
Upper bounds on the slope of certain fibered surfaces

ʢ͋ΔछͷϑΝΠόʔۂ໘ͷεϩʔϓ্ݶʹ͍ͭͯʣ

ӿԂɹ ∗

֓ཁ

ઢ৫໘ପԁۂ໘ͷ८ճඃ෴ͰಘΒΕΔϑΝΠόʔۂ໘ͷεϩʔϓʹ 12ΑΓখ
Δ͜ͱΛઆ໌͢Δɽ͕͋ݶ্͍͞

ಋೖ
ຊߘͰѻ͏ଟ༷ମશͯC্Ͱ͑ߟΔɽࣹ f : S → B͕छ gͷϑΝΠόʔۂ໘Ͱ

͋ΔͱɼඇಛҟࣹӨۂ໘ S͔ΒඇಛҟࣹӨۂઢBͷશࣹͰ͋ͬͯɼҰൠϑΝΠόʔ
छ gͷඇಛҟࣹӨۂઢͰ͋Δͷͱ͢ΔɽKf = KS − f ∗KB Λ f ͷ૬ରඪ४Ҽࢠͱ
͢ΔɽϑΝΠόʔۂ໘ͷతͳෆมྔͱͯ͠ɼ࣍ͷΑ͏ͳͷ͕͋Δɽ

K2
f , ef := degc2(Tf ), χf := degf∗O(Kf ),

͜͜ͰɼTf = Ω∨
S/B f ͷ૬ରଋͰ͋Δɽ͜ΕΒͷෆมྔʹؔͯ͠ɼ࣍ͷ͜ͱ͕ΒΕ

͍ͯΔɽୠ͠ɼf ૬ରۃখͰ g ≥ 2ͱ͢Δɽ

• (Noether) 12χf = K2
f + ef .

• (Arakelov) Kf ωϑͰ͋Δɽ

• (্) χf ≥ 0Ͱ͋Γɼχf = 0Ͱ͋Δ͜ͱͱ f ہॴࣗ໌ɼͭ·Γਖ਼ଇϑΝΠόʔ
ଋͰ͋Δ͜ͱಉɽ

• (Segre) ef ≥ 0Ͱ͋Γɼef = 0Ͱ͋Δ͜ͱͱ f ͷϑΝΠόʔશͯඇಛҟͰ͋Δ͜
ͱಉɽ

ຊߘͰஅΒͳ͍ݶΓ f : S → Bہॴࣗ໌Ͱͳ͍૬ରۃখͳछ g ≥ 2ͷϑΝΠόʔۂ
໘Ͱ͋Δͱ͢Δɽ͜ͷͱ্͖ͷఆཧΑΓχf > 0ͳͷͰɼೋͭͷෆมྔͷൺλf := K2

f/χf

͕ఆٛͰ͖Δɽ͜ΕΛϑΝΠόʔۂ໘ fͷεϩʔϓͱ͍͏ɽεϩʔϓʹؔͯ࣍͠ͷෆ
͕ࣜΒΕ͍ͯΔɽ
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• (εϩʔϓෆࣜ [16])
4(g − 1)

g
≤ λf ≤ 12.

Ұͭͷ߸ཱ͕͢Δͱ͖ f ͷҰൠϑΝΠόʔ͕ପԁۂઢͷ߹ʹݶΔ͜ͱ͕
ΒΕ͍ͯΔɽೋͭͷෆ্ࣜهͷ͔࣮ࣄΒ͔Γɼ߸ཱ͕͢Δ͜ͱͱ fͷϑΝΠ
όʔ͕શͯඇಛҟʢ͔͠͠ہॴࣗ໌Ͱͳ͍ʣͳ͜ͱಉͰ͋Δɽ͜ͷΑ͏ͳϑΝΠ
όʔۂ໘খฏϑΝΠόʔۂ໘ͱݺΕΔɽ࠷ॳͷ۩ମྫූ߸͕ਖ਼ͷҰൠۂܕ໘ͷྫ
ͱͯ͠খฏઌੜʹΑΓߏ͞Εͨ [12]ɽ͜͜Ͱͦͷߏ๏Λ͘ߥઆ໌͢Δʢৄ͘͠ [4]

