on our assumption at the initial time (t = 0) may be in

order. Following Ref. [43], we assume that the parameters and fields which appear in the

equations of motion have been renormalized at t = 0. Specifically, the renormalization has

been performed in a standard manner as me = meB + δme, e =
√
Z3eB, ψ̂(x) = ψ̂B(x)/

√
Z2

and Âµ(x) = Âµ
B(x)/

√
Z3, where “B” in the subscripts denotes a bare parameter or a bare

field, and δme, Z2 and Z3 are the renormalization constants. However, it does not mean

that we do not need renormalization at t > 0. In fact, as is discussed later in this paper,

the electron mass is shown to be increased by including the self-energy process in our time

evolution simulation.

5.2.2 Time evolution of annihilation and creation operators

The time derivative of êna is given by substituting the expansion Eq. (5.1) into the

Dirac field equation, multiplying by ψ†
na(r⃗), integrating over r⃗, and using the orthonormality

condition [29]. This leads to

iℏ
∂êna

∂t
=

ND∑
m=1

∑
b=±

hnamb êmb +

ND∑
m,p,q=1

∑
b,c,d=±

(namb|pcqd)ê†pc êqd êmb

− 1

c2

ND∑
m=1

∑
b=±

3∑
k=1

∫
d3r⃗ d3s⃗ jknamb(r⃗)

ĵkT (cu, s⃗)

|r⃗ − s⃗|
êmb

−
√

4πℏ2√
c(2πℏ)3

ND∑
m=1

∑
b=±

3∑
k=1

∑
σ=±1

∫
d3p⃗√
2p0

[
F k
namb(p⃗)e

k(p⃗, σ)e−icp0t/ℏ âp⃗σ êmb

+F k
namb(−p⃗)e∗k(p⃗, σ)eicp

0t/ℏ â†p⃗σ êmb

]
, (5.15)
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where the various coefficient matrices are defined as follows. In the first term, we define

hnamb = Tnamb +Mnamb +
Nn∑
a=1

(Zae)Vnamb(R⃗a), (5.16)

where Tnamb is the electronic kinetic energy integral, Mnamb is the electronic mass energy

integral, and Vnamb(R⃗) is the nuclear attraction integral, respectively defined as

Tnamb ≡ −iℏc
∫
d3r⃗ ψ†

na(r⃗)γ0γ⃗ · ∇⃗ψmb(r⃗), (5.17)

Mnamb ≡ mec
2

∫
d3r⃗ ψ†

na(r⃗)γ0ψmb(r⃗), (5.18)

Vnamb(R⃗) ≡ (Zee)

∫
d3s⃗

ψ†
na(s⃗)ψmb(s⃗)

|s⃗− R⃗|
. (5.19)

They originate respectively in the kinetic term, mass term, and the nuclear charge contri-

bution to the scalar potential term.

In the second term of Eq. (5.15), we define the electronic repulsion integral

(namb|pcqd) ≡ (Zee)
2

∫
d3r⃗ d3s⃗ ψ†

na(r⃗)ψmb(r⃗)
1

|r⃗ − s⃗|
ψ†
pc(s⃗)ψqd(s⃗). (5.20)

This term originates in the electronic charge contribution to the scalar potential term. The

third and forth terms of Eq. (5.15) originate in the vector potential term. The former comes

from the retarded part
ˆ⃗
AA (5.10) and the latter from the free radiation part

ˆ⃗
Arad (5.9).

Finally, in the forth term of Eq. (5.15), we define

F k
namb(p⃗) ≡

∫
d3r⃗ jknamb(r⃗)e

ip⃗·r⃗/ℏ. (5.21)

5.2.3 Time evolution of excitation and ê†âê-type operators

In this paper, we are interested in the time evolution of electronic charge density, and

its operator ρ̂e(x) is expressed by the excitation operator as Eq. (5.3). Since the excitation

operator carries every time dependence of ρ̂e(x), what we need to know is the time evolution

equation of the excitation operator.

The time derivative of the excitation operator Ênamb (5.2) can be written as

∂Ênamb

∂t
= (Ômbna)† + Ônamb , (5.22)

where we define

Ônamb ≡ ê†na

∂êmb

∂t
. (5.23)
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Using Eq. (5.15), this can be readily obtained as

iℏÔnamb =

ND∑
r=1

∑
e=±

hmbre ê
†
na êre +

ND∑
r,p,q=1

∑
e,c,d=±

(mbre|pcqd)ê†na ê
†
pc êqd êre

− 1

c2

ND∑
r=1

∑
e=±

3∑
k=1

∫
d3r⃗ d3s⃗ jkmbre(r⃗)ê

†
na

ĵkT (cu, s⃗)

|r⃗ − s⃗|
êre

− 1√
2π2ℏc

ND∑
r=1

∑
e=±

∑
σ=±1

∫
d3p⃗√
2p0

[
Fmbrep⃗σ(t)ê†na âp⃗σ êre + F∗

rembp⃗σ
(t)ê†na â

†
p⃗σ
êre
]
,

(5.24)

where we have defined

Fnambp⃗σ(t) ≡
3∑

k=1

F k
namb(p⃗)e

k(p⃗, σ)e−icp0t/ℏ, (5.25)

to make the expression shorter. For later convenience, we call the second term of Eq. (5.24)

“four-electron term”, the third term “retarded potential term”, and the forth term “radiation

term”.

Next, we consider the time derivative of the ê†âê-type operators. Since the time deriva-

tive of ê†
mb â

†
p⃗σ
êna is known by taking the Hermite conjugate of that of ê†na âp⃗σ êmb , we only

show the latter below. This can be expressed as

∂

∂t

{
ê†na âp⃗σ êmb

}
= (Q̂mbp⃗σna)† + P̂nap⃗σmb , (5.26)

where we define

P̂nap⃗σmb ≡ ê†na âp⃗σ
∂êmb

∂t
, (5.27)

Q̂nap⃗σmb ≡ ê†na â
†
p⃗σ

∂êmb

∂t
. (5.28)

Using Eq. (5.15), we obtain

iℏP̂nap⃗σmb =

ND∑
r=1

∑
e=±

hmbre ê
†
na âp⃗σ êre +

ND∑
r,p,q=1

∑
e,c,d=±

(mbre|pcqd)ê†na âp⃗σ ê
†
pc êqd êre

− 1

c2

ND∑
r=1

∑
e=±

3∑
k=1

∫
d3r⃗ d3s⃗ jkmbre(r⃗)ê

†
na âp⃗σ

ĵkT (cu, s⃗)

|r⃗ − s⃗|
êre

− 1√
2π2ℏc

ND∑
r=1

∑
e=±

∑
τ=±1

∫
d3q⃗√
2q0

×
[
Fmbreq⃗τ (t)ê†na âp⃗σ âq⃗τ êre + F∗

rembq⃗τ
(t)ê†na âp⃗σ â

†
q⃗τ
êre
]
, (5.29)
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and

iℏQ̂nap⃗σmb =

ND∑
r=1

∑
e=±

hmbre ê
†
na â

†
p⃗σ
êre +

ND∑
r,p,q=1

∑
e,c,d=±

(mbre|pcqd)ê†na â
†
p⃗σ
ê†pc êqd êre

− 1

c2

ND∑
r=1

∑
e=±

3∑
k=1

∫
d3r⃗ d3s⃗ jkmbre(r⃗)ê

†
na â

†
p⃗σ

ĵkT (cu, s⃗)

|r⃗ − s⃗|
êre

− 1√
2π2ℏc

ND∑
r=1

∑
e=±

∑
τ=±1

∫
d3q⃗√
2q0

×
[
Fmbreq⃗τ (t)ê†na â

†
p⃗σ
âq⃗τ êre + F∗

rembq⃗τ
(t)ê†na â

†
p⃗σ
â†q⃗τ êre

]
. (5.30)

We note that the last term of P̂nap⃗σmb includes the operator product of the form ê†na âp⃗σ â
†
q⃗τ
êre .

This combination of the operators could express a self-energy process, in which the electron

emits a photon and then absorbs it again. The effect of the self-energy process will be

discussed and numerically demonstrated in Sec. 5.4.3.

5.3 Evolution equations for density matrix

5.3.1 Definition of density matrix

We begin by introducing notations regarding expectation values. We denote the ex-

pectation value of the excitation operator with respect to the Heisenberg initial ket |Φ⟩

by

Enamb ≡ ⟨Φ|Ênamb|Φ⟩, (5.31)

and call this quantity the density matrix. Below, we sometimes write just brackets around

the operator to denote the expectation value with respect to |Φ⟩, namely, ⟨· · · ⟩ ≡ ⟨Φ| · · · |Φ⟩

where · · · stands for some operators. Since (Ênamb)† = ê†
mb êna = Êmbna , taking the expec-

tation value yields (Enamb)∗ = Embna , showing that the density matrix is a Hermite matrix.

Similarly, we define the expectation value of Eq. (5.23) as Onamb ≡ ⟨Φ|Ônamb|Φ⟩. Then,

since ⟨(Ônamb)†⟩ = (Onamb)∗ = O†
mbna , taking the expectation value of Eq. (5.22) leads to

∂Enamb

∂t
= O†

namb + Onamb , (5.32)

which is the time evolution equation for the density matrix.
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Using the density matrix, the expectation value of the electronic charge density operator,

Eq. (5.3), can be written as

⟨Φ|ρ̂e(x)|Φ⟩ =

ND∑
n,m=1

∑
a,b=±

ρnamb(r⃗)Enamb(t). (5.33)

However, this quantity has a non-zero value when the Heisenberg initial ket is the vacuum,

|Φ⟩ = |0⟩, at t = 0. (Remember that ên− is the positron creation operator.) As is done in

the ordinary QED, this can be remedied by computing the expectation value of the normal-

ordered product of the operators at t = 0. In the case of ρ̂e(x), this can be accomplished

by subtracting the vacuum expectation value of ρ̂e(x) at t = 0. Then, we shall define the

electronic charge density ρe(x) as the expectation value of the electronic charge density

operator after this subtraction. Writing explicitly,

ρe(x) =

ND∑
n,m=1

∑
a,b=±

ρnamb(r⃗)
{
Enamb(t) − E0

namb(t = 0)
}
, (5.34)

where we define E0
namb ≡ ⟨0|Ênamb|0⟩.

