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Introduction 

f\j':[t~1fi): ~ '' j f7) IJ. fl (xl' ... ,xn) = ... = fm(xl' ... ,xn) 

= 0 ! {: f-::· I ri IJ 1/ ~~ i\) 0) l~!f Cl') ~1;f!0tf< ~ ~ ~!~ 1\ ~if lb] ( 

k) ),) , fi_ " ê . t .. r/i 1t 0 J:- (··~ i,, {i tJ, ( . ' ' J; '· 1J Tl(~ f~~ 

·i"JiJ P< c· J {i , 

1~°&(f'/~~ 1f'<it11~ ! J' 7' 

1) x,y"tiJ:.(.(l::.J~, 

cl: odt( 

-----., 
1 
1 
1 
1 

2) x,y~~J'{tt\:.-:fJ.,,, 

d.: ev- '' \:-"~1:-~ 1 
, • 1 

1

, 1 

1 1 
-1---~-1--- > 
-1 O[ 1 I )( 

• 1 

1 
1 1 
L~-=---r-___ j 

-1· 

1f /a ~1/;jij_IJ ,, _t_îL,q 1tt7ff.t..l"-/fJffF-:r ( 7s;:t'.f.'P,··ïijJlf{{t?'J ~) 

p-;' t" f'-_T:' 'Î J'} ~ p\ ? " ~ T{ .J;,, 2- f'.- (: lfj i( {> rf:.. t1 conjecture 

(-;r f < ~!-,. ; JA.. 7 \' Q 0 

Fermat' s conjecture : d > 2 0) e-1 (1,0)' (0,1) J.:Z y~(: lî 
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l-t 2 2 2t 2 1 {'\_(J · ( l+t 2 ) + ( l+t 2 ) = l ·/K •/·~~~J (:4\ È Î -9 /7\ ~ 
t (-:{4::!tf·1~ î1ftt~ >\'.\ î .f\11· f V' 0 

3) x, Y°&ii-fttt.] !;,. 

Œ =IR x lR ( fitt?) (a+ bi <-->(a,b)) (<'tl' 0 Œ x Il:= tR
4 c··Jj 

') . xd + yd = 1, X'1 + yd = 1 0) 2 7 17) 4' If p,·· .$-- Z... '7 <0- 7 '' ~ 

P\ 0. xd + Yd = 1 0/'filf<'? :t:-1'ïj;/(î IR -2 71:_ i_, ( IJz \tlJ{w) (: (/ Q
0 

::,f\1:'"1. 1it&~r.r~G/tsW-,~11Jtd7. 
1 l/~:fl'J .î: ?,f/ [: ct 1!I/0 Jli'7 r&il,F7t->t1J1z1 f: S0 ~ /#0·i r~/ * 
le ;f,; \-1 î : \: /: 0 );, . 

~1 (: d = 2 TJ ~ 

/iH 01 ~ r;f/ * ho~eo 

it_I:: . 

,%\$[ * 

complex · analytic structure ~ ('' 1' J5 /Ji,./~ À._ fi._ 0- {f". /~lf- t:!) 

(î %--~OJ,:i,1~?··manifold V'JtJîÎ-i!,,~D lJt~'W'..·~O\!{ v 

curve c-· }) 9 . ~ 1 ~ f-Î ~ _t-7 ~ fJ ) r f9'/ ~ 1 7 ( J >l: q J: ~ r f & 

O)P-:Jii?. 
~ Y2 = x2 + x3 

:yt,~O) ~ h ;) ?·· (î 
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O = Y2 - x2 = (y+ x)(y - x) 

<•Jî~.< --

0 .. ___ /~=~ 

-· - J;K'tE> ( 3 !);: ;{.): (xl)2+(x2)2+(yl)2+(y2)2=c; 

/ 
}{. 

/li 
(-', 

1') c, 

/' 0 « 
'f; 
11"'- s 3 
\ )'.2-q 

( - ' 
l'i c, 

2 3-
y = X 

f: > 0 t 1i .) 1 ~ 1 1 Io î ? 

link 

0 
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c (1 R3 /:)'~ 0 ~Ji {: embed 

;r(\7,,-?. 

CJ (CVî 
Y~ 
knot 

4) X' y ~ li ~ iÎî Ptk ;{ (/) {\' ftGj [tJ l\ g X, l- J -? • 

p "& t rt l r . d rt pz ~ î ~ . 1 1 1 x, y ~ IF p0 \f <· ~ .i,, -?J, 

N n def. IP n (:. Jl:_f\Î'. "°& V Î xd + yd = l t7i J;-70) fi:. 
p p 

IN 7 s ~ IP s IA' -1 "l d f t& ~ Jj '\' 7 ·,~ if' f ~ (: f: -, 7 q = P
8 

p 
, ..,- , 

t °''' 1 

N' = N + d ~ ( ( qm psm . 

ç(t) = I N'mtm-l i:J:•< !: /tt?J.Jt.Jlf.P-:·k).O, 
m>O q 

)ÎC~: ç(t) = ddt log Z(t) [·· J, ;;i. 

k k' 1 - p (t) 
Z(t) - (1-t)(l-qt) 

2g 
p(t) = rr (1-a.t) 

i=l l 

g = ~(d-1) (d-2) = ( Jl *ttffL z·f'5 ;__,,[: ~ 0 AQ 

' 1 "~ '7) :ff ) 

( 17' {J . ai {: rt) 1 7 IJ"JZ ;J) t Jlfp,·· A. Weil (: r" ( :f, :2 fi.. 7 
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/q 

Chapter 1. 

il. Projective spaces I 

~lk 1.1 V f;k· k-vector space (k = il: ,R, 1Ï PIJ. f;f ~ ) (··J?? le IU: 

V (~5viz~ 

( -;çt; 7- ~i~ 
fV," tJ\ '5 *"- 7 J)· 1

) 

I. 17/z %t 0) j ·'f ~ 

V x V 7 (v,v') >+ v + v' E: V 

k x V 7 (a,v) >+ av E: V 

II. ( scalar fil.(~ 7 '-'' 7 

u~~! d) a(bv) = (ab)v 
V V V 
a, hEk, vEV 

l\tt~li~/@ a(v+v') = av+av' 

@ l•v = V 
'v' 
vEV 

V V V 
a E-k, v, v,EV 

V= k x .•. x k = k~ (set"/ 70)1.tf.J!~ 

----------~ 

V + V' de f. (V 1 +v i' .. ., V~ +v ~) E V 

scalar l:;t._ : av def. (av1 , .. .,av~) aE k 
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-& lt1\, T ~ t. 

~/: 4--J p1),)' 

' J, p . 1- r,·).. ' 1 p,". 0,_z f\ ' k-VeCtOr SpaCe - ~ ~ /[Z 

k-vector space V 0) }{_, w1 , ... , wm f;J," linearly 

independent (" Jt; Q 

va. = 0 
l 

V : vector space / k 

R 
def. 

m 
a.E.k, I aiwi 

l i=l 
0 

v Of linearly independent T[vectors tJ) 1'/ 0 j2 ./§i Tj. è 01 î 

2'/.?) i ;J (0,1,2,. . .,n,. . ., 00 ) 1t7," - \t. (V (: J: 1) ~ ~ ?! ) 

(tEwA ~) 

~ c7J R-k 9') /\ fZ:; ~ dimkV (= dim V) 

V é1 )f._ }_, . ~ t ~ Î ~ 

Q) w1 , ... , w t 1N linearly independent. 

a kt + V Tf-!;, •Î f frt (bijection) 

6 



(" Il~,.~ . ff- ,~ "&. ~ r;- 1 .:, ;; V'/ 17,· t 1 b • 
!I, 

V: r:· 1 a(al' ... ,a!I,) = iL ai\'/i EV 

' (\. S 0 .J-rfl[ ~.ff., ~ (w1 , ... ,w2 J ~ v q base i: z., '). 

i 
~ 

(o, ... ,0,1,0, ... ,o) 

i = 1, ... ,!l P,·base. 

!I, 

Ü e. Il< V ~ '! 3\ '1" ? ~ \: ( 7 ( a 1 , ... , a, ) = l: a. e. 
1 1 N i=l 1 1 

!I, 

1- t) ·z 1- l: (" r_ !l ~ ' 'l..l!U ' a.e. = (a1 , ... ,a,): il\ 7 l: a.e. = O 
i=l l l N i=l l l 

TJ <7 Va
1 

= O t-, ( ei (1 linearly independent. 

V ~ n+l :-t i, (n .::_ 0) k-vector space ~ ( 

V* = V - (0) 
def. ' k* aer. k - (o) ~ 71 . ( i: k* n k Oj ff;.it. 7 .. 

® K.l:fr'E._Îrfl: Ti 1
}. k* {7V*/-:1f/f) Î ~. k*xV*?(a,v) 

1+ avEV* 

[ " &f] 1.1 # G ~· l ·~ X (-: 1t ffl 1 9 1c_.. ( J G x X 7 ( g, x) ~ gx E' X 

Tl 1J '} rt /J' kJ ., 7 

i (j) g 1 , g 2 E G, x E X 

@ Vx EX /: ,Ïf [ (' 

c >!fi f-,_ q ~ t "& ~ ? 0 

ex = x 

~Y r., : v, v • E v• "'l a)- V ~v' 1=> 3ÀEk* V= ÀV' def. 
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::.V'Jl~i!l~Î~(~ r -9/~fiJ~1 t,&l IP~ (kJ::.n>,(i..0 projective 

space) ~ ,, ? , ;l_.?v·J: l). @~Tfmap. 

1î : V~ + IP~ P< t ~· < ('. .:, , 
'" V ~ 1T(V) = cls V 

n ,.,, ~il. '\ lf k'- L /:_ '? v' "7 
IPk V/ 11r· 1J -r i7. 1 

L {'<' IP~0 linear subspace ("}) ~ 

~ 1T-l (L) V { ol tJ<;' V 6j vector subspace 
def. 

[~tJ _L1_ W ~ V O)vector subspace ~ ïj ? f:. 

W* = W - {o} CV* 

1î(W*) p..:· IP~ O} linear subspace 

a 
{V 0 vector subspaces} <=='. {IP C7J linear subspaces} 

B 

fK 1-1 01 it~· (·})?. 

a W c.v 

B L c O' 

~if..·<:t. 

%.:,) rîti J. 1). 

a(W) 

S(L) 

1î(W - {O}) CIP 

1T-l(L) V {O}C V 

a(W) p.;· linear subspace ?"Ji ~ ::, \: ( t. L 

a (6(L)),(1," linear subspace (,"]?) ~ ' ~. ( J. 

'.t}\· J- ') r/j s (?\ T·. aB = id. ~CT = id. ("Ji ~ ;_ \- p,· 

ri 17' ).;i 0 
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)~'/ 1. 3 CD w = { 0} (1 V &') vector subspace 

'f.. 1.2.1 

ct(w) = ~CP (J linear subspace 

© w 17-.:· dim W = 1 <'=? ct(w) fÀ" - .fi;,. 

ct(.iZ lî S) [: f ~ 7 

IP Ci) J;' ... )t ,ft 
.,.___. 
1-1 V 0 If V1 ;t. .\;:,, ~;,i~ ;[ f.*- (1-dim vector subspace) Ci) t~ . 

n+l 
V= k (base ~;;tJ') "3 ~ 

V 
c1) .::i ifÇ 

l'.Z:1V<-_ (i = 0,1,. . .,n) 

it~- 1.5 (x 0 , ... ,x ) e IP 0 homogeneous coordinate system 

<t>;R.7't"..t~) ~ t~· î.:,. 
1) ~_!;.,, ~ EIP (:. it ( ( 

h. c. sys. 17) !;t: p," - ~ 11-/ l ~ .) 1 -?;, • 

t!,p'S 1T-l(~) = line - {Ol:;.Vv (--l:f ( ( 

(X 0 (V) ,. .. , xn (V) ) E kn + 1 î. ". t r ! < l fJ- I 7 q 

9 



i) ~,~'E IP l" · ith· q ;:,;lu:.p.·-fX~f\11' ~ = ~· 

~ iY\ i\J' s >J'. 0 tfr 17,"J~ 0 <fl ,'.b. 

1Pn0 -~!·~ 

r=T )ÎIZ q {~ ( n+l ([Q ") JJ:i/J ) 
( f-: i::· 1 0: 0: " . : 0: 0 Tl Q tri Vial Ti -8 0 ~ f!1 < ) 

CtiJ l.:..'.!_ .t.17/ lt),_;· (J:. V Vl base~_;/ Ji[-:_ /lf(~ (î (''Ji ( }t~· 

:J {\ ),, ~ ,q ("Ji ,;;, 0 

IPn Ql homogeneous coordinate system x 0 , ... ,xn 171 cX 7/:. -i[rf /j 

v~~ r<ct > oi <~P s 

(-:/v( 

" IP Oi \t 0 _l;-7 ~ (" f = O" t, , . /y d) ( J ~ 'f (7' J'y -? • 

n- 1 (0 ~v,v• 1' \:. ~ t 3
). E k* v' = ÀV 

f (V' ) = À d f (V) (-;'' j)\ s f (V' ) = 0 ~ f (V) = 0 

f ( 0 0 rel. f (V) = 0 ( -:_ f\_ ( Î V "\ \'._ (1 i 
(:.t"LiTfv-) 

-:f(. xi °kL~l,V\ h.c.sys. t_ q -?e.t. 

t) "é~" Tf?5~~(-- U. "kn,. 01 i = , , •.• ,n 
l 

10 



n 
2-) IP = Vu. 

i=O 1 

n 'Il\ /Â X, 0 projective space IP lî n+l (If\/) vector space 

~ IJ. 1
) Jt, h -([ li: -Il 0 

(ÎJ:_) 2) (î /:,"q t;élP t \,:.? 7 {). Y< f::_ {) ! 7 0 i (-=. 7 lA( 

xi (E;) " 0 r~ .. p\ 7 \;~ 0 fJ\ 0 

1) t;Eui, ;fit (x
0
(0:x

1
(E;): •.• :x

0
(E;)) q~f 

)J'l 1. 4 ( 1) IP'- = {~ 
IR 

IP1 = Vov~ 

V xl 
o =IR (xo:xl)<--> xo = t\OIR 

X 

lll: IR (xO,xl) <--> x~ (= f)E!R 

( 2 ) 1P ~ ( r_ .2. tK ,i_ \lb W) 

1P 1 = s2 (2 >iCi.. sphere) 
0 

11 



1T 

k = IR, C é if ~ 
kn+l 0) If ?·· Jf )f:r,f_'tf, S ~ ~ },;i • 

k = IR 17) ~~ 1-:. 1 r S = Sn n -YKL 
li 

+l n 2 {(a
0

, .. .,a )EIRn 1 E a. = 1) 
n i=O l 

k c 0\ ~ --3 ( ';. 11 s = 3 2n+1 c2n+iPK .z, 

cif. J i. 5 11 (î surjective rf 11
0 

: S + IPn ~ ind~ce Î ~ 

(= {v,-v}, vt;S) 

1) = 1 ·7 61 circ le 

fPI CD 
1p2 ? <a" C ( 

1. 5 IR 7çiJ.-t:r.i'-~11 ..t.il) 
Il 
7!, 7!1 .i:_r, •r o,..,f/f*,'• 

t 

1 

'ïli0i;, r./-iN 
.-----.JC~ 

/ ''1; - "1\1~' ,.,___ 
x, 

? i:, "-

;,· -·· ,, 
y L '-----~,....-· 
• 0 

Y, 
(( 

12 



f~ 7 ( IP~ (1 non-orientable Tf \/t>li> z .. Jf; ~. 

@ 7fo : s3 _,. IP; = s2 
t 

~ fibre - s1 

§2. Projective transformations 

vn+l "& (n+l)- i,Z j6 "1 k-vector space Io. 

:::. 0) Ji!r linear map. f : V _,.V' li (f(e
0

), .•• ,f(en)) {: J:-, ( 

- t-1~" ~ ~ 0 

n 
Ia1 f(e.) 

i=O l 

t-1" /-:.V'= V 1) Dî-. f /1 linear endomorphism (-:. 7.f 1
) 

n 
f(e.) = I Aije. !:'. 7.·( t ~ 

l j=O J 

13 



f >+ ( (Aij)) E: Mn+l (k) TJ' -? ltj f;- l?dÎ. :j. 1 
g >+ ((Bjk)) \:.dl' ( t ~ 

go f >+ ( (Aij)) ( (Bjk)) (anti-ring homomorphism) 

$ff_~)~ff_(: [ l) EndkV ~ Mn+l(k) 

~ û1 f&}"l. (1 "base é ~ tYJ ~" 1=,it_ 'à- ~ (non-canonical 

gEEndkV Ir." g.OGL(V), i.e. g lx automorphism 

3 
~ bEEndk(V) gb = bg =id. 

?=> g p.:· 1-1 i-f j"· 

GL(V) ~ {A E Mn+l (k) 1 det A :" 0) 

g éGL(V) t l ),} f:. 

(a) g(av) ag(v), i.e. "lines" lî "lines" (:: ~ .:<_ {'\ ?. 

(b) V :" Ü Ti~ g(v) 
" 0 V__!§__> V 

it_, ( V 
~ E IPn (-:_ ït ( 7 - ~· ~/ (-:_ 3 n E: IPn 

G "l "l 
-1 -1 

g(n (~)) = n (n) IP --1'L; 1P 

~)J !j g E GL(V) (j: ( :t.® d) diagram ~ P){i!~ q-?) !Pn + IPn 

"\ map g ~ }f)') ~ 

t~ 2.1 

14 



0 linear automorphism t:_ L' ? , 
Pn ~ linear automorphism 0 i1:ff (= p 0 image)~ projective 

linear group ~ LA L' PL (V) , PL ( P) (" :{;. </7 ""if. 
p : Aut(V) + PL(V) iÎ. surjective group-homomorphism (·Jj} 

t.:r!E 2.1 

b EGL(V) (~ 7 l' 7. IT 

b( f;i) = f;i i = O,. . .,n le. Î ? 

~ ei 

' ~ Io· 't 11' ~ 

1·YJ? ' t ;;,".(-, fl\ ~. 

rfT(" en+l = eo + ... +en, f;n+l = 1T(en+l) LJ;°'( ~ 

)~ l" fî, ID(-• b( f;n+l) = f;n+l E P 

~P'J b(en+l) Àn+len+l t 7:· ( t 

b(en+l) b(Le 1 ) = Lb(e 1 ) = lÀiei 

J-.. b(en+l) = Àn+llei 

. 
• • Ài = Àj l/i,j ("/{e

1
J (Î linearly independent) 

1J .. (: A = ( ~ .~) ( /~ ( • À ) t_ Tj. 1) 

15 



é0 , ... , f;d 'fA•' linearly independent 

~ ~ i (-: -;>c' ( viE "-l(f;i). t{tf ~.f': t P (: :;J 

v 0 , ... , v 2 p,··11nearly independent (v Of If ("· ) 

Cv
1 

"l l Jj ~ I ? 0 Ç; '/ ~ (:.., v- 7 /i'ft.J,) (l (Tt,~'. 

NftZTtf 7 v1 , ... ,v 2 p, .. linearly 

linearly independent 

(:.Ji)~. 

independent ~ a 0 V Q, ··,ad V. 

( Vai ;l o) 

8 l[' &j \A;;,~ (f~; (: m ([} (m 2_ n+l) le.~~ . {VI m i'/f) 

p..:· linearly independent 

CÎi Q) J iPn Oi If/-: 111):(.' Î' (n+l) fŒ) <Ji linearly inctependent Yi .li:,. f:: 

17-:· tf) :;;, • 

1}'/ v Cl) base~ e 0 , ... ,en ~ ·x < \: 
1T (e1 ), ... ,1T (en) 11 linearly independent 

(1 linearly independent î•' rr l' • 

general position (:. l: fi.~. 

16 



( 2) (k fX' ~-·<,, Tf î$ ?" {) ) IPn oj If Cl) general position 

/:.Ji '1t (n+2) flfJ 0 J.:,01 f ~ )1: ~ /: 2 7 t. ? o 

{éo,é1,- .. ,én+ll,{no,nl'' .. ,nn+ll 

:.. 0 B-T g E PL(IP) (' * 0 rr "{ ~ t; / ~ cl) p, .. _ ~ 117 

(-:..)}-le. î ~. 

e. = (0, ... ,0,1,0 ... ,O) (i = 0, .. .,n) 
l A 

(1,1, ... ,1) 
i 

e 0 , ... ,en+l 0 f:." il) (n+l) îf!] -lJ ~!?.}:_. 

d--, 7_ n(e 0 ), ... ,n(en+l) (î general position (-:Ji ~. 

(2) 1;:-i (-:./V ( e. E n- 1 (é.) i = 0,1, .. .,n ~ ?;'· ( f. 
l l 

vi 

' ' 

~ C-~ 1: dim V= n+l ,): Cj 

t~f?-<~?. 

À -Il o --(" Ti '' o 
i 

{) 1 l.io= 0 t"'f~ \:_ en+1-fl,;·ea, ... ,;;'i0''''' 8 n 

OJ linear combinat ion( .. R f7 ;) .(-\. 0. ~ t--IJ /f.i~ fllf _ 

Ài -;i 0 k'P,0 e 1 b l.iei ~ le l/ P' L 1 \:.-

1~ 7 v( -1 
i = o, ... ,n+l ei En (éi) 

V: eo, ... ,en : base 

17 



:;_ Cl/ base (-· V ;;; kn+ 1 ei = (0 ... ,1, ... 0) (i 
î 

0,1, .. ,n 

en+l = (1,1, ... ,1) 

' 
"" 1 · \ - ~-··:t) Î=f ~,hEPL(IPn) IX g(i;i) = h(i;il =ni (Vi)~ q~ ~ 

r = g--1 .ïï io.1>· 'Til rc1;ii = 1;i ( vi ). 

'{ f\. (-:_zrj1',..., ïf ~ fEGL(V) ~ é .j,\("f" 

f( Àei) = Àe 1 
i = o, ... ,n+l (Th. 2.1 Oi ~Lo) 

tt1: f=id, g=h 

( fj-)i:...) 

l~tfd: f di E 7f~ 1 Cn 1 ) 
dn+l - do+ ... + dn 

•· 3g E.GL(V) p~·Jtp( 

~.., 7 g(en+l) = gqe1 ) = faCei) = ):di = dn+l 

:2.0 g (-:.,l;f (( gE:PL(IPn) 

i=O, ... ,n+l 

[Îf.l 2. 3 
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3 general position (:J/i {;> F;
0

, .•• ,f;t E IPn 117,·· "f'})L q -:,. 

linear subspace L CIPn f::. {if: 

-1 -1 7 Jf ' ,, 1.. 
TI (n 1 l, ... ,TI (n

8
) c" lJ...'7 'f' ·o1 vector subspace 

WCV (: { 1/ )lJ'} ~ f\_ ~ L = TI(W*) O') + ~ lL~'q ~o 
,, 

[~L] ~ Q) \' 77_··{) dim W = dim L+l < s 

® dim L = s-1 Ç=} n
1

, ... , n
8 

p,-· IP Ci) .f,,. f:_ l ( linearly 

independent 

' ).L l\\'... 2. 2 01 [ tf. ] 0\ ~ 0 i; l' ... , i; t 0) J' 1 01 ~ ( 1 1s 
P' r) ("'- i;l' ... ,i;t-1 il/\''f'. ./-\. 'C< t Î 9. 

>'i:_ (o F; t E (IPn - V L
0

) = 1J ~ é cf\_ (J· J ' ' 
a 

V:: rc·· l Lo ('fs1, ... ,f;t-l 17/tf 0 ifl_..,Cl/ m)[/'7)9'/ a 

(" Jt '7 fi. .g linear subspaces, ~ :: (-: m !( 

m:: min{n,t-1) 1 !' 9 7j r\' ( c7) il"& t J,;i. 

d ") 7. #k : OO (f ~ 11'' u ;' ~ k ;f-,-{: lî" J: \/' 

wo = TI-
1

(Lo)V{O} e.7i ~ t '·la;' V t;·'p\~ 

x 
0 

, ... , xn ~ V "1 ,ft if (tJ ÎX ~ dj ?7 t 
\·! C { v EV 1 

0 

n 
l a~x. (v) = O} ~ Y

0 
(j ~ a? p-;·,J,. ;) 

i=O l 1 1 ~) D 
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19'/ 2 .1 

a? ;i O ) 
1 

Pn;iVL
0

RV.;iUw
0 

f'p\S 

V ;i UY
0 

= {v G V 1 1T( Ï a?x. (v) = O} '& t- -(( ("J·· J'.. \.'. 
a i=O i 1 

( P\ ~ (: 'r/ 1: 7 \.' 7 Ï a? x. ( 1 ~li~ ;Y ~ ( 7 ( 1 
a i=O l i ~~ 

non-zero t:·· V'~ 1TO: a?x.) Î) fj ~ f (:: / 7 non-zero. 
a i i i '"\ 

J: .., î Identity Theorem ( Jt:i::r 3.1) {: J: 1} U ;i ~-

11'1 
= IP 

k 

(1) general position(:: Cf) ? 3 flf) (= n+2 {lfj) Oj _t,, \:. ( (' 

e 0 = (1:0), e 1 = (0:1), e 2 = (1:1) t 1e. ?, 

11'1 = k V { - _(,. } 

8 >+ OO 

1 

Il 
OO 

4 _!;"-?' i;O,i;l,i;2,i;3 1i i: ~. i;O,i;l,i;2 (1 general 

position [-:.. Jj ~ \,_ \ (-- ~ .;J 11' 1 = k V {oo) ~ 

{ 

1; 0 <+a} s ~f J-.:·::t 1! ~ 
i;l ... OO 

i;2 <+- 1 

q z_ (::. i ., ( . 

i; 3 <+ X E k !:_ î ~ \:_ 
:::. Cl) x ~ {i;o,i;1 ,i; 2 l 1: i"f 1 ~ 1; 3 Of cross ratio\:.,•?, 

20 



~o <+ a 

~2 <+ c 

21 

d-a 
X= -

d-b 
c-a 
c-b 



§ 3. Polynomial maps I. 

V=-k' "! vector space t L ~f;··~nI .![ "> Â(::/W!~fJ:~ ~~ 

~ "> 'J,,---.~1\ î q~:l2: :j: fJ: o, system <_ L ( Y) i~-;i:i;t 

.,,_ C1;(,, -··,"f.,J ~ -1< [ 'lj-) 1-:><~. 

'ty ""$ fE°kC'H) '" f= ::;;;_tt;,1··-i..,;if,i'.-·':1.<~(a1,· .. i~-=-h) 
finite sum 

t_ ~· 5. 1 V 1=. "".79 i::i! xtd:JÎJ:" f ~ IJ 

f : V -7 -r,, ""-"P· 7 .. &>? 7 
3 J E ~ C1J) s-. t . 

t ("lJ = f Pl] "'lt éiV 

~J ?. 1 fi.. " zr p) = ~. °:&:> p = prime 

>R "' ~ i>'" :h '\' ~ • 

f-,'J ~{ C'\p ~,- )~- oit±tft f=J ~ §:Z,. ~ 

proof. 

'YI 1 "'- ? ' \ ( "I 1$:#79 ::.'l_ ('· 

f è ift -if, 2''" f'J ~ ~ c "2 • 1î. "' ~ ~ 
f 1 d' ( p- 1) "~ ;.\( l' ~ L ( J=: " 

'\& ~ "' 'J f (1J) = 0 1 "J: p î/1\ "' /Fél ~-';- ;;t~ "L t -::> L 7.>' ~ 1 ~ 

f 11 ( p- 1) ~~->-Y. 1- ·" f " o ;. f E I n - 1 

22 



~ ?·· 1 ô ~~ :t ;h 1':.- l!. ?" ?.- • 'i'l =- \ or ri~ e lilî*- 1, J'!'J ,,._ f 

( f "&.-hl111;-~1ef. .. -1J J= 0 '1"oV) i:@:z:\,' l: J-t.. T-;:.~">,,.K'V)"" 

1'\"'-X f i 1 "'i., --; ~~-/ Ot' ----( •. , ;, ~ 0 }-6'' P-1 )..j T 'e.. L- l 
p~ 1 1 

j' \\, += i~O t1_(~,,-Î~•·l)18-,,_" (fr&fi (~,,-··,}. •. ,J) 

Vr(_~ ( 11._ -, ri~-'> fn"''1,__)'1t 7 f <~'. 1fn> 1J: ~ffi..1t1~ ;;1;, 
' 

{. ..1:. "> /Îj ft !:.. L ?.. 0 ,', f (1_~ ?Jn! " ~ ft(>z,;--/l ""' ) 1f-..'.o 

~î 17. "'i r< (1,., -·:!( •. ,)=- o f,, 1~ 'l'?.î/'1:l.~orr&.~ e:à 
\{! L-?. f;,G! :. f ~ I Id. E /) . 

R "E ring l: q ~ , Ro, subset I f::. -, l 1 ( , 

I i>'" Ideal (" Ji 1r è \ <' 

2) .R· -:r c I 

~~ 3. \ (/9i:~~Jt\1t"'J -fz"1li~) 11'-(-f<)= OO/,_ !J?-. 

"'f t:f.. (~) '' J.7 c c f =- o (o" V) ~ fa o (),;:r:~-,q ~ c z) 
è-? ) "'f, ~ 6-fz. (}) 

f= Î (01\ V) 9 )j-"~Lt !:.. L? f"~ 

0ït) ~ (-:. "") Cl ( "J 9{>,flZ)?l; 

)1..=I .-,f)~ f:::o ~ P)r~~ fC't)~ o-r:t~fa1ffi ~fi~ 

{; } 'e ~ '.)Il\' f-"< O ?f-l,. (J~ D "> k~"'tt); c-/•jf .·.f=O 
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')\ > 1 j-:: }ëf- l 7 

t= -f-orf,Y,-r··· -rft~.,:~. 

f: T::." \. "'t~ E,-h ()',, ... , ';(~-1 J, f~ "r 0 

1 -r,n-1 
'1 111, ··: '[. •• , f f<. "l",, '[ = C11;·:?tn-t) G e J;· c l::.. ~, 

j-.e- c ~ > ~ o . 7 ~ ~ f ci: 'Yn) ·f. (11,,') r · -+fri <>z ')J;:*'o 

1t= 1 " l't"' ;ft~ ,,, ~ ;i 1n G h ?'1 fo~ ~.,,) \ o 

'Z= (lL, iz~) E-h" i:. J;' ITti' fr7ZJ"r 0 :.f ~ 0 <J.c.D. 

§ 4. Algebraic sets 

~~' q, \ V =-fe" 0 subset A ,_s\: algebraic set ff'ç'1Jr~~ -~) 

J~~- Jj:r.~zC f., &f<ÜJ "l ti>,·J;; > ( (~fi;.(/1).X.IJ#.1./lg_(@) 
fr = [ >/. E V / f-< ('1,J "' o , ~ } 

l#)tl -.fl~1-:: {f«J /-: J:, ( 'U~'1{L~ ideal ~ 

<R. 3 cf.c .v1.)'R. C1JJ " ( f,, "'-<) • 1 7'·i f-; q 

't-î i) 1== {ffi<. (lt) 1 f :Jinit:f~ , f" Et (~J] 
A t>, •. algebraic set(." { t«} ["it_~, Z .f"- i ~~ A lêt-"& l"t 1) 

ideal I " { f,, ~ J 'Î< l~) Î" ;Ê_~,.;;r ~ ~ · 
1t I~ algebraic set 'E. ~ ~ ~ P-Î {fx J ~- L l ideal 1 ~ 

\:, 1 t J:'l1 . 