ຢ [11]Λࢀরʣɽ

ྫ 0.1 B, C Λछ 2Ҏ্ͷඇಛҟۂઢͱ͢ΔɽੵB × C ্ͷඇಛҟͳʢطͰ
ͳ͘ͱΑ͍ʣۂઢRͰ࣍ͷ݅ (*)Λຬͨ͢ͷ͕ଘ͢ࡏΔͱԾఆ͢Δɽ

(*)͋Δࣗવ n ≥ 2ͱB × C্ͷઢଋLͰR ∼ nLʢઢܗಉʣͳͷ͕ଘ͠ࡏɼࣗ
વͳࣹӨR → B, R → Cશࣹɼ͞ΒʹR → Bෆذɽ

͜ͷͱ͖RΛఆΊΔ L⊗nͷେҬஅʹΑΓA :=
⊕n−1

i=0 OB×C(−iL)ʹOB×C-ͷߏ
͕ࣗવʹೖΓɼS := SpecOB×C

(A)ͱ͓͘ͱRͰ͢ذΔn࣍८ճඃ෴S → B×C͕ߏ
Ͱ͖ΔɽRඇಛҟͳͷͰ SඇಛҟͰ͋ΓɼୈҰࣹӨB × C → Bͱͷ߹ f : S → B

ϑΝΠόʔۂ໘ͱͳΔɽ͜ͷ f খฏϑΝΠόʔۂ໘Ͱ͋Δɽ࣮ࡍɼR → Bෆذ
ͳશࣹͳͷͰ f ͷϑΝΠόʔશͯඇಛҟͰ͋ΓɼR → Cͷશࣹੑ͔ΒϑΝΠόʔͷෳ
ૉߏม͞ܗΕ͍ͯ͘ɽ

͜ͷྫͰछ 3ͷখฏϑΝΠόʔۂ໘ͷྫߏͰ͖ͳ͍͕ɼछ gͷඇಛҟࣹӨۂઢ
ͷϞδϡϥΠۭؒMg͕ g ≥ 3ͳΒඋͳۂઢΛؚΉͱ͍͏͔࣮ࣄΒɼҙͷ g ≥ 3ʹ
ର͠छ gͷখฏϑΝΠόʔۂ໘͕ଘ͢ࡏΔ͜ͱ͕͔Δɽ͔͠͠ҰൠϑΝΠόʔ͕ପ
ԁۂઢͷͱ͖ɼখฏϑΝΠόʔۂ໘ଘͣͤࡏɼ࣍ͷෆཱ͕ࣜ͢Δɽ

ఆཧ 0.2 ([17]) f : S → BΛछ gͷϑΝΠόʔۂ໘ͱ͢ΔɽҰൠϑΝΠόʔ͕ପԁ
ઢͷͱ͖ɼෆࣜۂ

λf ≤ 12− 2g + 1

[g2/4]

ཱ͕͢Δɽ

͜ͷෆࣜྑ࠷Ͱ͋Δɽ࣮ࡍɼҙͷ g ≥ 2ʹର͠ɼෆࣜͷ߸Λຬͨ͢छ gͷ
ପԁతͳϑΝΠόʔۂ໘͕ߏ͞Ε͍ͯΔ [14]ɽ
ྫ 0.1ͷখฏϑΝΠόʔۂ໘ͷߏ๏ɼछ 2Ҏ্ͷʢͬͱ؆୯ͳʣϑΝΠόʔ

໘Bۂ ×C → Bͷ८ճذඃ෴ΛऔΔͱ͍͏γϯϓϧͳͷͰ͋ΔɽҰํɼପԁతͳ
ϑΝΠόʔۂ໘ઢ৫໘ʢछ 0ͷϑΝΠόʔۂ໘ʣͷ 2ॏඃ෴ΛऔͬͨͷʹଞͳΒͳ
͍͕ɼఆཧ 0.2ઢ৬໘ͷ 2ॏඃ෴ΛͲͷΑ͏ʹऔͬͯʢछ gΛݻఆ͢Εʣεϩʔ
ϓΛ 12ʹ͚ۙͮΔ͜ͱ͕Ͱ͖ͳ͍͜ͱΛ͍ͯͬݴΔɽ͔͠͠ɼྫ͑छ 3, 4ͷඇପ
ԁۂઢ P1ͷ 3ॏඃ෴Ͱ͋Δ͔Βɼछ 3, 4ͷখฏϑΝΠόʔۂ໘ʢదʹఈΛม
͢Εʣઢ৬໘ͷ 3ॏඃ෴ͱݟΕΔɽ͜ΕΒ͔Βɼྫ 0.1ͷߏ๏ͰɼB ×CͷΘΓʹ
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ઢ৬໘ପԁۂ໘্ͷ८ճඃ෴Λ͑ߟΔ͜ͱͰখฏϑΝΠόʔۂ໘͕ߏͰ͖ΔͷͩΖ
͏͔ͱ͍͏͕͑ߟΒΕΔɽຊߘͰɼ͜ͷʹؔ͠൱ఆతͳղɼͭ·Γઢ৬໘
ପԁۂ໘্ͷʢ୯७ͳʣ८ճඃ෴ͰখฏϑΝΠόʔۂ໘ߏͰ͖ͳ͍ͱ͍͏͜ͱΛɼ
εϩʔϓͷ 12ΑΓখ্͍͞ݶΛ༩͑Δ͜ͱʹΑΓઆ໌͢Δɽຊߘͷৄࡉͳ༰จ [6],

