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Abstract

Classification of dynamic phenomena (dynamics) is essential to analysis and control of

electric power systems. While various dynamics evolve on a wide range of scales in space

and time, it is necessary to extract the dynamics of interest through relevant mathematical

modeling. For this purpose, such multiscale dynamics are classified in terms of their

physical characteristics: wave, electromagnetic, electromechanical, and thermodynamic

phenomena. Conventionally, this classification has been consistent with the temporal and

spatial scales on which effective tools of analysis and control are developed. Namely,

electric power systems have been based on the underlying principle of scale separation.

While electric power systems have played the most prominent role in delivering energy

services, several studies have indicated that design of the next-generation energy systems

cannot be looked as an isolated issue regarding electricity supply. This point of view is

described by e.g. Energy Systems Integration (ESI). In this integration, multiple type

of energy such as electricity, heat, and natural gas are managed consistently by utilizing

interconnections between various energy systems. For example, the so-called Combined

Heat and Power (CHP) technology, which exploits waste heat as a by-product of conver-

sion of fuel into electricity, induces interaction between electric power systems and district

heating and cooling networks. Due to such a interaction, energy conversion and trans-

fer under ESI are governed by various physical laws on different scales. The dynamical

principle for managing these interactions is remaining to be discussed and understood.

This dissertation takes a bottom-up approach to the problem and focuses on multi-

scale dynamics occurring in regional electricity and heat supply systems, which appear

as district heating and cooling networks with CHP plants. Conventionally, a CHP plant

has been operated on a slow time scale of heat supply and has not contributed to the

fast control of power systems. However, several novel operations are now proposed for

compensating variable outputs of renewable energy sources and contributing to demand

response. This induces a dynamic interaction between electromechanical and thermody-
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namic phenomena. For this, we introduce a rudimentary two-site system, which comprises

electric and heat subsystems interconnected by two CHP plants. This dissertation con-

ducts analysis and control of multiscale dynamics of simultaneous supply of electricity

and heat through simple mathematical models of the two-site system.

In the first half of this dissertation, we analyze multiscale dynamics occurring in the

two-site system. First, a stability analysis of the electric subsystem is performed to re-

visit the effectiveness and limitation of the conventional scale separation of power system

dynamics. The conventional methods of stability analysis are applicable to evaluate the

effect of the heat subsystem if the dynamics of the heat subsystem are negligible due to

scale separation. If this is not the case, it is shown that the electric subsystem is possibly

destabilized due to transient dynamics of the heat subsystem. Then, we analyze multi-

scale property of dynamics occurring in general steam supply networks. The purpose of

the analysis is to derive a simple lumped-parameter model describing the system-wide

dynamics of interest. To verify the correctness of the derived model, we discuss its struc-

tural stability based on the concept of Normally Hyperbolic Invariant Manifold (NHIM) in

singular perturbation theory. The existence of the manifold implies a separation principle

for steam supply systems, which is analogue to that for electric power systems.

The second half addresses problems of controller synthesis to achieve coordinated

operation of CHP plants in the two-site system. For regional electricity and heat supply,

the following two basic control objectives are considered. One is to maintain the steady

energy balance between demand and supply. The other is to regulate energy flows in

the system for achieving transient energy supply driven by market or energy-efficiency

policies. Because the control objectives require a large change of operating conditions

of CHP plants, our aim is to synthesize nonlinear control systems that are applicable to

a wide range of operating conditions. With this aim, we perform structural analyses of

the state-space model of the two-site system based on geometric nonlinear control theory.

Here, the existence of the NHIM clarified above plays an essential role in the structural

analysis for controller synthesis. Based on this, it is shown that the two different objectives

can be achieved by a single control scheme without changing its structure.
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Chapter 1

Introduction

This dissertation investigates multiscale dynamics in regional electricity and heat sup-

ply systems in order to provide an insight into a problem of Energy Systems Integration

(ESI) [43, 100]. In this integration, multiple types of energy such as electricity, heat,

and natural gas are managed together to satisfy specifications of stability, reliability, and

efficiency of energy supply. As will be reviewed in Sec. 1.1, electricity has been managed

with the so-called scale separation of power system dynamics [114, 84]. However, under

ESI, no dynamical principle has been discussed and understood in literature for managing

multiple types of energy. In Sec. 1.2, we discuss prior work regarding ESI and specify the

purpose of this dissertation. Section 1.3 is devoted to technical details of regional electric-

ity and heat supply systems. Based on this, in Sec. 1.4, we introduce a two-site system

as a rudimentary model for the current bottom-up approach to analysis and control of

multiscale dynamics emergent due to ESI. Section 1.5 summarizes the contents of this

dissertation.

1.1 Scale separation of power system dynamics

Classification of dynamic phenomena (dynamics) is essential to analysis and control

of electric power systems [77, 84, 133]. Because the systems have complex structures

comprising subsystems for generation, transmission, distribution, and consumption of

electricity, various dynamics evolve on a wide range of scales in space and time. In order

to develop effective tools for analysis and control of the systems, it is necessary to describe

the dynamics of interest though a relevant mathematical modeling. For this, the dynamics

are classified according to their cause, consequence, time frame, physical characteristics,
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Wave phenomena
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Figure 1.1: Time frame of the basic power system dynamic phenomena [84].

or the places where they occur [77, 114, 84].

A common and important classification of the dynamics is based on physical charac-

teristics. In [84], the dynamics are classified into wave, electromagnetic, electromechanical,

and thermodynamic phenomena. As stated in [84], this classification is consistent with

the time frame shown in Fig. 1.1. A similar concept is presented in [114, 6]. The fastest

phenomena in Fig. 1.1 are the wave phenomena that occur in high-voltage transmission

lines and correspond to the propagation of electromagnetic waves caused by lightning

strikes or switching operations. Much slower phenomena are the electromagnetic dynam-

ics that take place in machine windings following a disturbance, operation of a protection

system, or the interaction between electric machines and transmission lines. These are

followed by the electromechanical dynamics of rotating masses of generators and motors.

The slowest phenomena are the thermodynamic changes which result from boiler control

in steam power plants.

The above classification based on the time frame is essential to analysis and control of

electric power systems. The classification is also related to the places where the dynamics

occur within the system [84]. When we look at Fig. 1.1 from the left to right, the associ-

ated components of power systems vary: from three-phase transmission circuits, generator

windings, generator rotors, and to boilers of steam power plants. Based on this fact, it is

possible to extract the dynamics of interest exhibited by each component in the system.

For example, as mentioned in [77], analysis of power system stability is mainly connected

with electromechanical dynamics of the rotors of generators, and many analysis tools have

been developed by assuming that other phenomena are negligible. Furthermore, by the
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above fact, it is possible to construct a hierarchical control structure of the systems. In-

deed, the control systems of voltage and frequency have a typical hierarchical structure,

where a local controller acts faster and a global controller does slower. Thus, the modern

power systems have been based on the underlying principle of scale separation.

This scale separation is not a new concept in power systems but recently has attracted

a lot of interest from an alternative viewpoint. In the context of dynamical systems the-

ory [128], several methods of reduced-order modeling are developed based on singular

perturbation methods [66, 72] or time-scale modeling [26, 72]. In [114], dynamic models

of synchronous machines with standard control systems are provided with a particular em-

phasis on model origins, development, and specifications. In [26, 27], the above developed

methods are applied to identify and aggregate a coherent area where multiple machines

exhibit similar rotor swings after a disturbance. According to [27], the coherency identifi-

cation stems from the work of R. Podmore [106] in the early 1970s and was established by

P. Kokotović [73] and co-workers [131, 13, 130, 26] in the rate 1970s. Recently, as stated

in [57, 27], the identification based on scale separation has become rather important due

to the need for aggregating data of synchrophasor measurements [67] in the context of

the so-called Smart Grids perspective [36, 20].

1.2 Energy systems integration

While electric power systems have played the most prominent role of delivering energy

services, various studies have indicated that design of the next-generation energy systems

cannot be looked as an isolated issue regarding electricity supply [43, 83, 100, 87]. This

point of view is described by e.g. Energy Systems Integration (ESI) [100] and has recently

attracted a lot of interest in engineering and science. The energy systems mentioned here

include not only renewable energy sources, batteries, and controllable loads connected to

electric power systems but also other fuel infrastructures such as natural gas networks

and oil pipelines, as well as thermal heating and cooling systems. The ESI aims to utilize

interconnections between these energy systems on a wide range of scales in space and time

for satisfying specifications of stability, reliability, and efficiency of energy supply.

The concept of ESI originates from combined modeling and analysis of electric power

systems and natural gas infrastructures: see e.g. [5, 90, 94, 116, 21, 80]. This is motivated

by the fact that the restructuring of power industries has introduced new risks associated
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with security and reliability of natural gas infrastructures [94, 116]. In this case, the

interaction between the two types of systems is established by gas-fired (combined-cycle)

power plants. In [5, 21, 80], operational optimization and performance evaluation have

been conducted for integrated electricity and natural gas infrastructures. In particular, a

security-constrained scheduling is investigated in [80] with taking into account the tran-

sient characteristics of natural gas flow. It is shown in [80] that the use of steady-state

natural gas flow models would result in impractical or suboptimal solutions in a short-term

scheduling problem because natural gas and electric power flows usually travel through

networks via different speeds and thus illustrate distinct physical characteristics.

In order to generalize the above results and to verify the effectiveness of ESI, sev-

eral concepts have been proposed for modeling interconnections between energy systems:

energy-services supply systems [45], energy hubs [43], distributed multi-generation and

multi-energy systems [25, 87], and smart energy systems [83]. These concepts involve

thermal heating and cooling systems interconnected with other infrastructures via Com-

bined Heat and Power (CHP) [28, 56] and heat pump [29, 102] technologies. A CHP

plant utilizes waste heat as a by-product of the conversion of fuel (natural gas, hydro-

gen, etc.) into electricity. A heat pump recovers heat by consuming electricity or fuel.

Based on these concepts, operational optimization and performance evaluation have been

conducted. In particular, analysis based on the concept of energy hubs is a well-known

approach, and a general framework for steady-state analysis and optimization of energy

systems was proposed by M. Geidl and G. Andersson in 2007 [42]. Their studies have

shown the potential for reduction of overall energy cost and emissions through ESI.

While the above studies successfully showed the effectiveness of ESI in a steady state,

the dynamical principle of management of multiple types of energy is remaining to be dis-

cussed and understood for the purpose of designing secure and reliable energy systems and

synthesizing their control systems. In general, it is well-known that analysis of security

and reliability of interconnected infrastructures1 is an interwind issue [94, 116, 50, 19, 62].

For the analysis, there are many ways for modeling the structure and behavior of an

interconnected infrastructure depending on the extent to which physical and dynamic

characteristics are described: see e.g. [35, 62, 61]. While detailed models are superior in

reproducing the detailed behavior of the system, they usually require unfeasible computa-

1Here, the term “infrastructure” includes communication networks studied in [19] and railway networks
in [62], as well as energy systems in [94, 116, 50].
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Figure 1.2: The time frame of dynamics investigated in this dissertation. We address
dynamic interaction between electromagnetic and thermodynamic phenomena appearing
in regional electricity and heat supply systems due to fast operation of CHP plants.

tional time for the analysis and are too complicated to reveal the system-wide dynamics

of interest. In contrast, while topological (graph theoretic) models inspired by network

theory [96] are computationally fast and captures structural properties of the system, it

is pointed out in [35, 51] that this approach does not always capture the mechanisms of

relevant behavior of the system. Although several studies [91] have identified relation-

ships between physical and topological properties of electric power systems, no dynamical

principle has been revealed for management of multiple types of energy under ESI.

This dissertation takes a bottom-up approach to the above problem and focuses on

multiscale dynamics occurring in a rudimentary model of ESI. The model, which will

be introduced in Sec. 1.4, appears as a typical example of regional electricity and heat

supply systems, where a CHP plant induces interaction between subsystems of electricity

and heat. In particular, as shown in Fig. 1.2, we discuss the dynamic interaction between

electromechanical and thermodynamic phenomena on the time scale of seconds to tens

of seconds. The dynamic interaction is emergent2 due to fast operations of CHP plants

recently proposed in e.g. [118, 41, 135]: see Sec. 1.3 for details. In this dissertation, we

analyze and control the multiscale dynamics based on geometric singular perturbation

theory [76]. Particularly, regarding the modeling problem mentioned above, we show in

Chapter 3 that it is possible to derive a reduced-order model capturing graph theoretic

2Several studies are reported to discuss the interaction appearing in the plant-level dynamics in com-
bined cycle power plants [31, 64] and steam power plants [3]. This dissertation discusses the system-level
dynamics in regional electricity and heat supply systems as explained in Sec. 1.3.
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property of the system as well as the multiscale property of the original dynamics.

1.3 Regional electricity and heat supply systems

This section provides a technical background of regional electricity and heat supply

systems and discusses the role of a CHP plant from the perspective of ESI. A key technical

feature of a CHP plant is that it can not generate electricity and heat independently. Thus,

the ratio of electricity and heat outputs of a CHP plant, simply called as electricity-to-

heat ratio [86, 117], is an important parameter that characterizes the interaction between

subsystems of electricity and heat. Conventionally, the effect of the interaction has been

extensively studied for a slow time scale of hours, days, or seasons in a year. For example, a

design problem of a CHP plant is addressed in [136, 112, 65] for selecting the prime-mover

type3 and determining their nominal output based on the annual load curves of electricity

and heat. In [60, 11], a operational optimization problem is solved for determining the

hourly schedule of generation of a CHP plant in a day.

Recently, several novel operations of a CHP plant are proposed to provide ancillary

services [70, 109]4 of electric power systems. In [41, 99], a CHP plant is utilized for tracking

a secondary frequency control (Load Frequency Control) signal. Also, a CHP plant can

be utilized for compensating variable outputs of renewable energy sources [118, 135, 92]

and for contributing to demand response [98, 85, 71]. Such a operation of a CHP plant

induces an interaction between electricity and heat supply systems on a faster time scale

than the conventional operations. Particularly, the operation studied in [135] is as fast as

on the time scale of seconds to tens of seconds (minutes). Since the heat output of a CHP

plant under such an electricity-oriented operation varies depending on the electricity-to-

heat ratio, the operation induces uncertainty in the heat output and imbalance between

heat supply and demand.

To resolve the imbalance of heat due to the above operations, a promising approach

is to absorb the energy imbalance by a district heating and cooling (DHC) system [95,

99]. Here, for the following discussion, we briefly review the two practical examples of

DHC systems shown in Fig. 1.3. First, Fig. 1.3a shows an example in Shibaura region

3For regional scale systems, gas turbine, gas engine, and diesel engine are utilized as a prime mover.
4While some ancillary services result in the delivery of electricity, they are called “ancillary” because

their importance stems from the potential to deliver energy upon request rather than the amount of the
delivered electricity. While there are many definitions of the services (see [70, 109]), this dissertation
focuses on the demand-side ancillary services [70] providing active power.
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in Japan [2, 121]. In the region, there are six (office and commercial) buildings, and

steam and cold water are supplied from main and sub-stations. The main-station has

seven boilers (total of 120 GJ/h) and two CHP plants (930 kW for each) for generating

electricity and steam (0.88 MPa). The sub-station has two CHP plants (930 kW for each)

and is connected to the main-station through a steam pipeline. In the summer season,

the generated steam is utilized by absorption chillers [117] to supply cold water. Next,

Fig. 1.3b shows a schematic diagram of an electricity and heat supply system studied

in [82]. The system is based on a district heating system in Barry Island region in

UK [134, 105]. In this case, hot water (70 ◦C) is supplied for space heating and domestic

hot water of two civil buildings, three hundred residential houses, and fifty shops. In

Fig. 1.3b, several houses and shops are lumped together, and the electricity and heat

networks are fed by three CHP plants. The total demand is 1.6 MW for electricity and

2.164 MW for heat [82].

One important benefit of a DHC system is that excess or deficit heat in one place can

be transfered to another. Indeed, in the DHC system in Fig. 1.3a, the CHP plants are

selected so that the total heat output does not exceed the minimum heat demand in the

DHC system5, and the deficit heat is compensated by the boilers of the main-plant [2].

Furthermore, by a coordinated operation of multiple CHP plants, it is possible to regulate

total heat output as well as electricity output: see Sec. 1.4 in details. In this direction,

an optimal dispatching problem is addressed in [82] for the system in Fig. 1.3b, where the

electricity and heat generated from the all sources are unknown and their electricity-to-

heat ratios are known. In this dissertation, we explore a coordinated operation (control)

of multiple CHP plants with taking into account the dynamic characteristics of electricity

and heat supply in order to discuss ancillary services on a fast time scale of seconds to

minutes.

1.4 Two-site system: A rudimentary model

In this section, we introduce a rudimentary model of ESI in order to perform analysis

and control of multiscale dynamics emerging due to the fast operation of CHP plants

mentioned in Sec. 1.3. The system comprises two CHP plants, and we call it as a two-site

5This is intended to maximize the energy saving effect of the operation of the CHP plants by preventing
the excess heat [2]. Also, the capacity of the CHP plants is designed so as not to exceed the electricity
demand.
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(a) Example in Shibaura region [2]

(b) Example in Barry Island region [82]

Figure 1.3: Practical examples of district heating systems with CHP plants.
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system. While realistic systems may comprise more than two sites, it is of basic importance

to clearly describe fundamental concepts of analysis and control for the system. In the

context of electric power systems, the system can be regarded as an extension of the so-

called double machine-infinite bus system, for which static and dynamic characteristics

have been studied in [10, 9, 124, 125, 47]. In terms of heat supply, the system is minimal

in the sense that the heat transfer between different sites can be considered.

Figure 1.4 shows the schematic diagram of the two-site system. The concept of site

stands for a unit of energy system that consists of a CHP plant, a (lumped) electric load,

and a (lumped) heat load. Its practical example is a commercial, civil, or large residential

building with own CHP plant as reviewed in Sec. 1.3. It is assumed that the CHP plant is

based on gas turbine-generator, and its capacity is on the order of MW for electricity and

of GJ/h for heat. The electricity-to-heat ratio of the CHP plants can be different for each

of the two sites in the system6. The two sites are connected to a commercial power grid

through a transmission line7, and it is possible to supply the excess electricity to the grid.

The two sites are also interconnected by a pipeline for steam or hot water. No additional

components such as renewable energy sources, batteries, boilers, hot-water storages, and

heat pumps are considered8 in order to clearly apprehend the dynamical consequence of

operation of the CHP plants.

For the analysis and control in the rest of this dissertation, we will introduce two

subsystems based on their physical characteristics: electric subsystem and heat subsystem.

For this, Fig. 1.5 shows the diagram of energy flows in the two-site system. The CHP plant

at each site comprises gas turbine, synchronous generator, and heat recovery boiler [117].

At each site #i for i = 1, 2, the fuel flow Pgi to the gas turbine can be controlled via

a fuel valve. As a result of the fuel combustion, the mechanical power Pmi is produced

and transmitted to the generator in each CHP plant. The heat flow, denoted by Q′ai,

is also recovered from the exhaust gas and absorbed by a heat recovery boiler. In this

dissertation, we describe the energy conversion by the following equation:[
Pmi

Q′ai

]
=

[
ηei
ηhi

]
Pgasi, (1.1)

6The two CHP plants are identical in Chapters 2 and 3, and have different electricity-to-heat ratio in
Chapters 4 and 5 as will be explained later.

7While we call the connecting network as a “transmission” line, for the grid interconnection of a CHP
plant, 6.6 kV “distribution” network through a 66 kV/6.6 kV transformer is usually utilized [117].

8With the modeling and analysis in this dissertation, it is possible to include these components to the
lumped electric and heat loads if the dynamics of the components are negligible.
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Commercial
power grid

Site #2

DemandCHP

Site #1

DemandCHP Transmission line

Steam pipeGas pipe

Gas Utility

Figure 1.4: Schematic diagram of the two-site system studied in this dissertation. Each
site consists of a CHP plant with gas turbine-generator, an electric load, and a heat load.
The two sites are connected to a commercial power grid through a transmission line and
are interconnected by a pipeline for steam or hot water.

Site #1 Electric load
CHP

Qchp1

Heat load

Gas turbine

Infinite bus

Generator

Heat recovery

boiler

Electric load
CHP

Qchp1

Heat load

Gas turbine Generator

Heat recovery

boiler

Site #2

Figure 1.5: Energy flow diagram of the two-site system. The dimension of the variables
in the figure is [W] = [J/s]. The arrows show the positive directions of the energy flows.

where ηei and ηhi stand for the thermal efficiency and coefficient of heat recovery, respec-

tively. The electric power Pei and heat flow Q′bi are then supplied to the electric and

heat loads, as well as the commercial power grid. The grid is modeled by an infinite

bus [77], which is a voltage source with constant amplitude, frequency, and phase. Here,

the electric subsystem comprises the generators, electric loads, transmission line, and the

infinite bus in Fig. 1.5. The heat subsystem comprises the heat recovery boilers and heat

loads, and pipeline. The two subsystems are interconnected via the gas turbines in the

CHP plants.

Here, as mentioned in Sec. 1.3, it is possible to consider a coordinated operation of
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CHP plants to regulate the total outputs of electricity and heat simultaneously. As a

preliminary result, in this section, we discuss the coordinated operation in the two-site

system under a steady state. In addition, without any loss in energy conversion and

transfer, the steady energy balance between demand and supply is described by

Pm1 + Pm2 = Pe1 + Pe2 = PL1 + PL2 + Pe∞, (1.2a)

Q′a1 +Q′a2 = Q′b1 +Q′b2 = Q′L1 +Q′L2. (1.2b)

where PLi and Q′Li stand for the consumptions in the electric and heat loads, and Pe∞ for

the electric power to the infinite bus. Here, for the electricity supply, Pe∞ is an important

quantity for the ancillary services mentioned in Sec. 1.3. From Eqs. (1.2a) and (1.1), Pe∞

is given by

Pe∞ = −(PL1 + PL2) +
ηe1
ηh1

Q′a1 +
ηe2
ηh2

Q′a2. (1.3)

Furthermore, by introducing the parameter Q′n representing the heat transfer rate between

the two sites, the energy balance (1.2b) is rewritten as follows:

Q′a1 = Q′L1 +Q′n, Q′a2 = Q′L2 −Q′n. (1.4)

Thus, under a steady state, the electric power Pe∞ is parameterized by Q′n as follows:

Pe∞ = −(PL1 + PL2) +

(
ηe1
ηh1

Q′L1 +
ηe2
ηh2

Q′L2

)
+

(
ηe1
ηh1
− ηe2
ηh2

)
Q′n. (1.5)

Equation (1.5) implies that by operation of the CHP plants with different values of ηei/ηhi,

it is possible to vary the electric power Pe∞ while maintaining the steady energy balance.

From Eq. (1.5), we now specify two types of coordinated operation of the CHP plants.

The two operations can be distinguished by the manner in which the regulation of Pe∞

affects the heat supply system. If the two CHP plants are operated so as to satisfy

Eq. (1.5), then the steady energy balance between demand and supply is maintained.

This is achieved by the heat transfer between the two sites to compensate excess or deficit

heat caused by regulating the electric output of a CHP plant. The other is to regulate the

heat transfer rate Q′n as well as the electric power Pe∞. Under this operation, the steady

energy balance is not maintained if the two energy flows (Q′n and Pe∞) do not satisfy

Eq. (1.5). While the operation is not necessary feasible on the infinite time interval, it is

important for achieving temporal energy supply driven by market and energy-efficiency

policies. In this dissertation, we synthesize a controller for the two coordinated operations

in Chapters 4 and 5.
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1.5 Overview of the dissertation

This dissertation is devoted to analysis and control of multiscale dynamics occurring

in the two-site system. The rest of this section explains the contents of this dissertation.

In Chapter 2, we revisit the effectiveness and limitation of the conventional scale

separation of power system dynamics through stability analysis of the electric subsystem

of the two-site system. As mentioned in Sec. 1.1, power system stability has been mainly

connected with electromechanical dynamics, and the associated methods of analysis have

been developed by assuming that mechanical power supplied to generators is constant.

In this chapter, we formulate a stability problem of the electric subsystem with the so-

called swing equation model [77, 84] by modifying the description of the mechanical

power to represent the effect of the heat subsystem. It is shown that the conventional

methods of stability analysis such as energy function method [114, 23] are applicable to

the current stability problem if the dynamics of the heat subsystem are negligible due

to scale separation. If this is not the case, the dynamic interaction between the two

subsystem needs to be taken into account. In this direction, we conduct a time-response

analysis of the derived model and discuss an instability phenomenon due to a change of

operating conditions of CHP plants of the two-site system.