5.3.2 Four-electron term and retarded potential term

The four-electron term consists of four electron creation or annihilation operators. We

approximate this term by

⟨ê†na ê
†
pc êqd êre⟩ ≈ ⟨ê†na êre⟩⟨ê†pc êqd⟩ − ⟨ê†na êqd⟩⟨ê†pc êre⟩

= EnareEpcqd − EnaqdEpcre . (5.35)

This decomposition holds exactly for t = 0 and the approximation is motivated by this fact.

In our previous paper Ref. [29], we have only used the first term, and the second term, which

describes the exchange effect, has been omitted.

As for the retarded potential term, since ĵkT is expressed as Eq. (5.11), it seems to

have the same structure as the four-electron term. However, since ĵkT is computed at the

retarded time and contains a time derivative of the excitation operator, the approximation

like Eq. (5.35) is not applicable. Thus, we approximate this term by just replacing ĵkT by its

expectation value as

⟨ê†na(t)ĵkT (cu, s⃗)êre(t)⟩ ≈ ⟨ĵkT (cu, s⃗)⟩⟨ê†na(t)êre(t)⟩ = J k
T (cu, s⃗)Enare(t), (5.36)
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where we define J k
T ≡ ⟨Φ|ĵkT |Φ⟩. With this approximation, the two space integrations

over r⃗ and s⃗ in the expectation value of the retarded term becomes that of c-number.

In this six-dimensional integration, the retarded time u depends both on r⃗ and s⃗, so the

integration has to be done numerically, which is not practical. To avoid the six-dimensional

numerical integration, we rewrite the expression into the form in which the retarded time

is eliminated. This is done by the same process as the one used to derive Eq. (5.14). Then,

for the expectation value of the retarded term, we have

− 1

c2

ND∑
r=1

∑
e=±

3∑
k=1

∫
d3r⃗ d3s⃗ jkmbre(r⃗)

J k
T (cu, s⃗)

|r⃗ − s⃗|
Enare(t) =

ND∑
r=1

∑
e=±

IjT [E , Ė ]mbre(t)Enare(t),(5.37)

where we define

IjT [E , Ė ]mbre(t) ≡ − 1

c3π

ND∑
p,q=1

∑
c,d=±

∫ t

0

du

∫ ∞

−∞
dα exp

(
iα(t− u)2

)
×
{
Ijj,mbrepcqd(α)Epcqd(u) + IjE,mbrepcqd(α)

dEpcqd
dt

(u)

}
, (5.38)

with

Ijj,mbrepcqd(α) ≡
3∑

k=1

∫
d3r⃗ d3s⃗ jkmbre(r⃗)j

k
pcqd(s⃗) exp

(
−iα(r⃗ − s⃗)2

c2

)
, (5.39)

IjE,mbrepcqd(α) ≡
3∑

k=1

∫
d3r⃗ d3s⃗ jkmbre(r⃗)E

k
pcqd(s⃗) exp

(
−iα(r⃗ − s⃗)2

c2

)
. (5.40)

Here, we put [E , Ė ] after IjT for the notation of the integral (5.38) in order to emphasize

that it depends on the density matrix and its time derivative at times earlier than t. Since

the functions appearing in Eqs. (5.39) and (5.40) are defined by Eqs. (5.6) and (5.12), Ijj

and IjE are four-center integrals and analytic formulae can be obtained when the expansion

functions of the Dirac field operator are gaussian functions. We show the integral formulae

in the Appendix 5.5.

5.3.3 Radiation term

In this section, we describe two approximation methods for the expectation value of the

radiation term. We first describe the simplest approximation method, which is same as the

one adopted in Ref. [29]. In this approximation, we use

⟨ê†na âp⃗σ êre⟩ ≈ ⟨âp⃗σ⟩⟨ê
†
na êre⟩ = ⟨âp⃗σ⟩Enare , (5.41)

121



and, similarly, ⟨ê†na â
†
p⃗σ
êre⟩ ≈ ⟨âp⃗σ⟩∗Enare . This factorization holds exactly for t = 0, when êna

and âp⃗σ commutes, and the approximation is motivated by this fact. We note that this term

may give finite contribution only when the initial photon state is a coherent state, which is

an eigenstate of the photon annihilation operator. Then, combined with the approximations

described in the previous subsection, we obtain

iℏOnamb =

ND∑
r=1

∑
e=±

hmbreEnare +

ND∑
r,p,q=1

∑
e,c,d=±

(mbre|pcqd)
(
EnareEpcqd − EnaqdEpcre

)
+

ND∑
r=1

∑
e=±

IjT [E , Ė ]mbre(t)Enare

− 1√
2π2ℏc

ND∑
r=1

∑
e=±

∑
σ=±1

∫
d3p⃗√
2p0

[
Fmbrep⃗σ(t)⟨âp⃗σ⟩Enare + F∗

rembp⃗σ
(t)⟨âp⃗σ⟩∗Enare

]
.

(5.42)

This gives us a closed differential equation for the density matrix.

In the second approximation method, we do not use the above factorization. We use

evolution equation for the expectation value of the ê†âê-type operators simultaneously with

one for the density matrix. We first define

Enap⃗σmb ≡ ⟨Φ|ê†na âp⃗σ êmb|Φ⟩. (5.43)

Note that ⟨Φ|ê†na â
†
p⃗σ
êmb|Φ⟩ = E∗

mbp⃗σna . We next define the expectation value of the oper-

ator P̂nap⃗σmb , Eq. (5.27), as Pnap⃗σmb ≡ ⟨Φ|P̂nap⃗σmb|Φ⟩. Similarly for the operator Q̂nap⃗σmb ,

Eq. (5.28), we define Qnap⃗σmb ≡ ⟨Φ|Q̂nap⃗σmb|Φ⟩. Then, the expectation value of Eq. (5.24)

can be written as

iℏOnamb =

ND∑
r=1

∑
e=±

hmbreEnare +

ND∑
r,p,q=1

∑
e,c,d=±

(mbre|pcqd)
(
EnareEpcqd − EnaqdEpcre

)
+

ND∑
r=1

∑
e=±

IjT [E , Ė ]mbre(t)Enare

− 1√
2π2ℏc

ND∑
r=1

∑
e=±

∑
σ=±1

∫
d3p⃗√
2p0

[
Fmbrep⃗σ(t)Enap⃗σre + F∗

rembp⃗σ
(t)E∗

rep⃗σna

]
,

(5.44)

and the time evolution of Enap⃗σmb can be expressed as

∂Enap⃗σmb

∂t
= Q∗

mbp⃗σna + Pnap⃗σmb , (5.45)
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which is obtained by taking the expectation value of Eq. (5.26).

As for Pnap⃗σmb , the expectation value of the operator product in the second term of

Eq. (5.29) is approximated to be

⟨ê†na âp⃗σ ê
†
pc êqd êre⟩ ≈ ⟨âp⃗σ⟩

{
⟨ê†na êre⟩⟨ê†pc êqd⟩ − ⟨ê†na êqd⟩⟨ê†pc êre⟩

}
. (5.46)

In this approximation, we assume that the initial photon state is a number state and not a

coherent state. Then, since ⟨âp⃗σ⟩ = 0, the contribution of this term vanishes. The third term

of Eq. (5.29) includes the retarded time and its expectation value would be approximated

in the same way as the retarded potential term of Eq. (5.24). Following the procedure

described below Eq. (5.36), we have the expression of the form of Eq. (5.37) with Enare(t)

replaced by Enap⃗σre(t). The forth term of Eq. (5.29) includes two four-operator terms, which

are approximated to be

⟨ê†na âp⃗σ âq⃗τ êre⟩ ≈ ⟨âp⃗σ âq⃗τ ⟩⟨ê
†
na êre⟩, (5.47)

⟨ê†na âp⃗σ â
†
q⃗τ
êre⟩ ≈ ⟨âp⃗σ â

†
q⃗τ
⟩⟨ê†na êre⟩. (5.48)

Since we do not consider a coherent state for the initial photon state as mentioned above,

⟨âp⃗σ âq⃗τ ⟩ = 0 in the first equation and its contribution vanishes. In the second equation, since

⟨âp⃗σ â
†
q⃗τ
⟩ = (np⃗σ + 1)δ(3)(p⃗− q⃗)δστ , where np⃗σ is the occupation number of the photon mode

(p⃗, σ) in the initial state, it may give a non-zero contribution. Putting these approximations

together, we have

iℏPnap⃗σmb =

ND∑
r=1

∑
e=±

hmbreEnap⃗σre +

ND∑
r=1

∑
e=±

IjT [E , Ė ]mbre(t)Enap⃗σre

− 1√
2π2ℏc

ND∑
r=1

∑
e=±

1√
2p0

F∗
rembp⃗σ

(t)(np⃗σ + 1)Enare , (5.49)

when we assume a number state for the photon initial state. The expectation value of

Eq. (5.30) can be approximated in a similar manner to be

iℏQnap⃗σmb =

ND∑
r=1

∑
e=±

hmbreE∗
rep⃗σna +

ND∑
r=1

∑
e=±

IjT [E , Ė ]mbre(t)E∗
rep⃗σna

− 1√
2π2ℏc

ND∑
r=1

∑
e=±

1√
2p0

Fmbrep⃗σ(t)np⃗σEnare , (5.50)

where we have used ⟨â†p⃗σ âq⃗τ ⟩ = np⃗σδ
(3)(p⃗− q⃗)δστ .
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5.4 Results

In this section, we show the results of numerical solution of the time evolution equations

which have been derived in the previous section. The computation is performed for a

hydrogen atom and molecule using the QEDynamics code [44] developed in our group. In

Sec. 5.4.1, we describe our setups for numerical calculation including the initial condition

for the density matrix. The results of two approximation methods discussed in Sec. 5.3.3

are respectively presented in Sec. 5.4.2 and Sec. 5.4.3.