[7]ʹ·ͱΊͯ͋Δɽ

ँࣙ ࡚زԿγϯϙδϜͰߨԋͷػձΛ༩͑ͯԼͬͨ͞ੈਓͷେઌੜɼখྛ
ઌੜɼ౻ઌੜʹ͓ྱΛਃ্͛͠·͢ɽࢲ JSPS KAKENHI No. 16J00889͔ΒԉॿΛ
ड͚͍ͯ·͢ɽ

1 ओ݁Ռ
·ͣɼϑΝΠόʔۂ໘ͷ८ճඃ෴ͰಘΒΕΔϑΝΠόʔۂ໘ͷΫϥεΛఆٛ͢Δɽ

ఆٛ 1.1 छ gͷϑΝΠόʔۂ໘ f : S → B͕ (g, h, n)ܕͷprimitive cyclic covering

fibrationͰ͋Δͱɼʢ૬ରۃখͱݶΒͳ͍ʣछ h ≥ 0ͷϑΝΠόʔۂ໘ ϕ̃ : W̃ → B

ͱ n࣍ͷ८ճذඃ෴ θ̃ : S̃ → W̃ ͕͋ͬͯɼf ͕ f̃ := ϕ̃ ◦ θ̃ͷ૬ରۃখϞσϧͰ͋Δ
͜ͱͱ͢Δɽ͜͜Ͱɼθ̃ͷذҼࢠ R̃ඇಛҟͰɼ∃L̃ ∈ Pic(W̃ ) s.t. R̃ ∈ |nL̃|, S̃ =

SpecO
W̃

(⊕n−1
i=0 OW̃ (−iL̃)

)
ͱԾఆ͢Δɽ

ҙ 1.2 (1) θ̃ : S̃ → W̃ ΛҰൠϑΝΠόʔʹ੍ۂͨ͠ݶઢͷؒͷ n࣍८ճඃ෴ͷذ
ͷݸΛ rͱ͢Δͱɼ͜Ε nͷഒͰ͋ΓɼHurwitzͷެࣜΑΓ࣍Λຬͨ͢ɿ

r =
2(g − 1− n(h− 1))

n− 1
.

(2)छgͷϑΝΠόʔۂ໘f͕ପԁతͰ͋Δ͜ͱͱ (g, 0, ͷprimitiveܕ(2 cyclic covering

fibrationͰ͋Δ͜ͱಉɽ

(3) Ұൠʹɼछ gͷඇಛҟۂઢछ hͷඇಛҟۂઢͷ 2ॏඃ෴Ͱ͋Δͱ͖ h-ପԁۂ
ઢͱ͍͏ɽ0-ପԁۂઢପԁۂઢʹଞͳΒͳ͍ɽ1-ପԁۂઢͷ͜ͱΛପԁۂઢͱ
͍͏ɽg > 4h+1ͷͱ͖ɼछ gͷϑΝΠόʔۂ໘ f ͕ h-ପԁతʢͭ·ΓҰൠϑΝΠ
όʔ h-ପԁۂઢʣͰ͋Δ͜ͱͱ (g, h, ͷܕ(2 primitive cyclic covering fibrationͰ͋Δ
͜ͱಉ. ͜ΕҰൠϑΝΠόʔͷ h-ପԁతର߹͕ g > 4h + 1ͷͱ͖ۂ໘ͷର߹ʹ
֦ு͢Δ͜ͱ͔Βै͏ [5]ɽ

(4)ྫ 0.1Ͱߏͨ͠খฏϑΝΠόʔۂ໘ (g, h, n)ܕͷprimitive cyclic covering fibration

Ͱ͋Δɼ͜͜ͰɼhCͷछͰ͋Δɽ

ओ݁Ռ࣍ͷΑ͏ʹͳΔɽ
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ఆཧ 1.3 ([6], [7]) f : S → B Λ (g, h, n)ܕͷ primitive cyclic covering fibrationͱ͠ɼ
h = 0ຢ h = 1ͱ͢Δɽ͜ͷͱ͖ɼཱ͕࣍͢Δɽ

λf ≤ 12− µg,h,n.

