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Abstract

It is an exciting period for research in gravity and cosmology. Since the
detection of the Cosmic Microwave Background, cosmology has achieved an
impressive level of precision. The accuracy is such that we can discuss the
origins of our universe. For instance, from the CMB temperature fluctuations
we have robust evidence that inflation, an epoch of accelerated expansion,
took place in the earliest stages of our universe. In a remarkable simple
way, inflation sets the universe in a hot, homogeneous and isotropic plasma
state with tiny fluctuations. These are the required initial conditions for the
standard model of cosmology to explain the current structure of our visible
universe in the context of General Relativity. However, this is not the end of
the story.

There is strong evidence that there is more than General Relativity to
gravity from both observational and theoretical point of views. Observation-
ally, on cosmological scales we are aware of dark matter, dark energy and
inflation. The last two are often modeled by gravitating scalar fields; but
what are their fundamental origins? On the theoretical side, we believe that
there should be a unifying framework, e.g. string theory and quantum gravity.
These latter approaches generally involve higher dimensional spaces in which
our 4D world is embedded. Interestingly, when the dimensionality is reduced
the resulting effective theory is often General Relativity plus a non-minimally
coupled scalar field. These general class of theories which involve gravity and
a scalar field are called scalar-tensor theories.

To discern what theory of gravity rules our universe, we need to test and
compare predictions coming from several theories of gravity. In this regard,
the very early universe and specially inflation are the window to probe new
physics, in particular involving gravity, due to the extremely high energy
densities that took place. Furthermore, the recent detection of gravitational
waves has re-sparked the hope to detect gravitational waves produced during
inflation. If they were detected, we would have access to the value of the
energy scale during inflation. Thus, with ongoing and future surveys, which
will provide new data, it is worth to deepen our knowledge in theories of
gravity and test its predictions.

It is the purpose of this thesis to focus on the study of scalar-tensor theories
in the inflationary epoch. We will study theoretical aspects of scalar-tensor
theories, providing interpretations and concrete models. In particular, we will
focus on the role of transformations of the metric within scalar-tensor theories.
We will see that they are a crucial element to understand scalar-tensor theo-
ries. They are meaningful not only mathematically but physically as well. In
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this respect, the first result of this thesis is a proof of the physical invariance
of scalar-tensor theories under a general class of metric transformations. This
proof is relevant in two ways. First, one can work in the simplest form of the
action without changing the predictions of the model. Second, we can map
apparently different theories that share the same predictions. Furthermore,
this result can be applied not only in the context of scalar-tensor theories
but it provides a potential generalization to vector-tensor theories and other
theories involving metric transformations.

As a second result, we present a class of models in which by using metric
transformations and an additional scalar field we obtain interesting features
in the CMB temperature power spectrum. For example, we provide a model
that could enhance the formation of primordial black holes, perhaps leading to
binary black hole mergers, or explain the large scale suppression of the CMB.
The great achievement of this result is its simple and intuitive derivation, yet
allowing for a wide range of applications. Moreover, these class of models
are general enough so that they provide a new approach to study inflationary
models. The results of this thesis are based on two publications in the Journal
of Cosmology and Astroparticle Physics (JCAP).
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It is incredible that we can ask questions such as “What was the origin of
our universe?” and that we are actually able to give a pretty good answer.1

Not only this, we can even test it with experiments. Answering this question
and many more are possible thanks to huge theoretical advances in gravity
and particle physics as well as technological developments providing precise
experiments to probe these theories. In this thesis, we will approach deep
theoretical aspects of theories of the very early universe, discussing possible
observational consequences. To introduce the topic, we will first briefly explain
the current status of gravity and cosmology (see [1] for a review). We will start
by giving a taste of the big picture of gravity and cosmology in Sec. 1.1. We
will briefly discuss the tests of General Relativity (GR) and why we do think
GR should be modified. In Sec. 1.2 we will introduce some of the alternatives
theories of gravity and we will then focus on scalar-tensor theories. Once
they are introduced we will have all the necessary background to explain the
purpose of this thesis. Last, Sec. 1.4 contains the organization of the thesis.

1Obviously it is not the final answer, but it is a remarkable one.
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1.1 Gravity and Cosmology

We are all familiar with the fact that gravity is the dominant force at large
distances.2 By large we mean our solar system and beyond. The gravitational
constant is well measured from 0.1 mm, roughly the size of an Amoeba, to
1014 m, roughly the boundary of our solar system (see Ref. [2,3] for a detailed
review on the measurements and Ref. [4] for a discussion on the scales in which
we can probe gravity). However, we know that our universe is roughly as big
as 1026 m and that it was as small as 10−30 m in the past. Does the same
gravitational law apply along this huge span of scales? Actually, at galactic
and cosmological scales there remain some open questions. They are related
to the so-called dark matter, dark energy and inflation.

We are aware of the existence of dark matter for several reasons (see Ref .
[5] for a review on this topic). Mainly, we find solid evidence of dark matter in
galaxies to explain rotation curves. It also explains the formation of large scale
structure in our universe. We do not “see” it since, as far as we know, it only
interacts with us gravitationally. Dark energy is another interesting story. It is
known that the universe is expanding and that it is doing so in an accelerated
way. Evidence of the accelerated expansion comes from studies of supernovae
and primordial radiation (the cosmic microwave background). See Refs. [6,7]
for a review. It turns out that the expansion is driven by something very close
to, if not, vacuum energy density3 (also called cosmological constant). We call
it dark energy.

More interestingly, it is not the first time that our universe undergoes
an accelerated expansion; or at least it is widely believed so.4 This leads to
the introduction of inflation [13–16], on which this thesis is based. Inflation
is a period of accelerated expansion previous to the hot big bang where (i)

the exponential expansion smooths inhomogeneities and anisotropies and (ii)

primordial fluctuations, i.e. the seeds of our universe, originate from quantum
fluctuations [17, 18]. In other words, inflation sets up the initial conditions
of our universe, that is a hot, homogeneous and isotropic plasma with tiny
fluctuations on the order of 1 : 105. The subsequent evolution of the universe
filled with such hot plasma is known as the hot big bang (we will review it in
more detail in Chap. 2). We know inflation occurred, or something very similar
to it, because we receive the first radiation that escaped from the primordial

2Luckily the electromagnetic force can be screened and matter is on average neutral.
Take the ratio of the electrostatic and gravitational force between two electrons. Electro-
static force is 1045 time stronger!

3Interestingly, with our current knowledge of particle physics we fail in spectacular fash-
ion to explain the current value of the cosmological constant. This is called the cosmological
constant problem. See Ref. [8, 9] for a review.

4See Refs. [10–12] for a review on alternatives to inflation.
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plasma. It is the so-called Cosmic Microwave Background (CMB).5 Just like
astronomers know what is going on inside the sun by looking at the seismic
oscillations on the surface, we know what was going on inside the CMB sphere
by studying its tiny fluctuations.6

To summarize, we have a model that describes very well what we observe
in our local universe from its earliest stages until today, the so-called standard
model of cosmology. However, as the reader might begin to realize it is not
fully satisfactory from a fundamental point of view, as it leaves many crucial
questions unanswered. What are dark matter and dark energy? What drove
inflation? What was going on when the universe was extremely tiny, around
the Planck scale? Is there a theory of quantum gravity? Honestly, we do
not know the answers to these questions yet and this is the reason why we
must study modifications of gravity and confront it with observations. Before
jumping into modified gravity in a broad sense let me briefly review what are
our observables.

1.1.1 What do we measure?

This is an important question. One should know the predictions of a theory
that can be tested. For example, we measure the expansion of the universe
through the red-shifting of photons. Note that in this case the observable is
the red-shift rather than the expansion itself (see Chapter 3 for a concrete
example). Thus, as stringy as our universe might be, if we cannot detect it
then it does not matter. For this reason, let me introduce what measurements
are used to probe gravity theories. For an extensive review see Refs. [19, 20].

Einstein’s General Relativity’s predictions on solar system scales are im-
pressive.7 Thus, stringent tests of gravity are placed on solar system scales.
Some examples of these experiments are:

(i) In the Laboratory one uses torsion experiments like the Eöt-Wash ex-
periment [19].

(ii) In the solar system we have the bending of light measured by the Cassini
probe and Lunar Laser Ranging [19].

5It is in the microwave band due to the expansion of the universe. As the universe
expands the wavelength of radiation is stretched, red-shifted.

6Inside means prior to. I actually heard this analogy from a talk given by Scott Douglas
(from UBC) and I found it quite illuminating. The study of the inner structure of the sun
by seismic oscillations is called Helioseismology.

7For example, the perihelion advance of Mercury and the bending of light around the
Sun. Actually, GPS systems are so precise that their clocks advance with respect to ours
and this is predicted by General Relativity.
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(iii) Astrophysical sources like binary pulsars and dwarf galaxies also place
bounds [21–23].

It should be noted that these experiments, however, only tell us that today
and at solar system scales gravity is very close to that predicted by Einstein’s
general relativity. In other words, they probe the weak-field limit of gravity,
i.e. non-relativistic regime.8

We will be more interested in tests of gravity in the strong field regime
and at large scales, i.e. when full general relativistic effects are required. For
example,

(i) Compact objects like Neutron Stars and Black Holes [4].

(ii) High redshift supernovae [24,25].

(iii) Large Scale Structure, e.g. galaxy and redshift surveys [26–28].

(iv) The very early universe with the Cosmic Microwave Background [29].

In this thesis we will focus on the very early universe, in particular on inflation.
The very early universe is the perfect playground9 to study strong gravity
and high energy physics as the temperature of the universe gets as hot10 as
T ∼ 1028K and the density as large as ρ ∼ 1086 g/cm3. As we previously
said, the window to the early universe and inflation is the Cosmic Microwave
Background. The CMB is our observable. Remarkably, from correlations of
the temperature fluctuations in the CMB we can prove the predictions of
inflation. Let me make a brief note. It is often said that there is a “zoo” of
inflationary models.11 This does not undermine, however, the predictions of
inflation as a paradigm.12 Whether we will know the exact model of inflation,
that is another challenge.

Recently, a new window to explore the universe has been opened with the
detection of gravitational waves from a binary black hole merger [34]. This
confirms the tensor structure of gravity and with more detections it will be
a crucial test for theories of gravity [35]. Polarization of the CMB radiation
gives access to gravitational waves created during inflation with the so-called
B-modes [36].

8In this regime one uses the perturbative Parametrized Post Newtonian (PPN) formalism
which includes deviations from General Relativity [19].

9Or as Zel’dovich said [30]: “an accelerator for poor people.”
10The exact value depends on the model one considers.
11See Ref. [31] for an approximate idea of the size of the “zoo”.
12See [32,33] for a recent controversy in that point.
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1.2 Alternatives to General Relativity

We have seen that an important question to pose is: “How do we know that
General Relativity is the theory of gravity?” To answer this question we should
contrast GR’s predictions with experiments and compare them with predic-
tions from other theories of gravity [19,20,35,37]. This is in fact a very good
reason to study alternative theories of gravity. Another good reason is that
just like Newtonian gravity could not explain the advance of the perihelion of
Mercury which led to GR, the fact that we need dark matter and dark energy
suggests that on cosmological scales there might be a more fundamental the-
ory of gravity. Furthermore, the CMB data shows that the simplest model of
inflation within general relativity is almost excluded [38].

Is there any indication that gravity should be modified from the theo-
retical point of view? As it turns out, there is plenty of motivation (for an
extensive review see Ref. [39]). Let me present some examples. First GR is
non-renormalizable [40–43] and thus quantum corrections yield extra curva-
ture invariant terms. This led to f(R) theories, i.e. an arbitrary function of
the curvature scalar (see [44, 45] for a review), which are used to model dark
energy and inflation. It turns out that one of the favored models of inflation
falls within this category [14, 46]. Another way of seeking a renormalizable
theory is for example to break Lorentz invariance, i.e. treat time and space
in a different way, as in Hořava-Lifshitz gravity [47, 48]. These theories13 are
related to Ultra-Violet (UV) corrections of GR, i.e. high energies.

Second, in general relativity the graviton is massless, i.e. the interaction
range of the gravitational force is infinite. However, if the graviton were
massive the interaction would decay much faster with distance (like a Yukawa-
type exponential suppression). At large distances gravity would be weaker and
this could explain the current acceleration of the universe (dark energy) [49].
These type of modifications are in the Infra-Red (IR) regime of GR. In a
similar direction, one could consider that there are two gravity sectors with
two different metrics, the so-called bigravity [50].14 One interesting feature is
that gravitons could oscillate between sectors [53].

Another interesting approach comes from symmetry arguments. What is
beyond the Planck scale? Well, if at high energies one has conformal symmetry
[54–56] then there is no privileged scale and the question is meaningless. We
could say that just like the spontaneous symmetry breaking of the Higgs field,
a similar process happened in the very early universe. Actually inflation is
quite close to a de Sitter universe which is a maximally symmetric spacetime

13f(R) theories are also used to model dark energy and thus they could be regarded as
IR modification in that case.

14It can also be motivated from brane-world models [51,52].
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(see Appendix I).
Among all the alternatives of gravity, there is one class of theories which

are particularly attractive. Historically, it started with Dirac’s large number
hypothesis [57], i.e. that universal constants should depend on time, and it was
followed by Jordan [58], Brans and Dicke [59].15 The latter was motivated by
Mach’s principle but failed to include it into General Relativity. These classes
of theories are called scalar-tensor theories and, as the name says, they involve
adding an extra scalar to General Relativity. With the detection of the Higgs
field we are sure that scalar fields are present in our universe [61–63].

It was later realized that scalar-tensor theories are quite natural from
higher dimensional theories [64], e.g. string theory, and that f(R) theories
can be mapped into a subclass of scalar-tensor theories [44,45]. Scalar tensor
theories have several applications. For example, they are interesting from a
renormalization point of view [65,66]. Most inflationary models are based on
scalar fields [31] and they are used as an alternative to explain dark energy
[67, 68]. Moreover, as we will see, they considerably helped to improve our
understanding of gravity. For all these reasons, we consider scalar-tensor
theories a promising alternative to GR and are the main subject of this thesis.

1.3 Scalar-tensor theories

Our current understanding of the gravitational force says that gravity is re-
lated to the geometry of space and time and is described by General Relativity.
The energy distribution of matter (e.g. momentum, mass and pressure) de-
termines the geometry and at the same time matter lives in that geometry.
Geometry is described in terms of a metric tensor which essentially represents
the measures of length and time, i.e. using rulers and clocks.16

It is further assumed that gravity follows the strong equivalence principle,
that is gravity affects all matter fields equally in any point of space and time.
This assumption can be relaxed to the weak equivalence principle which states
that gravity affects all matter fields equally. Both principles are consistent
with current experiments.

Let us now see where do scalar-tensor theories originate from a theoretical
point of view. The quest for a theory that rules them all, i.e. a unifying
framework like string theory, has led the scientific community to consider that
our space-time may actually not be 4 dimensional (3 spatial dimensions and 1

15See [60] for a review on Nordström’s early attempt to use a scalar field to describe
gravity.

16An alternative interpretation of scalar-tensor theories is that those rulers and clocks,
i.e. our units, depend on space and time [69,70].
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dimension of time). Just like habitants of a (spatially) 2D world, flatland [71],
are unaware of our 3D space. For example, we are talking about Kaluza-Klein
or Braneworld models [72–76] where a wrapped 5th dimension is present.

It is particularly interesting that in higher dimensional theories after re-
ducing the dimensionality down to our 4D world, scalar fields naturally appear
everywhere. For example, a scalar field can be regarded as a coordinate of
the extra dimensions. Furthermore, most of these scalar fields do not inter-
act with gravity and/or matter in the usual way, i.e. they are non-minimally
coupled. One can have an idea as follows. Imagine that we live in a 4D brane
inside a 5D spacetime. In the 5D spacetime there might be a gravitational
potential well which depends on the extra coordinate. Thus, the location of
our 4D brane in that extra coordinate, call it a scalar field, will be important
and play a role in the dynamics. From our point of view, we can expect that
gravity in our brane interacts in a non-trivial way with the scalar field. For
example, the gravitational constant could depend on time (see [77] for a re-
view on variation of universal constants). Thus, in scalar-tensor theories only
the weak equivalence principle holds. For the interested reader two books
dedicated on scalar-tensor theories of gravity are Refs. [64] and [78].

It should be noted that now that we opened the door to non-minimal
couplings, the theory space has expanded a great deal. We may ask then
“Which theory is the one that best describes our universe?” There are two
different ways to approach this question, usually referred to as top-down and
bottom-up. Let me pose them into two questions respectively:

1. What kind of couplings do we obtain starting from a more fundamental
theory, if any? What are its predictions?

2. What is the most general Lagrangian for a non-minimally coupled field?
How much do observations constrain the form of the Lagrangian?

In fact the former is clearly more relevant, as it gives definite predictions.
The second approach becomes useful when we ignore high energy physics that
might come into play. This is used in Horndeski theories [79] and in the so-
called Effective Field Theory (EFT) [80]. In this thesis, we will focus on the
applications of scalar-tensor theories to cosmology and its consequences in a
generic way. Rather than deriving an effective theory from a more fundamen-
tal theory, we will assume that such non-minimal couplings are present and
study them in a general way.
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1.3.1 Metric transformations

At the beginning of section 1.3, we have discussed that gravity is geometry and
geometry is described by a metric. Scalar-tensor theories can be thought as
follows. First assume that there is a dominant field that drives the evolution of
the universe, e.g. the inflaton during inflation. This dominant field determines
the metric. All other subdominant fields play in that metric. However, there
is no reason to assume that the metric given by the dominant field is the same
metric that affects matter. This is exactly the point of scalar-tensor theories.
Relations among these metrics are called metric transformations. Following
this line of thought Bekenstein gave a general form of such transformations
[81]. To give an example of a metric transformation, take flat space and do a
time-dependent conformal transformation, i.e. a global rescaling of the metric.
We obtain an expanding universe!

Metric transformations as a non-trivial coupling to matter have been used
in the late time acceleration of the universe (see for example Refs. [82, 83])
and it has attracted a great deal of attention recently [84–90]. In this case,
however, the presence of the scalar field introduces time (or space) dependence
of the gravitational constant and an extra force, a so-called fifth force, which
are severely constrained on solar system scales [37,39,64,90–94]. For example,
the time variation of the gravitational constant is constrained to be [95]

Ġ

G
< 6 · 10−13yr−1 . (1.1)

Consequently, considerable effort has been placed on how to avoid such con-
straints by screening mechanisms [82,96–104].

However, during inflation the situation is quite different. The inflaton field
completely dominates the universe and apparently matter has nothing to say
until radiation domination. Then whether matter coupled in a different way
becomes a question of interpretation. For instance, the matter universe could
avoid17 the initial singularity [105–108]. These kind of couplings could be
constrained if they were present during the hot big bang [109–111]. However,
if after inflation one recovers General Relativity it seems hard to find any
signature from the matter coupling, i.e. from non-minimal couplings. In
Chapter 4 we show that even if that happens, the matter coupling could be
relevant during inflation and we also present some interesting examples.

On the theoretical side, metric transformations connect different scalar-
tensor theories and are a crucial element to understand scalar-tensor theories
(see Refs. [59, 112–116]). In particular, metric transformations leave physical

17Actually, there is no way to avoid singularities by a metric transformation. However,
they can be postponed to past or future infinity.
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observables invariant. In other words, one can work with the metric one
pleases and obtain the same predictions. Thus, its a powerful tool in two
ways: (i) two apparently different theories might be mathematically related
and (ii) these two different theories are physically equivalent. We will show
this in Chapter 3.

1.4 Outline of the thesis

This thesis focuses on interpretations of metric transformations in cosmology
and applications to the very early universe in the context of scalar-tensor
theories. At the end of each chapter a summary is provided where we will
further discuss extensions and issues.

In Chapter 2 we give a broad review of the current status of cosmology
and in particular we focus on inflation. We will mainly follow two great books
in cosmology: S. Dodelson [36] and V. Mukhanov [30]. We also benefited from
lecture notes by M. Sasaki [117, 118], D. Baumann [119, 120] and Cambridge
DAMTP public lecture notes [121, 122]. We will review the notion of an
expanding universe in General Relativity and explain the standard model of
cosmology; the components of our universe and their observational evidence.
Next, we will introduce inflation and its predictions, paying special attention
to understand the connection between inflation and CMB observations.

We will dedicate Chapter 3 to understanding theoretical aspects of scalar-
tensor theories. First, we will explain what non-minimal couplings are and
we will present examples of how they naturally appear in higher dimensional
theories. Then, we will introduce the notion of frames. We will focus on
the couplings to matter and introduce two types of metric transformations,
conformal and disfromal transformations. Afterwards, we will review the
observable invariance for the case of conformal transformations with simple
examples. Next, we will present the work “cosmological disformal invari-
ance” [123] published in JCAP where we proved the observable invariance
for the case of disformal transformations in collaboration with M. Sasaki
and A. Naruko. We will provide a thorough study with interpretations and
explicit formulas.

In Chapter 4 we will focus on the applications to inflation of what we have
seen in Chapter 3. This chapter is basically the work “conformal dependence
of inflation” [124] published in JCAP in collaboration with M. Sasaki. We will
start by reviewing the notion of frames in an explicit example. Then, we will
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review a particular inflationary model, called power-law inflation [125], and
its predictions. The advantage of considering that particular model is that all
the calculations can be done analytically and we do not have to rely on any
numerical computation (except for the last section). Next, we will present
the main results of our work. We will show two different examples of how
matter fields could experience super-inflation or a bounce (in their frame)
during inflation. Furthermore, we will see how this can leave interesting
observational effects if the matter field is a curvaton [126–128]. Concretely,
we will see how we can obtain a blue tilt spectrum which could potentially
create primordial black holes (and binary black holes which would merge and
emit gravitational waves). We will also provide an explanation for the large
scale suppression of the CMB power spectrum with another example. Matter
experiences a bounce, i.e. the universe contracts and expands, which renders
the spectrum blue at large scales. Lastly, in Chapter 5 we will summarize
this thesis and provide further discussions and extensions of this work.

We provide complementary explanations and formulas in the appendices.
They are organized as follows:

• Appendix A gives detailed formulas of metric transformations.

• Appendix B introduces the Horndeski Lagrangian.

• Appendix C studies a singular metric transformation and mimetic grav-
ity.

• Appendix D provides examples of the cosmological disformal invariance.

• In appendix E we review cosmological perturbation theory applied to
inflation.

• Appendix F presents the δN formalism.

• Appendix G is a review of the curvaton model.

• Appendix H gives a taste of the Hamiltonian formalism of GR.

• Appendix I discusses in more detail de Sitter spacetime.



Chapter 2

Predictions from inflationary
theory: a review

Contents
2.1 Standard model of Cosmology . . . . . . . . . . . . . 12

2.1.1 An expanding universe . . . . . . . . . . . . . . . . . . 14

2.1.2 Hot big bang . . . . . . . . . . . . . . . . . . . . . . . 18

2.1.3 Shortcomings of the hot big bang . . . . . . . . . . . . 20

2.2 Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.2.1 Alleviating the big bang problems . . . . . . . . . . . 22

2.2.2 Slow roll inflation and quantum fluctuations . . . . . . 24

2.2.3 Connection to observations . . . . . . . . . . . . . . . 30

2.3 Summary and discussion . . . . . . . . . . . . . . . . . 34

Our everyday experience tells us that the world is quite inhomogeneous.
When we look at the night sky, we see the stars of our own galaxy, mainly
grouped along the milky way.1 Perhaps, with a cheap telescope one can see
the galaxy Andromeda in a clear night sky, which is about 780 kpc (2.5× 106

light-years or 2 × 1019 km) away. What is really amazing is that when we
look further away, coarse graining beyond 100 Mpc with redshift surveys,
the universe appears to be Homogeneous and Isotropic. By extension of the
Copernican principle, which says that the earth is not in the center of the
solar system, the Cosmological principle assumes that our visible universe is
homogeneous and isotropic in scales larger than O(100) Mpc. In other words,
there is no privileged location or direction in our universe.

Another strong piece of evidence is the CMB. It is formed by the first
radiation that escaped the early universe soup of matter and radiation. The
CMB is an homogeneous and isotropic black body radiation with temperature
around 2.73 K. This corresponds to thermal radiation with a Planck spectrum

1That depends whether you leave near a big city or not. In Beijing you might actually
see a homogeneous and isotropic dust cloud instead.
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that peaks at a frequency of 160 GHz (or a wavelength of 2 mm), i.e. mi-
crowave frequency band. How do we know that the CMB is what it is? First,
the fact that it is so cold already tells us that it does not come from any
star or galaxy. Second, if the universe expands radiation red-shifts, i.e. the
temperature and the peak frequency decrease. This means that this radiation
comes from far far away in time and space. To fully understand this we need
to review some of the current knowledge of General Relativity and Particle
Physics. See the books Refs. [30,36] for more thorough explanations.

2.1 Standard model of Cosmology

What we currently know about our universe is the following:

1. It is homogeneous and isotropic on scales larger than 100 Mpc.

2. It is expanding according to the Hubble law2 [129]. Actually it is an
accelerated expansion, today [24, 25]. The responsible for the acceler-
ation is unknown and it is called Dark Energy (DE). Furthermore, it
corresponds to ∼ 70% of the energy density of the universe today.

3. There is matter that we do not see but which interact with us gravita-
tionally. It explains why the rotation curves are flat at large radius and
also how large scale structures formed [36]. This matter is called Dark
Matter (DM) and adds up to ∼ 25% of the total energy density of the
universe.

4. It is composed by baryons, radiation (photons and neutrinos), dark mat-
ter and dark energy. Most of the baryons are contained in galaxies and
they are ∼ 5% of the matter energy density.

5. It appears to be very close to a spatially flat universe.

6. We see the CMB with fluctuations δT/T ∼ 10−5.

Huge advances in Cosmology came with Einstein’s theory of gravitation,
GR, and technological advances which enabled us to explore into deep space.
Let us see what does GR tell us about cosmology. General Relativity says
that gravity is described by a curved space-time. Matter3 bends space-time

2The Hubble law says that galaxies are moving apart at a rate which depends on the
relative distance between them. Formally, dLdt = HL where L is the distance and H is the
Hubble parameter.

3By matter I mean any field.
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and at the same time lives in that bent space-time.4 In fact, any form of
energy gravitates. Mathematically speaking5 we have

Gµν + Λgµν =
8πG

c4
Tµν , (2.1)

where gµν is the metric of the space-time, Gµν is the Einstein tensor, Λ is
the cosmological constant, G is Newton’s constant and Tµν is the energy-
momentum tensor of the matter contents. As we said, our universe is homo-
geneous and isotropic on large scales. The simplest content which can give
rise to such a universe is a perfect fluid. Its energy-momentum tensor is given
by

Tµν =
(
ρ+ p/c2

)
uµuν + p gµν , (2.2)

where ρ is the energy density, p is the pressure and uµ is the 4-velocity of
the fluid. The pressure is related to the energy density by what is called the
equation of state, i.e.