24 



l -17·· ideal °' ~ 

'\/ (I) =. I (" Î.$t' .:[ :h ~ algebraic set 
d~· 

,\[;i;\î'l-.1 V I 1J ideal 1:.. q ~ Y-j- T.c]=Pv(I)=>V(T) 

(t~~ ,,~1)> c..' !'. 1J!f-11-Y < rF ~) 

@ V-(J.J)::: V(I)VV(.J) 

© V(I-rJ) == V(l) !"1 'V(.T) 

T·J= Ç L f.r~• / to(6I .~-<GJ~fideal 
hf. l ,; : f', '<e 

l t JA';f { f-r J J f E Î, '8- éJ J ~ideal 

l~iE) (]) 1 ô'- !>f) è, "\ 

€) T·J"CT,JJ:0 V(J·]):>v(I),'V(.]'j 

:. V-(I·J)? <v-(I)U'V(.J) 

~ (;t.) \ 0 :. ( f~)(z.) ~ O. f9 ôT · j : . .x. 4-'V{r.JJ 

v- C-r· -;) ::ov-Cr)uvc:;-) 

<D î.t-J~ I, 'J ~')V (I-rJ") C.. V-C:r), V-(J) 

V (It- j) c 'V(I) ()'V'( J) 

v- c1)nv-(T)::> Xi!- -;r 1- l. ""f-G I 1::. / u z f {z )~ o 

\:IJ EJ 1-::-:> v' '2 ~(X)"'() 

•'• b' .f-. é' T-t- Ji"-/ " t.. -f.- ~j +J, f l'i' 1 J 'd- GJ" ~ 'J)' If ~ 

25 



{3'] 4. 1 

I = <7J~ -1,l) :J~C~,) 

V(It-J)='V(T)n'V(J)• 1 ?f 8,J 
1-rJ = c~>'J-,~ J. )~CfJ 

: ( ~' / ~ ,3 Ji (t,f J 

-y'= <112) t ;):,' ( !: 

----+----+----., ), 

""" î 
'IJ'(j') 

<o- v-c:r) 

"J-1 "'- 0 "' Ï"''f T' "tp 1 i: , 

'V(I) <: 3 ,~. Z'' } ;/-, ~ li~ . 

\ q 11' .::. ? l if' %~ 1"/Î Îl: 0, 

f,''f '\?'- ( ~ ;f: ~ 

I + J
1 ~ (7/C, "<f 2)~ (1J'.) ideal 

I "f J 'IJ"' V-C:i:.) 1:- VCJ) <> Inter setion multiplicity 
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A= { ~"" -f.."' 1 fï (~)" ·· =1"" <1f) ~o J ( 
T-=- F-:

0 

L- f l C'/.) G { (1d-J 

lJ-) R ""E ring ideal 

-:;,. Il~ 'R é. noetherian ring 

t1) ring 'R -p·· noetherian ~ ,, ) ),j, rt (J. ,/( °' ~) 

/-:. t "' '' n' Z, ~ >k- ). . "J< .,. •• noetherian 

4?! 'R"' ideal 0)(3':.~0< ~'J T, CT, cT, C·· ( r ... cr~•I (··-

''- ) \1 ? 

@-;(: \,_ \;f inclusion {::c.,, "' <. ,, ).) 

'l\. " D "> il-% 1< = -1\. 1 ideal l'if (o), (1) 7=ë:"'r . 

Q.E b. 

l emma 4' 3 R; noetherian =3> R CXJ (X : '%Y) :noetherian 

{jŒ.) "'ideal T c._ 'R 0\) 

O"<"f E'R()()i',:lJ.Lc.-t~)I~ f=J,.-f
1
X+··+/RX-e "-~+, 

t ~ . r-:. r-=· L f '- € 'R ? f _, '< o . 
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{ 
f" = +~ ER ,;(,f. 
O"' = 0 GR 

Â•f· 

!J{,. -: l f"' E R 1 t E:- I J ! " . 'R "' ideal 

1& ft 1~ d== 1J -;;i t ,~, --, 1: E IJt. 

o.L. " (fi·, ···, f-;) 
J.= ')«M d.eJx fi '<.. L-, Îi. Î- "'> j (0$ J <of)~ !!__ ~ 

1.'::: l,1• .. , .S 

~ "l j.. t-:.)(F L < j;.J. = l o J v { fré/< / f-ET, -i. .. 7f)) 

\°à' ideal "f T'fq. f?itl I=- d" 1
) ;[,.,i'=(<J/r/-1 J1trj.>) 

t~ t; \.. 'Hf\. € I )ej X 'ff ifc ~ J- · 

l' ~ 't. 0 !it"f G 1l!...q1- .!:. . ..,<e':Jf /dTJ:i;moduloffz,"·,f,) 

('•1 d.e; 5- ")- < d 7j. $ modulo (( j, f ,-- -/Jj, r <j)) ?'»J:fr 'E 

<t ( Î'. t) 1 7 J:..' (:__ q-::.. ),__ ~··1" 7' ~ . :::_ "'~i'r ~ ( ') i> 
1 

?__ '--Z f-E(f.;
1
'Jj.f1., "'i,j,~) /<CL) 

Rî? '1~ (}i,Jl/L "'i.i,--R) R(x) Q. E. P • 

. ?l l 1J.1;--, 1J.,.. J t noetherian . 

~t) +. t "ide al l 1~ V ( r:) !Jr k < -tt. 7. ::. ~ '!.-?!;- 2.. ~ !:'. 

VI, J l"- l'J L. <. <v- (I)" 'V(J) IJ. I. :J 1~)."J' l ? îore_ 

:\ 0:.i: 1'~<>'? '' ~ ,, 7 )"t>)~t>~-,;--:. :S..~,-::- :K.1~}7 L-- Z 
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>'J< 0) 1.i'î-i>'" ;F, ~ . ( Hilbert 's Nullstellensatz) 

'itlif R e a1gebra1ca11y c1osect t -q ::, t 

V(I)~ 'V'(:J) <të-> "'')\\.> o ~k l"'<J; T > J"' 

~I<' §«?. ~pt î-'7 ~~- ~~L- ~.-r;: z .. rjo1' è 9"X 

~J"'î 4. 4 ( 7J i:~~ ~tt or- ~l"" ~) tj cf>.)·= i= "J i 

t é::"t ()) t 1 ~. A- : algebraic set c:i'>. n ho "R L-

(ta:) A "' v- (I) '"r k"' ~ Q o "\- ~1... 6 I .f... ! A "- o 

n 1~. Jj ~;;t -fZf 1=- 7'i- ~ ~ c ~f /~"" =-- o 

tl. ~ 0 - iX "' ;t,;i;\it 1 ~ .t: 1
) h.. f- ~ o 

-tè"tO :.f=o 
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§5. Zariski topology 

y
1 

... ,y h .:flf >'fk(y
1 

... ,y ) ~ l. , n, , n 

V "> If '' Zariski topology ""[ ~ t' j-?; 

subset U<::V "''"open set. 

<=> V-U 4,• algebraic set 

ê..r "5 3 ideal r Ck[y) 

V-U= {~ € V ig(é)=O "°g6ëI} =\f(I) 

~ "> Î h' (" V 1-:: topology ~-·· .\t- ),, ;z ;f'l ~ .} 

(~ = V-V=v( (1)) (, 
) p. open 

( V= V-~=v((O)) 

2) fï ~- "' open sets., family{Ua} :f l'. ~ ~ 

l{ 11[ 1;; open 

( ~p-ç . algebraic 

Q AalJalgebraic set 

sets"> family {Aa=\J' (I.,,)} e >: ~l"J-) 

( =V'( (ila)) 

3) ïij Fr• 0\ open subsets {U
1 

.. ., U } 1" )J { ( 
' s 

s n UN 1;open 
ç( :q V. 

(e.p-ç. 
(; A •• algebraic set 
t<. :::\ a 

1 
1 = vfjr I ) ) · 'i-1 a 

191
) 5 .1 k=R=V Z = {O, ±1, ±2, ... } 
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V=Z=~!J,z {a lra:algebraic set 7" 71: 11 • 

[iî)H k "' i:p ï'" o, Zaris\<i topology r-. " 1 R. 1' closed set 

i" 11' weakest topology" !:. :'!'!'(.;!: ï'" '! ~ 

it" "' !:\> 0 Zarisl\i topology1;; " :0:"'~"' weakest topology 

weaKest topology ,, I~ IJ:. li' fa S f"J \). 

(#) ~ ZarisKi topology IJ: noetherian ("A ? , 

1 ri:: ;j., ? (def) -:1 '"'!' ( 0 open set u °1:>''' compact 

e:p 7 Vt:T (Ua open ) 
~ 

;, a · ·· a c~m1m) U= 1, J s 
• a 

s 
u =.\:JU, 

1°1 "'' 

1~ ;fi; "'4-1-îl<- ~ ui Cie/N) ; open ul c u2 c.. ... <un c··· 
! 

3 N 

U= V-i'w(I) =V- or (l:I) 
a a a a 

(?1,, .•• , a~) 

~ 
s .. a1, ···,, as n =U 

a a i=l Cli 

• U= V-'\J" d IQli = ôu. .. 
i::.1 ...'.=! 0\. 

( =!> "' ~Ji) 
OO 

U=VU-t. "- -;):. ' c 

'"' 
~ {lii~ J:: ~ 

3 i, ,-··,is i 1 «"<1s 
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s 
U=U U.·U· j.>\ ,, i, 

N ~ ,;,, "- J;· < ( u , Ui, c UN c UN+Lc. .. "U 

/~ / IL ( '!; 

~ 0) liJ ;jZ "l d 7 {: oi.,, .<,;··,rA,,_, .. ""E Il"" If' 1.>' è-; fi J:'. 

a<, i: A t"J:1-i't 1~ è 1), J.,;··rJ.,,__, ~ t" f!_1ii/'1.T-:. t 4 ~ 

A: ring commutative, al) 1~? 11 ( 

;t $;,· 5. 2 ideal p c. Il ~ï prime ideal 

'"' U«K <l<- H1 u.,. 

Q. E.D. 

f 'J é p ~ f- E p 01. 'iJ- E p ) 

;J:~, s-.3 ictea1 Q c A o( primary ictea1 

Ç} ("f,~ E: A clef. 

:J;~, 5.'J- I ideal c. A 

li °>radical !C d.~f. { f E A 1
3
.f ) O f.eE: I }. :::.. il ( J ideal 

1~lj:~. 

('·") }{'. f2R
2 G T 9 (f, -j-, )..e,-r.-i',-IG I) 

!Ji) ), '3 Q ; Primary ~JQ (=pt ·;i:;<:)(Jprime 
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.l 3 ' .::} f & G or :e > 0 

~ f & P or 9 e-? 

~ °' P 1- Q °' associated prime 

~f1c1:z_ljL1 

1~') 5. 2 ft ~ft. ( x, ;J.) 

prime T ; primary 

(X) / J prime ideal . 

,ÎI'l 

cl) 

J: C Cz) J. 1) 

(" ~ \\ 

.JJ_ 1( Jô'; ~ (x) 

(:.::) cJI : • Jï"' {"'-) prime 

J: 1;. primary 

Q : primary , P : associated prime 

5". 1 ( Lasker - Noether) 

R : noetherian "' $~ 

fi-! "' ide al "I. "!.. ~ ij. " 
I = 0, (\ .. 1\ Gr <:: .i: 4;, -\!" 'b-

33 

Q.E.P 

. l~ 7f: 11 

Q.E.D. 



l .,,, t 19,;_ ~ JQ. 
J 

(if i 'ej) 

9 I ~ I~\. °:; 
\,1, 

) ( ~ ~ 1 

,.,, z *' 1i' G,t '\' n. Gj il· 
\,\ \\ < 

JH 

P.) f1., C. Qi, "1 associated prime 

f P,, ... , l'r] 11 G,,. .. ,Q~"" t. ? t r~ J: s -;:f· J f= ?:> 

( -"tt:: 7 à'- 17 

<3) fi .f J"â- ( ~ "'< i) /o rJ' ~ p,. ( è .j-'\. '1 I "' minimal prime 

~ if.~, "Cf ~ ) 1 ~ i 7 k: ëf '} Q i. 1 'J. I 1 ~ J:: , c - "!- /-:: ,=l' -;} 

~-

~') I;. 3 (3) /J: minimal <:"T;j:" prime 

/;\' Jz: L ~" 

I ~ (:x.)" (:r~ z.)f. ~·) ~ o:) n c.:x', z";J, ?.;3 ) 

(/,:X. j' 1if"") e ():,", :>:if, 11) (:; primary 'l" ass. prime l;J: 

ex,%-) (.f) 

CX:.)IJ: prime ( min. prime) 
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lemma 5.2 R : ring (comm"Utative -1>1 '7 ? 1 ) C. C 

ideal I f ~ 7 li ( JI i>'' R 0 maximal ideal 7j:. ~ f"J'." 

I fJ primary ideal 

P: maximal 

p é p ~ 1) ~ p<'"' D :. b= bp::bp"=·---==hp<a 

Q.E. ~ 

ideal J b'" indecomposable # (]» J;" Ji~ ]"" ~ J, or J;" J 
;ief. 

"' lemma ~. 3 noetheria:n, R C>) I : ideal là- indecomposable ideal 

0\ li jl/; {OO °> intersection Z'' ~ ;/., ~ ;j--L} . 

&J) (:S' ~ f R'ideal (" indecomposable ideal 0 ~ pft {OO 

") intersection 

~ et TJ' s (•' J;', ~ \ 

rS "" R noetherian - 1: '/)' ? : -
:s °' lf> \-:: maximal .?jo =t 0\ I ,,,,. ;p., ~ 

l 1 d- indecomposable(" 7cl= l> "/)' s r~T,"1, 1.,, I, ~ 1 

l 0 :f?li ïz .+ '± -P' ~ 'I 1 I T2 ~ 
~ 

"5 
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t1) d) L.:t.) t.l..J 
l

1
=T (\--·"T I"J ,,.,.·-nI 

"' ., ) , /'! "f3t 

I oJ 1<•l 1 j. indecomposable 
« ) (!> 

tl) d) (2.) t~) 

l ~ I,, n - -- n I., tî I13t n ---(\ lfli 

:::. ;Io. 1<J I €,'Y 1: "R(f ~ :. ;t"' <f 

lemma 5.4 R ~ noetherian ring 

indecomposable ideal l: 7 iJ, k. Q IJ- primary ideal 

th) f~ 6": Q f !'{ Q , 1;1,ReN J,e~ Q ~ q ~ . 

'"'~ fol~ C9•'JR.)ri(G.,.{-f) c··Ji~ (r-.p.;"r_ 

,f, > > 0 !! 1 ~ ) L 76' é, Q : <j-R 9 f <f Q , 

Q -t '.J! 7 ~ .€ if Q J:- ~ 7 Q : decomposable 

(:,) Q ; '8- C Q : ;J" c. · · · , R : noetherian F,;"7'' ;'; ::. ") 

~lj l""J /:.":C. 1'' ("le'} 1-

Q < CQ •'J-~)n CQ-r<J..f )t"J.P/JS1)'~"n•~ 

-::i: e 1Q : 'J-t) " Cid+ 9..e) 

5' 'J-.e z - '}}. q. = a?''R.E Q 

~ CJ.- G Q ; 'J,.e_~ Q : 'Îp; .'. Cl-'J-.R_ € Q 

'9 :z.. é o Q. c-. D. 
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lernma 5.5 ring ·prime ideal 

Q i; Q,_ P- primary ideals i:. 4 =?, . 

:::: oi Pi Q 1 n Q1 'é.- P - primary ideal 

06t:.Q,11 Q,_} o-.ç G,n G, !'... -q ~ !::. 

'(6.1J :Z_të>" Vl.,lf Q, !:: d.;). i'.., o..b G Q, J: IJ 

bt: JQ, = P = JG, " ,/Q, = JG, "Q, 

3.J( >.t. 'G--€G Q, nQ_,, .'. Q, (1 {c)~ 

primary ideal L -D' Je, J Q,A Q, ~ JW, (\ JO:. = P Q.t::D. 

ltt)ss lernma 5. 4 °'li 1 J t 7)" ? ,<.,/J, 'iz L Tif t 1 . 

R. = ~ [:X, ~) . ~ ~' (. ~ { fz, /êJ'-iÂf), lemma 5. 2 ,)::. J 

Q, = c:z,., 1~), Q,,,_= (l~ X~, 11-') 1 J.1':- /: (:X, Y> -
primary ideal Q 1 3 }"" ""- Q,_ . Q, ~ ): ~ e \-;;_,_ 

/ 

. Q ('1( 
• ' 1 A Q ,_ \- \d1, ()_,_ Q, fi Q

0 
Il decomposable 

l ~- :t lernma 5. 5 J: ') 0, /'\ O~ Id: ex,})-

primary ideal 

.\:. 0) 3 ? "'J 1 ernma 

(i) 0( tu:. 
iemma 5.6 Î,Jlîci{)i~"' 'F c'' P~,·r.o, (u>Jr1r-F.:.-êf) 1., 9 

decomposition °' ~ {-;: ~ +-, th,.~ 

p:(I:f) 

I=O,t1···"Qt- Q~ ' P-t.-primary 

37 



r 
P = ( I : f ) "' .n ( Q; : f ) 

t> 1 

:. Qi c Qi.. : t c p, J " 7 JQ,: f - P· - ~ 

P == ('\ Pu.. Pi:.ç.. E S c [ p,, · · ·, Ps J 
• "1, 
. . t ç,_ 

R·-r._ c. P ( c P;-r;, ) ~ P = P< ~ 

(=?) "'fL En. Qcl. -Q,: (Q (r)""~lîllfc" !:"0 Q;,'é-t>j"I~) 
,Ht 

Pi : Gi. / ~ associated p/ f;, c Q,; 

p/fi c Qi J: ., 7 <;.t. 

J: , ( ?1-f.. 6 p/ >.i. -f...fi. ~ Q; 

z ~ (" t = lt fi ):: À' ( ~ f ~ 01-, f Pi· c Qz.. 

. . P,:=(I:f) Q. E;D . 
lemma 5.6 oi·1~"> -%11' IJ decomposition /~ J ~ TJ: L'. 

~ ;, ) 

lemma 5.7 JÊ_jff ci.f,.-14-"' "Tc" Qi =fi ER/ 3f ~ [>,; fté I} 

( : f._ IJ' ~ (h 0) - f..,i.~ ""'Î~ ; ;;/-L .:i, ) 

(î Q,,, q_ P;, 7 .. .Pl~ 
ol'<~ 

0 p,-;) (îQ,,_tq~!: 
o( ~i 

p, :::i îT Q" ~ 
o{,\ i. 

Pi::> 
3Q~ => 

3
Pi ~ Pt. :::i PJ. .f ~ 
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fi Q,_ c Q, n --- n Gr-= 1 :. Q; f:-;piz.!. 

O. E, t:>. 

Jt ;fW\ il: c 1" ? V? X "'[subset c_ q ? !:: 

J1(X)=f f i:f..(11) / f/X::: O J i: "J'.; < l: 

J (X) f'J ideal I T,J q. 

~~ $".g' CDX.\" Zariski closed xcy0.f(X)>J<Y) 

®X',, X', Zariski closed l!: q ~ !: 

.J(x, UX .. )= .}(x,)/\y(Xi) 

@ X,, X2 Zariski closed {,_ Î :;, ~ 

.} (X, n X2)?:. JJ(X,)-t-}(X,) 

@ X : Zariski closed 'c 7j J,, ~ '//-( J (X)) = ><: 

® r: ictea1 t -q ~ ~ f (v-<r>)~JI 

Ü((Doi ~),®)®®tJl"f)~ /;)\. 

@ X~ V (I)!o J) ( !: (IIJ:ideal ) 

rv-(J ( x>) :::> X 11 r>fj ~ IJ' c" . 
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J(X) =JI ('V"(T))=>I t ~ ~ b'. 

1Î ~ ~ CD J::. 1) rv (J (X)) C 'V(I) =X 

. • 1F (J (X) ) = X 

© t:J' s ( <l) 0) ~) 1 J F.>fl ~ f;' 

@'j) 5. (, @, ©0 = fd: -if11~ 1 J ')"X f-::,"tJ{ fL = h TJ. ~ 

Hilbert 1 s Null s tellensat z ( 9 8) J ') <!)> tJ<'fa'x.' "iL. J.. 

® T' 1 ~ t:i-<"%'i:.1L. (f if'\- 1 i@ l" t ~ % tJ'" EX' 1Z- lf ,,,_ ::::- !:. tJ''' 

:h 17' ~. 

fq~ 5, 4- ® l~:~) ,.., t-~ ~ X, ='V{_'lj), x1 = '1r(?j. 2-?:. 2 -1) 

)...' 1 n X,= tj) :.J (X, (1 X,}= fl(Z.11) 

c 1r ti . J ex. )-t} (X2) = {?/, z2+1) 

: . J (X,() X"")~ )j (X1)-t-y (X,.) 

© f~:~ J 0 ~fi 1 = (X 2
+1) 'Ir( l) = <j> 

il<. LX) =JI (V-(I)) "" JI= 1 = (:X'+ 1) 

,'ë..i• 5. t;- i<"- 0 Zariski topology-('.."closed X IJ,''irreducible 

~tî9) 

'A. l Y= X, U X,_ Xi :closed set 

\ X =X, ()'1_ X "'X, 

(#:)32 1'..'11.? X irreducible closed set ·y closed set 

X-Y"cp ~ X-Y=X 

tp 7 irreducible closed set X O){=t.-t. 0 .~pen set .u l'J 
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X "'tf' 1'' dense. 

~'1) x =ex-Y) u ex n Y) 

\:. :. 7i ,,,.. X - y "" cP 1 : J:' 1) X (\ y~ X : • )( - y =-X 

;(i;lf t;; q ~"'~X ;Zariski closed set t. 1 ~ .!-: 

X IJ-C: irreducible # J (X) b'< prime ideal 

cl<E:.) ( -4) } ()<) b~' prime ('.·· TJ= v /: q :} ~ 3j fj- é J (X) J 

t 'à- ~.f CX) X, :X(\ [z.e- n"'" I f (X): o}, 
Xz. : X ri { z € k."" / ~(X) = o J ~ r,· < ~ 

X,~ x, X2 ~ X (0 f} tfcf (X)) 

J._ X 1 VX2 : 'V(j (X)+ f-h (~). CJ (X)-r <t. li__(?f J)) 

J (X) ? (}(X) -t j 1<. ('If J) · (} (X)-t ~- fL('lf) )-;; (j7(>()) 2 

X = reducible 

ex., X 2 : Zariski closed sets ) 

J ex) =.Pcx.>nJ o<~) ?Jl(x,) ·J(X2) 

:.J (X1) c}éX) tr'- J (X2)ccf CX) 

~P'î t.!" 0 Q) .t- 1J x,::> x (::i><,)"'" x,,)x. c~ xi) 

:. X 0 X, "'- · X : X 2 Q. E. D. 

(tà:) ).:? r~ -r~· L- ~~ f;,. T;i: s ip /()\'prime z·· -t V-(P)1;r 
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'11-=2 

reducible 

:::_ ;h_ ~' 17 i.rî t;, 1 "°f ~1~/f~y 1~ ~C 1 t]' .l ~ ~ >7;1"1 J: 7 

/~ TJ ~ . 

-Çi."" ? X ; Zariski closed set IJ:irreducible closed 

sets "' finit e union (" ~ ;h \!'. ~ . 

îf L- < v' 7 \:::. :rX,, ---,Xi- irreducible Zariski closed 

sets s.t. i.°"j T;i::~ X;_.:l(X~ 

L <>' t .:: "" J: 7 1 : 1J' 'iijlf- G\ ~ l "' T-: 1 J. 

- 't. flj. (: t-,. ~ l7l Xt. Î. )( "lcomponent s 

X =X, u---VXr 

11/~J} 1.'f1(:v 7 

è \\ 7) 

('i&.) 5t :f1f ?, 1 J:. 1) J CX) = "6 1 f"\ - -- f'\ "Dr "bi l"J. p: -primary 

c ti' ~ 1: )Jcx) =,} éX) :-.Y Cx) = P,n-- n p 1- (= JJoS) 

J, ( e:.~"" r;r ,, 3(;-r~ 1- q ~-i'. t'f~ 

Y(X) = iP,n --- n Pr (if"'<'( "l P.,:IJ.min. prime) 

l!_TJ:.;, (;j:) Xi.= 'V (P.) t- 1: < t 

J (Xi) = P;, 1,, .. , , ;Z_;. ( :: k1.. 7J 1"' ,, ~A'- t i ;Î:i;lf.r.? l:J 

'Jt~ 'f 11- \lfü i7 -b'. 1~ ÎI î l îf 5-_ 1 :Î.tfî $-• .? ·~; J: 0" (lt) J::) 
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13~ s n') 
(}) X =rv-(J ex)), '\r (P, "---n Pi-)z X, u---uXr­

:. J (X) ,,,f {X 1)n--- ny (Xi--) 

JCX.;_):::i 01, 1J-P/1St.i'T~"1J'~ Pi:>YCX)~ 

Y (Xi)·( (l,J (Xj-))::i.}(Xi) (;""f;,J"i-) 
J~t 

""' ·~ .,.._"t>' L "" " -,rr!°i-a-t. m1·•1... ,...... -/ rr-i -r , , 
a-• i 

.. iP;;::>J{XiJ(:>Jai) :.Jcx~)·P<- Q.E . .D. 

!JiJn n ~-fi.°' ~'d §s l" l;I'. 1::~:f L ,, $-tJ,"-h v'J;,. 
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§ 6. Rational maps 

~".l"" rational function 1'. r 1 : ft '°' zariski open 

U ~ f: U--'>fi< Tj: ~map "">pair (U,f) (" 0 R">+thfe._~ ::> 

:/; 0 c' ~ ~ ~ FC~) = ~~;J e -f>- (~) 

'c/l'/,E L) H (1'/,) "'< 01: li L fC"î.) =-Feu !:.-71• 1r;;,;.. 

'iilï 6. 1 ( 1i #f cili~ 0) - ti"' ~~) 
:t:f. (-f..) '° 00 ~ l.. k"' J::. 0 fJ3lî&zi# c u,,, f1 ), 

( (). 1 j-,) "t>'" ;F, 1) L)1 f\ U, '.) Vo =\'- ijJ open set !'.:. L 

t, 1 v. = f~ 1 u, !:. 4 ~ 

~ f, !: f_, 1J: ~ <.:' r G-Fz-(~) [".$:-2--~ ;h::S.. 

(~&) f 1 - ~: , f~ ~ ~: 1: J: Z. <;, ,Y,. T:: t 1 ~ . 

f,)Uo== f,llJ, :=} H,C\-,- Hlr./U, ::o 

~ 1-f,lf, -H,G-,='o (99i::@zLl:. L <) 

<0 ~~ 44) 

Q. t::. t:> 

~ lt:. .,,,_ ..... ..,._ .... 
/:t-il"X,' b. :i. -h. "' ~ -G_ "'°' rational map 1'. l;F r<- a.open set L) 1: 

t: \)-,>-f."'lj: 1- map °' pair CL)f) 7" "-'.<'"\-+j:lf~ J.i-J;;_ 

di :/';.o, ~':: ~ C"?f'J~ 

(+"'""~) 17 5 EU 1-- j°J L ( -'î. ?J i4f)ifl:1% Uo c' 9G U0cU 
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9 .fh n'" JI, 11 ?... p,.,,, H: e:. fi. cv.,---,11,,_> i ~1, - ··,in 

Cr<, Hi E h(l/,,-·-,lf,,..) (", f 1 Uo = (F,,···, f,.._) \ Uo 
( f«''l ~ ~ H; o~· U o J: °' t•"7) ,#:. c· -t,; o 1 : 1-i: ~ rJ:-.., , ) 

(t;t]_fj_ #(fi_)~ OO "'> ~' f{'" "> it' 0) 2 -, ")open sets U, u,_ 

1)'" ·lf-1 -::non empty ~ U 1 IÎ U1 ~ </J 

(1., )_ 
1 

2 / "'! algebraic set 1) 1J A.2 ~ ~><- ~ A, UA~ 'f-fi") 

~) Ai= v(Ii) (i=l,2) Aiirfi."t 1 o"\'I~ '9 f< ~o 

O"'ï f,hi;; 1,12 :.fz_">;v(I,I,):>A,UA, Q.e:.t>. 

l~J 6.2 rational map. ·f«.::i V~ -?\. "'1~ h L 7 (;'i Jt 6.1 1:: - .. 

(ftJ (,, 1 J: 1)) f Oj definition 0) i:p "'> f,: 1 J. 3 "'> ( 1) ~ 1 ~ J:. ~ 

q"-'t.r>jt,~J:-7;,. L tJ' L, fi"l'7f~%ïf.t1," 1EU"" 
\'.. 1) 7J 1' J: ~ q" I ~ Î'' ~ ~ ::. C 1 J. § i:>fj (• if 1 1 • 

( '') "'""" rational maps-(U, f), U, f : fz ______,,~ 

t"rL-c (U,:f)"""(U;f') #f (U"u;f) = (u,-,u;f) 
de, 

' ...._ IJ (#) 6.1 i::~"f'f 6-lt:J: 1). JSJ1~J~ff1:TJ};:,. 

't. : Î" )'!< "'lq~ Q<Pt.,' 'J :à:. "7 

'.)r ~ b. 2 .,& equivalence class '=CL; ( U, f) f: h: l ? 

3(0,t) <:: cL, (U,f) 

45 



3 
l'.ti., H,: G -(? N) 

Hi. C 7 ) -'f o Î (5 ) "" CF. C~) -·--, F"' C 3J) 

t>' :> 
17 C u; f ') E G-ts C U, f) ~ u' c iY 

::: oi°h.i>A 0-P:.. lli !< J."CF{-t~~::>TJ~~ 1Î;-7? 

-h( <ci,, - -'; 1J,) {(tunique factorization domain Cv. f. D) 

(•· ;M ~ 

R & 

î tti· 6. 3 

$') 6. 1 

ring (commutative 

3 
unit T.{. CJ G R r:. t. f if ~ / 

{ 7L "> units J ~ { !I ), [fïC~)"' units J "°h*' 

=- i<-fo) 

R. 9 f ;s,- irreducible 

/ en:.~ r; unit 

R; noetherian domain 

'f;i'J /,. 2 domain 

46 



(1.1) 11' unit ?" ;;, 1) irreducible 

(1,0)(0,l)IJ 
I unit Z" rq: ( irreducible (" É T;:- 11 

(·:) (t.o) "'(1, o) ', (o, 1) ~ (0, 1)') 

(0, 0) 11 zero, irreducible ? .. 1):'' 

~ ~ ~ ,.,,. (/. o)r;; (1, 1 ) °' '\":) (•·Tët- '' 11' ; . irreducible 

7f .z:"' ;ft 1:. î. 47 1f l:fc' . 

(&-îJ 6. 3 "'1 U) ef ""{ f-R J f 11 irreducible 7 Z: 'lfl I~ 
't.f? '1t Tj: l' } !'... L.. ( 05- = <P ~ \.,A z._ q:" J=. l 1 

~ '\ q> 7j: S R : noetherian i:=·.,,, i;, 

;:5- "' '!' 1~ fillK-2]: ideal f;,R -p•·&:r~ 4 ~ 

f, p: irreducible unit 

f, ~f. ;-' f:.. 

'R. , domain k·~, ~ 1 • ~, ~, -{(·unit. :o. ~ /J:, 

1'.-~ 3Jî :. '? "'. f' R ••• f • I< ~ ~ R, f o R ~ ~ R 

f, R "'::f~ A: ,J-"f: J:- 1
) '} R, -t:..R "'J 

• • d = 'J., .. - '), ' iè.= f-,---e_, 'J- :,iS' (il'reducible °'V 
:. t, = '.!,·- ~~ -R., --- fè, f./?E~l"/ï.°"J~. 

;. ~ c. ~ G..c. D. 
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~ R : if! :!~\"(· il ., 7 
J<-f· 

0 ~ "5 6 'R iJ'' f = f 1 --- fs · (.,{ 

S ? OJ U = units "'fi (units ("7j: ( 

irreducible) ~ Jil~Jt lf;fc' ( - i.ti'.)1~~.;/;tt-';, 
' 

u. f, --· fs : u' f,' ---f ~-

Ji, f/ irreducible non-units ~ r= s, 

'3 permutation a-on [ IJ·--,S' J 

Ji= unit xf' G (-i) 

](: U.·FD. 

t = 1, 2,--- .-o. 
' 

=? :t'rreducible f '1~' ~ER 1: i1 L. (' 

f\~1Z. (~f· 'i}-R. 'l>'"f 7" ;j-, ;f-t.7;,) 

.,,, 
irreducible non unit 

~ f \'J 0\.. f'f<- f 'R Id: prime ideal 

R ,,,·noetherian domain 1J ~ # 1 ~ Tl~ . 

('R ti'" noetherian domain 0 ~ "' ~ ) 

X f ~Ci) ( '<fj.) 1'.. 

if q. 

f ' ~~irreducible non-units t 
~ J } J-

"permutation rr on. $1 -·· YL l 1., = unit l J ) ); J<. 