͜͜Ͱɼ

µg,0,n =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

48n2(r − 1)

(n− 1)(n+ 1)(r2 − δn2)
ɹɹɹɹɹɹ ɹɹɹɹ (n ≥ 4͔ͭ r < n(n− 1))

48n(n− 1)(r − 1)

n(n+ 1)r2 − 8(2n− 1)r + 24n− δn3(n+ 1)
ɹɹ (n ≥ 4͔ͭ r ≥ n(n− 1))

75

17
ɹɹɹɹɹɹɹɹɹɹɹɹ (n = 3͔ͭ g = 4)

72(r − 1)

4r2 − 15r + 27− 36δ
ɹɹɹɹ (n = 3͔ͭ g > 4)

2g + 1

[g2/4]
ɹɹɹɹɹɹɹɹɹɹ (n = 2)

µg,1,n =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

6n2

(n− 1)(g − 1)
ɹ (n ≥ 4ຢ (g, n) = (4, 3))

24

4g − 17
ɹɹ (n = 3͔ͭ g > 4)

2

g − 2
ɹɹɹ (n = 2͔ͭ g > 2)

ୠ͠ɼrҙ 1.2 (1)ͷͷͰ͋Γɼδ =

{
0, r ∈ 2nZ,
1, r ̸∈ 2nZ.

ΛಘΔɿݶ໘ͷεϩʔϓͷ্ۂͱͯ͠ɼପԁతͳϑΝΠόʔܥ

ܥ 1.4 f : S → BΛछ g > 2ͷϑΝΠόʔۂ໘ͱ͢ΔɽҰൠϑΝΠόʔ͕ପԁۂઢ
ͷͱ͖ɼෆࣜ

λf ≤ 12− 2

g − 2

ཱ͕͢Δɽ

ূ໌ g > 5ͳΒପԁతͳछ g ͷϑΝΠόʔۂ໘ (g, 1, ͷܕ(2 primitive cyclic

covering fibrationͳͷͰɼఆཧ 1.3͔Βͪʹै͏ɽg = 3, 4, 5ͷͱ͖ɼପԁతͳछ

4
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 gͷϑΝΠόʔۂ໘ f : S → Bʹର͠ɼదͳ༗ࣹݶB′ → BͰఈΛม͢Ε (g, 1, 2)

ͷܕ primitive cyclic covering fibrationf ′ : S ′ → B′͕ಘΒΕɼશͯͷϑΝΠόʔ҆ఆ
ʹͰ͖Δ [3]ɽ8 < 12− 2/(g − 2)ΑΓ 8 ≤ λf ͱԾఆͯ͠Α͘ɼ͢Δͱ [15]ΑΓ λf ≤ λf ′

͕ΓཱͭͷͰɼఆཧ 1.3ΑΓओு͕ै͏ɽ ✷

ପԁతͳখฏϑΝΠόʔۂ໘͕ଘ͠ࡏͳ͍͜ͱΛϞδϡϥΠͷݴ༿Ͱ͍͑ݴΔͱ࣍ͷ
Α͏ʹͳΔɿ

ܥ 1.5 छ gͷପԁۂઢશͯΛύϥϝτϥΠζ͢ΔMgͷ෦ଟ༷ମBgඋͳۂઢ
Λؚ·ͳ͍ɽ

ূ໌ ઢBۂඋͳ ⊂ Bg͕ଘ͢ࡏΔͱԾఆ͢Δɽ༗ݶඃ෴M′
g → MgͰM′

g্ීว
U ′
g → M′

g͕ଘ͢ࡏΔͷΛऔΔɽBͷM′
gͷҾ͖͠B′͜ͷීวΛ੍͠ݶɼඞ

ཁͳΒB′ͷಛҟղফB′′ → B′ͰఈΛม͢Δ͜ͱͰɼପԁతͳখฏϑΝΠόʔۂ
໘ f ′′ : S ′′ → B′′ΛಘΔɽΑͬͯεϩʔϓͷ 12ΑΓখ্͍͕͋͞ݶΔ͜ͱʹໃ६ɽ ✷

2 h = 1ͷ߹
͜ͷઅͰ primitive cyclic covering fibration f ͷෆมྔK2

f  χf Λ८ճඃ෴Λ௨ͯ͠
ɼh͠ࢉܭ = 1ͷ߹ʹ༗ݸݶͷୀԽϑΝΠόʔժʹࡏہԽ͞ΕΔ͜ͱΛݟΔɽͦͷޙɼ
ఆཧ 1.3ͷূ໌ͷํΛઆ໌͢Δɽh = 0ͷ߹ಉ༷Ͱ͋Δ͕ɼ͜͜Ͱུ͢ʢৄ͘͠
 [6]Λࢀরʣɽ
f : S → BΛ (g, h, n)ܕͷ primitive cyclic covering fibrationͱ͢Δɽ1અͰ༻͍ͨఆ
ٛه߸Λ༻͍Δɽϕ : W → BΛ ϕ̃ͷ૬ରۃখϞσϧʢͷҰͭʣͱ͢Δɽ p ∈ Bʹର
͠ɼFp, F̃p, Γp, Γ̃pΛͦΕͧΕ f , f̃ , ϕ, ϕ̃ͷ p্ͷϑΝΠόʔժͱ͢Δɽࣗવͳ༗ཧࣹ
ψ̃ : W̃ → W Λ blow-upͷྻͰද͢ɿ

W̃ = WN
ψN−−→ WN−1 −→ · · · ψ2−→ W1

ψ1−→ W0 = W.