ω =
p

ρc2
. (2.3)

In fact the properties of a perfect fluid are well described within Statistical
Physics in terms of distribution functions. The distribution function f(k)

gives us the probability to find a particle with a given momentum k. Thus we
can define the number density of particles as

n =
g

(2π~)3

∫
d3kf(k) , (2.4)

the energy density as

ρ =
g

(2π~)3

∫
d3k E(k)f(k) , (2.5)

and the isotropic pressure as

p =
g

(2π~)3

∫
d3k

k2

3E(k)
f(k) , (2.6)

where ~ is the reduced Planck constant, g is the number of internal degrees
of freedom (e.g. spin), the factor 1/3 comes from isotropy and the number of
dimensions and E(k) =

√
m2c4 + k2c2. Let us study what are the dynamics of

the universe in the presence of matter, radiation and a cosmological constant.
From now on I will set c = ~ = 1 for simplicity.

4One can expect a quite non-linear theory.
5This equations of motion can be derived from the Einstein-Hilbert action, i.e.

S =

∫
d4x
√
−g {R+ Lm}

where g is the determinant of the metric, Lm is the matter Lagrangian and R is the Ricci
scalar.
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2.1.1 An expanding universe

The usual approach to introduce an expanding universe is to start from an
expanding shell of pressureless matter, a.k.a. dust, in Newtonian gravity and
study its equation of motion. The result matches that from GR since the fluid
has no pressure.6 However, a fluid with non-vanishing pressure has a different
solution that in Newtonian gravity. Since we already introduced the Einstein
Equations, let us work directly in that case.

First of all, the metric of an homogeneous and isotropic spacetime is
given in general by the Friedmann-Lemaître-Robertson-Walker (FLRW) met-
ric, that is

ds2 = −dt2 + a(t)2dσ(K)
2 , (2.7)

where a is the scale factor and dσ(K)
2 is the metric of a homogeneous and

isotropic 3D-space with constant curvature K. The scale factor a(t) tells us
how the physical distances evolve with time and K = {0,+1,−1} for a flat,
closed or open universe respectively. In polar coordinates dσ(K)2 reads

dσ2
(K) =

dr2

1−Kr2
+ r2dΩ2 , (2.8)

with dΩ2 = dθ2 + sin2 θ dϕ being the 2-sphere. The Einstein equations in that
case reduce to the so-called Friedman equations:

H2 ≡ ȧ2

a2
=

8πG

3
ρ− K

a2
(2.9)

and
ä

a
= −4πG

3
(ρ+ 3p) . (2.10)

A complementary equation, which can be derived from the other two as a
consequence of the Bianchi identity,7 is the conservation of energy. For an
expanding universe it is given by

ρ̇+ 3H (ρ+ p) = 0 . (2.11)

This system of equations can be solved once an equation of state is specified,
i.e. once p(ρ) is given.

We can extract two important facts from this equations. First, H is the
relevant length scale in an expanding universe. Take for example de Sitter
space, where H is constant. In de Sitter space there is a cosmological horizon
which is given by 1/H (see Appendix I). Thus, 1/H(t) which called the Hubble

6As we saw any form of energy (that includes pressure) gravitates in GR.
7The Bianchi identity says that ∇µGµν = 0 and therefore it follows that ∇µTµν = 0.
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radius is the causal patch at a given time t. In other words, two particles
separated over a distance 1/H(t) could not talk to each other at time t. Due
to the time dependence of the Hubble radius we can define an integrated
horizon, which is called the Hubble horizon. Consider the distance traveled by
a photon, which is the maximum distanced traveled by any known particle,
that is (ds2 = 0)

dr =
dt

a(t)
≡ dη . (2.12)

η is known as conformal time and it gives an idea of the comoving distance
traveled by a photon. It is called comoving since it does not scale with the
expansion. The relation between comoving distances and physical distances
is the scale factor, i.e. Lphys = a(t)Lcom. In the same way, 1/(aH) ≡ 1/H
is called the comoving Hubble radius. We can see the relation between the
comoving hubble radius and the comoving horizon by rewriting Eq. (2.12) as

η =

∫
d ln a

aH
. (2.13)

This notions will be important to discuss the causal structure of the universe
and the problems with the big bang theory. The current value of H0 is

H0 = (67.27± 0.66) km s−1 Mpc−1 . (2.14)

This gives us an idea of the scales in our universe. For example, the current
Hubble length is c/H0 ≈ 1026 m or c/H0 ≈ 3 Gpc. The Hubble time is 1/H0 ≈
4×1017 s or 1/H0 ≈ 12 Gyr. This is very roughly the size and age of our current
universe.

The other fact can be seen from the second Friedmann equation (2.10). If
ρ + 3p > 0 then the universe always decelerates, i.e. ä < 0 or d

dt
(aH) < 0.

Using this fact and Eq. (2.13) we see that η is finite in the past. This has
important consequences for our cosmological model and it is the reason why
we need inflation. We will see this in detail in sections 2.1.2 and 2.2.

Let us present the most relevant cases for our universe, that is dust, radi-
ation and cosmological constant. We will see that the universe evolves differ-
ently in each case.

Dust (or pressureless matter): In this case the equation of state is given
by ωm = 0 (see Eqs. (2.6) and (2.6) with m � k, or just p = 0). The
conservation of the energy can be integrated and yields

ρm = ρm,0

(a0

a

)3

, (2.15)
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where ρ0 is the energy density at a0. It is important to note that the energy
density of dust is proportional to a−3. With this solution one finds that the
scale factor evolves as

a ∝ t2/3 . (2.16)

It should be noted that at t = 0 we encounter a singularity. This is not
important to us now, but we will go back to it later, in section 2.3

Radiation: For a perfect fluid made of radiation we have that ωrad = 1/3

(see Eqs. (2.6) and (2.6) with k � m) and therefore

ρrad = ρrad,0

(a0

a

)4

. (2.17)

The energy density of radiation decays as a−4. Actually, we can use this fact
and the Stefan-Boltzmann relation, that is

ρrad = σT 4 , (2.18)

to deduce that the temperature scales as

T = T0
a0

a
. (2.19)

This means that we can associate the temperature of radiation to given time.
Lastly, the scale factor is given by

a ∝ t1/2 . (2.20)

Again, it should be noted that at t = 0 we encounter a singularity.

Cosmological constant: The last example is the vacuum energy density
whose equation of state is ωΛ = −1. In that case the energy density is constant
over all space and time, as one would expect from vacuum energy density, say

ρΛ = ρΛ,0 . (2.21)

In that case the universe expands exponentially, i.e. H is constant, and

a ∝ eHt . (2.22)

This is in fact the de Sitter space.
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For reasons that will be clear below, the first friedmann equation (2.9) is
usually recast as

1 = Ωrad + Ωm + ΩK + ΩΛ (2.23)

where we took into account all the species in the universe,

Ωi =
8πG

3H2
ρi ≡

ρi
ρc

(2.24)

and ρc ≡ 3H2

8πG
≈ 10−29 g/cm3 is the critical energy density of the universe,

i.e. the energy density above which the universe recollapses and below which
the universe expands in an accelerated way. We have seen how the universe
evolves depending on the dominant species at a given time. Observation tells
us that we are now living in an accelerated expanding universe. Tracing back
in time we had an epoch of matter domination where large scale structures
and galaxies formed. Before that we had an epoch of radiation domination.
As we go back in time, the universe shrinks and the temperature increases
to values at which particle physics becomes relevant. In the next section, we
start from the early universe and study the evolution as the universe expands
and the temperature drops. For simplicity, from the next section and hereafter
we will work in reduced Planck units, that is ~ = c = kB = 1 andM−2

pl = 8πG.
We can recover units later by looking at the Notation and units section, which
can be found below the table of contents.

Before moving into the next section, let me review how do we know that
the universe is expanding. Consider the energy of a photon with momentum
kµ measured by a comoving observer with 4-velocity uµ, that is

E = −kµuµ , (2.25)

where uµ = (−a(η),~0), kµ = (E,~k), |~k| = E = hν and ν is the frequency of
the photon. If we compare the energy of the photon which was emitted at
ηemit and we compare it to the one observed at ηobs we obtain

Eemit

Eobs

=
a(ηobs)

a(ηemit)
. (2.26)

The ratio of energies of the photon is proportional to the amount of expansion
of the universe. We define the redshift z as

1 + z ≡ a(ηobs)

a(ηemit)
=
νemit

νobs

=
λobs

λemit

. (2.27)

Note that if the universe expands, i.e. a(ηobs) > a(ηemit), then the wavelength
moves to the red side of the spectrum, that is λobs > λemit.
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2.1.2 Hot big bang

With the current knowledge of particle physics we can know what occurred
in the early universe. Particles interact at a certain rate. Let Γ be the rate of
interaction and let H be the rate of expansion universe. Thus, when Γ� H

particles have enough time8 to interact within a Hubble time. On the other
hand, if H & Γ the particles no longer have time to interact and decouple.
The interaction rate is given by

Γ ≡ nσv , (2.28)

where n is the number density, σ is the cross-section and v is the average
particle velocity. The cross section depends on the interaction we are consid-
ering, i.e. strong, electroweak, compton, etc. To be more precise, consider a
radiation dominated universe where ρrad ∝ T 4 and therefore H ∝ T 2. Then
by dimensional analysis we know that n ∝ a−3 ∝ T 3 and σ is usually given by
σ ∝ a2 ∝ T−2, i.e. proportional to the area. We can write the ratio of rates
as

Γ

H
∼ TΓ

T
, (2.29)

where TΓ is the temperature given by the theoretical parameters. That means
that below the temperature TΓ the particles decouple. On the other hand, the
distribution function for particles in thermal equilibrium is given by

f(E) =
1

eE/T ± 1
, (2.30)

where + is for fermions and − for bosons. It is important to note that when
T � m the particle behaves non-relativistically and we have an exponential
suppression, i.e.

f(E) ∼ e−m/T . (2.31)

Thus relativistic particles dominate the energy density of the primordial uni-
verse. This fact is important when computing the total energy density which
is

ρrad =
π2

30
g∗(T )T 4 , (2.32)

where g∗(T ) is the total number of relativistic degrees of freedom. At early
times where all particles are relativistic g∗ = 106.75. Nowadays we have
photons and neutrinos, and so g∗ = 3.38.

Let us briefly sketch the evolution (see Mukhanov’s book [30] for more
details).

8The time scale is given by the inverse of the rate. tH ≡ H−1 and tΓ ≡ Γ−1.
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1. Leptogenesis [130] and Baryogenesis [131, 132]. It is the origin of the
asymmetry between matter and anti-matter. It is still an open question.

2. Electroweak phase transition. Fields receive mass through the Higgs
mechanism below T ∼ 125 GeV (around the Higgs mass) which roughly
corresponds to z ∼ 1015.

3. QCD phase transition. Strong interaction between quarks and gluons
dominates below T ∼ 150 MeV and the quarks get confined in baryons
and mesons. This occurs around z ∼ 1012.

4. Dark Matter freeze-out. Dark matter is weakly interacting and decou-
ples. The exact values depends on the dark matter particle model pa-
rameters.

5. Neutrino decoupling. The weak interaction decoupling is not efficient
below T ∼ 1 MeV and neutrino decouples.

6. Electron-positron annihilation. Below T ∼ 0.5 MeV (the mass of the
electron) a photon cannot create an electron-positron pair. The energy
of the remaining pairs is transfered into photons. This occurs around
z ∼ 109.

7. Nucleosynthesis. Time were the light elements were formed at z ∼ 4·108

and T ∼ 100 keV

8. Matter-radiation equality. The universe goes form a radiation domi-
nated stage to matter domination. Using cosmological parameters this
corresponds to z ∼ 3 · 103 and T ∼ 0.75 eV.

9. Recombination, Photon decoupling (CMB). The scattering between pho-
tons and electrons becomes inefficient. The photons will then barely
interact with matter and neutral hydrogen forms. This occurs around
T ∼ 0.2 eV and z ∼ 103.

10. Dark energy- matter equality. Time when dark energy dominates the
evolution of the universe, that is T ∼ 0.3 meV and z ∼ 0.4. Note that
it is quite close to today, i.e. z ∼ 0. Why it started dominating so close
to our time? This is called the coincidence problem.



20 Chapter 2. Predictions from inflationary theory: a review

������
�������	


Λ

��� ��

����	�


���-��

��������

���-��

��������

�=�/�

�=�/�

�

�/��

��� �(�)

��� �

Figure 2.1: As we go back in time a given length scale L, in blue, exits
the horizon scale, in orange. How were the initial conditions set to be so
homogeneous if they were out of causal contact?

2.1.3 Shortcomings of the hot big bang

The big bang model does an incredible job in explaining the universe we see
today from a very hot and dense plasma at early times. However, there are
important facts that it fails to explain. Concretely, why is the universe so
homogeneous on large scales? The primordial plasma was in thermal equilib-
rium over a size much larger that the causal patch at that time. Why was
it in equilibrium without causal contact? The EW phase transition gave rise
to many topological defects. Why don’t we see them today? Let me briefly
present these problems with some numbers.

Horizon (or homogeneity) problem: As we have anticipated in section
2.1.1, the fact that radiation and matter satisfy the strong energy condition,
i.e. ρ + 3p > 0, implies that the conformal time is finite in the past. For
example, for a ∝ tp with p < 1 we have

η =

∫
dt

a
∝ t1−p , (2.33)

which is finite as t decrease. This actually means that a photon emitted at
early times is only able to travel a finite fraction of the space-time, which is
tiny compared to the actual size we observe. For example, we can compare
the comoving distance traveled by a photon since the Last Scattering Surface
(LSS). We find that for a matter dominated universe

ηLSS
η0

∝
(
a

a0

)1/2

= (1 + zLSS)−1/2 (2.34)
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Now using the fact that zLSS ∼ 10−3 we see that the comoving distance
traveled by a photon since the LSS covers only 10−3 sr of the total CMB sphere.
Of course, if we compare it to earlier times it is worse. For example, comparing
the comoving Hubble radius of our current universe with the comoving Hubble
radius at the Planck time, recalling that it is given by lc = (aH)−1 we find

l0
lpl

=
aplHpl

a0H0

∼ 1028 , (2.35)

where I used that apl/a0 = T0/Tpl ∼ 10−32 and Hpl/H0 = Epl/H0 ∼ 1060.
Thus, our current volume of the universe is made of 1084 causally disconnected
Planck regions. We can see this fact in Fig 2.1. A given physical scale L
was out of the Hubble radius at early enough times. Why do we see such
an homogeneous universe then? This is called the horizon (or homogeneity)
problem.

Flatness (or entropy) problem: We can do a similar estimate on the
total energy density fraction of the universe at, say, the planck time. Using
previous estimates and that Ω− 1 = ΩK ∝ (aH)−2 we find

Ωpl − 1 = (Ω0 − 1)

(
a0H0

aplHpl

)2

≤ 10−56 . (2.36)

Recall that from observations we have that nowadays

|ΩK,0| < 10−3 . (2.37)

Note how precisely the universe must be flat at very early times. It must be
flat up to 56 digits of precision! This is what is called the flatness problem.

It is also called entropy problem since the same bound can be derived by
computing the entropy of the universe now and in the past. The entropy is
dominated by radiation and it is proportional to the total amount of radiation
(mainly number of photons nowadays), say Nrad. Moreover in an adiabatic
universe entropy is conserved and we can compute its value as

Nrad = nrad

(
a(t)√
|K|

)3

∼
(
T0

H0

)3

|1− Ω0|−3/2 >

(
T0

H0

)3

∼ 1084 (2.38)

where I used that nrad ∝ a−3, T0 ∼ 10−4eV and H0 ∼ 10−32eV.

Monopole problem: I will only briefly mention this problem. As we
have seen, the history of the universe contains various phase transitions, e.g.
Grand Unification Theory (GUT) phase transition, EW phase transition,
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etc. As a consequence, one expects plenty of topological defects [133]. For
example, assume that there is at least one monopole created per Hubble
volume at the GUT scale, i.e. 1016GeV. Then, nowadays there should
be of the order of (lGUT/l0)3 ∼ 1075 monopoles. This is a huge number.
Roughly that is 10−3 monopoles/m3. Compare it to the baryon density
ρb ≈ 10−1 nucleon/m3. The problem is that we do not see any effect of
topological defects and they are constrained to be less that 10−30 per nucleon.
This is called the monopole problem.

We have seen the successes and shortcomings of the hot big bang model.
In next section we will see how we can explain the initial conditions of the big
bang with a simple mechanism.

2.2 Inflation

The biggest problem of the big bang model is the horizon problem. Recall
that it was due to the fact that the comoving hubble radius 1/(aH) increases
with time or equivalently ä < 0. What if there was a period before the
big bang were the comoving hubble radius decrease with time, i.e. it was
bigger at very early times? In other words, could have there been a phase of
accelerated expansion in the very early universe? This should not sound so
surprising, since we observe an accelerated expansion today. Thus, a small
patch of the universe, which was homogeneous and isotropic, would experience
an extremely fast expansion up to the big bang.

2.2.1 Alleviating the big bang problems

Let us review the big bang shortcomings assuming that previously there was
an accelerated expansion.

Horizon problem: Let us assume that there is a field which violates the
strong energy condition ρ+3p < 0 and that a ∝ tp with p > 1. The conformal
time is then

η =

∫
dt

a
∝ −t−(p−1) . (2.39)

We can see that as t→ 0, η → −∞. The comoving horizon was much bigger
in the very early universe and thus our current hubble patch was in causal
contact much before the big bang, as we can see in Fig. 2.2. A given physical
length scale which was out of the horizon before the big bang was in fact
inside the horizon at a much earlier time during inflation.
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How much did the universe had to expand, so it would set the initial
conditions for the big bang? Well, we can have an idea by again computing
the ratio of comoving hubble radius between some initial time and today, i.e.

l0
lini

=
ainiHini

aendHend

aendHend

a0H0

, (2.40)

where the subindex ini refers to initial time of inflation and end to the end of
inflation. Note that now we have a contribution from a epoch before the big
bang. If we take as a rough estimate that aendHend/a0H0 ∼ 1028 then we see
that

aend
aini

> 1028 Hini

Hend

. (2.41)

If we further assume that the expansion rate was almost constant at that
time, i.e. almost a cosmological constant (see Sec. 2.1.1), we find that the
scale factor ratio between the some initial time and the end of inflation is

aend
aini

> e64 . (2.42)

This means that the accelerated expansion lasted for 64 Hubble times, since
a ∝ eHt, or as it is usually called 64 e-folds. The total number of e-folds
is formally defined as the Hubble times,9 or the logarithm of the expansion
factor, counted backwards in time from the end of inflation, i.e.

N(t) = ln

(
aend
a(t)

)
=

∫ tend

t

H(t)dt . (2.43)

The number of e-folds is also useful to compute the perturbations during in-
flation (see Appendix F). This huge expansion does not only solve the horizon
problem but the flatness and monopole problems as well.

Flatness problem: By the same rule we find that

Ωini − 1 = (Ω0 − 1)

(
lini
l0

lend
lini

)2

, (2.44)

which implies
Ωini − 1 & Ω0 − 1 . (2.45)

We see that the extreme 10−56 fine tuning we needed before has been replaced
by a much weaker bound.

9In one Hubble time the universe expands by an amount of a ∝ eH
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Figure 2.2: Continuation of Fig. 2.1. The horizon problem is solved by an
epoch of accelerated expansion. See how the physical length, in blue, enters
the horizon, in orange, as we go back in time.

Monopole problem: A simple reasoning tells that since the universe
underwent an exponential expansion, the number density of monopoles was
washed away by a factor greater than 1084.

We have just seen that an accelerated expansion of the universe is able to
alleviate the big bang problems. It should be noted that we say alleviate since
they are not a solution but offer a more plausible explanation. In the next
section we will see how this expansion could have been possible.

2.2.2 Slow roll inflation and quantum fluctuations

What was responsible for inflation? First of all we could say it was a cosmo-
logical constant but this would face several issues. For example, how would
the accelerated expansion end? Furthermore, a cosmological constant leads to
de Sitter space which due to the fact that it is maximally symmetric10 makes
the notion of an observer not well defined. Therefore, we must depart from a
strict cosmological constant. We will see in this section that in fact inflation’s
predictions are robust.

What could easily preserve homogeneity and isotropy and violate the
strong energy condition? As a first guess, a scalar field. First of all, mainly
because of its simplicity. Secondly, we now know that the Standard Model
contains the Higgs scalar field. Most importantly, observational data agrees
well with a scalar field. Perhaps inflation was driven by something else. Nev-

10The de Sitter isometry group is SO(4,1).
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ertheless, a scalar field captures the essential point. To understand it, we need
to use some quantum field theory in curved space time.

Slowly rolling scalar field: A spatially homogeneous and isotropic scalar
field which only depends on time, i.e. φ(t), is described as a perfect fluid with
energy density and pressure respectively given by

ρ =
1

2
φ̇2 + V (φ) (2.46)

and
p =

1

2
φ̇2 − V (φ) , (2.47)

where φ̇ is the time derivative of the field and V (φ) its potential.11 We readily
see that in order to have an almost accelerated expansion, i.e. ρ ≈ −p, the
field must be rolling very slowly, that is

φ̇2 � V ∼ 3H2M2
pl , (2.48)

where in the last step I used Friedmann equation (2.9). Note that the expan-
sion must last for at least 64 e-folds (see Eq. (2.43)), i.e.

N(φ) =

∫ φend

φ

H

φ̇
dφ ≈

∫ φend

φ

V

Vφ
dφ ≈

∫ φend

φ

dφ√
2ε
. (2.49)

How constant is the expansion rate is given by

ε ≡ −Ḣ
H2

=
1

2

φ̇2

H2M2
pl

� 1 . (2.50)

In addition, as we want this expansion to last long enough we have to require

η ≡ −ε̇
Hε
� 1 . (2.51)

Equations (2.50) and (2.51) also imply for a canonical scalar field that δ ≡
φ̈/(Hφ̇)� 1, where we used the conservation of energy (2.11),i.e.

φ̈+ 3Hφ̇+ Vφ = 0 , (2.52)

11This equations can be derived from a canonical scalar field Lagrangian, i.e.

L(φ) = −1

2
∇µφ∇µφ− V (φ)

.
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V( )

Figure 2.3: A scalar field is slowly rolling along slope of its potential. Inflation
ends before reaching the minimum when ε, η ∼ 1. Then reheating occurs
during the oscillations around the bottom of the potential.

where a subindex φ refers to a partial derivative with respect to φ. Further-
more, we can translate this conditions into restrictions on the potential of a
canonical scalar field, that is

ε ≈ εV ≡
1

2

V 2
φM

2
pl

V 2
� 1 (2.53)

and

ηV ≡
VφφM

2
pl

V
� 1 , (2.54)

In particular, it should be noted that η ≈ −2ηV + 4εV � 1 implies ηV � 1

which means that the potential must be flat enough.
We have seen that a slowly-rolling scalar field can drive an accelerated

expansion of the universe. Inflation will stop when ε ∼ 1 or η ∼ 1. The fact
that inflation must end and give rise to the hot big bang is know as graceful
exit. The inflaton is thought to transmit its energy to the standard model
through a stage which is called re-heating [30]. There might have been also a
stage of pre-heating [134].

Quantum fluctuations: The most impressive prediction is that the struc-
ture we see today can be explained from quantum fluctuations during inflation.
Let us briefly see how did the quantum fluctuations originate and provide the
seeds to the big bang.

Quantum field theory in curved space-time is applied on top of a back-
ground, i.e. a leading order solution not affected by quantum fluctuations. In
our case it is a FLRW metric Eq (2.7) with a slowly rolling spatially homo-
geneous scalar field, φ(t). Once we have our background metric we can study
quantum fluctuations of the inflaton, that is φ = φ(t) + δφ(t, xi). In fact,
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we should consider the fluctuations of the spatial metric as well, but for our
purposes we will neglect them for the moment. In fact, we can always choose
a coordinate system where those fluctuations are set to zero. See Appendix E
for a more rigorous explanation and derivation.

The expectation value of a quantum scalar field in an expanding universe
with comoving wave number k which satisfies k � aH, i.e. a comoving scale
well within the comoving hubble radius, is given by∣∣∣〈δφ|~k〉∣∣∣2 ≡ |δφk|2 (2.55)

where
δφk ≈

1

a3/2
√

2ωk
e−iωkt ; ωk =

k

a
� H . (2.56)

Eq. (2.56) is the lowest energy state with positive frequency which is de Sitter
invariant. It is also called Euclidean or Bunch-Davies vacuum. As the universe
expands there is a moment when k < aH, that is when the original comoving
scale is much greater than the comoving hubble radius. In cosmology, the
time when k ∼ aH is called horizon crossing. After a mode exits the horizon,
the quantum fluctuations δφk stop oscillating and become constant. This is
regarded as “classicalization” of the quantum fluctuations. However, what is
going on is that the fluctuations get so squeezed that they look like classical,
i.e. the phase space (position and momentum) of the system gets confined
in a narrow range. This is to say that the uncertainty (Heisenberg) principle
actually is so narrow that it behaves like a classical variable. See Refs [135–138]
for a detailed study. Now, since the mode freezes after horizon crossing, we
can use Eq (2.56) at the time k ∼ aH, which yields

δφk ≈
H√
2k3

,
k

a
� H . (2.57)

Thus, the mean square amplitude in unit of logarithmic interval of k,12 which
is called the power spectrum13 is given by

Pδφ(k) =
4πk3

(2π)3 |δφk|
2 ≈

(
H

2π

)2

H=k/a

. (2.58)

Actually, the quantity that is relevant for observations is what is called the
12The power spectrum is defined as

〈δφ(x)δφ(x)〉 =

∫
d ln k Pδφ(k) .

13The power spectrum gives us an idea of the amplitude of fluctuations at each wave-
length.
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Figure 2.4: As the quantum fluctuations are stretched the horizon radius
increases. The amplitude of the fluctuations is proportional to H. On the
right: the blue mode exits the horizon and freezes. On the left: the orange
mode exits the horizon some time later. Since the amplitude of fluctuations
are proportional to H the shorter wavelength orange mode has a smaller
amplitude. Thus we have a red tilt. Additionally, note that the wavelength
redshifted, i.e. increased. Obviously this picture is not at scale.

curvature perturbation on the comoving hypersurface Rc. This quantity is
non-linearly conserved in scales larger than the horizon if perturbations are
adiabatic [139]. This fact makes it useful for later computations. The comov-
ing curvature perturbation is related to the inflaton perturbation by

Rc = −H
φ̇
δφ . (2.59)

See Appendix E for a derivation of this relation. Equations (2.59) and (2.58)
lead us to

PRc(k) =
4πk3

(2π)3 |Rc,k|2 ≈
(
H2

2πφ̇

)2

H=k/a

=
H2

(2π)2 εM2
pl

∣∣∣
H=k/a

. (2.60)

This power spectrum is the one we will use to compare with observations in
section 2.2.3. The tilt ns of the power spectrum is given by

ns − 1 ≡ dPRc(k)

d ln k
=
dPRc(k)

Hdt
= −2ε− η . (2.61)

The greatest success of inflation is encoded in the equation (2.60) we just
derived. Note that under the slow-roll approximation PRc(k) is almost scale
invariant and has a red tilt, i.e. the amplitude for large scales is larger than
small scales.
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Before ending this section it is interesting to note that inflation also gen-
erates gravitational waves, or more correctly tensor modes.14 Tensor modes
behave completely like a massless scalar field in our case. Thus, we can use
our previous results Eq. (2.58) and find

PT (k) = 2× 4πk3

(2π)3 |hk|
2 ≈ 2

(
H

πMpl

)2

H=k/a

, (2.62)

where I defined h as the amplitude of the tensor modes. Note the extra factor
2 comes from the fact that tensor modes have 2 polarizations. The spectral
index is also red and given by

nT ≡
dPT (k)

d ln k
= −2ε . (2.63)

Nevertheless, observations are able to constrain the contribution from tensor
modes to the power spectrum with what is called the tensor-to-scalar ratio,
that is

r ≡ PT
PRc

= 16ε . (2.64)

For inflation theorists, the spectral index ns and tensor-to-scalar ratio r are
their doors to observations. In the next section, we will see how we compare
our theoretical predictions.