Chapter 3 analyzes multiple time scale dynamics of the heat subsystem to derive a

simple model describing the dynamic interaction with the electric subsystem. We study

a problem of mathematical modeling for dynamics occurring in general steam supply

networks9, in which multiple boilers (including a heat recovery boiler within a CHP plant)

are connected via a steam pipe network. The dynamics of interest are originally described

by the model for fast steam flows over a pipe network coupled with the model for slow

internal dynamics of boilers. For a single boiler or single plant, much work has been

reported on lumped-parameter modeling [12, 69, 127, 18], while for dynamics of steam flows

in pipes, partial differential equations or distributed-parameter models [101, 4, 81, 126]

are normally used. In this chapter, we derive a simple lumped-parameter model through

physically relevant approximations. The correctness of the derived model is verified by

theoretical and numerical analyses of the model in terms of multiscale property of steam

supply. Specifically, we discuss the structural stability of the derived model based on the

concept of Normal Hyperbolic Invariant Manifold (NHIM) [129, 97, 76]. Furthermore, the

9Here, we do not restrict the discussion to the two-site system, and the result of Chapter 3 is applicable
to the general n-site system.
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existence of the NHIM suggests a separation principle for steam supply systems, which is

analogue to that for electric power systems.

Chapters 4 and 5 address synthesis problems of control systems to achieve the coordi-

nated operation of CHP plants described in Sec. 1.4. The following two control objectives

are considered. One is to maintain the steady energy balance of demand and supply

characterized by Eq. (1.5). The other is to regulate energy flows for achieving transient

energy supply driven by market or energy-efficiency policies. Since these objectives require

a large change of operating conditions of CHP plants, our aim is to synthesize a nonlinear

control system that is applicable to a wide range of operating conditions. With this aim,

we perform structural analysis of the state-space model of the two-site system based on

geometric nonlinear control theory [59, 113, 68]. The analysis is conducted by the method

of input-output linearization. The method is different from the usual Jacobian lineariza-

tion of a nonlinear system and is a process of making the input-output response exactly

linear by deriving a suitable coordinate transformation. The coordinate transformation

converts the system into the so-called normal form representing inherent structure of the

system. It is shown that the existence of the NHIM clarified in Chapter 3 plays essential

role in the structural analysis and controller synthesis of the two-site system.

In Chapter 4, we synthesizes a state-feedback controller for maintaining the energy

balance. The controller determines the signals of fuel inputs to the CHP plants to render

an equilibrium point of the state-space model asymptotically (exponentially) stable. As

illustrated in Chapters 2 and 3, energy imbalance causes not only short-term dynamics

of generators in the electric subsystem but also long-term dynamics of boilers in the heat

subsystem. With this observation of the multiscale dynamics, it is shown that the state-

space model becomes a minimum phase system when we choose its output as the electric

power flow interchanged with the infinite bus and the averaged pressure level, which

parameterizes the slow dynamics along the NHIM. This fact implies that a standard

stabilizing controller is directly obtained with the input-output linearization.

Chapter 5 addresses an output tracking control problem for the energy flows in the

two-site system. When the outputs are given as the energy flows, the model becomes a

non-minimum phase system. The non-minimum phase property is characterized by the

existence of an invariant manifold in the zero dynamics of the model, which is associated

with the NHIM in Chapter 3. Then, based on the structural analysis, we synthesize a

tracking controller for the energy flows by redefining the outputs and utilizing a slowly
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time-varying reference of the outputs used in Chapter 4. As a result, the different control

objectives in Chapters 4 and 5 are achieved by a single control scheme without changing

its structure. By managing this control scheme with a high-level planner, which selects

the control objectives, a new hierarchical management architecture can be considered for

shaping the multiscale dynamics in the two-site system.

Chapter 6 concludes this dissertation with a brief summary and future research di-

rections. The ideas of analysis and control are not restricted to the particular two-site

example in this dissertation. One future direction is to apply the ideas to other types

of integrated energy systems. Another direction is to propose a hierarchical manage-

ment structure for shaping multiscale dynamics due to ESI. The author believes that this

dissertation contains significant contributions towards the next-generation energy system.
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Chapter 2

Stability of the electric subsystem

This chapter revisits the scale separation of power system dynamics through stability

analysis of the electric subsystem affected by the heat subsystem. In general, power system

stability [77, 84] is an important factor of security [84, 133] of power systems, and is broadly

defined as the ability of a power system to maintain an acceptable operating condition after

being subjected to a disturbance. In particular, the so-called rotor angle stability [77, 84]

is the ability of interconnected synchronous machines in a power system to maintain

their synchronism. In this chapter, we focus on the rotor angle stability of generators

in the electric subsystem. Specifically, we will formulate a stability problem in which

electromechanical dynamics of the generators are directly affected by the heat subsystem

through the gas turbines. It will be shown that the conventional methods of stability

analysis such as energy function method [114, 23] are applicable if the dynamics of the heat

subsystem are negligible. With this aim, the classical swing equation model [77, 114, 84]

is utilized to represent the electromechanical dynamics and is generalized by introducing

a new parameter to represent the effect of the heat subsystem.

The rotor angle stability is classified in the following two categories [77, 84]: small-

signal stability and transient stability. The small-signal stability is the ability of a power

system to maintain synchronism under a small disturbance. The stability can be un-

derstood as the linear stability [128] of an equilibrium point of an underlying nonlinear

dynamical system. Here, we conduct the linear stability analysis to identify the feasible

range of steady operating conditions of the two-site system, where the synchronized op-

eration of the generators is achieved. We then analyze the basin of attraction [128] of the

equilibrium point for each steady operating condition. The analysis is closely related to

the transient stability [24, 23], which is the ability of a power system to maintain synchro-
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nism under a large disturbance, and depends on the initial condition of the underlying

dynamical system. The basin portraits of a dynamical system model of the two-site sys-

tem are visualized under several fixed values of the set points of the CHP plants. The

visualization is then used for considering the responses of the system under a situation

where the scale separation does not hold between the dynamics of the electric and heat

subsystem.

2.1 Stability concepts of dynamical systems theory

This section briefly reviews several concepts of stability in dynamical systems the-

ory [128] that are utilized for analysis of power system stability [84, 23]. A dynamical

system plays an important role as a mathematical model of dynamics of interest occurring

in a real system. It is often derived from not only the structure of the system but also

fundamental physical laws governing the elements of the system. When we formulate a

dynamical system model, it is necessary to determine state variables and state space. The

state variables are the minimum set of variables x1, x2, . . . , xn that uniquely determine

the operating condition of the system, and written as a vector x = [x1, x2, . . . , xn]>,

where the symbol > stands for the transpose of a vector or matrix. The state space,

denoted by X, is the space of the state variables and is also referred to as phase space.

In this chapter, we consider a dynamical system that is modeled as an ordinary dif-

ferential equation of the form

dx

dt
= f(x), (2.1)

with x ∈ X and t ∈ R, where X is an open set in Rn, and the independent variable t is

often referred to as time. The symbol d/dt stands for the derivative with respect to time.

The function f : X → Rn is assumed to satisfy the conditions of existence and uniqueness

of a solution [128]. A solution curve x̄(t) of Eq. (2.1) is referred to as a trajectory, and

the trajectory starting from x0 at t = 0 is denoted by φ(x0, t).

The stability property of an trajectory is characterized by the following definitions of

Lyapunov1stability and asymptotic stability.

1The name “Lyapunov” is also spelled as “Liapunov”, and the both are used depending on the au-
thors [128]. In this dissertation, we will spell as “Lyapunov” because it is frequently used in the context
of power system engineering [114, 84].
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Definition 2.1 (Lyapunov stability [128]). A trajectory x̄(t) of (2.1) is said to be stable

if, for any ε > 0, it is possible to choose a constant δ = δ(ε) > 0 such that, for any other

solution y(t) of (2.1) satisfying ||x̄(t0) − y(t0)|| < δ, the following inequality ||x̄(t) −
y(t)|| < ε holds for t > t0, t0 ∈ R, where || · || stands for Euclidean norm.

Roughly speaking, the concept of Lyapunov stability states that the trajectory x̄(t) is

stable if any other solution starting close to x̄(t) at a given time t0 remains close to x̄(t)

for all later times. Furthermore, to describe the cases where nearby solutions converge to

x̄(t) as t→∞, the following concept of asymptotic stability is utilized.

Definition 2.2 (Asymptotic stability [128]). A trajectory x̄(t) of (2.1) is said to be

asymptotically stable if it is Lyapunov stable and for any other solution y(t) of (2.1),

there exists a constant b > 0 such that if ||x̄(t0)−y(t0)|| < b, then lim
t→∞
||x̄(t)−y(t)|| = 0.

A trivial trajectory x̄(t) = x̄ = const. is referred to as equilibrium point. Since an

equilibrium point x̄ is a solution of Eq. (2.1) that does not change in time, it satisfies

f(x̄) = 0. (2.2)

When we apply the above concepts of stability to a problem of power system stability,

a dynamical system model of a power system is usually derived such that a steady op-

erating condition is described by an equilibrium point. Disturbances affecting the power

system are modeled by changes in its parameters or by initial conditions apart from the

equilibrium point [84].

To determine the stability of an equilibrium point, analysis based on linear approxi-

mation have been widely used in practical problems [88]. Here, we emphasize that, under

a certain condition, the linear stability indicates the orbit (trajectory) structure near an

equilibrium point affected by a small disturbance in terms of model parameters as well as

initial conditions [88, 128]. To determine the stability of a trajectory x̄(t), we consider a

solution near x̄(t) by

x = x̄(t) + y. (2.3)

By substituting Eq. (2.3) into Eq. (2.1), and Taylor expanding about x̄(t), we have

dx

dt
=

dx̄(t)

dt
+

dy

dt
= f(x̄(t)) + Df(x̄(t))y +O(||y||2), (2.4)
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where Df stands for the derivative of f , and O for the large O notation of order symbols.

By using the fact that dx̄(t)/dt = f(x̄(t)), Eq. (2.4) becomes

dy

dt
= Df(x̄(t))y +O(||y||2). (2.5)

Equation (2.5) describes the evolution of a solution near x̄(t). For stability analysis, the

behavior of solutions arbitrary close to x̄(t) is of concern. It is thus reasonable to study

the associated linear system given by

dy

dt
= Df(x̄(t))y. (2.6)

If x̄(t) is an equilibrium point, i.e. x̄(t) = x̄, then Df(x̄(t)) = Df(x̄) is a matrix with

constant entries, and the stability of the solution y = 0 of Eq. (2.6) is determined by

the eigenvalues of the Jacobian matrix Df(x̄). The following theorem states that the

stability of the solution y = 0 implies the stability of x̄(t) = x̄ under a certain condition.

Theorem 2.3 (Stability in the linear approximation [88, 128]). If all of the eigenvalues of

Df(x̄) have negative real parts, then the equilibrium point x̄ of Eq. (2.1) is asymptotically

stable. Also, if at least one of the eigenvalues of Df(x̄) has a positive real part, then the

equilibrium point x̄ is unstable.

The above theorem provides a sufficient condition for the asymptotic stability of an

equilibrium point. Furthermore, it is stated by the so-called Hartman-Grobman theo-

rem [128] that if all of the eigenvalues of the associated linear system have nonzero real

parts, then the orbit structure near the equilibrium point is essentially the same as that

of the linear system. Such an equilibrium point is referred to as a hyperbolic equilibrium

point and persists under a perturbation of vectorfield [128]. In the rest of this chapter,

we simply call an equilibrium point where the associated Jacobian matrix has eigenval-

ues with negative real parts as Stable Equilibrium Point (SEP). In the context of power

system stability, a steady operating condition represented by an SEP will be maintained

under a small disturbance in terms of model parameters as well as initial conditions.

To discuss power system stability under a large disturbance, the following definitions

of attracting set and basin of attraction are required.

Definition 2.4 (Attracting set and attractor [128]). A closed invariant set A ⊂ Rn is

called an attracting set if there is some neighborhood U of A such that

∀t ≥ 0, φ(t, U) ⊂ U,
⋂
t>0

φ(t, U) = A. (2.7)
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Furthermore, an attracting set A is called an attractor if, for any two open sets U, V ⊂ A,

∃t ∈ R, φ(t, U) ∩ V 6= ∅. (2.8)

Definition 2.5 (Basin of attraction [128]). The domain or basin of attraction of an

attracting set A is given by ⋃
t≤0

φ(t, U), (2.9)

where U is any open set satisfying Definition 2.4.

For analysis of transient stability of power systems, the so-called energy function

method [24, 114, 23] provides an analytical criterion2 for sufficient condition of the basin

of attraction of an SEP. An energy function for the system (2.1) is defined as follows:

Definition 2.6. (Energy function [23]) A smooth proper function V : X ⊂ Rn → R is

called an energy function for the system (2.1) if the following three conditions are satisfied:

• The derivative of the energy function V (x) along any system trajectory x(t) is non-

positive:

dV (x(t))

dt
=
∂V (x)

∂x
f(x(t)) ≤ 0. (2.10)

• If x(t) is a nontrivial trajectory (i.e., x(t) is not an equilibrium point), then along

the nontrivial trajectory x(t), the set {t ∈ R | dV (x(t))/dt = 0} has a measure

zero3 in R

By using an energy function, a sufficient condition of the domain of attraction is

provided as the following open set containing the SEP:

{
x ∈ X | V (x) < Vcr

}
, (2.11)

where Vcr is the value of V at the UEP with the lowest value of V and with greater value

at the SEP: see [24, 23] for theoretical foundation of the method.

2As well as the analytical criterion, several numerical methods have been established for practical use
of the energy function methods [23].

3There does not exist a time interval [t1, t2] such that dV (x(t))/dt = 0 for t ∈ [t1, t2] with t1 6= t2.
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2.2 Dynamical system model

This section derives a dynamical system model of the two-site system for stability

analysis. All the variables and parameters are normalized with the per-unit system [77,

114, 84]: see Appendix 2.A in details. The physical meanings of variables and parameters

are listed in Appendix 2.B.

2.2.1 Derivation

Here, we derive a dynamical system model by generalizing the classical swing equation

model [77, 114, 84] to represent the effect of the heat subsystem. The derivation of the

model is based on the following assumptions. The validity of the assumptions is explained

in the rest of this section.

(A1) Speed of the synchronous generators are close to the synchronous speed.

(A2) The electromagnetic phenomena in transmission lines and generator windings, which

are faster than the electromechanical phenomena of generator rotors, are negligible.

(A3) The thermodynamic phenomena such as transient responses and losses of the heat

recovery boilers and heat conduction pipes are negligible.

(A4) Dynamics of the gas turbines are negligible, and the efficiencies of energy conversion

from gas to mechanical power and recovered heat are independent of operating

condition.

By denoting by δi the position of rotor of the generator #i with respect to a syn-

chronous reference flame, and by ωi the deviation of rotor speed relative to the synchronous

speed, the swing equation for the electric subsystem is given as follows :

dδ1
dt

= ω1, (2.12a)

dω1

dt
= Pm1 −D1ω1 − Pe1, (2.12b)

dδ2
dt

= ω2, (2.12c)

dω2

dt
= A{Pm2 −D2ω2 − Pe2}, (2.12d)

where the parameter Di stands for the damping coefficient, and A for the ratio of inertia

constants of the two generators. The detailed derivation of the swing equation is based
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on Assumption (A1) and is included in Appendix 2.A. While the mechanical input power

Pmi is usually considered as a constant parameter in stability studies [84], this term will

be modified to represent the effect of the heat subsystem based on Fig. 1.5. The electric

output power Pei represents the interaction between generators and is given by

Pei(δ1, δ2) =
∑

j∈{1,2,∞}

EiEj{Gij cos(δi − δj) +Bij sin(δi − δj)}, (2.13)

where the symbol ∞ represents the infinite bus, and we fix as δ∞ = 0. The above

formulation is based on Assumption (A2)4 and called as classical model [114, 84]. The

parameter Ei corresponds to the voltage behind transient reactance, and the transfer

admittance Gij +iBij is determined by the associated electric network including transient

reactances of the generators, transmission lines, and loads, where the symbol i stands for

the unit imaginary number.

The mechanical power Pmi in Eq. (2.12) is determined by the characteristics of the gas

turbines as shown in Fig. 1.5. The gas turbine at site #i converts the gas input rate Pgi

to both the mechanical power Pmi and the heat flow rate Q′ai. Because its time response

is sufficiently fast compared with the electromechanical dynamics of the generators [31],

the dynamics of the gas turbine are not considered as in Assumption (A4). Then, the

instantaneous conversion of energy at each gas turbine is represented by[
Pmi

Q′ai

]
=

[
ηei
ηhi

]
Pgi, (2.14)

where ηei represents the thermal efficiency of the gas turbine at site #i, and ηhi the ratio

of heat output rate to gas input rate. The coefficients ηei and ηhi correspond to the

coupling factor [42] as mentioned in Sec. 1.4 and are assumed to be constant. While, in

general, these coefficients depend on operating conditions of the gas turbines [31], the

above assumption does not lose generality of the analysis in this chapter.

For the heat subsystem, we do not consider the dynamics and losses of heat transfer

through the heat conduction pipe in this chapter. This corresponds to Assumption (A3)

and is relevant if the time-scale separation holds for the electric and heat subsystems.

By using the following model, the set-points, i.e. the fuel inputs to the CHP plants, are

determined to realize a desired heat transfer rate Q′n. In Fig. 1.5, the conservation of

4Strictly speaking, as well as Assumption (A2), we need to assume that the transient saliency i.e. the
difference between the transient reactances of d and q axes is negligible [77, 84].
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energy at each site induces the following equality:

Q′a1 = Q′L1 +Q′n, Q′a2 = Q′L2 −Q′n. (2.15)

Consequently, the dynamics of the two-site electricity and heat supply system are

represented by the following nonlinear dynamical system model:

d

dt


δ1

ω1

δ2

ω2


︸ ︷︷ ︸

dx

dt

=



ω1

ηe1
ηh1

(Q′n +Q′L1)−D1ω1 − Pe1(δ1, δ2)

ω2

A

{
ηe2
ηh2

(−Q′n +Q′L2)−D2ω2 − Pe2(δ1, δ2)

}


.

︸ ︷︷ ︸
f(x)

(2.16)

The dynamical model (2.16) contains the parameters Q′n and Q′Li of the heat subsystem.

These parameters represent the effect of ideal operation of the heat subsystem on dynamics

of the electric subsystem.

2.2.2 Settings of parameters

In the rest of this chapter, numerical simulations are provided under several settings of

the transfer admittancesGij+iBij and the damping coefficientDi. The setting of the other

parameters are summarized in Appendix 2.B. Note that the two sites are identical with

the setting in Appendix 2.B, and the model (2.16) has a symmetry for the replacement

of (δ1, ω1) and (δ2, ω2) if the heat transfer rate Q′n is set to zero. A non-zero value of

Q′n parameterizes the difference between the set points of the two sites. The setting of

identical sites does not lose generality of the analysis in this chapter.

The values of Gij + iBij considered in this chapter are summarized in Tab. 2.1. The

setting A in the table was taken from [9, 124]. In the setting, the transfer conductances

G1∞, G2∞, and so on are set to be zero. This corresponds to the assumptions that the

transmission line is lossless and that there is no consumed electric power in loads. This

is commonly assumed in large-scale transmission systems where the conductances are

sufficiently small compared to suceptances [84]. Under the setting, the function Pei in

Eq. (2.13) becomes

Pei(δ1, δ2) =EiE∞Bi∞ sin δi + E1E2B12 sin(δi − δj). (2.17)
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Table 2.1: The values of the transfer conductances in the numerical analyses

G1∞ + iB1∞ G2∞ + iB2∞ G12 + iB12 G11 G22

Setting A [9, 124] 0 + 1.0i 0 + 1.0i 0 + 0.5i 0 0
Setting B −0.1 + 1.0i −0.1 + 1.0i 0.05 + 0.5i 0.05 0.05

On the contrary, the losses in the lines and loads are included in the setting B in order

to consider a regional-scale energy system.

For the damping coefficient Di, the following two settings are considered in this chap-

ter: Di = 0.005 and 0.21. In the classical swing equation, the physical meaning of the

damping is subtle because it can represent various effects [114]. Such effects originates

from damper windings and standard control systems of generators such as AVR and PSS.

Here, we use the setting Di = 0.005 for simulating a situation where no control systems

are operating, and Di = 0.21 where the control systems are ideally operated to provide

the damping effect.

2.3 Steady operating condition

This section analyzes the steady operating conditions of the electric subsystem affected

by the heat subsystem. As mentioned in Sec. 2.1, a steady operating condition is described

by a Stable Equilibrium Point (SEP) of the model (2.16). Here, by the linear stability

analysis of the model (2.16), we identify a feasible range of steady operating conditions

of the two-site system where the two generators are operated with the same frequency

as the infinite bus. From the condition dδi/dt = 0 at an equilibrium point, we have the

value of ωi at any equilibrium point, denoted by ω∗i , to be zero:

ω∗i = 0. (2.18)

From the condition dωi/dt = 0, the values of phase angles δ∗1 and δ∗2 satisfy the following

equations:

α1 = sin δ∗1 + κ1 sin(δ∗1 − δ∗2) + λ1 cos δ∗1 + µ1 cos(δ∗1 − δ∗2), (2.19a)

α2 = sin δ∗2 + κ2 sin(δ∗2 − δ∗1) + λ2 cos δ∗2 + µ2 cos(δ∗2 − δ∗1), (2.19b)

where α1 and α2 are defined by

α1 :=
ηe1(Q

′
L1 +Q′n)− ηh1E2

1G11

ηh1E1E∞B1∞
, α2 :=

ηe2(Q
′
L2 −Q′n)− ηh2E2

2G22

ηh2E2E∞B2∞
, (2.20)
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and κi, λi, and µi are given by

κi :=
E1E2B12

EiE∞Bi∞
, λi :=

Gi∞

Bi∞
, µi :=

E1E2G12

EiE∞Bi∞
. (2.21)

Thus, the equilibrium points of the model (2.16) are obtained by solving Eq. (2.19).

Since Eq. (2.19) retains the formulation of the active power-flow equation [8, 133], the

conventional methods of power-flow analysis can be effective utilized. Particularly, in

[10, 9], the dependence of existence and stability of equilibrium points on the values of α1

and α2 is studied for Eq. (2.19) with λi = µi = 0 as the setting A in Tab. 2.1.

Here, we consider the effect of the parameters Q′n, Q′L1, and Q′L2 of the heat subsystem,

which appear in α1 and α2 on the left-hand side of Eq. (2.19). First, as Q′n changes, the

point (α1, α2) moves along the straight line given by

e1α1 + e2α2 = (Q′L1 +Q′L2)− e3, (2.22)

where the coefficients e1, e2, and e3 are determined by the parameters of the gas turbine

and electric subsystem as follows:

e1 :=
ηh1
ηe1

E1E∞B1∞, e2 :=
ηh2
ηe2

E2E∞B2∞,

e3 :=
ηh1
ηe1

E2
1G11 +

ηh2
ηe2

E2
2G22. (2.23)

Equation (2.22) is obtained by eliminating Q′n from Eq. (2.20). Since the line (2.22) is

parameterized by Q′L1 + Q′L2, a steady operating condition is governed by the values of

Q′n and Q′sum := Q′L1 +Q′L2.

Figure 2.1 shows numerical results on the existence of the equilibrium points. For the

region Rn (n = 2, 4, 6) in the figure, there are n distinct equilibrium points. The red line

shows Eq. (2.22) with Q′sum = 1.8. In the three regions, one of the equilibrium points is

asymptotically stable, and the others are unstable. Figure 2.2 shows the steady values

of phase angles δ∗1 and δ∗2. In the figure, the solid lines represent the stable equilibrium

points, and the dashed lines the unstable equilibrium points. The pair of stable and

unstable equilibrium points disappears at (a) Q′n = ±0.44 for the setting A and (b)

Q′n = ±0.59. By analyzing the linearized system of (2.16) around the equilibrium points,

the disappearance of equilibrium points is due to the saddle-node bifurcation [128]. This

analysis indicates that synchronized operation of the generators is achieved in a finite

range of the heat transfer rate Q′n: (a) for Q′n ∈ [−0.44, 0.44] and (b) Q′n ∈ [−0.59, 0.59].
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Figure 2.1: Numerical result on existence and number of equilibrium points. In the region
R2 (or R4, R6), there are two (or four, six) distinct equilibrium points of the dynamical
model (2.16). Similar results are obtained for the two settings in Tab. 2.1.
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Figure 2.2: Dependence of the values of phase angles δ∗1 and δ∗2 on the heat transfer rate
Q′n. The solid lines represent the stable equilibrium points, and the dashed lines the
unstable equilibrium points.
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In Fig. 2.1 and Fig. 2.2, a similar result is obtained for the setting B. This indicates that

the non-zero conductances do not largely affect the analysis under the current settings of

parameters.