5.4.1 Setups for numerical calculation

To perform numerical calculation, we first need to determine an orthonormal set of

expansion functions to define the electron creation and annihilation operators, as explained

in Sec. 5.2.1. We generate the set by solving the Dirac equation with the four-component

Dirac-Coulomb hamiltonian. They are computed by the publicly available program package

DIRAC [38], using the Hartree-Fock method with the STO-3G basis set. Note that, for

the hydrogen atom in this basis set, we have two (= ND) orbitals for electron and positron

respectively taking into account the Kramers partners. The density matrix is 4 × 4 matrix

whose components denote electron (1+), its Kramers partner (1̄+), positron (1−), and its

Kramers partner (1̄−). As shown here, we put a bar on the orbital number to denote the

Kramers partner. Similarly, the size of the density matrix for the hydrogen molecule in this

basis set is 8 (ND = 4).

We next explain the initial condition for the density matrix. We choose the initial

Heisenberg ket |Φ⟩ to be the ground states of the hydrogen atom and molecule, which are

obtained by the above explained computation method. Namely, expressing |Φ⟩ = |Φe⟩ ⊗

|Φph⟩, where |Φe⟩ is the electron part and |Φph⟩ is the photon part, we use |Φe⟩ = ê†1+|0⟩

for the hydrogen atom, and |Φe⟩ = ê†
1̄+
ê†1+ |0⟩ for the hydrogen molecule. In general, the

ground state of a Ne-electron system in the Hartree-Fock method is expressed as |Φe⟩ =∏Ne/2
i=1 ê†

ī+
ê†i+ |0⟩ when Ne is even, and |Φe⟩ = ê†((Ne+1)/2)+

∏(Ne−1)/2
i=1 ê†

ī+
ê†i+ |0⟩ when Ne is odd.

For later use, we here introduce the terminology “occupied” orbitals. If |Φe⟩ contains ê†i+ ,

the i-th electron orbital is called “occupied” (i can be with or without bar), and we can write

|Φe⟩ =
∏

i=occupied ê
†
i+ |0⟩. Then, using the anti-commutation relation, the initial condition

124



for the density matrix is

Enamb(t = 0) =


δnm (a = b = +, n : occupied)

δnm (a = b = −)

0 (otherwise)

. (5.51)

In particular, the vacuum expectation value at t = 0, which is needed to compute Eq. (5.34),

is

E0
namb(t = 0) =

 δnm (a = b = −)

0 (otherwise)
. (5.52)

Other numerical details are as follows. We work in the atomic units so that me = e =

ℏ = 1, and c = 137.035999679. The 1 a.u. of time corresponds to 2.419×10−17 s or 24.19 as.

As for the positions of the atomic nuclei, we locate them at the origin in the case of the

hydrogen atom, and at (x, y, z) = (0, 0,±0.7) in the case of the hydrogen molecule. For both

hydrogen atom and molecule, we report the electronic charge density at (x, y, z) = (0, 0, 1).

To solve the differential equations, we use the Euler method with the time step 10−9 a.u.

In this paper, we omit the contribution from the retarded potential by setting the integral

IjT [E , Ė ], Eq. (5.38), to be zero. This integral, including numerical integration, has to

be computed at every time step, and performing this straightforwardly takes too much

computational time. We shall study an effective approximation method in our future work,

and just neglect it in the present work.

5.4.2 Effect of photon coherent state

In this section, we show the results when the first approximation method explained in

Sec. 5.3.3 is adopted. Namely, we solve the time differential equation (5.32) using Eq. (5.42).

As mentioned in the end of Sec. 5.4.1, the third term of Eq. (5.42), expressing the retarded

potential, is neglected. As for the photon initial Heisenberg ket, when there is no radiation

field, |Φph⟩ = |0⟩, since ⟨âp⃗σ⟩ = 0, the forth term of Eq. (5.42) is dropped. In fact, ⟨âp⃗σ⟩ = 0

holds when |Φph⟩ is any photon number state. We may have ⟨âp⃗σ⟩ ̸= 0 when |Φph⟩ is a

coherent state, and we study its effect in this section. Since we quantize the radiation field

in the whole space, we consider the continuous-mode coherent state. Following the notation

of Ref. [5], we denote it as |{α}⟩. This is characterized by the eigenvalues of the photon
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annihilation operator of each mode (p⃗, σ) as

âp⃗σ |{α}⟩ = α(p⃗, σ)|{α}⟩, (5.53)

where α(p⃗, σ) is called spectral amplitude [5]. In this paper, we use the delta-function type

spectral amplitude and its center is chosen to be a mode (p⃗j, σj), as

α(p⃗, σ) = αjδ
(3)(p⃗− p⃗j)δσσj

. (5.54)

Such photon state corresponds to a classical oscillating electromagnetic field whose propa-

gating direction is p⃗j, direction of circularly polarization is σj, and amplitude is proportional

to αj. The period of the oscillations is determined by p0 = |p⃗j| as 2π/(p0c).

We first show the results when there is no initial radiation field. The case of the hydrogen

atom is shown in the upper panel of Fig. 5.1 and the case of the hydrogen molecule is in the

upper panel of Fig. 5.2. In these figures, the variation of the electronic charge density from

its initial value is plotted. The common feature is the oscillations with very short period of

about 1.7 × 10−4 a.u. As has been argued in Ref. [29], since this is very close to the period

which is determined from twice the mass of electron, 2π/(2mec
2) = 1.67 × 10−4, it can be

interpreted as the fluctuations originated from virtual electron-positron pair creations and

annihilations. Hence, we call this phenomenon the “electron-positron oscillations” [29]. In

Ref. [29], we show this using the hydrogen atom. In this paper, we show that the electron-

positron oscillations occur similarly for the hydrogen molecule, and expect that we find them

universally for any atomic and molecular systems.

We next show the results when the initial photon state is a coherent state. We choose

its spectral amplitude to be the form expressed by Eq. (5.54) with p⃗j/|p⃗j| = (1, 0, 0) and

σj = +1. We compute the cases with p0 = 10 and 20 for each hydrogen atom and molecule.

The case of p0 = 10 (20) is shown in the middle (lower) panel in Figs. 5.1 and 5.2. In

these panels, we can see that the electron-positron oscillations with the short period are

modulated by the longer period oscillations which are caused by the external oscillating

electromagnetic field. In fact, the periods of the modulating oscillations seen in the panels

for p0 = 10 in both hydrogen atom and molecule are close to 2π/(p0c) = 4.59 × 10−3 a.u.

Similarly, in the panels for p0 = 20, we see the periods of the modulating oscillations are

close to 2π/(p0c) = 2.29 × 10−3 a.u. We note that we have tuned the value of αj for each

case, in order to make these effects visible clearly. We have chosen αj = 103 (104) when
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p0 = 10 (20) for the hydrogen atom and αj = 2 × 104 (105) when p0 = 10 (20) for the

hydrogen molecule.

We note that whether this “electron-positron oscillations” is a real physical phenomenon

or an artifact of our model is an open question. We can say with certainty that the electron-

positron oscillations are caused by including the positron solutions in our expansion func-

tions for the Dirac field operator (so they do not take place if we model the electron by

the Schrödinger field), and, in fact, (1+, 1−)-component of the density matrix oscillates in

the case of the hydrogen atom simulation. However, it is also true that the results are ob-

tained with several approximations and some ingredients of QED are missing. In particular,

including the retarded potential may affect the electron-positron oscillations.

5.4.3 Effect of electron self-energy

In this section, we show the results when the second approximation method explained in

Sec. 5.3.3 is adopted. Namely, we solve time differential equations (5.32) and (5.45) using

Eqs. (5.44), (5.49) and (5.50). As in Sec. 5.4.2, the terms which originate from the retarded

potential are neglected. As for the photon initial Heisenberg ket, we assume that there is

no radiation field, |Φph⟩ = |0⟩, in this section. Therefore, the occupation number is zero

for every photon mode (p⃗, σ), np⃗σ = 0. However, even in such a case, as is expressed by

the factor (np⃗σ + 1) in the third term of Eq. (5.49), every photon mode contributes to the

radiation term. This is reasonable because, as is mentioned in the end of Sec. 5.2.3, this

term comes from a self-energy process of the electron, in which the electron emits a virtual

photon and then absorbs it again. This virtual photon could have any momentum.

Before showing our results, we explain here the numerical details regarding the discretiza-

tion of the photon modes. We have to discretize the index p⃗σ in Enap⃗σmb to perform numerical

calculation. We adopt the spherical coordinate system (p0, θ, ϕ) to express p⃗ and use equally

spaced grid points for each coordinate whose numbers are denoted by Np0 , Nθ and Nϕ respec-

tively. One more parameter we need to specify is the maximum of p0, denoted by p0max. We

first set Nθ = 5 and Nϕ = 4, and compare the case with (p0max, Np0) = (10, 10) and the case

with (p0max, Np0) = (20, 20). Since the results do not change, we adopt (p0max, Np0) = (10, 10)

in the following. As for the choice of (Nθ, Nϕ), the result with (Nθ, Nϕ) = (7, 8) is slightly

different from the case with (Nθ, Nϕ) = (5, 4), but it is almost same as the result with
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(Nθ, Nϕ) = (11, 10). Therefore, in summary, we adopt (p0max, Np0 , Nθ, Nϕ) = (10, 10, 11, 10)

as the photon-mode discretization parameters.