Predictions of inflation: Let us summarize what are the main predictions
of inflation.

1. Primordial fluctuations are gaussian, since they have a quantum origin.

2. They are adiabatic, e.g. if there is only a single inflaton field. This
also roughly means that the fluctuations initially affect all matter fields
equally.

3. Slow-roll implies that the power spectrum is almost scale invariant and
has a red tilt.

4. Tensor fluctuations are also generated. However, they turn out to be
really hard to detect.

14Tensor modes are defined as the traceless and transverse part of the spatial metric.



30 Chapter 2. Predictions from inflationary theory: a review

2.2.3 Connection to observations

The amount of work behind observational cosmology is remarkable; in the
sense that a great deal of physics from many areas are used to give an incredi-
bly good prediction. Let us briefly go through the evolution of perturbations.
Throughout the process, we have to bear in mind that our observations are
made using photons. Thus, the information of the early universe is in the evo-
lution of the distribution function using Boltzmann equations in an expanding
universe. Einstein and Boltzmann equations tell us that in the very early uni-
verse, well before recombination, the gravitational potential was constant in
time. Furthermore, in the case of adiabatic perturbations the gravitational
potential acts equally for any field. We have seen in Sec. 2.2 that the ini-
tial seeds for the gravitational potential were set by inflation. The relation
between the curvature perturbation Rc, which is constant on super-horizon
scales, and the Newtonian potential (−Φ) is given by (see Appendix E)

Rc = Φ +
2

3

Φ + Φ̇/H

1 + ω
. (2.65)

Note that for a matter dominated universe where ωm = 0 on super-horizon
scales, i.e. Φ̇ = 0, then Rc = 5

3
Φ. On the other hand, for a radiation

dominated universe, i.e. ωrad = 1/3, we have Rc = 3
2
Φ. The Newtonian

potential Φ is the one directly related to the temperature fluctuations in the
CMB, which are of the order of δT/T ∼ 10−5.

Now the question is: how does one go from the initial conditions set by
inflation Eq. (2.60) to the anisotropies we see today in the CMB and the
galaxy distribution on large scales? The answer is that one has to consider the
evolution of each fluctuation for every field and its interactions in a radiation-
matter dominated universe up to recombination and then until today. What
we see today is a snapshot of recombination, or the LSS. We will not deal
with the derivation here but will outline the important points.

After inflation and re-heating our universe is thermalized and in a deceler-
ation phase. The comoving Hubble radius starts to decrease and modes which
were outside the horizon start to enter again. This is the horizon re-entry. On
top of that, baryons and photons are tightly coupled,15 while dark matter only
interacts gravitationally. Neutrinos interact only through weak interactions.

15Electrons interact with photons exchanging momentum, i.e.

e−(~p1) + γ(~k1)→ e−(~p2) + γ(~k2).

This process is called Compton scattering. Since nucleons are much more massive than
electrons they barely contribute to the exchange. Tight coupling implies that baryons and
photons behave like a single fluid, i.e. they have the same velocity. In that case, only
monopole and dipole contributions are relevant.
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Figure 2.5: Map of the CMB fluctuations with the background removed from
Planck 2015.

As the modes enter the horizon, they start to oscillate and we see its last
behavior at the time of recombination. That is the peaks on the power spec-
trum are the modes which peaked at recombination. On the other hand, dark
matter clusters under the effect of gravity and baryons fall into such gravi-
tational potential.16 The growth rate of dark matter fluctuations is roughly
proportional to the scale factor itself and the function which captures this evo-
lution is called the Growth Function. Furthermore, the baryon sound speed
depends on the ratio of density in the universe. Thus, the photon-baryon
fluid oscillates at a frequency related to cs after they enter the horizon. This
creates the Baryon Acoustic Oscillations peaks.17 On scales small enough we
find the Silk Damping due to the fact that the photon mean free path is finite
and that recombination is not instantaneous. After recombination, the CMB
photons will travel to us in a matter dominated and a late stage of dark energy
dominated universe. The main effects imprinted in the CMB can be roughly
classified into:

1. Sachs-Wolfe effect (monopole): due to the fact that photons have to
climb up the gravitational potential.

2. Dopper Shift (dipole): Our galaxy is moving with respect to the CMB
rest frame.

16There is no exact one-to-one correspondence between the number of galaxies and the
number of dark matter halos. The relation is given in terms of a bias factor.

17They can be used as a standard ruler in cosmology as its position in time and space is
very well measured [7, 140].
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Figure 2.6: Planck 2015 temperature power spectrum. The position of the
peaks confirm inflation and the standard model of cosmology.

3. Integrated Sachs-Wolfe effect : contribution from the dark energy domi-
nation stage.

4. Cosmic variance: For very larges modes, i.e close to the size of our
causal universe, the number of samples is obviously very scarce. Thus,
there is a fundamental uncertainty in the knowledge of those modes.

All of this is captured in what is called the transfer function. Since all
these peaks depend on the cosmological parameters, we can constrain our
cosmological model from the CMB. The current constraints are from the latest
Planck 2015 mission (Temperature and polarization 68% confidence level):

1. Hubble parameter today: H0 = 67.27± 0.66 km/s/Mpc

2. Baryon density parameter today: Ωbh
2 = 0.02225± 0.00016. Note that

h = H0/ (100 km/s/Mpc).

3. Dark energy density parameter today: ΩΛ = 0.6879± 0.0087

4. Matter density parameter today: Ωm = 0.3156± 0.0091

5. Spatial curvature density parameter today: ΩK = −0.040+0.038
−0.041

6. Matter-Radiation equality redshift: zeq = 3395± 33
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Figure 2.7: Tensor-to-scalar ratio r vs. primordial tilt ns from Planck [38].
Note how a simple m2φ2 potential, black line, is out of the 2σ contour! Also
see how R2 just lies on the sweet spot of the data.

7. Recombination redshift: zrec = 1090.06± 0.30

8. Dark energy equation of state: ωΛ = −1.55+0.58
−0.48. In fact combining

supernova Type Ia data we have a tighter constraint: ωΛ = −1.006 ±
0.045.

9. Effective number of relativistic species: Neff = 2.99+0.41
−0.39

10. Sum of neutrino masses:
∑
mν < 0.492

Constraints on inflation: What kind of information can we obtain from
the CMB about inflation? As we said before, CMB places constraints on the
spectral tilt of the power spectrum as well as the tensor-to-scalar ration. For-
tunately, that is not all. From the power spectrum we also have constraints on
the running of the tilt. Even more, we can compute correlation functions be-
tween more than two points. These will give us information about non-linear
effects during inflation.18 The three and four-point correlation function are
respectively called bispectrum, also called Non-Gaussianities19, and trispec-

18One must be careful since gravity is non-linear and therefore non-linear effects are
expected from the evolution after inflation as well.

19The name non-gaussianity comes from the fact that a gaussian random field is com-
pletely specified by the two-point function. Any departure of such is called non-gaussianity
in cosmology.
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trum. The current bounds are (temperature and polarization 95% confidence
level):

1. Amplitude of power spectrum: As = (2.207± 0.074) · 10−9

2. Spectral index: ns = 0.9645± 0.0049

3. Tensor-to-scalar ratio: r < 0.0987

4. Running of spectral index: dns/d ln k = −0.006± 0.0014

5. Local Non-Gaussianity: fNL = 0.8± 5.0

6. Local Trispectrum: gNL = (−9.0± 7.7) · 104

Before ending this section, let us mention that similar conclusions can be
extracted from the E-mode polarization and Weak lensing of the CMB [29].
This helps to get tighter constraints. Unfortunately, no B-mode polarization
has been detected so far and thus we only have an upper bound on the amount
of tensor modes.

2.3 Summary and discussion

We have seen that our universe is well described by the standard model of
cosmology, a.k.a. ΛCDM, plus inflation. In section 2.1 we have seen that our
universe is homogeneous and isotropic on cosmological scales. It is composed
by matter (baryons and dark matter), radiation (neutrino and photons) and
dark energy and its dynamics is well described by GR plus perfect fluid. Then
in section 2.2 we have introduce inflation to provide the initial conditions for
the hot big band. We have seen that inflation is an epoch of accelerated
expansion most likely driven by a scalar field which smooths out inhomo-
geneities and anisotropies. Furthermore, quantum fluctuations of the scalar
field are amplified and stretched out of the horizon. The power spectrum of
the fluctuations is almost scale invariant with a slight red tilt.

In section 2.2.3 we have seen that we can test the predictions of inflation
with the CMB temperature fluctuations and we have given the best fit values
for the standard model of cosmology. Note that these results are currently the
best fits to data once a theoretical model is given. We use ΛCDM plus inflation
since we have very strong evidence to believe in that model.20 An interesting
result from Planck data [144] is that it seems to favor inflationary models with

20Note that despite the good agreement of the standard ΛCDM model with current
data [141,142], some tension appears from direct measurements of the time evolution of the
Hubble parameter [143].
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a non-minimal coupling (see R2 model in Fig. 2.7), i.e. scalar-tensor theories
of gravity [59,64,78] which includes the so-called f(R) theory [145,146].

Despite inflation’s successes, it is not free from issues (although they do not
change its predictions). In particular regarding the initial conditions and the
initial singularity. For example, Ekpyroptic, Bouncing universes and quantum
creation of the universe from nothing try to tackle these issues. Particularly
interesting is the model of open inflation [147] where inflation occurs after
a bubble is nucleated from vacuum decay [148]. Since the bubble is created
by quantum tunneling it will be maximally symmetric and, therefore, the
universe inside the bubble will be homogeneous and isotropic. This model
is attractive because of its well defined initial conditions. Observationally,
if ΩK is found to be negative, open inflation would be a great candidate.21

Another interesting direction is the presence of other fields during inflation.
They usually produce small oscillations in the power spectrum [149–151] and
non-negligible amounts of non-gaussianity [152,153]. Looking at these features
one could obtain information of extra fields during inflation.

21Bubble nucleation always create an open universe inside the bubble.
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In Chapters 1 and 2 we have argued that scalar fields are present in our
universe and that in fact these scalar fields often non-minimally couple to
matter and/or gravity. These class of theories are called Scalar-Tensor the-
ories. Furthermore, we saw that in order to explain observational data, e.g.
CMB, we must depart from simple GR and a canonical scalar field.

So far, we have not yet specified what non-minimal couplings are. To see
this more clearly, let us start with the meaning of minimal coupling. A field is
minimally coupled when its Lagrangian is of the simplest form. For example,
the action of a massles scalar field φ minimally coupled to gravity is given by

S =
1

2

∫
d4x
√
−g
{
M2

plR− gµν∇µφ∇νφ
}
, (3.1)

where R is the Ricci Scalar, i.e. the scalar curvature of space-time, gµν is
the metric, g is the metric determinant and ∇µ the covariant derivative. Any
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departure from Eq. (3.1) is called non-minimal coupling. To be more concrete,
an easy extension1 to the previous action could be

S =
1

2

∫
d4x
√
−g̃
{
φ2R̃− g̃µν∇̃µφ∇̃νφ

}
. (3.2)

Naively, we expect physics derived from Eqs (3.1) and (3.2) to be different.
The truth is that we must be careful about what we mean by physics. This
is important since, as we will see, two apparently different theories may give
exactly the same predictions, the same observables. Actually we will see in
more detail later that by doing a change in the metric, i.e. a metric transfor-
mation, the non-minimal coupling can be eliminated. Roughly speaking we
could do the following:

g̃µν →M2
plφ
−2gµν ⇒ R̃→M−2

pl φ
2R + ... and

√
−g̃ → φ−4M4

pl

√
−g .
(3.3)

Then we can show that√
−g̃ φ2R̃→

√
−gM2

plR + ... . (3.4)

We removed the non-minimal coupling by working with another metric! The
metric transformation we used is called conformal transformation and its gen-
eralization is called disformal transformation. We will see that metric trans-
formations play a very important role in the Scalar-Tensor theories:

(i) They simplify the form of the action.

(ii) They relate apparently different theories.

(iii) They maintain the causal structure.

(iv) They do not modify physical predictions.

Actually, it was first realized by Brans and Dicke [59], that by means
of a field dependent conformal transformation the non-minimal coupling can
be absorbed and we are left with the usual Einstein-Hilbert action with a
scalar field. Thus, we have two different representations of the same physics
[113]. This led to the notions of frames, i.e. theories related by a metric
transformation. If gravity is as simple as Einstein-Hilbert it is called Einstein
frame. On the other hand, we can define the Matter frame, a.k.a. Jordan
frame, where matter takes the simplest form possible.

Before going into details, there is an important point to be clarified. Note
that the metric transformation in Eq. (3.3) is a passive metric transformation.

1We will see that this naive extension to the Starndard Model is actually well motivated
and can be derived from fundamental physics.
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We have replaced g̃ by g̃(g). An active metric transformation would be a
transformation g̃ → g. Obviously if we take the same functional form of the
action and replace the metric, i.e.√

−g̃ φ2R̃→
√
−g φ2R , (3.5)

we do not have the same theory unless g̃ = g. For this reason, hereafter we
always deal with a passive metric transformation, i.e.√

−g̃ φ2R̃→
√
−g̃(g)φ2R̃[g̃(g)])→

√
−gM2

plR + ... . (3.6)

In this case, we have rewritten our original theory in terms of new variables.
This might look like a trivial field redefinition, but as we will see it is not
straightforward to prove.

So far we have heuristically argued that scalar fields often non-minimally
couple in higher dimensional theories and that this non-minimal coupling can
be removed by a metric transformation. In section 3.1 we explore further the
meaning of such non-minimal couplings and metric transformations. Next,
in Secs. 3.2 and 3.3 we prove the invariance of physics under a metric trans-
formation. We will do so in detail, studying the gravity and matter actions.
We work in reduced Planck units, i.e. ~ = c = 1, and we will keep Mpl for
illustrative purposes.

3.1 Non-minimal couplings and metric transfor-
mations

Let us spend some time to see where non-minimal coupling originate from.
For example, it is interesting to see how they naturally appear in higher di-
mensional theories (see Ref. [64] for other examples). In this set up, one
considers that we (matter) are restricted to live in a 4D brane embedded in a
higher dimensional space. Here, for simplicity, we will take that gravity acts
only on one extra dimension. The non-minimal coupling will appear after di-
mensional reduction. Note that we will not consider the full dynamics of the
metric in the extra dimensions. We will present some examples to motivate
and illustrate the form of scalar-tensor theories.
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3.1.1 Conformal transformation

A well known example are dilatonics scalars, often present in string theory.
Consider a 5D metric given by

ds2
5D = gµν (xα, y) dxµdxν + dy2 , (3.7)

where gµν is a 4D metric and y is the extra dimension. Let us assume that we
are restricted to live in a 4D brane fixed at some y = ybrane. Our 4D effective
line element can be written as

ds2
4D = g̃µν (xα) dxµdxν , (3.8)

where g̃µν is the metric for matter fields. What is the exact form of g̃µν
depends on our initial set up. Nevertheless, it is interesting to note that a
simple coupling gµν(xα, y = ybrane) = g̃µν(x

α), i.e. no dependence on the extra
dimension, is not expected at all. In most cases, our effective metric takes the
form

gµν(x
α, y = ybrane) = ey(xα)g̃µν(x

α) . (3.9)

This is what is known as conformal (or dilatonic) coupling. As we advanced
before, this kind of relation between the metrics gµν and g̃µν is known as a
conformal transformation. Now, if we regard y as a scalar field, say φ, we can
write this relation in a more general form, that is

gµν = Ω2(φ)g̃µν . (3.10)

Note that in this set up, there is no metric more physical than any other, as
we may choose to work in the variables we find more appropriate. In other
words, it is clear that there is no unique natural conformal or physical frame
a priori.

Let us be more concrete and study a particular case. Let us assume that in
Eq. (3.10) g̃µν is the metric that interact with matter fields. Then we expect
that the action in terms of gµν takes the form

S =

∫
d4x
√
−g
{

1

2
M2

plR + L(φ,X) + Ω−4(φ)Lm(φ, g, ψ,A, ...)

}
, (3.11)

where L(φ) is the Lagrangian of the scalar field, X is the kinetic term of the
scalar field X ≡ −∇µφ∇µφ, Ω is the coupling due to the higher dimensions
and Lm is the matter field Lagrangian. For example, ψ and A could be a
fermion and a gauge field respectively. This form of the action is called the
Einstein (gravity) frame, as gravity is the Einstein-Hilbert action. Note that
φ is minimally coupled to gµν . However, there is a non-minimal coupling
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between φ and matter fields. What would be the form of the action if we
decide work in terms of the metric g̃µν? After the conformal transformation
Eq. (3.10) we find

S =

∫
d4x
√
−g̃
{

1

2
M2

plΩ
2(φ) R̃ + L̃(φ, X̃) + Lm(g̃, ψ, A, ...)

}
. (3.12)

This time matter fields do not couple to φ but we paid the price of a non-
minimal coupling between the scalar field φ and gravity. Note that the form
of L̃ is in general different than L. This form of the action is called Matter
(Jordan) frame. Some notation: from now on we will refer to the metric in the
Einstein frame gravity metric and that from the Jordan frame matter metric.

What is the use of the frames (3.11) and (3.12)? Well, if one is interested in
studying the gravitational dynamics, it is appropriate to work in the Einstein
frame (3.11). In this case, we can apply well-known knowledge of GR such as
the energy theorems [154]. For instance, see how the area of a black hole in
the Jordan Frame decreases for a while during collapse in Refs. [155–157]. On
the other hand, if we are interested in matter dynamics we should work in the
Matter frame (3.12), simply because matter follows geodesics of the matter
metric.

A note is in order. It is often assumed that matter universally couples to
gravity. This assumption is experimentally consistent for baryons. However,
it could be the case that there is a non-universal coupling with matter fields,
i.e. each matter field couples in a different way. Then we could for example
write the matter Lagrangian as∑

A

ΩA(φ)LA(φ,QA) , (3.13)

where QA = {ψ,A, ...}. In this case, there is no clear definition of a matter
(Jordan) frame and at best we may define a Jordan frame for each field QA.

3.1.1.1 Transformation rules

We provide a detailed derivation of the transformation rules for a metric trans-
formation in Appendix A. However, it is appropriate to show the relevant
formulas as make use of them later. We will follow Refs. [113, 158]. Under a
conformal transformation given by

gµν = Ω2g̃µν (3.14)

the Ricci scalar transforms as

R = Ω−2

[
R̃− (D − 1)

(
2
�̃Ω

Ω
− (D − 4)g̃µν

∇̃µΩ∇̃νΩ

Ω2

)]
, (3.15)
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−→
scale

transformation

Figure 3.1: Scale transformation from ds2 = dx2 +dy2 to ds̃2 = 4 (dx2 + dy2).

where D is the number of dimensions. The matter fields also transform under
a conformal transformation and if at short scales we neglect the dynamics of
the scalar field, i.e. the scalar field is roughly constant, we find that they
transform according to:

χ = Ω−(D−2)/2χ̃ for scalars ,

Aµ = Ω−(D−4)/2Ãµ for vectors ,

ψ = Ω−(D−1)/2ψ̃ for fermions .

(3.16)

For illustrative purposes let us study in detail the fermion coupled to a
gauge field. Dirac fermion’s action reads

S =

∫
d4x
√
−g
[
−iψ̄γµDµψ −mψ̄ψ −

1

4
FµνF

µν

]
, (3.17)

where m is the mass of the fermion, Fµν = ∇µAν −∇µAν , γµ are the gamma
matrices, Dµ = ∂µ + ieAµ − 1

4
ωabµΣab, Σab = 1

2

[
γa, γb

]
and ωabµ = eaν∇µe

ν
b .

We now do the conformal transformation (3.14) to the action (3.17). We find
that the factors Ω can be completely absorbed into new variables if we redefine
γµ = Ω−1γ̃µ, ψ = Ω−3/2ψ̃, m = Ω−1m̃ and we do not need to touch the gauge
field Aµ as it is conformal invariant in 4 dimensions. Then the action becomes

S =

∫
d4x
√
−g̃
[
−i ¯̃ψγ̃µDµψ̃ − m̃ ¯̃ψψ̃ − 1

4
FµνF

µν

]
. (3.18)

The mass of the fermion is highlighted in bold to emphasize the basic effect
of a conformal transformation; on cosmological scales the mass of the fermion
has a spacetime dependence. Likewise, one can check that the mass of scalar
field becomes spacetime dependent in the same way.
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−→
conformal

transformation

Figure 3.2: Conformal transformation from ds2 = dx2 + dy2 to ds̃2 = e2xds2.
Note how the 90◦ angles are kept.

3.1.1.2 Applications and interpretations

Conformal transformations are not exclusively used in cosmology. In fact, they
are used in a much broader context [159]. For example, in GR they are used
to discuss initial value formulation and asymptotic flatness and they are used
to draw Penrose diagrams. They are also important in quantum field theory
in curved spacetime [43]. For example, it is believed that conformal symmetry
might be a key symmetry of the very early universe and inflation [159,160]. On
the particle physics side, they are constantly used in Conformal Field Theories
(CFT) with growing interest in the ADS/CFT correspondence [161, 162]. As
a fact of curiosity, they are even used in optics under the name of conformal
mappings. See for an interesting application of conformal transformations to
build an invisibility device in Ref. [163].

Before ending this subsection, let us see what is the meaning of a conformal
transformation. Recall that a conformal transformation is given by

gµν = Ω2g̃µν . (3.19)

First we can see that a conformal transformation:

(i) Is a global rescaling of the metric.

(ii) Keeps the angles.



44 Chapter 3. From frame to frame: observable invariance

−→
conformal

transformation

Figure 3.3: Conformal transformation from a static closed universe to a closed
expanding universe. Note how the 90◦ angles are kept.

(iii) Does not modify the light cone, i.e. for a null vector field kµ we have

gµνkµkν = 0 ⇒ g̃µνkµkν = 0 .

As an illustrative example see Figs. 3.1, 3.2 and 3.3. In Fig. 3.1 we see a
scale transformation of a grid which is defined by our metric, in our case a
flat 2D space. A scale transformation is a constant conformal transformation.
Fig. 3.2 shows a conformal transformation which depends on the exponential
of one coordinate. See how the angles do not change. Actually this latter
example shows us that Minkowsky space-time is connected to an expanding
universe by a conformal transformation (see Fig. 3.3).

3.1.2 Disformal transformation

In the previous example, we considered that the position of our brane in the
extra dimension is fixed. What would be our 4D effective metric if the brane
was actually moving [164–166]? This is easily seen from the following. Take
again the 5D line element as before, i.e.

ds2
5D = gµν(x

α, y)dxµdxν + dy2 , (3.20)

and assume that the brane is moving in the y direction, that is to say y(xα).
Then, the effective line element in our brane is given by

ds2
4D =

(
gµν(x

α, y = y(xα)) +
∂y

∂xµ
∂y

∂xν

)
dxµdxν = ḡµν(x

α)dxµdxν . (3.21)
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This time, we can regard the effective metric as

ḡµν(x
α) = gµν(x

α) +∇µy∇νy . (3.22)

Again, if we consider this extra dimension as a scalar field φ we can write
relation (3.22) in a general way given by

ḡµν = gµν +B(φ)∇µφ∇νφ . (3.23)

This transformation is known as disformal transformation.2 In fact, this cou-
pling was first introduced by Bekenstein [81], although he relayed on com-
pletely different arguments.3 Let us proceed as in section 3.1.1 and consider
that ḡµν in Eq. (3.23) is the matter metric, i.e. the Einstein frame is given by

S =

∫
d4x
√
−g
{

1

2
M2

plR + L(φ,X) + F (φ,X)Lm(φ, g, ψ,A, ...)

}
, (3.24)

where F (φ,X) =
√

1−BX. What is the form of the matter frame? As one
we may guess from the appearance of first derivatives of the scalar field in the
transformation (3.23) we will end up with a higher order derivative theory.
The form of the Jordan frame roughly reads

S =

∫
d4x
√
−ḡ
{1

2
M2

pl

√
1 +BX̄R̄ +

BM2
pl√

1 +BX̄

(
(�̄φ)2 − ∇̄µ∇̄νφ∇̄µ∇̄νφ

)
+ L̄(φ, X̄) + Lm(ḡ, ψ, A, ...)

}
.

(3.25)
These form of the Lagrangian falls into the recent rediscovered Horndeski
theory [79,167,168], which is a general scalar-tensor theory with second order
field equations of motion. Since it was first pointed out by Ref. [116] that
disformal transformations connect Horndeski theories, they have received a lot
of attention [169]. Furthermore, such transformations were useful to discover
new scalar-tensor theories, which are known as beyond Horndeski or GLPV
theory [170–173] (see also its further extensions [174–179]). It has been proven
that these generalized higher derivative theories are closed under disformal
transformations [116, 169, 176, 180, 181]. It should be noted that a disformal
transformation is no longer just a simple field redefinition, because it involves
derivatives of the scalar field.

2One could include a conformal transformation as well but we will keep it simple.
3Bekenstein looked for a general way in which matter could couple to a metric. He

started from Finsler geometry and then he used arguments involving covariance, causal
structure and the weak equivalence principle to reduce the Finslerian metric to a Rieman-
nian disformal metric.
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A note is in order. We started with an action in the Einstein frame form
Eq. (3.24). We could have started for example in a more general set up inside
Horndeski theories and we would have ended up with a more complicated
form of the Lagrangian. The important point to note is that in higher order
derivatives theories, the existence of an Einstein frame is not always true.
However, one could find an Einstein frame perturbatively [116, 123, 180]. On
the other hand, the matter frame is always present if there is a universal
coupling.

3.1.2.1 Transformation rules

Let us show some relevant transformation rules of a disformal transformation.
An extensive list of formulas can be found in Appendix A. Take a disformal
transformation with a constant coefficient B, i.e.

gµν = ḡµν −B∇µφ∇νφ . (3.26)

Under this transformation the Ricci scalar transforms as

R = R̄ +
B

1 +BX̄

(
(�̄φ)2 − ∇̄µ∇̄νφ∇̄µ∇̄νφ

)
+

1√
−g

(total derivative) ,

(3.27)

where the last therm is a total derivative of gµν and can be dropped in
Eq. (3.25). For the matter fields one finds [123]

χ = χ̄ for scalars ,

A = Ā for vectors ,

ψ = ψ̄ for fermions .

(3.28)

We will see this in more details in section 3.3. Note that conformal and
disformal transformations commute as long as they are regular. See Appendix
C for a study of singular metric transformations.

3.1.2.2 Applications and interpretations

In cosmology disformal transformations appear in brane world models and
from massive gravity theories (see [49, 182–185] and references therein) and
have been applied to inflation [186, 187], dark energy [99, 110, 188], varying
speed of light models [189–192], atomic physics [193] and mimetic gravity
[115]. They have also been studied in the language of differential forms [194,
195] and used in generalized vector field theories [196–198].