2.4 Basins of attraction

This section analyzes the basins of attraction of the SEPs representing steady operat-

ing conditions under several fixed values of the heat transfer rate Q′n. As well as the SEP,

the model (2.16) has several solutions to which nearby solutions converge. Such a solu-

tion represents an operating condition where one or both generators are desynchronized

from the rest of the system. While such a solution is unrealistic because the modeling

assumptions are no longer valid under a desynchronized state5, their basins involve the

basin of the SEP [124, 125, 47]. To investigate these basins, we examine the basins of

attraction by systematic and brute-force numerical integrations from a large number of

initial conditions in addition to the energy function method presented in Sec. 2.1. This

approach is taken in [124, 125, 47] for a double machine-infinite bus system. In [54], a

similar method for analyzing basin structure of dynamical systems is developed by using

cell state space and mapping on it. While a complete basin portrait of the system requires

a full four-dimensional phase space, by following [124, 125, 47], we visualize the basin of

attraction by taking the following two-dimensional slice in the entire phase space

{(δ1, δ2, ω1, ω2) ∈ X | ω1 = 0, ω2 = 0}. (2.24)

For the slice (2.24), initial conditions on a grid of 401× 401 points were numerically inte-

grated. Each point is colored according to the attractor reached from the corresponding

initial condition.

First, we consider an ideal situation, where the transfer conductances are negligible,

and the control systems of generators are ideally operated. Thus, the values of Gij + iBij

are those of the setting A in Tab. 2.1, and Di = 0.21. Figure 2.3 shows the visualization

of the basins of attraction under several values of Q′n. Under the current setting of the

parameters, the system (2.16) has four attractors. The attractor is the SEP representing

the steady operating condition: this is shown by circle (◦) in the figure, and its basin is

colored in green. The second attractor is a periodic orbit, in which generator #1 operates

5Furthermore, such a solution never be realized because a desynchronized generator will be tripped
out in order not to be destroyed.
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at a desynchronized manner with the infinite bus: its basin is colored in red. The third one

is another periodic orbit, in which generator #2 is desynchronized; its basin is colored in

orange. In the forth attractor, both generators are desynchronized; its basin is in yellow.

Figure 2.3 indicates that the basins of attraction of the SEPs become small on the two-

dimensional slices as the value of Q′n increases. In addition, the back closed curve in each

figure represents an analytical estimation of the domain of attraction based on the energy

function method given by

V (δ1, δ2, 0, , 0; Q′n) = Vcr. (2.25)

with the following energy function V of the model (2.16):

V (δ1, δ2, ω1ω2;Q
′
n) =

2∑
i=1

{
Hiω

2
i −

ηei
ηhi

(δi − δ∗i )Q′Li − bi(cos δi − cos δ∗i )

}
−
{
ηe1
ηh1

(δ1 − δ∗1)− ηe2
ηh2

(δ2 − δ∗2)

}
Q′n

− bint {cos(δ1 − δ2)− cos(δ∗1 − δ∗2)} (2.26)

where δ∗1 and δ∗2 are the values of phase angles at the SEP. The energy function (2.26) is

parameterized by the heat transfer rate Q′n, and the estimated sets also become small on

the slice as the value of Q′n increases. The above results demonstrate that the conventional

methods in Sec. 2.1 are applicable for evaluating the static effect of the heat subsystem

on the transient stability of the electric subsystem. The solid lines in the figure show the

stable equilibrium points under various Q′n between 0 and 0.41, and utilized in Sec. 2.5

to discuss dynamic response of the system.

Figures 2.4 and 2.5 show the basins of attraction under different settings of parameters

of the electric subsystem. For the both figures, the transfer conductances are taken into

account as the setting B in Tab. 2.1. Under the presence of the transfer conductances,

it is shown in [22] that there is no analytical energy function, and thus we provide only

numerical results on the basins of attraction. While several methods have been established

in [17, 23] for extending the energy function approach, we do not discuss them because our

main purpose is to show the effectiveness of the conventional methods for evaluating the

effect of the heat subsystem and has been verified above. Here we discuss how the basins

of attraction are affected by the changes of the parameters. Figure 2.4 shows the result

under Di = 0.21 as in Fig. 2.3, and a similar result is obtained: The basins of attraction

of the SEPs become small on the two-dimensional slices as Q′n increases. Figure 2.5 shows
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(a) Q′n = 0.0 (b) Q′n = 0.20

(c) Q′n = 0.40 (d) Q′n = 0.41

Figure 2.3: Visualization of basins of attraction. The circle (◦) shows the stable equi-
librium point for each Q′n, and the square (�) the unstable equilibrium point. The back
closed curve represents the analytical estimation of the domain of attraction based on the
direct method. The solid line shows the equilibrium points under various Q′n between 0
and 0.41.and the dot (•) for Q′n = 0.
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(a) Q′n = 0.0 (b) Q′n = 0.2

(c) Q′n = 0.4 (d) Q′n = 0.5

Figure 2.4: Visualization of basins of attraction under a setting of non-zero transfer
conductances shown in Tab. 2.1 and D = 0.21. The solid line shows the equilibrium
points under various Q′n between 0 and 0.5. The circle (◦) shows the equilibrium point
for each Q′n, and the dot (•) for Q′n = 0.
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(a) Q′n = 0.0 (b) Q′n = 0.2

(c) Q′n = 0.4 (d) Q′n = 0.5

Figure 2.5: Visualization of basins of attraction under a setting of non-zero transfer
conductances shown in Tab. 2.1 and D = 0.005. The solid line shows the equilibrium
points under various Q′n between 0 and 0.5. The circle (◦) shows the equilibrium point
for each Q′n, and the dot (•) for Q′n = 0.
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the result under Di = 0.05. In this case, the basin boundaries appear to be complicated,

and the slice of basin of attraction is not simply-connected in Fig. 2.5d. This suggests the

existence of fractal-like structure in basin boundaries and chaotic transient motions [124,

125, 47]. This indicates that the change of heat transfer rate Q′n possibly induces the

complicated transient motions and difficulty in predicting the system’s behavior near the

boundaries.

2.5 Time-response analysis

As shown in the proceeding sections, the linear and nonlinear stability analyses are

effective if the dynamics of the electric and heat subsystems are decoupled. If the scale

separation between electric and heat subsystems does not hold, a dynamic change of Q′n

should be considered. This section investigates the time responses of the system under a

change of the heat transfer rate.

2.5.1 Step-wise change: Ideal operation

The basins of attraction directly illustrates the following two ideal operations of the

two-site system. In Fig. 2.3, the solid line shows the stable equilibrium points under

various Q′n between 0 and 0.41, and the dot (•) denotes the equilibrium point under

Q′n = 0. Since there exists an equilibrium point for each Q′n, a quasi-static change of the

set-points of the CHP plants enables the change of operating conditions of the generators

along the lines in Fig. 2.3. However, a step-wise change ofQ′n from 0 to 0.41 desynchronizes

the generator #1 because the dot (•) exists outside the domain of attraction of the stable

equilibrium point in Fig. 2.3d. Figure 2.6 shows the responses of the system under a step-

wise change of the heat transfer rate Q′n. In the figure, the system initially has no heat

transfer and is at a steady operating condition. In Figs. 2.6a and 2.6b, the heat transfer

starts at t = 10 s. The value of Q′n is changed as follows:

Q′n =

{
0 (t < 10 s),

0.40 or 0.41 (t ≥ 10 s).
(2.27)

The step-wise change of Q′n causes the oscillations of phase angles δ1 and δ2. As a result,

generator #1 loses the synchronized operation in Fig. 2.6b, while both the generators

begin to operate towards a new stable state in Fig. 2.6a. Since the stable equilibrium

points exist at both values of Q′n, the desynchronization is not due to the local bifurcation
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Figure 2.6: System’s responses to step-wise changes of the heat transfer rate Q′n.

of the equilibrium points. This analysis indicates that the boundedness of the domain

of attraction possibly induces an instability phenomenon under an abrupt change of the

heat transfer rate.

2.5.2 Ramp-wise change: Realistic operation

As a realistic situation, an open-loop control of the heat transfer rate Q′n can be

considered as in between the above two ideal situations. Here, based on [111], we consider

a ramp-wise change of the set-points of CHP plants from Q′n = 0 to 0.5. The duration
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Figure 2.7: System’s responses to ramp-wise changes of the heat transfer rate under
Td = 0, 0.5, and 1.0 s. The red line shows Td = 0, the green line Td = 0.5, and the blue
lien Td = 1.0. The solid line shows the response of the generator #1, and the broken line
the generator #2.

Td of the change of the set-points is an important parameter: Td = 0 corresponds to the

step-wise change, and Td = ∞ the quasi-static change. In an engineering viewpoint, the

range of Td where the instability does not occur is of significant importance. Fig. 2.7

shows the system’s responses for Td = 0, 0.5, and 1.0 s. The red line shows the case of

Td = 0 (step-wise change), and the generator #1 is desynchronized as mentioned above.

In the case of Td = 1.0 s (blue line), the variables δi and ωi converged to the values of

the equilibrium point. In the case of Td = 0.5 s, it is observed that the generator #1 is

desynchronized.

2.6 Summary

In this chapter, we reconsidered the effectiveness and limitation of the conventional

scale separation of power system dynamics through analyzing the rotor angle stability

of the electric subsystem. In the classical swing equation model, the mechanical power
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is modeled as an constant parameter. Here we generalized the model by modifying the

parameter to represent the effect of the heat subsystem through the CHP plants. It was

shown that if the dynamics of the heat subsystem were negligible, conventional methods

of stability analysis such as energy function method were applicable to evaluating the

current stability problem. If this is not the case, the dynamic interaction between the two

subsystems needs to be taken into account. In this direction, we conducted a time-response

analysis based on the basins of attraction of stable equilibrium points representing steady

operating conditions. The analysis suggests a possibility of instability phenomenon due

to dynamic interaction between the two subsystems.

Appendix 2.A Derivation of swing equation

The first appendix derives the swing equation (2.12) in the per-unit system based

on [77, 84]. In this appendix, all the variables and parameters are with dimension except

for those with superbars (̄·) representing per-unit quantities. The derivation starts from

the rotor inertia equation describing the effect of unbalance between the electromagnetic

torque τe and the mechanical torque τm of an individual machine (consisting of a generator

and prime mover). The combined inertia of the generator and prime mover is accelerated

by the unbalance in the applied torques:

J
dωm

dt
= τm − τe, (2.28)

where J stands for the total moment of inertia of the turbine and generator rotor, and

ωm for the rotor speed (angular velocity of the rotor shaft). By using the relationships

Pm = ωmτm and Pe = ωmτe, Eq. (2.28) becomes

J
dωm

dt
=
Pm

ωm
− Pe

ωm

, (2.29)

The above equation can be normalized in terms of the per-unit inertia constant H defined

by

K :=
1

2
Jω2

ms, H :=
K

Sb

=
Jω2

ms

2Sb

, (2.30)

where K stands for the kinetic energy at the synchronous speed ωms, and Sb for the rated

capacity of the generator. As a result, Eq. (2.29) becomes

2H

ωms

dωm

dt
=
ωms

ωm

(
Pm

Sb

− Pe

Sb

)
. (2.31)
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Here, the angular velocity can be expressed in electrical radians rather than in mechanical

radian by substituting

ωm =
ωe

p/2
, ωmr =

ωs

p/2
, (2.32)

where ωe and ωes stand for the rotor speed and its synchronous speed in electrical radian,

and p for the number of poles. Furthermore, by denoting by ω the deviation of rotor

speed relative to the synchronous speed, i.e. ω := ωe − ωes, Eq. (2.31) becomes

2H

ωes

dω

dt
=

1

1 + ω/ωes

(
Pm

Sb

− Pe

Sb

)
. (2.33)

Under Assumption (A1) implying ω/ωes � 1, Eq. (2.33) can be approximated by

2H

ωes

dω

dt
∼ Pm

Pb

− Pe

Pb

. (2.34)

Thus, by considering the damping term and denoting by δ the rotor position in electrical

radians, we have the swing equation as follows:

dδ

dt̄
= ω̄, (2.35a)

dω̄

dt̄
= P̄m − D̄ω̄ − P̄e. (2.35b)

where the per-unit quantities are defined by

t̄ = t

√
ωes

2H
, ω̄ = ω

√
2H

ωes

, P̄m =
Pm

Sb

, P̄e =
Pe

Sb

. (2.36)

For the two-site system, the swing equation has the following form:

dδ1
dt

=ω̄1, (2.37)

dω̄1

dt
=P̄m1 − D̄1ω̄1 − P̄e1, (2.38)

dδ2
dt

=ω̄2, (2.39)

dω̄2

dt
=
H1

H2

{P̄m2 − D̄2ω̄2 − P̄e2}, (2.40)

where ω̄1 and ω̄2 are defined as

t̄ = t

√
ωes

2H1

, ω̄1 = ω1

√
2H1

ωes

, ω̄2 = ω2

√
2H1

ωes

, P̄mi =
Pmi

Sb

, P̄ei =
Pei

Sb

. (2.41)

Equation (2.12) is obtained by omitting the superbars and defining A := H1/H2.
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Appendix 2.B List of variables and parameters

Table 2.2 lists the meanings and values of parameters. The values of Gij + iBij are

summarized in Tab. 2.1.

Table 2.2: List of variables and parameters in the model

Physical meaning Symbol Value
Synchronous speed ωb 2π · 60 Hz
Rated power Pb 1.0 MW
Inertia constant Hi 10 s
Rotor position relative to synchronous reference flame δi
Deviation of rotor speed relative to synchronous speed ωi
Mechanical input power to generator Pmi

Electrical output power from generator Pei

Damping coefficient Di 0.005 or 0.21
Voltage behind transient reactance Ei 1.0
Transfer susceptance (#i, ∞) Bi∞
Transfer conductance (#i, ∞) Gi∞
Transfer susceptance (#1, #2) B12

Transfer conductance (#1, #2) G12

Transfer conductance (#i, #i) Gii

Heat transfer rate Q′n
Heat load QLi 0.9
Coefficient of electricity output ηei 0.40
Coefficient of heat output ηhi 0.40
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Chapter 3

Multiscale dynamics of the heat
subsystem

This chapter focuses on multiple time scale dynamics of the heat subsystem. Chapter

2 revisited the scale separation of power system dynamics and applied the conventional

methods of stability analysis by assuming scale separation between electric and heat

subsystems. If this is not the case, the interaction between electric and heat subsystems

needs to be modeled. In this chapter, we study a problem of mathematical modeling for

dynamics occurring in steam supply systems, in which multiple boilers (including a heat

recovery boiler within a CHP plant) are connected through a steam pipe network. In

such conventional steam-based systems, the primary objective of the CHP operation is to

supply a desirable fixed amount of steam [110]. However, in the context of ESI, a rapid

operation of the CHP plants can be considered to contribute to the electricity supply by

utilizing their ability of rapid electric response [118, 41, 135]. This imposes a problem on

mathematical modeling of multiscale dynamics in steam supply systems against a large

change of operating condition.

In this chapter, we derive a lumped-parameter model that captures the multiscale

properties of steam supply. The dynamics of interest are originally described by the

model for fast steam flows over a pipe network coupled with the model for slow internal

dynamics of boilers. For a single boiler or single plant, much work has been reported on

lumped-parameter modeling [12, 69, 127, 18], whereas for dynamics of steam flows in pipes,

partial differential equations or distributed-parameter models [101, 4, 81, 126] are normally

used. Namely, the lumped-parameter model of boilers is regarded as a slowly time-varying

boundary condition of the distributed-parameter model of steam pipes. Although such
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models are crucial to plant design, detailed simulation, and commissioning, their simple

coupling is too complicated to reveal the system-wide dynamics of interest. In Sec. 3.1,

through physically-relevant approximations, we derive a simple lumped-parameter model

that captures the multiscale property as well as a graph-theoretic property of the pipe

network.

The correctness of the derived model is verified by theoretical and numerical analyses

of the model in terms of multiscale property of steam supply. In Sec. 3.2, the theoretical

analysis is conducted with dynamical systems and graph theoretic methods [66, 129, 97,

58, 107]. Specifically, the concept of Normally Hyperbolic Invariant Manifold (NHIM)

[129, 97, 76] is utilized to discuss structural stability of the derived model. Also, the

concept of NHIM characterizes the slow-fast vectorfield near an invariant manifold and

becomes dynamical evidence that the derived model preserves the slow-fast dynamics

in the original model. We firstly obtain the inner limit of the derived model using the

standard regular expansion method [66] and locate a set of non-isolated equilibrium points

of the inner-limit model. The set is then proved to form a NHIM under mild technical

conditions. In Sec. 3.3, we conduct numerical simulations of the derived model for an

example of two-site system under a practical set of parameters. The correctness of the

derived model is quantitatively examined by comparison with brute-force simulation of the

original model, and the slow-fast dynamics near the NHIM are visualized. The existence

of NHIM suggests a separation principle of short-term and long-term operations of steam

supply systems, which is analogue to electricity supply operation [84].

3.1 Physical modeling

This section is devoted to derivation of a lumped-parameter model for dynamics of

steam supply systems through physically relevant approximations. The modeling pro-

cedure is explained in a dimensionless form in order to clearly describe the multiscale

property of steam supply. The physical quantities with dimension are denoted by super-

script ∗, and the reference quantities for scaling by subscript r. The dimensionless time

t is scaled according to the time scale defined by the steam velocity u∗r and the length

scale L∗r of the pipes: t∗r := L∗r/u
∗
r . The detailed procedure of scaling and the reference

quantities are presented in Appendix 3.A.
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3.1.1 Physical processes and modeling assumptions

The basic physical processes of steam supply systems are related to (i) producing, (ii)

transporting, and (iii) consuming steam. Figure 3.1 illustrates the three processes for the

two-site system. The blocks in the figure represent (a) components of the two-site system

and (b) components of a boiler. Each arrow describes the flow of steam, water, or heating

gas. For (i), Fig. 3.1b shows the production of steam from combustion gas and water in a

boiler. Mixed steam and water are produced in the evaporator due to the boiling of water

by high-temperature combustion gas. The mixed steam and water are supplied to the

drum and stored at the phase equilibrium condition, while feedwater is supplied to the

drum. Thus, the saturated steam in the drum is brought to the outside of boiler. For (ii),

the transport of steam to a load in Fig. 3.1a is realized due to the self-pressure of boiler.

The transport of steam is also realized by controlling the difference of pressures between

the two sites. Finally, for (iii), the transported steam is consumed at each load. The

latent heat of the steam is extracted with a heat exchanger, and the resulting condensed

water is returned to the boiler.

To understand the system-wide dynamics, the pressure and flow rate of steam are

important physical quantities. In order to simply describe essential characteristics of the

dynamics, we make the following assumptions:

(A1) Temperatures of drum, evaporator and their wall are equal to temperature of mixed

steam and water, i.e. the saturation temperature [12, 69].

(a) Components of the two-site system (b) Components of a boiler

Figure 3.1: Schematic diagram of the two-site steam supply. Each block in the figure shows
(a) components of the two-site system and (b) components of a boiler. Red, orange, and
black arrows describe the flow of steam, water, and heating gas, respectively.
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(A2) Change of the volumes of steam and water is negligible when the water level of a

drum is well regulated [12].

(A3) Feedwater to a drum is at the condition of saturated liquid [69].

(A4) Pressure drop in a pipe is evaluated by the Darcy-Weisbach equation for steady flow

[101].

(A5) No dominant effect of compressibility of steam appears on its velocity profile. This

is relevant when the steam velocity is sufficiently smaller than the sound speed [78].

(A6) No dominant effect of heat loss appears on the pressure drop and volumetric flow.

This is relevant when the mass fraction of vapor in the fluid, i.e. the quality of

steam is sufficiently close to one [123, 63].

(A7) Pressure drop in the site’s components such as pressure regulators and valves are

negligible.

The validity of Assumptions (A1)–(A3) and Assumption (A4) has been tested in [12, 69]

and [101, 4], respectively. Thus, we mainly discuss Assumptions (A5)–(A7) in the rest of

this chapter.

3.1.2 Derivation of lumped-parameter model

In Secs. 3.1 and 3.2, we will consider a general steam supply system with arbitrary

number of sites based on graph theory [58, 107]: see Appendix 3.B for its details. The

topology of a steam supply system is described by a directed graph G = (V , L), where

V stands for a finite set of vertices representing sites, and L for a finite set of links

representing steam transporting pipes. For a link l ∈ L, the tail (or head) vertex is

denoted by ∂+l (or ∂−l). For a vertex v ∈ V , the set of outgoing (or incoming) links is

denoted by δ+v (or δ−v). Below, the physical variables of boilers and pipes at each vertex

and link are denoted by subscripts v and l, respectively. The graph G is assumed to contain

no self-loop and to be connected. The assumption of no self-loop is relevant because a

steam transporting pipe normally connects different two sites. Under this assumption,

the incidence relation of a graph is completely represented with the incident matrix [58],

and hence the matrix will be used in our modeling and analysis. The assumption of
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connected graph is intended for simplifying the presentation in this paper and does not

lose generality of the modeling and analysis in this chapter.

The dynamical model of a boiler is based on [12, 69]. In the model, V represents

volume, ρ density, h specific enthalpy, T temperature, andm′ mass flow rate. Furthermore,

the three subscripts s, w, and m represent saturated steam, saturated water, and metal,

respectively. The total mass of metals of the drum and the evaporator is represented by

mt, and the specific heat of the metals by Cp. It is stated in [12] that the dynamics of

pressure are well captured by global mass and energy balance. This is because the internal

energy is rapidly released or absorbed due to the uniform boiling and condensation inside

the drum and evaporator. Thus, under Assumptions (A1)–(A3), the dynamics of pressure

pv at vertex v ∈ V are formulated as

ev(pv)
dpv
dt

= ε1 {Q′v −m′svhc(pv)} , (3.1)

where Q′v stands for the heat flow rate to the evaporator, and hc := hs−hw corresponds to

enthalpy of condensation. The small parameter ε1 := d∗r
2L∗r/e

∗
r determines the slowness

of the pressure dynamics (3.1) in terms of the time scale t∗r of steam flow. From [12],

the coefficient ev(pv) represents the rate of change of internal energy stored in the boiler

against a change of pressure, given by

ev(pv) =hcvVsv
∂ρsv
∂pv

+ ρsvVsv
∂hs
∂pv

+ ρwvVwv
∂hwv
∂pv

+mtvCp
∂Tsv
∂pv
− Vsv − Vwv. (3.2)

In this paper, as in [12], the thermodynamic properties hs, hw, ρs, ρw, and Ts are evaluated

from the steam table [15] and are represented as functions of pressure pv, for example,

hsv = hs(pv).

The transient steam flow in a pipe is described by the one-dimensional continuity

equations of mass, momentum, and energy [101, 4, 81]. For each link l ∈ L, the mass

balance is given by
∂ρl
∂t

+
∂

∂x
(ρlul) = 0, (3.3)

Figure 3.2: Schematic diagram of the steam transporting pipe l.
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the momentum balance by

∂

∂t
(ρlul) +

∂

∂x
(ρlu

2
l ) +

1

ε2

∂pl
∂x

+ λl
ρlul|ul|

2dl
= 0, (3.4)

and the energy balance by

∂

∂t
(ρlhl) +

∂

∂x
(ρlhlul) =

∂pl
∂t

+ ε3Qwl, (3.5)

where ul stands for the velocity of steam in a pipe l, and x for the displacement variable

along the pipe. The parameter λl stands for the friction coefficient of the Darcy-Weisbach

equation [101, 63, 15] under Assumption (A4). The parameters dl and Qwl stand for

the diameter of the pipe and the heat flow through walls, respectively. The parameters

ε2 := ρ∗sru
∗
r
2/p∗r and ε3 := d∗r

2L∗rQ
∗
wr/Q

′∗
r in Eqs. (3.4) and (3.5) are small, and they reflect

Assumptions (A5) and (A6), respectively. Under the two assumptions, the above original

equations are simplified through the incompressibility condition ∂u/∂x = 0. It is widely

accepted that the low Mach number (described by ε2) implies an incompressible model

[78]. Further precise discussions are presented in [93, 108] for Navier-Stokes equations

and in [37] for one-dimensional flow equations. The literature [93, 108, 37] shows that the

simplification is relevant if both the constants ε2 and ε3 are sufficiently small. Hence, the

energy equation (3.5) is decoupled from the other equations, and the dynamics of steam

flows are described by the momentum equation (3.4) with the condition ∂u/∂x = 0:

ρl
∂ul
∂t

+
1

ε2

∂pl
∂x

+
λlρlul|ul|

2dl
= 0. (3.6)

Therefore, by integrating Eq. (3.6) with respect to x from x = 0 to x = Ll (see Fig. 3.2),

the following ordinary differential equation is derived:

Llρavl
dul
dt

=
p∂+l − p∂−l

ε2
− λlρavlLlul|ul|

2dl
, (3.7)

where ρavl is given by

ρavl(t) :=
1

Ll

∫ Ll

0

ρl(x, t)dx. (3.8)

At each site, Eqs. (3.1) and (3.7) are combined via the continuity equations of mass

and energy. Under Assumption (A7) we have the following equations [101]: for each v ∈ V
and all t ∈ R, the mass balance is given by

m′sv(t) = m′Lv(t) +
∑
l∈δ+v

πd2l
4
ρl(0, t)ul(t)−

∑
l∈δ−v

πd2l
4
ρl(Ll, t)ul(t), (3.9)
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and the energy balance by

m′sv(t)hs(pv(t)) = m′Lv(t)hLv(t) +
∑
l∈δ+v

πd2l
4
ρl(0, t)ul(t)hl(0, t)

−
∑
l∈δ−v

πd2l
4
ρl(Ll, t)ul(t)hl(Ll, t), (3.10)

where m′Lv and hLv stand for the mass flow rate and specific enthalpy consumed by the

load at vertex v. They are related to the consumption rate Q′Lv of heat as follows:

m′LvhLv = Q′Lv +m′Lvhw(pv). (3.11)

By multiplying both the sides of Eq. (3.9) by hw(pv) and using Eq. (3.10), we obtain

m′svhc(pv) = Q′Lv +
∑
l∈δ+v

πd2l
4
ρl(0, t)(hl(0, t)− hw(pv))ul

−
∑
l∈δ−v

πd2l
4
ρl(Ll, t)(hl(Ll, t)− hw(pv))ul. (3.12)

The above equation is used in Eq. (3.1) and thereby combines the two equations Eq. (3.1)

and Eq. (3.7).