͜͜Ͱɼ֤ψi : Wi → Wi−1 xi ∈ Wi−1Λத৺ͱ͢Δ blow-upͰ͋ΔɽRN = R̃ͱ͓͖ɼ
i = 0, . . . , N − 1ʹର͠Ri = (ψi+1 ◦ · · · ◦ ψN)∗R̃ͱఆΊΔɽR = R0ͱ͓͘ɽi = 1, . . . , N

ʹର͠ɼEi = ψ−1
i (xi), mi = multxi(Ri−1)ͱ͓͘ɽ࣍ͷิ؆୯͕ͩॏཁͰ͋Δɽ

ิ 2.1 i = 1, . . . , N ʹର͠ɼཱ͕࣍͢Δɽ

(1) mi ∈ nZ·ͨmi ∈ nZ+ 1ཱ͕ɽ͞Βʹɼmi ∈ nZͰ͋Δ͜ͱͱEi ̸⊂ RiͰ͋Δ
͜ͱಉɽ

(2) Ri = ψ∗
iRi−1 − n

[mi

n

]
Eiཱ͕ɽ͜͜Ͱɼ[t] tΛ͑ͳ͍࠷େͷɽ

(3) ͋Δઢଋ Li ∈ Pic(Wi)͕ଘ͠ࡏɼRi ∼ nLi, Li = ψ∗
iLi−1 −

[mi

n

]
EiɼLN = L̃Λຬ

ͨ͢ɽ

5

68



ূ໌ Pic(WN) = ψ∗
NPic(WN−1)

⊕
Z[EN ]ͳͷͰɼ͋Δ LN−1 ∈ Pic(WN−1)ͱ dN ∈ Z͕

͋ΓɼLN := L̃ = ψ∗
NLN−1− dNEN ཱ͕͢ΔɽؼೲతʹɼLi−1 ∈ Pic(Wi−1)ͱ di ∈ ZͰ

Li = ψ∗
iLi−1 − diEiΛຬͨ͢ͷ͕ͱΕΔɽR̃ = RN ∼ nLN = ψ∗

N(nLN−1) − ndNEN ͱ
RN−1 = (ψN)∗RN ͔ΒɼRN−1 ∼ nLN−1͕ै͏ɽؼೲతʹɼRi ∼ nLiΛಘΔɽEi ̸⊂ Ri

ͳΒRiRi−1ͷݻ༗มͰ͋Γɼmi = RiEi = ndiΛಘΔɽEi ⊂ RiͳΒRiඃ
ͳͷͰRi −EiRi−1ͷݻ༗มͰ͋Γɼmi = (Ri −Ei)Ei = ndi + 1ΛಘΔɽͲͪΒͷ
߹Ͱɼdi = [mi/n]Ͱ͋Δɽ ✷

blow-upͷྻ ψ̃ = ψ1 ◦ · · · ◦ψN ΛɼذRͷิ 2.1Λຬͨ͢ಛҟղফͱ͍͏ํݟΛ
͢Δɽn = 2ͷ߹ɼࠓͰඪ४ղফͱݺΕ͍ͯΔͷʹଞͳΒͳ͍ (cf. [9])ɽn ≥ 3

ͷͱ͖ɼิ 2.1 (1)͔Β͔ΔΑ͏ʹRͷಛҟͷॏෳʹ੍͍͕ͯͭ͠ݶ·͏͜ͱ
ʹҙ͢ΔɽઌʹಛҟΛͨͬ࣋R͔Βग़ൃͯ͠ɼิ 2.1ͷΑ͏ͳಛҟղফ͍ͭͰ
ग़དྷΔͱݶΒͳ͍ͷͰ͋Δɽ
ิ 2.1ΑΓɼ

Kϕ̃ = ψ̃∗Kϕ +
N∑

i=1

Ei, (2.1)

L̃ = ψ̃∗L−
N∑

i=1

[mi

n

]
Ei, (2.2)