S '' ::: max ( S, 5" ] t-:. 7 " 7. ')~ffil~îi_ c" 

s'' ~ 1 rJ: è, "'R ~ n' . 
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3, 
i l '-" ~ I' f: irreducible, 

f~·/ non unit 

b 1 f I f-, ··· ft ··· fs "'unit l( fi··· <-• 1::. ljW"J3'E; q 1&.t 'f lJ. (îJ L ( 

Q.Ep 

~ b. "!- A; U F P i'. 1-=J. l 2. '!. ~~j !,,,_ L.. T::. k- ' 

A L~J t U. F D 7'Jii il-

( t~ 6-3 l<F :::.th.., *' 0 it('i-,;-:'i-.J ~ (-kr.~.;-}1.,,.,1) (1d,.J) 

z.. L "J.,, · , 1J.~ J c;. V. 'f. D. 

~-~ b. "!- "" T-=. ".l 1--.. °t ~ 'l. iA l° ~ . 

~t_, 6 6 f• Cl,+tl 1 i?. -r--·+0.,:0.-e~,4[2.) ('\LGA) ,,,, primitive 

~ 
tl<j-. t\,, Cl.,,---,a..I! "''*Ji OJ (unit Z"lâ= 1o)factor etr-TiF-11. 

ct,, tl;--ï a..e ,,,. A 1:. '4;:PX' 7 ~ 1: c'? ~.1,>'tc"l~T-,r-1• 

1}') 6.3 A• R():,'J.-) ,4(~) ~Xi')-2. ~f-; primitive 

lemma ô, !; ( Gauss "' lemma) 

A : V. T. b. AC<-) 31 fC:..), d- (~) 

f, '} "''" primitive ~ f d : primitive 
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,4-3~~ irreducible non-unit 1~ -, \ I ( 

f t Ili: u' A (ii,) ~ L' :z, 1-;.' F (1 

A C.>Jh·1t[i!) "' (f;çA) (;o.) 7" ;;i;, 1; / ,44-1\ 1iqr~'=> 

(1{4 )L~) 1a.~
1 

,.._co\.IAA(z) 7"d+~ ~ 

f=ltO, ~.\o w.(~A)G?J 

(lt,<;A)t~J1;;-~t.l(p:;"-1>, ~ t'i1 ~fo-\O :.j-~~ <AAl-3) 

Q. t;:. /)' 

U é f'r irreducible 7 
f,<J-<=A-cz-J 

f\~ (" Ty: l• è ~ ~ 

}- ('\O) ,1:. q } 

g.J r E:-i: ( *) / deg r 

f- E (f, 'i) ,F , I'. 

T;;: l'f 4"-- 1 <F" 7 S TJ' l 1 ' 

.. f.; Cd) 

f- ~,,{ g. ))·) ot O"- %- /J 

f: irreducible f\(f- f.~.*-G-f,_[;i) 

~ L. 

(f. }) °' !+> 7" degree 

( deg d ~ '!' .:;,.. ~ 

d. "' r '! t /"- ;: ') /- ~ 0 (<· 

/~~)'- â- e (ol) 

unit. %- ".>·Unit 1j '7 <.j)>(,,,/)07 J-
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"f \&- z-'J: ,, " /7. "&.1 ~ . :. ,,.( 10-unit. 

•• (f,<J) 7 1 

:. 3 tJ.., b GR 

Q F P. 

A: u.r-. P 

f- 1'" A (aj l" irreducible =;, .f 1-;. 1<(2) Z" {§irreducible 

<J-' 1:-' E I< [?:) L ""J }- e. 
/ 

-ff..~,J,.~' (c,d.::I<) ~L-c 

J- = --3:: ~-R, ) A=> IÂ, ~ 1:.- %.+'lt?.. 
( A(=&) 3 'i), ~ primitive 

~fè. I" primitive °'f=h(~~) 1'&.S-. J Jo-9 

°" f-oi +:fi 0 ID_ t: 1~fyV = CA 
9 f- unit ER 

J? ë } : irreducible 1: J:: 1) deg g in deg h = D 

:. deg g' en: deg h' = o 

<d. 'E· t> 

(JÎ:;r;'î !'.,. 4- "' ~<E-Jl Fl) ~) 6. t J:: f) 

f : irreduc i ble è. f-'Z~ "5> f \'i O'- f 'f "E 'f, 'lb l'i' cf' 1' 

+, 6. 5 . .2. J. 1) f i'J: k [~)7 .. irreducible V.:"'""~ (~i) &.S- ~ ~ 
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'(;;
1Jzri' if~-f-·d.j (f!Ba..b.I. L' /7 '-· deA~) 

primitive ) k ~ ./?-\!.: ~-

fEAT;;: ~ *' {,, t-. 1 J 1
) lilA s v' 'f;.."n' ~. f /t:A J:, ( 

f primitive 

lemma 6. 5-J. IJ ~ . f primitive 

:. ~ 

rational map 

~- :> u 
'$ 

_f__,, -h]n, /c )(f l ( (#J 

("F,., - - ~ "F,... ) 

Q.. F - -'=-
1 - Mi > 

Fi G~ (\j.) b··~ ~ ~ 

Gi-;., Hi E fi< C~ ) 

( <'.'it !!. Ht l;J: * J OJ non-constant factor 

.-...,...' ...p _.... l'o" 

U "' "" - ,V -v- (Hi ) 
1. = l 

b. 2 J:: 1) 

!::. ~ 4o if ?, . 

~ t; T:-Tj: 11) 

( }, ,· -- , f,..) ~"· iJ -p- f,.""" rational map 

Cu, Î) ~ (U,f) 

V ·v ~ -K 0 domain 
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~7. Polynomial maps JI . 

I I; ~ (18- J "l ideal 

>z. ;h. 1 ~ h L ( algebraic set vCI) ti1· 

A = ~ ('1J/r ; f2- algebra 

:::. ,r, f'% L V-(1),,,. t J ~ [ A "I ~-maximal ide al J 

( 

r~ r-:::· l M: A Il'' fi.- maximal 1ctea1 

~ -If,_ o Xi 7J't' isom. ( f<. l d. {;:t. /-c." IV' ~ M l J maximal 
c1. .. f. t • t ' . ' 

-ll..('<l~-0.'+~ ~ icteal ) 

____,,""' i"J f::,,, :; = ( '7,,---, ~,,_ )i-7 n,"' c ia, -~, ,---z;}t -~) 

<:-">hfi:::: M: ~~')M k L 1,1 =é1
(1if 1"'ovl.T) ;-(~~·,?$ ... ) 

Y = v- CI)'--' -r,."'-

1 .f- · "'-"'P 

X = v (I) '-' -th."' 

...,li1: f ~,·polynomial map 

>(=='> 37><.. 1® 0 polynomial f,(1a),--; j'l>c('lif.)6:-fl(l.J) 
,,/.ef . 

\??'!_ E Y f (1) = (f, Ur), -- -, f1"- (/'{) ) 

n- algebra homomorphism 
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lî. O'\ l"Jj: T: Y----=> X polynomial map. fi'">}< "' J 7 1 ~ (.,, ? 

::. ;k,1J<' f: Y--> X l! induce (f ~. 

Îf~ Vl'/_E '( 

e v~(x) é: "J ~ ~ '.:, 

t- C'l) ~~ E k""t 0 ~ ~ . f('(')é'\f(J)=)( 

®:~[)'.)--?fi.(%) 
\li ùJ 

X<.. --7 'hC'a-) 

Ili>,,~- 9 ~inctuce 1 ? :} ® CJ) '---' I 

aJ717 ® l~) =-fi.. Cf,('a-) --- f,,_C%-)) é I 
) , 

tt? (. -1\_ ( '7) = ~ CF ('l_)) = ( IBl ( ~)) (?/) = 0 :. } G X 

è "'> J< ) /;: L ( c" J .2,, J 1 J. 8 t;: J: , l unique 1: J' J: ~ . 

~ j-,: '1 ~ 1) -;Of 1:: J: 2, Tj: c' ) 

L#)..2.l_ Ô :-(?. 0>-J/J' ~ ~(71-~i 'tJ<' t-Jf.0; 

f: X Y~~tcl'~ 
UJ \.li 

!, <' 'l 
t ~ 
Ml,7 M1 'k-maximal ideal 

=" ~ fc1J~? ~ e-1 (H~) "'H? 

en) a-' ( H1) ~ H; r"{J ep 77 H1 :> 6 (1'1f!'(J) J ~ i ri' 

-t -71' r::, 'J'::· Hf!'{) "' "'~ 1:: tJ L c: ( ® <1'->) C'( J = ~( f ( t J )"' o 

J IJ 'Pf-J ~ iJ' . 
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§?. Integral dependence 

e: A ____,. B ring homomorphism 

B "'"A 0) .1::_ C" integral (e /:TJ: L <'. ) 

Od EA 

jf. iii' 1?: 1 e: A ----:. 13 ~ ring homomorphism i,__ 7 ~ 

~ E B °>'.>'" integral over A ( é)ro).7 L <-) 

~ ring A (~J 

':J A l3) -module M 

1) faithful 

'0 M 1 A - module ~ L z finite module 

5 integral over A 7J: ~ A (y /ï: finite A-module 

J. .e-1 

( 

~ ttl. 1 ) ;-· ·- rCl;_~o 

"'> A (~J IJ A-module 

at' E () (Ït) 

M IJ- fai thful A ('7 J - module 

{i =1/--.,, 1--) 

ce 

J:: ~ c M r,•· faithful (" Yi;;, : \'.. .,, $ 
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l
'--0. .. - O<. ----; ,,, r r-1 

A = = 7 +(À' ~ .,._ - . - t i'.À.r"' 0 

-et .. , ~ -o .. -·-
, ' ' : : ·- • a ?- -rr 

?l:.S-Çl(A) 

Q. E.D. 

i; '€. /. 1 (1) :Z.,
1 

1Z t: B, integral '9 ~+lZ; 71 : integral 

1-; : 

1: 

integral ;A Ç • 
J.::;) 'l. · integralA 

integral!fl c; J y,:; 

(ÎiJ:) (1) A ( ~, 1?_ J 1 ~ !-l module 

1 
0 j li + - . - "' o rJ: ~ 

(1"'--r-·-=O 

t <- 7 finite 

Il [ ~, 7Z J "' Z A :7,, l( 13 
o~o<<J.. 
0 ,,,(:>r. 

c~) M "A [3,,,1 J r 1: ~ 1iJ: L'. Q. ED 

Proposition 8'. 2 8; A "fi. (7r _, B =-fü. C;6 M -fi- alg. hom 

,, ~) :T-;r /.$-;:f ~ polynomial map t_ 

e o~· integral (" /;\ /. injective 

~ f v," surjective 

H~ 'i?. \ integral l:. ,, 7 ~ff t. 1,-p? "') ~ t J' /.. 

--~·---x, 
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B=·k(~.,'12)/ ""~(x,, ~ 1 '.l 
1'>t•'l·-I) t 

(X-) 

f •J.surjective 

(" TJ.- 1 ' 



lemma l?. 3 R "f integra1 ctomain ~ 1...- X e '*fu? 3. 

'I Jr 1<. ~~ 'R (X)°' 'P 7" ( vX-v-) J< (XJ 1 ;t prime ideal 

"Î L ( R --7 'RC'<){x-v') lit injective 

%.f'R(X) f-}=(u>r-v)-R. ;t=~>\I: ];·c:_~ 

f' =,j•gf f, c/= t/e9!.<J., -t.'=.J'•J~ ,{ /j 'R(y) 1 ,~ L, 

f ', ~ I = u ( y - V')-t'U 

CY- z,.) 1 ;i: R (Y) 0 prime ictea1 rê"o· ~ ~'! z ri 
f'G (Y-V) T< (Y). 6.t 1: f. u" Ë (V. )(-v)'R.[x)"" 

f .s C t.t X - 11-) R C x) ,f :f- -c: 1 '! Je r • 

deg f 1-.:. -, " ?. " indue t ion 

• •. o... ::. 1t-o,:' 

f-+ °''("'X - 11') = )( ('J + o_ 't.\ ) ?· 

)( "!A"('}t' "-'u.) E (î.<X - V )7< !)<) X· l.<'(~.,.?\'U)= (TAx-11)-fè. 

';Ê':ftr~1: t:t: C\" (' ~r;; >< 'R (X) :. -f1.. ~x ~ -6?..' e R (X) 

:. 1,.(''('3-'1'0- 1
'-' )= (t\X-\r)..t.,', deu1 t-o..'ù)< ole'}f 
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induction 'if t-C/V. E (1-1 X-\!') R (X) 

jVJ J!. .2 .,, ""w . r:ç::' !: e ~·injective, ~ntegral 
.p,_,fi< ,., 

B =fR(1a1, ':t"Yr}-~;,;~fRC~) 

Î integral 
1 injective 

Il= IR (X1) 
surjective z~lif'.11 

Prop. S. 2 

going-up lemma ) 

t integral 

A injective 
l 

A:::> M prime ideal c\ ~ 

=? 3 prime ideal N c. S 5. l . M = /\J /\ A 

@J:) n = { 13 0 idea1 N I N "A c M } ;E__~ Z- ~ 
Jt IJ inductive set ( Zorn' s lemma 'I' •. ll!J lfj 7" J: 3-) 

it ? -z maximal idea1 N E: J1 .J,1· ;!) ~. 

1) fl/1,,A~M~"Q}-~ 

IV'= ;J r tA 13 !r /\/ 

{ 

1) 

i.) 

N"-A = M 

(\/ 1 J. prime 

'3 
a_ e: M - ( N,, Il) 

~? Z N
1

/\Ac!: !'1 

be I>, "é IV'. blTintegr"l,4 

58 



b
)! )!-1 

-ti'.!.,b -r·· + C.e~ o 

()/x (b-" +C, v-1-r ... C.e) ~ 0 {: o.b ~ :t-'1 1ft' A l 7 

X..e-t °' p -t'll G ~ 0 / p é A , G E /3 0) lf''l q z:t 1 7 ~ . 

1'I. G ,,-J...e_ o..pEA~N (.M 

>.) J , '}. E Il/ N + f 13 = A/1 N + 7- /3 = N' k-11 c t 
I 

H ; prime 

:.f&<;~GN G.F.D. 

( Proposition 'il'. 2.. 0 *<E) 

)(37 M~ : ex.-~., --, x.-5 .. )!l- ~") nt0·ij·Jï~ 
Y::i1_ ~ M11. ! /3 "' -k-maximal ideal 

ïz E f-1(9) )\, t: '-' ? :::. !:: 1r N; 13 c N'Io, i:: J'Fj?"" t: /iJl' 

1~ Ji~ . rt 1= "7<.°' ::: ~ -e;r. 1:t 1;i:" t ' 1 'N5 e ~ ~ z., 

-fz- maximal ideal 

going-up lemma 

}) 

l'111>"'f}Tx. 1 ~ . 
3 

I= J:- ::> c Al prime 

f% c ) A ./. -::: -f<. 
integral /r-J~ -

-rt_ I= >P."' lemma é ;;j:: it rt' R =f;.. cF '.J IV :lt-maximal ideal 

02. EP 
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lemma ? . .> 1< ~S' 
integral S: integral domain. 

~ ;; 11f/.f
1 

algebraic over k 

~ R--1 b -t ~. b +-- · - +Cl-e = 0 

s 1 (f integral domain -F;' '5' S. o_,, ='\- 0 k.. l 7 J=" { 1 

9. E. P. 
( Noether Normalization theorem) 

h c k 14 # (/.,) , oO 

A= K (~,, ··• ~ •• .Jp J ideal ~ 1 

==) '1 "> k- linear comb\nation 

8: k (i°,,- - , -[:r J 
04' lZ. ~ 'ft 

2'{ :<? : 

induction 

Y90 

)'>'"injective integral 

(m .. = O ~ S P>/~ 4 1,)) 

::.. 0 ~ o='\ f (~ ) e :r 
:\t(~)=OO-f<O"'r.:>'~ ~"'>~-lin. transformation f.·~LC.î);'( 

f ~ C. 'i~-+ ( %1~ 'l degree <: :R rd'- < part ), k :> C ";: o 

~ 7" ;["'. 

A " k ('lJ,,, .. ---, 1.1-"' Jp Jo ~ ( a L'J'injective integral 
J'.r 
A, 0 k C;k--:;, 'j..-• ~ r-,. r--c." (... J; 0 "J"' /<C~,;--ï ~.,.,-1 J 
ind1.<ction "'> 17,2 ::f:. ;s, ~ 'l,J-,,--, 7f..,. .. , "'~-lin. combination 
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J A
1 

<--< __.;_- k (ji 1,--, 2!1-) 6'' injective integral 

(T~T~"L 

'( "-7 f<.'" algebraic set ~ (j ~ 
If 

lf(J) :Tt 1 

f: Y --;~r surjective T~ polynomial map 

f ld·integral 7 ;r 17 / ~t7Îk$ (_ l 11 ~ ) 

~o l't ( ,P,, ~ J;( S ,/-, (f ) 

"' 1- 'i?. (;, 2 (K,,_f>..'t.) 'J=jli fi:=) 

Noether Normalization theorem 

e : A -? 8inj ecti ve{A~ integra1 

f : X ~ y 13: inte1'ral 

=> 3r 

domairi 

domain 

3 w C X: algebraic set , 

61 

=kt'X}f I: prime 

,,_-itCJl-]J- J 



a' z. ·.' (', ~ ldJ.ntegral injective ·~ 7 

(Hilbert's Nullstellensatz) 

Io. ; ideal C. f.. lit) ,,( ~ 11 :>.. 

3 -;e_ » D 

(i.I) X 2 V- (1
1

) !: '1 ;} 

<) GR (1JJ t l -C '} 1 )( = 0 7' ':,e) 0 'J-,e E I, '& 

Çz"'~' 0 tj>"' algebraic set ~, {~,1 --,~,.., t) Î htJ~J#Jf.J:: ~l ( 

r = 11-rz c;r.tJ .,. ( '}<IJ)t-1)-r;.~. t) 1~ & 'J ;[~'..! >t-L} t q 

J. r17,) ""o 

.·. v-(r) = rf 

Normalization theorem 

t., 7 :! -li.i ET, (i=l,-·,'5), 3 Hi(1!,-c-), é,-('1,t) t:.1.(~.tJ 

(i=1,-·-,4) 
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s 
1 = z-e.._i(';-) Hi(~,i) T ('j.(~)t-1)Gi-c~,t) 

t• 1 

-€ = 'Yi<-:V""'< { ch:Jt Hi., de~ -t- r3r J l L Ïzj}g /" f..e 7f 

?\' 'T-1> 

~.R-= t~i('a)H{* ('J.,~d)t:-J) T (1(~) t-1) i'r"c"J-3-<~Jt-Ù 
i=\ 

î'=- i:;;' L.. Hi* Gr"' E ~ ( 1, -t J 
I 

t Id' -n(<t-) J:_ oi ~~" "'' ~ t =/~ /: di' 1t ( 

Q. E. j). 

~ 
~ 't. '), / 

{ 1'."0 tp 0 algebraic sets 

")'";semiprime 

/_-;/,::;:, ""-> 1 J. : X 1--? ,J (X) 

1-1 } ~ -h ('lJ. )oisemiprime ideal• 

~ .!Y~]" 
.,i.~f-. 

9 J = p, '"'-· /\ Ps Pi."prime 
t. 

R;I," noetherian "'~ 

n~~ 1-i:; v-(K)t-i I. ?" .ç.z. ~ Jf\_~ 

?. ? '2 

{ 
n ( 1-\ { 

irreducible algebraic sets .:.1.. J ~ .prime ideals 

<..f<C~)} (:ij-1..l;J. J('//"(I))~Jf ~·f {,;; ~~f:f' 

<!'" ') fi/~ ~ I\') 
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3~ ?:. 7. 3 fz = f;_ .., ~ 

{ points in f/'} ,_, l maximal ideals in 1'.[11) ) 

1~1:) l point in -f<." ] ~ l ~ -maximal ideals '-" ft(7if) J (-;] 
' -{_( 7J. J ,., 1.f. ~ 0 maximal ide al 1 J 

~-maximal 

M : maximal ideal c fi { 'J J 

Q. E.D. 

Proposition li'.~ f2_,,, fi "' ~ $ injective 

9:A=1Ztxy1 ----' 

:f:X='V'(T) 

B =~C~y:T 

y~ 'V (J) 

( ft-algebra hom. 

=} 1 ... ( f) "'" X q open dense subset~i'c 

proj 

0 -1 

(Zariski topology ("open 7" T;r '' ) 
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(~il'.) 1 . ~ q" I ~ J i>'·· primeoi J1'J: 1~ '/!JP~ q ? . 

(j)JJ ~ P,A--- A Ps fi: -:J "'l min. prime, 

Er' < P-t ) = Q i 

y"- èJ y~ 
i.,.., 

( .;_ , 1 •• - S \ prime, ' , ) 

Y,: ·v CP..t.) 

t l,' < . 

1, :> T 7}17 A 0ideal I%:t& er~.t, ( 
0 r;s. ( nilpotent ideal ) <"> If 1 ~ 1 Je 1 , ~ 

( ·:) e: inj . ) ~Ji; I/x 1 J nilpotent ide al. :.)I, " J T 

@.,% i /:. 7 " ( ffinduce (f ~ j.;.: 'f'.t. ~ )(;_ (";;-, 11 ? 

J,._ ( f; ) .,,,. Xi "' open dense subset If i r: . 
=;- ~ ( f) À 0 open dense subset -;Ç: ·~z-. 

0 Ui : Xi °> open dense subset T~ S 
s 

u = ;:\ ( Ui - y. X \.) open dense subset in X 
,.., fT 

2 . J.i).1f e IJ'' injection (•' -r 'J ,,.,. prime ideal 

t 17i..t l?. J= \\. 
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r.f~' )3 '------7 BK = 1-< L 7cr-., --, 1J,, J hk 
J Jr /~' 

( 
; ""') X- 1 - Noether Normalization 

A '--7 K A0 lvJ v7· 

O' Theorem "E lJ_,/fJ q ~. (f?z-i';.F.:"n'~ tt {fz):oo 
~ 

3 r >,. o 

13 K ,____::> K ['6 1/ - - , ;;.!" J 7" Bk 1 ïi'integral 

-..e - -e- 1 %-i. -t- -t..1.. ( '2- ) ~.{_ -t- - - - ~ D (i - 1, - - , ""- ) 

-e...-tj 1 ;t) ;;;;; f-< (2) Jj r:@iÎ. ~7&Jiîl "''I ~J', ( i, j) 1J 

1 ;-._ 
3 ( -.,;:- J <-'..C.> 

integral ('•' J;; ;;;, 

'{,:É'? ~If surjective 

l rrë" .l vc i -ile '( '= { '1_ E y / -C..,(71_)-'\: o J 

x' =/ ~ é )( \ ~(9 )~ o} 

~) J-.') 1: 1t) 1:-

~ I"" ('f) ,_;::, I~ (f ') = X' open del'lss subset '2,E.P 

L'Î'i')_Ll_ -iif!t1~ 1-.t'-<' >< = v-(I) !:. L- ~Cx}r =A :i~, 

~-= F\, Hé 'f<. (;;..) c cr~» ><'={~Ex 1-e. ('7) ~o} 

l :;.\T \,-' ,~ .P "A+' 1, 1 o 
• .1\ ...,, ·y,_ c...- '-- '-algebraic set 
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f-::-r-:."L :r:-'~"Ifi.(:<:,'"t) T (H{:x)-t-1) ~l.2:,t-) 

~lj î.4 {z.'3,l:-)E )(-:o { (;r, ~,'i:)Ef?.' ! Â'. '.:l· 1J,: o} 

l l f : projection 

(z, i<)E f,> 

j (X)~ { (7 J - plane )-(}- tlX~4 ) } () { ~{?., J 
Zariski """ ~)Î 7'' non-closed, non-open 

@t]?, i ~ ~ i> X: : algebraic set"') constructible subset "( 

~> ··r ,,,. X"' locally closed subset '? finite union 
oi<'-l. 

c 1 Ir ('. 

" 9 : Ir ~ 1z (x.)/,_ - > )?> ().) /J" 
t: K f----- y 

. '7' :::;) Y') Z constructible set 

f (z).· constructible'' (Chevalley) 

7>"' Prop. t l-- fl-110! (è. '' ) ~q ~''brW) b' ~ ~~ 1 ~ 
:;(',-:! Jk. ~ Ccf, Matsumura (1) P-1-2 . Tb. 6) 
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~ 9. Universally closed maps. 

X = V' ( r.) <:.,, -ç,_"' 

E3 : -h - algebra hom. A -713 

( e c" induce .::! >K. ?.:map 

t n\" uni versally closed map 

17 ..€. ?O f;_fJ l ( f-x.\,,i : Y X ft. .R.-?> 

.j{1'l+t 

{";y, ~ ~ lêt 

)(X -h--e 
.r:J.. n -k .... +-< 

7\ 1
" closed map J ~ 71 ~ 

:: ~ 1 ~ ~ \ ( >/( '? 5Ë:Pî '"-''".Fi ~ . 