The results are shown in Fig. 5.3, the upper panel for the hydrogen atom and the lower

panel for the hydrogen molecule. As in Sec. 5.4.2, the variation of the electronic charge

density from its initial value is plotted. In each panel, the solid red line shows the result

without the self-energy process and the green dashed line shows one including the self-energy

process. Note that computation for the case without the self-energy process is same as the

one described in Sec. 5.4.2. However, in Fig. 5.3, the results are multiplied by 104 for the

hydrogen atom and by 102 for the hydrogen molecule in order to make easy the comparison

with the case including the self-energy process. In the figure, we see the electron-positron

oscillations still take place when we include the self-energy process for both hydrogen atom

and molecule. However, the period of the oscillations is slightly shorter than the case without

the self-energy process. We have mentioned earlier that this rapid oscillations are originated

from virtual electron-positron pair creations and annihilations and their period is inversely

proportional to the electron mass. Therefore, decrease in the period implies increase in the

electron mass. This is reasonable because the electron mass should be increased by including

the self-energy process.

We note that this “increase” in the electron mass is not the physical reality. The self-

energy of the electron is the interaction energy between the electron and the electromagnetic

field which is originated from the electron itself [40, 42]. (It exists for either classical or

quantum electrodynamics.) Since this is something we cannot remove from the electron,

the total energy including the self-energy is considered to give the observed electron mass.

This is the idea of the (mass) renormalization. Although the method of the renormalization

is well-established for the ordinary perturbative QED, since it is based on the notion of the

asymptotic states, which exist in the infinite past and future, it is not straightforwardly

applicable to our QED simulation in which finite time evolution is followed. We have

succeeded in extracting the self-energy of the electron in our simulation. Our next task is

how to renormalize the “increase” in the electron mass, and this will be studied in our future

work.

In the end of this section, we shall make comments on the self-energy effect. Although the

change in the period of the electron-positron oscillations can be interpreted as the electron
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mass shift due to the self-energy effect, one may wonder why the shift is not infinite as in the

ordinary QED. One reason is that we have truncated the infinitely many hierarchy of time

evolution equations of operators at the level of ê†âê-type operator. We would have a greater

self-energy effect by considering the time evolution equation of higher order operators such

as the ê†ââ†ê-type operator, which appears in the last term of Eq. (5.29). Another reason is

that we have only included localized wavepackets for the expansion functions in Eq. (5.1).

During the self-energy process, when the electron emits the virtual photon, the electron

could be in an unbounded state as a virtual particle, but such a state cannot be expressed

by our present expansion functions. In order to improve this point, we may add plane wave

functions to the expansion functions to express continuum modes.

5.5 Conclusion

In this paper, we have discussed a method to follow the step-by-step time evolution of

atomic and molecular systems based on QED. Our strategy includes expanding the electron

field operator by localized wavepackets to define creation and annihilation operators and

following the time evolution using the equations of motion of the field operator in the

Heisenberg picture. Under the BO approximation, we have first derived a time evolution

equation for the excitation operator, which is the product of two creation or annihilation

operators. We need this operator to construct operators of physical quantities such as the

electronic charge density operator. We have then described our approximation methods to

obtain time differential equations of the electronic density matrix, which is defined as the

expectation value of the excitation operator.

In particular, we have presented two approximation methods for the expectation value

of the radiation term, which includes the ê†âê-type operators. One is to factorize their

expectation values into the expectation value of the excitation operator and that of the

photon creation or annihilation operator, and has been used to study the effect of exter-

nal oscillating electromagnetic field by setting the initial photon state as a coherent state.

Another is to solve the time evolution equation of the ê†âê-type operators simultaneously

with that of the excitation operator, which enables us to include the self-energy effect of

the electron. By solving these equations numerically, we have shown the electron-positron
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oscillations appear in the charge density of a hydrogen atom and molecule, for the cases both

with and without including the self-energy process. We have also shown that the period of

the electron-positron oscillations becomes shorter by including the self-energy process, and

it can be interpreted as the increase in the electron mass due to the self-energy.

Although the results obtained in this paper can be reasonably interpreted so far, there

are many things to incorporate for establishing the time evolution simulation method of

atomic and molecular systems based on QED. Two important points which are not included

in the present work are computation of the retarded potential and renormalization of the

electron mass. As for the retarded potential, its computation is likely to be achieved by using

the gaussian integral formulae which have been derived in the Appendix, although we need

efficient approximation and storage methods. As for the electron mass renormalization, we

shall develop a different method from that of the ordinary QED, because our renormalization

should also be performed step-by-step in time. Specifically, we may need a time-dependent

renormalization factor. These issues will be addressed in our future works and incorporated

in our computation code.
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APPENDIX A: QED Hamiltonian operator and energy

The QED Hamiltonian density operator ĤQED(r⃗) [28, 33] can be expressed by a sum

of the electromagnetic field energy density operator Ĥγ(r⃗) and the energy density operator

of electron Ĥe(r⃗) (Ref. [33], Eqs. (3.4) and (3.5)). The QED Hamiltonian operator can be

written as ∫
d3r⃗ĤQED(r⃗) =

∫
d3r⃗

[
1

2
Â0ρ̂+

1

8π

(
1

c

∂
ˆ⃗
A

∂t

)2

− 1

8π
ˆ⃗
A · ∇2 ˆ⃗

A

+c ˆ̄ψ

{
−iℏγ⃗ ·

(
∇⃗ − i

Zee

ℏc
ˆ⃗
A

)
+mec

}
ψ̂

]
, (5.55)

in the Coulomb gauge. This can be expressed using the creation and annihilation operators

by substituting Eqs. (5.1), (5.7), (5.8), (5.9), and (5.10). Since the terms involving
ˆ⃗
A cannot

be put in a simpler form due to the existence of the retarded time, we show the Hamiltonian

operator expressed by the creation and annihilation operators under the electrostatic limit,

namely
ˆ⃗
A = 0, ∫

d3r⃗ĤQED,electrostatic(r⃗)

=

ND∑
n,m=1

∑
a,b=±

hnamb Ênamb +
1

2

ND∑
n,m,p,q=1

∑
a,b,c,d=±

(naqd|mbpc)ê†na ê
†
mb êpc êqd , (5.56)

where the coefficient matrices are defined in Eqs. (5.16) and (5.20). Here, we have excluded

some terms which are infinite constants.

By taking the expectation value of the normal-ordered product of Eq. (5.56) with respect

to the Heisenberg ket, we can obtain the energy of the system under the electrostatic limit,
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EQED,electrostatic. When the Heisenberg ket is assumed to be the one introduced in Sec. 5.4.1,

at t = 0, it gives the ordinary DHF energy as

EQED,electrostatic =

ND∑
n=1

∑
a=⊕

hnana +
1

2

ND∑
n,m=1

∑
a,b=⊕

{
(nana|mbmb) − (namb|mbna)

}
, (5.57)

where ⊕ denotes the occupied electron orbitals.

APPENDIX B: Molecular integral formulae for retarded

potential term

When we compute the retarded potential term as described in Sec. 5.3.2, we need two

types of four-center integrals shown in Eqs. (5.39) and (5.40). To our knowledge, gaussian

integral formulae which are needed to compute them are not seen in literature. In the

present paper, the retarded potential term is neglected as explained in Sec. 5.4, but we

shall derive the formulae in this section for convenience of future works. The formulae and

derivation here are based on a method described in Ref. [45].

Let us write an unnormalized gaussian function whose center is on A⃗ and exponent is

αA as

g̃(r⃗; A⃗, αA, n⃗) ≡ (x− Ax)nx(y − Ay)
ny(z − Az)

nze−αA|r⃗−A⃗|2 . (5.58)

Then, we need the integral of the form∫
d3r⃗ d3s⃗ g̃(r⃗; R⃗i, αi, n⃗i)g̃(r⃗; R⃗j, αj, n⃗j)g̃(s⃗; R⃗k, αk, n⃗k)g̃(s⃗; R⃗l, αl, n⃗l)θ(r⃗, s⃗), (5.59)

with θ(r⃗, s⃗) being

θjj(r⃗, s⃗;α) ≡ exp

(
−iα |r⃗ − s⃗|2

c2

)
, (5.60)

for Eq. (5.39), and

θkjE(r⃗, s⃗;α) ≡
∫
d3t⃗

{
∂

∂tk
1

|s⃗− t⃗|

}
exp

(
−iα |r⃗ − t⃗|2

c2

)
, (5.61)

for Eq. (5.40). Note that this becomes the usual electronic repulsion integral when θ(r⃗, s⃗) =

1/|r⃗− s⃗|. In the method of Ref. [45], in order to compute the integral of the form Eq. (5.59),

we first need to compute

[000|θ|000] =

∫
d3r⃗ d3s⃗ exp

(
−αP |r⃗ − P⃗ |2

)
exp

(
−αQ|s⃗− Q⃗|2

)
θ(r⃗, s⃗), (5.62)
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where

αP = αi + αj, (5.63)

P⃗ =
αiR⃗i + αjR⃗j

αi + αj

, (5.64)

αQ = αk + αl, (5.65)

Q⃗ =
αkR⃗k + αlR⃗l

αk + αl

, (5.66)

and then compute

[NLM |θ|N ′L′M ′]

=

(
∂

∂Px

)N (
∂

∂Py

)L(
∂

∂Pz

)M (
∂

∂Qx

)N ′ (
∂

∂Qy

)L′ (
∂

∂Qz

)M ′

[000|θ|000] . (5.67)

Finally, Eq. (5.59) is obtained by summation over N , L, M , N ′, L′ and M ′ after multiplying

[NLM |θ|N ′L′M ′] by appropriate coefficients which depend on n⃗i, n⃗j, n⃗k and n⃗l. Thus, we

show below [000|θ|000] and [NLM |θ|N ′L′M ′] for θjj and θkjE.

We first consider the case of α = 0. As for θjj, since θjj(r⃗, s⃗;α = 0) = 1, Eq. (5.59) is

the product of two overlap integrals. As for θjE, Eq. (5.59) is shown to be divergent.

