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Localized electron wave packet description of chemical bond and excitation: Floating and breathing
Gaussian with valence-bond coupling

Koji Ando∗
Department of Chemistry, Graduate School of Sciences, Kyoto University, Sakyo-ku, Kyoto 606-8502, Japan

A model of localized electron wave packets (WPs) with variable position and width (floating and breathing)
that are spin-coupled as per the valence-bond theory is presented. It produces accurate potential energy curves
of LiH in the ground singlet and triplet states. Quantization in a mean-field approximation of the motion of
a WP that corresponds to the Li 2s electron generates semi-quantitative potential energy curves of low energy
excited states. Real-time semiquantal dynamics of the WP induced by an intense laser pulse gives high-harmonic
generation spectra that capture qualitative features of a higher-level wave function calculation.

INTRODUCTION

The valence-bond (VB) theory provides many useful con-
cepts for understanding formation and reactivity of chemical
bond [1–8]. The standard VB method is based on the lin-
ear combination of atomic orbitals (LCAO) where the AOs
are clumped at the nuclear centers and the orbital exponents
are fixed at predetermined values. Variation of the electronic
wave function is described by superposing a number of AOs
of different orbital exponents and angular momenta.

The LCAO model is useful particularly for static problems
but is not imperative. We have been studying in recent years a
model of floating and breathing (variable position and width)
Gaussian wave packets (WPs) with non-orthogonal VB cou-
pling [9–11]. It was designed to be combined with nuclear
WPs in a semiquantal molecular dynamics (MD) simulation
[12–15]. In order to take account of the anti-symmetry of
many-electron wave functions retaining the localized WP pic-
ture, the VB model seemed appropriate. The localized WP
model was envisaged to have merits for studying real-time
electron dynamics.

In our previous studies, the WP-VB model was found to
give reasonably accurate potential energy surfaces of the elec-
tronic ground states of small molecules such as H2, LiH,
BeH2, H2O, and NH3 with the minimal numbers of electron
WPs [9–11]. The accuracy came from the flexibility to de-
scribe the static correlation by the VB coupling, the dynamic
correlation by the WP breathing, and the polarization by the
WP floating. The electronic excited states have been also ex-
amined by quantizing the motion of WP center [11] in an idea
similar to the propagator theory [16]. Furthermore, the nu-
clear and electronic WPs were combined (with static electrons
in the Born-Oppenheimer approximation) to the semiquantal
MD simulation of liquid hydrogen, which gave quantitative
diffusion constant and viscosity at temperatures below 25 K
[12–15].

This work extends the study on LiH in Ref. [11] to examine
the potential energy surfaces for the electron WP motion and
the real-time dynamics induced by an intense laser pulse. The
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study of real-time electron dynamics is an emerging field of
recent research with the advent of attosecond time-resolved
laser spectroscopy [17, 18].

In Sec. 2, the theory is outlined. In Sec. 3.1, the potential
energy curves for the electron WP motion are examined. In
Sec. 3.2, the laser-induced electron dynamics and the emis-
sion of high-harmonic generation spectra are studied. Section
4 concludes.

THEORY

As in the standard VB methods, the electronic wave func-
tion is assumed to be an antisymmetrized product of spatial
and spin functions,

Ψ(1, · · · , N) = A[Φ(r1, · · · , rN )Θ(1, · · · , N)], (1)

with the spatial part modeled by a product of one-electron
functions,

Φ(r1, · · · , rN ) = φ1(r1) · · ·φN (rN ). (2)

In contrast with the conventional VB methods that employ
atomic orbitals clumped at the nuclear centers, we apply float-
ing and breathing spherical Gaussian WPs of a form [19, 20],

φ(r, t) = (2πρ2t )−
3
4 exp[−γt|r−qt|2+ipt ·(r−qt)/~], (3)

in which the complex coefficient

γt =
1

4ρ2t
− i

2~
πt
ρt

(4)

contains the time-dependent WP width ρt and its conjugate
momentum πt (see Eq. (7) below). qt and pt denote the posi-
tion of the WP center and its conjugate momentum. The spin
part Θ(1, · · · , N) consists of the spin eigenfunctions. In this
work, we employ a single configuration of the perfect-pairing
form,