,f J\t. "l. 1 -ft. = ~ Ir . n et :Yr 
~~~~b 

e : W. - algebra hom. 

X ~ V-{I) 4 1'." 

y ~ V- (î) '-" i< "'­

!+ b 

f Y'"" X ( e c" induce ~ ;f\. 7--o. map ) ,l:. J ~ 

e ..,,,. integral "'9 1 6~ universally closed map. 

1~·1 q. 1 Y= f ~ G.cc' \ ~. ~. "'} 

X.,,([. 

5: ( ~.,~.) 
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~ ~ E: X \::. -:> 1 ' ê 

f( ~)1J~1~ 1ID,,, -~-
f-:;" JJ'·. t I~ closed 

\""J: \ 1 



1 
B '2: 1'. Ct, T J 

î Jintegral <:"TJ: 1 • 

A-;;;--~ lt) 

------x: 

f:closed map 

t : >< ---? c 
li:> \j} 

( ,.,, Jb,) 1---7>.2,"· 

X 

t- l 

<t 

"2" & /-t'qc· Lé :f :universally closed 

X~ v(C~ 1 -1 )2?~=1) "--?> cC.-,_ 

1 

f lêl- closed Y.!:'t>•" universally closed 

":::> { (:Z1, il,.; ~3) l .z-1 "'.i?;l} closed 

1 

~or· f: closed 

y°' closed set W 
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W 1} 13" t:j' ") ide al S 1 ~ J: , ( W = { '%$- 0 maximal ideals 

,., "Ê {/.f } l:.. ~"17 J ;j-1_ ~ . f cw> °' fz. t. '1 ,?. , ,..,, .l 7" e-1 es> 
"I 7{_ '" 1& 01. !: ?. . 

'X ::>V"' {%-'(~)"'>]'.;.-maximal ideals OJ~f;f }l;;t;•< !:. 

:: ,/-\. 1 J ~ ~~ closed. 

'Z._ L 7 X 
t- '( "b): i' 'J-: surjective 

V.µ___* ~;; zl-;;'·J" t' . 

J'f° /) 7ï z·· Jr-1r l 'L: %rs)--;> % ld:injective integral 

proposition g, 2 J:-1) 1/ ~ W 1 if surjective 

-/- ,,,i universally closed 

'( " f<..R 

l jxid' 

X X f<" 

e ""' integral 

13 l~1,- - , 2.e) "' 
î e !<'.' .,.,,- .• ~_.111~jz_?ftt 

A [~1,--,z..e) 

~ ê' & integral 

....--. . 
(} • closed 

~ l z .\:" \' ) 

J 0 minimal primes. 

S i. ~A ...,. i3,: '° -h~ 1</i( 
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~ .,, IJ'î t ~f universally closed 7J: ~ "'i. /~ -, 11 ( 

ei 1-:: associate t T::map fi' t universally closect 

0 .Z :h ( J li : B 7 Bi r<F ~ring hom. /.>{ integral (" M ~ :o. !'.: '7' 

0. (~n~J:_1>f-l)~fl'\l 1 ( Ti_I~ ass.L T-::: <Ji/Juniversally 

closed.J, z Ji = fo7-i t universally closed. 

l. 
1 

ei I>''-' Oj r.:' 7 integral T;i: ~ e tintegral. 

'~rt "8;. 11v 10" ( integral ~ q ~ !::. 
- 7Cf>i';; s 0: A 7C Bi :;. 1 ""e,.,. ... -tes 

~ Â ici 

e (3 T (natural maps ~product) 

e\. .. component 

8i "! 1$-DZ?t. 

e IJ~· integral =} Bt. int/ Ae1 (;le-1,= e.,:(A)), 

f~.\.\"" (1) ~· ~ e{ - e; "'0 =9 Aei int/ë(A), 

::. h 1J' t, . -'f 8.1. \ "' ("-) &·(î. :> c , Bi. int · /BcA) 9 13 int /éi(A) 

ë integral 

B 3 T:Jw 3 A --- /) 6 A 
(..1\-1 ) I l..A-e, 

--c(w)e+e(e1.,) l:(w)e-1+----t ë(ae)= D 

•• W + 8(0..,) \JJe-l -t --- -t fJ (0.e.) E: t- 1 (D) 

-(' (0) Id' nilpotent ideal 

,,t_., ( e b( integral. 
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.d " 1: --'- ' 11 J::. integral P.: 75 z,t;J:·· ,r 11 

(( = .f._ K, E 1t. c-z;) !<. L-

f,_'Yl X ~ 0 ,Pi: :f~f#J !fi Î. ;J.l f ~ '"J .;, 

y X -fic, closed subset ~ (.. ? F: ?._.(~) t - 1 = 0 cyx-k 

';} 1' f 1 J irreducible C" (-·I = )7j0 q ~ 

ring n- ~ B (T) 

l P.> lemma Z. ?>, --.;.,' J: V..'' 1f> 1?. ?. 2 ~ 1) l>fJ s 01) 

f: -h ()_,t) 8xi.ol-kc1J.tJ 'l\.d. -fi.(1;J.,t)/q-R,t-1)~f3Ci-J 

n.t:t.t~ '-1'-(0 ) 

)Il 

.-'\ Ci-) 

--:? 8 l J-) 11 inj'ective 

J: ~ ( Prop. )?, 8 J'. 1) ( tx ;.o\)(F) 1 J li ( lf-;oJ) t?l 8pen 

dense subset -;ç ·fs' _,jL L 'l' f5 f&iE'. J=.- 0 closed. 

. •• 

'j-CF)"' [ -t=O J" 4> (© '3> (7,o) ~ 0 ~ e. 7;frv) '1éY) 

('7_o) &. F :. ~riz» D-1. =o f-1'J-J;'î} 

v'(è{-~o>) "' { t ~ o T ~ tP 
1 

J: ? 7 Il (y J 1 ~ '.l!ullstellensatz 
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( @ i!t. ~ ~-) 

;tC-F-J t·-J:;11c <+)==ACT) 

;,,e. TA c+J ~ 1 

"' k _..!&. o..;_ é h <t- + - " + y.> = 
.R-1 .e-l 

Cl , r - c::\~ ô - - - - tl,,, ~ o 

â integral Q, C. D. 

i9 : integral 

~ Y0,?..11 

=9 
11~ é X, f-(~) i,r 1J f'&.1/.ï\ 0 S.-'.>'~7(7~ 

"J. ,, --/ ~"" or 1lc" ,f "J:' i> 

13 :;, ~i 7&i + c:i.i
0(i> 3-t'+ · · '+oi'-> ex.)== o 

A ~ Xi_ X "/ 1&. -,,{ ,'.5 ;j.. +,-1 i 'iJi_{Cf ~f'f;(J!J "'1~ L'I' 

" 
1
) '(~T;r: 11 Q . E D. 

1'. ~ (['. ( complex number 

" universally 11'-

.,,,_ ~ t>'" 1'<! ~ . 

~°'section ?·IJ.J,,('T ~~C.!'..l c -n~~<l>l}. 

c~O'\ i:P1~ ~ (1;, 5') "'Jt,17,:-J.;1· (: J;., ( fü&~&\;K~e 

'"°' metric topology /'J "product 
11 

OJ .f'î 
1f"!'f,i -;f? 

( Zariski topology 1: "> lf,' ) 
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41 Y c iC. j-::induced topology 

( Y X X, product topology ) 

"''""' = ( Y X X / Y X X 4 tè. 1 o J::: '}induced topology ) 

ft.fll 7. 2 .tf :o:.lf 9. 1 "' ~ i=t r : f< ~ c ~ , 1r 'li P z. r-z-et 

=9 l d)f~,- closed map. (metric to. pology 
. ~ _, 

-i'J'-,(>.) <j EX 1-o. 7 
11 î f c5J "*''' 

-~ r~{IËl"' ~, "' ~ P:~ 

e ,.,, .. integral 

(#)___2_2 Y ~X 1 "J.topological space l'tJ"' 

Z 1. topological space l'.. (. 

Y K 2 / X x Z { ~ product topology 

"-,_ e X ., 7 1~ 7 li c 

~ füd o closed map 

Y)( z / r ~ 11:~. o, closed set 

'tCF) : closed 

11w"' 7c. x z G )( x z - 'J (F) e. 1<- 'J 

f _, (x) ~ { '11, - - / 1s J t. d ~ t 

î \~ product topology ! ~ /: ~ closed set 
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:t { ~i 0 open 

2 <7/open 

s 

n.b.d.u 

n.b.d.\/i 

V=.(l
1
Vi 

s 
U=y't{ 

t~I 

U><V" 

F c y)( 2 - V X V== (y - V) X 2 u y X (Z - V) 

• • ~ ( r) c. f ( Y -V) X Z · U f (y) '!< ( Z - \/) = H ~ X X ~ 

. .. 
f: closed map J:') f-CY-V) x'Z, f-CY)A("'--\/) l°l'closed set 

)( x 'Z - H 1 d'open 

'} ('f) \1- closed Q.c.D 

[ti:J_ll metric topology fibre finite ") %- {~) G"f?-

closed map ~ universally closed map. 

î&~ Z,11'. ~IJ 9. 2 "' f l ;i: metric topology 1" f;)' 

closed map C''r;F- t t 

Proposition 'J, 3 )( : algebraic set C {.1'-

V : )( "> Zariski-open-dense subset 

) 1) : )( q metric-open-dense subset 

( continuity of algebraic roots 
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WJ q, 7 fi.= fR Kl< Prop, "l 3 1-,: }l)(':lz L T<f 1 1 

X 
( 

'\ X _ E ; Zariski-open-dense in X 

! 
metric-open-dense -c r1 \' 

::x: 1 E " ;;;1!ill 
lemma7, ')< Zariski-closed ~ metric closed 

(>'j~ :q;l'J continuous functions) 

lemma9, t 

'Z. fc .If··;/-\ affine algebraic sets 

7l v''' integral dependence 

'=? 7l _, ( I>' bounded C z ) i 'J bounded in X 

( bounded t IJmetric topology ('' ~ J) 

,, 
integral " 

~i-00}EPf1 u,,--~u,_~ 7 ~ 
CZ) ~ (_ 'l{) 

r"<. f<-" L- -R.ji eu) : polynomials of u 

V' ~ ( bounded set C z ) 

3 
M 

17 
I.{ E: V "'i ,i-

3 N
2 

> o vCi) E: 

cf 1-<l
17i·lui/<N) 1: 4 ~t. 

[fuj ( U) 1 

-1 
7C (V) 

V, 
i 

.. 'TC-' (V) bounded in 
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lemma '1. 6 ( continuity of algebraic roots ) 

J_ -{ .f. -1 ) = t + f, {X) t r · · i- h_ {;x,) 

t ( t, 0) = 0 0 -;m. 'f o{ 6 iC. t. ? ~ t... 
17

t,,>O, '7[70 '/7L.- /J,/éJ?j:~/;J." C;Ed:"') 

f (t, 7) =O q-;{fl /3 ?'' /,{-(31<::t.7: 3 ~ "'! ~"h ~. 

&;s) t ! t - .,1. ('." -;;' ! '5• 2:. ? ,,( "- 0 c <- 2- t J= l , ' 

::: "" ~ :f;,, (_o) = O 

J: ) ? :=> d > 0 s. t. tl 1 3 1 '- & 

fa, > > " o q 1-Fc e.. P1, • · ~ jJ-e ~ -;;· é ~ 

fe 0) = ± f.l, -- f.-e 

1 f,e (} ) 1 = ! f' 1 - .. 1 P2 1 ( t R 

.. 

( " "'~'JPl'J) Prop. 1, 3 
s 

)(=y X 
pl 'l 

K 1 ;f irreducible C.- '--'' rf" t 1 

Xi : irreducible 

f Ur>Xi.. : Zariski-open-dense in 

-::j> U,.,, X{; metric-open-dense in 

~ \) " \j ( IJ A Xi) 1 d' metric-open-dense in X 
.(. 

X irreducible 
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/l. 
11 
l integral dependence 

( Noether Norm<tlizati'On' lft, J1J) 
surjective 

0 /t..cU) t"'· <Cr~ Zariski-open-dense subset 

X~ ring 
t 

il'.: (.<:.~- - , ;t- J/r ;/) I: prime 

,. 
<f.. ~ring If'. (tl,,-1, V r]: IJ '\,( •, - -, '\À r -::J'i;' lz l:f':Z 

• .. 

A "' fi'.. < x) 'T o 

-(;_ int. ,i 
5. 'b . -t 1 .x -u = 0 

1è...e+ti 1 ~.P-i.,. _ .. -i-a.e =o 

o...e i ci- - î\ (V) = o 

:, TI. (V)>V= {76.<C"' IC\e(~)~O} Zariski-open dense 

V /J ({'.!" 0 i:p ?" metric-open-dense 

"'} f; k 1~ ~ Il ( 

~ =- TC. {~ ) t. "l-,' ( 

-1 

7T (? ) ~ { ' 1 "1,1, - - /
1ls } 

f-<S)°Î f-C"li) ;i. fE/0, 
' 

for all ' r 

lemma 9. 6 /':- J: 9 X.oi ,?,,3 lj Ï'." V "limage 

t X.l=-"Z-""> r"'limit "" fC)) 

<L"' " 01 pro j . A limi t -J>·- 7 
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lemma 2. J:- f) { "'> subseq .. ("convergent li i "'> J"' b'. J;\ 1' , 

TC ( lim '-< } : 1 ~m 

f ( lim ~« } "'lim 

~ lim ~" ,, ) 

7C.{3/) "' 7 
-!-<?'') = f<7) 

U (metric) Q - /) 
~~ .t .. 

(Î"fiî Cf. 2 ri't:J9fl) ~ lJ · 17{>J ~ f)\ 

~ 1: ;f: q 1: 1 J ((IJ, P..)) =;} " f l?''Zariski topology ('' 

// 
universally closed 

l:tt) 9. 2 /~ J:- IJ metric topology (" closed map. 

J: :> 7 Y x f..-e ::> 2. : "' Zariski closed set 

Prop. 'i?, '1? r~J 1) W-:> (fxid )(Z) l'J-W Cl open dense subset 

---C""'•t~ic) 
d', 7 Prop. 'J, '3 l'-.f' 9 fxid =W 

( fdd )C 'Z) [a; metric closed 

. • Cf x id ') ( z) = W Zariski closed 

;. t 11- (Zariski topology -c universally closed, Q.E.D. 
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$;o. Projective spaces II 

§ 1 1: J-.; '}.:, J: ) I~ V1. f...1::. "l (1'--tl} - >Z Ï: <lvector space 

V
)!'. h • 1 

1\., ; =V _ { 
0 

} -7 fP /i.. canonica map 

P;i . -1' " V,,.?)?;~ 't: t 3
01 

--
/ 

Z:,.) e..- fP '] homogeneous coordinate 

system 

n 
f<. ('J;o, -- / ~n) 1: JP q homogeneous coordinate 

' ring t ,, ) . 

ideal Ji c. f<. (:i:) 1Jv homogeneous 

.;:} H 7''" homogeneous polynomials 
d'-/ 
~ 'f 6 H ~ f "> ;f)- homogeneous part E H.J 

~ ( f0 =l>) }-j = ( IZ.11 --, -A-r) ~i: homogeneous polynomial 

of degree di, l L­

vl 

H7f=Zt~(fr: 
,, 0 

J 1-

1: 1~ t L. h = z *-j. 'à-j. 
,f,:.O j.; t 

degree i ~ homogeneous polynomial) 

e,J. 

<t;. = ~/ CJ' )fe, 

( <J;'k-: homogeneous polynomial of degree k ) 

degree i "> part é ttif'iz: L 1 fi = ~ {;,j ~jf,_ 

,~ -t-:o" L--. ~1> ,,_ d.j - -h. = t' rr ~ ( f-, J,.) '~ ;/-., h 3,- ) 

• . . 
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-fv1 /'._ homogeneous part 

ÎÂ• 10. 2 JJ?n "' subset A h'' algebraic ( closed ) 

~> ~('li) :;, "H homogeneous ideal 
d.•f' 

Q.F.D 

A : ~ (H) ( ~. l 7" JP11 
J t { ~) , o 17f & J-1, homogeneous }) 

H 1, l·J, ;ç_ homogeneous ideals CtiJ~ 

;t~, t 'J 

ideals 

t \, ( ~:rlî 9. / c. JfJ;r..t '"- L- ( 

i\>(H1) \J G'(fh.) : 6> (H, (\ H.) = .:\'.> (H 1·H.) 

6'(H1)t\b(H•) ~f? CH1-+H ... ) 

~ : ( ; 0 , - ·; 7 n. ) b Je" 

M~ "' < ~' zj - 7.i 2'~; o,;, i. .j {; n.) ~ C't) t. J;' 111ët' 

t~) :J?(M>) 

J- ., 1 ;,,, --, Ps .s- tit 1: n. c 7 
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' - . 
-.:.'• 

JPh ·'/ /i: ~, ·1 subset ,,,- algebraic 

Proposition 10 ,l 

X i>'" algebraic 

V ~ .l'."-1'/ th -,,. = I'< ,,., rr < algebraic, 

)( ~ IP (1-1) H: homogeneous ideal 

r:_"\x) u { o} ~ V-Cri) 

c-=> i.., &{~ rel:f rJ: ;_ ~"''"',: 7 , , <- t . JP; 1:. 7 ,, z & 

'i.,0 f:ti--~subset l;J algebraic T<:."o' ~ 'Pf-i; -b' 

·\k., ('. "f\'(f,,) '°OO)'., J~ L- ( ,):= \' • 

C.. (X) <;)' algebraic set ~ 1 &_,'1:., 1 3-- !:: 

~. J.; 1 r 1 ;J.'' . li "/)\" homogeneous ideal 

7J: i!}•TJ:.~ Ccx) l'J. \\ \f~ 6- C(x) \;f/l. 6-k /7.Jd' L?. ll·'Z eccxJ 

t ,, 7A''±.1~1. Jr.. r~ -q . 

" t-:j>,.lc •• 

2: f 1-L ~) · J\..i.., ~ D 

:\:!' (?.!) ~ oO '""' '\>' '7 
:. :H . .,.H . • H 

f~:homogeneous polynomial of degree { 

J 1) 
11'1. 6-C(K) {: h: L 7 

V?I.. 6- h 

fU'I_) ~ o ••• :f,:,[ccx.j=D 

\fhomogenèouS' ••• x~R:H) o. E. P. 
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Proposition 10. 2 " " IP = UV1 
t~o 

(f) 1 ? 0\ Î- li: -:ef:-Z., 7 . u._ -:;:; 1..n .q q> "I algebraic subset 

Jf?n "I algebraic set X /J''h 7 7. 

X{= X" V.: 

@ X c JP" 1:: -, 11 7 

X: algebraic in p~ # b'~ li? 11 <: )("'"(fi.. 7'>'"-f:.."(:;;; U.:.) 

"'"' "? '? algebraic set 

(i;r) ID i ~o !:... <- ( t'" ( · Xo ~ -V-{J"o) c 4 ~ 

.I ideal cf:,_ l·~ -- z, ) 
Q ~OJ J~t> 

H 0 = [ fi E- ~ (") homogeneous 

1' l "i!) l ;J homogeneous ideal 

11. :: 7" vl =(7.: }, : ... ; ),, )é- V. (~7-S ~. ~ ,,) E ,!,.~/:: 

7 6 <f' (Ho) # ':'R. "; 0 homogeneous Efi_(~J i,·.t. z.J;;~. GJ. 

l~ .., " -z. 



V 
fé'J. j;:7 11( 

7.,x.==v-(5.) 

X = cP (t--1) ~ ? 1- 1'. 

Jè ~ { ~A-/ H ~ f( "': 0 homogeneous 
;g 0 ' 

Xi, ~ V C'J<-) 

(P) X(\ U-t. = v-{__Jt) !'... (_,. 

' .., J;, l~l? l- ( CD0i ci' ; Io Hl e._ ~ .l,---;r~ . 
.,.. 

H ~ ~ if.~ H..: i,. J:.· c !:'.. 
L~O 

[? (1-1) = n iP (>0.; H>) 
L= o 

= [5
0 

( <P (H,;,) \/ P( :b<.)) 

= (\ \ cP (l·h) V (JP"_ V;,)) 
-i..==O 

""",Ô
0 

( (J:> {HL),.., U,:) V ( Œ?"'.__ ll.:J) 

~ Do ( (X/"\ l) i) U OP"._ Vi) ) 

~ 0
0 

C X \J (fi?"-- U,;,)) 

X u C~l). ( IP"-- ~ > ) 

-=- X rd. E.P. 

V Îi vector space 

V=> Y i>'" algebraic cane 

J--1 ; homogeneous ideal 
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Î,fl( !O. 3 q % f JP""' If C\ algebraic sets J :..:. {V 'l \:1'- "> 
p 

algebraic canes } 7";;;:_ ~ - )&- 7& T,s ,,,.1i ~ . 

!%tJ to.4 -7 "'i-a:~ y :ov-0-1) 1~ Tl (y - col) ~ P (H) 

1::--- 0 h);s X;JO(H) ~ Tï.._,(X)V [ o}=v(H) 

;lF'î W. 3 ( Hilbert' s Nullstellensatz ) ~;-A q JJ-7 

R(~) ::> Hr, Hi .' homogeneous ideals 

~ (H ,) .,. JO (H,) é9 ':e '> o (3,
1 

--, ~~)AH/c H., 
.Q. t (i., --

1 
i._) H.,. c.. H1 

(tfj LO')° ( -lo 
1 

- -
1 ~) <'\.:fp~ i J-~ n· /(): \\ 

Hr ~ (1), H,.~(..l.1 --, ~,.) !! "J;· c e <fl(H1)=fl(H,.)=~ 
(~ H : homogeneous ideal c~( >!:), f..: homogeneous polynomial 

<=~Cr J /:.. L. < -R. \p!H);: o ~ ::J-e . (:i\, -; ~ ... )~ ~ H 

~ .:;f, -<:!. 1~· != \ 1 

Ji Î! ~ :fr.•q?,. /:.. f "i 0 /:.. l,. ( J=° LI p\; 
...L \ = 0 
~.lA•1-f.. V-(Yit) -

affine ,...,~·-S- qNullstellensatz (,,1_~ ?JI) J:: ~ 

~~JR. E J:j,; 
.•. 3rw-~>O 

'l'1. 

1, = z (l>..j, -1) -+! 
A,'!:Q 
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)-J: homogeneous ideal in f< (~ J ~ 7 ~ c 

J-i = "01 (\ -- (\ Oô,._. short est primary decoinposi tian 

i!t: àss. prime of cf/; ,f., 

Ob-.; homogeneous 

lij-~) 

Î~'J (O. 1 " C""" J:. :) TcF shortest primary decomposition 

OZ;, IJ'"homogeneous 

fi.tZoo 1 z,) l'-h'll 7 

H = :6.o (2-,,21 ) = (<z..~ 2.2.1) 

1 ~ (2-.)n c-z:) 21.) 

':t,'- J 
~ 0 , c. ~1 

I 

- ( .2:,) 1\ ( 25 o ~ 2: D ZL 2 0 T Z., N) 

1<N6 N 

l"J.non-homogeneous 

rjJ:,,) CD c:;;.. >"' c~:- 2-1 ) c c b, ")_ 3-. z., > 
I / 

(2) (2=. )"1 ( Z, ~ :;;>,, l 1/ "'l:o ·t":t:() c ( E. ~ 2-, .21 
) 

'f~-ci:.1J-" I.=(Zo~ ~.Z:, 1 3.t?o-()J (2-.~t'1) 1;·-

l -Z o, ~.) - primary 7-"J<i 3- =- è. r;i:, 

:&ÎN ::::(_'i!,,t'~, 11)'i.-z:-2·2o:t- 1 ·l-i>IJ-IG,I. J::.!) 

lemma 'J, 2. '& ffi'-' if-..- 1 t' F 1, 1 
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-e...i €'-(;_ (21., 21) !::. Gl ~ )!_ 

zt-f?.. 3 G(2.) :.1(3G(.Z:.):(2?/'J=(Z-.) 

:. -e._3:o:z,.~4 i, °"J;' ce (~q.. 6{z.(~., "21 J) 
{_"" ~. ~ (1R.11""1è4) T 2.. 2'1 (-~, -t :2?,.rJ-l-fè, ) 6 H 

©~~- Q.~.D. 
;:E~1i'.1: ~ :, e. 

_tp!f \O. <'.\- CD 11-i iP~ : homogeneous 

(Î) minimal prime 1~ l"J""J ~ °li- l(f homogeneous. 

(] 1 '\" ( 0 qt i:, ,. homogeneous ?•' J1 ~ J:" 7 T-;F'1>-IÎ)lf. '/>'" 

!'.'..~~' 

( :::.;;f-\. r~ J:. 1
), projective space "> I:\> 0 algebraic set 0) 

\irreducible variety '\ _,,·-)j!lij·"v''i~lf-Q: h. :l-

~ 5". JO *\~1 

~ ~~ ' \\ f/ \1 1) 
't;E.13Fl I=- Tf 'l, ' vr ·l.. < V 1 t ' ideal 1: homogeneous ideal 

l~ "element" i ''riomogeneous element' [":. ~ Z,ï/"-l t'J: l 1 

' 
~ " 9 f-:;_ r-::· L. homogeneous ideal J "' indecomposable 

,, 
!'.. '' ') "'tJ- J "J'\.f'J_,_, Jî, J:· /"J homogeneous 

J" = J
1 

((1.- J = J ,_ ,, t ~ ~ 1 ;). . 

è. °' e'5: "YR"' 2 .'2.1~~t-ll:k-1i.@ 0wf)1:7J:,? Ll; 
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homogeneous ideals 

iJ!J 1 O. '7 ~ l J! J -;, ~ homogeneous ideal !)\" primary 7" 1;j: 11 

3 f q_ homogeneous elements. / q 

h1- & J", ~ ~ T, v"" k IN f' + J" 

(

El.î-i; " "J ~ homogeneous elements v::. :>. 11 ( f J-E J, 

'}di J r;ç. S 3 n E IN f "t; 7 "-1>10A'tz. 7i iJ-.. I ;t' 

) 11- primary ideal, 

(~:F) '' _ _ _ """E.17i'.t L.- 7 J 1>'" primary (" d1 ~ = ~ "J. '.'f" ?. 

f = t f-è / '} ~ t 'J-.{ -t ~ ( fc, i').;, c J:. deg i "l homogeneous 
1,;;{) i='tl.. 

polynomial~"- l!i J, 'J 6 ë;- T ) ~ -:h' li ? , { b-e>.) 1 ~ :> Il 7 =i 

·î G:J 
induction l" ~ q . 

b- Cl. :=. o TJ: S, f <J '!.homogeneous part \::'.. · ;h 17 ~ :::. !:. 

(7-J:) ( 

f~,,,,V:f :. feJT 

b - °' ·-;> 0 c (! ~ .:;J.\_ f~ ~ ~ J c. (.. ? J= l 1 . ~ T!TJ:: ~ 

1:1, ·h 'J- ~ 0 T.r ? 'b- °'-; 0 ") tl::>13- 'c. I ;;;fit 1 ~ 

If,;. 1::. ') Il l fr, .S-VJ 'I>'" -t Z,?,. tJ' t; ' 
~ c , -J-,;.<J ~ T ~ r;i: ~ i"" ~ 77 c"fz_-t_,..1 -t ..-, 1: 

'J- 1
"' f~o ~ ~ ~· c. t fr t:- J; i' 4<T L-'l>' 6 
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f · ':! "'J ( i, T ~) "?;: ?') homogeneous part 

1- /_ ! I 
Y-' -0< > J? -VI b~f: induction 

f<&J:f Q.c.P. 

(CD.CdJq~) CD 1'J- P,; =-~ "- CüJ 10.b J: r; 19/?/~ -ti'. 

!]) 110 @(!:' i= 0·· "?f. "J;~ f: / "" rJ J & 'J i>fl i; -v' 

0L E-1/. 

~'J 10, 2 ( intersection theory 

x:11,-x 3 =o !ce 

'(: :;c=-o 

~ ~, = X(\ Y ~ v- ( C'f-2' _, x: > ) 

'=- V- (Q'., 'J 'Jt 1): / 11 ) ) 
intersection number = 2 

y': , " 0 ~ 1 } 1::.. 

~.~.=-x"Y'==vcc;V-J:-3) ~l) 

=V- (ç'a-, X 3J <L(z,";J.)) 

intersection number =3 

/ 

{' ' :.... 
~ 1~)11..; L.1 

%1 2 q infinitesimal (jet) 

ft.'! [O, 3 ( deformation or specialization Li; 

3,,~x_ (-x,'lJ,~) 

L-t· ~-X-=~--t:1;100 

t "°OO\ t. 1 L l>: ~-z.,,2 -:oO 

)._-O.Xi): lî (~"2, ~ o) 
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18- - ()..Xi 5 : N c ~ = ?é. = 0 ) 

7'.<: 0\ J:- ;, 'J:- X ~ (:tf- 1:. 75' i ~ 

""-6 ("fo) /-::.-:> 11 c 7C-C-t)o{1'1VNVlt)Xt: 

=- h ~ Jt-1" 0 X 1 J: { t "'< o} -z"'.f;u/, --,, --t ··~ ~ c? 

unique r:::.~ ;}-~ . 

ideal 

iC (:x:, "d, :;, , t;) :;> H e... ~ ;. ~ :1' t. ~ o b. "T.· 11 ë'. 7".t j J-1. 1 if 

Ho= (Ht(t))/t,'t) ~ <C.-(x,~,23o) c" Jj~ 

v--cH.)" M v rv u L,, 

L. 1>' l H o 1 d- H lJ IV V Lo '1 ideal ?-• /(): TJ \ ' . 

~ Fî H == ( ~' 1j) A (')., 2.) ;'\ Clif.->-; 'l -t~) .,:,,__a: L)::,, 7<1-, :io. t) 

=("(;<.-~), '],. (;;,. -t-1;); X-û-t1j )J) 1j. (Y--1rf.),"j. ('i!:-t-:x)) (i:) 

H, "" (x Z1 'lJ-Z, ~ ~ X~ (x-11)) ( (:t, % , 2' J 

:=:: ( Z1 2c) " ( Z:, "j) A l ~ 1 'l--11.) /\ L :Z, 'l.f.; 2, J 
(if)(., J • 

primary decomposition 

~;t, l2l,, "'\ (:t,:2,) ~ ?'" '')~ / ~ N, M; L <J; imbedded component 

t: r-ot-$ cr 3-) 

(If.) '71 ~fl -Ç;, E H => -fi._"' f · ("}->:- )-r'). {2-t'lif.) <:(2/'i/)('\(/., il) 

fc.E (3, "j) 1'=l> }'X'= (2-.~) è-> f-~ C2:;"if,) '(x.)={2,"'J.) 
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"9 f-" f1 :if -r f,'J_ 3 +,, f,_ 6 if! (x, ?J, :21, t} 

fi. € (:z, 2) ~ f, 7j. (1/ - X.) - 'j}-t 7j 6 (.Z, 2 ) 

~ f;. if - J-"t €(X, z) CG ()'., .iè-) : t~J=(:x,;;)) 

ef-t e (x,1j, l) T-o" t;' ~ 'J €(7-, }, 2). (t)o:.(:x,}. E) 

'f, ~.X -r<J ,_} T CJ.J oz. 1:: ;;;· c: ,!: 

<;=} }(f,-'J,t) é(:x,.z) 

~ f, - j, t é (X, ::E) (() (:z., ~): (IJ) =C:X, i?)) 

~ f .,_ " f"- t -t- f,, x... -t- f Y. :;< ~h, fq_ E C ( ;x, 11, .il, t J 
• -R_é, H ~ -R-~f, Z(''-;-J:.)-rf,x.~{'j-)()rf,,."lj2 (~-:zJ 

-r 'j, "X.{2 -t?if) r J, 1J. (;?-tz) + ~Jl (z-t}) 

;, f,, f,, f,,_,, 'J~ 'J,, ')3 

:. H ""(3 {'--}), Jl (;l -t~), -<: (2-t'fr ),X'; (:Z-7/ ), "i/(2--tX)) 

~> ~~ C::U.+b1j.t"C2'-é- (:i:,2) ,.-., (~.})"' (Z:,/1.--1J-) 

-ti'.E (?..,~) Ç=-> b'lj.E. C2,:::t.) # b 6(2,)c):l})"'(Z-,x) 

-{( é (_ 2, "f) <===? @..X é ( "2: ,"'J) ~ IÂ. 6: ( Z,, ~) : pJ ""' ( 53, 'Y) 

-1(,{t,., -z z,'{_y, -z -f\.= O,X-2:+b:x..7J+c}2+0U!.'-€{z.,x-~) 

<=::} -f\,6 Cl-/2:}"'(Z: ,1( )"' (z.1 x-11 )"' (z, "i, 2 "") 

f., € ( -z, x.-y) <===? G :x- if 6 Ci. :x-7J) ~ b 6 C-z, ;c-"J)' C :x ~) 

= (2,:z-~) 

:. (x,t,)"C?:,})"(t:,x-~)"< 7,"l,2')==(x2,'j2, i!.~)<'1/-(:<.-1f)) 
() t;:, j), 
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i~'J /0, 4 ( tangent cones ) 

o E:X 4 <CN (il ,
1 

- - , ~,.,,) : coordinate system 

3 U: n..b.cl. ~J o 5.t. X" U liT 0 f:: contractible 

iE.,:P(I~ IJ, tangent cone ~~ 'l:-"' è ~,>,_ L 7 . ~fi.?" 