Finally, in order to derive a model in a self-consistent manner, it is necessary to

determine the thermodynamic quantities in the pipes. While they are calculated in the

original model by Eq. (3.3) for mass and Eq. (3.5) for energy, we give their values by

functions of pressure pv based on Assumption (A6) and (A7):

hl(0, t) := hs(p∂+l(t)), hl(Ll, t) := hs(p∂−l(t)),

ρl(0, t) := ρs(p∂+l(t)), ρl(Ll, t) := ρs(p∂−l(t)), (3.13)

ρavl(t) :=
ρs(p∂+l(t)) + ρs(p∂−l(t))

2
.

The relevance of these approximations will be discussed in Sec. 3.3.3.

Consequently, the following model is derived for representing the steam supply dy-

namics: for each v ∈ V and l ∈ L,

dpv
dt

=
ε

ev(pv)

{
Q′v −Q′Lv −

∑
l∈δ+v

πd2l
4
hc(pv)ρs(pv)ul +

∑
l∈δ−v

πd2l
4
hc(pv)ρs(pv)ul

}
, (3.14a)

dul
dt

=
1

ε

2(p∂+l − p∂−l)
Ll{ρs(p∂+l) + ρs(p∂−l)}

− λl
2dl

ul|ul|, (3.14b)
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where ε1 and ε2 were reset as ε by choosing the reference quantities as e∗r := d∗r
2L∗r/ε2.

This resetting operation is relevant for a practical setting of parameters shown in Sec. 3.3.

Here, we discuss the multiscale property of the derived model: see Sec. 3.2 for its de-

tailed analysis. The model (3.14) includes a single small parameter ε, and the parameters

and functions on the right-hand sides are order of 1. From Eq. (3.14a), the pressure pv

changes slowly in time due to the presence of the small parameter. In Eq. (3.14b), the

first and second terms on the right-hand side should be order of 1. That is, the pressure

difference p∂+l−p∂−l should be kept small (order of ε). If this is not the case, for example

if the pressure difference is O(1), then the left-hand side of Eq. (3.14b) becomes O(1/ε),

implying the steam velocity ul becomes large. This indicates the violation of Assumption

(A5), and hence the derivation of the lumped-parameter model (3.14) loses its validity.

Thus, the smallness of p∂+l − p∂−l is necessary and will be assumed in the rest of this

paper. Consequently, the short-term dynamics in t ∈ [0, T ] for T = O(1) are described by

the changes of ul in O(1) and pv in O(ε). On the other hand, the long-term dynamics are

related to the change of pv of O(1), implying the changes of thermodynamic quantities

such as ρs.

3.2 Theoretical analysis

This section shows that the derived model (3.14) preserves the slow-fast dynamics in

the original model. In phase-space geometric concepts, the presence of slow-fast dynamics

can be described by the cencept of Normally Hyperbolic Invariant Manifold (NHIM)

[129, 97]: slow dynamics along an invariant manifold and fast dynamics transversal to

it. In order to theoretically analyze Eq. (3.14), here we simplify the model through the

standard regular expansion method [66]. As will be shown later, it corresponds to the

inner-limit of the derived model. Thus, we prove the existence of NHIM for the inner-limit

model (3.19). This indicates that the slow-fast dynamics are involved in the model (3.14),

because a NHIM persists under a perturbation of vectorfield [129, 97]. Indeed, in Sec. 3.3,

we will numerically confirm the existence of NHIM for the model (3.14).

3.2.1 Notation

The notation frequently used in this section is summarized below. The symbol T stands

for the transpose operation of a vector or matrix. For a matrix A, Im(A) represents the
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image space of linear mapping represented by A, and Ker(A) the kernel space of the linear

mapping A. The symbol diag(v) stands for the diagonal matrix made from a vector v.

For a vector-valued function f = (f1, . . . , fm)>, its Jacobian is denoted by Df . The

constant vector 1 stands for all-one vector. For an Euclidean space E, E⊥ stands for the

orthogonal space of E.

3.2.2 Derivation of inner-limit model

First, we apply the regular expansion method to the derived model (3.14). The regular

expansion starts with assuming a solution of (3.14) in the following form:

pv(t, ε) = p(0)v (t) + εp(1)v (t) +O(ε2),

ul(t, ε) = u
(0)
l (t) + εu

(1)
l (t) +O(ε2). (3.15)

By substituting them into (3.14) and equating the coefficient of each power of ε, a series of

differential equations is obtained. From the leading-order terms, we obtain the following

conditions: for all v ∈ V and l ∈ L,

dp
(0)
v

dt
= 0, p

(0)

∂+l = p
(0)

∂−l. (3.16)

Thus, p
(0)
v does not depend on both time and site, and is henceforth denoted by p0. For

the next-order of the series, we obtain the governing equations that contain the graph-

theoretic property of the target steam supply system. For the graph G = (V , L), by

labeling the vertices and links as V := {v1, . . . , vn} and L := {l1, . . . , lm}, the first-order

term of pressure and the zeroth-order term of volumetric flow of steam are described by

ψ :=
[
p
(1)
1 , . . . , p

(1)
n

]>
, q :=

π

4

[
d21u

(0)
1 , . . . , d2mu

(0)
m

]>
. (3.17)

The incidence matrix R = (Rij) ∈ Rn×m of the graph is defined by

Rij :=


1 if vi = ∂+lj 6= ∂−lj,

−1 else if vi = ∂−lj 6= ∂+lj,

0 otherwise.

(3.18)

With the notation, the dynamics of (ψ, q) are described as follows:[
G 0
0 H

]
d

dt

[
ψ
q

]
=

[
0 −R

R> 0

] [
ψ
q

]
+

[
s

−f(q)

]
, (3.19)
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with

G := diag

(
e1(p0)

hc(p0)ρs(p0)
, . . . ,

en(p0)

hc(p0)ρs(p0)

)
, (3.20)

H := diag

(
4ρs(p0)L1

πd21
, . . . ,

4ρs(p0)Lm
πd2m

)
, (3.21)

s :=

(
Q′1 −Q′L1
hc(p0)ρs(p0)

, . . . ,
Q′n −Q′Ln
hc(p0)ρs(p0)

)>
, (3.22)

f(q) :=

(
8λ1L1ρs(p0)q1|q1|

π2d51
, . . . ,

8λmLmρs(p0)qm|qm|
π2d5m

)>
. (3.23)

Note that (3.19) possibly has a unbounded solution, and thus the expansion (3.15) is not

uniformly valid for all time t ∈ R. Namely, there exists a finite T such that the expansion

is valid at all t ∈ [0, T ], and thus the limitation ε→ 0 implies the inner limit [66]. In this

sense, we call (3.19) as the inner-limit model of the lumped-parameter model (3.14).

3.2.3 Characterization of invariant manifold

In this subsection, we locate the invariant manifold in the inner-limit model (3.19)

using graph theory: see Appendix 3.B for its summary. As will be shown below, the

manifold is located as a set of non-isolated equilibrium points. An equilibrium point

(ψ∗, q∗) of Eq. (3.19) satisfies the following condition: for given s, R, and f ,

Rq∗ = s, (3.24a)

R>ψ∗ = f(q∗). (3.24b)

The above conditions can be regarded as the combination of two linear equations defined

by R and R>. Thus, they are analyzed using the image and kernel spaces of R and R>.

First, Eq. (3.24a) has a solution if s belongs to the image of R:

s ∈ Im(R) = (Ker(R>))⊥. (3.25)

Since Eq. (3.25) implies that s is orthogonal to 1 (see (3.58) in Appendix 3.B), the sum of

all the elements s1+ · · ·+sn should be zero. By the definition in Eq. (3.22), this condition

is equivalent to

Q′1 + · · ·+Q′n = Q′L1 + · · ·+Q′Ln. (3.26)

This clearly indicates that the sum of all generation and consumption of steam at vertices

is zero. Even if the above condition does not hold, the following analysis in this section is
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still applicable by introducing a new state variable (ψ′, q) with the following time-varying

transformation:

ψ′ = ψ −
(

s1 + · · ·+ sn
G11 + · · ·+Gnn

t

)
1. (3.27)

Thus, under the condition (3.25), the set of all solutions of Eq. (3.24a), denoted by

Q∗(s), is described as follows:

Q∗(s) =
{
q0 + q

∣∣ q ∈ Ker(R)
}
, (3.28)

where q0 stands for one of the solutions of (3.24a). Second, (3.24b) has a solution if f(q)

belongs to the image of R>:

f(q) ∈ Im(R>). (3.29)

This implies that f(q) belongs to the subspace of cutsets, which is known as the Kirch-

hoff’s law for tensions [58]. Under the condition (3.29) and for q∗ ∈ Q∗(s), the set Ψ∗(q∗)

of all solutions of (3.24b) is described as follows:

Ψ∗(q∗) =
{
ψ0 +ψ

∣∣ ψ ∈ Ker(R>) = c1 , c ∈ R
}
. (3.30)

where ψ0 stands for one of the solutions of (3.24b). Consequently, under the two condi-

tions

s ∈ (Ker(R>))⊥ and Im(R>) ∩ f(Q∗(s)) 6= ∅, (3.31)

the set of equilibrium points (ψ∗, q∗) is described as follows:{
(ψ∗, q∗) ∈ Rn+m

∣∣∣ ψ∗ = ψ0 + c1, c ∈ R, q∗ ∈ f−1(Im(R>)) ∩Q∗(s)
}
, (3.32)

where f−1(Im(R>) ∩ f(Q∗(s)) = f−1(Im(R>)) ∩Q∗(s) holds because f is bijective from

the definition in Eq. (3.23). This fact also indicates the uniqueness of q∗ if it exists [58].

As a result, the set Eq. (3.32) of equilibrium points becomes a one-dimensional curve

(line) in the state space of the inner-limit model (3.19). This curve forms an invariant

manifold consisting of all the non-isolated equilibrium points, which we will denote by I.

In order to discuss the technological implication in Sec. 3.3, the dynamics of the model

(3.14) near I are described below. Since the invariant manifold herein is one-dimensional,

the slow dynamics will be characterized by one-dimensional reduced system on it. A

perturbation to solutions of Eq. (3.19) along I represents the uniform change of the

pressures, and thus the slow dynamics correspond to the responses of pressure level of

the entire system. On the other hand, the dynamics transverse to I represent the change

of steam velocities and pressure fluctuations near the manifold, and the fast dynamics

correspond to the transport of steam between the different sites.
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3.2.4 Proof of normal hyperbolicity of the invariant manifold

In this subsection, we prove that the located invariant manifold I in Eq. (3.32) is

normally hyperbolic under certain conditions. An invariant manifold is called normally

hyperbolic [52, 129] if the expansion or contraction rate of vectors transverse to the

manifold dominates that of vectors tangent to the manifold: see Appendix 3.C for its

details. For the present discussion, since I consists of non-isolated equilibrium points, it

is characterized by eigenvalues associated with the linearization of the model (3.19) at

each equilibrium point. By substituting ψ = ψ∗+ ∆ψ and q = q∗+ ∆q into Eq. (3.19),

the linearized system around (ψ∗, q∗) is obtained as follows:

d

dt

[
∆ψ
∆q

]
= A

[
∆ψ
∆q

]
, (3.33)

with

A :=

[
0 −G−1R

H−1 R> −H−1Df(q∗)

]
. (3.34)

In below, we will show that the center subspace of the linearized system (3.34) is one-

dimensional and is tangent to I. To do this, we analyze the eigenvector associated with

zero eigenvalue under the following two assumptions. The first one is that the matrix

Df(q∗) is non-singular. This is relevant if q∗i 6= 0 for all i = 1, . . . ,m. Under the

assumption, the eigenvector (∆ψ0,∆q0) associated with zero eigenvalue satisfies the

following equations:

G−1R∆q0 = 0, (3.35a)

∆q0 = Df(q∗)−1 R>∆ψ0. (3.35b)

The second assumption states non-existence of pure imaginary eigenvalues of A. As stated

in [16], non-singularity of Df(q∗) is closely related to the non-oscillating condition, that

is, non-existence of pure imaginary eigenvalues. However, in this paper, we will simply

make both the assumptions. Under the two assumptions, one can verify that the center

subspace is spanned by eigenvector associated to zero eigenvalue and is tangent to I. By

substituting Eq. (3.35b) into Eq. (3.35a), the following condition holds for ∆ψ0:

RΣR>∆ψ0 = 0, Σ := Df(q∗)−1. (3.36)

Since Σ is diagonal by definition, RΣR> corresponds to the so-called Kirchhoff matrix

[107]. From the assumption of connected graph, the kernel of RΣR> is represented by

{c1 ∈ Rn | c ∈ R}. (3.37)
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From Eq. (3.35b), ∆q0 = 0 holds because this space is also the kernel of R>, that is,

R>∆ψ0 = 0. Note that, by discussion similar to above, one can verify that there is no

generalized eigenvector associated with zero eigenvalue other than (∆ψ0,∆q0). Thus,

the center subspace of the linearized system (3.34) is explicitly represented as follows:{
(∆ψ,0) ∈ Rn+m|∆ψ = c1, c ∈ R

}
. (3.38)

This clearly indicates that the center subspace is one-dimensional and is tangent to the

invariant manifold I. From the definition, if the two assumptions—non-singularity of

Df(q∗) and non-existence of pure imaginary eigenvalues of A—are satisfied, then I is

normally hyperbolic. The proof is thus completed.

3.3 Numerical simulations for two-site system

This section demonstrates the slow-fast dynamics near the NHIM and verifies the

correctness of the derived model (3.14) by numerical simulations for the two-site system.

dp1
dt

=
ε

e1(p1)

{
Q′1 −Q′L1 −

πd2

4
hc(p1)ρs(p1)u

}
, (3.39)

dp2
dt

=
ε

e2(p2)

{
Q′2 −Q′L2 +

πd2

4
hc(p2)ρs(p2)u

}
, (3.40)

du

dt
=

1

ε

2(p1 − p2)
Ll{ρs(p1) + ρs(p2)}

− λl
2d
u|u|, (3.41)

For the two-site system, the dimension of the derived model is three, and hence it is

possible to perfectly visualize the state space of the model including a NHIM and to

apply phase-space geometric concepts [129] to it.

In [12] transient responses of a single boiler are examined experimentally as well as

numerically under a setting of fuel profiles for a real plant. Following this, in this paper

we provide responses of physical quantities under a step change and periodic change

of the heat flow rates Q′i to boilers. Although the abrupt change of Q′i may not be

possible in realistic operation, it provides basic information on the multiscale dynamics.

The values of parameters used for the current simulations are shown Appendix 3.E and

based on district heating systems [18, 63]. As in [127], the thermodynamic properties are

calculated by using Xsteam package [53]. Numerical values of ei(pi) and hc(pi)ρs(pi) in

(3.14) are shown in Fig. 3.3 for a practical range of pressure [18]: 0.1 MPa ≤ pi ≤ 2 MPa.
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Figure 3.3: Numerical values of (a) ei and (b) hcρs

3.3.1 Time-response analysis

First, we simulate the short-term dynamics related to transport of steam between the

two sites. Time-responses of physical quantities are provided under the following step

change:

(Q′1, Q
′
2) =

{
(5 MJ/s, 5 MJ/s), t < 10 s

(6 MJ/s, 4 MJ/s), t ≥ 10 s
(3.42)

This implies an abrupt change of operating conditions of the boilers, and thereby 1 MJ/s

surplus (or deficit) of heat is caused in site #1 (or site #2). Note that in both cases

the condition (3.26) is satisfied. Figure 3.4 shows step responses of the state variables

(p1, p2, u) of (3.14) and heat output rates Q′oi from the boilers. The system is initially

at a steady operating condition with no transport of steam between the sites, and then

Q′i changes at t = 10 s. The pressures p1 and p2 and velocity u move to a new operating

condition after transients in a few tens of seconds. At the new operating condition, the

values of p1 − p2 and u become positive. This clearly shows that the positive pressure

drop p1 − p2 induces the transport of steam from site #1 to site #2. The heat output

rates Q′o1 and Q′o2 change symmetrically, and thus the surplus and deficit of heat at the

two sites are compensated by the transport of steam.
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Figure 3.4: Responses of state variables (p1, p2, u) and heat output rates Q′oi := m′sihc(pi)
from the boilers. The solid lines show the responses of Eq. (3.14), and the points (×)
show the sample plot of responses of Eq. (3.19). They are initiated by a step change of
the parameters from (Q′1, Q

′
2) = (5 MJ/s, 5 MJ/s) to (Q′1, Q

′
2) = (6 MJ/s, 4 MJ/s).

3.3.2 Phase-space analysis

Second, we analyze the dynamics described by the model (3.14) from the viewpoint of

phase space. Especially, the long-term dynamics described by (3.14) are considered in this

subsection. The model (3.14) for the two-site system has the three independent variables.

Based on the analysis in Sec. 3.2.3, we introduce the following variable transformation: (p1 + p2)/2
p1 − p2
u

 =

 1/2 1/2 0
1 −1 0
0 0 1

 p1
p2
u

 . (3.43)

Figure 3.5 shows trajectories of the model (3.14) under the parameter setting as (Q′1, Q
′
2) =

(6 MJ/s, 4 MJ/s). The red trajectory corresponds to the time response presented in

Fig. 3.4 with subsequent long-term response from t = 0 s to 10, 000 s. This trajectory

shows typical slow-fast dynamics as mentioned in Sec. 3.2. The mean pressure value

(p1 + p2)/2 does not change dominantly while the pressure difference p1 − p2 and the

velocity u exhibit fast oscillations shown in Fig. 3.4. After the fast oscillation is settled,

the mean pressure (p1 + p2)/2 begins to decrease slowly. The blue trajectory in the figure

shows a one-dimensional invariant manifold located with direct numerical integration of

(3.14). It is confirmed that the trajectories converge to the located invariant manifold

while exhibiting the slow and fast dynamics as mentioned above. This result becomes a
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Figure 3.5: Trajectories of the derived model (3.14) with (Q′1, Q
′
2) = (6 MJ/s, 4 MJ/s).

The red trajectory corresponds to the time response presented in Fig. 3.4 with subsequent
long-term response. The blue trajectory shows a invariant manifold located with direct
numerical integration of (3.14).

numerical evidence that the located invariant manifold possesses the normal hyperbolicity.

Also, we analyze the long-term dynamics related to the boilers’ operation to offer

several technological implications of the phase space analysis. Here, we consider the

following periodic change of Q′1: for n = 1, 2, . . . ,

Q′1 =

{
7 MJ/s, 600(n− 1) s ≤ t < 600n− 300 s,

5 MJ/s, 600n− 300 s ≤ t < 600n s,
(3.44)

and Q′2 = 4 MJ/s. This periodic change is intended to the novel electricity-oriented

operation of CHP plants, and the similar profiles of the fuel flow rate are shown in [12]

as experiment data of a real plant. Under the above setting, the condition (3.26) is

not satisfied. Figure 3.6 shows (a) the time responses of the state variables and (b) the

corresponding trajectory in the phase space. The appearing short-term and long-term

dynamics are characterized by the NHIM. For the short-term regime, the fast motion

towards to the NHIM guarantees that the pressure and velocity oscillation are settled

after a change of operating condition. This ensures that the amount of transport of steam
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Figure 3.6: Long-term dynamics for the periodic change of the parameter Q′1. Numerical
simulation of (a) time responses of the state variables and (b) trajectory in the phase
space are shown.

between the two sites becomes bounded in the short-term regime. On the other hand, for

the long-term regime, the mean pressure value changes due to the slow motion along the

NHIM. Thus, the success of the novel electricity-oriented operation can be clarified as the

existence of NHIM near which the separation of fast and slow motions holds.

It should be here noted that this type of slow-fast separation plays an important role

in power system operation [84]. Conventionally, the frequency dynamics in power systems
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can be classified into three stages with different time-scales and are regulated separately

with different mechanisms [84]. In this sense, we here identified a similar time-scale

separation in the steam supply system, which has not been reported yet in literature.

The time-scale separation enables independent operations of transport of steam between

the sites in short-term regime and long-term supply-demand balancing of steam in order

to maintain the pressure level in the system. The finding of the time-scale separation is

thus expected to become a dynamical principle for operational design of steam supply.

3.3.3 Comparison with the original model

Lastly, in order to verify the correctness of the derived model (3.14), we present a

comparison with the brute-force simulation of the original model represented by equa-

tions (3.1) to (3.5) and Eq. (3.12). The equations were implemented using the COM-

SOL Multiphysics R© Software [30]: see Appendix 3.D for details. From the procedure of

lumped-parameter modeling, the approximations necessary for deriving (3.14) are the in-

compressibility condition and the evaluation of thermodynamic quantities in Eq. (3.13).

Since the relevance of these approximations is related to the parameter ε3 := d2rLrQwr/Q
′
r,
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Figure 3.7: Responses of p1, p2, u0 := u(t, 0), and uL := u(t, L) by the original coupled
equations. The points (×) show the sequence of time responses of the derived lumped-
parameter model (3.14).
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we present in Fig. 3.7 the simulation results for various setting of the heat loss, represented

by Qw in Eq. (3.5). The lines in the figure show the results of brute-force simulation of the

original model with −Qw · πd2/4 = 0 W/m, 100 W/m, and 200 W/m, respectively. The

sequence of points, denoted by ×, represents a sample plot of time responses of (3.14)

presented in Fig. 3.4. The simulation result clearly shows that the lumped-parameter

model (3.14) well approximates the dynamics of the original model when the heat loss is

sufficiently small, i.e. when the steam pipes are well insulated.

For the cases with large heat loss, while the pressures p1 and p2 in the original model

slowly decrease, the responses of u0 and uL are well captured by the derived model (3.14).

Also, the responses of pressures and velocities in [10 s, 20 s] are correctly produced by the

derived model. The result shows that the derived model describes the transport of steam

in the shot-term regime even if the heat loss becomes large. This model is thus useful

for designing the coordinated operation of heat and electricity supply because the typical

time scale of the swing dynamics in power systems is also in the same time regime [84].

3.4 Summary

This chapter studied a problem on mathematical modeling for multiscale dynam-

ics in steam supply systems. The dynamics of interest were originally described by a

distributed-parameter model for fast steam flows over a pipe network coupled with a

lumped-parameter model for slow internal dynamics of boilers. Through physically rele-

vant approximations, we newly derived a lumped-parameter model that captured stability

and multiscale properties of the dynamics. In order to describe the slowfast dynamics,

we used the notion of Normally Hyperbolic Invariant Manifold (NHIM). By theoretically

analyzing the inner limit of the derived model, we located a set of nonisolated equilibrium

points that formed an NHIM. Also, the numerical simulations under practical settings of

parameters demonstrated the slow-fast dynamics near the NHIM. The existence of the

NHIM clearly shows the so-called separation principle for operational design of steam

supply, which is analog to power system operation.