ΛಘΔɽ͜͜ͰɼL := L0Ͱ͋ΓɼEi EiͷશมͰ͋Δɽθ̃ : S̃ → W̃  R̃ ∈ |nL̃|ʹ
Ԋͬͯ͢ذΔ n࣍ͷ८ճඃ෴Ͱ͋ΔͷͰɼ

KS̃ = θ̃∗
(
KW̃ + (n− 1)L̃

)

χ(OS̃) = nχ(OW̃ ) +
1

2

n−1∑

j=1

jL̃(jL̃+KW̃ )

ͱͳΓɼैͬͯ

K2
f̃

= n(K2
ϕ̃ + 2(n− 1)Kϕ̃L̃+ (n− 1)2L̃2), (2.3)

χf̃ = nχϕ̃ +
1

2

n−1∑

j=1

jL̃(jL̃+Kϕ̃). (2.4)

ཱ͕͢Δɽ

ఆٛ 2.2 (ಛҟࢦ) (1) kΛਖ਼ͷͱ͢ΔɽҎԼɼRͷ p ∈ B্ͷಛҟͱۂઢ
RiୡͷಛҟͰ p͏ͭΔͷΛ͜͢ࢦͱͱ͢Δɽ

αk(Fp) = #{Rͷ p্ͷಛҟͰॏෳ kn·ͨ kn+ 1}

ͱ͓͖ɼ͜ΕΛ Fpͷ k࣍ͷಛҟࢦͱݺͿɽҰൠϑΝΠόʔ Fpʹର͠ αk(Fp) = 0Ͱ
͋Δɽαk =

∑
p∈B αk(Fp)ͱ͓͘ɽ
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(2) ࢦͷಛҟ࣍0 α0(Fp)Λ࣍ͷΑ͏ʹఆٛ͢Δɿ

D1 :=
∑(

R̃ʹؚ·ΕΔ ϕ̃ʹؔ͠ਨͳ (−n)ۂઢ
)
⊂ R̃

ͱ͠ɼR̃0 = R̃−D1ͱ͓͘ɽR̃0 = (R̃0)h + (R̃0)vΛ ϕ̃ʹؔ͢Δਫฏͱਨͷ
ղͱ͢Δɽ͜ͷͱ͖ɼ

α0(Fp) = r −#((R̃0)h ∩ Γ̃p)− ep((R̃0)v)

ͱ͓͖ɼ0࣍ͷಛҟࢦͱݺͿɽୠ͠ɼep((R̃0)v) (R̃0)vͷطͰ ϕ̃ʹΑΓ p͏
ͭΔͷͷҐ૬తΦΠϥʔͷͰ͋Δɽ

α0 :=
∑

p∈B

α0(Fp) = (Kϕ̃ + R̃0)R̃0

ཱ͕͢Δɽ

(3)

ε(Fp) = #{F̃pʹؚ·ΕΔ ઢۂ(1−) }

ͱ͓͖ɼε =
∑

p∈B ε(Fp)ͱ͢Δɽ࣮ɼρ : S̃ → Sແݶʹ͍ۙΛ blow-upͤͣɼ͜ͷ

 ε ρ : S̃ → Sͷ 1ͷ blow-upճͱҰக͢Δ͜ͱ͕͍͑Δɽ

(2.1)ͱ (2.2)ΑΓɼ

(Kϕ̃ + R̃)R̃ =

(
ψ̃∗(Kϕ +R) +

N∑

i=1

(
1− n

[mi

n

])
Ei

)(
ψ̃∗R− n

[mi

n

]
Ei

)

= (Kϕ +R)R−
N∑

i=1

n
[mi

n

] (
n
[mi

n

]
− 1
)

= (Kϕ +R)R− n
∑

k≥1

k(nk − 1)αk. (2.5)

͕ΓཱͭɽҰํɼ

(Kϕ̃ + R̃)R̃ = (Kϕ̃ + R̃0)R̃0 +D1(Kϕ̃ +D1) = α0 − 2ε (2.6)

ͳͷͰɼ
(Kϕ +R)R = n

∑

k≥1

k(nk − 1)αk + α0 − 2ε (2.7)

ཱ͕͢ΔɽK2
f = K2

f̃
+ ε, χf̃ = χf , (2.1), (2.2), (2.3), (2.4)ΑΓɼ

K2
f = nK2

ϕ + 2(n− 1)KϕR +
(n− 1)2

n
R2 −

∑

k≥1

((n− 1)k − 1)2αk + ε (2.8)

χf = nχϕ +
(n− 1)(2n− 1)

12n
R2 +

n− 1

4
KϕR− n(n− 1)

12

∑

k≥1

((2n− 1)k2 − 3k)αk (2.9)