In the case of α ̸= 0, we can show that

[000|θjj|000] = π3B−3/2 exp
(
−αT |D⃗|2

)
, (5.68)[

000|θkjE|000
]

= −4π4B−3/2F1(αT |D⃗|2)Dk, (5.69)

where

D⃗ = P⃗ − Q⃗, (5.70)

A =
iα

c2
, (5.71)

B = A(αp + αq) + αpαq, (5.72)

C = αpαqA, (5.73)

αT =

(
1

αp

+
1

αq

+
1

A

)−1

=
C

B
, (5.74)

and

Fj(T ) =

∫ 1

0

u2j exp
(
−Tu2

)
du, (5.75)

is a function defined in Ref. [45] and its recursion formula is also discussed there.
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The differentiation to derive [NLM |θ|N ′L′M ′] can be done in a straightforward manner.

As for θjj, we can show

[NLM |θjj|N ′L′M ′] = π3B−3/2 exp
(
−αT |D⃗|2

)
α

N+L+M+N′+L′+M′
2

T (−1)N+L+M

× HN+N ′(α
1/2
T Dx)HL+L′(α

1/2
T Dy)HM+M ′(α

1/2
T Dz), (5.76)

where Hn(x) is a Hermite polynomial of degree n. As for θjE, we can show

[
NLM |θxjE|N ′L′M ′] = −4π4B−3/2(−1)N

′+L′+M ′

×
{
DxR̃N+N ′,L+L′,M+M ′ + (N +N ′)R̃N+N ′−1,L+L′,M+M ′

}
,(5.77)[

NLM |θyjE|N
′L′M ′] = −4π4B−3/2(−1)N

′+L′+M ′

×
{
DyR̃N+N ′,L+L′,M+M ′ + (L+ L′)R̃N+N ′,L+L′−1,M+M ′

}
, (5.78)[

NLM |θzjE|N ′L′M ′] = −4π4B−3/2(−1)N
′+L′+M ′

×
{
DzR̃N+N ′,L+L′,M+M ′ + (M +M ′)R̃N+N ′,L+L′,M+M ′−1

}
.(5.79)

Here, we have defined

R̃NLM =

(
∂

∂Dx

)N (
∂

∂Dy

)L(
∂

∂Dz

)M

F1(T ), (5.80)

where T = αT (D2
x + D2

y + D2
z). For generating a table of all R̃NLM up to some maximum

N + L+M , recursion relations discussed in Ref. [45] can be applied. In particular, we can

use the recursion relation for the more general integral RNLMj,

RNLMj = (−α1/2
T )N+L+M(−2αT )j

×
∫ 1

0

uN+L+M+2jHN(α
1/2
T Dxu)HL(α

1/2
T Dyu)HM(α

1/2
T Dzu)e−Tu2

du, (5.81)

through the relation

R̃NLM =
RNLM1

−2αT

. (5.82)

The details of the recursion relations and efficient numerical techniques are found in Ref. [45].
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Figure 5.1: Time evolution of the charge density of the hydrogen atom at (x, y, z) = (0, 0, 1).

The variation from the initial value is plotted. The upper panel shows the result when there

is no photon in the initial state. In the middle and lower panels, the initial photon states

are chosen to be coherent states with the photon modes whose energy is p0 = 10 and 20

respectively. In both cases, they are chosen to be circularly polarized in the positive direction

and have momenta in the direction of x-axis positive. See the texts for other details.
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Figure 5.2: Similar to Fig. 5.1 for the hydrogen molecule.
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Figure 5.3: Time evolution of the charge density of the hydrogen atom (upper panel) and

molecule (lower panel) at (x, y, z) = (0, 0, 1). The variation from the initial value is plotted.

There is no photon in the initial state. The cases without and with the self-energy process

are respectively plotted by the red solid lines and green dashed lines in each panel. As

for the case without the self-energy process, to make comparison easily, we plot the values

which are multiplied by 104 for H and by 102 for H2.
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Chapter 6

Computational Method for the

Retarded Potential in the Real-time

Simulation of Quantum

Electrodynamics

6.1 Introduction

Quantum electrodynamics (QED) is a quantum theory of fields which describes the inter-

action between photons and charged particles, such as electrons and positrons. The quantum

field theory is conventionally solved using the covariant perturbation theory and this has

succeeded in explaining many physical phenomena with very high accuracy. However, the

perturbation theory is not suitable to follow the real-time evolution of the system. It can

only compute such quantity as a cross section, which just measures difference between the

infinite past and infinite future, not the time evolution step by step.

This is not so satisfactory because recent experiments can probe shorter and shorter time

scale about the ultrafast electronic dynamics in matter [1]. This includes photophysical and

photochemical processes, and the real-time observation of such processes as photoemission

from atoms, molecules, and surfaces is now possible at the attosecond order [2]. Note that

phenomena in which particle number changes, for instance photoemission, cannot be treated

in a strict sense by quantum mechanics of point particles, and we need to use quantum field
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theory for their rigorous treatment. This is because, while particle number is conserved in

quantum mechanics of point particles, quantum field theory provides a framework in which

it is allowed to change. Since photoemission involves photons, the quantum field theory we

need is QED. Therefore, in order to compare theoretical prediction with these time-resolved

experiments and future more precise experiments, we need a real-time simulation based on

QED, and, for that purpose, a non-perturbative method has to be developed.

Some ingredients required for such a method have been discussed in Ref. [3] by one of the

authors. There, it has been argued that, for the quantum field theoretic real-time simulation,

it is not sufficient only to compute the time evolution of a wavefunction as is done in the

quantum mechanics of point particles, but we also need to compute the time evolution of

field operators (Heisenberg operators defined at each point in the spacetime) as well. These

two types of time evolution are called the “dual Cauchy problem” of quantum field theory in

Ref. [3], and we have to combine them to obtain time evolution of the expectation value of a

quantum field operator corresponding to some physical quantity. Note that the Heisenberg

ket vector is expressed by a linear combination of basis ket vectors whose coefficients are

wavefunctions. The basis ket vectors in turn are constructed by operating appropriate

field operators on the vacuum ket vector. The time evolutions of the wavefunctions and

field operators cancel each other to make the Heisenberg ket time-independent. This paper

concerns one of the issues regarding the time evolution of the field operators which appear

in QED.

In the literature, a method for solving quantum field theory in Heisenberg picture has

been developed by Abe and Nakanishi [4], with the special interest in the application for

quantum gravity, in which the perturbation theory fails. Although the solution for QED

is discussed in Ref. [5], their method is quite formal and not convenient for our numerical

approach. In particular, the solution in Ref. [5] is given as the expansion in powers of the

electromagnetic coupling constant (electron charge magnitude), which seems to be not truly

non-perturbative. We wish to pursue a way to directly solve the quantum field equations of

motion of QED by numerical means.

As for our approach, while theoretical developments are found in Refs. [6–10], we have

been developing a prototype code for a real-time simulation based on QED in Refs. [11–13].

One of the important points we have dropped in Refs. [11, 12] is the retarded potential term
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for the photon field. In other words, we have regarded the photon field as a free radiation field

and ignored the contribution from the electric current generated by the electron dynamics.

The reason why we could not have included such an important term is that we did not have

a practical way to compute an oscillatory integral over the infinite interval involved in it.

We shall report in this paper that there is an efficient method for such an integration [14, 15]

based on so-called double exponential (DE) formula [16].

This paper is organized as follows. In Sec. 6.2, we briefly review the equations of motion

of QED field operators, and the canonical commutation or anticommutation relations among

them. In Sec. 6.3, we derive the evolution equation for the electron creation and annihilation

operators, and describe how the integrations for the retarded potential arise. In Sec. 6.4,

we show the results for the numerical integration of retarded potential terms using the DE

formula. Finally, Sec. 6.5 is devoted to our conclusion.

6.2 Time evolution equations for the quantum fields

In this paper, there appear two types of quantum field operators, the four-component

Dirac field operator ψ̂(x) for the electron and positron, and the U(1) gauge field operator

Âµ(x) for the photon. (Incidentally, the approach to treat the electron as the two-component

Schrödinger field [10] is also developed in our group. See Refs. [17–19] for details.) Their

time evolutions are given by the Dirac equation and Maxwell equation. Since we assume

the canonical quantization formalism, the quantum operators satisfy the equal-time com-

mutation or anticommutation relations. Although these are textbook matters (e.g. [20]),

we describe them briefly in this section to set up our notations. We work in the Gaussian

systems of electromagnetic units. As for the physical constants, we use c for the speed

of light in vacuum, ℏ for the reduced Planck constant, e for the electron charge magni-

tude (e > 0), and me for the electron mass. The relativistic notations are as follows. The

spacetime coordinate is expressed as x = (xµ) = (x0, xi) = (ct, r⃗), where the Greek index

runs from 0 to 3 and the Latin index from 1 to 3. We adopt a convention that the re-

peated indices are summed, unless otherwise indicated. We use the metric tensor defined by

ηµν = diag(1,−1,−1,−1) = ηµν for the transformation between contravariant and covariant

vectors. The spacetime derivative is defined by ∂µ = ∂
∂xµ =

(
1
c
∂
∂t
, ∇⃗
)

. The gamma matrices
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are denoted by γµ.