Interestingly, the famous Kerr-schild ansatz that was used to find the Kerr
solution takes the form of a disformal transformation [199,200]. Furthermore,
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x0

r

Figure 3.4: Disformal transformation of de Sitter space along the time direc-
tion. That is ds2 = −dt2 + e−Htdx2 to ds̄2 = −(1 + f(t))dt2 + e−Htdx2. As
we stretch the time direction, the de Sitter hyperboloid opens. Alternatively
it can be understood as −x2

0 + x2
1 + ... = `2 to −(x0/α)2 + x2

1 + ... = `2. See
Appendix I.

in K-essence theories, perturbations of the scalar field follow a metric which
is disformally related to the original one [201,202].

Before ending this subsection, let us roughly see the interpretations of a
disformal transformation. Take a disformal transformation given by

gµν = ḡµν +∇µφ∇νφ . (3.29)

We can see that a disformal transformation:

(i) Is a stretching of the metric in a particular direction, i.e. there is a
preferred frame, given by the gradient of the scalar field. This is quite
usual in cosmology where a scalar field can be used as a time coordinate.

(ii) Keeps the same causal structure.

(iii) If two massless fields couple to two different disformal metrics, they
propagate at different speeds. For example, photons follow ḡµν and
gravitons gµν .

For a graphical interpretation, take a look at Fig. 3.4. A disformal transfor-
mation changes the aperture of the de Sitter hyperboloid. See Appendix I for
an introduction to de Sitter space.

Before ending this section, let us explain some notation. We will use gµν
for the Einstein frame metric, g̃µν and ḡµν for a conformally and disformally
related matter metrics respectively.
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3.2 Conformal invariance

Conformal transformations are used in many areas of physics [203]. Regarding
scalar-tensor theories, it has been proven that at a classical level they do
not modify observable quantities. Many works in the literature have studied
the observable invariance under conformal transformations in scalar tensor
theories, see for example Refs. [70,112–114,204–210]. There is also some work
following a different point of view within f(R) theories; see Refs. [211–214].
On the other hand, whether the physical equivalence holds at the quantum
level is still an open question (see Refs. [215, 216]). On that point, the final
answer hopefully resides in the theory of quantum gravity.

In this section, we show an illustrative example [113,158] of this equivalence
and the difference in interpretations. For this purpose, we will consider the
simplest case where matter minimally couples to an expanding background.
In particular, we will focus on the redshift before and after a conformal trans-
formation. Later we will argue that the same applies to cosmological pertur-
bations.

Take the line element of a FLRW universe Eq. (2.7), that is

ds2 = −dt2 + a2(t)d2σ(K), (3.30)

where d2σ(K) is the line element of an homogeneous and isotropic 3 dimensional
space, K = ±1, 0 and a(t) is the scale factor. The universe evolves according
to the first Friedman equation, i.e. Eq. (2.9)(

ȧ

a

)2

≡ H2 =
ρ

3M2
pl

− K

a2
. (3.31)

Since the universe is expanding, the wavelength of the photons is stretched
and thus we observe a cosmological redshift (see Eq. (2.26)) which is given by

Eobs =
Eemit
1 + z

, (3.32)

where Eemit and Eobs respectively are the energy of the photon at the time
of emission and observation. Our interpretation of the data is that such
redshift is “proof” that the universe is expanding. However, we could give
an alternative interpretation by going to a different frame.

Now, let us work in a peculiar frame by doing a conformal transformation,
Eq. (3.14), with Ω = a and working with conformal time dη = dt/a. The line
element of the resulting frame is given by

ds̃2 = Ω−2ds2 = −dη2 + dσ2
(K) . (3.33)
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Note that the time dependence completely disappeared and thus we ended up
with a static universe. For obvious reasons, in a static universe photons do
not redshift in time. Is this frame unphysical? Actually, we can show that we
observe the same cosmological redshift and thus this frame is as physical as
any other.

First, we have seen that under a conformal transformation the mass
of a fermion, here we can consider an electron, gets rescaled according to
Eq. (3.18), that is

m̃ = Ωm =
m

1 + z
, (3.34)

where we defined redshift as 1 + z ≡ a−1. As a consequence of this time
dependence in the electron mass, photons emitted earlier will have a different
frequency that photons emitted today. Recall that the Bohr radius scales
inversely proportional to the mass, that is RBohr ∝ m−1. Then, it is well
known that the energy levels of the atom depend on 1/RBohr. Therefore, the
energy levels scales as ∝ m, which upon using Eq. (3.34) we have that

Ẽn =
En

1 + z
, (3.35)

where Ẽn and En respectively are the energy levels in the static and Jordan
(matter) frame. In this way, it is apparent that the frequency of photons
depend on the time they were emitted. For example, a transition from the
level n to the level n′ is given by

Ẽnn′ =
Enn′
1 + z

. (3.36)

This exactly matches what we detect as the Hubble’s law. We have seen that
in these two very different frames, the observed redshift is exactly the same.
How does the interpretation change? Let us go quickly through it. In the
static frame, the universe has been in thermal equilibrium at a temperature
T = 2.73K since the earliest of times, for example at the Last Scattering
Surface around a redshift z > 103. At this high redshift, the electron mass
was 103 times smaller than today. After the LSS, the CMB photons have never
redshifted and they kept the black body spectrum. One may wonder if the
rate of scattering and interaction also follows the discussion in Chap. 2. We
can check that the Thomson cross section, call it σ̃T , is inversely proportional
to the squared of the mass of the electron, i.e. σ̃T ∝ m−2. Furthermore, the
electron number density in the static frame, say ñe, is obviously constant.
Now, if we compare the rate of scattering per unit of proper time in each
frame we find that

σ̃T ñedη =
σT ne
1 + z

dη = σT ne dt . (3.37)
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As we expected it remains unchanged! In the first equality we have used that
the relation between static and matter frame quantities is respectively given
by

σ̃T = σT (1 + z)2 and ñe =
ne

(1 + z)3
. (3.38)

This short example showed us that observables, in our case the redshift,
are frame independent. However, the way we interpret such observables could
be very different in various frames.4 Note that this fact clearly illustrates that
the metric itself should not be regarded as an observable, as we mentioned
earlier in Chapter 1.

3.2.1 Cosmological perturbations

We have seen that background observables, such as the redshift, are invari-
ant under a conformal transformation. Does the same apply to cosmological
perturbations? It does and it is easy to understand why. The curvature per-
turbation, i.e. the responsible for the temperature fluctuations in the CMB, is
the perturbation of the total expansion in the uniform-φ slicing (see Appen-
dices E and F). On super-horizon scales the expansion factor is roughly given
by the time derivative of the scale factor, which including perturbations is

a(t, xi) = a(t)eRc(t,x
i) , (3.39)

where Rc is the comoving curvature perturbation. If we now do an arbitrary
conformal transformation (3.14) we have

ã(t, xi) = Ω−1 (φ) a(t)eRc(t,x
i) , (3.40)

where φ is the inflaton field. We can also split ã into background and pertur-
bations as

ã(t, xi) = ã(t)eR̃c(t,x
i) , (3.41)

where R̃c(t, x
i) is the curvature perturbation in the tilde frame. Recall that

we are working in the uniform-φ slicing, i.e. φ = φ(t) and δφ = 0. Thus we
can absorb the background value of Ω into ã and rewrite Eq. (3.40) as

ã(t, xi) = ã(t)eRc(t,x
i) . (3.42)

In this way we conclude that Rc(t, x
i) = R̃c(t, x

i). Since we have proven
that at the background observables are frame independent, we have that the

4For this reason, perhaps we should call them representations rather than frames [113].
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curvature perturbation is also invariant under a conformal transformation.
This was a rough explanation of the invariance, for more details see [114,204,
205].

Note however that if the conformal transformation involves a dependence
on the kinetic term X then the definition of curvature perturbation changes
from frame to frame. For example, consider that

ã(t, xi) = Ω−1 (φ,X) a(t)eRc(t,x
i) , (3.43)

where X = φ̇2/N2 in the uniform-φ slicing. Assuming that perturbative
expansion holds, then we can write Eq. (3.43) as

ã(t, xi) = ã(t)eRc(t,x
i)− d ln Ω

dX
δX , (3.44)

This means that

R̃c(t, x
i) = Rc(t, x

i) + 2φ̇2d ln Ω

dX
A(t, xi) , (3.45)

whereN(t, xi) = 1+A(t, xi). See how the definition of the conserved curvature
perturbation changes with the frame! This was pointed out by Refs. [173,
217]. Thus a transformation that depends on first derivatives of the field is
clearly more involved. Then, what would happen in the case of a disformal
transformation?

3.3 Cosmological disformal invariance

In the previous section we have shown the physical invariance under confor-
mal transformations. Regarding disformal transformations, one might think
that the proof straightforwardly follows. However, recall that a disformal
transformation is a transformation involving derivatives of a field and we have
seen that the dependence on the kinetic term for a conformal transformations
changes the definition of curvature perturbation. Thus, the generalization
from the conformal transformation case is not straightforward. In this sec-
tion, we will see our work on the physical equivalence of two disformally related
frames. We will study as well the effect of a disformal transformation on the
matter fields. We closely follow our article in JCAP, Ref. [123].

There have been other works in this direction, e.g. Refs. [217–222] study
the disformal invariance of cosmological perturbations at the linear level with
a positive answer and Ref. [221] extends it to multi-field disformal transfor-
mations. The merit of our work is the non-linear proof of the invariance.

In what follows, we are first going to understand the meaning of a disformal
transformation in cosmology in Sec. 3.3.1 and we will do so on the cosmological
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background. We will show the disformal invariance of observables focusing on
the background dynamics, the sound speed of waves and the causal structure.
Then, we will generalize this result to include perturbations in Sec. 3.3.2.
First, we deal with the gravity sector in Sec. 3.3.2.1 and then we will move
on to discuss the effects of a disformal transformation to the matter fields in
Sec. 3.3.2.2. Lastly we will consider the whole system of gravity and matter
and discuss possible features.

3.3.1 Disformal transformations in cosmology

The general form of a pure disformal transformation is given by Eq. (3.23)

ḡµν = gµν +B(φ,X)∇µφ∇νφ, (3.46)

where we generalized the function B to include the kinetic term. As we have
seen, in cosmology it is often assumed that there is a scalar field which drives
the evolution of the universe. This means that on cosmological scales ∇µφ is
regular and time-like everywhere. The presence of such scalar field, implies
the presence of a preferred time-slicing where the scalar field is homogeneous,
called uniform-φ slicing (see Appendix D for the transformation in a general
slicing). In other words, there is a preferred frame where the time direction
is given by the gradient of the scalar field. In the language of the ADM 3+1
decomposition, the homogeneous φ slicing is given by nµ = ∇µφ/

√
X. In that

slicing we can regard φ as solely a function of time, i.e. φ = φ(t). From now
on, we make use of that property to simplify interpretations and discussions
without loss of generality. In the multi-field case, similar logic applies when
the adiabatic limit has been reached [223].

With that in mind, one easily realizes from Eq. (3.46) that only the lapse
function is affected by a pure cosmological disformal transformation, i.e. the
time-time component of the metric in the uniform-φ slicing. We can write
this down explicitly by introducing the (3 + 1)-decomposition for each metric,
that is

ds2 = −N2dt2 + hij(dx
i +N idt)(dxj +N jdt)

→ ds̄2 = −N̄2dt2 + h̄ij(dx
i + N̄ idt)(dxj + N̄ jdt) , (3.47)

where bar and unbarred quantities are related by (3.46) and they are given
by

N̄2 = N2α2 , N̄ i = N i , h̄ij = hij , (3.48)

where for the sake of simplicity we defined

α2 = 1−B(φ,X)X. (3.49)
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As simple as it looks, it should be noted that X reduces to φ̇2/N2. Since the
lapse N has a spatial dependence in general, the disformal factor B and α

depend on the spatial coordinates as well. This is the reason why the proof
of disformal invariance is non-trivial. From (3.48) we infer that in order to
preserve the Lorentzian signature of the metric one must require α2 > 0 [81],
which is assumed throughout this paper. Due to the fact that just a particular
component of the metric is modified, one may naively think that the causal
structure and the propagation speed are altered as well. In fact, it is rather
the opposite as shown later.

A note is in order. There is a particular choice of B that leads to a
singular metric transformation (see Ref. [115]) and the resulting model is
called Mimetic gravity [224,225]. To be more concrete we can see that if

B(φ,X) =
1

X
− b(φ), (3.50)

where b(φ) is an arbitrary function of φ with b > 0, then we are led to a
degenerate metric with no lapse function, that is

ds̄2 = −b(φ)(∂tφ)2dt2 + h̄ij(dx
i + N̄ idt)(dxj + N̄ jdt) . (3.51)

This degeneracy removes the Hamiltonian constraint, which would result from
the variation of the lapse, and gives rise to the “mimetic” degree of freedom
which could potentially explain dark matter (see Appendix C for more details
on mimetic gravity). We will not consider this singular case in what follows.

We are now going to see the effects of a disformal transformation on a cos-
mological background, i.e. homogeneous and isotropic, in Sec. 3.3.1.1. Then
we generalize our discussion to non-linear perturbation level in Sec. 3.3.1.2.

3.3.1.1 Cosmological background

The metric for a spatially homogeneous and isotropic spacetime is given by

ds2 = gµν dx
µdxν = −dt2 + a2(t)d2σ(K) (3.52)

where we set N = 1, i.e. we work with cosmic proper time, and d2σ(K) is
the metric of a homogeneous and isotropic 3-space (see Eq. (2.8)). We use
Eq. (3.46) to find that the metric in the disformally related frame is

ds̄2 = ḡµν dx
µdxν = −α2(t)dt2 + a2(t)d2σ(K) . (3.53)

Note that α is only a function of time on the cosmological background. This
means that we can relate the cosmic proper time in the barred frame, i.e.



54 Chapter 3. From frame to frame: observable invariance

N̄ = 1, with the cosmic proper time in the unbarred frame, i.e. N = 1, by a
time coordinate transformation, that is given by

dt̄ = α(t)dt . (3.54)

With this new time coordinate, the barred metric is expressed simply as

ds̄2 = −dt̄2 + a2(t)d2σ(K) . (3.55)

A note of warning. It should not be confused with time translations of the
diffeomorphism invariance. A disformal transformation leads to a completely
different metric. However, the effect of a disformal transformation can be
removed by a proper time redefinition dt̄ = αdt, if we work with the proper
time of the original frame.

What we learned from the previous calculation is that a disformal trans-
formation at the background level is a replacement of the proper cosmic time
coordinate, i.e. t→ t̄. At the same time, the scale factor has to be understood
as a function of t̄, i.e. ā(t̄) = a

(
t(t̄)
)
. As a scalar function, the value of the

scale factor does not change, but its functional form could be quite different.
From this, we can anticipate that the form of the action would be a replace-
ment S[ḡ; t] → S[g; t̄], i.e. the change in the metric ḡ → g is absorbed by a
change in the time coordinate t→ t̄. This might be slightly confusing and we
show the invariance of the action explicitly in Sec. 3.3.2.1.

At the practical level, we can conclude that a (cosmological) disformal
transformation (3.48) is equivalent to a rescaling of the time coordinate (3.54).
As such, we expect that all physical observables remain unchanged under a
disformal transformation. Again, interpretations from frame to frame could
greatly differ. Let us show that this reasoning is valid by studying the causal
structure and the propagation speed between two disformally related frames,
which led to some confusion in the literature. We will explicitly see the cos-
mological disformal invariance. Here it is important to note that no scalar
function is modified by such a passive disformal transformation. Essentially,
the functional form has apparently changed but not its value. We will use this
fact below.

Wave propagation. Consider first a scalar wave in the barred frame of
comoving wavenumber k and propagating with sound speed c̄s in the cosmo-
logical background, that is[

1

a3

d

N̄dt

(
a3 d

N̄dt

)
+
c̄2
sk

2

a2

]
φ̄k(t) = 0 , (3.56)
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If we apply now apply the passive disformal transformation (3.48), we obtain[
1

a3α

d

Ndt

(
a3

α

d

Ndt

)
+
c̄2
sk

2

a2

]
φ̄k(t) =

1

α2

[
α

a3

d

dt

(
a3

α

d

dt

)
+
α2c̄2

sk
2

a2

]
φ̄k(t) = 0 ,

(3.57)

where in the last step we set N = 1 so that we chose to work in the cos-
mic proper time of the unbarred frame t. In this form, we understand why
sometimes a disformal transformation is confused as a change in the sound
speed. Looking at Eq. (3.57), we see that apparently the sound speed has
been modified to cs,ap = αc̄s. The subindex in cs,ap stands for apparent, as we
will see it is not a physical change of the sound speed.

Now, recall that the effect of a disformal transformation can be removed
by a time redefinition dt̄ = αdt. Thus, the real sound velocity should be read
off from the equation rewritten in terms of t̄, that is[

1

a3

d

dt̄

(
a3 d

dt̄

)
+
c̄2
sk

2

a2

]
φk(t̄) = 0 , (3.58)

where φk(t̄) = φ̄k
(
t(t̄)
)
or equivalently φ̄k(t) = φk(t̄(t)). Thus, it is clear that

the physical sound velocity c̄s is the same in both frames. In fact, this is
similar to that pointed out by Ellis and Uzan in [226,227]. We will make use
of this result again in section 3.3.3.

Causal structure. We can use a similar logic to discuss the causal structure
of two disformally related frames. For that purpose, it is useful to consider
a scalar quantity which will not be affected by our transformation. Consider
the norm of a vector kµ in the barred frame, i.e.

k2 ≡ ḡµν k̄
µk̄ν = −N̄2(k̄t)2 + a2(t)σ(K),ij k̄

ik̄j, (3.59)

where k2 > 0, = 0 or < 0 for a spacelike, null or time-like vector, respectively
and σ(K),ijdx

idxj = d2σ(K).
Note that, since we know that k2 is a scalar and that N̄ = αN , the effect

of the disformal transformation could be balanced if the vector components
k̄t change appropriately, similarly as we rescaled the time coordinate. With
that in mind, the passive disformal transformation (3.48) yields

k2 = ḡµν k̄
µk̄ν

= (gµν +B(φ,X)∇µφ∇νφ) k̄µk̄ν = −α2(k̄t)2 + a2(t)σ(K),ij k̄
ik̄j ,(3.60)

where again we have set N = 1 so that we work in the proper time of the
unbarred frame t. We can now easily identify the transformation rules for the
vector components. They are given by

k̄t = α−1kt and k̄i = ki , (3.61)
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and the covariant components transform according to

k̄t = αkt and k̄i = ki . (3.62)

It should be noted that if we look at the sound speed of the new vector, we
could wrongly conclude that the sound speed has been modified, i.e.

c−1
s ≡

dkt

d|k|
= α

dk̄t

d|k|
= αc−1

s,ap , (3.63)

where cs,ap is the apparent sound speed, as in the case of a scalar wave prop-
agation. Once again, we can redefine the time coordinate with Eq. (3.54) and
rewrite k2 as

k2 = −(k̄t̄)2 + gij k̄
ik̄j , (3.64)

where k̄t̄ = αk̄t. In the proper time coordinate of the barred frame, we see
that the physical sound speed is frame independent as well, namely

c̄−1
s ≡

dk̄t̄

d|k|
= c−1

s . (3.65)

3.3.1.2 Non-linear considerations

Before going into the explicit proof of the disformal invariance at non-linear
level, it is worth arguing why this might be the case. The argument goes as
follows. First, assume that perturbation expansion is valid, i.e. there exist
a homogeneous and isotropic background solution from which we can study
its perturbations. Then consider the previous discussion in Sec. 3.3.1.1 and
account for a spatial dependence of the scalar field and in turn a spatial
dependence of the metric and the disformal factor.

Under the assumption that there exists a homogeneous φ time-slicing, i.e.
the normal vector of constant φ hyper-surfaces is assumed to be time-like
everywhere, our conclusion can be generalized by introducing a local Lorentz
frame. Recall that in the homogeneous φ slicing, the only spatial dependence
in the disformal factor α comes through the spatial dependence of the Lapse
function. For this reason, in the local Lorentz frame we can reabsorb the effects
of a disformal transformation into a local rescaling of the time coordinate. In
this way, we generalized the disformal invariance of the background to include
the effects of non-linear perturbations.
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3.3.2 Action invariance

So far we have seen that a disformal transformation in cosmology can be
understood as a rescaling of time, at least at the metric level. We gave an
argument why we believe this invariance holds at non-linear level. Next, we
explicitly show that our expectations hold at the action level at non-linear
order in perturbation expansion. Afterwards, we turn into the transformation
rules for matter fields. Briefly, we proceed as follows. We start from a given
action in what we called the barred frame, i.e. the action in terms of ḡµν .
Then we rewrite the action in terms of the disformally related metric gµν and
prove that both actions are equivalent upon a rescaling of the time coordinate.

3.3.2.1 Scalar-Tensor Theories

Let us focus first on the gravity sector, that is gravity plus a scalar field.
For clarity, we discuss only the Einstein-Hilbert action plus a canonical scalar
field. At the end of the section, we generalize our results to non-minimal
couplings.

So far our discussion has been based upon the existence of the uniform-φ
slicing and we will continue to do so otherwise noted. In other words, we set
the inflaton perturbations to zero, i.e. δφ = 0. That ensures that the spatial
dependence of the transformation is due to the spatial dependence in the met-
ric perturbations only. Since we already sliced our space-time in a preferred
time-slicing, it is appropriate to work within the (3+1)-decomposition of the
unbarred/barred metrics. We use the following decomposition:

ds2 = −N2(t, x)dt2 + hij(t, x)dxidxj ,

ds̄2 = −N̄2(t, x)dt2 + hij(t, x)dxidxj ,
(3.66)

where N , N̄ and hij are respectively the unbarred/barred lapse and the spatial
metric.5 To simplify more the discussion, we chose a particular set of spatial
coordinates where the shift vector is set to be zero, i.e. N̄ i = N i = 0. One
may include a non-vanishing shift without difficulties.

We proceed by expanding the action in the ADM decomposition, i.e.

Sg =
M2

pl

2

∫
d3xdtN̄

√
h
{
R(3) + K̄ijK̄

ij − K̄2 +M−2
pl N̄

−2 (∂tφ)2

− 2M−2
pl V (φ) + 2∇̄µ

(
n̄µ∇̄νn̄

ν − n̄ν∇̄νn̄
µ
)}

,

(3.67)

5We are using the fact that a disformal transformation does not affect the spatial com-
ponents. We use hij not to overload notation.
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where (3)R, K̄ij and n̄µdxµ = −N̄dt respectively are the spatial Ricci scalar,
the extrinsic curvature and the normal vector of the spatial hyper-surface.
Since we want to see the explicit dependence of the action with respect to N̄
and hij, we show the values of the extrinsic curvature and the gradient of the
normal vector from Eq. (3.66), that is

Kij = 1
2N̄
∂thij , K̄ = hijK̄ij , (3.68)

and

∇̄µn̄ν = δ0
µδ

i
νN̄,i + δiµδ

j
νK̄ij. (3.69)

Thus, we find that the action is given by

Sg =
M2

pl

2

∫
d3xdtN̄

√
h

{
R(3) + K̄ijK̄

ij − K̄2 +M−2
pl N̄

−2 (∂tφ)2

− 2M−2
pl V (φ) +

2√
hN̄

∂t(
√
hK̄)− 2√

hN̄
∂i(
√
hhij∂jN̄)

}
.

(3.70)

Note that the last two terms are total derivatives. We keep them as they will
be necessary for the generalization to non-minimal couplings.

We do a disformal transformation to the action (3.70), i.e. we write the
barred quantities in terms of the unbarred ones, and we find that

Sg =
M2

pl

2

∫
d3xdtαN

√
h

{
R(3) + α−2

(
KijK

ij −K2 +M−2
pl N

−2 (∂tφ)2)
− 2M−2

pl V (φ) +
2√
hαN

∂t(
√
hα−1K)− 2√

hαN
∂i

(√
hhij∂j(αN)

)}
.

(3.71)

We remind the reader that N̄(t, xi) = α(φ,X)N(t, xi) from the transformation
rules, Eq. (3.48). We also defined the extrinsic curvature in the unbarred frame
as Kij = 1

2N
∂thij.

So far we have not used any perturbation expansion. Recall however that
we showed in Sec. 3.3.1.1 that the disformal transformation can be absorbed in
a time coordinate redefinition at the background. Therefore, we assume that
perturbation expansion is valid and we split the lapse and disformal factor
into background and perturbation as follows:

N(t, xi) = en(t,xi) and α(t, xi) = α0(t)es(t,x
i) , (3.72)

where α0(t) is the value of the disformal factor at the background. It should
be noted that we cannot straightforwardly define the time coordinate since
the disformal factor depends on the spatial coordinates through the lapse, i.e.

α(φ,X) = α(t, N) = α(t, xi) . (3.73)
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A similar expansion for the barred Lapse function yields

N̄(t, xi) = α0(t) en(t,xi)+s(t,xi) ≡ α0(t)en̄(t,xi) , (3.74)

where in the last step we defined n̄(t, xi) ≡ n(t, xi) + s(t, xi). If we look
at Eq. (3.71) we can readily see that, under this perturbative expansion, we
can absorb the background value of the disformal transformation into a time
redefinition, that is given by

dt̄ = α0(t) dt. (3.75)

This result implies that physics is invariant at the background level as long as
perturbation theory is valid. Whether the same applies for perturbations is
not straightforward. We dedicate next paragraph to study this case.

Implications for cosmological perturbations. Let us drop the total
derivative terms in (3.71) for the moment and perform the time redefinition
Eq .(3.75). We will recover the total derivatives at the end of this subsection.
In this way, we find that the action including perturbations is given by

Sg =
M2

pl

2

∫
d3x dt̄

√
h en(t,xi)+s(t,xi)

{
R(3) − 2M−2

pl V (φ)

+ e−2[n(t,xi)+s(t,xi)]
(
EijE

ij − E2 +M−2
pl (∂t̄φ)2

)}
,

(3.76)

where we factored out the lapse from the extrinsic curvature and we defined
Eij ≡ 1

2
∂t̄hij and E = hijEij, following the notation of Maldacena [228]. Recall

that as we did in section 3.3.1.1 one should understand φ(t) = φ(t(t̄)) and
hij(t, x

i) = hij(t(t̄), x
i). Note that in this way the action take the same form

as the barred action (3.70) with N̄ = 1 at the background, except that in the
present case the perturbations of the Lapse depend on t and not t̄. In addition,
we have the perturbations of the disformal factor as well. Nevertheless, we can
find a solution to the lapse function by looking at the Hamiltonian constraint,
i.e. the variation with respect to the lapse (see Appendix H).