7
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ཱ͕͢Δɽ(2.7), (2.8), (2.9)ͱNoetherͷެࣜΑΓɼ

ef = neϕ + n
∑

k≥1

αk + (n− 1)α0 − (2n− 1)ε (2.10)

ΛಘΔɽ͜Ε ef ͷҰͭͷࡏہԽදࣔͰ͋Δ͕ɼҰํͰ ef ผͷࡏہԽදࣔ

ef =
∑

p∈B

(etop(Fp)− 2 + 2g)

Λͭ࣋ɽ͜͜Ͱɼetop(Fp)FpͷҐ૬తͳΦΠϥʔͰ͋Δɽ࣮ࡍʹ͜ͷ 2ͭͷࡏہԽද
ࣔҰக͢Δɽͭ·Γɼҙͷ p ∈ Bʹର͠ɼ

etop(Fp)− 2 + 2g = neϕ(Γp) + n
∑

k≥1

αk(Fp) + (n− 1)α0(Fp)− (2n− 1)ε(Fp)

ཱ͕͢Δɽ͜͜Ͱɼeϕ(Γp) = etop(Γp)− 2 + 2hͰ͋Δɽ

2.1 ෆมྔͷࡏہԽ

͔͜͜Β h = 1ͱԾఆ͢Δɽf : S → B Λ (g, 1, n)ܕͷ primitive cyclic covering

fibrationͱ͢Δɽϕ : W → B૬ରۃখͳପԁۂ໘ͳͷͰɼඪ४ଋެࣜΑΓKϕ
(
χϕ +

∑

p∈B

(
1− 1

mp

))
Γ

ͱతʹಉͰ͋Δɽ͜͜ͰɼmpϕͷϑΝΠόʔ ΓpͷॏෳͰ͋Δɽp ∈ Bʹର͠
ν(Fp) = 1− 1/mpͱ͓͖ɼν =

∑
p∈B ν(Fp)ͱ͓͘ɽ͜ͷͱ͖ɼKϕR = (χϕ + ν)rͱ͔͚

Δɽ͜Εͱ (2.7), (2.8), (2.9), (2.10)ΛΈ߹Θͤͯɼ࣍ΛಘΔɽ

ิ 2.3

K2
f (Fp) =

∑

k≥1

((n+ 1)(n− 1)k − n)αk(Fp) +
(n− 1)2

n
(α0(Fp)− ε(Fp))

+
(n+ 1)(n− 1)r

n
(χϕ(Fp) + ν(Fp)) + ε(Fp).

χf (Fp) =
1

12
(n− 1)(n+ 1)

∑

k≥1

kαk(Fp) +
(n− 1)(2n− 1)

12n
(α0(Fp)− ε(Fp))

+
(n+ 1)(n− 1)r

12n
(χϕ(Fp) + ν(Fp)) + nχϕ(Fp)

ͱ͓͘ͱɼ
K2

f =
∑

p∈B

K2
f (Fp), χf =

∑

p∈B

χf (Fp)

ཱ͕͢Δɽ͜͜Ͱɼχϕ(Fp) := (1/12)eϕ(Γp)Ͱ͋Δɽ

8
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͜͏ͯ͠ h = 1ͷ߹ʹK2
f , χf ͷࡏہԽද͕ࣔಘΒΕͨɽ͜ΕΛ༻͍ͯɼ࣍ͷεϩʔϓ

ࣜͱݺΕΔࣜΛಘΔɽ

ఆཧ 2.4 f : S → BΛ (g, 1, n)ܕͷ primitive cyclic covering fibrationͱ͢Δɽ͜ͷͱ͖ɼ

K2
f =

12(n− 1)

2n− 1
χf +

∑

p∈B

Ind(Fp),

͕Γཱͭɽ͜͜Ͱɼ

Ind(Fp) :=n
∑

k≥1

(
(n+ 1)(n− 1)

2n− 1
k − 1

)
αk(Fp) +

n− 1

2n− 1
((n+ 1)r − 12n)χϕ(Fp)

+
(n+ 1)(n− 1)r

2n− 1
ν(Fp) + ε(Fp)

Ͱ͋Δɽ͞Βʹɼr ≥ 12n/(n+ 1) ͷͱ͖͜ΕඇෛͰ͋Γɼಛʹ

12(n− 1)