,X /'\ U 1. 'ili1t./ 1 ? :. ~ I~ TJ ~ 

~ 1\<' 10. 'T. ( tangent cones ) 

set-theoretic definition : IC• • \ =Ulimit (L ~) / x~o oz 

r::. "'-=-" l- L ~ q: r- ,. c;>i\:. 

.::-._ 2; «o 
~~.1~bz~~A~Î~~i~hL 

limit /J ~ ~ ?J-~~·7) ~~ 7'1 0 limit ~13. 1i 
"--7 0 
;t '\'O 

(Cf /IS 0 Œ) 7";$, t 1t) "'~ .E~ :t A~) 
IC.x, o\ 'I' '>;t"3 

_.._ .... '\'--1~-x 
0 

ideal-theoretic definition : 1 C.x, • 1 =V' (H ) 

Î"- !"" v. H 1 J >('. 1 J 7 ( ~ j:,Jit..:J ;b._ ihomogeneous ideal (•·;li ~ , 

f :;;) ~ J />< =c t> ·"i: 1 polynomial 

f=~f.<+i, }.,1..+i Id' degree (d+i) <;> homogeneous 
~o 

polynomial, f o1 ~ 0 ~ :i& .:h -\t ~ . ;,_ "'> ~ fJ. (§ f "> 

leading form lc.- ,, ) . ( D"' leading form 14' 0 !<. Q 3-) 

1" ~ l'. , H ~ { fo, leading form / f6 I(X) } ((?-) 
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Chapter 2 

§1. Sheaves t. cohomology 

~ t7) section 1~) I' ( <7)%f \., o'.ÏÎ t:j" Godement [l] t:_ ~Rit,, 

X \'.: topological space t l. (~~.If. 

top(X) Z;_ ' X if) open sets t. z 0) inclusions Q'>(Î' ~ category' 

a&- [top(X)l = {X tl) open setsf 

ul c. u2 ul 4 u2 t,·~ inclusion map. 

'El (. morphisms oit.&&-1rf~0t.'*-0 map O)~*{>t:i ).,, 

top (X) Il) base l:. \;{ . .t [top(X)] 0) subset <!> (". ;R 0+{f 
~JJ_ (:t :b 0) ("}, {,, -f-ff; "'xéX, "open set U;,x 1:;7f L 

Z , 3 V open set E <!> s.t. x .. vou. 

X ): Il) presheaf );: 1J. top(X) 0 7 '1') base <!> iJ• t, . Jt>),;, 

category C... "- 0) contravariant functor 0) -t (" Jr, )., ' 

C t. \, t tJ. ;'K_-r, J) (1' 'b"l "&A,;\,~. sets, groups, 

rings, modules 17) category 
4 

(: (:' l , modules ") category JI{ 

l:. 1.:f. ob,jects t L z t;J (A, M) (A tl ring, M r;J A-module) /1) pair 

~ )§ *.. morphism : (A, M) -7 (A', M') ~ 1;;! ( 8, a.) (J) pair <fi 

.. ti"~, 
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A --> A' tj 6 ring homomorphism. 

ex t;{ M ---> M' "- 0) group homomorphism ""(" 

d ~1· presheaf on base $ of top (X)<'." bi ~ ~ c "I: Î "Î~ :Z. {;, 

l:. >'K. "l t ) 1 ~ r,· ~ . 
1) .'.'} ( u ) • .,.e, ( e, ) 

2) $a U, V U 4 V (inclusion) 1: J<t l ( 

;:j. (V) -~ :} (U) C 17) morph i sm 

3) ( functor 17) -t {Î') U c V c W U,V,WE. 

Ct}.J ~ C ~<· . ..t.1:.lf.-.:.:t~ category <7) J: JI~. inductive 

limit ~il 7 category rJ' ~ \J". $ .t. /1) presheaf ,J 1~.?;f I_., 

""( X 11) -%-:!L x (" ~ stalk..'.} x v:.: )K 0 t}, 1-; !Îl. h (· ~ {1. 

:}<X d f lim ;}(U) 
e .• x~U•w 

.;} presheaf on w ,p:.: sheaf ~ .. 'V) ~ t IJ. IK 11) .1 -i-{4 ~ ~ 
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(1) ~ = top(X) 

( 2) 'I U : open, U = V V V : open l~Jt 1- \ aéI a a 

.'.} (u) rr ;::f <v ) -L. rr ~ <v "vs) 
k y~I Y ~ (a,S)eixI a 

( *) 

i ;J rr .:::f<vy)O).%-a-N-1H: rr ;:f(V nv
8

) If) 
Y•I (a,S) " 

(a, B ) -Al.;' ~ ( B tJ ff. 'i, ) 1: 

~\~ : 2 0) sequence 17;: exact. 

cti. J .1-d. diagram(.) v\" exact è. 1J. :K' o') ) *fr il'~};_, i ~ ~ !:­

(." J;i >,,, 

1) k : injective 

2) ~ e rr .3'-Cvy) 1-;. / ,, ( 
y 

i(é) = ,i(O ~ ;in" ;}(u) k(nl = ~ 

d;Î.Jll_ e,1l;· setO') categoryO)~\;.\J.1), 2) i;J)~"'J d:) 

1:"t,,-o,}._ î,i}c~. 

G) identity condition U=VV 
a a 

,'.}(u) 0\;), 7t, ~.~· if' '<a 1: / '' ( 
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s = ~,. 

~ gluability condition : 

U -V V. - "' " 
U, V"' open sets 

1: zJ L ( 

"'" v,. res V"'rw/ s.,) = resv~'"V.a ( Ç~)j 

u, 

~ >~ r~ "\!'. \J" 

9 3 1; ., JCU) 
\.) 

So< = res V. ( ~) 

Œl1J. ,J(v) &.>Tu ê Ji..?;, t , , -) ~ t il\. 

local t.f' ·\t1" 1'."ifli- ~tl:, ;" '1 ~ A ê ' ' ~" 

t \\ 1: t l~ (;jp,f;' s tj' "· 
.{}•j 1. 1 X !!: topologj.cal space è. \,. . K == Z , Z,,;;'.z , IR or 

[, l:. L. , K ~ "k >K' .:>) J ) 1&' presheaf l: -r )., . 
f :. l) ,___.. k =- k~ (U) 

res ~ ~ odK 

~ Q") K~ 1 ;r ( -4H1:. 1: 1 J sheaf Z." 1 ci t;' ( ) pre sheaf ( .. b-J ~. 

~fr'J l il'", )( = R I~ if a 0) topology-J;; .>.,if\ ~ /:. . Kx
0 

tJ sheaf'C fj1'. k~ 1J identity condition 1;t)1i:JX..,q ~ 1l~'. 

gluability condition1:ri/4ll L fJ' l '• 
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1?~ 1. 2 

K~ (CO, 1 )) 3 o., 

k~ (( 2, 3 ) ) il b 1 J ( 0, 1 ) V ( 2, 3 ) .l:. 1 ~ ;tt3l_ (·· J fJ.' 

è '. ( 8:P S , function ()\ constant z .. Jr))., (; > \? &) IJ 

local r0"/'1 ~ <·V ,, 1 ) 

X = t "" 17) J:. (" :J "&: )lz 0 J ) fj' presheaf /: 't .!i. 
l).):. '? if'.,-valued function 

!Ut U l:OJ continuous <C-valued functions, 
open set V I': ?t > < ff(u /=. 

9- 1a Ut.0 C~ (['.-valued functions. 

xi< V.l:t>J holomorphie functions. 

res = functions 0) restriction 

tf/l!{: ..:J Id sheaf 1: t().;,. ( function "' v-:: continuouf.?, C 

holomorphie tJ' r· 1: ' ' ') '? 1 l local f.i' tf. ~ ,1 ) 

":J presheaf on 'li 1 ~ M L.. (. :f <!) discontinuity sheaf 

(J;°) (sheaf Of discontinuity sectiuns)& )}?_'7) J J j':,rfl~ 

open set U [J](U):::lT3r. lol... 
:.:• u 

open sets U :> \) 1 

(i' ? 

JJ, :J,,. ,..._ d)natural f~pro.jectiont !t~· t 1 t, [j:J LJ 

sheafl ~ rr ~ ' ( if.~·11. !:: ~ < J§ ,§. l l 1' ta' '\ iJ' ~ ~ ') 

bi h -te ~"' 1 ( r.r"' rt~ t fi l' J ) 
} _.. 

.'&. f<' 1 . 2 if= "Cop (X) 0#. presheaves :J, 'J 1;;7f v '( 
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morphism o<: J---+ ~ è iJ. "uopen l(JTL,"l. 

Je U) 
o< (V) 

'2- (V) Ji..~ diagram t- ;}~1~ t 
nR-0~ l n.4~ 1 ~ .J 7 î/ li 0 <1) :: t. c:- li) 

~(V) oi (V» "J- (V) {i • 

:? 0 q: ) 1 ~ !ff_.J!,ç v (~morphisms 1~ J , z { X .t.. 0 

presheaves } IJ category 1 fJ' v. C. !)\. abelian 

category ( {.>lj Â, I~··. abelian groups il) category) <!) î!1î 
l X .}:... ôJ presheaves } :\:; abelian category '' ÎJ' ~ • 

o< : .J. ---7 '1J 1 ~# l... ë 

[ ke>t (,o<)] ( U) = ken. [o< ( Ul] 
1 

[ (~ (o<)J CU)== ~ (o< <. Ul) 

Jlll.<i · 1J l) ::> V 1 ( / v' Z . r: 0) diagram 

' b 7 ~ ') l ~ 'Jl< ... Y.l o> , 

'<:. j:; ~ ' 

v'· .-r !~ 1 : t/ ~ 

0-? k.A_[o((VJ]-4;f(V)-'> ';1-(vl--+ ~(Dl(UJ)-70 

l 

~ (c<) Grb (o() lJ sheaves 1':: f0' ~ ' . 
c< ,g 

if (~. sequence i} --+ '{} --? Jf. ti'- presheaf-

exact <'." Jti -1 ): id: . V\.) open set 1: 7 1 ' ( 

98 



;:f(U) :::..!:::' VJ-(V) .S(v> Q-((U) 17;· exact I~ lj~ ' è. iJ\ 

;:t ~ t ~ /( fi),,, ( C.f. Goden;ent pl6 ~ plS) 

di ]-1.,2_ (1) t V :f !:. ~ ~~ 1; v:. sheaf ~' f, /;f' !<.A. (o() t 

sheaf 1: Il' ~ • 

~ (<X) IJ sheaf l ::_ î! );, \: 1 J Il' 3'" (, Î,t' l', 

( c 1) 0) 'fil.a~ ) exercise. 

19'J 1.4 /R :> X= [O, 1] 1:.stfi._0 topology "& À/\.{i • 

X )::.0) sheaf .Zi< l ;R0J-) l~ti-t ~. Z /~ k., ~ V'l" 

<?') discrete topology -t À th."( J::; ~ , X ::> U open set 

f 

S: U _,. Z ".i' ~ continuous functions J 
ZxCv) = 

j1;\J"I) 'lx.. <: tJ l~ 7 l > ( 3 V open ;>:: EV c U 

s.t. s /V 1;l constant 

ftrUi IJ functions <!)restriction è. ;k~ i' ~ l: Z,x, IJ 

t}i: ~ 1 : sheaf 1 ~ f;' ~ , 

open set l) 1 ~ 7 l' 'Z 

{ 

Z xC U) '> Tu s z·: t L- o Eo U tq: s } 
Z (O, 1) ( U) == S (o l = 0, -t l, l ~ U ~.- !'.; S C t) = 0 . 

t•' ~ ~{~ k }~)î.:_ i ~ t ") 

llU 1J functions (f) restriction \:: ti [., ( sheaf Zco, I) 
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canonical 1/ inclusion man o< : Z (o, r) ~ Zx /; 7 ~' ( 

u, u u, =X 

l~/ "' ( S, (X)= 0 t-~~map . 

[~ CoU] (Ui) :;, (3 (u~)(s,) 
..; 

:'.: :_ 1 ~ S, IJ X< U. .. 

l ~ 7 " ""( S, (1) := ) -fJ' ~ map . 

i ~ t 
u, ) v. ) 

~v.~v, ((3(\J,) (S,) =: J'LJ1.-0u,n U, (,SCV,)(S,) 

{?CV,) (S,), (3 (i),)(S,) ~system Ici X J:. "l 

t(o)= t (1) r: 1J' è,.) 

gluability condition v~ @Zi. !,, fct' l' O' 0 ~ (ol) Id 

sheaf -z .. 'if '', 

X = ([:, ~ - ( 0) t: Zariski topolop;y 'â: À rk. ),, , 

ring If) sheaf 0-x, 1i: >R d'i J ) l ~ t/(J,, -t).,, open set U 

i'.:t><(V) 
, 

== { C J:.. d) rational function (" U ôJ 

,!;.+. 1 -f· '7 t' .J.,,,-, .• "V]JO e ,, ff? \\,\~\."V~;. 

J1M 1 l functions <7> restriction t !, '( sheaf Üx ;: ff ~, 
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~ (o() tJ sheaf (" fJ' ''• gluability 

condition 1){ ~· :iI. (,, fJ'. ~', 

1 l 'J . U1 = X - \ Z 1 == O \ , U,. = X - [ Z ... = o} 

t < 9~. 
[ ~ (o/)] (U,) ;i i3 (U,)(;,) (~ (oi)] (U,) = (o) "0 

t: Î ~ 1 (. gluability condition I)';(.{' Jr. i ~ (~· S , 

s.t. 

l tj' ~ f,f 'Î h t~"t;: t, Îj' ''· 

I l 1) ring ('Jx (u,) = 0:: [ Z1, Z i, ~, J C1J cf Z" 

5- ~, E (i!,) l 1J· \,.,, ~ 41_ tJ /j.. "Jfltt Q.t. D. 

sheaf - exact ~ ti·-r 1~1~ ;i q""sheafification" ~ 

!LI-< t .?, • 

Î .J\· 1. 3 ( sheafification) 

!P, .L '7) presheaf ;} 1~tj [, (. ;} 0 sheafification (: tJ 

X L d) sheaf :J 1:_ pre sheaf 17) map .:1.. : :J _,. :J; / S! tf) 

pair('.". /R dl uni versal mapping property ~ î't. T: t t Cl) 

universal mapping property V sheaf IJ/' on X 

presheaf !l) map ,!' : :J --4 ':J-1 :! t ~ ') l' r :3 1 sheaf (J) 
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-map :f : ;J ___,. 'J- s.t. ? "'fig; o /l 

:J. a: set valued (T) presheaf ):. t ~ a.:/f. canonical 

sheafification 11\ >:I( "J } ) 1 ~ Jt-4\· ::!' h Joi. J 1,presheaf 

on ! è. L,. • cp : ,} -'> L.1 J 1 :i Î: 

[, ( canonical t~ map ;J. (U)---+ 3'x !( J , ( ~ J 6 map 

"> subsheaf .J ;;; )K ~ J' -) {: tÂ i ~. If U open set 1 \. 

J:cu)=-f s<::[,J](U) vx "- u 1 ( kt i, t. oi::. E "v "' ~ , l 
3 ~ é :f(V) s.t. Ftaô~(~):: Cf'(V)(~) 

.<.Jl.<> \J [ .J J 11) i\..Q<l \~ J ? 1 ti· î ),;, ' 

t ~ l: . !J IJ :*Pf. sheaf 1: fi?- '). 

tz 0 diagram 1 : J ' r r/Lt· .2 h {, 
'-

;\_ 1: J ' ( (;;;, .À. ) o': ;; 0) sheafification 

[;fi'{,, (c.f. Godement [l] pllü-pll2) 

cttJ _Lf_ J °' iF- ·> :;t- o' ~ i;J..~ 1 ~ h u1-!. .r -? 1: 
11x .s X I~ 

il. -
1 " ê :Jx .; :fx z· Jr'J 1'. 

tt· l.4 (sheaf-exact sequence) 

;) , '8-, Jf ;:;: abelian l':roups d) sheaves l;. [., ( O -7 ::J. 

___,. '(} ___,. J-f. --7 0 f;' ,?, sequence V~ sheaf-exact , .. b) 
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(1) 0 -7 :J __:::_,, "J- ---'> X ,,,. presheaf-exact 

C?l J-1'. b:.; c..of..e.,,_ (a<) d) sheafification t. natural 1 ( 

isomorphic 

X.<--=-- ( cdwL Co<)~ sheafification) 
~ 

t / -l, diagram 1)' bJ" }~ • 

(~iJ 1. 7 :J, "(}-, J{ ~ sheavesl:. T 1 'il4f 

sequence O --'> :J. __:::_,, "J -4 K - 0 

, , J,, \l.ft. ::: ,/.\_ o>.: shear-exactZ· b, ~ i~ n 1 ~ 1J. 'rl;x_" X 

l~ I '' C: 0-'> :Jx ~ '{};,; ~ Xx.-7 0 tJ'-:exact 

limit t 1,, Z 

it~- 1.4 <f) ~1!:\' (!), (2) l7l inductive 

X 7 "x. 1~7~,1 

::d)îît' 
exact 

X.z: <; ~ ( ~(o<)O) sheafification );(. 

.J..i 'l: Olx /3, Çr, ] 1. b J: l) 0 -> ..:rx _,.. ':} x ~ X • ~ 0 1J exact 

'ri U open set 1 ( :?:/' v Z o _,. ,'}eu)~> 
/3(tl) 

'g(u)---> a-{ (U) 1\)'' exact z:· !Ji );i .:. t ~ t, "f. 

(D OI (V) 1J'' in,j ecti ve (." bi );, ::: l. , ,'J ( U) 7 "s \: / 
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exact (·Jt,),, 0' G 
. . . 3 

"'- • Yx. open c. U s.t . 

t,x.=O 

V 
llM" CF,)= 0 

Vx ' 

11 . .., ê' identity condition J. 1) ~ = Ü 

vv = u "'- )( 

l~ fJ(U) • o( ( l)) p\'null map ""<" Ji ~ : è. , J'(u) 7 <! Ë, 

,: / 1' 7. [r.?CU)oo< CU) (!;)]x:. :=. (.3.x. ·o<.x ~x. = 0. 

(j) è /;;ltf_l: l-C: f2CU)·o<'(U)<s)= 0 

® \.<.,,_(3(U) c lm C( (U) ë· if> 1. ::: [. ~(3(u)-' ~ 

1)': exact r:· 0' ~ 
a 

X" V open c U 
"- ' 

3 
J , l X <; W-x. open C Vx. 

lùl-0~~ i;, = ïtU>~: [o< (V,_) <~v,..)J = o<CWx)Cil.a.-0~:_ ~v._) 
V U . 

/l..0--0 w: ~ Vx. t 7w._ <:. j.; < t. AAlw"" ~ = ol(Wx)(~wx.) U•) 

1 J. gluabili ty condition l: J 1) . W?<.. .'\ Wx "\' 4' f1,' ~ 

;_ • .).., 1; 7', ('. 1J ll.Mw~'"w,./'îw,J = ,<..Q-Ow~~'w.e(~w,_,) 

k ïf -1t t J· J ' · b'' . :.Z. ~ t : t J CD ):: 1 ;;l~l t ~ L-- ê w "- . ' Vv' x: 

l~ rt., {1. -;t. dl x" l ~ 7 1' ( ( ~ vlx) ,_,, = ( 1wx') J<." ~ i 
' 'r z 1J·J ,, , '2 t(L1J c:n t;J" lF' O -~:x.. .. ___..?i:." 17;· 

exact 7." fti J, ::: \: J IJ ~M è, (01 , 
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:::: M..;\ ~.x Ë, J: , ""( identity condition J IJ o<(U)l1) = ~ 
Jt~J.401\:{Î (.l) dl check. 

;!' -t·. 0 ~ :;. ~ ~ _,,, ~ (.() -? 0 

H .;,..L (~le<!"' sheafification) 

tf 1, dia!l;ram '7) inductive limit J l). V,_ EX ( ~ / '' Z 

0 ......,,. J ,_ ol >. d- X. [~(ol)]x __,. Ü - -4 

e.t J11 

X.x:. ( rx ( u;fw._ l ol. ) d) sheafificationlx. 

r~ ~ diagram (·· 

exact. ~ 0) :: t J 1). 

( ~ (o<) <1J sheafification 

sheavesO) map 1 ~ 7 \.' 1 

" 

::: h1;r 0---'>J~ <J~ o__,.o 1:7,,1 ct~'rî) 

IJl d>.~-~ k®ltl vt 0 ~ :J _!'$,. "J-? 0 b\ 

presheaf exact. J ' î 

Y,< Î 2 '1) section, .. t:J shear-1.}.jf~ tF) cohomolo;>;y 
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fi );, 11'. ~ dl f: Il') 1: abelian groups 0) sheaf 1; ; t, ('. 

'canonical resolution '2: ~'Jf;ç 't ~, 

j:_~· 1- S- (resolution, canonical resolution) 

X l.. top. space ,J; & X L ·.>i abelian groups") sheaf /:. t 

t/ ~ sheaf-exact sequence IT) :_ è (-fr, -$ , 

"' ' . .J ( '. :f 0 • canonical resolution 'C. 1 J. :J 0) resolution 

l q". J_ 
0 

= [,J J ( discontinuity sheaf) 

E. 1J natural i.i-' map 

J_ll-1 1 ~ 
cÀ. X-/ 1~s,ct~t~. 

<*) ~\' sheaf-exact seauence 1 ~ f1r' ~ ' 1: IJ 
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cohomology H "(X,;;) tJ presheaf-exacti:. sheaf-exact Q) 

gap ~ o~•J .!, .\) '1) 

i;f t· 1.b 
H'cx, ,J) kt ke.r (....\~(X)) 

lm (dè-1\.X)) 

[tf] -11_ J:t ~ "J 
y. 
i,;;,:Q 1:7L'L 

f;' ~ sheaves a> map !)\ ~ i C, J.'.. (: IYij-. 

,;:.'-
1<Jl ~ L'<J> __. '1-;''t:Jl 

J:...;-1("J) -t L'C"J)-t ,;:."(~> 

u~ e.: v L 1 Cr!..l = rJ. ) 

t( {, diagram c1)global sections t,,.!:.,( 

CL i-1(,})](X) -----;. [L'(.J.l](X) --'> ci: ;.,<.J: l J ex) 

l l ! 
f,t'-'< '2 )] ex) C.t'('~)](x) 

\+I 
---? ---? CL ('})](X) 

4.,--jz'r:r 1; / 1 • 1- tf) homologv groups 

Hi.<x, .Jl 
H '<x,c1) H c (XI "J- ) t.f .i., mar H'<X, <X) 

H'O<. *) 11ï X l:- <J) 

abelian groups tJ) sheaves"I i'~ t category 17' L, abelian 

group Il) category ~"' functor ~ )t.>? ~ ~ !: n \ 1§:>1J / ~ h 

Il' ~' 

[ {-2.. J . ~:t J;_'j_ :Ji é X .l:. 0) sheaf l: q 1, ~. natural f,f map 
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~ ~ z .. , "natural" 1: 1 l >'.( J) -~"•if: 7·· b- ~ , sheaves 0 map 

,): (X) H0 <X,J:) 

! H'cx,co 

H0 (X,1') 

' sheaf-exact seauence 

;tf l ( IJ 0 _,. ,}()<) - "J(X) _,. ){()() t exact 

({il: 13/') 1;) exercise ) 
/ 

0 -> J:tx) ----+ [J'._0(.f!] (;<)---'? CJ'..1(.})]0<) 

V. 1 ; fî1'1 $ ~ t'f ~ > 

naturali ty l: / 1, î \ ;J >Î!:. ir> commutative diagram 11) 

global section 

ÀQ {. 

fLt 1.7 X J: <t) sheaf J o\ flasa_ue<"J'i;. t 1J 

ir: l: .k t1" Ji t, 
1 ~ f ~ r, J,i_ ;. • 

Q E:.D. 

X~ Vu open set \~ / '' ( Jl..W~ : ]'(';() ---;. .j;(U) 

v'' sur.i ecti ve (." bi -1.i ::. 1:. (:. r ~ . 
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Proposition 1.1 

(1) V :J sheaf on X, V~ E- /// 1~ 7 , , z: ,;(," 1'J flasque 

sheaf, 

(2) - ~'.;t (, sheaf if' If: flasque îJ ~ 

V~ > 0 

} sheaf "\,; cohomologically tri Vial f.1: sheaf \:. l, 7 ) 

U) -.Jl!';l:t~ sheaf ;f !'-? ,, ( 

0 _,,. J. __L,, 1'1°~ M' ~ to: ~ sheaf-exact 

v;,, > o 

H' ( i<, M 0) = ( o) ~ )1. (; t ~ 

H' (X, :J) = ~ ( &è(X)~(&'-'(Xl) 

cr~ r:· l..- d-1 ... t. o ! 

lemma 1.2 sheaf exact sequence 

1: 1''1 ;} o\' flasque f'tt i, 

-7 0 1 J presheaf-exact 

:J o;· flasque tq-' 2, 1 if'. ,rj v t flasque 

u== x "' ~ .1: A i >;, r :· 1t z .. + ~ 2 .. <h .la , 

0 ---'> :!(X) oilX$ °}(Y.,) (N<) J{ (X) 1J~ exact(" 
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1f., ""( (J(X) iJ\ sur,iective <!" Jli J,.:: è &, fi;-rt \lj°J l\ 

X (X) ;> Vs ~ (:_ <) , :.Z ii't 1: ? , ' Z , >'f:. "> J' ? f.t' pairs 

d) 1' r;f m t '5 ·t ),, , 

U \d open set(" ~V e "} (U) il'? (3<U)('1u) 

= s 1 u (ti : li, 1 u ~ fl.12.-6 ~ ~ ) 

7/l 1( 1VIJ)flfi]1t. Î'.'. >'/.': ,,,1:t_ 1~~.>-q? \: '/Jl iJinductive 

set l ~ î~' ~ ~ 

( U, ~ V ) >- ( V, '1 V) ·t~> L) ::> V '()' / ~V 1 V = 1\ V 

Zorn' s lemma 1 ' J ., Z 1/l "'kl Â. ïè., ( vJ, ~ w ) l c .!;;,, 

3 .x e X - W, 1:iÉ , ('.'sheaf-exact 

:3 7;,,",.i ~ ;l(Wr-N) st. o< Csw~N) = (~N- ~w)lw~N 

J; 1 j flasque r '.' ~' {è, 3 'C, E J (X) "Ç w n N = r; \ W ·q-J 

f'/,v ~ ~N "' ~N - c< (t;/11) Z· 'c. ') 0' Z, ~ C., 

1'N/W(\N - 7w lw,.,N 

1il ., { sheaf ") R;luability condition (: .J: , ( 

llO 



W= X. 

lemma 1.3 0 ---> J - 'i} ~ J{ -->- 0 ~ sheaf exact 

sequence è L :.J, 'J- 1J'' flasaue 1:. q 6 

.:: 0) 114' ,K 1 r flasque 

(~if,) iJ );: open set t -t -i> ~ "J- 1 d flasque r:· '1' t, 

'}(X)~ ?CU)--'> 0 exact >Z lemma 1.2 1: J 1 ) 

J-(U)--'> )-f_(U) ~ 0 exact 

"ti::_ ; t.z d) diagram J. 1) 

X <X l ~ J-e C u l 1 J miW J 

QED 

( ( 2) if> Îf.l'I~) canonical resolution l, short-exact sequence 

1: ÎJ~ -r).;,. 
0 --+ .} ___,. L 0 ~~(IO)---> 0 

0 -> cÂwt<O~ J:. 1 
___,. ~(d.0)-? 0 

lemma 1.3 \; < 1) v. Z.. l )~" '1'. 

-t"' ( flasque. {)l ~ \ lemma 1. 2 J. 1
) 

O-> Jvl _., X°CX)-? (~co)Cx)-- 0 

O->(êD/&t<u)(X)-7J:. 1(Xl-> (~ (d-0 l)l><)--7 0 

lll 



- - - - -- .... ,_ -- ---------

+•) -+- 7 
'' -;;> short exact sequences 1~ ~ re:. c exact. 

i J exact 

V~ > 0 1 ~ I , ' ( Q i::..D. 

!,ire • Proposition 1.4 --~~1, sheaf-exact sequence 

0 -7 ..f ~ 'f) ~ J{ --7 0 v~· '5- z. t, h r ~ iili-. 

'ik1;.7:1'L,(, )'ÎZ. d) J: 7 t;: natural fJ abelian groups cl) 

exact sequence Q ·; y, ;. ' 

0 -'> H0 (X, );) __,. H0 (X,'g) --7 H0 
(X, X) 

ô' 1 

H1 (X,':}) H' (X., X) -"'--> H <x, J.J --> -? 

( ël' 1J connecting hol'lomorphism <- J: 1.r fL ~ ) 

Ctf J J.J.2.. ' :: Z" 'na tural' l:: 1 J YK: "> 1{. ~.f ê' M ~ . 

'f/ {, sheaves d) maps rJ) 

diagram v'; ~ l C, .k 
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Hc(X,J{) 
;j' 

Hè-t-l(X, .}) ---? 

1-1'-(x, v) t Ht<.X,>.) } 

H\X){') 
d (, 
~ \-\Li- 1 (X,;}') 

[ l-LJ rr. " f3 U' Q r,t J_Jj_ sheaf-exact sequence 0 --l> ,,y _,. ':J __,. .:/ \. ~ · 

di.) 

1:7,_('. 

V~ 1: ! l '\ 

IJ exact (B:'}Jî.,, canonical resolution ): )'F.J,}~i(-1;) 

exact functor ) 

f_ 0 1:7~,7 1J .• [
0
(;:f)(U)= lT ~ (Uii open 

.X~ u 
set ) J: ')li~~ IJ', 

0 0 0 
t i J 

0 -. .:f -? '{}- -+ J{ --> 0 exact 

l<J' lé"J- l Ex 

0 ->;i°CJ) ~ ;(.~'{})--, ;[0(if_)-'> Q exact 

J J l 
O->c,.eb(E1)->~(e~).:....,.~(ex)->0 

l l t 
0 0 0 

exact exact exact 

J: <}) diagram (" -';f .3 '111§ IJ' sheaf-exact ("Ji, ),, ~ ( t 

-if,t 1:1t X"l4-.t.x 1;,j:;(r\'~ stalk ~-MJ~~ld-s ,, 

o' stalk il abelian group, 
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~Ji.? ( jx 3 -lemma J 1) ;;f 3f'j@IJ sheaf-exact. 

;t_ ~ (:}) = f_ i - 1 ( ~ t.;}) ( .(_ ;:::. 1) ~ lfJ \' i(-\ IJ" 

Q.E.D induction 1:J: 1) 

3 X 3 -lemma : abelian groups <!) 

diagram cf; \fil) 1 ~ J; {' <'. 

91J IJ t r' c exact -z'· Ji-'>~ l:. 

-tX1: !~exact. i7 L.- ( 1;t 

* 2 ~t t 3 r1"11~ ~ 1:. exact 

fJ-' l;, ~li; -'a-fr il exact 

ct,E) exerci se 

0 

J 
0 

J 
0 
.J, 

0 ---'> K --'> L-> M -> 0 
~ i J 

0->1<'- L.'.-?M1 ->0 
J l l 

0 ---'> /<." _, L.'.'-? M"-> o 
J i L 
0 0 0 

exact exact exact 

( Pronosi tian 1. 4 d) Îiftifl) (ftJ 1. q ):_ lemma 1.2 1: J ') 

L~ C*) = (;t., ~ uo ) ( X l th 11 IJ" 

0 D 0 
.J, t t 

0 ----7 CC}) ---? ~(';)-) --7 ~ CJ-f.) _, 0 
t .J, .J, 

0 --l> LI CJ) ---'> L c~) -> L 1 (J-f)~ 0 
J t t 

t/ J.. dia gram l: h , , r n ,-;i 1,-.;,· ê exact :;z ~ z .. 

(,~ ( Ll-I()!() ~ 0 (*)) ~ c. ~(*) cr:r:·t L-1
(*)= O)t,J:;l'ilj" 

Jtt. 
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L1C.t.) è. LL+l(.:I<) 1: P{J-t-i>~J: 1), /Z0diagram 

~J~.I,,' ( cf. mJ 1. 1?) 

0 

J 
H L(J) 

t 
C" C'.:F) ----> 

j, 

0-K(+tCJ:) ---7 

t 
H'+'c.1> ---7 

t 
0 

0 
i 

<iJl0 ~ oi-%p;JJ i ~ 7 L 1 ( Snake lemma ( Cf. [tl;J 1.12) l: 

lfu /fl t th_ ! J" ' 
' ' Q' ' ' . H \J;) -) H-'<°d)--> H è (X) - HLi-\ÇJ-)-'> H l+lgi. -? HL+l(X) 

11 exact- x_, H0 cX,3) c...... H0 cx, '9) 1~ 1" z 1;r 

s hea f- exact dl l}f,/t,' .J. 1 ) ?'?::: d.> di a gram ,;., 3f 1 ff t J exact. 

0 __,. .:§(X) __,. '(} (xJ 

1! 1t ;j_ 1/'' diagram 
r\°Cx, '}) __,. H0 ex, cg.) 

1;! (tfJ L 8 1 ~ J ~. 

0 ---? H0 (X, J;) ___, H '(X,';}-) 