Appendix 3.A Derivation of dimensionless equations

This first appendix derives the dimensionless equations from Eq. (3.1) to (3.5). The

physical quantities with dimension are denoted by superscript ∗, and the reference quan-
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tities by subscript r: A physical quantity z∗ is associated by z∗ = z∗r z to a dimensionless

quantity z. Similarly, a function f ∗ is related by f ∗r f(z∗/z∗r ) = f ∗(z∗) to a dimensionless

function f . The reference quantities are related by the following equations:

x∗r = L∗r , t∗r =
L∗r
u∗r
, ρ∗r = ρ∗sr, h∗r = h∗sr = h∗wr =

p∗r
ρ∗r
,

d∗r = λrL
∗
r , m′∗r = ρ∗rd

∗
r
2u∗r , Q′∗r = Q′∗Lr = h∗rρ

∗
rd
∗
r
2u∗r . (3.45)

It is well-known in [12, 69] that the dynamic behavior of boiler’s pressure is well

captured by global mass and energy balances. The global mass balance is given by

d

dt∗
(ρ∗sV

∗
s + ρ∗wV

∗
w) = m′∗f −m′∗s , (3.46)

and the global mass balance by

d

dt∗
{(ρ∗sh∗sv − p∗)V ∗s + (ρ∗wh

∗
w − p∗)V ∗w +m∗tC

∗
pT
∗
m} = Q′∗ +m′∗f h

′∗
f −m′∗s h′∗s , (3.47)

where the term h∗ − p∗/ρ∗ corresponds to internal energy. Under Assumption (A2), by

multiplying (3.46) by h∗w and subtracting the result from (3.47) we have

e∗
dp∗

dt∗
= Q′∗ −m′∗f (h∗w − h∗f )−m′∗s (h∗s − h∗w), (3.48)

with

e∗ = (h∗s − h∗w)V ∗s
∂ρ∗s
∂p∗

+ ρ∗sV
∗
s

∂h∗s
∂p∗

+ ρ∗wV
∗
w

∂h∗w
∂p∗

+m∗tC
∗
p

∂T ∗m
∂p∗
− V ∗s − V ∗w . (3.49)

In addition, Assumption (A1) implies T ∗m = T ∗s , and Assumption (A3) does h∗f = h∗w in

(3.48) and (3.49). As a result, by using the relation (3.45), the pressure dynamics of boiler

are formulated as follows:

e(p)
dp

dt
=
d∗r

2L∗r
e∗r
{Q′ −m′shc(p)} , (3.50)

Thus, Eq. (3.1) is derived by defining the small parameter ε1 := d∗r
2L∗r/e

∗
r .

The continuity equations of mass, momentum, and energy with dimension are given

as follows [101, 4, 81]:

∂ρ∗

∂t∗
+

∂

∂x∗
(ρ∗u∗) = 0, (3.51)

∂

∂t∗
(ρ∗u∗) +

∂

∂x∗
(ρ∗u∗2) +

∂p∗

∂x∗
+ F ∗w = 0, (3.52)

∂

∂t∗

{
ρ∗
(
h∗ − p∗

ρ∗

)}
+

∂

∂x∗
(ρ∗u∗h∗) +Q∗l = 0, (3.53)
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where Fw stands for the shear force acting on a steam element and is approximated by

the Darcy-Weisbach equation [101, 15, 63] as follows:

F ∗w := λ
ρ∗u∗|u∗|

2d∗
, (3.54)

The coefficient λ depends on the Reynolds number Re, pipe diameter d, and roughness

of the inner surface of the pipe and therefore varies according to the steam velocity u.

In the case of laminar flow under a low Reynolds number, the value of λ is derived in

[15] theoretically as λ = 64/Re. On the other hand, in the case of turbulent flow under

high Reynolds numbers, λ is approximated by a constant that is determined by d and

the roughness [63, 15]. In this paper, the friction coefficient λ is considered as a constant

because the steam flow used in standard steam supply is turbulent [63, 15]. By using the

relation (3.45), the above equations become

∂ρ

∂t
+

∂

∂x
(ρu) = 0, (3.55)

∂

∂t
(ρu) +

∂

∂x
(ρu2) +

p∗r
ρ∗ru

∗
r
2

∂p

∂x
+ λ

ρlu|u|
2d

= 0, (3.56)

∂

∂t
(ρh) +

∂

∂x
(ρhu) =

∂p

∂t
+
d∗r

2L∗rQ
∗
wr

Q′∗r
Qw. (3.57)

Thus, (3.3) to (3.5) are derived by defining the parameters ε2 := ρ∗sru
∗
r
2/p∗r and ε3 :=

d∗r
2L∗rQ

∗
wr/Q

′∗
r .

Appendix 3.B Summarized graph theory

The second appendix provides a brief review of graph theory [58] for the analysis in

Secs. 3.2.3 and 3.2.4. Along the notation in Sec. 3.2.1, consider a directed graph G with n

vertices and m links. Assume G is connected and is represented by the incidence matrix

R. The matrix R (or R>) is regarded as a linear map R : Rm → Rn (or R> : Rn → Rm),

and its image and kernel are related to the graph’s topology. Ker(R) and Im(R>) are

subspaces of Rm, and their dimensions coincide with the number of independent loops

and cutsets, respectively. Since G is connected, we have dimKer(R) = m − n + 1 and

dimIm(R>) = n− 1 (see [58]). Also, Ker(R>) is a subspace of Rn given as

Ker(R>) = {c1 ∈ Rn | c ∈ R}. (3.58)
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This result is derived from dimIm(R>) = n − 1 and the fact that every link connects

exactly two vertices. Finally, Im(R) is a subspace of Rn orthogonal to Ker(R>), and its

dimension is equal to n− 1.

Appendix 3.C Concept of normal hyperbolicity

This appendix reviews the concept of Normally Hyperbolic Invariant Manifold (NHIM)

based on [52, 38, 129, 76]. The definition of NHIM is based on the so-called generalized

Lyapunov-type numbers, which can be evaluated by eigenvalues of the associated lin-

earized system in the case of an equilibrium point. Here, we first introduce the general

case, and then provide a transition to fast-slow systems.

For the flow φt of an autonomous dynamical system, consider a compact, connected,

and invariant manifold M of class Cr for some r ≤ 1. Suppose there exists a continuous

splitting

TRn|M = N u ⊕ TM ⊕N s, (3.59)

where ⊕ stands for the Whitey sum, TM for the tangent bundle, and N := N u ⊕N s for

the normal bundle. Assume that the subbundles TM ⊕N u and TM ⊕N s are invariant

under Dφt. Then, for a point p ∈M , we consider the following nonzero vectors:

u0 ∈ N u
p , v0 ∈ TMp, w0 ∈ N s

p , (3.60)

and the images of the linearized flow:

u−t = ΠuDφ(p)u0, v−t = Dφ(p)v0, w−t = ΠsDφ(p)w0, (3.61)

where Πu and Πs are the projection operators Πu : TRn|M → N u and Πs : TRn|M → N s,

respectively. Then, the generalized Lyapunov-type numbers are defined as follows:

Definition 3.1 (generalized Lyapunov-type number [129, 76]). The generalized Lyapunov-

type numbers are defined by1

νu(p) := inf

{
a :
||u−t||
at

→ 0 as t→∞, ∀u0 ∈ N u
p

}
, (3.62)

νs(p) := inf

{
a :

1

||w−t||at
→ 0 as t→∞, ∀w0 ∈ N s

p

}
, (3.63)

1In [129], they are defined by using the expressions (||u−t||/||u0||)/at and (||w0||/||w−t||)/at. In this
case, for a = 1, ||u−t||/||u0|| → 0 implies expansion of a vector, and ||w0||/||w−t|| → 0 contraction.
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and if νu(p) < 1 and νs(p) < 1,

σu := inf
{
b : ||v−t|| ||u−t||b → 0 as t→∞, ∀u0 ∈ N u

p , v0 ∈ TMp

}
, (3.64)

σs := inf

{
b :
||v−t||
||w−t||b

→ 0 as t→∞, ∀w0 ∈ N s
p , v0 ∈ TMp

}
. (3.65)

Then, the concept of normal hyperbolicity is defined as follows:

Definition 3.2 (normal hyperbolicity [129, 76] ). Let M be a compact connected invariant

manifold in Rn. A splitting TRn|M = N u ⊕ TM ⊕ N s is called normally hyperbolic2 if

νu < 1, νs < 1, σs < 1, and σs < 1 for all p ∈ M . If an invariant manifold M admits a

normally hyperbolic splitting, then it is called a normally hyperbolic invariant manifold.

Thus, an invariant manifold is normally hyperbolic if the linearized flow in the nor-

mal direction dominates the linearized flow in the tangential direction. An important

implication of the normal hyperbolicity is the following perturbation theorem:

Theorem 3.3 (Fenichel [38, 129, 76]). Let f be a Cr vector field on Rn with r ≤ 1. Let

M be a compact, connected Cr-manifold properly embedded in Rn. Suppose that M is

invariant and normally hyperbolic under the flow of f . Given any Cr vector field fpert

sufficiently C1-close to f , there exists a Cr- manifold Mpert that is invariant under the

flow of fpert and diffeomorphic to M .

Next, we review the fact that the above discussion can be applied to fast-slow sys-

tems [39, 76]. Consider the general formulation of an (m, n)-fast-slow system

ε
dx

dτ
= f(x,y, ε), (3.66a)

dy

dτ
= g(x,y, ε), (3.66b)

where (x, y) ∈ Rm×Rn and 0 < ε� 1 is a small parameter representing the ratio of time

scales. The functions f : Rm × Rn × R → Rm and g : Rm × Rn × R → Rn are assumed

to be sufficiently smooth. Here, the slow subsystem is defined by considering ε → 0 in

Eq. (3.66):

0 = f(x,y, 0), (3.67a)

dy

dt
= εg(x,y, 0), (3.67b)

2A splitting with σu < 1/r and σs < 1/r is called r-normally hyperbolic [52], and r stands for a degree
of scale separation.
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The critical manifold is defined as follows:

C0 = {(x, y) ∈ Rm+n | f(x, y, 0) = 0} (3.68)

Definition 3.4 (normal hyperbolicity for fast-slow systems [39, 76]). A subset S ⊂ C0 is

called normally hyperbolic if the m× n matrix (Dxf)(p, 0) of the first partial derivatives

with respect to the fast variables has no eigenvalues with zero real part for all p ∈ S.

On the fast time scale t = τ/ε, the system (3.66) is rewritten as

dx

dt
= f(x,y, ε), (3.69a)

dy

dt
= εg(x,y, ε), (3.69b)

On this time scale, a subset S ⊂ C0 is normally hyperbolic if and only if for each p =

(x∗, y∗) ∈ S, we have that x∗ is a hyperbolic equilibrium point of

dx

dt
= f(x,y∗, 0). (3.70)

If a subset S ⊂ C0 is a compact and normally hyperbolic subset of S, then there exists a

manifold Sε, which is called the slow manifold, invariant under Eq. (3.66).

Finally, we mention that the lumped-parameter model (3.14) possesses a NHIM in

both meanings of Definitions 3.2 and 3.4. The discussion in this chapter has mainly

focused on Definition 3.2, and a set of equilibrium points is identified. When there exists

no equilibrium point, the time-varying coordinate transformation (3.27) enables the same

analysis. For Definition 3.4, the model can be rewritten in the form of Eq. (3.66) by using

a coordinate transformation as in (3.43) and a suitable rescaling of the variables.

Appendix 3.D Simulation of the original model

Here, we describe the simulation of the original model utilized in Sec. 3.3.3. As men-

tioned in Sec. 3.3.3, the purpose of the simulation is to evaluate the effect of heat loss

from the pipes. For this purpose, a brute-force simulation is conducted to obtain the

short-term response of the model described by Eqs. (3.1) to (3.5) and Eq. (3.12). These

equations can be implemented by using COMSOL Multiphysics R© Software [30], which

is a general-purpose software based on finite element method. In particular, Pipe Flow
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Module R© is utilized for simulating the fluid flow described by Eqs. (3.3) and (3.4) to de-

termine velocity ul and pressure pl. To determine enthalpy hl, the energy continuity

equation (3.5) is implemented by using a PDE Interface. The time-varying boundary

conditions are imposed by Eqs. (3.1) and (3.2) and implemented by an ODEs and DAEs

Interface. Finally, density ρl is given by a function of pl and hl. Following [81], in this

dissertation, the function ρl(pl, hl) is obtained by the first order approximation at the

condition (pl, hl) = (800 kPa, 2768 kJ/kg).

Appendix 3.E List of variables and parameters

Table 3.1: List of variables and parameters in the derived model (3.14). The values used
for numerical simulations in Sec. 3.3 are also presented.

Meaning Symbol (Nominal) Value Scaled value

Pressure of steam p 800 kPa 1.0 (base)
Density of saturated steam ρs 4.16 kg/m3 1.0 (base)
Density of saturated water ρw 897 kg/m3

Specific enthalpy of saturated steam hs 2768 kJ/kg 14.3
Specific enthalpy of saturated water hw 721 kJ/kg 3.74
Specific enthalpy of the feed water hf
Mass flow rate of saturated steam from drum m′s
Mass flow rate of feed water to drum m′f
Coefficient of pressure variation given in (3.2) e 3073 J/Pa 1.8
Temperature of saturated steam Ts 443 K
Total mass of evaporator and drum of a boiler mt 50, 000 kg
Specific heat of the metal of boiler Cp 0.4 kJ/(K · kg)
Total volume of steam Vs 10.0 m3

Total volume of water Vw 10.0 m3

Velocity of steam in the pipe u 30 m/s 1.0 (base)
Length of the steam pipe L 200 m 1.0 (base)
Diameter of the steam pipe d 0.2 m 1.0 (base)
Friction coefficient of the steam pipe λ 0.016 16
Input rate of heat of a boiler Q′

Consumption rate of heat at a load Q′L 5.0 MJ/s 5.2
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Chapter 4

Control of energy balance

This and next chapters address problems of controller synthesis to achieve the coordi-

nated operation of CHP plants described in Sec. 1.4. For electricity supply, a CHP plant

is expected to contribute to ancillary services [70, 109] of power systems. This is achieved

by regulating the electric power flow interchanged with the infinite bus. In addition, in

terms of heat supply, the following two control objectives are considered. One is to main-

tain the steady energy balance of demand and supply characterized by Eq. (1.5). The

other is to regulate the heat transfer rate between the two sites for achieving transient

energy supply driven by market or energy-efficiency policies. In this chapter, we focus on

the former objective, and the latter will be considered in Chapter 5.

Since the above control objectives require a large change of operating conditions of

CHP plants, our aim is to synthesize a nonlinear control system that is applicable to

a wide range of operating conditions. With this aim, we perform structural analysis

of the state-space model of the two-site system based on geometric nonlinear control

theory [59, 113, 68]. The analysis is conducted by the method of input-output linearization.

The method is different from Jacobian linearization of a nonlinear system used in Sec. 2.3

and is a process of making the input-output response exactly linear by deriving a suitable

coordinate transformation. The coordinate transformation provides the so-called normal

form and zero dynamics representing inherent structure of the system. In this and next

chapters, we will show that the existence of NHIM in Chapter 3 plays an essential role in

the structural analysis for controller synthesis.

In this chapter, we address a basic stabilization problem1 of the two-site system to

1The stabilization problem can be considered as the fist step to a more sophisticated design such as
output tracking control [33, 113] and robust and adaptive control [115, 68]. The relationship between
each control problem and the associated operation of CHP plants is discussed in subsequent paragraphs.
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maintain the steady energy balance. Specifically, we synthesize a state-feedback controller

that determines the signals of fuel inputs to the CHP plants to render an equilibrium point

of a state-space model of the two-site system asymptotically (exponentially) stable. As

illustrated in Chapters 2 and 3, the energy imbalance causes not only short-term dynamics

of generators in the electric subsystem but also long-term dynamics of boilers in the heat

subsystem. Based on this observation of the multiscale dynamics, we choose the outputs

of the state-space model as the electric power flow to the infinite bus and the averaged

pressure level, which parameterizes the slow dynamics along the NHIM. It is then shown

that the state-space model becomes minimum phase2 under a certain condition. We show

that the condition can be simplified due to the existence of the NHIM. Furthermore, since

the system becomes minimum phase, a standard stabilizing controller is directly obtained

with the input-output linearization. We derive a state-feedback controller through pole

placement of the linearized system.

With the derived controller, as will be shown in Sec. 4.4, the equilibrium point to be

stabilized depends on the references of the chosen outputs. Thus, the stabilizing controller

achieves asymptotic tracking of the electric power flow to a time-invariant reference. This

implies that the controller enables the ancillary services with a constant or slowly varying

reference. Simultaneously, to maintain the steady energy balance in terms of heat supply,

the controller regulates the heat transfer rate so as to satisfy Eq. (1.5). The equilibrium

point representing this steady operating condition persists under a small disturbance in

terms of model parameters as well as initial conditions because the closed-loop system

has an exponentially stable equilibrium point: see Sec. 2.1.

When a time-varying reference or a large disturbance in terms of model parameters

is taken into consideration, more sophisticated control methods come into play. For ex-

ample, this is important when we consider the task of compensating variable outputs of

renewable energy sources on the time scale of seconds or tens of seconds [135]. If such re-

newable energy sources exist inside the region, the task can be formulated by considering

uncertainty in consumption of electric loads in the model. This is dealt with by robust

and adaptive control [115, 68] under uncertainty in model parameters3. Similarly, for

compensating renewable energy sources outside the region, output tracking [33, 113] of a

desired reference becomes significant. In this direction, output regulation problem [59, 55]

2That is, the zero dynamics of the system with the chosen output has an asymptotically stable equi-
librium point [113]: see Definition 4.3.

3Moreover, this problem is important due to model uncertainty inherent in mathematical modeling.
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has been extensively studied, where a feedback controller is pursued to achieve asymp-

totic tracking of a class of exosystem-generated references and disturbance rejection for a

class of disturbances in an uncertain system while maintaining closed-loop stability. The

stabilization problem studied in this chapter becomes a basis for considering these control

problems.

4.1 Concepts of normal form and zero dynamics

This section briefly reviews geometric nonlinear control theory [59, 113, 68]. In par-

ticular, we introduce the concepts of normal form and zero dynamics that are derived

through the method of input-output linearization. For this goal, we consider the following

class of affine nonlinear control system of the form4

ẋ = f(x) + g1(x)u1 + · · ·+ gp(x)up, (4.1a)

y = h(x) :=
[
h1(x), . . . , hp(x)

]>
, (4.1b)

where x ∈ X ⊂ Rn, u := [u1, . . . , up]
> ∈ Rp, and y ∈ Rp, where X stands for the

state space of the system. The symbol ẋ stands for the time derivative of x. The vector

fields f , g1, . . . , gp and the function h(x) are assumed to be sufficiently smooth. To

investigate the input-output response, the procedure of input-output linearization starts

from differentiating y with respect to time: for the i-th element of y (i = 1, . . . , p),

ẏi =
∂hi(x)

∂x
ẋ =

∂hi(x)

∂x
f(x) +

∂hi(x)

∂x
g1(x)u1 + · · ·+ ∂hi(x)

∂x
gp(x)up. (4.2)

By using the notation of Lie derivative (see Appendix 4.A for details), Eq. (4.2) becomes

ẏi = Lfhi(x) + (Lg1hi(x))u1 + · · ·+ (Lgphi(x))up, (4.3)

where Lαβ(x) stands for the Lie derivative of a function β(x) with respect to a vector

field α. Note that the Lie derivative Lαβ(x) is a function on the state space X. If

4 The term “affine” indicates that the system is linear in terms of the input [113]. Furthermore, we
consider a square system [113], i.e. a system with as many inputs as outputs, because the two-site system
is modeled by a double input and double output system in Sec. 4.2. The concepts introduced in this
section can be extended for a m-tuple input p-tuple output system with m > p [55]. Also, a general
nonlinear system of the form

ẋ = f(x,u), y = h(x)

can be rewritten as an affine nonlinear system by considering the augmented system defined by a new
state variable x̄ = (x,u)> and input v satisfying u̇ = v.
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Lgjhi(x) ≡ 0 for all j = 1, . . . , p, then the inputs do not appear in the above equation.

Define ri to be the smallest integer such that at least one of the inputs appears in y
(ri)
i ,

y
(ri)
i = Lrif hi(x) + (Lg1L

ri−1
f hi(x))u1 + · · ·+ (LgpL

ri−1
f hi(x))up, (4.4)

where y
(ri)
i stands for the ri-th derivative of yi, and LgjL

ri−1
f hi 6= 0 for at least one of

j = 1, . . . , p. Then, we obtain the following definition of relative degree that provides

structural information regarding the input-output relation of the system (4.1).

Definition 4.1 (Relative degree [59, 113]). For each i = 1, . . . , p, the i-th element yi of

the output of the system (4.1) is said to have a relative degree ri at a point x0 if (i) for

all k < ri − 1 and for all x in an open neighborhood of x0,

LgL
k
fhi(x) :=

[
Lg1L

k
fhi(x), Lg2L

k
fhi(x), . . . , LgpL

k
fhi(x)

]
= 0>, (4.5)

where 0 stands for the all-zero vector, and (ii)

LgL
ri−1
f hi(x0) 6= 0>. (4.6)

Furthermore, the system (4.1) is said to be have a vector relative degree {r1, r2, . . . , rp}
at x0 if (i) for all i = 1, . . . , p, the i-th element hi(x) has a relative degree ri at x0, and

(ii) the state-dependent matrix A(x) given by

A(x) :=


LgL

r1−1
f h1(x)

LgL
r2−1
f h2(x)

...

LgL
rp−1
f hp(x)

 (4.7)

is nonsingular at x0.

If the system (4.1) has a well defined vector relative degree, then it is rewritten asy
(r1)
1
...

y
(rp)
n

 =

L
r1
f h1(x)

...
L
rp
f hp(x)

+ A(x)

u1...
up

 . (4.8)

Since the matrix A(x) is non-singular, the following state-feedback control law can be

defined with a new input v := [v1, . . . , vp]
>:

u = −A−1(x)

L
r1
f h1(x)

...
L
rp
f hp(x)

+ A−1(x)v. (4.9)
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Under the control law (4.9), the closed-loop system is given byy
(r1)
1
...

y
(rp)
n

 =

v1...
vp

 . (4.10)

Thus, the control law (4.9) achieves the input-output linearization of the system (4.1).

Furthermore, the above procedure provides a normal form as follows. In order to do this,

we define new coordinates given by

ξ11 = h1(x), ξ21 = Lfh1(x), . . . , ξr11 = Lr1−1f h1(x), (4.11a)

ξ12 = h2(x), ξ22 = Lfh2(x), . . . , ξr22 = Lr2−1f h2(x), (4.11b)

...

ξ1p = hp(x), ξ2p = Lfhp(x), . . . , ξrpp = L
rp−1
f hp(x). (4.11c)

If r := r1 + · · · + rp is equal to n, these coordinates provide a candidate of coordinate

transformation T : Rn → Rn defined by ξ = T (x), where ξ := [ξ>1 , . . . , ξ
>
p ]> and

ξi := [ξ1i , . . . , ξ
ri
i ]>. Here, in order for ξ = T (x) to be a coordinate transformation, the

mapping T needs to be a diffeomorphism5. If the Jacobian matrix DT (x) is nonsingular at

a point x0, then from the inverse function theorem [1], there exists an open neighborhood

U such that T restricted to U is a diffeomorphism on U . For this, the following theorem

states that Eq. (4.11) provides a coordinate transformation.

Theorem 4.2 ([59, 113]). Suppose that the system (4.1) has a vector relative degree

{r1, . . . , rp} at x0. Then, for all 0 ≤ j ≤ ri − 1 and 1 ≤ i ≤ p, the derivatives dLjfhi(x)

are linearly independent on a neighborhood U of x0.

If r = r1 + · · ·+ rp is less than n, then there exist n− r scalar functions Φr+1, . . . , Φn

such that

Φ(x) := [T (x)>, Φr+1(x), . . . , Φn(x)]> (4.12)

is a diffeomorphism on a open neighborhood of x0. By considering the coordinate trans-

formation (ξ,η) = Φ(x), the system (4.1) is converted into the following normal form:

5That is, the map T is invertible, and T and the inverse T−1 are continuously differentiable: see [1]
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ξ̇11 = ξ21 , (4.13a)

...

ξ̇r1−11 = ξr11 (4.13b)

ξ̇r11 = b1(ξ, η) +

p∑
j=1

aj1(ξ, η)uj, (4.13c)

...

ξ̇1p = ξ2p , (4.13d)

...

ξ̇rp−1p = ξrpp (4.13e)

ξ̇rpp = bp(ξ, η) +

p∑
j=1

apj(ξ, , η)uj, (4.13f)

η̇ = q(ξ, η) + P(ξ, η)u, (4.13g)

where the functions bi, a
1
i , . . . , a

p
i (for i = 1, . . . , p), q = (q1, . . . qn−r)

>, and P = (Pij)

(for i = 1, . . . , n− r and j = 1, . . . , p) are given by

bi(ξ,η) = Lrif hi(Φ
−1(ξ, η)), (4.14a)

aij(ξ,η) = LgjL
ri−1
f hi(Φ

−1(ξ, η)), (4.14b)

qi(ξ, η) = Lfηi(Φ
−1(ξ, η)), (4.14c)

Pij(ξ, η) = Lgjηi(Φ
−1(ξ, η)). (4.14d)

Since the input-output linearizing control law (4.9) renders the η variables unobservable,

the dynamics described by Eq. (4.13g) are referred to as internal dynamics. Particularly,

the internal dynamics with constraint y(t) ≡ 0 are referred to as zero dynamics and given

by

η̇ = q(0, η)− P(0, ξ)A−1(Φ−1(0, η))b(0, η). (4.15)

Then, the concept of minimum phase system is defined as follows:

Definition 4.3 (Minimum phase [59, 113]). The system (4.1) is said to be minimum

phase at x0 if (i) η0 := [Φn−r(x0), . . . , Φn(x0)]
> is an equilibrium point of Eq. (4.15)

and (ii) the equilibrium point η0 is asymptotically stable.
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4.2 Nonlinear state-space model

This section derives a nonlinear state-space model of the two-site system to which

the method of input-output linearization is applied in Sec. 4.3. The model represents

dynamics of the gas turbines as well as the electric and heat subsystems. By defining the

state variable of the gas turbines as xg, of the electric subsystem as xe, and of the heat

subsystem as xh, the resultant state equation is given as follows:ẋg

ẋe

ẋh


︸ ︷︷ ︸
ẋ

=

 fg(xg)
fe(xg,xe)
fh(xg, xh)


︸ ︷︷ ︸

f(x)

+

gg1(xg)
0
0


︸ ︷︷ ︸
g1(x)

u1 +

gg2(xg)
0
0


︸ ︷︷ ︸
g2(x)

u2, (4.16a)

y =
[
y1 y2

]>
=
[
he(x) hh(x)

]>︸ ︷︷ ︸
h(x)

, (4.16b)

where the vector fields fg, fe, fh, gg1, and gg2 represent dynamic characteristics of the

model and are given in the rest of this section. The functions he and hh are the outputs of

the electric and heat subsystems, respectively, and are determined later. All the variables

and parameters are dimensionless as shown in Chapters 2 and 3, while the dimensionless

time t is scaled by 1 s, and additional time constants are introduced in the model. The

physical meanings of the variables and parameters are listed in Sec. 4.C.