The Dirac equation in the covariant form is iℏγµD̂eµ(x)ψ̂(x) = mecψ̂(x), where the gauge

covariant derivative is defined by D̂eµ(x) = ∂µ + iZee
ℏc Âµ(x) with Ze = −1, and this can be

written as

iℏ
∂

∂t
ψ̂(x) =

{
−iℏcγ0γ⃗ · ∇⃗ − (Zee)γ

0γ⃗ · ˆ⃗
A(x) +mec

2γ0 + (Zee)Â0(x)
}
ψ̂(x). (6.1)

As we adopt the Coulomb gauge, ∇⃗ · ˆ⃗
A(x) = 0, the Maxwell equation is given by(

1

c2
∂2

∂t2
−∇2

)
ˆ⃗
A(x) =

4π

c
ˆ⃗
jT (x), (6.2)

where
ˆ⃗
jT (x) is the transversal part of the charge current density operator

ˆ⃗
j(x):

ˆ⃗
jT (x) =

ˆ⃗
j(x) − 1

4π
∇⃗ ∂

∂t
Â0(x). (6.3)

The scalar potential is given by

Â0(ct, r⃗) =

∫
d3s⃗

ρ̂(ct, s⃗)

|r⃗ − s⃗|
, (6.4)

where ρ̂(x) is the charge density operator, as the solution of the Poisson equation. Here,

ρ̂(x) and
ˆ⃗
j(x) are given in terms of the Dirac field operator, respectively, by

ρ̂(x) = Zeeψ̂
†(x)ψ̂(x), (6.5)

ˆ⃗
j(x) = Ze e c ψ̂

†(x)γ0γ⃗ψ̂(x), (6.6)

where the dagger is used to express Hermite conjugate.

The equal-time anticommutation relations for ψ̂(x) are{
ψ̂α(ct, r⃗), ψ̂†

β(ct, s⃗)
}

= δ(3)(r⃗ − s⃗)δαβ, (6.7){
ψ̂α(ct, r⃗), ψ̂β(ct, s⃗)

}
= 0, (6.8){

ψ̂†
α(ct, r⃗), ψ̂†

β(ct, s⃗)
}

= 0, (6.9)

where α, β = 1, ..., 4 are spinor indices and the curly brackets are the anticommutator so

that {A,B} = AB + BA. The equal-time commutation relations for
ˆ⃗
A(x) consistent with

the Coulomb gauge condition are[
Âi(ct, r⃗), Âj(ct, s⃗)

]
= 0, (6.10)[

Êi
T (ct, r⃗), Êj

T (ct, s⃗)
]

= 0, (6.11)

1

4πc

[
Âi(ct, r⃗), Êj

T (ct, s⃗)
]

= iℏηijδ(3)(r⃗ − s⃗) + iℏ
∂

∂ri
∂

∂rj

(
− 1

4π
· 1

|r⃗ − s⃗|

)
, (6.12)
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where the square brackets are the commutator so that [A,B] = AB−BA, and
ˆ⃗
ET (x) is the

transversal part of the electric field operator:

ˆ⃗
ET (x) = −1

c

∂
ˆ⃗
A(x)

∂t
. (6.13)

Finally, ψ̂(x) commutes with
ˆ⃗
A(x) at equal times:[

ψ̂α(ct, r⃗), Âi(ct, s⃗)
]

= 0. (6.14)

6.3 Time evolution of creation and annihilation oper-

ators

Time evolution equations of the quantum fields given by Eqs. (6.1) and (6.2) are very

difficult to solve because not only they are nonlinear partial integro-differential equations

but also they are equations for non-commutative operators which obey the commutation

and anticommutation relations Eqs. (6.7)-(6.12) and (6.14). In this section, we describe our

prescription to make the equations more tractable. Although there are some overlaps with

the contents in Refs. [11, 12], we reproduce them in the reorganized form for the convenience

of the readers.

Regarding ψ̂(x), we introduce creation and annihilation operators which carry the time

dependence as follows [11, 12]. The field operator is expanded by a set of four-component

orthonormal functions ψna(r⃗) as

ψ̂(x) =

ND∑
n=1

∑
a=±

ψna(r⃗)êna(t), (6.15)

where
∫
d3r⃗ ψ†

na(r⃗)ψmb(r⃗) = δnmδab. In our notation, a = + and a = − represent electron and

positron respectively, so that ên+ is the electron annihilation operator and ên− is the positron

creation operator. If the expansion functions are complete, the anticommutation relations

Eqs. (6.7)-(6.9) lead to
{
êna(t), ê†

mb(t)
}

= δnmδab, {êna(t), êmb(t)} = 0,
{
ê†na(t), ê†

mb(t)
}

= 0,

respectively. Note that ND, the number of the electron expansion function, has to be infinite

to make the expansion function set complete. As we can only use a finite set in numerical

computation, thus obtained results should be interpreted as phenomena within the finite

subspace.
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As for
ˆ⃗
A(x), we first consider the integrated form of the Maxwell equation (6.2) using

the retarded Green function [7, 9]. The solution can be expressed by a sum of the radiation

vector potential and the retarded potential as
ˆ⃗
A(ct, r⃗) =

ˆ⃗
Arad(ct, r⃗) +

ˆ⃗
AA(ct, r⃗), where

ˆ⃗
Arad(ct, r⃗) =

√
4πℏ2c√
(2πℏ)3

∑
σ=±1

∫
d3p⃗√
2p0

[
âp⃗σ e⃗(p⃗, σ)e−icp0t/ℏeip⃗·r⃗/ℏ + â†p⃗σ e⃗

∗(p⃗, σ)eicp
0t/ℏe−ip⃗·r⃗/ℏ

]
,

(6.16)

ˆ⃗
AA(ct, r⃗) =

1

c

∫
d3s⃗

ˆ⃗
jT (cu, s⃗)

|r⃗ − s⃗|
, u = t− |r⃗ − s⃗|

c
. (6.17)

In Eq. (6.16), p⃗ and σ denote the photon momentum and helicity respectively. The usual

dispersion relation p0 = |p⃗| holds and the polarization vector e⃗(p⃗, σ) satisfies p⃗ · e⃗(p⃗, σ) =

0,
∑

σ=±1 e
i(p⃗, σ)e∗j(p⃗, σ) = −ηij − pipj

|p⃗|2 , and
∑3

k=1 e
k(p⃗, σ)e∗k(p⃗, τ) = δστ . The photon

annihilation operator âp⃗σ satisfies the commutation relations [âp⃗σ , âq⃗τ ] = [â†p⃗σ , â
†
q⃗τ

] = 0 and

[âp⃗σ , â
†
q⃗τ

] = δ(3)(p⃗ − q⃗)δστ to be consistent with Eqs. (6.10)-(6.12). Note that âp⃗σ is time-

independent.

The integration of Eq. (6.17) contains the retarded time u, which reflects the fact that

the speed of light (the maximum speed at which the information can be transmitted) is

finite and we only use the information from the past. Since u depends on space variables,

it is difficult to perform the integration in this form. We rewrite it using the delta function

formulae with the causality (
ˆ⃗
jT (cu, r⃗) = 0 for u > t) and the initial condition (

ˆ⃗
jT (cu, r⃗) = 0

for u < t0) as

ˆ⃗
AA(ct, r⃗) =

1

c2π

∫ t

t0

du′
∫ ∞

−∞
dα

∫
d3s⃗

ˆ⃗
jT (cu′, s⃗) exp

[
iα

{
(t− u′)2 − (r⃗ − s⃗)2

c2

}]
,(6.18)

separating the time and space variables [3, 10]. The integration with respect to u′ represents

the accumulation of contributions from past data, and the integration with respect to α

sweeps out the non-causal data. As for the initial condition, we note that we set the Cauchy

problem of QED by assuming the synchronization of the clocks at different space points

at t = t0, when canonical quantization is performed with the definition of the vacuum ket

vector |0⟩. Hence, the vacuum and field operators are not defined for t < t0.

We can express Eq. (6.18) with the creation and annihilation operators by using Eqs. (6.3),

(6.4), (6.5), (6.6), and (6.15) as

Âk
A(ct, r⃗) =

1

c2π

ND∑
p,q=1

∑
c,d=±

∫ t

t0

du′

{
Kk

j,pcqd(r⃗; t− u′)Êpcqd(u′) +Kk
E,pcqd(r⃗; t− u′)

dÊpcqd
dt

(u′)

}
,

(6.19)
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where we define the frequently encountered combination of the operator Êpcqd(t) = ê†pc(t)êqd(t),

and c-number integrals

Kk
j,pcqd(r⃗; t− u′) =

∫ ∞

−∞
dα Ikj,pcqd(r⃗;α) exp

(
iα(t− u′)2

)
, (6.20)

Kk
E,pcqd(r⃗; t− u′) =

∫ ∞

−∞
dα IkE,pcqd(r⃗;α) exp

(
iα(t− u′)2

)
. (6.21)

Here, the integrals Ik
j,pcqd

(r⃗;α) and Ik
E,pcqd

(r⃗;α) are defined as

Ikj,pcqd(r⃗;α) =

∫
d3s⃗ jkpcqd(s⃗) exp

(
−iα(r⃗ − s⃗)2

c2

)
, (6.22)

IkE,pcqd(r⃗;α) =

∫
d3s⃗ Ek

pcqd(s⃗) exp

(
−iα(r⃗ − s⃗)2

c2

)
, (6.23)

respectively using following functions

jkpcqd(s⃗) = Ze e c
[
ψ†
pc(s⃗)γ

0γkψqd(s⃗)
]
, (6.24)

Ek
pcqd(s⃗) = −Zee

4π

∫
d3t⃗ ψ†

pc (⃗t)ψqd (⃗t)
(⃗t− s⃗)k

|⃗t− s⃗|3
. (6.25)

Finally, we obtain the time evolution equation for the creation and annihilation operators

by substituting the vector potential, (6.16) and (6.19), into the Dirac equation (6.1), and

applying the expansion (6.15) as

iℏ
dêna

dt
(t) =

ND∑
m=1

∑
b=±

(Tnamb +Mnamb)êmb(t) +

ND∑
m,p,q=1

∑
b,c,d=±

(namb|pcqd)Êpcqd(t)êmb(t)

− 1

c3π

ND∑
m,p,q=1

∑
b,c,d=±

∫ t

t0

du′

{
Kjj,nambpcqd(t− u′)Êpcqd(u′)

+KjE,nambpcqd(t− u′)
dÊpcqd
dt

(u′)

}
êmb(t)