naturali ty i: } \' ( 1 J C#J 1. 12 0\ Snake lemma cf)~ 

ctiJ 1.12 -;7.._ 0) J: 7 t_,: abelian groups <!) diagram 1 ~ J..:. ' ( 
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~1-0'' 4- ,-;: C exact Z- M ~ l:. <f 1, , 

A--> f3 -7C 
"'/ f3' ri 

VI V } 

' B' C1 
-:'.\ ~ -----'? 

b l,, A'-->- B' ti~injective t/?, 

~ Co< l __, (<vc ((3) -> /VJ.;,,, Co) tJ exact 

~ < ,A - B \) iniective tif G 

0 --7 j(iiA,(oi)-->- f-:ivt(13)- ~(r) t exact, 

t (., B----> (, tJ~surjective ~J' ~ 

n' ' r , t o ~ '-' surjective 

(~if UPJ i.l exercise) 

Snake lernrna: 

~(cl.) --7 1-:,v,, (J') 
1 ' ' 

Â, 
y _;,c 

A B 
)A c __,, 0 (exact) ~ -----'> 

1 ol ri o( , 

' 
, v 

" 
0 --:r A' _____,,, B' ____.. c' (exact) 

?\ µ' 
' 1 l t,. 

urb (o<) ~ Cffb, (,3) 
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IJ exact. 

f~(( v d IJ/~<1).J~ l~ilf.k.Jh~: 

l<a.o. cr> " c. 1: / • , -r ~ b'' e-rd:o r :· o, t, 

:3 Ji;.. E B s.t. )A.Pr== 0 t,, 

-t b < /'-, C;&.& > = r(Fl.r) ;:::. r.t., c... = O (. · c. f ~rn) 

J .., Î 0 -?-A'-+ B' ~ C 11'-'exact ('" Jt-,).. 0, ~ 

31 o.'EA' s.t. ?\.0..1 =~.f;. .::;d) 0.
1 
/~/t'( 

CJ C :::: J °'' t Jit~ 'i {> t d t 1 J .fJ- °' l::.. 1
) ~ I '.: 

J ~ "("~' \' :: c. 1)\%-~ (: -;j', ~ kl. .l;, • 

( ~1?, {"-'. d == j-o ;{1
• P''/"-I• ,t_) 

(Îif l;/fd /J exercise) 

'.f{i- I~ 1H.J 1. 10 il) diagram 1)'\ '9- l. è., th(: t T ~ t 

H lC"Jl _, H'(J{)~-- - __ 

' J ------:tR-~ ~~ll'1t') 
c '(Jl __,.. c 'c "J) ~ C'CJ-f l-- [ f· - ... _J_ ~ ---_ tS 

l 13rl -----~, -c~c'<o;'kL<Jf'> ~o 
' V .f'S 

Ô-'>~ït1(Jl~ki~t1[)~1~sl 1 
Ji< l l o~ t+1c:F);kt+1c~tt1(i){'J 

J• sJ ___,..>.: s l H'.,cJl-4H'+'C"J) ------------ ~------...::. 
L __ .. ________ -- H i+l('.})-+Hl+l(<g') R L.:..:. _____________ ___, - .. - . 

Pr ---------..... S 
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t/ ).;, commutative diagram <); 1~ t.', th_ {;,, 

o rJ) naturality 1 l )/:_ "> J ~ 1: \ Z 1i:fy t.', .)-1. ~, 

H "ex) " 0 1: 1 , , <. 

(_ 

l 
tpC -:-..::. tlllL 

/ ' 

T'r 

---------::.. 1.) r ( 

y 

J -- ' f 'r () -c-: ,) :: 
/ 

' r " ) 

j- ., ( J: t2l ~ 1) tlfl l, Q' 1: 

f't'odR= 05op\'" 

::: ~ tl'- d 0) naturali ty l ~ \.J o 'f;' C, ÎJ' \, Q,E_.'D. 

':: (" -'V-, è. Pronosition 1.1 ifJ (3) d)ÎJ.E!'\ 1~ !;> è."-6:: 

( o'· Z: 3 ~, 

( (3) "' tJ_ S)j) 

v~' sheaf-exact (." 

&., -':, 0' !-; Prop. 1 . 4 .J ') 

j)\ exact 

ll8 



.. Hl (X, k:') ::: H (+ 1 ex,;}) (;f) 

H0(\M0
)_,, H0 (X, 1\1)-? H '(X, ,'.1)--. H1

(X,M0 ) 

il{ Ü' l ~ 
M0 (X) o<oo l<:'CX) 

j;y\' exact 

~ ::: (". fr, 0) diagram 

Z.". '1'j il sheaf-exact 

J , -z rtt J 1 . 9 t. 

Prop. 1. 4 J 1) t; il) 

diagram ll'-Of ~. 1J'Î 

/,-11' \J exact 

(:l"I') JI) 

0 

H \(X, :J) -::::: kaJt à' (X) 
Îl'YI 6° (X) 

(3) id: ~ = 1 "'> tt 9 1; --; 1, c: 1J ;t :'.> ~ T ~ o 

jf:.. "'j>O 1~11,-z 0-?kj-MJ'._""ldt 1--,>0 

tJ\sheaf-exact r~·v,è, C"'j>O) 

Prop. 1.4 J ') y\., > 0 1 ~ 7 1 \ l (>\<) t iv;Jf~<. 1 : 

(*) i:. (l\: '.\<>\') J ') 

H~+I (><.,'.}') ::::: H 1 (X, k'-) 
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. . cS \. • 1 ~ ,.,.! o ---7K"---7/VI~--+ M~-r----+ ·· ·· 

sequence 1:J.fil~ 1., { 

ke>\. (SL"' 1cx>) 

lm (èl(X)) 

:::ch..>:. (;!<##'!\:.) .J {) 

120 

0.E.D. 



§2. Schemes 

§ 1 7." /l ~ (_, 1::. cohomology 1 ::_ "? \' 1 X -6'-' ["' 0 algebraic set 

1/1 i:~'if (=. _ cohomology "'\ t7\ operation 2:- :fr, i ~ • 

,f'V\ in.Jiil 4. L z ••• z L L lL (/'\ l:t .. ,f n: 1f. l:!.. 1 ' ' n c. 

en:> X = { x E:Cn 1 r 1 (x) =· • ·= fm(x) = 0} ~ algebraic set t 

<j ;;, • ( t~ (-C.' L f;,(z)E:l!:[zl'···,zn]) ~ ? !: fi ('ef- polynomial 

(:." p, l, ir ::> k fj.. 7a subfield -z.'' Q );.. #J 1'~ 'f:: ~ t cf _.f;, iT\ fr. c IJ 

ri. e k[ z • • • z J t L 1- f '' o l' ' n 

- O'I ll-t Gal(l!:/k) = { ir ITl automorphism 6 {
0 

6 1 k = id } IJ) 

f'i: Jt.O\ ic. 6 lif. ~n i7) automorphism 6 Z!: incluce L' 6 rt X ~ X 

fJ. ~ automorhpism ~ induce 'f ~ o i;!.f 17 Gal(C/k) 1 ;J:: X if\ 

automorphism group a inctuce 1 i?o • s 2: 12. 0 f.i ~ Paix1oa1c!C11cJ 

1) X O'I 'cohomology theory' 1 ;J; S '11 ..L /7\ 'cohomology theory' 

z•· induce :'.) ~ ~ 0 

2) Gal(C/k) li' 'cohomology' (:: operate q ~ ~ 
li 0\ (:- &\ (:: s a !tif âï ~ 1 \i-·~ p:· ~ •( ~ /71 r::," -p:· ' 3cheme "" 

:f; t k (t) " ~ 1 ;i::· 

spece r t (,j. ~ 0 

'Z. :. ?." 1- -f · scheme {!) --/ti:1niJ f?. '7 îfr,d>'>,3.(tif'~i111iorothenclieck[l] 
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fiJJy,) 

11-1& 2.1 (ringed space) k ~ ring l:. Î t> iJt 

topological space IX 1 1; , ~ (/1 1:. 111 sheaf(k-algebra17i sheaf) 

{)X l;. il' pair c1x1,&-xl = X t,j: k-ringed space c. \.' 7 0 

'#t (-=:. 
1' '>:) 

k = z 0 11<r a!!" 1= • ringed space t 1 ' ?o 

;<_ ' local ringed space X t. 1-;J; ' ringed space z .. cfi 1 / Vx E: 

Jx 1 1-:. '7 " 'Z cêr) v:· local ring<." ;p., ~ .:&- 0\ 1i \' 7 0 
X X 

maximal ideal m t -fl, < n X,x -

ff:.& 2.2 X , X'~ ringed spaces !; 1j b Dt-

map tf: X ------.;, X' t liJ:, f : IX 1 -----'>IX' 1 Tj. 3 continuous 

map 1::. , (k-algebra IJ\ ) sheaves 0\ f-homomorphism {): ~-él''--f7 ' 
X X 

0\ pair ( if, ff) 

(:::. f=-" L , f-homomorphism Z::- <if- . [x J ::> V' U 
1 

open set {::. Î:f L l 

eU' : 9-X' (U') ----7 é\Cf-l(U')) fj. ~ k-algebra homomorphism z·· 

Jx•I ::> U' :::>V' open sets {::: -;Ï::)' L Z 

~::r 
19;;, (V') 

7. _ X, X' Z local ringed spaces t Î ~ B:!j'. local ringed 

space 17\ map f: X --7 X' (; I~ ringed space IT\ map z·· ,j;, ., Z 
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V-x:. E X 1:: --:> c' < 
e~ 

ev' P' i; inctuce J Jt ;?map. 11-x',fC-:t:> 

ff x ,x /;'' local homomorphism 
;f 

, EIV 1? Gx (;J1 X ',fct.) 

A z commutative ring ~ 1 t L S(Â) rJ. ià topological space 

set \::. l -Z. r 1. S CA) "' {A (/\ if t7) prime ideals } 

( f.!j ~ /7' f:o iP'i S CA) 7 X ( = ;i:f Fc: 'f j. prime ideal "fr. J'1-x 
?:. fJ, < 0 ) 

Topology td- Zariski topology Z r-..tYI ~ • 

€/r t, , " S CA) 7 V t< open z·· A b !:: t"Q:.. A f/\ ideal I 

V = t X. E- S CA'l l f-x ::f 1 } 

::: d\9-tf- Spec(A) 1t local ringed spacei ('.:>CA) 7 &) 'f3 

:l(/\ "Z"tf, ~o 

t-::. f:.. .. L _ {}1J.;'f°' J; 7 t::: L-7.. ?'f. ~" 

[ ~i.J ~ SCA) il\ Top, T r"t- - ? (/\ g Jf.. rrf. base fr. :fs ? 0 

T0 "'"~lTET/3fEA s.t. V==UfAC=Uf)} 

Tp v~- base -z·· J;, .)-2\:.t"J: Üi:" lJ \}f f. ') Btj '? b'-
0 fH 

LI (CA) ~ multiplicatively closed set ( f:!p 1?. 

LI 7 l\, b 9 4 ~ "'b ) !:. l (::. ~. LI l= J: êi quotient ring AL\ 
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~ ;)( '71 J J 1::. ;l ~ <f J 0 

A4 = l ~ / o.. E A , ~ E:- 6. } 

~ o.. o..' 
f::: t~ l. b = 17 {=9 3df11 s.t. d(o-.!>'-o..'b) - 0 !:. 

def. 

(\ ~ 0 ring structure ((j;. natural 1:. 1' th i?> 9 

2-' 0 C-tli 2.3 A"' 2 ::i 01 iè. f.-a-1:-::>" Z Uf =Ut# 3 t> 

s.t. }eE-d-A, ~t. i::fA. 

( t.E) ~ 1 ;i:. flF! c, b' . 

~ 1::.? '' L 1J. • B =A/~A t;. à> ring ~ J; i. ~::. 

1:. t:. J:. 1
) • " B ? f 1::: -:> 1 ' 7 U:f = cp C é?r S- fA 

1î:t z (JI prime ideal (::.-1;- =j: <.k "il>) f,[....;. 1f, f Id-

nilpotent ,, !i if--tt: r;( J: ' \ 0 

f,. l , f t< nilpotent -z.·· f f " t lf ~ C 6 "' { 1 1 f J 

f 2 
• - - f" ... } 11 mult. set"t'' b,:b 0 r,;·-f?, ~ &L>.=F 0 ) ) ) -r 

84 (7-. prime ideal (f- ~ 1':. 1) natural t/ ring hom. 

B--';> B,,. {::. F 1) f- ta:. lA :J t c;· L t-:..f- (::-:? ,,-z IÎ. 

F f f . j:? l U:f oF cf Q.E.D. 

:1 z. A ~f 1:::? "z /1 = /1,f>f~ ... } 1:. J:"j, A,,,. aA1 

t. ili%tl'. 1 ~ ~ c ~tJ 2. 3 J:: 1
) Uf = (}(} 4 Af = A(J-

;z - Ut c u~ '9 Uf = Uf (\ u'J. = Ufü r. ') Af= Af;J- ~CA~)f 

1Îf_ 7 Z. T" J::. 17) presheaf !::. L 7.. Ü° C Vf) = Af 

Vf- C U '} (-::. 71 L Z res 1 "J ;A:: If. diagram (::. J:. ? 2 J:: /y 'f 2>, 
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'Z_ L. z () = {)
0 

,1) sheafification. 

5 (A) => x: t-= )f}<:: q- 2) A 171 prime ictea1 "§: f- t 

1i ~ !:. fh:. = Af-

f-=- r.;_ l . A f 1: t -a; A (/) · mult. set. $=A - r l = J::. 

~ quotient ring '71 Î> z" ~ ~ p 

rÈJ& 2.3 X tJ~· scheme z" Ji ~ t 1;): , X b~' local ringed space 

( 1X1 1 &x î z· Ji , ?.. ;/?_ 171,/-'.//~ ~ :{:,, 7 :::- !:. --z-- &\ J, o 

'rfx__ EIX\ i=l:tl 2. 3 u open7x.
1

3 A commutative 

ring~/ s.t. Xlv-=(tJ1 19xlv-)~ ';rec(A) 

! ~ algebraically closed field ~ L , 

A = ~ CJ- 1 ' - - • "J-11 ) I J (_ J ( J. ideal ) i:: -;;_, < t ' 

Chap. 1, ~' 8.7.2 /::: J: 1) 

S (A) ~ A 0 prime ideals 

1-1 
4------4 V- ( J l O'. 'f 171 irreducible algebraic set 
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;z $CA)::> 11x 1::-::> ,, -Z· 

X p:· $(A) V'l ,f._ !:: L < closed ( h:} = l:<:.}J ~ f-x 

iJZ' maximal ideal ( :: th 11- \X} = \ -.z' E $CA)/ tz-~' ?fxJ 

J: 1} ilpl G v'. ) 

p-x ·r~)l 'fk. <f ~ algebraic set V l:::. / '' Z 

\'X] = ~ V 1:: 1Î'} t/A J. . irreducible algebraic set ~ 

l .;f-~131~ l'ffc:~ ~ $CA) "' ,!'. .. a-1 MT:: t il\ j 
( =- J\ f, L'i}= L-x' E- sCA) 1(2-~ /f"'\ f 11 e~ '7fl,.) 

- J; } 1-1 'f!_ f::.. Chap. 1, t_ 8.7.3 1:: !- 1
) ~ V-(J) 0 '"'S 

J ;; CA) 11) closed points } 

l "\J-(J) c l :::CA) 1 

.:: 171 injection ,{_ 1:: f.., ?_ _ V-(J) /7\ Zariski-topology 

:1- ,S'CA) °' topology {:: f 1
) induce :[ <h f::t">r:: tJ 7 <- '' ;,, 

( fc.. r-;_· l . f<_ Id: i'J::,t tT\ }f . iP-f 2 1-;.'' Q. _t_ ~ l'~ ~ p'f< il\ 1~) 

:: :::_ -z·' f;,'-::> -f< '.f<:àlr;ebraically c losed trans _ deg fîZ 2: V1 

-
fJ 171~ f(' U?'I z ti. -~ = <C) li!: é 1 1 . J-' = JÎ.l~) i: f..•C 

L. è..fJ\ Y 1:: J: 1 } ~1'1. 17\ If il\ alg. set : V-éJ) -P~)t~~ 
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map À 6Z' ("} ;fi Î ;, . 

v-C J) __ À__,;; CA) 

Mi; c f< CJ.JIT 1i: inclusion map A~ 
,,._, 
f< C)J/j' (::. J: ') ?I :î :G ~-- L- F:. prime 

idea1 f = M) (\ A t-::.1-r fê· î b § __ 

EIP"S, p-=ift:f<:C~J/.fc~)=O} 

::: rJ'I À \: 7 l' -z -,'[. °' *' 1t f,:...'fx, !Z. '!" ;, • 

(1) À. l°t surjective 

1 ~ 

(2) ~' ~ f: v-C-J) (::. 7 li? 

À(~) =A C"f 1
)# 36 é-Aut (~/f<;l s.t. 6 C->;:) = ~ 1 

ct.:E) ci> :>(A) :=; x 1::: --::> " -z Alfx 1 r~t!&, -z." !f."' iti 1-$- K 

rt--&z.J: Ji12 11~t7i:., F-, -z K c 1- > i tf. ~ 

( k-algebra )hom. b<,f}.f-i:..q ~., 

'i_-::2··_ 'f;_;;j(/;)~-f,i i:(i,(é X=À.<"Ç) 

(-:. 0·· L . ~ = ( f; 1 ' • - . ) ~ VI ) 

::<Mit. ~C"ljJ ~fCJ]/r-,:_ rrJBf/<;b'. 

<2> &..c'é.1 -:::ic")-Jl/\(r;.) ,r; 1i 

À. C<i) = ÀC:i;') ~ 3 1}-: ~["'<;]~{ci;; 1Jk-algebra hom. 

' s. t. ~v-~ ~1, 

4'==9 3. (}: f(';) ~ k (~')k-algebra hom. 

s.t. 
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,.,,_, " . "" ;,;. h 1'-t-k liFalg. closed f-::./J''?ffi/51-;1\ 71- -il~ 
,.... 

3 6 fA.,,tck;f~,) >.t. 6C~)='?
1

1:(5!1&_ Q.E.D. 

t/l, z ::. il\ À 1= r 11 

1 $CA) = v(J) !cp-e (Î Ife) 1 

if. pff; topological sapce k:. L.. -Z f7 

. :>CA) Ill topology li!= vCT) 0\ Zariski topology 

<7\ quotient topology 

{?·1 2.1 ,. 

, f. 

X:t,__z.3 =0 n=~ 

/ X = Spec ( ~[x>"f] I (~":... x")) 

--+~ __.-· __ _, X t fEB = Spec ( f C X;'} l / (x.) ) 

Xr/1J--fiB"" Spec (l'[:i:,'}J/cd'-x. 1;;0) 

;,.. Spec ( <C C)J/j-~'> 

C C(pl(f ,_ lî C-vector space ~ L Z 2-dimensional 

9 intersection number "5: '=!- .Z. ?. ' ' ;3; 0 

JP ./en 17'> .:fT;K ft1* k z 
0
,. • ., zn \:.. 1f ;;. t 

sc!'.!eme /::_ (,.. z <7\ JP /ln t 'd: 

do Spec c_./i_ [ !: , · -· >~J) Z" ;J;.. (? • 
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"' :::. odi<J~ 1:: f? l. U 11' l't 11-, 'Î Hf< d:.? -Z "3-. 
l' D 
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§3. 
v' 

Cohomology t Cech cohomology 

Jl T· sheaf- If-~ ITJ cohomology l<. canonical resolution ~ lji} • 1 

injective sheaf l! lfJ '1 ( fz.J;; q ~ :: !:: :\; 

abelian category C (abelian 

group Ol category, ~ l,I /J abelian group ,,., sheafGI) category) (c 1-; 

\ 1 (,projective ~'1•11 injective 'i~ ~'Îf ~4À_q;3. 

A 

l (ô 
'ef diagram in C 

R~c__.,o 

l'j ~;· exact rJ.. :(; l7l 1-:: / 1 ' ( Id: 

man 

ilt3.2 (dual 1i fll) A E. lf6- c_ fi~ i'r1 jec1ive î Pi :>, 1: l'J= 

V diagram in C,. 0 S ---1:._R T 

f3 t 
A 

[ îl ]-1:.l_ :[f fi'. ~ ~ top. space X <11 .t:. °' abelian group Ol sheaf 

$ h' injective 'J. i:i li' :JF i'l- flGsque 

(~if:-) 0 --'>:[f _i_, ['.'.F°] (exact) -fi_ <7l diagram \: injective (/1 ;t_ 
i ct l ~ hiÎIJf1 1, ê. 

$ 3~: [';J>] -7:(f s.t. id'Ji =(l,•rJ. 
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Vopen set U 
o<.(X) 

:FCX) ['Ji] (X) 

,{;. 111 ~ * '<i- diagram ~ ~ i. res ! "' id il(x) / 
'!J """j?i(X) / res 1$] 

id~U) = ~(U) .o((U). l re5:J; 

~ -, ( . i3CU) Il. onto .'.f(U) o<(U) (3'] (U) 

~ ~ 
[;Ji] /l. flasque 1-:· 11, '7 res ["Fl'" onto 

1 
;f(U) 

îZ...., ' res;g; 1;;. onto / J: .., 1 :Ji f;f. flasque . Q.E.D. 

( ::. ;h 11- (t-f.] 3.1 l:. Proposition 1.1 f- ') an ~ fi' ) 

iti· 3.3 -.$.jil:.1~~ ~ 0 ,(cr~ sheaf ;;f 107 ., (, 1 tfl injective 

resolution c 11-, /'/?._dl J. '} 1.j. sheaf-exact sequence (/) Î' 

1: Î \/ ( 

[~f.]3.2 C-=(abelian group "'sheaf.,, category) l:. q ~ fl7, ::;.,., C. 

11-"sufficiently many injectives"i, :i:; 7 [;;p 17 • 11 rc E: 

injective 

s. t. 0 ____,, IC -'!!...., !}, 11~· exact. 
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( f: rc l , .!;-.. .Z. '7 :h f: K t: *i L ( (c/.,J l 1'1 unique z:. 

rJ.,, .) îli.-, ë, VJf.r:.&b-C I: yt L <: injective 

resolution tJ»/j. h q .=!, , 

ct:Ei "sufficiently many injectives" 1': {, 1 j'J:·, injective 

resolution l'd: iiZ lfJ J: 7 1: L- <: 

O --7Jf. ~ ,J0 (exact) tj :>,, injective 1;. .J0 '& c V . 

d ,o 1 

coker(~) 1: 7 11 <. 0----. coker('l "-------'> .J (exact) fj. ~ 

n' injective 1J ù 

Il injective resolution. 

( C.. t;;· "sufficiently many injectives" 1! :!,, 7 :::. l: C7J ~if: JJ)j) 

(1) ~ g" J3 =(abelian group d) category) 1J,· "sufficiently 

many injectives" 'li:\; 7::: \:: ~ -;=f:q ~ ( • , '~ 1-: 7 " z 
ld:, Northcott [l] p.71 ~U!_). 

A /'. abelian group <. 'î ~ lJ.t 'À = Hom (A, IQ/.Z) 1:. t,L~·-q 
def. 

7ci t ·//!._ d) * ~' :h 17' 7;,. 

(a) Q/Z IJ. injective 'i. abelian group. y)t 7 \ lffree 

abelian group L 
!' . . . 
L 1:i: iniect1ve. 

(b) 
~ 

A __.,A .,.J. ~ canonical ""J. map l;J: injection. 
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~ : '"[·, free abelian group L 1! L L 1\: --> 0 p;· 

exact r Ili >, J 7 1: c 4 · f}t ~ ( 

exact. 

(b) 1: J- ') 0 ---> A --> 'Î: i;J: exact T· ;;t., 1) , (a) J. 1; 'î: 

/d; injective. 

(2) Jf. ~ abelian group l!J sheaf !: î ~ JJ+, (1) 1: J: 1) , ~ 

stalk Jf_x 1, % if_,, injective abelian group I(x) ;i''?} f.i:. <f ~ 

1. : Î , J 'i ..7,, sheaf ~ 'K (/) J: 7 1: L c 1'f 7.. . 

vopen set u TI I (x) 
xEU 

U::>V (open sets) 1: ;Z;t l "( il lT I (x) i/1 L, lT J (x)"-QJ 
xE.U X<ôV 

na tural 'J. projection. 1i, 1 df. -~[Je] --> ,g. 1 : J. ., ë 0-+ 

Jf_ --> j Fl. exact. j t;· injective (- Ji'i? .._ ): Il. , 

'Z {/) l'/i ') ]' 11' i; , Vey; sheaf /: / 11 -r: , 

HomCJ,Jl = 1T Hom(s;n,I(x)) 
x<oX 

"fifi'.;.Jt. '.il'(, lfxE.Xl:-,11( 

(; ~ ? -:: )'.: J: ~ fi f], ? . 

I(x) v\·injective 

l-%ll 3. 3 V Jf, abelian group t1J sheaf 1:: -, , , ( , ~ IT) if.~ 11) 

0 1 2 
injective resolution O __,;f_ ~7 .j O L J 1 _}L,J2 ~ 

Ker(di(X)) 

Im(cli-l(X)) 
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1: J. ~ cohomology~)t.tt., c :b, [if.J3.l <7)~ 1-, J. ~ 

t tl il well defined l" ~ 1 (· ;l.~ (,,, T: .l; !ll I'. - fj_-g 4 · 

l,. ~' l,. , :Z tl Id. canonical resolution r/) 1; ~ 2! if ') 'j < 

"'( :\i , ;;J2 <TJ proposi tian 11' '7 if: :! Yl ~ . 

Proposition 3.1 sheaf S !: 1. 11"> V resolution, ~pt; 0 ---7 S. 

0 z: 0 1 '2 1 2 --'tdZ -Jz: - R., ---7 ··· 'J'~ sheaf-exact sequence 

Io , sheaf 7f !: :Z !ll V injective resolution 0 --7~_5;_,,. 
0 1 

..go __L,,jl ~ .... :Z l,. ( , ~..J...,, o/ 'j 2<, map !J; ~ ;{_ 

//Z. d) diagram l: Pf" ,@- 1: 1" ? J ? '.i maps 

d..o' o{, 1' ... /]< i'd- a 9 ~ . 

o __,,:;; --7 r/?_o --7 R! ---7 

fl ()/01 o(ll 
0 ---) o/ ---7 J 0 ___,, J 1 ---7 

y .,0 
l'l . 

'c. -C· ~ ~ . ( ~.iE~Qr;i.M:t. :hil' è) 'l 11 ,CtJNorthcott [l] 

p. 7 ? ~.ll.t) 
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( 

::_ (f) l 7 ~ ~~ il' 01i 'f.; 11-t {ex'}/: [e<'.']Ud- homotopie{· Jri ~) 

t "7. Cf. Northcott [l] p.62. 

il., l , If i ~ 0 1 ~ 7 1' ( , ,/.. i I'- J ., l induce ") h. :? map 

Kercëcxn 

Im(t,1 -
1 (X)) 

Ker(di(X)) ( t~ fc' C é..'l=d-1=0) 
Im(d 1

-
1 (X)) 

.ilJ-0 [%ÎJ3.3 /:M;)! :/; ~-· :Z); . Ji (/)2 7 if) injective relolu-

t K 00 do 11 1 L ... , 0 ~')/) cz::, Jo__LJ1.s1:_ t ions c. 0 --7 Je. ~ u ----'> v --, -, m.---, __c;.__, ~ 

· · · \: q ~ . Proposi tian 3 .1 J: V , ;;Z <1J diagrams ~Vf ~ 1: -q:,, 

<f o do · 1 d1 
0 ---'> Jt -'-7 .J ----'> J ----'> ... 

id t o( 0 1 o(l t ... 
If.. "C 0 t.° 1 t.1 

0-> ~J ~J -"---->··· 
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0 --'>Jf ~JO 

id l (30 l 
o --7 Jl--'> jo 

<f 

-1 s-1 
(ù ' 

0 t.1 ~Jl -··· 
()1 l 

1 
o>J :r··· d d 

0 t1"~.) 



,,\' d ~ ;. ) " "' 0 13"-- )/",13" -- :J , in uce -! n "' U\ , v-. v 

-, -, 
(3',o<' -

f~ diagram 1: Proposition 3.1 

~ 1iB. tî] -~ ~ t ' ()( i, ' (3 \, 1 ::t 

~dJ;, l:: -~ -q- {, 0' 4 '9~ t, 0\ 

0---:'> K - J 0 
- J 1

-> '' ' 

~d 1 of,131 o<~f3'l 
Q-> J1'. ---'>.Jo___,,JI-,>,, 

1:+ 7 y.c_ , , . injective resolution 1 ~ J' { ;Jo._~ IJ\' well defined (" 

\;; ~ ::: l O'-; h V' Jo • 
l;'L 7 1,Z. , , . Proposition 3.1 

Ke>è ,~t-(X)) 

lrn (~è-i (Xl) 

::: J) section (" 1 ~ >J. Î- ~ech cohomology t: %.Ji Q <,, 

,\ l top. snace, ;} ÎC: abelian group J) sheaf L q ~ . 

'JZ"" \ Vx }()(<=A t X rJ) open covering J?P S, V Uo< open in X 
(" )tA V ùi = X l:: t ~ }-it' c 'Z-( 1.Jï, :): ) ( 'b- ]! 0 ) f,_' .;. 

complex'k-/~ d\ J: 7 1 ~ k:-4\· t J;i , 

c,'1r (ù"11 ,}) 1;) (o<\r,;~+1 :J. ( uiXO {\ '' ' /\ UO( i_) 0) subgroup (" 

~ , c . 1T 'b+i J; (V<>< (\ · · · A UDI 0_) "' S. = ( $,o<0 ... °' q ) 1: 
VJ.>•A - 1 o clef o .. ir 

I l '(' ~ 1= l_ (IJl_,;);) 8 ~ i)\ alternating 
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so10 . .. o<i- = 0 
(2) '7'permutation cr: (0,1, .. ·, 'b-)_,,.(6(0),"·,ô(i)) 

1·, / i' T So<é(O) · · · IXcf(<p = sign (Cf)· SIXo · · ·()('& 

zJt ~ 1 

cti J .Li A t linearly ordered 1-;, tJ' ~ j 1 1 ~ l ( J; 1 T i;J", 

abelian group /:. L. î 

c i-C ù7., ,d;) ~ 1T ;f (Uo< (\ ... /'\ Lfx ) 
o<0< .. ·Lo<'b o %' 

J r ( ' complex 4ë '.l~·"t {,. differentiation map 

1 ~cl 

(.~(?}( 'j;) 
\Il , 

d~ 

t == (~Dio .. O(q,.) 

(0~~80 ·3o--t1 

., î ~~i ~, 

C'b-t- I (?JZ ;f) , 
w 

a I; = ( ( o;;,)130 .. ·P'o+ 1) 
§:+ 1 • ' f 
~ l (<"- V \ , (-l)l'lMS;:,_.,/),. .. 13

1
1 1.,,=0 1-"Q 1~1.,, . q,t 

r~ r~· L . !'LM 1 :i 

(\ .. (\ Uf3-t·n 

ctt.1 3. ~ 

uf?oA . /\ u3c,-t- 1 4 lf.i/\ "f\Ue 0_ 1
(\Cf3i:+i 

i '.'. J-f~· t .l, sheaf <T) restriction (- J7> ~. 
d '&-t 1 . d '1r = 0 , .. ,Yi~ • 

d;'f:· V :tt..~f:!,~~3~±~ (Cech cohomology) 
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Ctt J :, . G X (/) covering t v r 'VZ. == f Uo1 } c«=A 1: L 

:ff (/-\) = 'Y\ -r 1 t -"t .l,, t ff~. 0 sheaf ,'}: /':# [,, { 

H'& Cù1, ;f) = ( 0) 1/ is > 'Yl 

( :'. ·h l:J C: i (?/l, ,J) Ji fL P' alternating t. '' 7 %1.'f Ü' 

~ c_,'lr (V/., ,f) = Q c 1J'),, 0) ("IYfl ~ 'O'.) 

lemma 3. 2 )\ "> 2 / <J) open coverings 'V1 =' Î Vo<} A 
0( é , 

2(J "' ( v,3 l p, " B 1: J ~ ' \ e : B -> A t/ {;, 

·set map lJ\ Jti --.. 1 

tJ'~ il \, r~ t -t ~, :: 0) 1-9- X .t. d) V sheaf ~ 1:;, Il 

(1) 8 l: J ~ cohomology r/) map e '} ( '& '? 0) 1J'' 

(<!1f!_ - ) ci) 
@,._,[,~ .. "' 

H'ii(e) : H 'Ir (Vl., ,J;) -4 H '1r C2P, :1) ci"'o, 1,2 .. .) 

(2) .:: ri) map e9r iâ ( VL, }_{)) rJ)Ji. t ;_ depend L (. 

8 1: i;J independen t 

CtiE) Gb,·~z..c,tk.i:~ H1(8) 1J.>/.:dlJ')1::.~lkt6. 
3 -q.. c...i- ( m, :J;) ë C "Ir CW :J) le 

\j) \J) 

s == C s.x0 . tJl'îr) e c ~ l 
b (Ë,)Po ... ,g'j. = ;'?,e..,<l (~G(tBo)-· · 8Cr3'j-)) t: o\ 0 ( 

t,I. ~et .lo • 



-:: : ?" ,7.2--0 1 :l \'~o A·" f\ \t;3b- c....... Ve(r3o/1 "f\ l4(~) 