The dynamics of the gas turbines are described by a simplified form of the model

in [111, 31, 64]. The state variable is given by

xg =
[
xg1 xg2 . . . xg6

]>
:=
[
vp1 wf1 wt1 vp2 wf2 wt2

]>
, (4.17)

where, for i = 1, 2, the variable vpi stands for the position of the fuel valve, and wfi and

wti for the fuel flow rates at the combustor and at the turbine. They are dimensionless

variables scaled by their designed values and are in the range of [0, 1]. The dynamics of

the gas turbine are represented by the following equations:
v̇p1
ẇf1

ẇt1

v̇p2
ẇf2

ẇt2


︸ ︷︷ ︸
ẋg

=


(−vp1 +Wo1)/Tv1
(−wf1 + vp1)/Tf2

(−wt1 + wf1)/TCD1

(−vp2 +Wo2)/Tv2
(−wfi + vp2)/Tf2

(−wt2 + wf2)/TCD2


︸ ︷︷ ︸

fg(xg)

+


(1−Wo1)/Tv1

0
0
0
0
0


︸ ︷︷ ︸

gg1(xg)

u1 +


0
0
0

(1−Wo2)/Tvs2
0
0


︸ ︷︷ ︸

gg2(xg)

u2, (4.18)
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where the time constants Tvi, Tfi, and TCDi are of the valve positioning system, of the down

stream piping and fuel gas distribution, and of the compressor discharge, respectively.

The parameter Woi stands for the lower limit of the fuel valve. As a result of the fuel

combustion, as shown in Fig. 1.5, the mechanical power Pmi and the heat flow rate Q′ai

are supplied to the generators and the heat recovery boilers. In the model, they are given

as follows6:

Pmi = Kei (wti −Woi) /(1−Woi), (4.19a)

Q′ai = Khi(wfi + βi)/(1 + βi), (4.19b)

where Kei and Khi stand for the rated outputs of mechanical power and heat flow rate.

The parameter Khiβi/(1 + βi) represents the heat output with no fuel input.

The model of the electric subsystem is basically the same as that in Chapter 2. The

state variable is given by

xe =
[
xe1 xe2 xe3 xe4

]>
:=
[
δ1 ω1 δ2 ω2

]>
, (4.20)

where the physical meanings of the variables and parameters are listed in Appendix 2.B.

The dynamics are represented as follows:
δ̇1
ω̇1

δ̇2
ω̇2


︸ ︷︷ ︸
ẋe

=


ω1/Te1

{Pm1(xg)−D1ω1 − Pe1(δ1, δ2)}/Te1
ω2/Te2

{Pm2(xg)−D2ω2 − Pe2(δ1, δ2)}/Te2


︸ ︷︷ ︸

fe(xg, xe)

(4.21)

where Tei is the time constant of swing dynamics of each generator, and given by Tei =√
2Hi/ωs. The parameter Hi stands for the per-unit inertia constant, and ωs for syn-

chronous speed. The electric power Pei(δ1, δ2) is given by

Pei(δ1, δ2) =
∑

j∈{1,2,∞}

Pij(δ1, δ2) (4.22)

with the symbol ∞ representing the infinite bus, and Pij(δ1, δ2) given by

Pij(δ1, δ2) = EiEj{Gij cos(δi − δj) +Bij sin(δi − δj)}. (4.23)

6As pointed out in [31], the causality of these values does not necessarily follow their relation to the
process physics. In the model (4.19), the heat flow rate Q′ai is absorbed by the heat recovery boiler before
the process of compressor discharging. This is because the time constant of the discharging is negligible
compared to those of boilers [31]. Here, we follow [111, 31, 64] and utilize the above model.
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The electric power Pe∞ to the infinite bus is described by

Pe∞(δ1, δ2) := −P∞1(0, δ1)− P∞2(0, δ2). (4.24)

For the heat subsystem, the inner-limit model derived in Sec. 3.2 is utilized. The state

variable is given by

xh =
[
xh1 xh2 xh3

]>
:=
[
p1 p2 w

]>
, (4.25)

where pi stands for the deviation of boiler pressure relative to the nominal value, and

w(> 0) for the velocity of steam inside the pipe. The variables w and p are scaled by

wr := Q′r/d
2hrρr and pr := ρrw

2
r , where Q′r, hr, and ρr are rated values of the heat flow rate,

enthalpy, and density, respectively. The dynamics of heat sub-system are represented by

the following equations:ṗ1ṗ2
ẇ


︸ ︷︷ ︸
ẋh

=

{Q′a1(wfi)−Q′L1 −Q′12(w)}/Th1
{Q′a2(wfi)−Q′L2 −Q′21(w)}/Th2
{(p1 − p2)/ρs − λLw2/(2d)}/Th3


︸ ︷︷ ︸

fh(xg, xh)

(4.26)

where the functions Q′12(w) and Q′21(w) stand for the heat flow rates through the pipe

and given as follows:

Q′12(w) = −Q′21(w) =
π

4
hcρsw, (4.27)

where hc stands for the enthalpy of condensation. The time constants Thi of boilers for

i = 1, 2 are given by Thi := Q′rei/d
4h2rρr, where ei stands for the rate of change of internal

energy stored in the boilers. The time constant Th3 of responses of steam flows in the

pipe is given as Th3 := d2Lhrρr/Q
′
r.

Finally, we mention several features of the derived model (4.16). The state space X

of the model is given by

X :=
{
x ∈ R13 | 0 ≤ xgi ≤ 1, i = 1, . . . , 6, xh3 > 0

}
. (4.28)

While we do not explicitly consider the conditions in (4.28) in the structural analysis in

Sec. 4.3 and controller synthesis in Sec. 4.4, it is confirmed by the numerical simulations in

Sec. 4.5 that the trajectories of the closed-loop system remain within X in order to show

that the synthesized controller is feasible. In terms of an equilibrium point of the model,
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note that the equilibrium point x∗ to be stabilized is considered under a nominal input u∗,

i.e. f(x∗) + g(x∗)u∗ = 0. Although it is possible to derive a coordinate transformation

such that the desired equilibrium point x∗ satisfies f(x∗) = 0, we do not utilized such a

coordinate transformation because the location of the desired equilibrium point depends

on the references of outputs.

4.3 Structural analysis

This section performs a structural analysis of the model (4.16) based on the method

of input-output linearization. For the purpose of synthesizing stabilization control, the

following two outputs are considered:

y1 = he(x) := Pe∞(xe1, xe3), (4.29a)

y2 = hh(x) :=
Th1xh1 + Th2xh2

Th1 + Th2
. (4.29b)

where y1 stands for the electric power to the infinite bus, and y2 for the averaged pressure

of the two boilers. For the above choice of the outputs, we derive the normal form of

the model (4.16) in Sec. 4.3.1. The internal dynamics are then analyzed in Sec. 4.3.2 to

clarify the minimum phase property of the model and to facilitate the controller synthesis

in Sec. 4.4 and Chapter 5.

4.3.1 Derivation of normal form

To derive the normal form of the model (4.16), the following lemma summarizes the

result of the input-output linearization of the model. The Lie derivatives required for the

analysis are obtained with symbolic computation by using Mathematica R© [132].

Lemma 4.4. Consider the model (4.16) with the outputs in Eq. (4.29). Then, there exists

an open subset D of the state space X such that the system has vector relative degree {5, 3}
at x ∈ D, and the coordinate transformation defined by

Φ : x 7→ (ξ>e , ξ
>
h , η

>)>, (4.30)
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is a diffeomorphism on D, where ξe, ξh, and η are given by7

ξe :=
[
he(x) Lfhe(x) L2

fhe(x) L3
fhe(x) L4

fhe(x)
]>
, (4.31)

ξh :=
[
hh(x) Lfhh(x) L2

fhh(x)
]>
. (4.32)

η :=
[
xg3 xe1 xe2 xh1 − xh2 xh3

]>
=
[
wt1 δ1 ω1 p1 − p2 w

]>
. (4.33)

Proof. The proof follows from direct application of the method of input-output lineariza-

tion. For the chosen outputs, the decoupling matrix A(x) is obtained by differentiating

the outputs y1 and y2 in 5 and 3 times, respectively:

A(x) :=

[
Lg1L

4
fhe(x) Lg2L

4
fhe(x)

Lg1L
2
fhh(x) Lg2L

2
fhh(x)

]
, (4.34)

It can be verified that A(x) depends only on xe, and its determinant is given by

detA(x) = −A1
dP∞1

dxe1
(xe1) + A2

dP∞2

dxe3
(xe3), (4.35)

where A1 and A2 are positive constants determined by the parameters of the model, and

the functions P∞1 and P∞2 are given by Eq. (4.23). Thus, there exists an open set D1 ⊂ X

such that detA(x) 6= 0 for x ∈ D1, and the model has vector relative degree {5, 3} at

x ∈ D1. Then, for the following coordinate transformation

Φ : x 7→ (ξe, ξh, η) (4.36)

with the variables ξe ξh, and η chosen as in Eqs. (4.31)–(4.33), the determinant detDΦ(x)

of the Jacobian matrix DΦ(x) is given by

detDΦ(x) =F0

{
dP∞2

dxe3
(xe3)

}3

·
{
F1

dP∞1

dxe1
(xe1)− F2

dP∞2

dxe3
(xe3)

}
·
{
F3

dP∞1

dxe1
(xe1)− F4

dP∞2

dxe3
(xe3)

}
, (4.37)

where F0, . . . , F4 are positive constants determined by the parameters of the model. Thus,

there exists an open set D2 ⊂ X such that detDΦ(x) 6= 0 at x ∈ D2. The proof is

completed by choosing D := D1 ∩D2.

7The choice of the variable η is not unique. For the motivation of the choice of Eq. (4.33), see
Appendix 4.B.
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As a result, for the outputs in Eq. (4.29), the model (4.16) has the following normal

form on the open subset D stated in Lemma 4.4:

ξ̇e1 = ξe2, (4.38a)

...

ξ̇e4 = ξe5, (4.38b)

ξ̇e5 = b1(ξe, ξh, η) +
2∑
j=1

aj1(ξe, ξh, η)uj (4.38c)

ξ̇h1 = ξh2, (4.38d)

ξ̇h2 = ξh3, (4.38e)

ξ̇h3 = a2(ξe, ξh, η) +
2∑
j=1

aj2(ξe, ξh, η)uj (4.38f)

η̇ = q(ξe, ξh, η), (4.38g)

where the functions a11, . . . , a
2
2, b1, and b2 are given as in Eq. (4.14), and q as

q(ξe, ξh, η) := q̄(Φ−1(ξe, ξh, η)) (4.39)

with

q̄(·) =
[
fg3(·) fe1(·) fe2(·) fh1(·)− fh2(·) fh3(·)

]>
. (4.40)

4.3.2 Analysis of internal dynamics

Here, we investigate the internal dynamics with respect to the outputs in Eq. (4.29) in

order to characterize the minimum phase property of the model. As introduced in Sec. 4.1,

the property is determined by the zero dynamics, which are derived by considering the

internal dynamics with the output kept to zero for all time. For the two site system, it is

rather meaningful to keep the outputs to nonzero values Y ref
1 and Y ref

2 . Strictly speaking,

this corresponds to modifying the outputs to the set-point error given by

es :=
[
y1 − Y ref

1 y2 − Y ref
2

]>
. (4.41)

Thus, the minimum phase property depends on the set point of the outputs. The following

lemma states that the property does not affected by the set point Y ref
2 .

Lemma 4.5. The internal dynamics (4.38g) are independent of the variable ξh1.



4.3. Structural analysis 75

Proof. The function q(ξe, ξh, η), which describes the internal dynamics, is given by q̄(x)

in Eq. (4.40) through the coordinate transformation Φ. Thus, it needs to be clarified how

the state variables xg, xe, and xh depend on the variables ξe, ξh, and η. Particularly,

if the variables appearing in q̄ do not depend on ξh1, the proof is completed. For this

purpose, we firstly discuss how the variables ξe and ξh depend on x. Figure 4.1 shows

the interconnections of the state variables of the model (4.16). Note that the variables

of the heat subsystem are changed according to the following coordinate transformation

Φh(xh) given by

Φh(xh) :=

 1 −1 0
0 0 1

Th1/(Th1 + Th2) Th2/(Th1 + Th2) 0

xh1xh2
xh3

 =

 η4η5
ξh1

 . (4.42)

This transformation corresponds to the transformation (3.43) in Chapter 3. The first two

variables of Φh(xh) describe the dynamics transversal to the NHIM, and the last variable

does the dynamics along the NHIM. From Fig. 4.1, it follows that the variable ξe depends

only on xe and xg. It is also verified that ξh depends only on (Th1xh1+Th2xh2)/(Th1+Th2)

and xg. Especially, the variables ξh2 and ξh3 depend only on xg. Thus, we can define the

following 10-dimensional coordinate transformation Φge:

Φge := (xg, xe) 7→ (ξe, [ξh2, ξh3]
>, [η1, η2, η3]

>). (4.43)

Here, the dependence of xg, xe, and xh on ξe, ξh, and η are given by the inverses of Φh and

Φge if they exist. By defining a coordinate transformation Φ̄ : x 7→ (Φeg(xg, xe), Φh(xh)),

Figure 4.1: Graphical representation of the interconnection of the state variables
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which is equivalent to Φ, the following equation holds:

detDΦ̄ = detDΦge · detDΦsh. (4.44)

Since detDΦ̄ 6= 0 holds on the subset D stated in Lemma 4.4, the coordinate transforma-

tion Φge is one-to-one on the subset D. Thus, the variables xe and xg are independent of

ξh1. Since the function q̄(x) depends only on xg, xe, xh1 − xh2 = η4, and xh3 = η5, the

function q is independent of ξh1.

Thus, the minimum phase property for given references Y ref
1 and Y ref

2 is characterized

by the following theorem:

Theorem 4.6. Consider the system (4.16) with the outputs in Eq. (4.29), and suppose

that there exists an equilibrium point x∗ of (4.16) satisfying es = 0 for given references

Y ref
1 and Y ref

2 . Then, the system is minimum phase at x∗ if (i) x∗ exists in the open set

D stated by Lemma 4.4, and (ii) the eigenvalues of the matrix Q given by

Q :=
∂q

∂η
([Y ref

1 , 0, . . . , 0]>, [0, 0, 0]>, η∗), (4.45)

have negative real parts.

Proof. The proof follows from the definition of minimum phase system, Lemmas 4.4 and

4.5.

4.4 Controller synthesis

This section synthesizes a controller that renders an equilibrium point of the state-

space model (4.16) asymptotically (exponentially) stable. As mentioned in the beginning

of this chapter, the position of the equilibrium point to be stabilized depends on the

references of the outputs. Thus, it is required to synthesize a nonlinear feedback controller

that is applicable to a wide range of operating conditions. However, as mentioned in [115,

68], the whole design of a nonlinear feedback controller can not be accomplished by one

design tool8. Here, since our main objective is to demonstrate the effectiveness of the

structural analysis in Sec. 4.3, we synthesize a standard stabilizing controller [113, 68] by

pole placement through input-output linearization. For given references

yref1 (t) = P ref
e∞, yref2 (t) = pref , (4.46)

8For more nonlinear design tools, see [115, 59, 113, 68, 55].
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the controller is given as follows:

[
u1
u2

]
= A−1(x)


−L5

fh1(x)−
5∑
j=1

αej ξ̃ei(t)

−L3
fh2(x)−

3∑
j=1

αhj ξ̃hi(t)

 , (4.47)

where ξ̃e := [ξ̃e1, . . . , ξ̃e5]
> and ξ̃h := [ξ̃h1, ξ̃h2, ξ̃h3]

> depend on the references P ref
e∞ and

pref and are given by

ξ̃e :=
[
ξe1 − P ref

e∞, ξe2, ξe3, ξe4, ξe5
]>
, (4.48a)

ξ̃h :=
[
ξh1 − pref , ξh2, ξh3

]>
. (4.48b)

With the control law (4.47), the poles of the linearized system is placed at the zeros of

the polynomials s5 + αe5s
4 + · · · + αe1 and s3 + αh3s

2 + αh2s + αh1. The stability of the

closed-loop system is given by the following theorem.

Theorem 4.7. Consider the model (4.16) with the feedback control law (4.47). Suppose

that for given P ref
e∞, there exist ηref satisfying the following equation:

q([P ref
e∞, 0, . . . 0]>, [0, 0, 0]>,ηref) = 0. (4.49)

Further suppose the point (ξe, ξh, η) = ([P ref
e∞, 0, . . . 0]>, [0, 0, 0]>,ηref) exists in the open

subset D stated in Lemma 4.4. Then, there exists a trajectory of the closed-loop system

given by

(ξe(t), ξh(t), η(t)) = ([P ref
e∞, 0, . . . 0], [pref , 0, 0], ηref). (4.50)

In addition to the existence, the trajectory is asymptotically stable if the polynomials s5 +

αe5s
4 + · · · + αe1 and s3 + αh3s

2 + αh2s + αh1 are Hurwitz, and all of the eigenvalues of

the matrix Q defined as

Q :=
∂q

∂η
(([P ref

e∞, 0, . . . 0]>, [0, 0, 0]>,ηref)) (4.51)

has negative real parts.

Proof. By consider the system in the normal form (4.38) with the control law (4.47), the

closed-loop system has the following form:

˙̃ξe = Aeξ̃e, (4.52a)

˙̃ξh = Ahξ̃h, (4.52b)

η̇ = q(ξ̃e + [P ref
e∞, 0, . . . , 0]>, ξ̃h + [pref , 0, 0]>, η), (4.52c)
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with

Ae :=


0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
−αe1 −αe2 −αe3 −αe4 −αe5

 , (4.53a)

Ah :=

 0 1 0
0 0 1
−αh1 −αh2 −αh3

 . (4.53b)

Thus, (ξ̃e(t), ξ̃h(t), η(t)) = (0, 0, ηref) is an equilibrium point of the closed-loop system.

From Lemma 4.5, the stability of the equilibrium is determined by the eigenvalues of the

following matrix Ae 0 0
0 Ah 0
∗ ∗ Q

 (4.54)

By assumption, the eigenvalues of Q have negative real parts, and the eigenvalues of Ae

and Ah are the zeros of the Hurwitz polynomials. The proof is thus completed.

4.5 Numerical simulation

This section demonstrates the effectiveness of the control law (4.47) under a practical

setting of parameters. The values of parameters are listed in Appendix 4.C. We first

verify the assumptions of Theorem 4.7, which depend on the value of the reference P ref
e∞.

Note that they are independent of pref due to Lemma 4.5. In terms of the existence of the

trajectory given by Eq. (4.50), the open set D stated in Lemma 4.4 can be considered by

Fig. 4.2. The figure shows the singularity conditions of A(x) and DΦ(x). The solid lines

show the condition detA(x) = 0 and the broken lines detDΦ(x) = 0. Since the conditions

depend only on xe1 and xe3, by defining a set De as the inside of these lines containing

(xe1, xe3) = (0, 0), the set D is given as follows:

D =
{[
x>g , x

>
e , x

>
h

]> ∈ X | (xe1, xe3) ∈ De

}
. (4.55)

In Fig. 4.2, the points (×) show the values of xe1 and xe3 under various settings of P ref
e∞.

It is confirmed that the trajectory given by Eq. (4.50) exists in the open set D when

P ref
e∞ ∈ [0.6, 1.32]. Then, the stability of the trajectory is determined by the matrix Q
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Figure 4.2: Singularity condition of A(x) and DΦ(x). The inside of the lines containing
(xe1, xe3) = (0, 0) can be chosen as the subset D in Lemma 4.4.
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Figure 4.3: Real parts of eigenvalues of Q for various P ref
e∞

in Eq. (4.51). It is confirmed that the matrix Q has two pairs of complex conjugate

eigenvalues and one real eigenvalue for P ref
e∞ > 1.2. Figure 4.3 shows the real parts of the

two sets of eigenvalues, and the real eigenvalue exists around −10. For P ref
e∞ < 0.67, a set

of eigenvalues has positive real parts. Thus, the model (4.16) is a minimum phase system

under P ref
e∞ ∈ [0.67, 1.32].

Figure 4.4 shows the responses of the outputs y1, y2 and inputs u1, u2 of the closed-

loop system. In the figure, the solid lines show the responses under (P ref
e∞, p

ref) = (1.0, 0),

and the broken lines under (P ref
e∞, p

ref) = (1.0, 0.1). For both cases, the initial condition
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Figure 4.4: Time responses of outputs y1 and y2 and inputs u1 and u2. The solid line
shows the responses under yref2 = 0, and the broken line under yref2 = 0.1.

x(0) is set as follows:

x(0) =
[
x∗g
>, x∗e

> + [0.1, 0, 0, 0]>, x∗h
> + [0.1, 0, 0]>

]>
, (4.56)

where x∗ = [x∗g
>, x∗e

>, x∗h
>]> stands for the equilibrium point under (P ref

e∞, p
ref) = (1.0, 0).

The coefficients αe1, . . . αh5 of the control law (4.47) are chosen as follows:

s5 + αe5s
4 + αe4s

3 + αe3s
2 + αe2s+ αe1 = (s2 + 2.5s + 2.52)2(s+ 2.5), (4.57)

s3 + αh3s
2 + αh2s+ αh1 = (s2 + 0.25s + 0.252)(s+ 0.25). (4.58)

From Fig. 4.4, it is confirmed that the controller asymptotically stabilizes the correspond-

ing equilibrium point according to the references of the outputs (P ref
e∞, p

ref). Since the

electric power y1 and the averaged pressure y2 converge to constants, the energy balance

in the two-site system is maintained. Also, the inputs u1 and u2 satisfy ui ∈ [0, 1], and

thus the synthesized controller is feasible.
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4.6 Summary

This chapter addressed a basic stabilization problem of the state-space model of the

two-site system. We synthesized a controller that determines the signals of fuel inputs to

the CHP plants for a given set of time-invariant references of the outputs of the state-

space model. The outputs stand for the electric power flow to the infinite bus and the

averaged pressure level. With this choice of the outputs, the state-space model becomes a

minimum phase system under suitably chosen references of the outputs. We showed that

the condition providing the minimum phase property was simplified due to the existence

of the NHIM clarified in Chapter 3. Since the model is a minimum phase system, a stan-

dard stabilizing controller based on input-output linearization is applicable to render an

equilibrium point of the model (exponentially) asymptotically stable.

Appendix 4.A Lie derivative of a function

The Lie derivative of a scalar function [1] provides a new function on the state space

utilized for the structural analysis and controller synthesis in Chapters 4 and 5. Suppose

h : Rn ⊃ X → R is a sufficiently smooth scalar function, and f : X → Rn a vector field,

where X stands for the state space. Then, the Lie derivative Lfh(x) is defined as

Lfh(x) :=
n∑
i=1

∂h

∂xi
fi(x) =

∂h

∂x
f(x). (4.59)

Thus, Lfh(x) gives the rate of change of h along the flow of the vector field f . For iterative

calculation of Lie derivative, the following notations are utilized in this dissertation.