−
√

1

2π2ℏc

ND∑
m=1

∑
b=±

∑
σ=±1

∫
d3p⃗√
2p0

[
Fnambp⃗σ(t)âp⃗σ + F∗

mbnap⃗σ
(t)â†p⃗σ

]
êmb(t),

(6.26)

where we define the kinetic energy integral Tnamb = −iℏc
∫
d3r⃗ ψ†

na(r⃗)γ0γk∂kψmb(r⃗), the

mass energy integralMnamb = mec
2
∫
d3r⃗ ψ†

na(r⃗)γ0ψmb(r⃗), the two-electron-repulsion integral

(namb|pcqd) = (Zee)
2
∫
d3r⃗ d3s⃗ ψ†

na(r⃗)ψmb(r⃗) 1
|r⃗−s⃗|ψ

†
pc(s⃗)ψqd(s⃗), and Fnambp⃗σ(t) =

∑3
k=1 e

k(p⃗, σ)e−icp0t/ℏF k
namb(p⃗),

which is defined using the Fourier transform of jk
namb(r⃗), F

k
namb(p⃗) ≡

∫
d3r⃗ jk

namb(r⃗)e
ip⃗·r⃗/ℏ. In
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Eq. (6.26), we also define integrals which originate from the interaction between the elec-

tronic current and retarded potential as

Kjj,nambpcqd(t− u′) =

∫ ∞

−∞
dα Ijj,nambpcqd(α) exp

(
iα(t− u′)2

)
, (6.27)

KjE,nambpcqd(t− u′) =

∫ ∞

−∞
dα IjE,nambpcqd(α) exp

(
iα(t− u′)2

)
, (6.28)

where

Ijj,nambpcqd(α) =
3∑

k=1

∫
d3r⃗ jknamb(r⃗)I

k
j,pcqd(r⃗;α) (6.29)

=
3∑

k=1

∫
d3r⃗ d3s⃗ jknamb(r⃗)j

k
pcqd(s⃗) exp

(
−iα(r⃗ − s⃗)2

c2

)
, (6.30)

IjE,nambpcqd(α) =
3∑

k=1

∫
d3r⃗ jknamb(r⃗)I

k
E,pcqd(r⃗;α) (6.31)

=
3∑

k=1

∫
d3r⃗ d3s⃗ jknamb(r⃗)E

k
pcqd(s⃗) exp

(
−iα(r⃗ − s⃗)2

c2

)
. (6.32)

6.4 Numerical integration of retarded potential terms

As is described in the previous section, we have rewritten the coupled Maxwell-Dirac field

equations into the evolution equation for the electron creation and annihilation operators,

Eq. (6.26). That is, we have succeeded in converting the partial integro-differential equa-

tions for the quantum operators, which depend on space-time coordinate, into the ordinary

integro-differential equation for the creation and annihilation operators, which carry only

the time variable. While some of the coefficients of the evolution equation, Tnamb , Mnamb ,

(namb|pcqd), and F k
namb(p⃗), are well-known molecular integrals, Kjj,nambpcqd and KjE,nambpcqd

do not appear in the quantum chemistry computation using the electrostatic Hamiltonian.

Below, we describe how we may practically compute them. Our computation assumes that

the expansion functions ψna(r⃗) for the Dirac field operator to be expressed by a linear

combination of Gaussian type orbitals. We use the DIRAC program package [21] to gen-

erate ψna(r⃗). The results are reported in the atomic units, in which the speed of light is

c = 137.035999679 and 1 a.u. of time equals to 24.19 as.

We begin with the computation of Kjj,nambpcqd defined by Eq. (6.27). As this integral

depends on the parameter t− u′, which represents the difference between the present time
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t and the past time u′, if we want to perform a simulation from t = t0 to t = tend, we need

Kjj,nambpcqd with t−u′ ranging from 0 to tend. Therefore, unless t−u′ = 0, Kjj,nambpcqd is an

oscillatory integral over the infinite interval, which is in general difficult to make converge.

In fact, although we have tried to use the Romberg integration of improper integrals such as

found in Ref. [22] and the fast Fourier transform, these methods turn out to be not practical.

Then, we have noticed that an efficient method for such a Fourier-type integral (the value of

a Fourier transform at a particular point) has been developed in Ref. [14, 15] based on the

DE formula [16], and its implementation is made publicly available by the developer [23].

We perform the integration with respect to α in Eq. (6.27) by using the Ooura’s code, and

the six-dimesional integration with respect to spatial coordinates in Eq. (6.30) by using the

analytic formula explained in the Appendix 6.5.

The numerical results for Kjj,nambpcqd as a function of t− u′ are shown in Fig. 6.1. The

expansion functions are generated by solving the four-component Dirac equation with the

Dirac-Coulomb Hamiltonian by the Hartree-Fock method and STO-3G basis set. We show

the results for two types of expansion functions, which are respectively generated using H and

He atoms. We note that, for these atoms in this basis set, there are two orbitals (ND = 2)

for electron and positron respectively taking into account the Kramers partners. In Fig. 6.1,

all the (44 = 256) components of Kjj,nambpcqd are plotted so that multiple lines are shown

for each H and He. Since the imaginary part of Kjj,nambpcqd is found to be zero for all the

components, the real part is plotted. In the limiting case of t− u′ = 0, we can analytically

evaluate the integral to be zero (see Appendix 6.5). Also, for t − u′ → ∞, Kjj,nambpcqd

becomes zero owing to the Riemann-Lebesgue lemma. We see that our numerical results

reproduce these behaviors at the limiting cases. We also notice that the value of Kjj,nambpcqd

decreases rapidly when t− u′ is larger than around 10−2. This can be attributed to the fact

that our expansion functions extend over about 1 a.u. and so does the source of the retarded

potential. Note that Kjj,nambpcqd(t−u′) expresses the contribution to the retarded potential

at the past time u′, t − u′ before the present time t. Since the information is transmitted

at the speed of light, there should be no contribution from the time before approximately

1/c, that is, (t− u′) > O(10−2). This is supported by the result that Kjj,nambpcqd(t− u′) for

He has a peak at smaller t − u′ than that of H, which is consistent with the less extended

orbital of He than H (the exponent of the He basis set is about 1.9 times larger than that
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of H).

The computation of KjE,nambpcqd defined by Eq. (6.28) is performed using the same

technique as described above, and the result is shown in Fig. 6.2. Since the real part

of KjE,nambpcqd is found to be zero for all the components, the imaginary part is plotted.

Fig. 6.2 exhibits a similar pattern to Fig. 6.1, and this can be interpreted in a similar manner

to that of Kjj,nambpcqd as described above. We, however, have to remember that the integrand

of KjE,nambpcqd contains a factor IjE,nambpcqd(α) which diverges at α = 0 like a delta function

(Eq. (6.47) in Appendix 6.5). This contributes to KjE,nambpcqd as an indefinite constant term

which in general depends on the component, but not on the spacetime coordinate. The result

shown in Fig. 6.2 omits this possible contribution. We may determine this constant term

by looking at other quantity such as the Hamiltonian operator but it is beyond the scope of

the current paper.

6.5 Conclusion

In this paper, we have discussed the method to compute the integrals, denoted by Kjj

and KjE, which appear in the retarded potential term for a real-time simulation based on

QED. We have shown that the oscillatory integrals over the infinite interval involved in

them can be efficiently performed by the method developed by Ooura and Mori based on

the DE formula. Now, we can set almost all the coefficients for the evolution equation of the

electron creation and annihilation operators, Eq. (6.26). We, however, also have found that

there seems to be an indefinite constant contribution to KjE, which stems from the delta-

function-like singularity in its integrand. How we may set the constant is not known at this

stage, and we shall look for a way by investigating other quantity such as the Hamiltonian

operator or using more sophisticated mathematical technique to treat the singularity.

Even if we find a way to fix the constant and obtain KjE, there will be several issues

in solving Eq. (6.26). One of them is a reasonable matrix representation of the creation

and annihilation operators. This may be determined by using a method of constructing the

basis ket vectors using newly found b-photon, f -electron, and f c-positron field operators [3].

As they work for interacting theory, we do not have to invoke asymptotic fields to define

a Fock space on which the creation and annihilation operators act, and non-perturbative
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formulation is possible. Our next task would be to connect êna(t) in this paper and b-photon,

f -electron, and f c-positron field operators introduced in Ref. [3].

Further issue is that, in addition to the time evolution of the quantum operators, we

have to solve the other side of the dual Cauchy problem of QED as mentioned in the

introduction. That is, the time evolution of the wavefunctions. In quantum field theory, we

have to deal with the infinite series of wavefunctions, each of them representing a certain

combination of fixed numbers of electrons, positrons and photons [3]. This is in contrast to

the quantum mechanics of point particles, in which the particle number is conserved and only

one wavefunction is needed. Such huge increase in the degree of freedom in quantum field

theoretic computation would require some reduction techniques for a practical numerical

implementation.

Our quantum field theoretic formulation for the real-time simulation based on QED

requires a lot of ingredients which differ from those in the quantum mechanics of point par-

ticles based on the electrostatic Hamiltonian. In this paper, we have taken one step further

to achieve our goal by showing the practical computational method for the integrations in

the retarded potential in QED.
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APPENDIX A: Molecular integral formulae for retarded

potential term

In this appendix, we summarize the gaussian integral formulae to compute retarded po-

tential terms. Specifically, we describe formulae to compute Ijj,nambpcqd(α), and IjE,nambpcqd(α),

which are respectively defined by Eqs. (6.30), and (6.32). Our formulae and derivation here

are based on a method described in Ref. [24], and we mostly follow their notations. Although

there are significant overlaps in this section with the appendix of Ref. [12], we reproduce

them with the typos fixed for the convenience of the readers.