Θ = θ(1, 2) · · · θ(Np − 1, Np)α(Np + 1) · · ·α(N), (5)

with θ(i, j) = (α(i)β(j)−β(i)α(j))/
√

2 for paired Np elec-
trons.
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The ground state wave function and energy in a given spin
multiplicity is computed by optimizing the WP center and
width, q and ρ, to minimize the energy expectation, E =
〈Ψ|Ĥ|Ψ〉/〈Ψ|Ψ〉, with the momentum variables p and π nul-
lified [21]. For the excited states, the standard method would
be the configuration-interaction (CI) of multiple VB config-
urations [16]. Alternatively, we are working on a propaga-
tor theory with the coherent-state path-integral representation
[22], exploiting the fact that the Gaussian WP is a representa-
tion of the (over)complete coherent-state [21, 23, 24]. In Sec.
3, a simplified calculation based on this idea with the single-
particle mean-field approximation is presented.

In the single particle approximation, the equations of mo-
tion for the WP center and width have a simple Hamiltonian
form [19, 20, 25, 26],

q̇ =
∂〈Ĥ〉
∂p

, ṗ = −∂〈Ĥ〉
∂q

, (6)

ρ̇ =
∂〈Ĥ〉
∂π

, π̇ = −∂〈Ĥ〉
∂ρ

, (7)

with the Hamiltonian function

〈Ĥ〉 =
p2

2m
+
π2

2m
+

~2

8mρ2
+ 〈V 〉, (8)

where m is the mass of electron and 〈· · · 〉 is the expecta-
tion value with the WP φ(r, t). They are derived from the
time-dependent variational principle. For many-electron wave
functions with non-orthogonal WPs, the equations become
much more complicated, which we shall leave out of the scope
of this paper.

NUMERICAL CALCULATION AND DISCUSSION

Bond Formation and Excitation

Figure 1 displays the computed potential energy curves of
the ground and excited states of LiH in spin singlet and triplet.
The excited states were calculated by quantizing the motion
of the center of a WP that corresponds to the Li 2s electron:
we first constructed potential energy surfaces along displace-
ments of the WP centers (Fig. 2 to be discussed later) and then
numerically solved the time-independent Schrödinger equa-
tion in a single-particle mean-field approximation. For com-
parison, results from the multi-reference CI with single and
double excitations (MRCISD) [27] are included in the figure.
The agreement is quantitative for the singlet and triplet ground
states,X1Σ+ and a3Σ+. For the excited states, the correspon-
dence appears semi-quantitative. More elaborate calculations
that will be noted in the concluding section will improve the
agreement. Nevertheless, we proceed with the current frame-
work as it offers a simple intuitive picture for the electron ex-
citation dynamics.

Figure 2 displays the potential energy curves for the WP
motion along the bond direction in the ground singlet (a) and
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FIG. 1: Potential energy curves of the ground and excited singlet and
triplet states of LiH, X1Σ+, A1Σ+, B1Π, a3Σ+, b3Π, and c3Σ+.
The solid lines are from the WP-VB calculation and the symbols are
from the MRCISD calculation with the cc-pVDZ basis set.

triplet (b) states. At the origin is the Li nucleus, and the proton
is at 1.6 Å. In this calculation, the center of each WP was
displaced while the other WPs are fixed, which means that the
potential energy of each WP was evaluated under the mean-
field of others. Figures 2(a) and (b) both indicate that the two
WPs that correspond to the Li 1s electrons are deeply bound
and contracted at the Li nucleus. The WP that corresponds
to the H 1s electron is bound to the proton with the potential
well shallower than those for the Li 1s electrons. The WP
that corresponds to the Li 2s electron is near the H nucleus in
the singlet state, whereas in the triplet state it is behind the Li
nucleus seen from the H atom. The inset displays the WPs by
the circles of the radius ρ. It has been demonstrated in Fig.
2 of Ref. [11] that these WP configurations correspond well
with the standard molecular orbitals. The potential well for
the Li 2s WP is the shallowest in both singlet and triplet states.
The difference of the curvature from the others supports the
single-electron treatment for the calculation of the low energy
excitations in Fig. 1. Hereafter, we loosely denote ‘Li 2s WP’
etc. rather than ‘WP that corresponds to the Li 2s electron’,
although the correspondence is only intuitive as the WPs are
not clumped at the nuclear center and the size is variable.

The potential energy curves along the displacement perpen-
dicular to the bond that determine the Π excited states are
simple symmetric single wells (and thus were omitted from
the figure) of varying depth. Here again, the potential well for
the Li 2s electron is the shallowest with the smallest curvature
that determines the lowest Π states in Fig. 1.