1: kf/.i:--f ~ sheaf dl restriction map <'"60);,, 

iRrf G o ,. well defined ?". cohomology <!) map 1:; induce 

(1) s o\·alternating î1-' t, e (~) t alternating 

(2) 

,_~ 1 ~ 8, G' k ), / 4 i l, rYl. T ~ c L J -) , 2 01 ~ 

'v"i~o 1:.J:t1.,,-z: 

k 'b-t 1 : c. 'it 1 ('Vl, ;;J:) 
\J) 

C, = C~o<o-·c<it1)1 
'& ' 

l< cS,)~o .. ·f.:li = ~o (- I/ !"lUJ (~8(13.) .. ·Ellfll)61'(i3l) .. 8(13tJ) 

\: dl~· -t -?, ' 

\{301\ ... {\ ~'lr 4 
Ve(3al/\· ·{\Ueu«.>(\ Ue'«3">(\· ·(\~'<flil 

1:: =;d Fc·i');, sheaf <l) restriction map ?-· b-i )ç • 

2 (/) k p\ G \::. 19' Ol homotopy 1: fJ' "(' '' ~-

i;?p -ci "i > o 1:7-J i,, -z e'l--&i = k'j,t; a;-i-a~- 1 k'h-
- -

( k 0= 0) 11" ~·il t ~ v' S 8, 8' 1 J \~1 t.;,· 

Hi-CvtJ.'J-> ~li(w.~) ~~:z_;,,, O.i:P. 
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'f $ 2. 1 2Jl =- \Uo<\o<<SA ~ X <Tl open covering 1: cr .:,~-ij-

t, 1., 3 cx 0 E A Uo1.0 =X f~. ~ IJ' 

H ~ (l!"l, ;}) = (0) Ver,> 0 

dJEl l.0=\X)~ndexset B=f0}
1 

Vo=X)1JXcflopen 

covering -z .. ~ ~ a 

set rnaps, 8 : A --? B , L ; B ~ A ~ 

V o<. E f\ 1 ~ 1 ~ \ l El (D<') = 0, ( ( 0 ) = o< o 1 : 

J. , ? '.t di J., è. . 8 , T, 't 0 fi t 'J 1 ' -r c0. t 1 ernrna 3. z 

0. *: lt t,: )!. r: (,, ('. 1 ' "" • H \Ve , j;) H "en 
G l ~y'( ~l ftc ei :2 H , O~ ff J 

dia gram tJ\ ~~ è., «t . ~~(')I, J:î ~(El) 
·\t .1 ~ 1 ernrna 3 . 2 J 1 

J 
v _. 
H'°<<r:G) = H'b-(èdA) - t.~ 

if , Z ;::ii UP,$) --> l~i ('Vl, ::J) il onto 

l u,tJ Cîil 3.G 1~.J 1) "i>o 1:71,( ~ 1ur::~)=0 
\l'b> 0 ,: ) ''l H'b-CVl.,3°)= 0 QJ:.'D. 

V 
(Cech resolution) 

1/l = (Uo<)o<GA t X 0 open covering , )} !:: '>(.t.O) 

sheaf l:: 1'), ~ X .t. <7> sheaf e,,'&- (u'l, Jf) ~ )1:, "'> J: 

?1~:'.t~·t\'J.i. XJ\r'Vopenset 1~/~ 1 ( 
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( 't-(Vl, :,f) CU) = c,'b(m lv, ..1/u) 

1·, IC \; Vllu = (Vcx n Uîo<fA 1;! V o, open covering 

z~-lo, 

J r:.. U '.)V (open setsl 1~ 1 ,, !'. JU-O~ ~;,;:: 0 

J 7 1: it~-t),,. 

(\ Uo<'b n V 1: .s " T restriction map :J(l/x0 A·· ·AU0/1_1\ V) 

~ :f (lJo<
0 

11 .. " Uo< 'l- /\V! ..,~· 11:.~· :! ok. J,. ~ L c 
::: ~ Q, è., induce J h ~ map 1T ;] ( U<Xof\· /\ UO( 0 AU) 

(oil EA IY 

____,, TT :f (UDl.0 n ... f\ Uoi. (\V) 1J alternating element~ 
(oi) EA • 

al ternating element i :.:B '"t V' C, 

~ t~t ~. 

~ 0 c:'t (VI_, :f) l'J "R t, 17' 1( presheaf " " f.? ~ 1 : V' , Jf. r;r, 

sheaf 1-;: 1'J' J, ::. (: O' oh V').,. 

:J f~. ~ech <f)differentiation _g_i-: C°"C?JZ,J.)-!>t°'t(Vl,;;) 

iJ J.'U-(v) = a'b:c,'licvzlu.:1/v) ~C:t\m.11.1,~I\)) l( 

IJ-' la sequence 1/: ïf.~· :! M),,. 

:::_ h Id f, 3. :2. 2 J: 'J ih 0' ~ J J 1( sheaf-exact 

sequence-Z·· Jr> ') ::: ih. ~ :!f <!) Cech resolution t iff'.j~·, 
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4 
jÎ\ 

(1) J::. : : ~ !<,· '.:i '*'"' f ·~sequence 1 ;r sheaf-exact 

' 
d L V ,.,L 

sheaf differentiation _ 1j Cech <l) diff. <>' 

1ê induce ~ ),;, • 

-; V y 
c Cech cohomology il Cech resolution 1: J' ~ 

cohomology t ê,. Z. );, • 

~il) (2.) 1 d t;JF.j c, V '. ( 1l 1 ~ ) ' ' T i J y X E X i: J l \ l 

0 __,,, :f:x, ~ C:,° CVZ,3)x: 9.~ c, 1

(?Jl,:f)x: Ah. 
iJ'; exact ~- .fr, {, :: ): ~ -if; t; 1 J'.J t 1. 

'c ::: 1, c" u open 7 X ~' ?J( 1 V i!~ V 'S:: 1 , ôJ 

member 1: '!;, / .S -':! 1 (~---". l~f', Yy open s.t. zEVcU 

I'.:. I , , \ /h 3 2. 1 .J 1J 

f:Jll-cznlv, ,J;lv) ==O. 

Vq,> 0 1~-, ,,-z 
'f.i? '{ 0 -:J(V) ~(V) 

O d0(V) 
C (7IL, :J;)( V)-'-" · - · 1 ! exact 

~ 0 inductive limi t J.. 1 J 0 CJ: <'x o ) d~ 
- "'X: - c (7J1.,:J ,(::...., .. 

1 J exact Q.f.:.P. 

].2.3 ~"'-1~ - .R. ' VL 1!:- open covering of X, :; 1= X ;:_ 

Jl sheaf 1:. --r}., ~ 
canonical homomorphism H 'Ir r:m, ,f) --7 Hic X,:f) 
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.:: ::. ("•canonical' è l:I )K OJ 2"*-11-v\J;>Ç'ft i?;, ::. t 

~ l' 7 . 
(1 l sheaf 0 map .fF ~'J Hq,(ù7,~) H1CX,J') 

iî"-19- z l, h r~ll{f !.; J) 8ic?JZ,o() l Hi(x,o<) J 

diagram 1J':ï;"jJ~1~ rr->.. H'\'ùl,~)-> H'bcx,L)) 

C.< l open coverings 1/1. = { Uo< }o1eA 1J? = t Vr'3} (.l "e, 

1 ~ / ' ' \ )/? b'' 2fl (/) ,üE1J' t" Ji-, ~. €1l t, , ~ 1 ~ 

;,,\ 31X', s.t. VO('.:)V18 

r~ ), 'il1J 1 emma 3. 2 1 ~ J l ) 

induce :j h ~ map 

t J) diagram o~ ~~ l' t~· );;, 0 

(exercise) 

H 9r (VZ, '.r) ------

1 Hi(X.J) 

H<t c )JJ, :Y)~ 

»Z 1 ~ H'&- ex, ,j:) t ~ 'l- CVZ, j:) &"') inductive limit t [., ( 

X E Ux r.· ~ type 0) open covering 0)}. "S: ~ :Z, .).\ lJ' J l '· 

'\/ open covering 1JZ ! -::. I l' \ J:. d) type r1l 

covering 1f? (" 
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( ~=(:x.L:EX tvT,.1J. ~-~.-..>.:t:X. r~7~L.T x€Uxl 
t~ ~ U.x: 1<: 1 )~ù' V;c= Ux t hiîl'J. lemma 3.2 ) 

J. !\ .t Ji 1 ~l '!!. Tl~ lt:. .!, ' 

~ : (," • .J::_ o) type <l) open coverings ?Il =" \ lJ::<:: J .:t ç X , 

Vx c U..c ·c J. ~ : /: t Jt~ él ~ t. iemma 3. z <Ti 8 == ~clx 
111 vi vi 

t \,. T f )_f) : H ( 1..Tl, :J) - H ( lfJ, :f) Î});;, map p~· 

1:_ J. 1). ('Ill, 'li'///.) tJ\ inductive system t t~ -t .: t lJ afj' ~ o;; 

:: J) inductive limi t 'k H 'Ir (X, ':f) t t_~· t ~ d) l" b> ~. 

v'lr - -H CX,:J)dëI 

---Îf~ 1 ;: 1/1. 11,' --$ op en 

coveringl:: Î ,,-z i 3.2. 3 

<i)canonical maps I~ J , l 

t' 0 diagram tl' »j H~ 1: fJ.' ~ J: ) ÎJ-' 

Yi d) :(}.(±- 1J' .J, o, J,, • 

1?1J 3 1 u \)'V ~cl) r'tr IJ ,·} r· L. li l'~-ifil I~ ll t;' c, t<' ~ '. 

X = ([. 
2 

1: Zariski topology !':: \ '.(\_. X <7> tf 1;: 2 / 

11) irreducible complex curves ri, ri \:: ri /\ r2 =l fi, 1'2~ 
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a: 2. 0) ~ ti );, )_ -~' ) t t,· ;., J -) 1 ~ !:, .loi 0 

r = ri u r,, 1:: ~ 

Zariski topology li: À. fi. XL 

r;_ rJ) sheaf J< &- ),J:'.' Cl) J ') [;:!if_~· 

-r {,' 
V open set 1 ~ -:1 >' l 

f<(U) = { 
0 if 

z. if 

V::> VCopen sets) [: 7 \' "(. KCU) == 0 t,f è, null 

map,, l<(U)=i\(V)=Z t<i'hidentity ('" }Z,W~ 

~ df,f,;· q >;, t ~~ 1, 1.r. /<. 1 J sheaf [~i/};,. 

::<>ikl~/\1( V 
~ iJ'.";'f .'.! ~ ~. H2<X,k) H2 (X, I<) 
CM\, 

(Il <Il 
0 z 

C cf. Grothendic ck [ 2 ] p, 17 7) 

L 1J' V (7'] 3:, 1 J" X, 'Il'' separated scheme ( cf, 

Grothendieck [l] p 277) Cl) f.l.1j- J:J, quasi-coherent sheaf :J 

1 ~ I \ ' 1 1 J . Hir ~ H 'i- ( y i ~ 0 ) tJ'.:-;;; ±., ~ 0 

separated scheme X 1: 7 \ \ (' IJ' ((X ::> U1 v2. î(' ~ 

affine open sets, ~pt, ~ = 1 , 2 1: ; • ' T ( Uc, Gx /!.{) 
1JZ' affine scheme c7J '*· U1 0 U2 t affine open set"[',fi~" 
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te~~->'l Â"- \'t'!l~ ~ 0' "(".}, ~ 
0 

( lamma 3,4Z" f t l,.- ( 

,>( c?> affine open sets i) ~j.f \c l::. ~ 1 ;J"J \ ' ) 

lemma 3,3 (lemma 4.2) 

)(=Spe.c.-(A) t. t,(;!1-it, X.t..d>fi~,ôl quasi-

coherent sheaf :If 1 <: / '' \ y,( d)_.t 1( .P~ ;>ç' fi_ q)., . 

U) HO(j:) == .:f(X) b\' :!f &-generate -"t),, • 
e-ri -r v X ù <Z(X) ~ 0z-~ 1>r '7, XE- t<:"'.J l,, ( ,v 4';,_ 

map efl image tJ\ <9x, z - module (. \.; 1 :Jz 

1c genarate ""f 6. 

\.2 ) H '1r (X ,';F) = 0 

( c.f f4) 

lemma 3.4 (Cartan's lemma) 

v"ll > o 

X ~ topological space, ;J; 1'; X X:. 11) abelian group 0 sheaf 

)'K if) 3 , '1) J:rt k J+ r ~ q- X if) open sutsets 0 family 

f Vcp) qi~ ! 11'î}(t.. t J,, l:. 1" .-!, 

(1 l lVqi)'PGît w'' X 0open sets d) base 1 ~ f1-' , ('. l, ~-

u'f" v '-P' = Vy 

c:n H'&-Cv'f . ..'.flv'fî == 0 
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::: 0 ~ V't- 2- o 1:,,, T 

Hq,_Cx,'.1) ~ 1-1'fcx,;r) 

(cf. ~7) 
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§4. Coherent sheaves é Quasi-coherent sheaves. 

X ~ ringed space t_ Ïf ?, a.y, X Lq abelian group q sheaf ;J 

IA"D'x-module ("li}~~,, 7 0\ Id". Vu open set {::.7l' 7 :J(U) -/!-.:' 

rJ (U)-module 7" !Y.- (U)x :J(U) m(U) :f. (U) -!:. :C ClJ scalar multipli-x ~ · X X ~ -( 

cation t }t~· q? map e Î Q fl1- VU ::>'v'V(open sets) (:? '' C · 

(9-x(t;)x z;(U) _m~( u~) -" :J. ( 0 ) 
X 

lres~xres~ 
~x(V)x Z,cv) m(V) 

}::\ Î ('' IJ X '& scheme 'e. 1 C tf ~ 1 ~ JI) ~ • 

>ÎJ\· 4.2 

[~f] 4 .1 

üx-module z; -p.;· quasi-coherent ("JI;;:;, ~ (1 

Vx E X /: 7 '' Z 3 
U open 7 x 

fl\')}ÇL Î 1J :: /:_ (; Jr} ~. 

r'- î-;' 1 I' J n B~ t rrJ ~ ( ~ Pl< t. 'M s TJ. \' ) (_ . <Pi ;;, 0 

0-x -module iY coherent ?-' iJ) ~ /:_ ( J , 1.t_ fi;· 4 .1 0) 

exact sequence ~ r 7' ~f I= I' J ;fi,·· .if/ 13~.i,f:~ (- &; ;;, 

J: ~ Tl exact sequence p,,, >r>L 1 ~ : l (" ëll ~ • 

( sheaf 0) directsurn "') t_ ~,) 

( ;1 À) HA '& X 1:.. 0 abelian group c7i sheaves ;fi\ S TJ ~ 
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79') 4.1 

family le- l V- l3f. @ :JÀ T,f Q sheaf t_ . >f:. Of t ') /: 
ÀEA 

( ( ~t_ ~· :;[ .j'\. {;, presheaf j: 0) sheafification f:_ ( 7 

t)).·q?,, 

V ::..+/ o ot open set U /: t • . ::/> (U) = @ ( ca\ (U)) 
;;; HA 

res 1 (f natural 1: li_ f,\· q 0. 

fr'.É_, (~fi: YXE-X (:7t•? 

( 01 z.À) X = © (;}À) X V'" :« È:. 'if -b • 
\EA ÀEA 

X = spec (A) \: ( . F '& (f J:. 0 A-module <c_ 1 'C-:. ~t. X 

' 
J:_ 0) sheaf F t'.., 7/:_ 0 de. 7 {: ~ ~·,J +"-· V:. 

0 

T ...t.0 presheaf 

F 
0 

O! sheafification t 1 ( , lt J\; 1 -9. 

0 

F 

X :>Uf rj?;, open set /: ~r 1 7 

Uf ::> Ug T{? open sets (: ~;r [ ( 

map 'f : Af + Ag /: ~ ., ( 

~ id@ 'f !: Jt~"0 ~' 

0 

F (Uf) = Ff = F©AAf 

natural /: 1;.._ 1 ? 

::'. 0) Hf(:. (î F (1 quasi-coherent (: Tcf ~, 

' 'f_ ptf_ (;flA + q;l A + F + 0 ~ A-modules 0\ exact sequence ~ Îf ~ JXr. 

Wr\ + e;l()-x _,. F + o 

Vx "'X (: 7 c' ( ,;(;_ 0) 

11 sheaf-exact sequence /"- T,f Q. 

c<il'&x) x _,. 
lll (]) 

u1/cr. ) + F _,. o 
X X X 

\li@ 511 ® 
E!)IA 

p 
+ ©JA 

p 
+ F0A -> 0 

p 





x (~ l:j j_, q),) A 0 prime ideal t;_ / ~ q ~ ijf. (.Ï), G) 0 /~j ~ 

(î[~L] 4.1.1[("' (Ü"x)x =A? J: 1) ;f. -2 ~. <3)0 (~~(1F q 

tA· /~ /,( "inductive limit f, tensor product 0 'Jf.'k+i." 0\ 

S 1-t ~ !"- g 
0 

Î r') i"f 0\ exactness 11 "Aj p, .. A-module ~ / 7 

flat ""('·}) 0" (c.f. Northcott [l] p.170) f h ~ P~ ~ {)\ 0 

Q.E.D. 

X = Spec (A) (1 quasi compact ff!y) X = V UÀ TJ ~open 
ÀEA 

covering tJ,·Jti 1 ~+ 3
À1 , ... ,À

8
E A s.t. X= UÀ u ... uUÀ 

1 s 

U ;i_ = u 1 T / ;g A ~ ideal I À ~ !:. ~ C 
À 

VU =U 7.-b 
ÀE A I À I l "'/ 

9 . T:. -c:· ( r = I r À. x = u 
1 

~ ' • ~ .:: ~ 1 J . r e ~ 
HA 

1J. prime ide al p,· 1 f \'. ~V '-J I = A f [t Pf Î Q . J/t_' 7 

1 E: I lEIÀ + ... +IÀ 
1 s 

:. A = IÀ + •.. +IÀ 
1 s 

= U = X 
A 

Q.E.D. 

· Lemma 4 .1 X= Spec(A)lc_ \. F(J A-module\,__ q?. 

:: d) a-Zr vfEA (: 7 \' (. 1l(uf) =Fr= F0Af 

(~J) ~ ~- f = 1 le f~t \ ( -0 ':::! ( 7 it" Î._,,{j. l'' ?( f\ l"î 

(Ur, ü-xiu ) ;, Spec(Ar) TJ 1 (~ - î-i")-r /:... Flu 
f . f 

/: J,· 1 , ( Ur-section t_ l(_ f\.lf'" F(Uf) = <F;:)(U 1 ) . 
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(: J" 7 l ~ 1 Q natural f{ map F
0 

(X) = F f(x) F(X) E(5" {,,-?J. 

(1) f P-"1njection C"rYJ ~::. ~. a éF /: 7 '' Î 'f (a) = O !,:_ 

1;;i, é!.P5 "xEX ('::./l't. ax=oJl.?c 
3
ur3x s.t. 

a (1. A + A f ( f );) map ( ':. J' -:> (' 0 (-:.1Jj.:;;, , f;i_ 7 C :J n > 0 

fna = O. ( P\ f; [~iJ 4.2 J: I} X (îquasi compact T:"-/71 ~ 

~ 0 J:. ~ TJ u f 0) Ji P& {li}(· X ~ cover (") ~' ezp 7 

~ 1 = ;J'( u ) (a) k ur r , 

compact(" Ji.;, ~ f tv1 ~. ::. 0 J:" >; if ur VlJjf&,{IIJ (" x ~ 

cover('·~ f.;i. 7 1- ') >f:.. '7J J: 7 Tf r 1 ,. .. ,f8 EA p,·")}1L7} 

;;;i 0 

s 
X=VUf,3a.EAf (i=l, ... ,s) ~fur =f(Uf)(a.) 

i=l i l i b. i i l 

': T' NEIN rz.î1J'.K.~ \ ~;;;, !:: al.= l ri,;, bl.E A 
f.N 

l 
f:J,")}-)t.... ïf ~' ;<'._ V' i,j 1~ 7 \' \ 
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ur. 
= resUJ 'f(uf)(a.) 

fifj j J 

Il 

fi_? ( (l)(:J r} Afifj [:.];·\'((}-ai= aj. J:" 7 7.L.. 

(:),ti\.' [-_ N ~.t_(-::: r<v'AJ \. ~ 7 Î Vi,j /-:_ 7 '' 7 
N N N 

(fifj) (bifj -b/i) = 0 in A 

s.t. 

7} 'I 

1 

s 
X= UU = 

i=l fi 
8 

2N l g. f. 
i=l l l 

N 2N 
8 N 

fl.bl. = f. l b.f .g. 
l j =l J J J 

I b . f~ g. a E A t. d. · < !: ( * *) J:. rJ Af. 

(**) 

j=l J ~-J l 

a. = ~ = a f/É._? ( ~ 1: 'j'(x) (a) l1. sheaf C7) identity 
l f N 

i 
condition 1: j: .., ( -R q Q 

~ = ( f(x))(a) Q.E.D. 

lemma 4. 2 (:J lemma 3. 3) X = Spec (A) ~ / V.: 11+. X J::_. <J) {f ;t. c1) 

quasi-coherent sheaf '(J> 1~ 7 \' (. ],~ 0f1". /À"-?\'ii.. Î J.;,. 

(1) HO(X,;J) = ;f(X) if?,· ':Fé generate 7j ~-

. (;(y Ç . 11x EX [-:::jiÎ 1 (;}(X) nat · '::fx T/ ~ map ") image p,· 

152 



1'-x, x -module ~ ( ( ::J x t generate q ~ , 
(2) ;f(x)7C gEA (-:_ 7 c'7 E;i = o Tj~ 3 n > o 

ug 

set) p.:}}fz_ ( 7 3 ''r. -module Fi 
l 

-il?~<,:_ "&f. 0. 
s. t. 

~ 

= F 
i 

:J tx· quasi-coherent (~ .. /l\ S \lx EX (~ 7c ' ( A ?f t;«{ffl ... ( ( 

uf 7 x °/)\ 7 (!;/&. lu 4 C:F/CJ-. lu -> J:lu _, o Il~ exact 
X f X f f 

seque!1ce tx1f-sL q ~ . 
"(~( .. Ar-module F 1i. coker[i.(Uf)] t Jtj\·1[ ~. fJf ~ 
lemma 4 . 1 J: 1 / 

I À(Uf) J 
E!l A ----"--'> Œ! A f -> F -> 0 th.. exact . f ~ 

À(U ) _ 
l,l_? (' ??'/ 4 .1 l:. .J: 1} E!lü: 1 u --1.., ŒIJ 0- 1 _, F _, o 

X f X Uf 

p.;;· sheaf-exact. t 2 J.; IN À = ~ Tj-r[·1ï '7 liugc uf 

l -? -f" ,,._IA À(Uf) ,,,JA -:_ / \' l _ ;1:z..O) diagram ('° (*) "' f ...,, f 

17) r1f[-:_ À (Ug) ~À f\ (_ -êJ . res l l res 

~)(Ug) f .\_f\- 7_ {) diagram (EfJ1
Af)g (*) ((i)JAf)g 

l J if*.{":. r F .Q . 1 p 1 } 1-=- ;z_ 0) J: ? r f Afg -module hom. {(f-­

(-:. (-... " / 7 ( î"jl,k. t'\? exercise). f/i? (À= À(u';J. ~ 7 ( 
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:l 1 u = F. :J ( ::_ 0 J: 7 1 r u. ?-· X é cover ïj ~ t X 1k 
f J 

quasi-compact 7_·-Jr;-?l ::'. l fJ\ ~ . ;j'(~ -;, covering 17) f})t:. tJc· 

h (J\ Q. 

(1) (o) c··:;... i,,.(-: covering u?o e ~ ~. < c. (1) e tr~M q 
9 l:.11. ~°' ,;rlt!(**J è :r-errrt1J'?-·J) ~. 
(**): Vg E:A, \/sE-3'(Ug) /-:.. 7 \' 7 3

N > 0 gNf = res(n) 

3 nE,.0h(X),(tt.Jl/i (-:.. / \' ( .:Jluf. = ~ (:··p, 71emma 

l 

4.1(:.t 1) 

("Ji ~ ::. 

= ;J(Ufig) = [ :J. (Uf. )](f.g) 
l l 

3 
n > 0 "ni E ;::h(uf.) s.t. gns = res(ni) 

l 

( fl\i) Io('fif}Pël:Î~r-:.:·p, 0' : û) n 11 i /-:.~7/fJf.f:I:. t_ 

f\..Q. ~ 0 J 11-:.JtJ?l 7: n1 (J ff/i,,IJ-IZ/012Jfp 7--11.L · 

1 , (:, - #_ q ?;i f'.'.. ( Î l i., TJ ' · c1) (-· 

rkOI J: 1 (-: f1~ L 1j ~. 
'I ) , ' 
/ 

} 7 ( sheaf Cj glvability condition /: et , 7 '"n E ;].(X) 

Y. V. ( 7 
l, J :./\.' \ 
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Q.E.D. 

lemma 4.1 J 1) 

3'-<ur /\ u ) = (P<ur g) = c;Jcuf )] 
i g i i g 

J:., 7 ~lur. /\ ug = o J: 1) 3n gn~lur. = o 
l l 

I 0 (TïljPI?<: f:'IJ\ 7 n("J i 1-:.i!!;.lf,J[J:-(-:.)tYJ 0 f\.?;;i, 

~ ,., ( sheaf 0 identity condition J: r / gn~ = O in ;}(X) 

r~ i-0 open 

c overing ?Ji, = {U i} i E- I ("VI, lî Zlt, i?) fli! ;J . I ït>, .. finit e, -%-

i 1: 7 v 7 3 ri E A u 1 = u r. i: ri- .., 7. " ,;, J.- ~ r iZli (-:. 
l 

if 1 <. 'Hqo;l,:fl =a ""q >a "& :f,i'fî" J: ,. , 

( 

{ jA- lî. V open covering 1f' (-:. ~Î ( ( .L 0) +ir~- e_ IJ 7 ) 

covering 'Vl ("2.Pi7J .fl:l)/,Ô {::. T J-, 7 \' ~ {) 0 fJ,:· f}-fL q ~ :: 
'c_ W\ ~ 'rJlj ~ fl\, 

q ~ t . Z,Z, ;li";'V'?oc?) ~ ~ (· 1J ~ ~ 1:. (-:. J: 1) . V i /:. 7 \ , 7 
3 " ~ "q Fi Afi-module s.t. ~lui - F1 . ~ ( H (Z,Z.,;f) = O f 

'f, q 1:. 1 î >,(:");.y~ ( * * *) ~ f- 1[ 1 i:" J: \.!' ' 

( * * *) : { V~ = ( C . ) E cq ( 2{,, ;:f'l , q > l l : 7 \ ' ( i
0 

••• 1 -' q 

d~ = 0 1i'7 tJ" 'lç E Cq-l(Z,Z., ;:fl dç = ~ 

v(i
0

, ... ,iql E 11-1 (-:il:/'(. ( 

4.1 (-:. J' 11 
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u.f\u. l\···l\u. i i 0 iq 

tt . .., 7. . I p-;· ï1i Pà< !,f_ {~ . ;P 1 u i 

J:_ t. r.}i:~ (-:: . i 1 ::_ trt] f.f: 1: t > 0 

U U (·-••)i • /\ ••• /\ • • • • 'r. • • • 
i 0 iq i 0 ... iq 

?- Ji~::. t (:.J: 11 
~ ~ 11 

X = \.) Uf = \.) Ufn J:. 1) [~t_] 4 . 2 \:_ (~ tt. (:... ( (' \:! i E I 
iE I i i€ I i 

(: 7 \ ' ( 3 gi ('; A s . t . I f~ g. = 1. ;?, ~ (-iE I l l . \ 

V(j 0 , ... ,jq_1 lErq (:7'' ( 

ç. . = I g.n~ . E ;Jeu. (\ ... (\ u. ) 
Jo· · ·Jq-1 iEI 1 Jo· · ·Jq-1 Jo Jq-1 
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()\ 7 

I g.xC****l~ . 
i~I 1 la·· .1q 

d( = s Q.E.D. 

lemma 4.2 (:. ~? \ X = Spec(A) Cl) t!fy~ {~(f .quasi-coherent 

lemma 4. 2 0) f: A-modules 0 category 1;1 0 X = Spec (A) J::...q 

quasi-coherent sheaves 0 category /\ Cl) functor - ( T category 

<1J equivalence 1? $. Z- 9. ë!p ; quasi-coherent sheaf 'J 
(-::A-module ;'J(X) elfi7 7 \[ -l;, functor~f ~ J;• < f::_. 

(1) VF : A-module/: 7 '' ( canonical Tj/~ifl_ F _::, r(F) /F"Jh ~. 
Œ 

(2) vy,: quasi-coherent sheaf [:. 7 '' ( canonical Tf /~~ 

c%J:.l (1) lemma 4.1 J: ') tJfl ~ fl\. 

( 2 ) 1 emma 4 . 2 q (1) J: 1
) S lî sur,iective. 

S tr;· injective (:·J} ~ ~ f:.. ~ f; 7f [:.-(1. V 
"gEoA (-:.? '' 

( S(U ) tv.:· injective" ~ f· t'.l"tJ:' \', 1 If· J2 0 Ï>f~ g 

TJ diagram (: J,· \' ( S(X) 

"f)<'isom. ? .. ilt)~ 2.l(Jlemma 

4.1 ~ 1
/ ~N S ll'o -7: : 7 .. 

r E Ker S ( U g) t_ q ~ ~ :1 n > o 

S(X) 

.---..___,,, 
gns=res(n), n Er(;])(X) 

:. S(X) Cnl 1u = o g 1 emma 4 . 2 Cl) ( 2 ) (: J:" 1) 
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3 
m > 0 m m g B(X)(n) = B(X)(g n) = 0 

. m 
•• g n = o 

m m+n 
•• O = re s ( g n) = g f, 

:. B(Ug) (if injective 
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g-lEiJX(Ug) ,):: 1) f, = 0 

Q.E.D. 



§ ~. Spectral sequences 

§ 3 {" ï± "'-" T"-. Cartan' s lemma 

~ spectral 

if.fi%· '7. 1 double complex 

group homomorphiS ms 

\ 1 > '!z_ ') Z,j:: ft "f- ~~ f~ l, l V }_. 

o/ 'd_ ,, T cl 'CJ/ "- 0 

.l 'J'- -1"Y' A-"'- -0 lADL ~o 
/ / 

-=- ""double complex "' ~ >fZ"" ; 7 1 :_ l- ( complex ( h~ ol"j,,,_Ei!Z. 

j,~~ ® Kr,'1-
P+t,,,_ 

total differentiation operator dijdifferentiation operaters 

c(,' d'' 1: J: ') , . 

fflxi'S.2. double complex K 1~ h L ( 

k C) n-th cohomology'[. 

" Ker (K"~ r(") 
H (K) = ( /,( ,,_, ot"'' "") I,,.. r ' ----::? K 

_ 0) cohomology t/ J!!~/J: filtrat ion 

"} Ü\"'' complex K ·O\filtration -;ç: .!!À Ô ~ , 
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r(P) ~ $ i'\p;g' 

(~'{~) 
g ~ ~. f(.::> ---:) f(P)/ f(P-t1):>--·)07jo~ ir-----"1 

.:.. _,,_ 2 ~,~ r filtrat ion 11~ "t c- <I • ,, 
p 

:: """~ H(p>J\)~ lH":'°!\)0-ïl 1~ 1-\'n f(P)" 1t. Z"1t~;z iJ--1-~ 

~ CJ } r ;it~' Ji j.-/:_ cohomology HCK) ":)filtration 

H""(K)> .. .:::>)-\~)Cf\):> H1';,,.1) \K)::> - .. ;> 0 1)\" 't ~~. 
Î~'i>, 3 ë~ = /-j~~'l-//-1~~1) (P,'fé2) 

'f!i: 1: ''1\P-~ ~ 0 (p, 0 Of 'fr< 0) 'I 0~&°E?f~ ~ ~ 

Spectral sequence l'. 1 J>;z dJ J: ) r,J.' -b => 7'· Ji ~ . 

" , ' H"' " 1) Lo)" Hltt+') '--He•) C - - - - C Hio) ~ 1-:. o-., ? 

H '! ( i=:;;,0, E:l '. - - - I E:;.~ ) ~ :$' ~l(J ~ . 

"-) -% ff'J; ~ step by step l~approximate g ?-

ir-S . ~ (P. t-) /-:. h t... ( . J.i/, T ci 1ïP < :J:_~,< h ~ abelian 

ro °' e Ep.i -i:: P.' - r.i - 0 
• "1 ;J;.-i- 2 g ups ;S quence' I L.-, ·, ••. , ti- , --- C' c:;; /-:. !i&3f U/" 

t;, ai :I (T ~ "' è-'~ ~ . 

~1 "f p.~ .; '<! " ' 2.. ""' - ;17 l'b:t "" 1 \ =QI p, 0 of!& ( 0 ~ \' ) ';j- Î f C) ~ l'ÏÎ. qx.;r.._ 

k C' 1 ~. ii,f:, J 'i r'it 1 ~ l'f~ ri =t ., 1 ~ rr ~ . e-r ~ . ·* (/>. '?) , ~ 
7 ~\ ( ( ( p, ~ ) I< depend L () ~ ftift N ~·~ "#- ] 

-,--P·Ô _ r::P·Î _ .. __ -r.i 
c. N - ç:::. N+) - - t: OO .. 
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% l't 1Jt-i?,) 

zi::: "{ 7 c-j/-tf(\ F (P) ld.7 = 0}, B;J' = { ,,( r 11 r:kPt•-: 

d 1 & r cr) } c. '"JO' ' ~ ~~ t 1J 

c-~ = zPJ- 13:! -r z''.: ~-' 7''J:i> ~ =):: ,,,. ;f, "' ~ . 

'f(P-f't}'f (/:'-tl-)"" t:p 7' cohomology ê: fi; Z, . 

~ t cA" 

"" //~Il. li. ~ 1. f-,.. 'c. '?f ,,~· . "" / '• /î 
B-7-S. zr~i"' f 7 .s Kfti/'\ r= < P J 1 vt > é F<Pt+· > f ~-4'~."' 

13~ g. = t"'-~ 1 )6f<ft~- 1f(P.1-t1)/h(f F<P1 
-+---l:::i":::~=l___:,,,_~r 

P-!-1-1 P 
~ 
'F(f') 

[ 
p,'1,1 

abelian groups K 1:'.differentiation operator d" 
$-EZ 

jl_~,°0~)'.. r-~1 °'~· E,ri..=Hg.(/\r.~d") 

1) ;% r- K. ? l• 7 ~ Rl7 _ 
L E'i- Jp, it=z. 1-:. IJ. J (, J: :> ( map 

161 



~ induce 

zF·~ A zr+,~-1 - 2 Ptl,'>-1 \ 