Since Ijj,nambpcqd(α) and IjE,nambpcqd(α) are four-center integrals, we need to compute

basic two-electron integrals

[NLM |θ|N ′L′M ′]

=

(
∂

∂Px

)N (
∂

∂Py

)L(
∂

∂Pz

)M (
∂

∂Qx

)N ′ (
∂

∂Qy

)L′ (
∂

∂Qz

)M ′

[000|θ|000] , (6.33)

where

[000|θ|000] =

∫
d3r⃗ d3s⃗ exp

(
−αP |r⃗ − P⃗ |2

)
exp

(
−αQ|s⃗− Q⃗|2

)
θ(r⃗, s⃗), (6.34)

with θ(r⃗, s⃗) being

θjj(r⃗, s⃗;α) ≡ exp

(
−iα |r⃗ − s⃗|2

c2

)
, (6.35)

for Ijj,nambpcqd(α), and

θkjE(r⃗, s⃗;α) ≡
∫
d3t⃗

(s⃗− t⃗)k

|s⃗− t⃗|3
exp

(
−iα |r⃗ − t⃗|2

c2

)
, (6.36)

for IjE,nambpcqd(α).

In the case of α ̸= 0, it is shown that

[000|θjj|000] = π3B−3/2 exp
(
−αT |D⃗|2

)
, (6.37)[

000|θkjE|000
]

= −4π4B−3/2F1(αT |D⃗|2)Dk, (6.38)

where D⃗ = P⃗−Q⃗, A = iα/c2, B = A(αP+αQ)+αPαQ, C = αPαQA, αT = (1/αP + 1/αQ + 1/A)−1 =

C/B, and

Fj(T ) =

∫ 1

0

u2j exp
(
−Tu2

)
du. (6.39)
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It is straightforward to differentiate Eqs. (6.37) and (6.38) to derive [NLM |θ|N ′L′M ′].

As for θjj,

[NLM |θjj|N ′L′M ′] = π3B−3/2 exp
(
−αT |D⃗|2

)
α

N+L+M+N′+L′+M′
2

T (−1)N+L+M

× HN+N ′(α
1/2
T Dx)HL+L′(α

1/2
T Dy)HM+M ′(α

1/2
T Dz), (6.40)

where Hn(x) is a Hermite polynomial of degree n. As for θjE,

[
NLM |θxjE|N ′L′M ′] = −4π4B−3/2(−1)N

′+L′+M ′

×
{
DxR̃N+N ′,L+L′,M+M ′ + (N +N ′)R̃N+N ′−1,L+L′,M+M ′

}
,(6.41)[

NLM |θyjE|N
′L′M ′] = −4π4B−3/2(−1)N

′+L′+M ′

×
{
DyR̃N+N ′,L+L′,M+M ′ + (L+ L′)R̃N+N ′,L+L′−1,M+M ′

}
, (6.42)[

NLM |θzjE|N ′L′M ′] = −4π4B−3/2(−1)N
′+L′+M ′

×
{
DzR̃N+N ′,L+L′,M+M ′ + (M +M ′)R̃N+N ′,L+L′,M+M ′−1

}
,(6.43)

where we have defined

R̃NLM =

(
∂

∂Dx

)N (
∂

∂Dy

)L(
∂

∂Dz

)M

F1(T ), (6.44)

with T = αT (D2
x + D2

y + D2
z). For generating a table of all R̃NLM up to some maximum

N + L+M , recursion relations discussed in Ref. [24] can be applied. In particular, we can

use the recursion relation for the more general integral RNLMj,

RNLMj = (−α1/2
T )N+L+M(−2αT )j

×
∫ 1

0

uN+L+M+2jHN(α
1/2
T Dxu)HL(α

1/2
T Dyu)HM(α

1/2
T Dzu)e−Tu2

du, (6.45)

through the relation R̃NLM = −RNLM1/(2αT ). The details of the recursion relations are

found in Ref. [24], and our code used in this paper follows their prescriptions.

Let us now consider the case of α = 0. The expressions we have derived above for

the case of α ̸= 0, Eqs. (6.37) and (6.38), are finite at α = 0. As α = 0 implies αT =

0, the right-hand-sides of Eqs. (6.37) and (6.38) respectively become π3(αPαQ)−3/2 and

−(4/3)π4(αPαQ)−3/2Dk. We, however, have to set α = 0 before the integration, that is, to

use θjj(r⃗, s⃗;α = 0) = 1 and θkjE(r⃗, s⃗;α = 0) =
∫
d3t⃗ (s⃗−t⃗)k

|s⃗−t⃗|3 . As for θjj, Eq. (6.34) becomes

the product of two overlap integrals, which leads to (π/αP )3/2 · (π/αQ)3/2, giving the same
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result as setting α = 0 in the right-hand-side expression of Eq. (6.37). As for θjE, Eq. (6.34)

turns out to be divergent as

−4π4(αPαQ)−3/2i× lim
l⃗→0⃗

e−l2/(4αQ)e+i⃗l·Q⃗ l
k

l2
. (6.46)

Therefore, IjE,nambpcqd(α) has a delta-function-like structure as

IjE,nambpcqd(α) = ĪjE,nambpcqd(α) + Cnambpcqd δ(α), (6.47)

where ĪjE,nambpcqd(α) is a part constructed using the expression of Eq. (6.38) for whole range

of α including α = 0, and Cnambpcqd is an indefinite constant.

APPENDIX B: Analytic computation of Kjj,nambpcqd(t−u′)

for t− u′ = 0

Kjj,nambpcqd(t− u′) is defined by Eq. (6.27) and, when t− u′ = 0, the integration can be

done analytically as follows.

Kjj,nambpcqd(0) =

∫ ∞

−∞
dα Ijj,nambpcqd(α), (6.48)

=
3∑

k=1

∫ ∞

−∞
dα

∫
d3r⃗ d3s⃗ jknamb(r⃗)j

k
pcqd(s⃗) exp

(
−iα(r⃗ − s⃗)2

c2

)
, (6.49)

= 2πc2
3∑

k=1

∫
d3r⃗ d3s⃗ jknamb(r⃗)j

k
pcqd(s⃗)δ

(
(r⃗ − s⃗)2

)
, (6.50)

= 2πc2
3∑

k=1

∫
d3r⃗

∫ ∞

0

dR

∫ π

0

dθ

∫ 2π

0

dϕR2 sin θ jknamb(r⃗)j
k
pcqd(r⃗ + R⃗)δ

(
R2
)
,

(6.51)

where we have defined R⃗ = s⃗− r⃗ and converted the integration over s⃗ into the integration

over the polar coordinate (R, θ, ϕ) centered at r⃗. Then, this expression becomes zero upon

the integration over R. Similarly, we can show KjE,nambpcqd(0) = 0.
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Figure 6.1: The real part of Kjj,nambpcqd as a function of t − u′. All the components are

plotted.
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Figure 6.2: The imaginary part of KjE,nambpcqd as a function of t− u′. All the components

are plotted.
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General Conclusion

In this thesis, the local picture of electron spin and the time-evolution simulation method

of operators have been studied on the basis of QED.

In Chapter 1, local physical quantities for spin in Li atom and C6H6 molecule have been

investigated on the basis of the four- and two-component relativistic quantum theory. The

cancellation between the nonzero zeta force and spin torque densities has been seen clearly

in the singlet ground state of C6H6, even though the spin angular momentum density is zero

over the whole region. Local physical quantities for each orbital also have been discussed,

and it has been found the relativistic interaction can have a great influence on the local

physical quantities, even if it has little effect on the orbital energies for a molecule. The

relation between the zeta potential and the spatial symmetry of a concerning system has

been discussed theoretically to grasp a feature of the zeta potential. The relation has been

confirmed by the numerical calculation results. Furthermore, in order to avoid time and cost

consuming computations of four-component relativistic wave packets, the formulation of the

local physical quantities for spin by two-component relativistic ones has been discussed. It

would pave a way to investigate the local physical quantities in large molecular systems.

In Chapter 2, the spin dynamics of the electron has been studied from the viewpoint

of the EDM in the framework of the quantum field theory. Calculations of Eeff in YbF

(2Σ1/2), BaF (2Σ1/2), ThO (3∆1), and HF+ (2Π1/2) have been performed on the basis of

RASCI. Moreover, it has been concluded that the large effective electric field is caused by

the asymmetric distribution pattern of the small component of the spin angular momentum

density. In addition, it has been shown that the local pictures of the spin and torque help

us to understand some physical origin of spin phenomena.

In Chapter 3, application examples of the spin vorticity have been discussed. It has been

found that half of the spin vorticity, which is introduced naturally as a component of the
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electronic momentum density, plays an important role for spin transport phenomena. The

generation of the spin vorticity in a local region by using a simple carbon chain attaching

both edges to electrodes in the presence of a finite bias voltage has been demonstrated.

Furthermore, the dynamical local picture of the spin Hall effect has been proposed on

the basis of the quantum spin vorticity theory. These local pictures by the quantum spin

vorticity theory would help us to understand spin phenomena in condensed matter and

molecular systems from a unified viewpoint.

In Chapter 4 and 5, a method to follow step-by-step time evolution of atomic and

molecular systems based on QED has been discussed. Some approximation methods to

obtain time differential equations of the electronic density matrix have been described.

Under this approximation, some numerical simulations of the time evolution of electron

charge density of a hydrogen atom have been carried out, and it has been found that the

electron-positron oscillations appear in the charge density of a hydrogen atom and molecule.

In our time evolution simulation, the period of the electron-positron oscillations becomes

shorter by including the self-energy process. It can be interpreted as the increase in the

electron mass due to the self-energy.

In Chapter 6, the method to compute the integrals which appear in the retarded po-

tential term for a space-time resolved simulation based on QED has been discussed. it has

been found that the oscillatory integrals over the infinite interval involved in them can be

efficiently performed by the method developed by Ooura and Mori on the basis of the double

exponential formula.

In the series of these studies, local pictures of electron spin for some applications and a

formulation of time-evolution simulation method in QED have been studied theoretically,

These would pave a way to clarify time-evolved local pictures of a QED state.
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