It is known that in the Hamiltonian formalism, the Lapse function acts
as a Lagrange multiplier, its variation yielding the so-called Hamiltonian con-
straint. Thus, we can redefine the Lapse n(t, xi) to absorb the disformal factor
s(t, xi) and the dynamics of the system remain unchanged. This new lapse is
what we previously defined as

n̄(t, xi) ≡ n(t, xi) + s(t, xi) . (3.77)
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We can now formally solve the new lapse n̄ in terms of the time t̄. The
variation with respect to the new lapse yields

R(3) − e−2n̄(t,xi)
[
EijE

ij − E2 +M−2
pl (∂t̄φ)2

]
− 2M−2

pl V (φ) = 0 . (3.78)

Note that it has the same solution as the barred frame (3.70) action with
N̄ = 1 at the background level. The crucial difference is that the lapse
depends on t while the time derivatives are with respect to t̄. This leads
us to conclude that the perturbed barred lapse is equal to the unbarred one
with the replacement t→ t̄, that is

n̄(t, xi) = n(t̄, xi) . (3.79)

Therefore, the action in the unbarred frame (3.76) is exactly the same as the
action in the barred frame (3.67) but in terms of the redefined time t̄. Thus,
the cosmological disformal invariance holds for perturbations at full non-linear
order as well.

Before finishing this subsection, let us briefly consider the generalization to
include non-minimal couplings. The essential point is that from the disformal
transformation, i.e. N̄ = αN , the disformal factor α only appears next to the
lapse N . Therefore, the background value of the disformal factor α0(t) can
always be removed by a rescaling of the time coordinate. At the perturbation
level, the same logic as before applies, i.e. the Hamiltonian constraint tells us
that n̄(t, xi) = n(t̄, xi) and the time coordinate rescaling applies to perturba-
tions as well. Let us show this with an example. Take the total derivative
terms we dropped before from Eq. (3.71). If there is a non-minimal coupling
present, the previously total derivative term will contribute as

Sg ⊃
∫
d3xdtM2

pl αN
√
hG(φ,X)

1√
hαN

∂t(
√
hα−1K), (3.80)

where G(φ,X) is the non-minimal coupling. We proceed as before and absorb
the background value α0(t) in a new time coordinate. After integrating by
parts we find

Sg ⊃ −
∫
d3xdt̄M2

pl

√
h e−n̄(t,xi)E ∂t̄G, (3.81)

where the factor X inside G changes as well according to

X =
1

2α2N2
(∂tφ)2 =

e−2n̄(t,xi)

2
(∂t̄φ)2. (3.82)

Once again, this action coincides with Eq. (3.67) in the presence of non-
minimal coupling except that n̄(t, xi) depends on t and not t̄. Since all
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the other terms take exactly the same form, we conclude that the solution
n̄(t, xi) = n(t̄, xi) also holds in the presence of non-minimal couplings.

To conclude this section, a disformal transformation in a cosmological
space-time, in the homogeneous-φ slicing is equivalent to a rescaling of the
time coordinate both at the background and perturbation level. This in-
terpretation is valid even for higher orders in pertubative expansion. Thus,
cosmological perturbations are invariant under a cosmological disformal trans-
formation, as long as perturbation theory applies.

3.3.2.2 Matter Fields

We saw that for the gravitational action a disformal transformation can be
understood as a rescaling of the time coordinate. For matter fields we expect
that the same result applies. The question we address in this subsection is
how are the matter fields affected by a disformal transformation. For exam-
ple, in the case of a conformal transformation the matter fields rescale (see
Eq. (3.16)). We deal with the scalar, vector and fermion field actions. We will
decompose the action in 3 + 1-decomposition, given in Eq. (3.66), and then
do a disformal transformation. We only deal at the background level as we
discussed the generalization to include perturbations in Sec. 3.3.1.2.

Scalar field. Consider a minimally coupled scalar field χ with mass m, i.e.

S = −1

2

∫
d4x
√
−ḡ
(
ḡµν∂µχ∂νχ+m2χ2

)
, (3.83)

Let us explicitly expand this action in terms of the metric Eq. (3.66), yielding

S =
1

2

∫
d3x dtN̄

√
h̄
{
N̄−2(∂tχ)2 − h̄ij∂iχ∂jχ−m2χ2

}
. (3.84)

We now do a cosmological disformal transformation by rescaling the lapse
N̄(t) = α(t)N(t), recall the transformation rules (3.48), which leads us to

S =
1

2

∫
d3x dt αN

√
h
{
N−2α−2(∂tχ)2 − hij∂iχ∂jχ−m2χ2

}
. (3.85)

Note that the scalar field action in the present form (3.85) may lead to the
conclusion that the sound speed has be modified, in a similar fashion as in
Sec. 3.3.1.1. Nevertheless, we already know that is an artifact which can be
removed by a time coordinate redefinition given by Eq. (3.54). In terms of
the new time t̄ the action reads

S =
1

2

∫
d3x dt̄N

√
h
{
N−2(∂t̄χ)2 − hij∂iχ∂jχ−m2χ2

}
. (3.86)
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The action (3.86) looks as if we started in the unbarred frame and replaced
t→ t̄. Alternatively, if we call a solution of the scalar field in the barred frame
χ̄(t) the corresponding solution in the unbarred frame is χ(t̄) = χ̄(t).

Electromagnetic field. Let us focus on the electromagnetic field, since
photons are the ones that carry the information of the CMB. The electro-
magnetic field in 4D is known to be conformal invariant [229]. However, in
general, it is not disformal invariant.

Take the action for the electromagnetic field Aµ in the barred frame, which
is given by

S = −1

4

∫
d4x
√
−ḡḡαµḡβνFαβFµν , (3.87)

where Fαβ = ∂αAβ−∂βAα. In the 3+1-decomposition (3.66) the action reads

S =
1

4

∫
d3x dt N̄

√
h̄
(
2N̄−2h̄ijFtiFtj − h̄ijh̄klFikFjl

)
. (3.88)

The disformal transformation Eq. (3.48) leads us to the unbarred frame action,
i.e.

S =
1

4

∫
d3x dtαN

√
h
(
2α−2N−2hijFtiFtj − hijhklFikFjl

)
. (3.89)

We readily see that the second term in the right hand side is unaffected.
However, the first term, i.e. Fti = ∂tAi − ∂iAt, contains a factor α. We
already saw in Sec. 3.3.1.1 that the temporal component of a vector field is
redefined as

At̄ = α−1At , (3.90)

under the time coordinate redefinition Eq. (3.54). Thus once we absorb the
disformal factor in the time coordinate and accordingly change the time com-
ponent of the vector, we end up with

S =
1

4

∫
d3x dt̄N

√
h
(
2N−2hijFt̄iFt̄j − hijhklFikFjl

)
. (3.91)

Note that we assumed that α(t) is homogeneous and isotropic and therefore
it commutes with spatial derivatives, i.e. ∂iAt̄ = α−1∂iAt. This action would
be the action in the unbarred metric but for a rescaling of the time coordinate
t→ t̄.
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In simpler fashion, the same conclusion can be drawn within the differential
form approach. Take a 1-form and redefine the time coordinate. The change
in the time component is given by

A = Aµdx
µ = Atdt+ Aidx

i

= Atα
−1dt̄+ Aidx

i = At̄dt̄+ Aidx
i. (3.92)

This shows us that in terms of differential forms, the 1-form A is invariant
under cosmological disformal transformations.

Dirac field. To end this section, let us consider a fermion field, e.g. an
electron. A fermion field Ψ with mass m and charge e in curved spacetime is
described by [43]

S = − i
2

∫
d4x
√
−ḡ
(

Ψ̆γ̄µD̄µΨ +mΨ̆Ψ
)
, (3.93)

where Ψ̆ = Ψ†γ0 is the adjoint spinor, D̄µ = ∂µ + ieAµ + Γ̄µ, γ̄µ are the
gamma matrices in curved spacetime and Γµ is the spin connection. The
gamma matrices and the spin connection are given in terms of the tetrad
components ēµ(a), which are defined by

ηab = ēµ(a)ē
ν
(b)ḡµν . (3.94)

In this way, we have γ̄µ = γaēµ(a) and

Γ̄µ =
1

8
[γa, γb]ēλ(a)∇̄µē(b)λ . (3.95)

Let us expand the action in the (3+1)-decomposition, that is

S = − i
2

∫
d3x dt N̄

√
h̄
(

Ψ̆γ0N̄−1D̄tΨ + Ψ̆γ̄iD̄iΨ +mΨ̆Ψ
)
. (3.96)

We find the tetrad components to be

ēt(a) = δ0
(a)N̄

−1 and ēi(a)ē
j
(b) = δabh̄

ij . (3.97)

In particular, note that γ̄t = γ0N̄−1.
Now let us see the effects of a disformal transformation Eq. (3.48). First,

the barred and unbarred tetrads are respectively related by

ēt(a) = et(a)α
−1 and ēi(a) = ei(a), (3.98)
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which in turn yields a similar transformation for the gamma matrices,

γ̄t = γtα−1 , γ̄i = γi. (3.99)

Regarding the transformation of the spin connection Γ̄µ, we have a contribu-
tion from the change in the tetrad as well as in the covariant derivative. The
change in the latter is given by the change in the Christoffel symbols, which
are defined by Γλµν = 1

2
ḡλσ (∂µḡσν + ∂ν ḡµσ − ∂σḡµν). Let us start by explicitly

showing the non-vanishing Christoffel symbols for the metric (3.53). These
are given by

Γ̄ttt = 1
2
N̄−2∂tN̄

2 , Γ̄itt = 1
2
h̄ij∂jN̄

2 ,

Γ̄tit = 1
2
N̄−2∂iN̄

2 , Γ̄tij = −1
2
N̄−2∂th̄ij ,

Γ̄ijt = 1
2
h̄ik∂th̄kj ,

(3.100)

where the pure spatial component Γ̄ijk is not affected by a disformal transfor-
mation. We can now see how the spin connection transforms under a disformal
transformation. First, take a look the time component Γ̄t, i.e.

Γ̄t =
1

8
[γa, γb] ēλ(a)∇̄tē(b)λ. (3.101)

The component affected by a disformal transformation is the tetrad and the
covariant derivative, which after expanding them we are led to

ēλ(a)∇̄tē(b)λ = ēt(a)∂tē(b)t + ēi(a)∂tē(b)i − ēt(a)Γ̄
t
ttē(b)t − ēi(a)Γ̄

j
tiē(b)j − ēt(a)Γ̄

i
ttē(b)i − ēi(a)Γ̄

t
tiē(b)t ,

(3.102)

If we take a close look at equation (3.102) we note that the terms with a time
derivative end up having no α dependence, these are the first four terms in
the right hand side. The time derivatives of α are canceled among each other.
On the contrary, the terms with a spatial derivative yield a common factor α.

Second, the spatial component Γ̄j is given by

Γ̄j =
1

8
[γa, γb] ēλ(a)∇̄j ē(b)λ. (3.103)

Again, the only part affected by a disformal transformation is the tetrad and
the covariant derivative, that is

ēλ(a)∇̄j ē(b)λ = ēt(a)∂j ē(b)t + ēi(a)∂j ē(b)i − ēt(a)Γ̄
t
jtē(b)t − ēi(a)Γ̄

k
jiē(b)k − ēi(a)Γ̄

t
ij ē(b)t − ēt(a)Γ̄

i
jtē(b)i .

(3.104)

This time the terms containing spatial derivatives yield no α dependence,
these are the first four terms in the right hand side of Eq. (3.104). On the
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other hand, the time derivative terms have a common factor α−1 . We can
summarize the transformation rules for the spin connection as follows:

Γ̄t[∂t, ∂i] = Γt[∂t, α∂i] = αΓt[α
−1∂t, ∂i] and Γ̄i[∂t, ∂i] = Γi[α

−1∂t, ∂i],

(3.105)

where Γµ = 1
8
[γa, γb] eλ(a)∇µe(b)λ is the spin connection in the unbarred frame.

Consider now the total action. The term Γ̄0Dt after the transformation
gives rise to Γ0α−1Dt. In particular the factor α−1 balances the factor α
coming from Γt. In this way, every and only time derivatives are accompanied
by a factor α−1 in front. As we may have expected, we can thus absorb the
disformal factor into the time redefinition Eq. (3.54). As a result, we find that
the disformal transformation of the Dirac action is given by

S = − i
2

∫
d3x dt̄N

√
h
(

Ψ̆γ0N−1Dt̄Ψ + Ψ̆γiDiΨ +mΨ̆Ψ
)
, (3.106)

where Dt̄ = ∂t̄+ ieAt̄+Γt̄, Γt̄ ≡ Γt[∂t̄, ∂i] and we have used the previous result
for the electromagnetic field (3.90). A disformal transformation is completely
a rescaling of the time coordinate, thus physics is invariant under such time
redefinition. Let us end this section by noting that neither the charge e nor
the mass m are modified by a disformal transformation.

3.3.3 Frame Independence

What we have learned is that every field is disformal invariant separately. The
situation is more interesting if there are two fields coupled to two disformally
related metrics. Does our results still apply?

For this reason, let us treat the whole system, gravity and matter. First, we
universally couple matter to ḡµν . In this way, the weak equivalence principle
is satisfied. We could consider different coupling for different matter fields but
it would not change the conclusion. For instance, it is known that if radiation
and matter couple to different disformal metrics we could see its effects in the
CMB [92, 109]. Regarding the gravity sector, let us consider for simplicity
the Einstein-Hilbert action plus a scalar field with a metric gµν . Recall that
if the total action is written in terms of gµν , we refer to it as gravity frame.
On the other hand, if the total action is written in terms of ḡ then we call it
the matter frame. In this section, we first show that the frame independence
holds in such a case and finally we discuss features of having two different
metrics.
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3.3.3.1 Gravity plus matter

In the presence of two conformally/disformally related metrics between gravity
and matter the action is usually cast as [84, 92,101,103,109,190–192]

S =

∫
d4x

{√
−g
(M2

pl

2
R[g] + Lφ(g, φ)

)
+
√
−fLm(f, ψI)

}
, (3.107)

where as we said we chose the Einstein-Hilbert action for simplicity, but in
principle one could chose non-minimal couplings as well. The scalar field φ is
the dominant field in the universe and thus we regard it as part of the gravity
action as well. We include matter fields ψI minimally coupled to another
metric f . The metric of the matter frame is related to that of the gravity
frame by

fµν = gµν + C(φ,X)∇µφ∇νφ . (3.108)

As we did in previous sections, we take the uniform-φ slicing as regard the
scalar field φ as a function of time only. Under this assumption, the two
metrics g and f differ only in the lapse function, i.e.

N2
f = N2

g

(
1−XC(φ,X)

)
≡ N2

gβ
2(φ,X) . (3.109)

We will now proceed as follows. We first do a disformal transformation of
the metric g to a metric ḡ. We absorb the background change in a redefinition
of the time coordinate and the perturbations into a redefinition of the lapse,
see Eq. (3.72) . Then we study what are the effects on the matter sector. Let
us take the relation between g and ḡ to be

gµν = ḡµν +B(φ, X̄)∇µφ∇νφ . (3.110)

Thus, the two lapse function as related by

N2
g = N̄2

g (1−XB(φ, X̄)) ≡ N̄2
gα

2(φ, X̄) , (3.111)

where X̄ = (∂tφ)2/N̄2
g . The background value of α can be absorbed by a time

coordinate rescaling given by dt̄ = α0(t)dt and perturbations go into a new
lapse, that is

Ngdt = N̄gαdt = en̄gα0(t)dt = en̄gdt̄ , (3.112)

where we used Eq. (3.72) to define en̄g ≡ N̄ge
s(t,xi).
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At this point we know that the gravity action is disformal invariant up to
a rescaling of time. Does the same rescaling apply to the matter sector? In
order to see that we express the matter sector in terms of Ng, i.e.

S =

∫
d3x dtNg

√
h
{M2

pl

2
R[g] + Lφ(g, φ) + β(φ,X)Lm

(
h, (βNg)

−1∂tψI , · · ·
)}

.

(3.113)

We make use of Eq. (3.112) to write the action in terms of the barred time t̄,
which yields

S =

∫
d3x dt̄N̄g

√
h
{M2

pl

2
R[ḡ] + Lφ(ḡ, φ) + β(φ,Xḡ)Lm

(
h, (βN̄g)

−1∂t̄ψI , · · ·
)}

,

(3.114)

where we defined

Xḡ ≡
1

N̄2
g

(
∂φ

∂t̄

)2

= X . (3.115)

Note that the matter sector in terms of t̄ includes a non-minimal coupling
with the scalar field. Nevertheless, this non-minimal coupling can be removed
if we redefine the metric f by

f̄µν = ḡµν + C(φ,Xḡ)∇µφ∇νφ , (3.116)

or alternatively N̄f ≡ N̄gβ(φ,Xḡ). With this new metric f̄ the total action
reads

S =

∫
d3x dt̄

{√
−ḡ
(M2

pl

2
R[ḡ] + Lφ(ḡ, φ)

)
+

√
−f̄Lm(f̄ , ψI)

}
. (3.117)

We readily see that the action looks exactly as the action (3.107) but for the
replacement t→ t̄. Furthermore, the relation between the gravity and matter
metrics Eq. (3.108) has not been modified according to Eq. (3.116). Therefore,
the total system of gravity and matter is unchanged up to a time rescaling,
which implies that that physics is disformal invariant.

3.3.3.2 Propagation speed of gravitons and photons

In the previous sections we have seen that the physical observables of a given
theory, including gravity and matter, are invariant under a general metric
transformation. This fact does not mean that one could not obtain observable
features due to, for example, matter being disformally coupled. As we will
extensively discuss in Chap. 4, the form of the coupling to matter could be
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very relevant. We have advanced in Sec. 3.1.2 that gravitons may propagate at
a speed faster or slower than the photons,6 as it was pointed out by Bekenstein
[81]. This will be the case if matter minimally couples to a metric which is
disformally related to the gravity metric.7 Then, such relative difference in
the propagation speeds exists in any frame.

We can clarify the previous statement with a particular model. Consider
an action given by

S =

∫
d4x

{√
−g
(M2

pl

2
R[g] + L(g, φ)

)
+
√
−ḡLm(ḡ, ψI)

}
, (3.118)

where ḡµν is disformally related to gµν . We used the notation ḡ so that it is
consistent with Sec. 3.3.2. In this action, photons and gravitons propagate at
a different speed. As this point may not be completely clear from Eq.(3.118)
let us rewrite it only in terms of the matter metric, that is

S =

∫
d4x

{√
−g[ḡ]

(M2
pl

2
R[g[ḡ]] + L(g[ḡ], φ)

)
+
√
−ḡLm(ḡ, ψI)

}
. (3.119)

Now, we can make use of the transformation rules8 for a disformal transfor-
mation given by Eq. (3.70) we saw in Sec. 3.1.2. In this way, we are led to a
Horndeski action which we can roughly write as

S =

∫
d4x
√
−ḡ
{
LHorndeski(ḡ, K̄, R̄, φ, X̄) + Lm(ḡ, ψI)

}
. (3.120)

We can see that in the matter frame the interpretation has changed. The
gravitons propagate at a speed different than the speed of light because of a
modification of gravity, not due to the disformal coupling with matter. One
can check that, in this Horndeski Lagrangian, the propagation speed of tensor
modes will be given by cT = α−1. This result can be alternatively derived from
the relative factor α2 in the disformal transformation. Note that using the
results of Sec. 3.3.2.1 we conclude that this effect cannot be observed in the
CMB temperature power spectrum [218], even if tensor modes were detected.
This can be easily understood by looking at the action Eq. (3.118). Since
matter fields are usually irrelevant during inflation, such model is physically
equivalent to GR plus a scalar field. This also means that during inflation the
propagation speed of tensor modes could be set to unity by going to the Ein-
stein frame (at least perturbatively). This is discussed in detail in Ref. [218].
Nevertheless, we could find the difference in propagation speeds if we test

6This depends on the sign of the disformal factor B in Eq. (3.46).
7Not to be confused with the fact that a disformal transformation by itself does not

change the speed of propagation.
8We have to switch the roles of the barred and unbarred metrics.
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the theory Eq. (3.118) using gravitational waves and their electromagnetic
counterpart.

To end this section, let us say that if we are interested in the causal
structure of the whole system, i.e. gravity and matter, we can use a disformal
transformation to go to a frame where the propagation speed of the fastest
species is set to unity, i.e. equal to the geometrical factor that defines the
causal structure often written as c. Thus, in the resulting frame any field has
a propagation speed less than one and we can apply the standard notions of
causal structure.

3.4 Summary and discussion

We have seen that scalar-tensor theories often involve a non-minimal cou-
plings. In the action, non-minimal couplings can be interpreted in two ways.
First, there could be a function of the scalar field in front of the scalar cur-
vature and matter be minimally coupled to the metric. Second, the gravity
sector could be GR plus a minimally coupled scalar field but matter interacts
non-trivially with the scalar field. This two representations of the same theory
are respectively called the matter (Jordan) frame and the gravity (Einstein)
frame.

In section 3.1 we have motivated scalar-tensor theories and non-minimal
couplings from higher dimensional theories. We have seen that Jordan and
Einstein frames are related by metric transformations, which in general are
conformal and disformal transformations. In Secs. 3.1.1 and 3.1.2, we have
provided interpretations, transformation rules and applications of metric
transformations in cosmology and other areas of physics.

After we showed the mathematical equivalence of frames, we proceeded
in Secs. 3.2 and 3.3 to prove that frames related by a metric transformation
are actually physically equivalent. We started with particular examples in a
cosmological background and then we moved to a proof for non-linear cosmo-
logical perturbations. We have seen that including first derivatives of the field
in the transformation makes it non-trivial and thus we presented an explicit
proof of the equivalence. We showed that the same applies for matter fields.
Interestingly, if photons couple to a disformally related metric then gravitons
and photons, would have different propagation speeds.

We end this section by noting that metric transformations can be also un-
derstood within Hamiltonian formulation of GR. In that case a metric trans-
formation is a canonical transformation of variables. Thus, one can show that
a (regular) metric transformation does not change the number of degrees of
freedom of the theory as it keeps the same constraint algebra (see [230] for
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a proof in a general disformal transformation). In Appendix H we provide a
brief introduction to the Hamiltonian formalism and metric transformations.
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We have devoted Chapter 3 to show that in scalar-tensor theories, phys-
ical observables do not depend on the frame one works in. We have seen
that a metric transformation give us an equivalent representation of the same
model, even if it involves derivatives of the scalar field. Does this mean that
all inflationary models which are related by a metric transformation, which in
principle is infinitely large, yields exactly the same predictions and thus they
are observably indistinguishable? The answer is obviously no. This degener-
acy is broken when we include matter fields into our system. For example, as
we have seen in Secs. 3.2 and 3.3 the relation between the gravity and the mat-
ter metrics is relevant. In other words, the important point is what is the form
of the gravity frame and what is the form of the matter frame. In this chapter,
we will see that this relation may in fact be observationally distinguishable,
e.g. has a distinct feature in the power spectrum.

This chapter is organized as follows. First in Sec. 4.2 we discuss how to
define inflation and review a particular analytic model. In Sec. 4.3 we study
two interesting cases of matter frames. We will follow our article in JCAP,
Ref. [124].
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4.1 Inflation and frames

In Chapter 2 we have defined inflation as an accelerated expansion. However,
if there is a non-minimal coupling as in Chapter 3 two questions appear. First,
which metric do we use to define inflation? Since, for example, the matter
metric need not be inflating (see Sec. 3.2). This has a simple answer and it
is that inflation should be defined as an accelerated expansion in the Einstein
frame.1

The second question is: If there is an Einstein frame, can we say that a
non-minimal coupling was present? During inflation the inflaton field com-
pletely dominates the dynamics of the universe and other fields are usually
completely negligible. Thus whether there was a non-minimal coupling or not,
just becomes a matter of taste.2 The answer to this question is more subtle
and we will use some examples. We have seen that non-minimal couplings
in Scalar-Tensor theories (which includes f(R) theories), without any higher
order derivatives in the action, can be transformed into an Einstein-Hilbert
action form. The price to pay is a non-minimal coupling between matter
fields and the scalar field. Knowing this, we can turn around the question of
what non-minimally coupled theory took place during inflation to what was the
coupling to matter?

Assuming that there exists an Einstein frame, we can write our inflationary
Lagrangian in generality as

S =

∫
d4x
√
−g
{
M2

pl

2
R + Linf (φ)

}
+

∫
d4x
√
−g̃Lmatter (χ) , (4.1)

where Linf and Lmatter respectively are the Lagrangian for the inflaton and
matter fields. In the limit where the scalar field φ completely dominates the
dynamics of the metric, we can split the system into the gravity sector, i.e.
metric and φ, and the matter sector, here the field χ. Regarding the coupling
to matter, we will take a general approach and leave the relation between g
and ḡ a free variable. In this way, we will see in which cases the coupling
becomes relevant, i.e. observable. What is the form of the Jordan frame? For
this purpose, let us be more concrete in the model.

First of all, we will assume that matter metric is related to the gravity
metric by

gµν = Ω2(φ)g̃µν . (4.2)

For the moment Ω is any well-behaved non-zero function of φ. Second, we
take as a representative of matter fields a canonical scalar field χ with mass

1In general it does not always exist. However, one can define it perturbatively [116,180].
2That applies to theories with an existing Einstein Frame.
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m̃, i.e.

Lmatter (χ) = −1

2
g̃µν∂µχ∂νχ−

1

2
m̃2χ2 . (4.3)

With this information, we can explicitly write down the form of the Einstein
and Jordan frames. The Einstein frame is given by

S =

∫
d4x
√
−g
(
M2

pl

2
R− 1

2
gµν∂µφ∂νφ− V (φ)

)
+ Ω−2

√
−g
(
−1

2
gµν∂µχ∂νχ−

1

2
m2χ2

)
,

(4.4)

where Mpl is the Planck mass, φ is the inflaton field and m = Ω−1m̃ (see
Sec. 3.1.1). The Jordan frame reads

Sg =

∫
d4x
√
−g̃
(
M2

pl

2
Ω2(φ̃)R̃− 1

2
g̃µν∂µφ̃∂νφ̃− Ṽ (φ̃)

)
+
√
−g̃
(
−1

2
g̃µν∂µχ∂νχ−

1

2
m̃2χ2

) (4.5)

where we have redefined the scalar field so that it takes a canonical form by(
dφ̃

dφ

)2

= Ω2(φ)

∣∣∣∣∣1− 6M2
pl

(
∂ ln Ω

∂φ

)2
∣∣∣∣∣ (4.6)

and the new potential is

Ṽ (φ̃) = V (φ(φ̃)) Ω4(φ(φ̃)). (4.7)

According to what we have discussed in Sec. 3.2 (see also Refs. [204, 205])
both actions lead to the same curvature power spectrum and, a priori, they
cannot be distinguished observationally in the temperature power spectrum
of the CMB. Note that we will assume that at the end of inflation Ω→ 1 and
therefore the Jordan and Einstein frame coincide. In this way, we do not spoil
the predictions of the hot big bang as at late times the form of the coupling
is very much constraint [64] (see the discussion in Sec. 1.3).

Now the question we want to address is the following: Does the functional
form of Ω has any effect on the observables in the early universe? In other
words, would there be any observable difference if matter coupled to, say,
Ω1 or Ω2 and so on? Note that if the answer is negative, that means that
plenty of models would be degenerate. To understand that we will make two
difference choices of Ω and show that in fact there is an observable difference,
theoretically speaking, in section 4.3. Nevertheless, we can advance the main
idea as follows. In conformal coordinates and in the uniform-φ slicing, the
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effect of a conformal transformation is completely encoded in the change of
the scale factor, i.e.