We note that the WP widths were fixed at the values op-
timized for the ground state when constructing the potential
energy curves in Fig. 2. This is also the case in the calculation
of excitation energies at each LiH distance in Fig. 1. Al-
ternatively, we might consider variation of the WP width for
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(a)

  

(b)

FIG. 2: Potential energy curves for the motion of wave packet cen-
ters in (a) the singlet X1Σ+ state and (b) the triplet a3Σ+ state. The
insets are the wave packets represented by circles with the radius of
the WP width ρ.

quantization. We might also optimize adiabatically the WP
width along the variation of the WP center. Nonetheless, the
physical meanings of these procedures have not been clarified.
A related study on the WP width variation in the initial-value
represented propagator has been reported [22].

Electron Dynamics and High-Harmonic Generation

As described in Sec. 2, the computation of single-particle
dynamics is straightforward. Here we focus on the Li 2s WP
that is the most labile to the external field, and compute its
response dynamics to a laser pulse of time-dependent electric
field,

E(t) = E0 sin(ω0t) sin2(πt/τ) (0 ≤ t ≤ τ). (9)

The parameters were taken from Ref. [28] that employed the
time-dependent complete-active-space CI (TD-CASCI); the
frequency ω0 corresponds to the wavelength of 750 nm and
the duration τ of three optical cycles, τ = 3(2π/ω0) ' 7.51
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FIG. 3: Trajectories of the wave packet center and width induced by
the pulse laser field displayed in the upper panel.

fs. We used weaker field intensityE0 than in Ref. [28];−1.54
and−1.48 V/cm, that is, the laser intensity of 1.12×1014 and
1.08 × 1014 W/cm2, as these values were found to be just
above and below the threshold of ionizing trajectories for the
present model. The positive direction of the field was defined
to be that from Li to H. Here, the Li-H bond length was set to
be 2.3 bohr following Ref. [28]. At t = 0, the LiH molecule is
in the singlet ground state. We added the Lorentz force from
the electric field to the equations of motion (6) for the WP
center.

Figure 3 displays the ionizing and non-ionizing (bound) tra-
jectories of the WP center and width. In the initial time up to
∼5.7 fs, both the ionizing and bound trajectories of the WP
center mostly follow the time profile of the laser field, except
the small hump at t = 3.2 fs. Then, the ionizing trajectory
starts to oscillate in an amplitude as large as 12 bohr, recom-
bines to the molecule, and dissociates after 10 fs. Associ-
ated with this large amplitude oscillation of the WP center,
the WP width broadens when the WP center departs from the
molecule, and spreads to the free electron state. In the bound
trajectory, the WP center remains around the molecule, but the
oscillation amplitude of∼5 bohr is about twice the Li-H bond
length of 2.3 bohr.

Figure 4 displays the Fourier transformed dipole accelera-
tion that gives the high-harmonic generation (HHG) spectrum
[29, 30]. For comparison, the result from the TD-CASCI of
Ref. [28] is included. The present results do not exhibit clear
plateau and cut-off that are considered to be the characteris-
tics of the laser-induced HHG spectra. These features have
been discussed in terms of the ponderomotive energy of field-
induced dynamics and the three-step model of ion recombina-
tion [31–33]. Their absence in the present semiquantal calcu-
lations could be due to the insufficient account of the quantum
interference in the ion recombination dynamics. However,
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FIG. 4: Fourier transform of the dipole acceleration that gives the
HHG spectra. The abscissa is the harmonic-order ω/ω0. The TD-
CASCI data is from Ref. [28].

other qualitative features such as the alternating peak structure
intense at the odd harmonic orders and the spectral intensity
extending up to a hundred of harmonic order were reproduced.

CONCLUSION

A model of floating and breathing electron wave packets
with the non-orthogonal valence-bond spin-coupling has been
presented. Although it is still in need of further developments,
its potential would have been clarified. We anticipate that the
remaining tasks will be more technical than fundamental. For
instance, more flexible forms of the localized WP than the
spherical Gaussian should be examined. The first candidate
would be the ellipsoidal Gaussian function: we have reported
its use for nuclear WPs in the simulation of liquid water [34],
but its application to many-electrons involves a numerical bot-
tleneck in the evaluation of two-electron integrals. We also
need to establish the propagator theory with the coherent-state
representation and its implementation in order to improve the
accuracy of quantum dynamics. Works on these are currently
under way and will be reported in due course.
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