L0
fh(x) := h(x), (4.60)

Lkfh(x) := Lf (L
k−1
f h)(x) =

∂Lk−1f h

∂x
f(x), k ≥ 1, (4.61)

LgL
k
fh(x) := Lg(L

k
fh)(x) =

∂Lkfh

∂x
g(x), (4.62)

where g : X → Rn is a vector field. Note that the Lie derivatives are obtained with

symbolic computation by using e.g. Mathematica R© [132].
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Appendix 4.B Choice of the variable η

As mentioned in Sec. 4.1, the variable η is chosen so that the mapping Φ : x→ (ξ, η)

is a diffeomorphism to provide a coordinate transformation. For this, some of the original

state variables x1, . . . , xn and their functions are chosen so that they are independent of

the variable ξ. Table 4.1 shows the dependency of the state variables appearing in the

process of input-output linearization in Lemma 4.4. It is confirmed from Tab. 4.1 that two

state variables appear in each step and that xg1, xg2, xg4, xg5 appear in the derivatives of

both h1 and h2. Since the variable xh3 does not appear in Tab. 4.1, it should be chosen

as one of the η variables. Because the dimension of the state space is thirteen, and the

vector relative degree is {5, 3}, we need to choose four variables other than xh3. For this,

it is implied from Tab. 4.1 to choose one variable using (xg3, xg6), two variables using

(xe1 xe2, xe3, xe4), and one variable using (xh1, xh2). Consequently, in this chapter, we

take the variable η as follows:

η :=
[
xg3 xe1 xe2 xh1 − xh2 xh3

]>
. (4.63)

Table 4.1: Dependency of the original state variables x1 . . . , xn on the variables ξe, ξh.
Two variables newly appear in each step of the input-output linearization in Lemma 4.4.

ξe, ξh Dependency of xi New variables

he(x) xe1, xe3

Lfhe(x) xe1, xe2, xe3, xe4 xe2, xe4

L2
fhe(x) xg3, xg6, xe1, xe2, xe3, xe4 xg3, xg6

L3
fhe(x) xg2, xg3, xg5, xg6, xe1, xe2, xe3, xe4 xg2, xg5

L4
fhe(x) xg1, xg2, xg3, xg4, xg5, xg6, xe1, xe2, xe3, xe4 xg1, xg4

hh(x) xh1, xh2

Lfhh(x) xg2, xg5, xh1, xh2 xg2, xg5

L2
fhh(x) xg1, xg2, xg4, xg5, xh1, xh2 xg1, xg4
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Appendix 4.C Parameter setting

Table 4.2 lists the values of parameters used for the numerical simulations in Sec. 4.5.

The values of parameter are based on [111, 31, 64] for the gas turbines, [9, 124] for the

electric subsystem, and [18, 63] for the heat subsystem.

Table 4.2: Parameters for numerical simulation

Symbol Meaning Value
Tvi Valve positioner time constant 0.05 s
Tfi Fuel system time constant 0.4 s
TCDi Compressor volume time constant 0.1 s
Woi Fuel valve lower limit 0.23 p.u.
Ke1 Rated mechanical power #1 7.5 MW
Ke2 Rated mechanical power #2 3.0 MW
Khi Rated heat output 6.0 MJ/s
βi Coefficient for no fuel condition 0
ωs Synchronous speed 377 rad/s
Hi Per-unit inertia time constant 10 s
Di Damping coefficient 0.05 p.u.
Ei Voltage of the generator 1.0 p.u.
Bi0 Transfer susceptance to infinete bus 1.0 p.u.
B12 Transfer susceptance 0.5 p.u.
Gij Transfer conductances 0
p0 Nominal value of pressure 800 kPa
ρs Density of saturated steam 4.161 kg/m3

hs Specific enthalpy of steam 2768 kJ/kg
hw Specific enthalpy of water 721.0 kJ/kg
ei Coefficient of pressure variation 3073 J/Pa
d Diameter of the steam pipe 0.2 m
L Length of the pipe 200 m
λ Friction coefficient 0.016
Q′L1 Heat consumption at site #1 2.0 MJ/s
Q′L2 Heat consumption at site #2 5.0 MJ/s
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Chapter 5

Tracking control of energy flows

This chapter addresses an output tracking control problem for regulating the following

two energy flows: the electric power flow to the infinite bus and the heat transfer rate

between the two sites. The control problem is closely related to a hierarchical management

architecture for flexible and reliable services of energy supply. As mentioned in Sec. 1.1,

the frequency control of electric power systems [84] has been realized with a hierarchical

architecture based on the time-scale separation principle: a high-level planner solves an

optimization problem to generate a signal of optimal power flow, and a low-level controller

regulates the electric powers of generators with the measurement of the system frequency.

Recently, this hierarchical architecture has been reconsidered in the contexts of Smart

grids and ESI. For example, an enhanced automatic generation control is proposed in [57]

through a discussion on sensing, communication, and control architectures to manage

temporal and spatial characteristics of power systems. In [7], a distributed frequency

control is proposed for the integration of multiple asynchronous AC systems and a high-

voltage direct current grid. In [46], a unified framework of hierarchical control is proposed

to realize a given global desired state by local actions of measurement and control with

applications to an integrated energy system.

Figure 5.1 shows the hierarchical architecture studied in this chapter. In the archi-

tecture, a high-level planner generates the signals of optimal flows of multiple types of

energy, for which several studies are reported in e.g. [42, 80, 11, 79], and a low-level

controller tracks the generated signal while keeping the state bounded. In Chapter 4, we

synthesized a stabilizing controller for maintaining the steady energy balance. This is in-

tended to resolve the energy imbalances between demand and supply, which is caused by

short-term variations and prediction errors in loads and generations of renewable energy
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Figure 5.1: Hierarchical management architecture for integrated systems of different en-
ergy infrastructures

resources. If the variations and prediction errors are small, the stabilizing controller will

track the planned signal. However, if this is not the case, as a result of the control, the

actual values of energy flows deviate from their planned values. In the example of the

two-site system, a planner will generate the signals of energy flows (the electric power

to the infinite bus and the heat transfer rate) satisfying Eq. (1.5) by predictive values of

the electric and heat loads. However, if there is a large prediction error, the energy flows

will deviate from the planned values because the stabilizing controller regulates the heat

transfer rate so as to satisfy Eq. (1.5) for the actual values of loads and the electric power

to the infinite bus.

In this chapter, we synthesize an output tracking controller to regulate the two energy

flows independently. For this, based on geometric nonlinear control theory, we firstly

clarify the fundamental limitation for realizing the planned energy flows and resolving

the energy imbalances. When the outputs of the state-space model of the two-site system

are given as the two energy flows, the system becomes a non-minimum phase system: see

Definition 4.3. Stability property of the zero dynamics is investigated and characterized by

the NHIM in Chapter 3. It is then shown that the tracking control can be achieved with

the outputs in Eq. (4.29) by considering a slowly time varying reference of the outputs.

While the derived controller does not guarantee the stability of an equilibrium point, it

achieves a transient energy supply driven by market or energy-efficiency policies.
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Since the tracking controller is synthesized with the same outputs as those used in

Chapter 4, the two different objectives (stabilization and tracking) are achieved by a

single control scheme. Thus, it is possible for the high-level planner to select a control

objective (stabilization or tracking) without changing the control structure so that it

achieves flexible and reliable services of energy supply. A similar hierarchical manage-

ment architecture is proposed in [74, 75] for operation of a helicopter based unmanned

aerial vehicle. The management architecture consists of several layers including strategic

planning, trajectory generation, and regulation layers in order to accomplish the missions

of searching, investigating, and locating objects in an unknown environment by switching

the missions during a flight. The controller synthesized in this chapter is expected to

become a key component in such a hierarchical management architecture.

5.1 Structural analysis

This section performs a structural analysis of the state-space model of the two-site

system with the following choice of the outputs:

y1 = he(x) := Pe∞(xe1, xe3), (5.1a)

ŷ2 = ĥh(x) := Q′n(xh3), (5.1b)

where y1 stands for the electric power to the infinite bus, and ŷ2 for the heat transfer rate

between the two sites. The output y1 is the same as Eq. (4.29), and ŷ2 is different from

Eq. (4.29). For the outputs, we derive the zero dynamics of the model in Sec. 5.1.1 and

analyze the non-minimum phase property of the model in Sec. 5.1.2.

5.1.1 Derivation of zero dynamics

Here, as in Sec. 4.3, we perform input-output linearization to derived the zero dynam-

ics with respect to the outputs in Eq. (5.1). The state-space model is given byẋg

ẋe

ẋh


︸ ︷︷ ︸
ẋ

=

 fg(xg)
fe(xg,xe)
fh(xg,xh)


︸ ︷︷ ︸

f(x)

+

gg1(xg)
0
0


︸ ︷︷ ︸
g1(x)

u1 +

gg2(xg)
0
0


︸ ︷︷ ︸
g2(x)

u2, (5.2a)

y =
[
y1 ŷ2

]>
=
[
he(x) ĥh(x)

]>︸ ︷︷ ︸
ĥ(x)

, (5.2b)
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where the functions fg, fe, fh, gg1, and gg2 represent dynamic characteristics of the model

and are given in Sec. 4.2. The result of the input-output linearization is summarized in

the following lemma:

Lemma 5.1. Consider the model (5.2) with the outputs in Eq. (5.1). Then, there exists

an open set D̂ of the state space X such that the model has vector relative degree {5, 4}
at x ∈ D̂, and the internal dynamics are described with the variable η̂ given by1

η̂ =

[
xg3 xe1 xe2

Th1xh1 + Th2xh2
Th1 + Th2

]>
=

[
wt1 δ1 ω1

Th1p1 + Th2x2
Th1 + Th2

]>
. (5.3)

Proof. The proof follows from direct application of the method of input-output lineariza-

tion. For the chosen output, the decoupling matrix Â(x) is obtained by differentiating

the outputs y1 and y2 in 5 and 4 times, respectively:

Â(x) :=

[
Lg1L

4
fhe(x) Lg2L

4
fhe(x)

Lg1L
3
f ĥh(x) Lg2L

3
f ĥh(x)

]
. (5.4)

The matrix Â(x) depends only on xe, and its determinant is given by

detÂ(x) = −Â1
dP∞1

dxe1
(xe1)− Â2

dP2∞

dxe3
(xe3), (5.5)

where Â1 and Â2 are positive constants. The functions P∞1 and P∞2 are given in

Eq. (4.23), and thus it is possible to choose an open set D̂1 ⊂ X such that detÂ(x) 6= 0.

Thus, the model has vector relative degree {5, 4} at x ∈ D̂1. Then, the following coordi-

nate transformation can be defined:

Φ̂ : x 7→ (ξe, ξ̂h, η̂), (5.6)

with ξe and ξ̂h given by

ξe :=
[
he(x) Lfhe(x) L2

fhe(x) L3
fhe(x) L4

fhe(x)
]>
, (5.7)

ξ̂h :=
[
ĥh(x) Lf ĥh(x) L2

f ĥh(x) L3
f ĥh(x)

]>
. (5.8)

With the variable η̂ chosen as in Eq. (5.3), the determinant detDΦ̂(x) of the Jacobian

matrix DΦ̂(x) is given by

detDΦ̂(x) =− F̂0

{
dP∞2

dxe3
(xe3)

}3

·
{
F̂1

dP∞1

dxe1
(xe1) + F̂2

dP∞2

dxe3
(xe3)

}
·
{
F3

dP∞1

dxe1
(xe1) + F̂4

dP∞2

dxe3
(xe3)

}
, (5.9)

1As mentioned in Chapter 4, the choice of the variable η̂ is not unique.
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where F̂0, . . . , F̂4 are positive constants determined by the parameters of the model. Thus,

there exists an open set D̂2 ⊂ X such that detDΦ̂(x) 6= 0 at x ∈ D̂2. By choosing an

open set D̂ satisfying D̂ := D̂1 ∩ D̂2, the internal dynamics with respect to the outputs

in Eq. (5.1) are described by

˙̂η = q̂(ξe, ξ̂h, η̂) := ¯̂q(Φ̂−1(ξe, ξ̂h, η̂)), (5.10)

where ¯̂q is given by

¯̂q(·) =

[
fg3(·) fe1(·) fe2(·)

Th1fh1(·) + Th2fh2(·)
Th1 + Th2

]>
. (5.11)

Thus, the internal dynamics with respect to the outputs in Eq. (5.1) are described by the

variable η̂ in Eq. (5.3).

Thus, the zero dynamics of the model (5.2) are derived by considering the internal

dynamics (5.10) with the outputs kept to zero for all time. Strictly speaking, as in Sec. 4.3,

we consider the zero dynamics with respect to the following set-point error:

ês :=
[
y1 − Y ref

1 , ŷ2 − Ŷ ref
2

]>
. (5.12)

With respect to the set-point error (5.12), the zero dynamics are described by

˙̂η = q̂
(

[Y ref
1 , 0, . . . , 0]>, [Ŷ ref

2 , 0, 0, 0]>, η̂
)
. (5.13)

5.1.2 Analysis of non-minimum phase property

Here, we analyze the zero dynamics described by Eq. (5.13) and investigate the non-

minimum phase property of the model (5.2). First, we will show that the model (5.2) is a

non-minimum phase system. If the model is a minimum phase system, there should exist

an equilibrium point satisfying ês = 0. However, it is confirmed that the values of Y ref
1

and Ŷ ref
2 can not be chosen independently with the equilibrium condition of the model

(5.2), i.e. there exists an algebraic constraint between Y ref
1 and Ŷ ref

2 under the equilibrium

condition. The constraint is discussed for a simple model in Sec. 1.4 as Eq. (1.5), and

precisely shown in Appendix 5.A for the model (5.2). If the constraint is not satisfied, the

model is a non-minimum phase system due to the nonexistence of an equilibrium point

of the zero dynamics.
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Even if there exists an equilibrium point satisfying ês = 0, the model is shown to be

a non-minimum phase system. For this, we consider the following es by setting Y ref
1 and

Ŷ ref
2 on an equilibrium point x∗:

ês :=
[
y1 − Pe∞(x∗e1, x

∗
e3), ŷ2 −Q′12(x∗h3)

]>
. (5.14)

The following theorem states that the model is a non-minimum phase system due to the

existence of a set of non-isolated equilibrium points in the zero dynamics:

Theorem 5.2. Consider the zero dynamics of the model (5.2) with respect to the set-

point error (5.14) with an equilibrium point x∗. Suppose that Lemma 5.1 holds, and that

x∗ exists in the open set D̂ stated by Lemma 5.1. Then, the associated equilibrium point

η̂∗ = (x∗g3, x
∗
e1, x

∗
e2, (Th1x

∗
h1 + Th2x

∗
h2)/(Th1 + Th2))

> of the zero dynamics is not isolated,

implying that the model is a non-minimum phase system.

Proof. When the model (5.2) has an equilibrium point x∗ under a certain constant input

(u∗1, u
∗
2), the following point x defined as

x =
[
x∗>g , x∗>e ,

[
x∗h1 + a, x∗h2 + a, x∗h3

]>]>
, ∀a ∈ R, (5.15)

becomes an equilibrium point of the model under the same input. This is verified by

direct calculation of Eq. (4.26) and results from the property of the inner-limit of model

of the heat subsystem in Sec. 3.2.3. Thus, any equilibrium point x∗ of the model is not

isolated, and all the equilibrium points form a connected set I(u∗1, u
∗
2), defined as

I(u∗1, u
∗
2) :=

{[
x∗>g ,x∗>e ,

[
x∗h1 + a, x∗h2 + a, x∗h3

]>]> ∈ X ∣∣∣∣ a ∈ R
}
. (5.16)

The equilibrium point η̂∗ of the zero dynamics is not isolated because he(x) = he(x
∗) and

ĥh(x) = ĥh(x∗) hold at any point x in I(u∗1, u
∗
2). These equilibrium points also form the

following set of non-isolated equilibrium points:

Z =

{[
x∗g3, x

∗
e1, x

∗
e2,

Th1x
∗
h1 + Th2x

∗
h2

Th1 + Th2
+ a

]> ∣∣∣∣∣ a ∈ R

}
. (5.17)

The proof is thus completed.

The above theorem suggests that the stability property of the zero dynamics described

by Eq. (5.13) can be characterized by the existence of an invariant manifold similar to
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the NHIM in the heat subsystem clarified in Chapter 3. Here, we provide numerical

simulations of the zero dynamics to illustrate the existence of the invariant manifold. The

setting of the parameters is the same as that used in Sec. 4.5 and shown in Appendix 4.C.

First, we provide a numerical result of the zero dynamics described by Eq. (5.13) with a

setting of Y ref
1 and Ŷ ref

2 such that there exists an equilibrium point of the zero dynamics.

Figure 5.2 shows several trajectories of the zero dynamics with the following values of

Y ref
1 and Ŷ ref

2 :

Y ref
1 = 1.0, Ŷ ref

2 = 1.69. (5.18)

The initial conditions of the trajectories are listed in Tab. 5.1. Figure 5.2a shows re-

sponses of η̂. In the figure, the red lines show the trajectories from the initial conditions

with η̂2 = 0.8, the green lines with η̂2 = 1.0, and the blue lines with η̂2 = 1.2. To illustrate

the existence of the invariant manifold mentioned above, Figs. 5.2b and 5.2c provide pro-

jections of the trajectories in the full four-dimensional phase space to lower-dimensional

sub-spaces. In Fig. 5.2b, the trajectories from the initial conditions of Groups A, B, and C

in Tab. 5.1 are projected to the (η̂1, η̂2, η̂3) space. It is observed that the variables η̂2 and

η̂3 exhibit oscillatory responses, and the trajectories from different η̂1 converge to a two-

dimensional set in the projected space. In Fig. 5.2c, the trajectories of Groups A, D, and

E are projected to the (η̂2, η̂3, η̂4) space. From Fig. 5.2c together with Figs. 5.2a and 5.2b,

it is confirmed that all the trajectories converge to a set of equilibrium points that form

an invariant manifold given by Eq. (5.17).

Furthermore, a similar invariant manifold can be identified when no equilibrium point

exists. Figure 5.3 shows the trajectories of the zero dynamics with the following values of

Table 5.1: List of the initial conditions of the trajectories in Figs. 5.2 and 5.3

Group Initial Condition (η̂1, η̂2, η̂3, η̂4) Group Initial Condition (η̂1, η̂2, η̂3, η̂4)

A (0.1, 0.8, 0, 0) D (0.1, 0.8, 0, 2)
(0.1, 1.0, 0, 0) (0.1, 1.0, 0, 2)
(0.1, 1.2, 0, 0) (0.1, 1.2, 0, 2)

B (0.7, 0.8, 0, 0) E (0.1, 0.8, 0, −2)
(0.7, 1.0, 0, 0) (0.1, 1.0, 0, −2)
(0.7, 1.2, 0, 0) (0.1, 1.2, 0, −2)

C (1.4, 0.8, 0, 0)
(1.4, 1.0, 0, 0)
(1.4, 1.2, 0, 0)
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Figure 5.2: Trajectories of the zero dynamics described by Eq. (5.13) with a setting of
Y ref
1 and Ŷ ref

2 such that there exists an equilibrium point: Y ref
1 = 1.0 and Ŷ ref

2 = 1.69.
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Y ref
1 and Ŷ ref

2 :

Y ref
1 = 1.2, Ŷ ref

2 = 1.69. (5.19)

As in Fig. 5.2, all the trajectories converge to an invariant manifold in the phase space of

the zero dynamics. The invariant manifold is parallel to that in Fig. 5.2 consisting of the

equilibrium points in Eq. (5.17). The value of η̂4 parametrizes the points on the invariant

manifold and represent the dynamics along the manifold.

The above result clarifies the fundamental limitation for realizing the planned energy

flows and resolving the energy balance in the two-site system. As mentioned before,

the above two objectives are described by the output tracking control in terms of the

outputs in Eq. (5.12) and the stabilizing control discussed in Chapter 4, respectively.

Here, as stated in [32], if the zero dynamics of a system have no bounded solution, then

it is impossible to achieve precision tracking with stability. Thus, the result of Fig. 5.3

implies that the tracking control of the energy flows is not feasible on the infinite time

interval because the state variable is not bounded under the control. Furthermore, due

to the above analysis, it is clarified that the boundedness of the state variable under the

tracking control can be quantified by the value of η̂4 that parameterizes the dynamics

along the invariant manifold parallel to the set Z given by Eq. (5.17).

5.2 Controller synthesis

This section synthesizes an output tracking controller for the energy flows in the two-

site system. As shown in Sec. 5.1, to guarantee the boundedness of the state variable, it

is required to manage the zero dynamics with respect to the outputs in Eq. (5.1). For

this purpose, in this section, we utilize the outputs in Eq. (4.29) as virtual outputs:

y1 = he(x) := Pe∞(xe1, xe3), (4.29a)

y2 = hh(x) :=
Th1xh1 + Th2xh2

Th1 + Th2
= η̂4. (4.29b)

Here, the strategy that we utilize is motivated by the so-called output redefinition method

proposed in [40]. While various methods are proposed in e.g. [49, 14, 33] for controlling

non-minimum phase systems, the above redefinition of the outputs enables us to directly

manage the boundedness of the zero dynamics quantified by η̂4.

In the rest of this section, we show that the tracking of the original outputs in Eq. (5.1)

is achievable by using suitable reference trajectories of the virtual outputs in Eq. (4.29).
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two-site system
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Reference 

 generation

Figure 5.4: Block diagram of the controller synthesized in this section. The objective is
to achieve output tracking of the outputs y1 and ŷ2 in Eq. (5.1) by utilizing time-varying
references of the outputs y1 and y2 in Eq. (4.29).

Figure 5.4 shows the block diagram of the controller that will be synthesized. For given

references yref1 (t) and ŷref2 (t) of the outputs in Eq. (5.1), the part of reference generation

calculates the reference trajectory yref1 (t) and yref2 (t) of the outputs in Eq. (4.29). For

yref1 (t) and yref2 (t), a standard tracking controller as in [59, 113] is applicable:

[
u1
u2

]
= A−1(x)


y
ref(5)
1 (t)− L5

fh1(x)−
5∑
j=1

αej ξ̃ei(t)

y
ref(3)
2 (t)− L3

fh2(x)−
3∑
j=1

αhj ξ̃hi(t)

 , (5.21)

where the coefficients αej and αhj are chosen so that the polynomials s5 +αe5s
4 + · · ·+αe1

and s3 + αh3s
2 + αh2s+ αh1 are Hurwitz, and the error variables ξ̃e and ξ̃h are given by

ξ̃e :=
[
he(x)− yref1 (t), Lfhe(x)− ẏref1 (t), . . . , L4

fhe(x)− yref(4)1 (t)
]
, (5.22a)

ξ̃h :=
[
hh(x)− yref2 (t), Lfhh(x)− ẏref2 (t), L2

fhh(x)− yref(2)2 (t)
]
. (5.22b)

In the following, we mainly discuss the generation of the references yref1 and yref2 to achieve

the tracking control. In Sec. 5.2.1, it is shown that the control of energy flows is possible by

using a ramp-wise reference in terms of the output y2. Then, in Sec. 5.2.2, we synthesize

a controller including the part of reference generation using integral control. For the

controller synthesis, the structural analysis in Sec. 4.3 (particularly Lemma 4.5) as well

as that in Sec. 5.1 plays a central role.

5.2.1 Control with time-varying references

First, we show that time-varying references effectively work for the control of energy

flows in the two-site system. Particularly, from the result in Fig. 5.3, we consider the
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following references of the outputs in Eq. (4.29):

yref1 (t) := P ref
e∞, (5.23a)

yref2 (t) := pref + t∆pref . (5.23b)

For the above references, the control law (5.21) becomes[
u1
u2

]
= A−1(x)·[
−L5

fh1(x)− αe5ξe5 − αe4ξe4 − αe3ξe3 − αe2ξe2 − αe1(ξe1 − P ref
e∞)

−L3
fh2(x)− αh3ξh3 − αh2(ξh2 −∆pref)− αh1(ξh1 − pref − t∆pref)

]
, (5.24)

The following theorem states that the controller (5.24) stabilizes a trajectory of the closed-

loop system:

Theorem 5.3. Consider the model (5.2) with the state-feedback control law (5.24). Sup-

pose that for given P ref
e∞ and ∆pref , there exist ηref satisfying the following equation:

q
(
[P ref

e∞, 0, . . . 0]>, [0,∆pref , 0]>,ηref
)

= 0. (5.25)

Furthermore, suppose the point (ξe, ξh, η) =
(
[P ref

e∞, 0, . . . 0]>, [0,∆pref , 0]>,ηref
)

exists in

the open subset D stated in Lemma 4.4. Then, there exists a trajectory of the closed-loop

system given by

(ξe(t), ξh(t), η(t)) =
(
[P ref

e∞, 0, . . . 0]>, [pref + t∆pref , ∆pref , 0]>, ηref
)
. (5.26)

In addition to the existence, the trajectory is asymptotically stable if the polynomials s5 +

αe5s
4 + · · · + αe1 and s3 + αh3s

2 + · · · + αrmh1 are Hurwitz, and all of the eigenvalues of

the matrix Q̃ defined as

Q̃ :=
∂q

∂η

(
[P ref

e∞, 0, . . . 0]>, [0,∆pref , 0]>,ηref
)

(5.27)

has negative real parts.