ã = Ω−1a . (4.8)

Furthermore, recall that perturbations of the scalar fields follow the Hubble
parameter (see Sec. 2.2) corresponding to ã, that is

H̃ = H− d

dη
ln Ω . (4.9)

In this way, it is clear that by choosing Ω we are changing how the perturba-
tions evolve in the matter frame.

A note of warning. A theory is specified when both matter and gravity
sectors are given. In this chapter, we are considering a functional space of
theories, each theory specified by the functional form of Ω, i.e. in notation
of distributions S = S[Ω]. Then it is natural that different theories have
different predictions. This should not be confused with the frame invariance
of observables in Chapter 3. In other words, once Ω is chosen the resulting
theory is invariant under metric transformations.

4.2 Inflation in the Einstein frame

In this section, we will study the dynamics of the gravitational sector. Note
that if we were to work in the general case, we could not get any useful insight
since we have complete freedom in the form of the non-minimal coupling Ω.
However, if we just focus on a particular form of Ω, then we would very much
narrow our considerations and we would not learn much from it. For these
reasons, we will focus on an inflationary model which is simple, exact and
analytic and still provides a wide variety of results. That is, we will make use
of power-law inflation [125] where the inflaton has an exponential potential
and we will assume this is the inflationary model in the Einstein frame. For
the interested reader, the exact general solution is shown in Refs. [231,232].

4.2.1 Power-law inflation

Power-law inflation was first introduced by Lucchin and Matarrese [125] where
they considered an exponential potential for the scalar field given by

V (φ) = V0e
−λφ/Mpl , (4.10)

where V0 is the energy scale of the potential and λ is a given parameter. In a
flat FLRW background (see Eq. (2.7) with K = 0), recall that is

ds2 = −dt2 + a2dx2 , (4.11)
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Figure 4.1: Phase space diagram for a given λ. Black line stands for the
attractor power-law solution, whereas the colored lines are the two families
of general solutions (initially rolling-up solutions below the black line and
initially rolling-down solutions above the black line).

the Einstein equations (see Eqs. (2.9), (2.46) and (2.52)) yield

3H2M2
pl =

1

2
φ̇2 + V0e

−λφ/Mpl (4.12)

and
φ̈+ 3Hφ̇− λV0

Mpl

e−λφ/Mpl = 0 . (4.13)

We can now plug in a power-law ansatz for the scale factor, e.g.

a = a0

(
t

t0

)p
(0 < t <∞) . (4.14)

The solution from this ansatz yields that the scalar field evolves as

φ =
2Mpl

λ
ln

(
t

t0

)
, (4.15)

the parameter p is related to λ by

p = 2/λ2 , (4.16)

and the scale t0 is related to the parameters of the theory by

λ2V0t
2
0 = 2M2

pl(3p− 1) . (4.17)

The Hubble and slow-roll parameters are given respectively by

H ≡ ȧ

a
=
p

t
,

ε ≡ Ḣ

H2
=

1

p
,

(4.18)
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where a dot refers to the derivative with respect to the cosmic time t. We
can see that this solution describes an initial big bang followed by an eternal
expansion, i.e. the universe never stops expanding. Regarding the graceful
exit we will assume the inflaton eventually decays. There is a relation which
will be useful later and it is given by

λHMpl = φ̇ . (4.19)

We have inflation if ä > 0, which implies p > 1. In fact, slow-roll inflation
requires ε� 1 and thus we will consider p� 1 (see Eq. (4.18)). The solution
we have shown is an attractor solution, i.e. solutions with initial conditions
lying outside the attractor solution tend to approach the attractor solution
with time (see Fig. 4.1). As one can see in Refs. [231,232], there are two types
of solutions a part from the late time attractor. Either the field starts rolling
down faster and then slows down or the field starts rolling up, stops and rolls
down again. These two latter class of solutions do not have a well defined
initial conditions for the perturbations and thus we decided not to consider
them further in this thesis.

Before ending this section, let us rewrite the variables in conformal time,
i.e. dt = adη, since we will make heavy use of them later.3 First we have that(

η

η0

)
=

(
t

t0

)−(p−1)

(4.20)

where η0 = − t0
a0(p−1)

. Note that η runs from −∞ < η < 0. Thus,

a = a0

(
η

η0

)− p
p−1

, H ≡ a′

a
=

p

p− 1

1

−η
(4.21)

and
φ = −λMpl

p

p− 1
ln

(
η

η0

)
, (4.22)

where a prime denotes derivative with respect to conformal time. Let us see
next what are the inflationary predictions of this model.

4.2.2 Primordial fluctuations

Now we will compute the power spectrum of quantum fluctuations and find
the scale dependence of the power spectrum of temperature fluctuations in
the CMB. We will make use of cosmological perturbation theory [18,233]. We
proceed as follows (see Appendix E for a detailed derivation). First we perturb

3Since we do a conformal transformation, conformal time is most appropriate.



4.2. Inflation in the Einstein frame 77

the inflaton and the metric around the FLRW background. For convenience
we choose to work in the uniform-φ or comoving gauge in the conformal time
where the metric is given by

ds2 = a2(η)
(
− (1 + 2A) dη2 + 2∂iβ dt dx

i + ((1 + 2Rc) δij + γij) dx
idxj

)
,

(4.23)
and we only focused on scalar and tensor perturbations as the vector modes
are non-dynamical. We expand up to second order the action in the Einstein
frame Eq. (4.4) completely neglecting the field β for the moment. Since we
know there is only one scalar d.o.f. we have integrate to out the lapse A
and shift β, i.e. we take the variation with respect to them and solve the
constraints. Once the system is reduced, only one scalar variable survives and
yields (see Eq. (E.35)) in Fourier space

S2,Rc =

∫
d3x dη z2

(
R2
c
′ − k2R2

c

)
, (4.24)

where z2 = a2ε andRc is the comoving curvature perturbation. The equations
of motion are the so-called Mukhanov-Sasaki equation [234,235], namely

R′′c + 2
z′

z
R′c + k2Rc = 0, (4.25)

where

z = aφ′/H = λaMpl (4.26)

and we used Eq. (4.19) in the last step. Now we have to quantize the system
and compute the power spectrum of quantum fluctuations.

Assuming that the field is in the slow-roll regime, i.e. p� 1, we can make
use of the WKB approximation4 to solve Eq.(4.25) in the deep subhorizon

4The WKB approximation is a good approximation if the wavelength of the oscillations
is much shorter than the length scale of the system. In other words, if the frequency is
much faster than the time scale of the system. During inflation this is translated to k � H,
which also means kη � 1, that is sub-horizon scales. For example, take an equation like

R′′c + ω2(k, η)Rc = 0 .

The following is the solution at leading order if ω2 � ω′,

Rc(k, η) ∼ 1√
ω(k, η)

e−i
∫ η dη′ω(k,η′) .

Including a damping term, which is slowly varying in time as well, slightly changes the
amplitude of the wave function. For example, if we include 2HR′c the amplitude is modified
from ω−1/2 to a−1ω−1/2. In this way it is easy to find Eq. (4.27).
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limit, that is k � H. If we choose as initial conditions the Bunch-Davies
vacuum one has, once the canonical commutation relations are imposed,

Rc(k, η) =
a−1

√
4ε k

e−ikη . (4.27)

After horizon crossing, i.e. k = H(η∗), the mode freezes and becomes constant,
that is

Rc(k, η) =
H(η∗)√

4ε k3
, (4.28)

where aH = H and it is evaluated at horizon crossing. This gives us a relation
between k and η at horizon crossing, i.e. −kη∗ = p/(p− 1). Thus we are led
to

H =
H
a

=
1

−a0η0

p

p− 1

(
η

η0

) 1
p−1

= H0

(
k

k0

) −1
p−1

, (4.29)

where H0 = p/t0 and k0 is the scale corresponding to the horizon crossing of
η0, i.e. −k0η0 = p/(p−1). The power spectrum of the curvature perturbation
is therefore given by

PRc(k) =
4πk3

(2π)3
|Rc(k)|2 =

(
H2

2πφ̇

)2

=
p

8π2

H2

M2
pl

=
p

8π2

H2
0

M2
pl

(
k

k0

) −2
p−1

.

(4.30)
Similarly, the tensor perturbation spectrum is given by

Pγ(k) =
4πk3

(2π)3
|γk|2 =

2

π2

H2

M2
pl

=
16

p
PRc(k) , (4.31)

where in the last step we used Eq. (4.30). These are the standard results of
power-law inflation [125] (see Ref. [236] for a more precise calculation).

In passing, we can compare it to observational constraints. The spectral
index is given in terms of the parameter p as

ns − 1 =
d lnPRc
d ln k

=
−2

p− 1
, (4.32)

which is slightly red, while the tensor to scalar ratio is given by

r =
Pγ
PRc

=
16

p
. (4.33)

The constraints by Planck 2015 [38], give ns,planck ≈ 0.96 and rplanck < 0.1

(see Sec. 2.2). From the spectral index we find p ≈ 50, but at the same time
it results in a large r, i.e. r ≈ 0.32. This is actually a common feature of large
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field inflation models. Despite the fact that this model is already excluded as
it is, we will consider that the matter scalar field χ is a curvaton [126–128]. As
we will see in next section, the discrepancy can be alleviated in the curvaton
scenario.5 In any case, our purpose is not to resolve the discrepancy but
to study the matter’s physics in the Jordan frame. It turns out that we can
actually make power-law inflation observationally more attractive, if we regard
a curvaton as matter, as will be shown below.

4.3 Matter frame and its signatures

So far we reviewed power-law inflation in the Einstein frame while neglecting
the contribution of the matter fields, as it is usually done. To tackle the
question of whether the coupling to matter can leave some observable imprints,
we need a field which contributes to the curvature power spectrum and, thus,
to the temperature fluctuations of the CMB. There is an already existing
model capable of doing so and it is called the curvaton scenario [126–128].

Before going into details, let us see how the matter metric variables are
related to the power-law Einstein metric after the conformal transformation
Eq. (4.2). It is sufficient to consider only the modification of the background.
The line element of the matter frame is given by

ds̃2 = Ω−2(φ)ds2 = Ω−2
(
−dt2 + a2dx2

)
= −dt̃2 + ã2dx2 , (4.34)

and thus the proper time and the scale factor are respectively related by

dt̃ = Ω−1/2dt (4.35)

and

ã = Ω−1/2a . (4.36)

On the other hand, the matter conformal Hubble parameter reads

H̃ = H− Ω′/Ω = H
(

1− λ ∂ ln Ω

∂φ/Mpl

)
, (4.37)

where (4.19) has been used. With these transformation rules we are ready to
study the matter frame.

In section 4.3.1, we will briefly explain the curvaton mechanism and while
doing so we will show the equivalence of frames for the curvaton. Next, in
Secs. 4.3.2 and 4.3.3, we will consider two examples of the matter coupling,
i.e. two different functions of Ω.

5Essentially because we will have two contributions to the scalar power spectrum but a
single contribution to the tensor power spectrum. Thus r is reduced.
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4.3.1 Curvaton

Let us present the basics of the curvaton mechanism, which was proposed by
Refs. [126–128]. See Appendix G for details. The curvaton is a scalar field
that:

(i) Has a non-vanishing initial background value and it is almost massless.6

(ii) Its energy density is sub-dominant during inflation.

(iii) After the end of inflation and the subsequent decay of the inflaton, the
curvaton dominates the energy density of the universe.7

(iv) The curvaton decays into radiation before primordial nucleosynthesis
(see Chapter 2). Its isocurvature (or entropy) perturbation is then con-
verted into adiabatic curvature pertubation and contributes to the scalar
power spectrum along with the inflaton.

Scalar fields which satisfy the first two conditions are often referred to as
spectator fields. The curvaton is a spectator field which contributes to the
curvature power spectrum. Note that its contribution could be larger than
that of the inflation if, for example, the mass of the inflaton is much smaller
than 1013GeV .8

In order to avoid any confusion let us see that the quantum fluctuations
of the curvaton are indeed frame independent. We take the curvaton to be
minimally coupled to the matter metric g̃µν and therefore the curvaton action
is given by

Sm =

∫
d4x
√
−g̃
(
−1

2
g̃µν∂µχ∂νχ−

1

2
m̃2χ2

)
, (4.38)

where m̃ is the mass of the curvaton in the matter frame. If we now per-
turbatively expand the curvaton around its background value, i.e. χ(k, η) =

χ0(η) + χk(k, η), up to second order in the action in Fourier space we obtain

S2,χ =

∫
d3x dη

ã2

2

(
χ′2k −

(
k2 + ã2m̃2

)
χ2
k

)
. (4.39)

6If it is massive it oscillates and decays.
7There might be some amount of radiation if the inflaton decayed into radiation.
8If the mass of the inflaton is 1013GeV , the Hubble parameter will be roughly H ∼

1013GeV . This means that the amplitude of the power spectrum is 10−12, i.e. 3 orders
of magnitude smaller than what we observe. In that case, the curvaton contribution could
dominate as the amplitude of its power spectrum is inversely proportional to its background
value.
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Note that we assumed that the curvaton is completely sub-dominant and
therefore we can neglect metric and inflaton perturbations. The equations of
motion for the mode functions χk are given by

χ′′k + 2H̃χ′k + (k2 + m̃2ã2)χk = 0. (4.40)

On the other hand, in the Einstein frame where the action is

Sm =

∫
d4xΩ−2

√
−g
(
−1

2
gµν∂µχ∂νχ−

1

2
m2χ2

)
, (4.41)

the action for the perturbation χk is given by

S2,χ =

∫
d3x dη

Ω−2a2

2

(
χ′2k −

(
k2 + a2Ω−2m̃2

)
χ2
k

)
. (4.42)

Thus, the equation for the mode functions reads

χ′′k + 2(H− Ω′/Ω)χ′k + (k2 +m2a2)χk = 0 , (4.43)

where we redefined the mass by m = Ω−1m̃. We proceed as usual with its
quantization. Note that if we use the conformal time of the time coordinate,
the canonical commutation is trivially equal in both frames. Then the field
equation is automatically the same. In any case, for illustrative purposes we
presented the mode function equations of motions for both frames. We can
compare Eqs. (4.40) and (4.43) and readily see that they are exactly equal
but for interpretations. Concretely, Eq. (4.40) is the e.o.m. of a canonical
scalar field in an expanding background whereas Eq. (4.43) has explicitly the
effect of the coupling between the inflaton and the curvaton. Nevertheless,
the important point is that the the curvaton perturbation power spectrum is
frame independent. Let us now see what is the contribution of the curvaton
to the power spectrum.

Assuming the sudden decay approximation [128], the curvaton curvature
perturbation spectrum is given by (see Appendix G)

Pχ(k) = r2
?

4πk3

(2π)3

|χk|2

χ2
?

, (4.44)

where χ? and r? respectively are the background value of the curvaton field
and the energy density fraction of the curvaton at the time of decay,9 that is

r? = ρχ?/(ρtotal + ptotal)? . (4.45)

9The value χ? is related to χ0 by the background equations of motion, i.e. χ′′+ 2H̃χ′+
ã2m̃2χ = 0. In other words χ? = χ?(χ0). See Appendix G.
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Note that Eq. (4.44) is valid as long as the curvaton has a non-vanishing
background value, which implies H̃ � m̃ [128, 237]. We can understand this
fact from the e.o.m. of the curvaton, i.e.

χ̈+ 3H̃χ̇+ m̃2χ2 = 0 . (4.46)

If H̃ � m̃ then the curvaton cannot settle down to the minimum of its po-
tential due to a large Hubble friction. Then the total scalar power spectrum,
i.e. the one which sources the temperature fluctuations in the CMB, has a
contribution from inflation and from the curvaton and we express it as

Ptot = PRc + Pχ , (4.47)

It should be noted that as a result the tensor to scalar ratio (4.33) that we
observe in the CMB is given by [238]

r̃ =
Pγ
Ptotal

=
r

1 + Pχ/PRc
, (4.48)

where we used Eq. (4.33) in the last step. Therefore, we conclude that in
general r̃ < r. In this way, we can make this scenario more consistent with
the current observational data if we assume the curvaton energy density at
the time of decay is comparable to or greater than that due to the inflaton
and radiation. Then r̃ and the non-gaussianity parameter, fNL, are small
enough [239,240].

In what follows we consider a couple of examples separately. Bear in mind
that we assume a slow-roll inflationary Einstein frame, i.e. p � 1, unless
otherwise stated.

4.3.2 Power-law matter frame

We start by considering that the coupling between matter and gravity metrics
is a simple conformal transformation given by

Ω1(φ) = eαλφ/(2Mpl) , (4.49)

where α is, for the moment, a free parameter and the dependence on λ is
included for later simplicity. This type of exponential coupling is often present
in dilaton models in string theory, for example see Ref. [241]. Note that the
parameter α describes the theory space. In other words, different values of α
correspond to two different theories. Let us illustrate this point by showing
the total action in the matter frame. First, we need to calculate the inflaton
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field redefinition Eq. (4.6). For the case of the exponential coupling Eq. (4.49)
we have that Eq. (4.6) reads

dφ̃

dφ
= eαλφ/(2Mpl)

√
1− 3

2
α2λ2 =

2ξ−1/2

αλ
eαλφ/(2Mpl) , (4.50)

where for simplicity we defined

ξ ≡ (αλ)2

4− 6(αλ)2
=

α2

2(p− 3α2)
. (4.51)

After a simple integration we find that

φ̃

Mpl

= ξ−1/2eαλφ/Mpl . (4.52)

Now, we can write the Jordan frame Eq. (4.5) in terms of the redefined inflaton
field Eq. (4.52), which yields

S =

∫
d4x
√
−g̃

(
ξφ̃2R̃

2M4
pl

− 1

2
g̃µν∂µφ̃∂νφ̃− Ṽ0

( φ̃

Mpl

)4− 2
α

)
(4.53)

+
√
−g̃
(
−1

2
g̃µν∂µχ∂νχ−

1

2
m̃2χ2

)
, (4.54)

where Ṽ0 = V0ξ
2−1/α. Let us note a couple of important points. First, in this

form it is clear that each choice of α leads to a different theory, in this case to a
different potential for the inflaton in the Jordan frame. For example, if α� 1

we have a quartic potential and if α = 1 then we have a quadratic potential.10

Second, it should be noted that for α2 > 2/(3λ2) = p/3, the gravitational part
of the Jordan frame action becomes ghost-like. Nevertheless since the original
Einstein frame action is perfectly normal, the system is stable in spite of its
seemingly dangerous form [242].

Let us now explore the corresponding evolution of the inflationary universe
in the matter frame. First, the coupling in terms of the cosmic and conformal
time respectively reads (see Eqs. (4.15) and (4.22))

Ω1(φ) = eαλφ/(2Mpl) =

(
t

t0

)α
=

(
η

η0

)− α
p−1

. (4.55)

We thus straightforwardly find that the matter frame scale factor is given by

ã = Ω−1
1 a = a0

(
η

η0

)α−p
p−1

≡ a0

(
η

η0

)− p̃
p̃−1

, (4.56)

10It turns out that the case α = 1 is quite particular, leading to an exponential expansion.
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where in the last step we defined a new power-law index p̃. Note that we have
obtained a new power-law universe with a different power-law index. In fact,
it is related to that in the Einstein frame by

p̃− 1 =
p− 1

1− α
. (4.57)

The conformal hubble parameter is now given by

H̃ =
p̃

p̃− 1

1

−η
. (4.58)

So far, we have worked in conformal time for convenience. However, we know
that the cosmic time, the proper time for matter, also changes and it does so
according to

dt̃ = Ω−1
1 dt . (4.59)

Integrating this equation we find(
t̃

t̃0

)
=

(
t

t0

)−α+1

(4.60)

where
t̃0 =

t0
1− α

. (4.61)

In terms of the matter proper time the scale factor and the Hubble parameter
respectively read

ã = a0

(
t̃

t̃0

)p̃
and H̃ =

p̃

t̃
. (4.62)

This agrees with Ref. [210], where the condition to obtain the scale-invariant
tensor spectrum was discussed from the Jordan frame point of view. Depend-
ing on the value of α we obtain different power law indexes and, therefore,
different evolutions of the universe. Let us list all the possible cases:

1. If −∞ < α < 1 we have an inflationary universe with p̃ > 1 and
0 < t̃ <∞.

2. If α = 1 we have an exact exponential expansion, which corresponds to
the limit p̃→∞, and −∞ < t̃ <∞.

3. If 1 < α < p we have a super-inflationary universe with p̃ < 0 and
−∞ < t̃ < 0. This case is quite interesting and we will study it further
below.
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Figure 4.2: Jordan conformal Hubble parameter as a function of conformal
time η. The black line is the exponential expansion p̃ → ∞, orange lines
stand for power-law inflation, p̃ > 1, whereas green dashed lines stand for
super-power-law inflation, p̃ < 0. Note how in the super-inflating case H̃
increases and H̃ increases faster than the exponential case.

4. If α = p we have flat space where p̃ = 0 and −∞ < t̃ < 0. This case
actually corresponds to Ω = a.

5. If p < α <∞, we have a decelerated contracting universe with 0 < p̃ < 1

and −∞ < t̃ < 0. Note that α > p implies α2 > p/3 for p > 1/3. Hence
this last case corresponds to the ghost-like gravity mentioned before.

Interestingly, there are cases where power-law Jordan frame is not re-
stricted to p̃ > 1 nor even p̃ > 0. Thus, despite the fact that an almost scale
invariant spectrum is obtained independent of the frame, the matter frame
might not be an inflationary universe. It could even be contracting! In words
of Refs. [243], the non-minimal coupling “assists” inflation. That is to say
that we have inflation in the Einstein frame although the Jordan frame is not
inflationary, due to the non-minimal coupling with the inflaton.

Before computing the power spectrum, let us look in more detail what
is the meaning of a super-inflating universe. Take a look at Eqs. (4.58) and
(4.62). We see that H̃, H̃ > 0. The difference with an inflationary universe is
that for super-inflation H̃ grows in time, while usually H̃ always decrease. In
other words

dH̃

dt̃
> 0 for p̃ < 0 . (4.63)

This is the reason why we call it super-inflation. It expands faster than an
exponential expanding universe. Note that in usual General Relativity one
has that Ḣ ∝ −(p + ρ) (see Chapter 2) and thus H always decrease unless
the null energy condition (which says p + ρ > 0) is violated. This could
have catastrophic consequences for the singularity theorems. However, in the
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Figure 4.3: Rough idea of the quantum fluctuations in a super-inflationary
universe. On the left: the blue mode exits the horizon and freezes. The orange
mode keeps oscillating. On the right: the orange mode exits the horizon. The
Hubble radius decreased and the amplitude of the orange mode increased with
respect to the blue one. Thus we have a blue tilt of the spectrum.

presence of non-minimal couplings this is possible and in fact quite normal
in the Jordan frame. Recall that we started from an Einstein frame with
canonical scalar fields and therefore our theory is well defined. The behavior
of the Hubble and the conformal Hubble parameter for 0 < α < p (p̃ < 0

and p̃ > 1) are respectively shown in Fig. 4.2. Let us turn now to the power
spectrum.

To calculate the scalar power spectrum due to the curvaton we assume
that we are in the slow-roll regime, i.e. |p̃| � 1. Then can make use of the
WKB approximation inside the horizon and assume that a mode freezes out
instantaneously at horizon crossing, which we call the instantaneous horizon
exit assumption. The mode function for the curvaton in subhorizon scales is
then given by

χk(k, η) =
ã−1

√
2 k

e−ikη (4.64)

and after horizon crossing by

χk(k, η) =
H̃(η∗)√

2 k3
. (4.65)

The curvaton curvature perturbation spectrum, if we assume the sudden decay
approximation [128], is given by

Pχ(k) = r2
?

4πk3

(2π)3

|χk|2

χ2
?

= r2
?

H̃2

(2πMplχ?)2
= r2

?

H̃2
0

M2
plχ

2
?

(
k

k0

) −2
p̃−1

. (4.66)
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Figure 4.4: Power spectrum in logarithmic scale for the power-law Jordan
case. Inflaton curvature power spectrum (red line), tensor power spectrum
(black line), super-inflationary curvaton power spectrum (blue line) and total
scalar power spectrum (green line). We chose p = 50 and α = 4 (p̃ ∼ −15).

The curvaton spectral index can be easily extracted from (4.66). We obtain

ñχ − 1 =
−2

p̃− 1
, (4.67)

which need not be a red index. In particular, a blue tilt is obtained for p̃ < 0,
which is a common feature of super-inflationary models [244–249]. See Fig. 4.4.
This blue spectrum contribution could be important on small scales.11 Inter-
estingly, it could enhance primordial black hole formation which can account
for a fair amount of dark matter [251] or explain 60M� binary black hole
mergers [252]. See Ref. [253] for an interesting application of a similar model
to the detected GW and Ref. [250] for values of current constraints. It should
be noted that if the amplitude of the power spectrum becomes order unity,
one expects a back-reaction from the large curvaton fluctuations. However,
well before the back-reaction becomes relevant, we would most likely have an
over-abundance of PBHs and it would be rule out by observations. Thus,
there should be a cutoff in this model. In that respect, recall that at the end
of inflation we require that Ω → 1 and therefore the blue tilt does have a
cut-off. A detailed study on such a situation could be interesting but it is
beyond the scope of this thesis.

11If it were important at large scales, e.g. on CMB scales, this model would be completely
ruled out by observations. Recall that ns ∼ 0.96 for CMB scales. Well below that there is
no real constraint on ns. Note that PBH also create spectral distortions on the CMB [250].
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Figure 4.5: On the left: Scale factor of the matter frame ã in terms of the
conformal time η. On the right: Conformal hubble parameter of the matter
frame H̃ in terms of the conformal time η. At the time of bounce ã is mini-
mum and H̃ = 0. There is another point where H stop decreasing and start
increasing, i.e. a saddle point H̃ ′(ηc) = 0.

4.3.3 Bouncing matter frame

Let us now turn into the second and final example. In this case, we consider a
slightly more complicated function for the coupling between the Einstein and
matter metrics. Concretely, we choose to work with

Ω2(φ) =
(

1 + e
−αλ
2Mpl

φ
)−1

=
1

1 + (t/t0)−α
, (4.68)

where again α is a free parameter which sets the theory space. The reason for
such functional form is obvious if we study the two limits in the proper time
t. For instance, we have that if α > 0 then

Ω2(t) ≈
{

(t/t0)−α t� t0
1 t� t0

, (4.69)

We see that at early times (t� t0) it reproduces the first example Sec. 4.3.2
and at late times (t� t0) it is just identical to the Einstein frame. For α < 0

we will have the inverse situation. The case α > p is particularly interesting
since at early times the universe is a decelerated contracting universe whereas
at late times it is an accelerated expanding universe. Thus, we expect that
this model experiences a bounce. From now on, we will only study the case
α > p and the other cases easily follow.

First of all, we can see that there is a bounce in the matter frame by
looking at the conformal Hubble parameter. Using Eq. (4.37) with Eq. (4.68)
we are led to

H̃ = H

1− α

p

e
−αλ
2Mpl

φ

1 + e
−αλ
2Mpl

φ

 = H
(

1− α

p

(t/t0)−α

1 + (t/t0)−α

)
. (4.70)
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Figure 4.6: Conformal Jordan squared hubble parameter (blue line) for the
bouncing universe case and horizontal lines are constant k lines. Shadowed
region stands for super-horizon regime and the consequent freezing of the
modes. In orange we schematically show a mode with k < kc. At η1 is exits
the horizon and freeze. Then, at η2 it re-enters the horizon and oscillates
again.