>--tl r-1 - 1- c" 'Ji ~ I:>' ? 

p. 'Ir 
'-'ec ( o(!"-) ~ Z ~..-i 
" • ' ioP.!,. 2 r+•, j,-1 

Pl-" + t-

,. 

e p-r, i+>-~) 1 p-r, fi.rH (Bp.i 2 r«,}-1) 
I"'- _.t,_ ~ "'- 2 f- moduls r -t- H 

Bi>,'> (p.~- Pt1,~-1) 
= ,.,, moduls 13,. -t- 2 ;--\ 

2~~ P.'1-
" op, i ~ ,_, Pt",>-1 '°" f' f-+I 

P'r-+I •LI-

KP·'l-

(Q. 'E. />.) 

"") t-''L P'J double complex ( K d' ,,/. ,,, .. ..,._ ;z. '? "!"- F-
' I 

d t d' t %1 (," map d 1 : c!-'?' C!tl -;;: induce 

::: t'- /~ J: ? (. C.;:. (C,, d') 17,_ complex e_ 1'j-:{. 

t""'J . îf ,~. 3 
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H ,, Cc') = t:.!' 0 
1 ~ T;i: ;;;,, .z' c" <----,; K'".?,, t , ( na tural map . 

H p p p ) ~ /~, \\ / . P· &- 'o' v '' (c) ~ H (1\ 1>"-<r, 1? . 1',(1~ \ = o 1><.oor g,o 

t -q ~ e -S~ '--0 HF Cl'..) 7". 

(1) HP@)= r:;[' 0 ~ f;~'
0

---» - · - ___,., E:.:0 <-;>Hf(/<) 7 ]: ~sequence 

r-o p.o 
E1-t-117Er c:>quotient 

group l ~ 7;; ) ( " ~. 

(?.) E,°'S,,,_, f,_ 0
'i<----" -s;·i<'--"_ - - ~-i:;.;ic.- Hi(k') 7:J: ~ seauence 

ÎJ- 1- exact sequence-

(E.) 

>)'"' exact 
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·}<lu . 

(4-) J/i:_,, -z ~1:: E~ 1 = o tf '? 1-r:· H1CC)-::: H'(k); 

[~Î.] r;_ 4 l B p, 'Ir} p, té z. !::. . { .D"} 1-'l E z. r f ~ abelian groups 

{7\ families 1::. '7 l\ <'. 13Pii ~ V VI c '· 7 0\ i!:_ 7fJJ\ f 7 

1=- rlA -1i â>. 

( 
t-=. f-=- l :. if'\ 11-. - i19J'.:Jr!/L$x_ cf'} ~lf,_,,!r-~;0.:.·-pPh-:> 2) 
t' ~ o tJf <. <. t 'f-. Cartan & Eilenberg [l] p. 330 lf-J!l1. 

1Î, ~ !>. / 1:: J., if(= !- 7 t J. double complex K t;;: -7- 2. '7 et\ Z 

' 1 -Z • l<p, '/;- = 0 V p < 0 or v f <. 0 o::. r7'f<. È 'Jî ~ !::_ 'f ~ 0 

;z_ L. ?. . 'rfp, \;/t E z 1::. 7 "-z BP'f ~ E~'l- I \i V\ f z 
1 ::. -:; " -Z [:/' '.::: H "' ( k:.) o 
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J /,, Spectral sequences 01 application I 

-'t 1)", functor ·fl,"!:r 2- <? t0 'f::-llf, 12.. OI derived functor 

ri J. tr °' a 'fi:._ tx. c r ? ,, 

(; 
1 

'C' z abelian categories 

ck 1-;:."_ fl'I i_ rf'. abelian groups '71 category 
1 

J;, ~ top 

space ..t.. 0\ abelian group (') sheaves Ol category, etc, 

!:; fi, 2. ch.11-°.rf ,, o) ~ L Z t _r:_,, c/ ~ covariant r,r 

additive left exact functor /::_.. r .?- • 

f:_ r-=.· l , covariant t J- additive functor r C- , , 7 il\ 1 t , 

;;/:. (7) J. 7 (J, ÎJ Il\ 2"" rf, ;} • 

A E &-8- f. r"'° lf G -z. PC A) E &-8- l./ Ti.. Ir fc "5. -Tt. 

A,B E-d-C, fE:Ho.,...,(A,B) 1::.ffLL Pl.f) E­

Howi(r(A'), PCBl) ~lî/:::-2--tr:... 1Z.t0 t; fl:';K.°'1..i-i5f" 

fr_ ?t f::. âj 0 

(/) A, B, C. f. 11? '(, , f E- Ho'"'"' CA, 13) , ;} E- HolAl\(8, c..) 1::.., • ;z 

r C J- 0 f) = rc 0_; • f C +) E i+o"'"' (PCA>, f' ( c)) 

C2) ,4, 13 E rr&-'E- 1 .f., 'J- E::Ho..,._ (/Jr, B) 1=-? t' Z 

rCf+-;)-) =PCf)+PCJ-> Efio'""'lP(A),P(B)) 

covariant t J. additive functor T' fl~· left 

exact G • • 7 0 l;J. :)f!...O\ f- 7 1-:-/i ~ îf J.o 

O -7A !!..,, B ~ c rc1-~ e oi exact sequencet::.J:rc:z. 
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0 -7 \(A) !Jj) P~B) rC 135, fCC) (X' -C1 
l7l exact 

sequence 1::. r rf ~ . 

::: ::: -;:·' ;t JI 1~;t_ frffj_ 'f b · 

5(i{l: 'é'. 11- "sufficiently many injectives" €:_ f; ? 

~cf. iLtx 3,2 , cttJ ~.2-) • 

::.OI )f;l_ff::_:J\ 'f- r= r (!) i-th right derived functor IR,"f: 

(_, -7 '(,
1 r [- j, covariant (J additive functor 'i ;z !A ,J; 

7 1-=- !i:. h QI" ~ Q 

V J E ~ 'f 1:::. i:f l L. , 'Z. û'l injective resolution 

O c( o I J.' J :2- J"- .>-' o~,}-?j ~c.9 ~ --'-">-'"' (cf[g,t,)_3.2-) 

2: c. 2 L _ r cJo) rcd') PCJ>') rid's rcs2> _,,,. _ ... 11 3> 

complex 17::. fL î ;;. 0 ::: <h.1::: cr 1
) 

Ker (P Cd L.)) 

r.,,,cr cd'--')) 

:: o.. /i:.Â_ 1::. [-. 1
) , i/Z;,P(}) P~', injective resolution <7\ é 

1! 77 1:..Jg_MJvf.1::., t;;ilft:'.1à:MR·· z -1;.,1-:..-llt- 'l , '°'7 

covariant fJ additive functor Ë ~~ Î "} ::. t t1-. Prof. '3./ 

J- '} ~~I= ht:>-~ 0 

PJl~ : t'.., -C. 1 

1 (_" k abelian categories 

{
1 ~ -c,, li covariant (J- additive left exact functors t. 
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--1" a:/;_ J7 ST ,,,_,, . .;. ~ 
'1 ~.rr</ , v c..- -v covariant '<l additive left exact 

functor 1:: r;: ~ p:_· , ::. 171 IJ'If- . ri<.. i T / !/<. J-5 , (J<-k (ST) 11: 

c.' 11> J: ? t1 /lllfff; !=-ch ~ P'? ( (. t. -(,' 1 J, "sufficiently 

many injectives" fr f?? 1: lf ~) 

:::. LI-\/::: j'fL 2. spectral sequence t71 '§ 1Ji;. 2: ffl '' Z • :Z.oi J 

s~ cohomologic.OJ.ly trivial 

Êi-f? \!,;_ >0 1:.?t1-Z if<"S(T(J))=O 

~~:::: 0 flf. 'r/:;, E o{ f!. 1:. -:> , , -z 
f P;:, ((f!..t-TC})) 7 R"'cs T)(}) (cf. C~) l;.<f-), 

ft.JJÏ 1::.zi A.' c; t1'. f::.. spectral sequence fr_!+ ~ ? (=.. JfJ 1=-. 2 

7 (71 lemmas §:_ t'J;.Bfl,1'; ~ • 

lemma 6. 2 t'.. 
1 -f:...

1 ~ abelian categories !'.:- L-. t'..~ -(,' ~ 

covariant fr]. additive functor ~ 1f ~ B:!f. 0 -7 A -7> 8--7 

C ~ 0 r f J C.. Ol spli t exact sequence 1:: l:::f' L Z . 

sequence. q}t" '2. . t-&1 "-. exact sequence (::. r f. ~ a 

f::. t.;: L . 0-"' A --'> B ~ C- -7 0 b~spli t exact sequence 7" 
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ki? lot~ 

o- A---7 B--i>C.~0 
;dt 'l\t fi.i 

0 --:>A--;.A©C-">C -7 0 

1 ;?, ::: \::. 2·· J-, ~ 0 

C%JJ " 0 -'l> A .2.,, B ~ C -7 0 P..:' split exact sequence -z.·· J?i J 

P2 2 1 = o 1 

22P:>.~1d 13 

P, 2 ,_ ~ 0 / P, 1 1 = 1 dA P2 l;,. = t de 21 P, -t 
) I 

iJ..:· ~ ÎZ. If ~ ::. é. P.:: 1y-$ --t-$- z· Ji °?7 :' ( gJ;. e# 

l;J:p~Ji/?. J-.,-p.i; fJ-, fmt1-. cf. Nrothcott [l] p.14 Prop,2) 

l:."7;:t<_@.tt- covariant fJadditve functor-Ctî(}-:1. W\ ~ o 

Q.E.D. 

lemma 6.3 G tr abelian category lo: L. 0 __,.A -'7- (3 ~ C ~ 

0 a_ C, 0\ exact sequence C. q ;;,. , A 0\ injective 

resolution 0 A 
0 1 2.. 

-" -7 I. ~T --'>I -?··· !:: C OI injective 

resolution 

13 0\ injective resolution 0 -7 B.......;;. {<.
0 

-o> /<.
1
-7 K

2
-?> · • · C, 

;'f._ 01 J:. ? fJ Dff@ t f. diagram p: f~f:t:. G\ °3- 0 

{,., -b- t >/ p ~ 0 1 =- 7 ' \ 'Z.. 

0-,>- lp 7 l<f'-? Jf'...;, 0 tJ; split exact. 

_;.. ~\; '' (pJ:Bfl i'J\Htilf. ;h /J• i:,rJ •· f..._11 Cf. Northcott[l]p84 Th.17) 

168 



t î t 
0 ----'> 12--'> K2-7 J2---7 0 Split exact 

î î î 
0 --> 11---7 Kl-> Jl---7 0 split exact 

î î î 
0 ----'> Io-> Ko--'> Jo-. o split exact 

î î t 
0 --->A ----'> B --> c ---7 0 exact 

î t t 
0 0 0 

exact exact exact 

[~:f.J 6 .1 g[.J!; 5: p!J]!l. f:: 1 ~ (:.. d'\ r:: lemma 6.3 .?>:/i)jJ. 2:.. 
0 1 2 0 1 ~ I -> I -7 I --> - - • f': J[ , K ---> K -> · · · fr. IK, · - ' t (fl1J-gZ, 

0-?A-->l, 

0 --> ~ ---7 IK ----. JT -? 0 spli t exact 

î î î 
0 ----? A ---} B -? C -? 0 exact 

t î î 
0 0 0 

exact exact exact 

l,fc:_h"'tjc 

C rl ff1l 6. 1 (7\ tJ:. ofol J 

Step. 1 c}itf_,,,, spectral sequence ~ 9- i. ~.double complex, 

'7\ construction) 

cr&- t., ·:;;· Jr 0\ injective resolution 
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d 1 2 d
2 

T(é) 
----> ;l ____,. · · · 1:: T ~ apply l -Z complex 0 ----> T (Ji) ~ 

0 1 
T(.(O)T(d) T(.;(l)T(d J, T(;f.2)---7... fr j~} -17.::-_ T o;'left 

exact t"-''fJ- 7 0 --? T (Ji ) ----> T ( ;,l O) -7 T ( ;l'..1) O"I ~1' ,0- 1 ;f. exac~. 

~ ::. Z" i ~ 1 1=i"'fL-Z.. 

{ c~ Ker (T(;l.i) T(;(i+l)) t 1'· (. ~ 

B1 Im (T(;i'.i-1) T(;(i)) 

-( , ~ !}\ short exact sequences a. f~~-
0 ----> I (p) ----> T (,;('. O) -? El-+ 0 exact 

(0 { ';,' 
0 ----> ci -7 T(,;('.i)----> Bi+l-> 0 exact 

\"i 11 0 ----> Bi -7 Ci -7 d<iT (:Ji) ----> 0 exact 

injective resolution Z: [~il 6.1 0fil---'S 2:. r;fl" < 

0--+ T( pl -7 J'[T(p)), 0----> Bi-7,J'[Bi), 0----> if<.iT(Jr) 

----> ,J[iR.iTC]i )) t.f<:.. :h-Jj t_lemma 6.3 a_ i,.:·crl 1:. J:., -z. 

T(;;(,i] ( Vi?>O), ci (i~l) 171 injective resolutions, 

0 --> T( ·/}J -7 J' [T( #'.i)], 0 ---->Ci---> J[Ci) a. 
;'f_ 171 diagram i< f}f1. 1 °} !- ") 1::-; l. } ::.. ~fi:.. 2."~ ~ o 

O -7 ,,] [T (p)) --> ;J [T c,;(' 0 )) --'> :J[B
1

] --> 0 spli t ecact 

î î î 
(II) o ----> T(]i) ----> T(i'Ol --? B

1 ~ 0 exact 

î î î 
0 0 0 

exact exact exact 
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(II) 0 --7 :;}[Ci] --7 .;)' [T Ci_ i)] --7 J[Bi+l] ~ 0 split exact 

Î. î î 
0 --7 c1 T(;;(iJ __, Bi+l 

--7 0 exact --7 

î î î 
0 0 0 

exact exact exact 

0 --7 :;J'[Bi] --7 .:;)'[Ci] --7 ,;/ [~ëT (y)] -? 0 Split exact 

T f î 
0 --7 Bi --7 ci ---? i'.R iT ( 'jf) -7 0 exact 

î î î 
0 0 0 

exact exact exact 

:;:f[T(J'.'i)] --7 J[T(/i+l)] rf ~ map °fr J'[T(/_i)]--? 

J'[T(Bi+l)]----;. ;;j[T(Ci+l)] --7 ..J'[T(J'.i+l)] 1::. f? -Z 1'i-!fi.x. 

1" ~ c_, 7. ../"- '7 1::. ,f. ') f. {l) 0 J- 7 rJ-vrJiR-r; diagram (ill) 

v~!-Wr <?~ ~ ô (ill) 1::. s ~ apply ;j' ~ -:. t (::. ,i:: ? ?. 

diagram (IV) 1!:_ ~ ~ • 

Î î î î 
10,2 --711,2 -7 ... exact s(i:-0,2) ---? s(ï:1,2J ---'> ••• 

î î î î 
10,1 --711,1 ~ ... exact S(LO,l) __, S(Ll,l) __, ... 
î î î Î 
LO,O ___.,. 11,0 --7 ••• exact s(i:o,o) -7 s(Ll,O) ~ ... 

(ill) (IV) 
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(W) '1'l %+t %9 1! 11 Z.tf\ tz·c.h. complex fr_ f,t î P"7, ;fJ(il\ 

-'.2 /}\ differential map Ë. q1
, J::..(8 :2: .?\ differential map 

"5: d;' !:. °''C. *· 
double complex K a kP,'(, "' f, C LP't) 

d': f<.P'f{,-7/<p-+1,t- ' d"=(-1'/d'~: kP''ll-__,. KP•t--t-l 

(:: J' '? L it. Jk 'f j • ( f_ r/f.:. . ( k I cl' I d") ( 'tdouble complex 

1:: rJ il> o ) 

step. 2 ( f~·t = rf\fS (if<6'T('f)) <7) :,fjjF/) 

,J[T(t)], J'CB"J 
1 

,J'[c'-J ,J'CtR'T(y)] t71j-th components Z!' 

pi J si·!.., c_f,'-, IZf,'c !: Ji·C t' lemma 6.2 ;:;,z,c·diagram 

(][.) 1:. f. ') 

'ri p <: 0 , t/ ~),: l (:: '? •' ~ ·;'i?_ il' exact sequences ~ ~ ~. 

G-P- =G :td" i'f. kP·b- ~ .scer.i+•)_,.~(cr·t-'') _,, kp.i-+1 

t= J 'I ,t*:::i t.Y\-Z. "?-1>- S,, "'P;;,,o, v]-41 (:::.? 112 

k~r(c!''P"h-= :S (é:f'b-), Lv.<J''P•v_,)",SŒ/'t), Ker(c!"P·&) -p,J. 
I .... (d"P1 b-1) .S(R ) 
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V p ~ 0 I 't- = 0 !=- ? '' z. 

ker cd"P' 0 )=;5(r;:P), k(d"r.-i) =D, 

i->o 

!:::; c<l"p,o) er _ c -p 

I 
"0-1 - ,_,(_E ) 

"" Cd f I ) 

CE.) 

d~·1r td: J[T(Ji)J , ,J[IR.~T(j;)} 0) differential map 

-& , r; in duce '.2 tj/\ f=- :t /71 é - f}: ~ } b- <;.. de ri ved functor 

(1l ;lfy 1=--:t \:-" 10-11" Vp )/0 I V~>, 0 {::. 7 \' '2 

E~b = IRP.S (if< tT(y)) fr. rff b. 

Step. 3 

double complex K fr diagonal r7o ;!': :h 'J z:· - /~ Jiï,. L f::. f; '7l 

l~Z.;).o 

~!'0. fP·'/r;kZ,'P, (/ = d'1 r.i'' ~ d' 
I 

:: J1 1::. 0 , 1 '2. 0\ spectral sequence "§:. Jf', 2. ;) • fl:_.:i;,lf_ 6. / 
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17'· ik1't (:. f , J 

Yp ~ 0 1:. 7 '' Z 0--'? STCi/f)--'? S(:J[T Ci!J 1J.. e,K.a.ct. 
f{:p 1? ID. llJ /7\ J' ? 1J- diagram 1i:_ ~ ;;\. 0 

if 

if 

G f>, f; ±d;,o tif ;f._F' _,,. i. p+• t:. 

;r,.,2/lt~ 

.S: T ( ;i 0 ) ---"" $ T ( f p+ 
1 

) i:: 

- J!<. ûj ~ Q 

): ? 7 "Ji-$-./L~ >.1 F ') 
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ÊLt == f~'r 
"P q • ~ ..t.. .. E ',,. r (J-. iJ.. :f"li 1 =- -11 t;· ../'- t 1 

f-1111CK) ~ Ê.;:'.'o "'p(::sTÎ(_}) 

lb- f; Hh(I<.)"" t-1"( K) tî-JJ/l L, -P-t:.'1>,G 

H vi ([<) = R "' (ST) C'fr) Q.E.D. 

i9•/ fr_ ,f, 1 r' '?;; lti 1: ' sheaf ,:7) direct image 1i: fi:.~ (,. t J.. ( f t.M 

1 r.· fJ ,;_, r J , , • 

;i fi 6. / X , Y fr. top. spaces f : X ~Y 1i!: continuous map 

t.. 1f ~ fJ4-. X J:: 0\ abelian group O'\ sheaf Y:, /:::- l:f L- -Z 

-f.t Ji fJ' ~ '( .t. 0 sheaf f! :;,(o. f -? 1::. ;f_~ ~ 3- 0 

Y:::> Yi:; open sets/:..'? •' '2 (-f* p)(O) = P ( f-1(0)) 

Y-::> Vv ? "v open sets 1:. 7 • 1 -Z l"es, ( tll(})CïJ) ~ 

(ff],)(\)) 1~ f- 1(V):::>f-
1
(V) f:. J-.,, l ;if J. 

res , .Pc+-1cu)) ~ Ji<f-1(v)Î t.,,l~lf;}"' 

:: °' f,.,f? 11-Îl'~ sheaf (::.-rf 21$ 11-%~1::.kf.MS,th ~. 
[~L] 6. 2 ( X J:. 0\ ableian group 171 sheaves,0. category ) -b· t; 

(Y J::. {/\ abelian group 171 sheaves tncategory)'\O') functor f* 

11covariant t; additive left exact functor -/'cfri;} o 

( gJ;.Bfj 11- exercise ) 

(: ~ X ./:_ 0 abelian group t7) sheaves 1/1 category / 
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(.,
1 ~ Y J:._ l7'i abelian group /7\ sheaves t7\ category , 

-e_" & abelian groupsOI category L !>• ~ • 

-e.. ~ e-' "§:, T; +* , .e: 2-;, e" a v,_ E- o4 e' 

/:.1-=r c -z_ $C°(J-) =-? (Y) t=- F ,,, 2 if_~ if t> !:. . 

C ~ e_'' 11 Vy, E: o{.é'. t::.-:>" 2 (S \)(p)~ p(X) l::_rJ..J
0 

~-e.. 7 J 
Cti 1 3 . t ,f ') J 

l,i: X l: °' injective sheaf t:_ q t> l:: . 

(~flasque sheaf. 

1/L., ? P\JI) .:f5 flasque sheaf (tf:_Bfl1"J exercise ) 

4/.f::. 7 (. Proposition 1.1 F 1
) • T( J) l;}:. s-cohomologically 

trivial. 

f/i, -z ;È :Pf t,. / J. 1) - ,K. C1l 1Î- fJf f. 2 t>~-;~ L, ""'- ~ • 

/iPf 6. 2 X, Y f top spaces , {: X-è> Y~ continuous map t_ 

L f=- tJ.lt-

k .t °' abelian group 0\ sheaf Y, 1=--:> • 1 'Z 

Hf(Y, f(t-f*(f))==='}H"'(X, Y,) 
p 

ftî l G.r; (R.Ü-f;J<(P)I t ;}?_0>,f'fC-1:::.;l~:r. ch.~ presheaf 

Y=>VV open f--7 t-IP Cf- 1(U), 17 /f- 1
( V)) 01 sheafification 

(> do I c{ / 
(i;J,) p OI injective resolution 0 -"? P --? J -----+ !J - - ... i'i:_ 

Ker[f-;((di-)] 

1,,.,, Cf* cdî--'>J 
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-t ,f ii> presheaf Cll sheafification 

/(er [f;<::(d~)( 0)) 

r""' Cf*(dr-'> c rn 1 

Ke v- [ d '!--( f _,(V J)) 

IW1[d%- 1 cf-'("Cl)) l 

177 

t---7 K"ev-[f.,...(dt") (CJ)] 

Lw. ( t*(d f- 1
)( V! J 

(-C..(f 1Jo 
KeY'[.Ji-cr-\v>)J . 

= -- T:. -o-s 
-i:,., Cd't- 1( f- 1(vll] 

Q.E.D. 



S 7, Spectral sequences <11 application II 

.::; 01 section -z··r;t. $ '3 7.";f._,.,_·· f"- Cartan's lemma 17\~(f.Of-/ 

/f:.t.rf_ 7. f (Cartan' s lemma) 

X 5;. topological space , .Y, ~ X ..t. 171 abelian group Cl sheaf 

!:: l . ;/!.. iJ' ? / t1I 4f-'(f '§:. ~ (-::. 1' X tr> open subsets C"l 

family { U 'f} 'fE 9? 77~· {~fr. 1 ï; L 'Î J. , 

(_/) t ULf}r_.fE-ifl (<_X c7l open sets 171 base (:. ')? Z. '' ~ 4 

(2) 'rl'f',vc.f'é-P. f::.?•·2. 
3 1/rfif. s.t.1J<.fnV'-<'•=Vy 

(3l v f > o, lf'-f E iJ2 t~? " '2. Hic u<f', Ji 1 v'f) = o 

:: /7' et V~ 1!: 0 (::. -:> 1' 7.. 

H~(K,..I') ~ Ht-cx,J'i) 
_,_, ~ _b Vo o :/:. 

[.vf.J 7-/ fj = O /::..? "--Z 11t'é:'lr-l-"\-1::. H C.X,Jil=HCK,,T;)~<J«X) 

'..l.?. /lfx 3.6 -z"\'.l,.<f::. f? r::., ?/r. = [Tlxf 7!é.XCîJ;;;.oro17x) 

-r if ;) type 0 open coverings Vl = t Vx}:.: fX 
1 
1f" = ~ Vx} '.>'.:.EX 

{::."7 \\ l 1f{_ < 71' !§:. vx EX 1~ 7 l\ 'Z Vx.-::> Vx. t 

/L ~ lf } • 'i L '2 , Ji 0 canoni cal resolution 

é _fO de 1 d 1 
2J 2 1\--

0--'>-J-?J--? i.-;;. ;f._ _,. .... za:~r). 1. (::./1,(. 

f1\ ~ech IJl differentiation map C PCVl , /}r).....;. cf"(IJ[, /}) 

( c f. fi~ 3 '4- ) 1t, J p.%- t- if,t 1, 

1-< c Vt , ,y) ~ ,~"" ,tï , ::. ~h: or ~ 0 
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;#fifiii 2 171 differentiation ;/ : 'i)'P't- ~ S P,'i,­

L(OI 2i (7) differentiation CJfl: c;"P,t = (_-l)p J'f-

::_(/,\ 0 {::;. --J 1' L_ i"- = 0 I ·/'
2 = 0 I ia"+ê/ëJ" = 0 

lemma 7.2 

CM) f:,l Cf flasque sheaf r~·fJ- :;, lemma 7. 3 ?."if:. "1; d; il "c;· 

lv (if covering 7Jl 1::? , , '2 4J H 'fï('lll, th- O 'rff;> o 
11 

differentiations 

i:.-;· 0c L°)~ K>2-r Ck0 'i'--> K. 1-P) = -f./><X) 

-z4&:Xt'l''Ï S-/ (:.,[ tj Vp;,,.o, v'fs~O (::7 112 

if g > 0 

if t-=o 
S/i ? 2 ! 4'-/l~ > -I (-:. J.. I} f:.;, 'Ir = E ~· t­

jff:_, l. /l $x >- 2 , il ç_ 3 i7\ t ~ S: lfl "'Z 
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H'"(L) =H~1 (Lî= E'.::; 0 = HV\C.X,,37) 

:. H'\1<) = H"'CL) = H"' ( x,Y,) 

covering 7Jl 1: '7 t ' ( :f7 

l~Îr (Vl,J.) = 0 V~> 0 

(~J_) lJl. = (Ud- )o( E-A l L , A (:: linear order fr ,>-.._<Y\ -Z f,, (. J:. 

~ech resolutioiM ( ?/l, 'if) 1 il: open set V (~ T-r L 7.. 

c,'/s(llL,J) = cJcm/u, 1'/V) ""r1..<Tf".<~'f;Jr (Vu../\- fll}1,,,/' V) 

it'L 7 l ;fr V~ flasque 2· cf, :l> ::. r 1>- '-? . i:,_t, ( m, :p) 1J 

flasque T Jri ? ::- f::..v~· h 0' ~ o 

V 
Cech resolution 

Prop. 1.1 t:: J'- 1) 'r!D /- 0 t::.?" 2 

o = 1-1frc_x ,;f) = kev-C.c:l.g.<x)) /1 .... c4i-tcx)J (d-'=o) 

I_, -b·} {:: 1+. 3 .2.2 1:. f th tî-" o,f q 

H •(X,J.) = 
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•·• \(fi-> 0 /:::7t 1 Z i".ibcx,:Jï)= o 

'2 7. r'!LA. 3,J,O\ inductive limit C.191-"f<:c::L 2., 

complex k(X,J7) ~ 

k .. (X,:f) = ,t-, k 00

(?Jl, 1') 
"'-

differentiations: 

l::. r'Lfk if J-. 

K 0\ total cohomology 2: Î-t .:4- ïf ;?, (=- J0 {:. , inductive 

limi t 1::: rtl 1; J.. , f c:. -f., i;, i..1-\ T= ;'f. °' lemma fr. ffl , , 3. • 

3 ? 0\ inductive systems of abelian groups, 

(Il..:) 1-êA ) CB1)rJ.~A ) CÇ;)q.(;A 

~ maps (À_;..)1-~A, (f1-)&.(:Af7'' 

\13 >tir!- (:.. ? , , ?. '1,2. 171 diagram 

t;; ~ 'fefè 1= tf ?J ): ? 1 =- ~ i. S 10, -Z 1, 2> é 'f ,?; 
0 

:: 0\ ~ _ .f, L V rA (:. ? 11 2 A;. ~ 8 d. f'/.> C tf. -p~- exact 

(J t.; ri A~B~C v exact. 
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Z ~ Z/rlz.. .f.!:_,, O 11. exact 
Àt 

iz_ l 7. inductive system (Z.) P-E-N ) ( Z/ rez,) t&IN ~ 

N 7 vf 1::-? <' z Z ,_!.i_ Z, Z/flE "'"'t. l>/pt-t-1 z i:: 

J: 7 2 1'.È..h if:?-!:.. 

~ Z = Z., ~ Z/pR.z, = Zp ( p- J!fitl:.~) l:...ff 1
) 

>-- /' 0 ··r Z ---7 Z ---7 0 1(): exact "Z rf '' o 

:lgJ:,) ~" '7.q. 1= J=-- t), inductive limit l: 1-1i (cohomology 

Q.E.D. 

K .. ( X ,,J.) t=-? "? . V i > o I= ? ' ' -Z 

= 0 

ltJ) k 0
'%-(X,Jr) = t;;} /< 0 ''(,-CVl:,3) = ~C.0 (7J7.,;f_'6-) 

fil? 2 1!l = L V2 Yx.oxl ;);, (_ !:.. 

1< 0
''b-( XI J) = R;.,.,... 1f t_Îr-( lJx..) = Tf -i~ 

x&x h&x ~.ox 

!117 L. E~''6-•d:complex 7T t:-?n- oZ~-71T ;(~--7 
:tGX X..0-X >::f-X 

\ cohomologyl:- 1,.. z \tt lj:_ j_ J'\ ~ -o~·, ;!. 0-? f, 1 ---7-'/, ~ · 
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Q.E.D. 

ct:tJ 7. 3 EP,·i-c?!l.:fi) =,.7f . HÎ-C[h 11 .. ;v<-r, :P./Vc0A-··"1J"r) o<···<(.,,r 0 

E~·1rcm,J) ~ crcw.37). 

E~' 0 
(VL,J) = Hf('ll1,J7) 

jd; 7 -z ~ 7.q.. 10:. f. r; inductive limit ~ !::. 3. !'.:.. 

Ep.O ~f ) 
2 (X,)7) = H Cx,,}t 

Proposition 7.7 )( 1_ top.space , J7 z X J:_ .'.71 abelian group 

(/\ sheaf r ~ 2> tl~ 

H1Cx,..fî i;;....,_H'Cx,3'), H2
Cx,J,) ~H2 C><,.J7) 

'"'J. 

CtJ:.) k .. (X, y) oi spectral sequence {-:. '7 1 • ?. ~"""" 7- b 

1 
v ..., Eo,.g.-0 (-::. f , - i '> 0 /::_ 7 •• '- -

r Vq \/ ..., .,-o~t- = 0 d' ? ? IJ' > 0 , y. :r 1 1:: '7 \ 1 '- c::' 

q,l, 7. (tiJ _ç. 3 0 (3) 1:. J- 1) 

0 E f,0 
-7 2 -

?110 
H'cx,}) 

183 



rj. iS sequence iJ;· exact. (j), 6) l Î C~f) 7. 3 J= ') , <?;!. © l "J: 

Q,E.D. 

X El./ 
,/ .2 

X X 

I 

( Cartan' s lemma 0) tf,11fl) 

H ~ ( )(, J7) ~ H'lr (X, J7) "fr. 5- (:: l1Jl Î ~ induction Z" 

~ J:Bi') îf 3 o 

0 ' 1 

~ > 1 ~ "-- I 1 ' /t JJt ;?~ V t < %- 1 ::: ? " '2 CJ 1#x Tz_ q ~ é. ?k. 

/1:.. 1j 3- • 

lf"l =) Vx_ f x bX ( îfx epert 7Z.} 2:. V,, f '12 z."J.. j, J'.-? 

1:. 1\l- 1~ L }, 

/< .. (lll,J) 0\ spectral sequence t::.Fl\ l '2 ftf;J 1-3 t:.;:. ') 

E ;·'lr(,Vl, Jr) = i-o<·'.f·'"g HÔ--<lfc 0 (1- --A llii ,Ji 1 IT;
0 

,., .. "' Vè 0) 
~ - -~ ~~ ~ . 

0 < t < i I= ? , • -Z. /f l>J;. cf\ 7r-h 11-. X ~ 1J. 0 A ... ;1V01J, 

<f? k ifi l lli. 0 " •. " "'Ch~ , J1 2:. .Y 1 'Ch 0 " ,., t..r -,_-- q;, 1 1>· i 2 -t· 

17\ t 1 } -P- ':7 induction dl ~&/!:.- (-:- f 'J , 

H5-c Ui 0 ,.,. ·fi VLÎ 
1 
:f / Vc 0 /\· .,., V<.z- J = :1i ( '' ) = 0 
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1:1 
f I 

h~c;... 7. 4 t:: ,F. ') inductive limi t 

i=:~·bc x,/fi) = o, tJf, 

1/i,.,-z r;_~3(><,.f>)=0 

~ 7.6 <= .F 1J. ;f!._@0 J? (:: E2 <=? "'2 ~ 

l=- r1 3 ~/}P:·f-7f7,17 • 

iJ. 

/' / 

/ ~(> 
. ï 

~;'i7 t.11: f/LJ!E ç_ f <= J: 1) 

H'îcx,.f) = El0 = Ef0 =-··-~E~ 

;( ~-t·h: i I b4 0 fj J tJ fE.tZ.. 0. 1 b /:::_? "'Z 

E. ~· h = 0
1 

iJi:. , 'Z. E,':,;h = D 

!ri? -z /Lfe_ >- 3 "'t ~ !ï:..lfl, · 4"11" 

Et = H1t/-kCx,,i?)J = HÏ( kCX,J7)J 

f " '2 ~ 7. > t:. f 1
) 

HÎCx,,P) = HÎ(x,J.) Q.E.D. 
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