2n− 1
≤ λf

ཱ͕͢Δɽ

ඇෛͷ༗ཧ Ind(Fp)ͷ͜ͱΛϑΝΠόʔժ Fpͷງࢦͱ͍͏ɽ໊લͷ༝དྷɼງ
ઌੜ͕छ 2ͷϑΝΠόʔۂ໘ʹର͠εϩʔϓͷԼ͔ݶΒͷͣΕΛଌΔ Ind(Fp)ʹ૬
͢ΔؔΛߏͨ͜͠ͱʹΑΔ [10]ɽछ 2ͷϑΝΠόʔۂ໘ (2, 0, ͷܕ(2 primitive

cyclic covering fibrationʹଞͳΒͳ͍͕ɼҰൠʹ (g, 0, n)ܕͷ߹ງࢦ Ind(Fp)͕
ఆٛͰ͖εϩʔϓ͕ࣜಘΒΕΔ [6]ɽ
ҰํɼHirzebruchͷූ߸ఆཧ [8]͔Βۂ໘ Sͷ ଟ༷ମͱͯ͠ͷҐ૬ෆมྔͰ࣮ݩ࣍4

͋Δූ߸ Sign(S) = K2
f − 8χf ͱ͔͚ΔͷͰɼූ߸༗ݸݶͷୀԽϑΝΠόʔժʹ

Խ͞ΕΔɿࡏہ

໋ 2.5 f : S → BΛ (g, 1, n)ܕͷ primitive cyclic covering fibrationͱ͢Δɽ͜ͷͱ͖

σ(Fp) :=K2
f (Fp)− 8χf (Fp)

=n
∑

k≥1

(
(n+ 1)(n− 1)

3
k − 1

)
αk(Fp) +

(
(n− 1)(n+ 1)r

3n
− 8n

)
χϕ(Fp)

+
(n+ 1)(2n− 1)

3n
ε(Fp) +

(n+ 1)(n− 1)r

3n
ν(Fp)−

(n+ 1)(n− 1)

3n
α0(Fp)

ͱ͓͘ͱɼ
Sign(S) =

∑

p∈B

σ(Fp)

ཱ͕͢Δɽ

͜ͷ σ(Fp)ϑΝΠόʔժFpͷہॴූ߸ͱΑΕΔɽہॴූ߸ʹؔͯ͠زԿɼ
τϙϩδʔํͷ؍͔Βଟ͘͞ڀݚΕ͍ͯΔɽ͜ͷํ໘ͷαʔϕΠͱͯ͠ɼ[1], [2], [13]

Λ͓ͯ͛͘ڍɽ
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2.2 ओ݁Ռͷূ໌ͷํ

K2
fͱχfͷࡏہԽද͕ࣔ͋ΔͷͰɼఆཧ 1.3Λূ໌͢Δʹ (12−µg,1,n)χf (Fp)−K2

f (Fp)

͕ͲΜͳϑΝΠόʔժFpʹରͯ͠ඇෛͰ͋Δ͜ͱΛࣔͤྑ͍ɽ͜ ͷαk(Fp), ε(Fp),

ν(Fp), χϕ(Fp)ͰදͤΔ͜ͱʹҙ͢Δɽඇෛੑͷূ໌ɼ͜ΕΒͷಛҟࢦͷؒͷෆ
ࣜΛ͍͔ͭ͘ಋ͖ɼͦΕΒΛ༻͍ͯ͏ߦɽͦΕΒͷෆࣜΛಋͨ͘ΊʹɼذRͷ
ิ 2.1Λຬͨ͢ಛҟղফͷϓϩηεͷৄࡉͳղੳ͕ඞཁͰ͋Γɼ͞Βʹଟ͘ͷಛҟ
ࡉͳΔͨΊ͜͜Ͱུ͢ɽৄʹࡶΛ४උ͠ͳ͚ΕͳΒͳ͍ɽ͜ΕҎ্ࢦ [7]ʹ
ॻ͍͍ͯΔɽఆཧ 1.3ͷෆ͔ࣜྑ࠷Ͳ͏͔·͔͍ͩͬͯͳ͍͕ɼh = 1ͷ߹
(12− µg,1,n)χf (Fp) = K2

f (Fp) > 0ͱͳΔϑΝΠόʔժ Fpଘ͠ࡏɼશͯྨͰ͖Δɽͦ
ͷͨΊɼϑΝΠόʔժͷෆࣜͱͯ͠ྑ࠷ͷෆࣜͱͳ͍ͬͯΔɽ߸ཱ͢ΔྫΛߏ
͢ΔʹɼୀԽϑΝΠόʔ (12 − µg,1,n)χf (Fp) = K2

f (Fp) > 0Λຬͨ͢ͷ͚ͩͰ͋
ΔΑ͏ͳ (g, 1, n)ܕͷ primitive cyclic covering fibrationΛߏ͢Εྑ͍ɽ͔͠͠ݱঢ়
ͲͷΑ͏ʹߏ͢Εྑ͍͔͔Βͳ͍ɽ
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