Then at the time of bounce we have that H̃ = 0. We can see that Eq. (4.70)
vanishes at

tbounce = t0

(
α

p
− 1

)1/α

. (4.71)

Let us now turn into the scale factor and the matter proper time. The scale
factor in conformal time is given by

ã = Ω−1
2 a = a0

(
1 +

(
η

η0

) α
p−1

)(
η

η0

)− p
p−1

(4.72)

and the proper time, after integrating, reads

t̃ =
t

t0

(
1− (t/t0)−α

α− 1

)
(4.73)

where the bounce occurs in the matter frame proper time at

t̃bounce =
α

p

α− p− 1

α− 1

(
α

p
− 1

)1/α−1

. (4.74)

We can readily see that −∞ < t̃ < ∞. The form of the scale factor in
terms of the time t̃ is algebraically involved and does not yield any insight.
However we can see the approximate behavior using the results of Sec. 4.3.2.
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Figure 4.7: Power spectrum for the bouncing universe (blue line), curvature
power spectrum (orange line) and total scalar power spectrum for the bouncing
case (magenta line). We chose p = 32 and α = 10 (p̃ ∼ −2.5).

In that case we find that

ã ≈

{
a0

(
−t̃
)p̃

t̃� t̃bounce (t̃ < 0)

a0t̃
p t̃� t̃bounce

, (4.75)

Note that when α > p (0 < p̃ < 1) the t = 0 singularity in the Einstein frame
is sent to t̃ → −∞ in the matter frame. However, the universe bounces at a
finite time in both frames. We show numerically the behavior of ã and H̃ with
respect to the conformal time in Fig 4.5. The difference of this model with
respect to the usual bouncing cosmologies [254–257] (for a review of bouncing
cosmologies see [258]) is that we only “avoided” the initial singularity in the
matter frame but it is still present in the Einstein frame. Not to create any
confusions, we call this model the Jordan bouncing universe. What is really
going on is that the inflaton prevents matter to experience the singularity
thanks to its non-canonical coupling. This implies that the initial vacuum
state for the curvaton is well defined, as H̃ vanishes in the limit η → −∞ (see
Eq. (4.70)), and we can compute the curvaton power spectrum in this Jordan
bouncing universe.

Before computing the curvaton power spectrum for the Jordan bouncing
universe, let us note two important points. First, we have a bounce at H̃ = 0

and, thus, we also have a time when H̃′ = 0, i.e we go from a contracting to
an expanding phase (see Fig. 4.5). Therefore, we encounter a critical scale,
let us say kc. We illustrate this point in Fig. 4.6 by showing the behavior of
H̃2. On one hand, the large scale modes k < kc exit and re-enter the horizon
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Figure 4.8: Power spectrum for the initially super-inflating universe (blue
line), curvature power spectrum (orange line) and total scalar power spectrum
for the super-inflating case (magenta line). We chose p = 32 and α = 62

(p̃ ∼ 0.5).

once before the bounce, and they finally exit the horizon again during the last
inflationary stage. On the other hand, the small scale modes k > kc remain
inside the horizon until the last inflationary stage.

Second, we have seen that we need a non-vanishing background value of
the curvaton χ = χ0(η) and that it implies that the condition H̃ � m̃ has to
be fulfilled at all times. We can satisfy the latter if the mass of the curvaton
depend on the inflaton, at least as m̃(φ) ∝ Ω(φ) at early times.12

We can now proceed to compute the power spectrum. We will assume the
instantaneous horizon exit and reentry approximation for k < kc, that is we
will consider that the mode function instantaneously freeze after it exits the
horizon and we match such value when it re-enters again.13 In this way, we
find that the mode function of the curvaton before the final horizon crossing
can be approximated by

χk ≈

{
1√
2k

ã(η2)
ã(η1)

1
ã(η)

e−ikη+iαk k < kc
1√
2k

1
ã(η)

e−ikη k > kc
, (4.76)

12A dependence on the inflaton in the mass of the curvaton could be present in a general
case. However, there would be no frame in which the curvaton does not couple to the
inflaton. Nevertheless, we can still define the matter frame where the kinetic term of the
curvaton is minimally coupled to the metric.

13It is not a good approximation for modes near kc but it does not affect the general
behaviour.
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where modes with k < kc first exited the horizon at η1 and then reentered
at a time η2. The factor αk is an irrelevant phase. It should be noted that
although the instantaneous horizon exit and reentry approximation would
break down for p̃ � 1, we can still regard the obtained power spectrum as a
rough approximation.

The power spectrum for the curvaton in the bouncing case is given as well
by Eq. (4.44). We present a numerical plot of the power spectrum in Fig. 4.7
due to the fact that the scale factor has a non-trivial behavior around the
bounce. See how the spectrum becomes blue on large scales. This behavior is
also present in bouncing cosmologies. As a last example, we consider an initial
super-inflationary stage instead of an initial contracting phase, i.e. 1 < α < p

and p̃ < 0. This yields a blue spectrum at large scales as shown in Fig. 4.8,
although the tilt is not as sharp as the Jordan bouncing universe. Note that
in this case we do not have to assume any dependence on the inflaton in the
curvaton mass. It is interesting to point out that the blue tilt at large scales
could potentially explain the large scale suppression observed in the CMB [38].

4.4 Summary and discussion

We end this chapter with a short summary and some discussions. We have
argued in Sec. 4.2 that inflation, as an accelerated expansion, is best defined
in the Einstein frame, even if it is defined perturbatively. Then we reviewed
power-law inflation and its predictions in Sec. 4.3. Then, in Sec. 4.3 we con-
sidered that matter fields are coupled to a metric related by a conformal
transformation with the Einstein frame inflationary metric. We presented the
curvaton mechanism and we showed that if the mass of the inflation is smaller
than 1013 GeV then the curvaton could have the dominant contribution to the
CMB temperature power spectrum. Next, we have considered two examples,
a super-inflating and a bouncing matter frame. We find that its signals re-
spectively are a blue tilt on small scales or on large scales. The former yields
a possible formation of PBHs and the latter could explain the large scale
suppression of the CMB power spectrum.

In summary, we have seen that understanding the evolution from the mat-
ter frame point of view, considerably simplifies the interpretation and intuition
of the physics involved. One could even consider that the matter frame is our
interpretation of the evolution of the universe and thus one could provide
alternative interpretations of the origins of our universe [107,108].
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To end this chapter let us provide another point of view of the model
we built. For instance, it could be understood as a non-minimal coupling
between curvaton and inflaton and forget about the notions of matter and
gravity frames. We could have started with a given frame and study the
physics there. However, there is an important flaw in that method and it is
the following. If we are studying a wide class of couplings, i.e. we have a free
coupling between the inflaton and the curvaton, it would be harder to find out
which model yields interesting result without solving the equations of motion.
In this way, our interpretations makes the whole process much simpler and
intuitive.





Chapter 5

Conclusions

Contents
5.1 Summary of the thesis . . . . . . . . . . . . . . . . . . 95

5.2 Implications and future prospects . . . . . . . . . . . . 99

In the quest of unraveling the universe, we found out that it is made of
more components that we do not fully understand than those we do. For
example, in our universe’s latest stages, dark energy makes up to 70% of
the current energy density in our universe. In its earliest epoch, the inflaton
completely dominated the evolution before the hot big bang and provided the
seeds for the large scale structure of our visible universe. Thus, there is a vast
number of open questions than GR alone does not satisfactorily explain. For
these reasons, we must explore alternatives to GR, even if it is to find out
that GR is still the simplest and best description of our universe.

5.1 Summary of the thesis

We have seen in Chap. 1 that GR is very successful nowadays1 and at solar
system scales. Thus, alternative theories to GR are very much constraint at
these scales. However, as we argued in Sec. 1.1, on cosmological scales where
gravity is the dominant force, we find the accelerated expansion due to dark
energy and we have robust evidence of inflation in the CMB. We see that we
have plenty of room and motivation to study theories of gravity in cosmology,
specially during inflation where the universe was in an extremely high energy
regime. In Sec. 1.2, we briefly presented alternatives to GR and in Sec 1.3
we focused on a general class of theories, called scalar-tensor theories. In
particular, we argued that transformations of the metric are a crucial piece
in scalar-tensor theories of gravity. Then to fully grasp the importance of
scalar-tensor theories and metric transformation we had to review the stan-
dard model of cosmology and the basics of inflation.

1In a cosmological time scale.
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In Chap. 2 we introduced the standard model of cosmology. We saw that
our universe is homogeneous and isotropic on scales larger than 100Mpc and
that it is well described by GR plus radiation (photons and neutrinos), mat-
ter (baryons and dark matter) and dark energy (cosmological constant). In
Sec. 2.1 we have seen that GR plus a perfect fluid leads in general to an ex-
panding FLRW universe, where the power law of the expansion depends on
the equation of state of perfect fluid. For instance, for radiation and matter
the expansion is a decelerated expansion. For a fluid violating the strong en-
ergy condition, e.g. cosmological constant, the expansion is accelerated. In
this way, tracing back in time the evolution of our universe we find a period
where the densities and temperatures were extremely high, that is the hot big
bang.

As successful as the hot big bang is, we saw in Sec. 2.2 that it needs2

inflation to explain its initial homogeneity, spatial flatness and the tiny tem-
perature fluctuations. Inflation as a paradigm predicts that the CMB fluctu-
ations are: (i) gaussian, (ii) adiabatic and (iii) almost scale invariant. This
is exactly what CMB observations find. Then, we showed in Sec. 2.2.3 that
using CMB data one can constrain inflationary models. Interestingly, a sim-
ple quadratic potential for the inflaton seems to be excluded at 2σ C.L. and,
currently, the favored model is Starobinsky R2 inflation, which belongs to
a sub-class of scalar-tensor theories. Since we had robust evidence of infla-
tion and a hint to consider non-minimal couplings, we moved to the study of
scalar-tensor theories in the inflationary epoch.

Scalar-tensor theories are a promising candidate for an alternative to GR.
They can be understood as an effective theory, whether they come from quan-
tum corrections (such as f(R) theories) or from higher dimensional theories
(like string theory). Their attractive point is that they are general enough
so that one can explore a wide range of applications, e.g. inflation and dark
energy, and understand symmetries of gravity, e.g. conformal symmetry and
metric transformations. In Chap. 3 we motivated non-minimal couplings in
scalar-tensor theories from dimensional reduction in higher dimensional theo-
ries. In Sec. 3.1 we introduced conformal and disformal transformations and
studied their interpretations and applications. A conformal transformation is
a local rescaling of the metric and a disformal transformation is a stretching
of the metric in a preferred direction, in our case given by the gradient of a
scalar field. We have seen that both transformations preserve causal struc-
ture. As two examples, we showed that a conformal transformation maps a
static universe to an expanding one and that a disformal transformation in

2At least it make the initial conditions more plausible.
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dS space opens or closes the dS hyperboloid.3 We also showed that metric
transformations can remove non-minimal couplings and thus one can relate a
non-minimally coupled theory to a minimally coupled one. The price to pay
is that in the minimally coupled theory, matter interacts non-trivially with
the scalar field. This led us to the notion of frames, i.e. theories related by a
metric transformation. The matter (Jordan) frame where matter minimally
couples but there is a non-minimal coupling between the scalar curvature and
the scalar field and the gravity (Einstein) frame where the scalar field is min-
imally coupled to gravity but matter directly couples to the scalar field. In
the case of a conformal transformation we went to Brans-Dicke theories and
for a disformal transformation we ended up in Horndeski theories.

Then in Secs. 3.2 and 3.3 we proceeded to prove that while two frames re-
lated by a metric transformation are indeed mathematically equivalent, they
are also physically equivalent. By physical equivalence we mean those quan-
tities that are measurable, which we called observables, do not depend on the
frame one computes them. This is also known as frame independence. Next,
we briefly reviewed earlier works on the physical invariance under conformal
transformations in Sec. 3.2 and then we explained our work on cosmological
disformal invariance in Sec. 3.3. We discussed the gravitational action as well
as matter fields and we considered for completeness a scalar, a vector and a
fermion field. We also argued that if two massless species couple to two dis-
formally related metrics, they have different relative propagation speed. The
main result of this chapter is that even though a disformal transformation
contains first derivatives of the scalar field, two disformally related frames are
physically equivalent. Furthermore, a disformal transformation in cosmology
can be understood as a rescaling of the time coordinate, as long as perturbation
theory holds.

We have extensively discussed inflation and frames in scalar-tensor theo-
ries. We have seen that frames related by a metric transformation are physi-
cally equivalent in cosmology. Then we asked the question: are all inflation-
ary theories related by a metric transformation indistinguishable? We devoted
Chap. 4 to show that theoretically these related frames are in principle differ-
ent theories once the coupling to matter is taken into account. However, often
matter is completely negligible during inflation and, therefore, these related
frames are usually observationally degenerate. This degeneracy is broken if
there is a matter field capable of contributing to observables. Thus we chose to
consider a curvaton as a representative of matter as it contributes to the cur-
vature perturbations and consequently on the temperature power spectrum
in the CMB. We reviewed the curvaton mechanism in Sec. 4.3.1. We have

3See Appendix D for more examples of disformal transformations.
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seen that a curvaton is a scalar field that: (i) is almost massless, (ii) has a
non-vanishing background value, (iii) is subdominant during inflation and (iv)
after the inflaton decays it dominates the universe and decays into radiation
converting its isocurvature to adiabatic modes.

We started by arguing in Sec. 4.1 that inflation, as an accelerated
expansion, is best defined in the Einstein frame. The reason being that
the Einstein frame is a suitable frame to study gravity as our knowledge
of GR straightforwardly applies, for example with the energy theorems. In
the Einstein frame inflation is seen an accelerated expansion whereas in the
matter frame the universe could look quite different (we showed an example
in Sec. 3.2). How different could the universe evolve in the matter frame
is discussed in Sec. 4.3. In order to study it analytically, we considered a
simple inflationary model in Sec.4.2.1, so-called power-law inflation, and we
reviewed it predictions and compare it with CMB data. Then in Sec. 4.3 we
considered that matter is coupled to a metric related to the gravity metric
by an arbitrary conformal transformation. We considered two examples
where the coupling to matter contains two different functions of the inflaton.
First, in Sec. 4.3.2 we considered an exponential (dilatonic) coupling and
we showed that the universe in the matter frame need not be inflating at
all. In fact, it could be contracting or super-inflating depending on the
parameter of the conformal transformation. In particular, we focused in the
super-inflating matter frame. In this case, we obtain a blue tilt at small scales
in the temperature power spectrum. We argued that this is interesting in
the formation of PBHs and the possible binary black hole mergers. Lastly,
we considered a bouncing matter frame in Sec. 4.3.3 by considering a slight
extension of the previous section. We have seen that this leads to a blue tilt
on large scales. This could explain the observed suppression of the power
spectrum on large scales in the CMB. These are the main results of this
chapter.

We can briefly summarize the results of this thesis as follows.

(i) Metric transformations are a crucial element of scalar-tensor theories.
In cosmology, they mathematically and physically relate models within
scalar-tensor theories.

(ii) In cosmology a disformal transformation can be understood as a rescal-
ing of the time coordinate.

(iii) Frames related by a general disformal transformation are physically
equivalent in cosmology.
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(iv) The coupling to matter fields might be important during inflation, spe-
cially under the curvaton mechanism. In this case the notion of frames
gives us intuition on the evolution of matter fields.

(v) We obtained a blue tilt on small scales if the curvaton (matter) frame
is super-inflating. This potentially leads to the formation of PBHs and
possible binary black hole mergers.

(vi) We obtained a blue tilt on large scales if the curvaton (matter) frame
bounces. This leads to a large scale suppression of the CMB temperature
power spectrum, which although not entirely significant, the CMB data
seems to point in this way.

In short, scalar-tensor theories are a general and rich alternative to General
Relativity and metric transformations are useful and intuitive tool within this
class of theories.

5.2 Implications and future prospects

We have seen that in scalar-tensor theories there is freedom on the definition
of metric. Mathematically speaking, one can work in the frame one find most
suitable. From a physical point of view, we can map theories which describe
the same observable predictions. For example, in the vastness of inflationary
models, we can find those with equivalent physics. However, this is not the
end of the applications of metric transformations.

First, metric transformations can provide new solutions, for example one
can obtain the FLRW or Schwarzschild metrics from flat spacetime with a
conformal and disformal transformation respectively. They are also a help-
ful tool to discover new theories. This is the case of the so-called beyond
Horndeski theories [171]. They also helped to realize that a Lagrangian which
apparently has Ostrograski ghost contains hidden constraints [169], which are
clear in the Hamiltonian formalism and the degeneracy of the kinetic ma-
trix [230]. In this way, Refs. [175, 176] built a general class of scalar-tensor
theories with a degenerate kinetic matrix. On the other hand, certain metric
transformations could be a symmetry of the universe, for example conformal
symmetry in the early universe [54–56] or in mimetic gravity [224,225]. Thus,
the study of scalar-tensor theories and metric transformations is a promising
direction.

Second, we have seen that metric transformations allows us to split the
matter and the gravity sector, if there is dominant field which drives the evo-
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lution of the universe.4 This notion of frames provides simple interpretations
of the physics in the gravity sector, e.g. inflation, and in the matter sector. In
this way, we easily found blue tilt spectrum by coupling a curvaton to a super-
inflating or a bouncing universe. Thus, we believe that simple interpretations
are necessary to fully grasp a theory. For example, we could have discussed
the system in Chap. 4 as a mixing of the curvaton and the inflaton. However,
in this approach one loses the meaning of the coupling and the intuition on
the curvaton’s dynamics as well. We conclude that metric transformations
are a powerful tool in the early universe.

It would be certainly interesting to study applications in other areas of
cosmology. For example in the early universe, one could look for an efficient
reheating model through a general disformal coupling to matter or one could
derive an specific model from higher dimensional theories and test it with
observations, in similar way to Ref. [166]. In the late time universe, even
though we have strong constraints form the solar system scales there are also
interesting applications of couplings to matter. For example, chameleon fields
[83], screening mechanisms through disformal couplings [101] or explaining
dark energy through a disformal coupling of standard model matter with dark
matter [89].

We would like to finish by saying that, hopefully, this thesis showed that
scalar-tensor theories are an attractive candidate for the theory of gravity.
Even though they might not be the fundamental theory, they can be viewed
as an effective theory with a wide range of applications. Thus all that was
discussed in this thesis could be applied in future theoretical models. We
expect that ongoing and future surveys5 of CMB polarization and Large Scale
Structure will provide us with new data to test cosmological models and shine
some light on alternative theories of gravity.

4This is certainly the case in cosmology
5For example, we have Squared Kilometer Array (SKA), Dark Energy Survey (DES),

extended Baryon Oscillation Spectroscopic Survey (eBOSS), Euclid mission among many
others.



Appendix A

Transformation rules

In this appendix we derive some useful formulas regarding metric transfor-
mations that are used in the main text. Since the order of the (regular)
metric transformations commute, we can study the change of variables under
a conformal and disformal transformation separately.

A.1 Conformal transformation

We start first with a conformal transformation given by

g̃µν = Ω2gµν . (A.1)

The connection, i.e. the Christoffel symbols, are related by [154]

Cσµν = Γ̃σµν − Γσµν , (A.2)

where one can explicitly compute that

Cαµν = 2δα(µ∇ν) ln Ω− gµν∇α ln Ω . (A.3)

With that, the Ricci scalar transforms as

R̃ = Ω−2

[
R− (D − 1)

(
2
�Ω

Ω
− (D − 4)

gµν∇µΩ∇νΩ

Ω2

)]
. (A.4)

A.2 Disformal transformation

We present now equivalent formulas for a disformal transformation given by

ḡµν = gµν +B∇µφ∇νφ . (A.5)

One can find that the inverse metric is given by

ḡµν = gµν − B

1−BX
∇µφ∇νφ , (A.6)

and the determinants are related by
√
−ḡ =

√
−g
√

1−BX , (A.7)
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where X ≡ −∇µφ∇µφ. Let us call the change in the connection as

Dσµν = Γ̄σµν − Γσµν . (A.8)

Then, one can find that the explicit expression in terms of φ is

Dσµν =
B

1−BX
∇σφ

(
∇µ∇νφ+∇(µφ∇ν) lnB +

1

2
∇γφ∇γB∇µφ∇νφ

)
− 1

2
∇σB∇µφ∇νφ .

(A.9)
The Ricci scalar is longer than in the conformal case and we find

R̄ = R− B

1−BX

(
(�φ)2 −∇µ∇νφ∇µ∇νφ+∇µ lnB

(
1

2
∇µX +∇µφ�φ

))
+

1√
1−BX

∇µ

(
B√

1−BX
(∇µφ∇νφ∇ν lnB +X∇µ lnB +∇µX + 2�φ∇µφ)

)
,

(A.10)

where note that the last line is a total derivative with respect to the metric
ḡµν . We also give here the expression for the Ricci tensor as we make use of
it to compute the transformation rules of L5, that is

R̄µν = Rµν −
B

1−BX
(
�φ∇µ∇νφ−∇µ∇αφ∇ν∇αφ−Rαµλν∇αφ∇λφ

)
+

1

4

B2

(1−BX)2 (∇µX∇νX − 2∇αφ∇αX∇µ∇νφ)

− 1

2
�B∇µφ∇νφ+

1

1−BX

(
�φ∇(µφ∇ν)B

+
(
−X∇aB∇aB + 2B�φ∇aφ∇aB + 2B∇aφ∇bφ∇a∇bB

) 1

4
∇µφ∇νφ

+∇aφ∇(µφ∇ν)∇aB −∇aB∇(µφ∇ν)∇aφ+
1

2
X∇µ∇νB +∇aφ∇aB∇µ∇νφ

)
+

1

(1−BX)2

(1

2
∇(µB∇ν)X +

1

4
X2∇µB∇νB

+
1

4
∇aφ∇a (BX)

(
2∇(µφ∇ν)B +B∇bφ∇bB∇µφ∇νφ

) )
.

(A.11)
It is also useful to show

Ḡµν∇̄µφ∇̄νX̄ =
1

(1−BX)3

(
Gµν∇µφ∇νX

+
1

2

B

1−BX

[
∇µX∇νX (�φ gµν +∇µ∇νφ) +∇αφ∇αX

(
(�φ)2 −∇µ∇νφ∇µ∇νφ

) ])
(A.12)



Appendix B

Horndeski Lagrangian

The Generalized Galileon or Horndeski Lagrangian [79] is a general Lagrangian
with second order equations of motion. Its form follows from particular anti-
symmetric combinations which eliminate second time derivative squared terms
in the action. It is given by

S =

∫
d4x
√
−g
∑
i

Li , (B.1)

where

L2 = G2(φ,X), (B.2)
L3 = G3(φ,X)�φ, (B.3)

L4 = G4(φ,X)R +G4,X

(
(�φ)2 −∇µ∇νφ∇µ∇νφ

)
, (B.4)

L5 = G5(φ,X)Gµν∇µ∇νφ

+G5,X

(
(�φ)3 − 3�φ∇µ∇νφ∇µ∇νφ+ 2∇µ∇νφ∇µ∇αφ∇α∇µφ

)
.

(B.5)

We have defined �φ ≡ ∇µ∇µφ and Gµν is the Einstein tensor. Note the
particular relation between the coefficients in front of R and (�φ)2 as well
as in L5. In fact, we now know that this relation can be relaxed in several
extensions of the Horndeski Lagrangian. In this extensions they either use the
fact that the kinetic matrix might be degenerate, i.e. lead to extra constraints,
or they add higher derivatives spatially covariant terms [174–179].

We can see how the coefficients of the Horndeski Lagrangian change under
a disformal transformation given by

ḡµν = gµν +B∇µφ∇νφ . (B.6)

We take B to be constant for simplicity. Then we see that

G2 [X]→ G2

[
X̄
]√

1 +BX̄ , (B.7)

G3,X [X]→ G3,X̄

[
X̄
] (

1 +BX̄
)−5/2

, (B.8)

G4 [X]→ G4

[
X̄
]√

1 +BX̄ (B.9)

and
G5,X [X]→ G5,X̄

[
X̄
] (

1 +BX̄
)−5/2

. (B.10)





Appendix C

Singular metric transformations:
Mimetic gravity

In the main body of the thesis we discussed what a metric transformation
is and how this notion is relevant for gravity. In particular, we found that
a general form of metric transformations is given by the so-called disformal
transformation (see Appendix A), that is

ḡµν = A(φ,X) (gµν +B(φ,X)∇µφ∇νφ) , (C.1)

where gµν is the metric, ∇µ is the covariant derivative of gµν , φ is an scalar
field, X is its kinetic term X ≡ −∇µφ∇νφ and A and B are two free functions.
This transformation has a singular case though [115, 169]. It is easy to see if
we consider the inverse metric, i.e.

ḡµν = A−1(φ,X)

(
gµν − B(φ,X)

1−X B(φ,X)
∇µφ∇νφ

)
, (C.2)

and contract it with the scalar field derivatives ∇µφ∇νφ. This yields

ḡµν∇µφ∇νφ =
A−1(φ,X)

1−X B(φ,X)
gµν∇µφ∇νφ . (C.3)

We can guess that there is a singular behavior if ḡµν∇µφ∇νφ = b(φ), which
gives

B(φ,X) =
1

X
+

1

A(φ,X) b(φ)
. (C.4)

This result can also be obtain from looking at the Jacobian of the transforma-
tion. For simplicity let us take b = −1. This actually gives rise to a constraint
in the original action given by

ḡµν∇µφ∇νφ+ 1 = 0 (C.5)

We can introduce such constraint directly into the action and study its be-
havior.

For simplicity let us consider a simple example to understand why it is
called mimetic gravity. First take the action to be

S =

∫
d4x
√
−g
{
M2

pl

2
R + L(φ,X)

}
(C.6)
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and we do a singular conformal transformation which is given by

gµν = Xffµν . (C.7)

where X = −gµν∇µφ∇νφ and Xf = −fµν∇µφ∇νφ, and we have mimetic
gravity from a singular transformation. In that case, the action can be rewrit-
ten as

S =

∫
d4x
√
−g
{
M2

pl

2
R + L(φ) + λ(X − 1)

}
(C.8)

The equations of motion are given by

M2
plGµν = gµνL+ λ∇µφ∇νφ , (C.9)
∇µ (λ∇µφ) + Lφ = 0 , (C.10)
X = 1 . (C.11)

Now consider a FLRW space-time (2.7). The constraint X = 1 in facts sets a
preferred reference frame where φ = t. Plugging this into the field equations
of motion (C.11) we find

1

a3

d

dt

(
a3λ
)

= Lφ . (C.12)

Note that if L = 0 then we have that λ ∝ a−3. This tells us that actually
this constraint obtained from a singular metric transformation behaves just
like dust. Even the energy-momentum tensor of φ, i.e. Tµν = λ∇µφ∇νφ is
identical to a pressureless perfect fluid with 4-velocity equals to the gradient
of the scalar field ∇µφ. The name mimetic gravity comes from the fact that
φ mimics pressureless matter for L = 0. There are several generalizations of
this model by including higher derivatives. For example, see Ref. [259] and
references within. It is interesting to note that mimetic gravity is a particular
limit of Hořava-Lifshitz gravity and Einstein-Aether theories. It has been
shown recently that generalized mimetic gravity contains a ghost [259] which
can be cured by including higher spatial derivatives [260].