Proof. By considering the system in the normal form (4.38) with the control law (5.24),

the closed-loop system has the following form:

˙̃ξe = Aeξ̃e, (5.28a)

˙̃ξh = Ahξ̃h, (5.28b)

η̇ = q
(
ξ̃e + [P ref

e∞, 0, . . . , 0]>, ξ̃h + [pref + t∆pref , ∆pref , 0]>, η
)
, (5.28c)
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with

Ae :=


0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
−αe1 −αe2 −αe3 −αe4 −αe5

 , (5.29a)

Ah :=

 0 1 0
0 0 1
−αh1 −αh2 −αh3

 . (5.29b)

Thus, Eq. (5.26) is a trajectory of the system (5.2). From Lemma 4.5, Eq. (5.28c) is

rewritten as follows:

η̇ = q
(
ξ̃e + [P ref

e∞, 0, . . . , 0]>, ξ̃h + [0, ∆pref , 0]>, η
)
. (5.30)

Thus, (ξ̃e(t), ξ̃h(t), η(t)) = (0, 0, ηref) is an equilibrium point of the closed-loop system.

The stability of the equilibrium is determined by the eigenvalues of the following matrixAe 0 0
0 Ah 0

∗ ∗ Q̃

 (5.31)

By assumption, the eigenvalues of Q̃ have negative real parts, and the eigenvalues of Ae

and Ah are the zeros of the Hurwitz polynomials. The proof is thus completed.

In the above controller, the rate of the ramp-wise change ∆pref should be determined

suitably in order to achieve desired values of the energy flows of electricity and heat.

In Sec. 5.2.2, we consider an integral control for this. Here, it should be noted that, the

same controller is effective for regulating the electricity and gas flows through the two-site

system: see Fig. 5.5. For this, the following physical insight can be utilized for selecting

the value of ∆pref : If the fuel gas supply exceeds the amount required for the heat demand,

the pressures of boilers will increase, and vise versa. Thus, it is expected that the gas

flows can be increased by using a reference with ∆pref > 0 and decreased with ∆pref < 0.

The control of electricity and gas flows will be demonstrated in Sec. 5.3.1. For this, since

the value of Φge(xg, xe) converges under Theorem 5.3, and hence ẋg = ẋe = 0 holds, we

have the following corollary:

Corollary 5.4. Consider the model (5.2) with the feedback low (5.24). Suppose that for

given Y ref
1 and Y ref

2 , the assumptions of Theorem 5.3 hold. Then, along the trajectory
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Figure 5.5: Schematic diagram of regulation of electricity and gas flows

given by Eq. (5.26), all the state variables except for xh1 and xh2 become constants, and

the electric power Pe∞ and the gas flow rate Pgas are given by

Pe∞ = P ref
e∞, (5.32)

Pgas = P−1m1 (Pe1(x
ref
e1 , x

ref
e3 )) + P−1m2 (Pe2(x

ref
e1 , x

ref
e3 )), (5.33)

where xrefe1 and xrefe3 are given for j = 1, 3 as

xrefej := Φ′−1j+6([P
ref
e∞, 0 . . . , 0]>, [∆pref , 0]>, [ηref1 , ηref2 , ηref3 ]>). (5.34)

5.2.2 Control with reference generation

Here, we synthesize the controller including the reference generation in Fig. 5.4. Since

the ramp-wise reference of y2 is effective for the control of energy flows, we consider the

following system for the reference generation2:

σ̇1 = σ2, (5.35a)

σ̇2 = K(ĥh(η)− Ŷ ref
2 ), (5.35b)

where K is a feedback gain, and the function ĥh stands for the heat transfer rate as given

by Eq. (5.1). Here, we abuse the notation of ĥh and regard it as a function of the variable

η describing the internal dynamics of the system with respect to the (redefined) outputs

given by Eq. (4.29). This is consistent with the output redefinition method in [40] in that

2The form of Eq. (5.35) is intended as an integral control while it is rather simple compared with a
standard one (see [68]) in order to facilitate the following stability analysis.
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the regulated output is converted into a state trajectory of new zero dynamics. By using

the system (5.35), the reference yref2 is given as

yref2 (t) = σ1(t). (5.36)

Thus, for constant references of the outputs yref1 (t) = Y ref
1 and ŷref2 (t) = Ŷ ref

2 , the control

law (5.21) becomes[
u1
u2

]
= A−1(x)

[
−L5

fh1(x)
−L3

fh2(x)

−αe5ξe5 − αe4ξe4 − αe3ξe3 − αe2ξe2 − αe1(ξe1 − Y ref
1 )

−αh3(ξh3 − σ1)− αh2(ξh2 − σ2)− αh1(ξh1 −K(ĥh(η)− Ŷ ref
2 ))

]
, (5.37)

The following theorem states that the precision tracking is achieved for the constant

references:

Theorem 5.5. Consider the model (5.2) with the state-feedback control law (5.37). Sup-

pose that for given (constant) references Y ref
1 and Ŷ ref

2 , there exist a constant ∆pref satis-

fying the assumptions in Theorem 5.3, and the following equation holds for ηref stated in

Theorem 5.3:

hh(ηref)− Ŷ ref
2 = 0. (5.38)

Then, there exists a trajectory of the close-loop system satisfying y1 = Y ref
1 and ŷ2 = Ŷ ref

2

for all time. In addition to the existence, the trajectory is asymptotically stable if the

polynomials s5 + αe5s
4 + · · ·+ αe1 and s3 + αh3s

2 + · · ·+ αh1 are Hurwitz, and all of the

eigenvalues of the matrix given by[
Q̃ +KB3C

> KB2

C> 0

]
(5.39)

have negative real parts, where Q̃, B2, B3, C are given by

Q̃ :=
∂q

∂η

(
[Y ref

1 , 0, . . . , 0]>, [0, ∆pref , 0]>, ηref
)
, (5.40)

B2 :=
∂q

∂ξh2

(
[Y ref

1 , 0, . . . , 0]>, [0, ∆pref , 0]>, ηref
)
, (5.41)

B3 :=
∂q

∂ξh3

(
[Y ref

1 , 0, . . . , 0]>, [0, ∆pref , 0]>, ηref
)
, (5.42)

C :=
∂yh
∂η

(
[Y ref

1 , 0, . . . , 0]>, [0, ∆pref , 0]>, ηref
)>
. (5.43)
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Proof. The error variables ξ̃e and ξ̃h are given by

ξ̃e :=
[
ξe1 − yrefe (t), . . . , ξe5 − yref(4)e (t)

]>
(5.44a)

ξ̃h :=

 ξh1 − σ1
ξh2 − σ2

ξh3 −K(ĥh(η)− ŷref2 (t))

 . (5.44b)

For the given constant references yref1 (t) = Y ref
1 and ŷref2 (t) = Ŷ ref

2 , the closed-loop system

is rewritten as follows:

˙̃ξe =Aeξ̃e, (5.45a)

˙̃ξh =Ahξ̃h, (5.45b)

η̇ =q
(
ξ̃e + [Y ref

1 , 0, . . . , 0]>, ξ̃h + [σ1, σ2, K(ĥh(η)− Ŷ ref
2 )]>, η

)
. (5.45c)

σ̇1 =σ2, (5.45d)

σ̇2 =K(ĥh(η)− Ŷ ref
2 ), (5.45e)

From Lemma 4.5, the dynamics of σ1 can be separated from the rest of the system because

σ1 appears only in Eq. (5.45d) and ξh1 in Eq. (5.45c): see Fig. 5.6. Thus, we have

˙̃ξe = Aeξ̃e, (5.46a)

˙̃ξh = Ahξ̃h, (5.46b)

η̇ = q(ξ̃e + [Y ref
e , 0, . . . , 0]>, ξ̃h + [0, σ2, K(ĥh(η)− Ŷ ref

2 )]>, η), (5.46c)

σ̇2 = K(ĥh(η)− Ŷ ref
2 ). (5.46d)

For the above system, the trajectory (σ2(t), ξ̃e(t), ξ̃h(t), η(t)) = (∆pref , 0, 0, ηref) is an

equilibrium point of the system. The stability of the equilibrium point is determined by

Figure 5.6: Schematic diagram of the structure of the closed-loop system
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the following matrix: 
Ae 0 0 0
0 Ah 0 0

∗ ∗ Q̃ +KB3C
> KB2

∗ ∗ C> 0

 . (5.47)

From the assumption, all of the eigenvalues of the above matrix have negative real parts.

5.3 Numerical simulation

This section demonstrates the effectiveness of the controllers synthesized in Sec. 5.2

under a practical setting of parameters. The setting of parameters is the same as that

used in Chapter 4, and shown in Appendix 4.C. In Sec. 5.3.1, we firstly consider the

controller with time-varying references derived in Sec. 5.2.1. As mentioned in the end of

Sec. 5.2.1 the controller can be utilized for regulating the electricity and gas flows. Then,

in Sec. 5.3.2, we consider the controller derived in Sec. 5.2.2 for regulating the electricity

and heat flows.

5.3.1 Regulation of electricity and gas flows

First, we confirm the assumptions of Theorem 5.3 and demonstrate that the electricity

and gas flows can be regulated by the control law (5.24). In order to verify the condition

of the existence of the trajectory given by Eq. (5.26), Fig. 5.7 shows the open set D stated

in Lemma 4.4. As in the case considered in Sec. 4.5, the solid lines show the condition

detA(x) = 0 and the broken lines detDΦ(x) = 0. By defining the set De representing the

inside of these lines containing (xe1, xe3) = (0, 0), the set D is given as follows:

D =
{[
x>g , x

>
e , x

>
h

]> ∈ X | (xe1, xe3) ∈ De

}
. (5.48)

In the figure, the points (◦) show the values of (xe1, xe3) for various ∆pref with P ref
e∞ = 1.0.

It is confirmed that the points exist in the open set D when ∆pref ∈ [−0.068, 0.1]. Thus,

the trajectory given by Eq. (5.26) exists on the above interval of ∆pref . For each trajectory,

its stability is given by the matrix Q̃. It is confirmed that Q̃ has one real eigenvalue around

−10, and the real parts of the other eigenvalues are shown in Fig. 5.8. As shown in the

figure, if ∆pref > 0.046, a pair of complex conjugate eigenvalues have positive real parts.

Thus, the assumptions of Theorem 5.3 is satisfied under ∆pref ∈ [−0.068, 0.046].
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Figure 5.7: Singularity condition of A(x) and DΦ(x)
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Figure 5.8: Real parts of eigenvalues of Q̃ for various ∆pref

By changing the value of ∆pref , the gas flow rate Pgas changes as shown in Fig. 5.9. The

figure shows that the gas flow rate can be change from 0.7 to 1.4. Here, to demonstrate

the effectiveness of the control law (5.24), Fig. 5.10 shows the responses of the outputs

y1, y2 and the gas flow rate Pgas under the following references:

yref1 (t) = P ref
e∞ = 1.0, yref2 (t) = pref + t∆pref = −0.02 t. (5.49)

The initial condition x(0) and the coefficients αe1, . . . , αh3 of the control law (5.24) are

the same as those used in Sec. 4.5. In Fig. 5.10, both the electric power y1 and the
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Figure 5.10: Time responses of output variables and gas flow under the control law (5.24)
with P ref

e∞ = 1.0 and ∆pref = −0.02. Due to the setting of ramp-wise reference of y2, the
gas flow rate Pgas is reduced compared to the value at the equilibrium point.

pressure y2 track their references. As mentioned before, the relationship between ∆pref in

the reference yref2 and the gas flow rate Pgas can be understood by the following physical

insight: If the fuel gas supply exceeds the amount required for the heat demand, the

pressures of boilers will increase, and vise versa. Thus, it is expected that the gas flows

can be increased by using a reference with ∆pref > 0 and decreased with ∆pref < 0. In the

case of Fig. 5.10, ∆pref = −0.02, and it is observed that the gas flow rate Pgas is reduced

compared to the value at the equilibrium point.
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5.3.2 Regulation of electricity and heat flows

Finally, we consider the control law (5.37) for regulating of the electricity and heat

flows. The assumptions of Theorem 5.5 can be checked as conducted in Sec. 5.3.1. Here

we provide a numerical simulation of the closed-loop system. The coefficients αe1, . . . , αh3

of the control law (5.24) are the same as before, and the initial condition x(0) is given by

the equilibrium point x∗ under (P ref
e∞, p

ref) = (1.0, 0). Figure 5.11 shows the responses of

the outputs y1, ŷ2 in Eq. (5.1) and y2 in Eq. (4.29) under the following Y ref
1 and Ŷ ref

2 :

Y ref
1 = 1.2, Ŷ ref

2 = 1.69. (5.50)

As shown in Sec. 5.1, there exists no equilibrium point under the above references. In

Fig. 5.11, it is observed that the outputs y1, ŷ2 track their references implying that the

controller achieves the regulation of the electric power Pe∞ and heat flow rate Q′n.
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Figure 5.11: Time responses of output variables under the control law (5.37) for regulating
of the electricity and heat flows. The outputs y1, ŷ2 track their references implying that
the controller achieves the regulation of the electric power Pe∞ and heat flow rate Q′n.
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5.4 Summary

In this chapter, we addressed an output tracking control problem in a hierarchical

management architecture of the two-site system: a high-level planner generates a signal

of optimal flows of multiple types of energy, and a low-level controller tracks the signal.

In the control problem, the outputs of the state-space model of the two-site system are

given as the following two energy flows: the electric power to the infinite bus and the heat

transfer rate between the two sites. To clarify the fundamental limitation for realizing the

planned energy flows and maintaining the steady energy balance from the perspective on

nonlinear control theory, we firstly conducted the structural analysis based on the input-

output linearization introduced in Chapter 4. With the given outputs, it is shown that

the model becomes a non-minimum phase system. The non-minimum phase property

is characterized by the existence of an invariant manifold in the zero dynamics of the

model and clarifies the fact that it is in general impossible to achieve the two control

objectives in Chapters 4 and 5 (stabilization and tracking) simultaneously. Then, based

on the structural analysis, we synthesized a tracking controller for the energy flows by

utilizing a slowly time-varying reference of the outputs used in Chapter 4: the electric

power to the infinite bus and the averaged pressure of the boilers. The strategy we took

here can be regarded as the so-called output redefinition method for non-minimum phase

systems. As a result of the output redefinition, the tracking controller in this chapter and

the stabilizing controller in Chapter 4 were synthesized with the same outputs. Thus,

the two control objectives can be achieved by a single control scheme without changing

its structure. By managing the control scheme with a high-level planner, a hierarchical

control structure can be considered to facilitate the control of multiscale dynamics in the

two-site system.

Appendix 5.A Equilibrium analysis

In the hierarchical management architecture in Fig. 5.1, a high-level planner deter-

mines a set of desired energy flows yref1 and ŷref2 as well as the fuel flows uref1 and uref2

under constraints on the energy balance. Thus, there should exists an equilibrium point

x∗ where the energy flows y∗1 and ŷ∗2 are close to their planned values. However, due to the

load-prediction errors, short-term load variations, and schedule changes, it is not possible

to achieve the exact values of the planned energy flows. The equilibrium condition for
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the model (5.2) is checked by direct calculation of Eqs. (4.18), (4.21), and (4.26). From

ẋg = 0, we have

x∗g3 = x∗g2 = x∗g1 = Wo1 + (1−Wo1)u
∗
1, (5.51a)

x∗g6 = x∗g5 = x∗g4 = Wo2 + (1−Wo2)u
∗
2, (5.51b)

from ẋe = 0,

x∗e1 = x∗e3 = 0, (5.52a)

Pe1(x
∗
e1, x

∗
e3)− Pm1(x

∗
g3) = 0, (5.52b)

Pe2(x
∗
e1, x

∗
e3)− Pm2(x

∗
g6) = 0, (5.52c)

and from ẋh = 0,

Q′a1(x
∗
g3)−Q′L1 −Q′12(x∗h3) = 0, (5.53a)

Q′a2(x
∗
g6)−Q′L2 +Q′12(x

∗
h3) = 0, (5.53b)

1

ρs
(x∗h1 − x∗h2)−

λL

2d
x∗2h3 = 0, (5.53c)

where the symbol ∗ represents the value at an equilibrium point. In order to realize a

given yref1 , the values of x∗e1 and x∗e3 should satisfy yref1 = Pe∞(x∗e1, x
∗
e3). Also, there should

exist x∗g3 and x∗g6 satisfying Eqs. (5.52b), (5.52c), (5.53a), and (5.53b). Consequently, it

is confirmed that there exists an equilibrium point x∗ realizing the energy flow yref1 if and

only if there exist x∗e1 and x∗e3 satisfying

yref1 − Pe∞(x∗e1, x
∗
e3) = 0, (5.54a)

Q′a1(P
−1
m1 (Pe1(x

∗
e1, x

∗
e3)))−Q′L1 +Q′2(P

−1
m2 (Pe2(x

∗
e1, x

∗
e3)))−Q′L2 = 0. (5.54b)

For these x∗e1 and x∗e3, the actual output ŷ2 and inputs u1 and u2 are given as follows:

ŷ∗2 = Q′a1(P
−1
m1 (Pe1(x

∗
e1, x

∗
e3)))−Q′L1, (5.55)

u∗1 = Pe1(x
∗
e1, x

∗
e3), u∗2 = Pe2(x

∗
e1, x

∗
e3). (5.56)

Thus, the values of ŷ2, u1, and u2 are in general different from their planned values ŷref2 ,

uref1 , and uref2 .
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Chapter 6

Conclusions and future directions

This dissertation addressed multiscale dynamics occurring in a rudimentary model of

Energy Systems Integration (ESI) [43, 100]. In this integration, multiple types of energy

such as electricity, heat and natural gas are managed together to satisfy specifications of

stability, reliability, and efficiency of energy supply. While electricity has been managed

with the so-called scale separation of power system dynamics [114, 84], no dynamical

principle has been discussed and understood in literature for managing multiple types

of energy. This dissertation took a bottom-up approach to the problem and focused

on multiscale dynamics occurring in regional electricity and heat supply systems. We

introduced a rudimentary two-site system to discuss the dynamic interaction between

electromechanical and thermodynamic phenomena appearing due to fast operations of

CHP plants proposed in e.g. [118, 41, 135]. Based on this, we conducted analysis and

control of multiscale dynamics of simultaneous supply of electricity and heat. This chapter

summarizes the results of this dissertation and discusses future directions.

6.1 Conclusions

This dissertation addressed multiscale dynamics occurring in a rudimentary two-site

system, which was introduced in Chapter 1 based on a brief technical review of regional

electricity and heat supply systems. The two-site system comprises two CHP plants

connected to a commercial power grid (modeled as an infinite bus) through a transmission

network and interconnected by a pipeline of steam or hot water. For the purpose of

analysis and control, two subsystems were defined based on their physical characteristics:

the electric subsystem and the heat subsystem.
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In Chapter 2, we revisited the conventional scale separation of power system dynamics

through stability analysis of the electric subsystem unidirectionally affected by the heat

subsystem. The classical swing equation model [77, 114, 84] was generalized by modifying

the description of the mechanical power transmitted to the generators in the electric

subsystem. Based on the derived model, the conventional methods of stability analysis

such as energy function method [24] are applicable for evaluating the effect of the heat

subsystem if the dynamics of the heat subsystem are negligible due to scale separation.

If this is not the case, the dynamic interaction between the two subsystems needs to be

taken into account. In this direction, we analyzed the basins of attraction [124, 125, 47]

of equilibrium points representing steady operating conditions of the generators in the

electric subsystem. The analysis suggests that the generators in the electric subsystem

are possibly destabilized due to transient dynamics of the heat subsystem.

Chapter 3 studied a problem of mathematical modeling for dynamics occurring in gen-

eral steam supply networks, in which multiple boilers (including the heat recovery boiler

within a CHP plant) were connected via a steam pipe network. The dynamics of interest

were originally described by a distributed-parameter model for fast steam flows over a pipe

network coupled with a lumped-parameter model for slow internal dynamics of boilers.

In this chapter, through physically relevant approximations, we derived a simple lumped-

parameter model representing the system-wide dynamics of interest. The correctness of

the derived model was verified by theoretical and numerical analyses in terms of multi-

scale property of steam supply. Specifically, we discussed structural stability of the model

based on the concept of Normally Hyperbolic Invariant Manifold (NHIM) [129, 97, 76].

The existence of the NHIM suggests a separation principle for steam supply systems,

which is analogue to that for electric power systems.

In Chapters 4 and 5, we synthesized control systems with a state-space model of the

two-site system. Two basic control objectives were considered for regional energy supply.

One is to maintain the steady energy balance between demand and supply for providing

reliable services of energy supply. The other is to regulate energy flows in the system

for achieving temporal energy supply, which is driven by market and energy-efficiency

policies. For both the objectives, we performed structural analyses of the state-space

model based on geometric nonlinear control theory [59, 113, 68]. The existence of the

NHIM in Chapter 3 played an essential role in the structural analyses.

Chapter 4 synthesized a state-feedback controller for maintaining the energy balance.
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The controller determines the signals of fuel inputs to the CHP plants to render an

equilibrium point of the state-space model asymptotically (exponentially) stable. The

structural analysis and controller synthesis were conducted with the method of input-

output linearization [59, 113]. The state-space model becomes a minimum phase system

when the outputs are given as the electric power flow interchanged with the infinite

bus and the averaged pressure level, which parameterizes the slow dynamics along the

NHIM. Thus, a standard stabilizing controller can be obtained based on the input-output

linearization.

Chapter 5 addressed an output tracking control problem for the energy flows in the

two-site system. When the outputs are given as the energy flows, the model becomes a

non-minimum phase system. The non-minimum phase property was characterized by the

existence of an invariant manifold in the zero dynamics of the model associated with the

NHIM in Chapter 3. Then, based on the structural analysis, we synthesized a tracking

controller for the energy flows by redefining the outputs and utilizing a slowly time-varying

reference of the outputs used in Chapter 4. As a result, the different control objectives in

Chapters 4 and 5 are achieved by a single control scheme without changing its structure.

By managing this control scheme with a high-level planner, a hierarchical management

architecture can be considered for shaping the multiscale dynamics in the two-site system.

6.2 Future directions

The ideas and implications presented in this dissertation are not restricted to the par-

ticular example of the two-site system. This section summarizes several future directions.

The first direction is to apply the ideas to other types of integrated energy systems.

For example, the current analysis in Chapter 3 is restricted to steam supply systems. As

mentioned there, the scale separation characterized by the NHIM is analog to the concept

of COI (Center of Inertia) [77] in the field of power system engineering. Also, it would

be expected that similar results are obtained for other types energy systems because the

lumped-parameter model derived in Chapter 3 is similar to those proposed in [104, 103] for

hot-water supply systems and in [137, 138] for natural gas infrastructures. This direction

is important for the purpose of analyzing stability and reliability of energy systems in the

context of ESI. As mentioned in Sec. 1.2, several approaches have been proposed for the

analysis. Particularly, topological (graph theoretic) methods [96] have been extensively
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applied. Although several studies [34, 91] successfully identified relationships between

the physical characteristics of energy systems and topological properties, it is stated in

e.g. [35, 51] that the value of topological models is not well-established, and the approach

does not always capture the mechanisms of relevant behavior of the system. Here, in

this dissertation, we derived a reduced-order model that explicitly contains the graph

theoretic property of the system as well as multiscale property of the dynamics based

on the concept of normally hyperbolic invariant manifold (NHIM). Thus, it is expected

to clarify the relationship between topological and physical properties of energy systems

under ESI based on the concept of NHIM.

The second direction is to propose a hierarchical management architecture for ESI. As

mentioned in Chapters 4 and 5, for the next-generation energy systems, it is expected for

a controller to achieve several different objectives1. Thus, in the architecture, a high-level

planner selects the control objective of a low-level controller. Here, with the approach

taken in this dissertation, there exists an NHIM associated with each control objective.

For switching control objectives, the operating condition of the controlled system needs

to be changed from the vicinity of a NHIM to another. Since the stability property

of an NHIM describes local behavior near the manifold, an instability phenomenon as

demonstrated in Chapter 2 possibly occurs due to the switching. It is thus important to

explore the dynamics distant from the NHIM clarified in this dissertation2. Furthermore,

it is suggested that the normal state3 of a current energy system is maintained by the

underlying scale-separation principle. Thus, exploring the dynamics is also important to

understand instabilities leading to the emergency state. Indeed, in [119, 120], a collec-

tive instability phenomenon of synchronous generators is reported based on the coupled

oscillator model with no scale separation in [89, 122]. Also, for steam supply (hydraulic)

networks, the lumped-parameter modeling and the scale separation in Chapter 3 are no

longer valid when fast pressure transients occur due to steam (water) hammer [44]. For

reliable services of energy supply, it is expected to propose a hierarchical management

architecture with taking these phenomena into account.

1 For a “device-level” controller, this is a common idea. For example, in the field of process control,
several selective control are normally considered by e.g. override control and auctioneering control [48].

2In general, it is well-known that dynamics distant from a NHIM induce rich variety of phenomena
such as relaxation oscillations [76], mixed-mode oscillations [76], and self-replicating and self-similar
spatio-temporal patterns [97].

3Here, by the term normal state, we intend the operating states [77] utilized in the field of power
system engineering [77]. In the field, normal, alert, emergency, in extremis, and restorative states are
defined for the purpose of analyzing power system security and designing appropriate control systems.
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[57] M. D. Ilić and Q. Liu, Toward sensing, communications and control architectures for

frequency regulation in systems with highly variable resources, In A. Chakrabortty
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