Appendix D

Disformal transformation:
Examples

In this appendix we will see some examples of the disformal invariance in
cosmology and some interesting cases where disformal transformation connects
solutions of the Einstein Equations.

D.1 General gauge

Take a disformal transformation given by

ḡµν = gµν +B∇µφ∇νφ . (D.1)

Under the 3 + 1-decomposition along the nµ direction we have

hµν = gµν + nµnν . (D.2)

The line element is

ds2 = −N2dt2 + hij
(
N idt+ dxi

) (
N jdt+ dxj

)
, (D.3)

where nµdxµ = −Ndt, N is the lapse and N i is the shift vector. If we do a
disformal transformation the hypersurface orthogonal vector transforms as

n̄µ = nµ

√
1−BX

1 +BDiφDiφ
, (D.4)

and the spatial metric as

h̄ij = hij +BDiφDjφ , (D.5)

where Di is the covariant derivative with respect to hij. Consequently, one
can check that the lapse and the shift respectively transform as

N̄ = N̄

√
1−BX

1 +BDiφDiφ
and N̄ i = N i +

BDiφ

1 +BDiφDiφ
Ln− φ , (D.6)

where Ln− φ = nµ∇µφ is the Lie derivative along the orthonormal direction.
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D.2 Cosmology

Let us see two applications to cosmology. In the first example I will show
that although a disformal transformation between two metric is interpreted
redefinition of the time coordinate, the two metric are indeed different and
have different evolutions. In the second example, I will show you that even so
the redshift is frame independent.

Example 1: power-law frames. Consider an expanding universe where
the scale factor is a power-law of time with power-law index p > 1. We have
seen in Chapter 4 that the line element is given by

ds2 = −dt2 + a2dx2 = a2(η)
(
−dη2 + dx2

)
, (D.7)

where η is the conformal time and the scale factor a is

a ∝ tp ⇒ a ∝ η−
p
p−1 . (D.8)

The time coordinates respectively run from

0 < t <∞ ⇒ −∞ < η < 0 . (D.9)

For this universe the comoving hubble radius is given by H−1, where

H =
1

a

da

dη
=

p

p− 1

1

−η
. (D.10)

See how the comoving hubble radius decrease, as it is usual in an accelerated
expanding universe. Now, do a disformal transformation given by

ḡµν = gµν − (a2(t)− 1)δtµδ
t
ν . (D.11)

This transformation leads us to a line element given by

ds̄2 = −dη2 + A(η)2dx2 = A2(τ)
(
−dτ 2 + dx2

)
. (D.12)

In this barred frame the scale factor evolves as

A(η) ∝ η−
p
p−1 ⇒ A(τ) ∝ τ p , (D.13)

where the time coordinates respectively runs from

−∞ < η < 0 ⇒ 0 < τ <∞ . (D.14)

The barred comoving hubble radius is given by H̄−1, where

H̄ =
p

τ
. (D.15)

This time the comoving hubble radius increase! It is like the super-inflationary
universe in Chapter 4.
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Example 2: Redshift. Let us briefly check the frame independence of the
redshift as we did in the conformal case. First, we start with matter universally
coupled to a flat FLRW background in the matter frame,

ds̄2 = ā2(η̄)
(
−dη̄2 + dx2

)
. (D.16)

We can go now to another frame, e.g. the gravity frame, related by a disformal
transformation Eq. (3.48), which yields

ds2 = −ā2(η̄)α−2(η̄)dη̄2 + ā2(η̄)dx2 = a2(η)
(
−dη2 + dx2

)
. (D.17)

Note that ā(η̄) = a(η(η̄)) and in the last step we used the time redefinition
dη̄ = αdη.

Let us focus now on photons since we are the source of the observation.
Photons follow null geodesics of the metric ḡµν , that is ds̄2 = 0. In the
matter frame, the four-momentum of the photon is given by k̄µ = (k̄η, k̄).
The energy measure by a comoving matter observer, i.e. its four-momentum
reads ūµ = (−ā(η̄), 0), is given by

Ē = −k̄µūµ = ā(η̄)k̄η̄. (D.18)

It is important to remind the reader that scalar quantities are invariant under a
disformal transformation and so it is the above energy measured by a comoving
observer. We could also obtain the same results if we use the transformation
rules for a vector (3.61), that is k̄η = α−1kη. For instance, the energy in the
unbarred frame reads

E = −kµuµ = a(η)kη. (D.19)

Now using that k̄η̄ = αk̄η = kη we are led to conclude the measured energy by
the comoving matter observer is frame independent, Ē = E . As a result the
redshift defined as the ratio between the measured photon energy at emission
and observation,

1 + z ≡ Eemit/Eobs =
a(ηobs)

a(ηemit)
=

ā(η̄obs)

ā(η̄emit)
, (D.20)

is also frame independent. Note that again this result is consistent with cos-
mological disformal transformations being equivalent to a rescaling of the
time.

As a final remark, the (physical) speed of light measured by a matter
observer is frame independent as well. To see this, take the null geodesics of
the photon, i.e. ds̄2 = 0, which also means that k̄η̄ = |k̄| = kη. Extensions of
this result include the frame independence of the luminosity distance. These
results agree Refs. [92,109] if matter is universally coupled.
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D.3 Kerr-Schild ansatz

There is one interesting application of disformal transformations. So far they
are only a mathematical trick, but if it were realized dynamically then we
would obtain an interesting model. In any case, it is known that we can use
the Kerr-Schild ansatz to obtain new solutions of Einstein Equations from
known solutions. For example, we can obtain Schwarzschild geometry by

ds̄2
BH = ds2

0 +
2GM

r
(kµdx

µ)2 , (D.21)

where ds2
BH is the Schwarzschild geometry, ds2

0 is flat minkowsky spacetime and
kµ is a null vector with respect to both metrics, i.e. gµν0 kµkν = ḡµνBHkµkν = 0.
Note that it is exactly a disformal transformation! For example, take kµdxµ =

−dt+ dr in the minkowsky metric and see that you obtain the Schwarzschild
geometry in Eddington-Finkelstein coordinates, i.e.

ds̄2
BH = −

(
1− 2GM

r

)
dt2 − 4GM

r
dtdr +

(
1 +

2GM

r

)
dr2 + r2dΩ .

(D.22)
We can recover the Schwarschild coordinates by changing the time coordinate
to

dt̄BH = dt+
2GM/r

1− 2GM/r
dr . (D.23)

One can also obtain Kerr and Vaidya metrics in this way [200].
Another straightforward application is that we can obtain dS space from

flat Minkowsky as well. This time take

ds2
dS = ds2

0 +
r2

`2
kµkν , (D.24)

with again kµdx
µ = −dt + dr. We obtain dS in the analogy of Eddington-

Finkelstein coordinates, i.e.

ds̄2
BH = −

(
1− r2

`2

)
dt2 − 2

r2

`2
dtdr +

(
1 +

r2

`2

)
dr2 + r2dΩ . (D.25)

We can recover the static dS metric by transforming time to

dt̄dS = dt+
r2/`2

1− r2/`2
dr . (D.26)

It is particularly interesting that a null disformal transformation creates a
horizon in the original spacetime.



Appendix E

Cosmological perturbations during
inflation

In this appendix we give details on calculations of cosmological perturbations
at linear order in perturbation, second order in the action. I will consider the
following action:

S =

∫
d4x
√
−g
{
M2

pl

2
R + P (φ,X)

}
, (E.1)

where R is the Ricci scalar and P (φ,X) is a general function of φ is the inflaton
field and X its kinetic term, i.e. X ≡ −∇µφ∇µφ. Note that PX > 0 so that
the system is stable. This model is known as K-inflation [261].We work in the
ADM decomposition [262], that is

ds2 = −N2dt2 + hij
(
N idt+ dxi

) (
N jdt+ dxj

)
, (E.2)

where N is the lapse function, Ni is the shift vector and hij is the spatial
metric, where hij = a2δij for an homogeneous, isotropic and spatially flat
universe. In this decomposition we have

S =

∫
d4x
√
−g

M2
pl

2
R =

∫
d3xdtN

√
h
M2

pl

2

{
(3)R +KijK

ij −K2
}
, (E.3)

where (3)R is the Ricci scalar of hij and Kij is the extrinsic curvature, which
is given by

Kij =
1

2N

(
ḣij − 2D(iNj)

)
, (E.4)

where Di is the covariant derivative of hij. For the inflaton field we have that

X =
1

N2

(
φ̇−N iDiφ

)2

−DiφD
iφ . (E.5)
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The background equations of motion are given by

3H2M2
pl = 2XPX − P , (E.6)

ḢM2
pl = −XPX (E.7)

and
1

a3

d

dt

(
a3PX φ̇

)
= Pφ . (E.8)

Note that from the equations of motion we can identify the scalar field as a
perfect fluid with energy density and pressure respectively given by

ρ = 2XPX − P and p = P . (E.9)

With this identification we find that the equation of state is

ω =
p

ρ
= −1 +

2

3
ε . (E.10)

The slow-roll parameters for this model are given by

ε ≡ −Ḣ
H2

; η ≡ ε̇

Hε
; s ≡ ċs

Hcs
; δ ≡ φ̈

Hφ̇
and q ≡ ṖX

HPX
.

(E.11)

where cs is the scalar sound speed, i.e. c−2
s ≡ 1 + 2XPXX/PX . There is

a relation among them, i.e. η = 2 (ε+ δ) + q and only one has to require
ε, η, s� 1 for inflation to happen.

E.1 Perturbations

We can perturb the metric and the inflaton in a general way, that is

φ = φ0 + δφ ; N = 1 + A ; Ni = ∂iβ +Bi;

hij = a2(t)
(
(1 + 2ψ) δij + 2∂i∂jE + 2∂(iFj) + γij

)
,

(E.12)

where ∂iBi = ∂iF
i = ∂iγ

ij = 0 and δijγij = 0. The trace of the perturbed
spacial metric is called the curvature perturbation and it is given by

R = ψ − 1

3
∆E , (E.13)

where ∆ = ∂i∂
i. However not all variables are independent since we have

coordinate transformation degrees of freedom, i.e. diffeomorphism invariance.
For that, we need to study how do the variables change under a coordinate
transformation.
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E.1.1 Gauge transformations

Let us study how the perturbations variables we have defined in Eq. (E.12)
transforms under a general coordinate transformation given by

xα → x̃α = xα + ξα , (E.14)

where
ξα = (T, ∂iL+ Si) (E.15)

and ∂iSi = 0. We know that under an infinitesimal coordinate transformation
tensors transforms according to its lie derivative along ξ [154], that is

Q̃ = Q− Lξ− Q , (E.16)

where Q is any tensor with any indexes. In particular for the metric we have

g̃µν = gµν − Lξ− gµν , (E.17)

where
Lξ− gµν = 2gσ(µ∂ν)ξ

σ + ξσ∂σgµν . (E.18)

Applying this formula to Eq. (E.12) we find the following transformation rules:

δφ→ δφ− φ̇ T , (E.19)

A→ A− Ṫ , (E.20)

β → β − L̇+ T , (E.21)

ψ → ψ −HT − 1

3
∆L , (E.22)

E → E − L , (E.23)

Bi → Bi − Ṡi , (E.24)
Fi → Fi − Si , (E.25)
γij → γij . (E.26)

In particular note that the tensor modes, i.e. the traceless and transverse part
of the spatial metric γij, are gauge invariant at first order. At second order
in perturbation tensor modes are not gauge invariant and scalar, vector and
tensor mode mix. One way to deal with this gauge freedom is to work with
gauge invariant variables.

E.1.1.1 Gauge invariant variables

One can build many gauge invariant variables as combinations of the previous
variables. Here we only focus on the gauge invariant curvature perturbation,
that is given by

ζ = ψ − H

φ̇
δφ− 1

3
∆E = R− H

φ̇
δφ . (E.27)
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It is easy to check that it is gauge invariant. For other variables see Refs. [18,
135]. This can be generalized to the case of a perfect fluid. Then one has that

ζ = ψ − 1

3
∆E − 1

3

δρ

ρ+ p
, (E.28)

where ρ and p respectively are the energy density and pressure of the fluid and
δρ is the perturbation of the energy density. When one studies inflationary
cosmological perturbations there two popular gauge choices. We call slicing
when we fix the time coordinate degree of freedom and gauge when we fix
time and spatial gauges d.o.f.

Uniform-φ or comoving slicing: In this slicing we choose δφ = 0 and
then ζ becomes the comoving curvature perturbation, i.e.

Rc = ζ
∣∣∣
δφ=0

= ψc −
1

3
∆Ec , (E.29)

where the subindex c means that quantities are evaluated in the comoving
slicing. The comoving gauge is when δφ = E = Fi = 0.

Flat slicing: In the flat slicing one chooses a gauge where the spatial cur-
vature is zero, i.e. R = 0, which yields

ζ
∣∣∣
R=0

= −H
φ̇
δφf , (E.30)

where the subindex f means that quantities are evaluated in the flat slicing.
Then one usually works with the inflaton perturbation δφf . The flat gauge is
when ψ = E = Fi = 0. Thus, we readily see that the relation among these
previous two gauges is

Rc = −H
φ̇
δφf . (E.31)

Newtonian gauge: In the Newtonian gauge one chooses α = Ψ, ψ = Φ

and β = Si = E = 0. Then

ζN = Φ− H

φ̇
δφN , (E.32)

where the subindex N stands for Newtonian gauge. The i− j Einstein equa-
tions yield Ψ = −Φ. With this result, after solving the 0 − i Einstein Equa-
tions [18] one has

Φ̇ +HΦ = −XPX
δφN

φ̇
(E.33)
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and thus

ζN = Φ +
Φ + Φ̇/H

ε
. (E.34)

This is what we used in Chapter 2 Eq. (2.65), where 1 + ω = 2
3
ε.

E.1.2 Second order action

We are now ready to find the equations of motion for the perturbations and
later quantize it. The way to proceed is as follows. One expands the action
up to second order (the first order vanish as a consequence of the background
equations of motion) and find out that A, β and Si are non-dynamical. Tak-
ing the variation with respect to them yield the so-called Hamiltonian and
Momentum constraint. We have to solve them and use the solution in the
action. This is called the Faddeev-Jackiw method [263]. To simplify the cal-
culations we will choose a particular gauge a priori and reduce the system.
Furthermore, scalar, vector and tensor perturbations decouple at first order
so we can treat them separately [18].

E.1.2.1 Scalar

The second order action in the uniform-φ slicing with E = 0 and in conformal
time, that is dt = adη, is given by

S2,S =

∫
dηd3x

a2εM2
pl

c2
s

(
R′2c − c2

s(∂Rc)
2
)
, (E.35)

where the constraints give [264]

Ac =
Ṙc

H
and ∆βc = −∆Rc

H
+
a2ε

c2
s

Ṙc . (E.36)

In this form, the scalar mode is indeed massless. On the other hand, the
second order action in the flat gauge is given by

S2,S =

∫
dηd3x

a2PX
2c2
s

(
δφ′2f − c2

s(∂δφf )
2 −m2

effδφ
2
f

)
, (E.37)

where

m2
eff ≡ −(ε+ δ)H2

(
2 + p+ δ − 2s+

ε̇+ δ̇

H(ε+ δ)

)
. (E.38)

It can be shown that the effective mass is very small, i.e. meff/H � 1,
even though we did not require neither p nor δ to be small. This time the
constraints yield

Af =
φ̇PX
2H

δφf and ∆βf = −a
2ε

c2
s

d

dt

(
H

φ̇
δφf

)
. (E.39)
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E.1.2.2 Vector

For the vector perturbations we have that in both slicings the constraints yield
Si = 0 and we obtain

S2,V =

∫
dη d3x a2M2

pl ∂iF
′
j∂

iF
′j . (E.40)

This means that the vector modes are non-dynamical and decay as a−3. We
knew from the beginning that vector modes are non-dynamical for two reason.
The first one is that the inflaton is a scalar field and thus it cannot source
vector perturbations. The second is that from the Hamiltonian analysis we
know that GR has only 2 tensor degrees of freedom (see Appendix H).

E.1.2.3 Tensor

Lastly, for the tensor mode one has

S2,T =

∫
dη d3x a2M2

pl

(
γ′ijγ

′ij − ∂kγij∂kγij
)
. (E.41)

They essentially behave like a massless scalar field in an expanding back-
ground.

E.2 Quantization of perturbations

E.2.1 Scalar modes

Proceeding as usual in canonical quantizations, one first goes to Fourier space,
that is

Rc(η,x) =

∫
d3k

(2π)3 R̃c(η, k)ei
~k·~x . (E.42)

Then we quantize the system by introducing creation and annihilation oper-
ators, i.e.

R̃c(η, k) = uk(η)ak + u∗−k(η)a†−k , (E.43)

with the commutation relations[
ak, a

†
k′

]
= (2π)3 δ(k− k′) (E.44)

which are equivalent to

{uk, πu,k} = u∗k(η)u′k(η)− uk(η)u∗′k(η) = −i (E.45)
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where πu,k = δL/δuk. Recall that uk satisfies the same equations of motion
as R̃c(η, k) which are

R̃′′c + 2
z′

z
R̃′c + c2

sk
2R̃c = 0, (E.46)

where z2 ≡ a2ε/c2
s. This is the so-called Mukhanov-Sasaki equation [234,235].

First note that in the limit csk � aH the e.o.m. for R̃c have a constant
solution. This means that the mode does not evolve on super-horizon scales,
i.e. the mode is “frozen”. Now, if the initial vacuum state on subhorizon scales,
i.e. csk � aH, is the lowest energy state, so-called Bunch-Davies, one has
that under WKB approximation and assuming ε, η, s� 1 the mode function
is given by, after imposing Eq. (E.45),

R̃c(k, η) =
a−1

Mpl

√
4csε k

e−ikcsη , (E.47)

in the comoving gauge. It should be noted in curved space time the vacuum
is degenerate to arbitrary Bogoliubov transformations [43]. In inflation we
assume that the vacuum deep inside the horizon is given by the de Sitter
invariant vacuum, a.k.a. Euclidean vacuum, which is de Sitter invariant. The
vacuum is defined by

ak|0〉 = 0. (E.48)

Then we can compute the two point function of the curvature perturbation,
i.e. the power spectrum, to be after horizon crossing at η∗, i.e. at aH = csk,

〈0|R̃c(k, η∗)R̃c(k
′, η∗)|0〉 = (2π)3 δ(k− k′)

∣∣∣R̃c(k, η∗)
∣∣∣2 (E.49)

where ∣∣∣R̃c(k, η)
∣∣∣2 =

H2

4csε k3M2
pl

. (E.50)

Note that we solved the curvature perturbation in the sub-horizon regime and
match it with the super-horizon constant solution. This is a good approxima-
tion as long as ε, η, s� 1. Thus the power spectrum, i.e.

〈0|Rc(x)Rc(x
′)|0〉 =

∫
d ln kPRc(k) , (E.51)

is given by

PRc(k) =
4πk3

(2π)3 |R̃c,k|2 =
1

(2π)2

H2

2csεM2
pl

∣∣∣
H=k/a

. (E.52)
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E.2.2 Tensor modes

We do a similar procedure for the tensor modes taking into account their two
polarizations. Thus we decompose them as

γij(η,x) =

∫
d3k

(2π)3

∑
s=+,×

εsij(k)γ̃sk(η)ei
~k·~x , (E.53)

where εsij are the polarization tensors. They satisfy εii = kiεij = 0 and

εsij(k)εs
′

ij(k) = 2δss′ . (E.54)

We now decompose γ̃sk(η) into creation and annihilation operators and proceed
as we did before. Then, the equations of motion for the tensor modes are given
by

γ̃′′k + 2Hγ̃′k + k2γ̃k = 0 , (E.55)

for both polarizations. Again, on superhorizon scales, that is k � aH, we
have a constant solution. On the other hand, deep inside the horizon, i.e.
k � aH we have

γ̃sk(η) =
a−1

Mpl

√
2k

e−ikη . (E.56)

Thus power spectrum for the tensor modes after horizon crossing is found to
be

PT (k) =
∑
s

4πk3

(2π)3 |γ̃
s
k|2 ≈ 2

(
H

Mplπ

)2

H=k/a

. (E.57)

It it important to note that if tensor modes were detected then we would know
the value of H during inflation, i.e. the energy scale during inflation.
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δN formalism

The idea behind δN formalism [265,266] is quite simple. First, note that, by
definition, the total number of e-folds N contains the information about all
the expansion of the universe at both linear and non-linear level. Formally
speaking, N is defined as the integral over time of the expansion parameter, i.e.
θ ≡ ∇µn

µ where nµ is the orthonormal vector of our space-like hypersurface
[154,267], namely

N(si, sf ,x) =

∫ τf (sf )

τi(si)

dτ
θ

3
. (F.1)

Notice that the total value of N(si, sf ,x), in particular the perturbations,
depends on how one define the initial and final time slices, we called them
respectively si and sf . That being said, the δN formalism makes use of a
smart choice of slicing to subtract the fluctuations in the total number of e-
folds from the background value. Then, it relates them to the final comoving
curvature perturbation.1

To be concrete, on super-horizon scales, where the spatial variation is
negligible compared to the time variation, i.e. csk � Ha, one has that the
spatial metric at first order in gradient expansion [272,273] is given by

hij = a2(t)e2R(t,x)δij . (F.2)

The total number of e-folds, eq. (F.1), is then given by

N(si, sf ,x) ≈
∫ τf (sf )

τi(si)

dτ (H +R′) = ln a(τf )/a(τi) +R(τf ,x; sf )−R(τi,x; si) ,

(F.3)

where the semicolon in the last two term indicates that they must be evaluated
at the slice sf and si respectively. From this expression it is straightforward
to identify the perturbations in the total number of e-folds, i.e.

δN(sf , si,x) ≈ R(τf ,x; sf )−R(τi,x; si) . (F.4)

1This is related to the separate universe approach, where each point evolve like the
background as if it were independent [268–271].
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At this point, it is clear that if one further chooses the final slice sf to be a
comoving slice and the initial slice si to be a flat slice, δN is formally related
the final comoving curvature perturbation, i.e.

δN(sf = comoving, si = flat,x) = Rc(τf ,x) +O
( ε

aH

)
. (F.5)

Once that relation is known, one would like to estimate δN in a more practical
way. For that purpose, one integrates the total number of e-folds in terms of
the inflaton field. With the same prescriptions one finds

N(sf = comoving, si = flat,x) =

∫ φ(τf )

φ(τi)+δφ(τi,x)

H(φ)
dφ

φ̇

= ln a(τf )/a(τi) +Nφδφ(τi,x) +
1

2
Nφφδφ

2(τi,x) + ... ,

(F.6)

where we rewrote the integral in terms of φ so that the fact that we chose a
comoving slice is showed in the integration limit. In the last equality, we used
a Taylor series expansion and since we count the number of e-folds N from
the end of inflation we have

Nφ ≡
∂N

∂φ
= −H

φ̇
. (F.7)

Interestingly, the implications of equations (F.5) and (F.6) is that one can
estimate the power spectrum and non-gaussianities on superhorizon scales
by knowing the background evolution and the initial fluctuations of the in-
flaton field. A straightforward comparison with the definition of local non-
gaussianity [274], i.e.

Rc = Rc,g +
3

5
fNLR2

c,g , (F.8)

where the subindex g indicates it is assumed to be gaussian, yields

fnaiveNL =
5

6

Nφφ

Nφ

=
5

6
(ε+ δ) =

5

12
(η − p) , (F.9)

where in the last step we used the slow-roll parameters of K-inflation [275],
i.e. η = 2 (ε+ δ)+p (see Appendix E). We called it naive due to the fact that
there is another contribution one should take into account. The intrinsic non-
gaussianity of the field. For a discussion on that topic see our work Ref. [275].
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Curvaton model

In this appendix we will see in more detail the curvaton model. We make use
of the δN formalism explained in Appendix F. I will follow reference [276].
The curvaton model goes as follows [126–128]. Assume that a part from the
inflaton field, which drives inflation, there is another scalar field which we call
curvaton. The energy density of curvaton is much smaller than that of the
inflaton and therefore it has a negligible contribution onto the dynamics of
the universe. This is called an spectator field. Nevertheless, the curvaton field
fluctuates as any quantum scalar field in an expanding universe. The curvaton
contributes as an isocurvature component and the curvature perturbation is
not conserved. However, if the curvaton decays into radiation before nucle-
osynthesis, once the inflaton decayed, the isocurvature component is converted
into adiabatic one. If the spectator field has a non-vanishing energy density
then it contributes and may dominate the curvature perturbation. At the
time of decay the curvaton oscillates around the minimum of its potential and
therefore it behaves like pressureless matter. Let us compute the amplitude
of the curvature perturbation as well as the non-gaussianity in this case.

Since we deal with super-horizon scales, we make use of the separate uni-
verse approach. The δN formalism in the case of multi-components can be
written as [139,277]

ζ = δN(t,x) +
1

3

∫ ρ(t,x)

ρ̄(t)

dρ̃

ρ̃+ p̃
, (G.1)

where δN is the perturbed expansion, ρ and p are the energy density and
pressure respectively and an upper bar refers to the background value. In the
epoch of interest we consider that there is radiation and the curvaton. We
may expand ζ perturbatively to find

ζ = ζ1 +
3

5
fNLζ

2
1 + ... , (G.2)

where ζ1 is the first order perturbation and fNL is the local non-gaussianity
parameter.1 The curvature perturbation for the curvaton, which we call χ, in

1The factor 3/5 comes from the definition of non-gaussianity in Ref. [274] which uses
the Newtonian potential instead of the curvature perturbation. See Sec. 2.2.3.
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the uniform-curvaton density slicing is given by

ζχ = δN(t,x) +
1

3

∫ ρχ(t,x)

ρ̄χ(t)

dρ̃χ
ρ̃χ

. (G.3)

On the other hand for radiation we have

ζrad = δN(t,x) +
1

4

∫ ρrad(t,x)

ρ̄rad(t)

dρ̃rad

ρ̃rad

. (G.4)

We can use (G.3) to find that the curvaton density on spatially flat hypersur-
face is

ρχ
∣∣
δN=0

= e3ζχ ρ̄χ . (G.5)

When the curvaton oscillates around the minimum of the potential we can
approximated it with a simple squared potential. Thus, the energy density of
the curvaton around its minimum when it oscillates is given by

ρχ =
1

2
m2χ2 , (G.6)

where m is the mass of the curvaton. Recall that the curvaton was present
during inflation and it developed quantum fluctuations that exit the horizon
and froze. Let us split the value of the curvaton at horizon crossing as

χ∗ = χ̄∗ + δχ∗ , (G.7)

where a subindex ∗ refers to horizon crossing and δχ is the perturbations.
We can then related the value of the curvaton at horizon crossing χ∗ to the
amplitude of the oscillation χ by a given function χ = g(χ∗). Thus during the
curvaton oscillation we have

ρ̄χ =
1

2
m2ḡ2 , (G.8)

for the background and

ρχ =
1

2
m2

[
ḡ + g′

(
ḡ

g′
δχ

χ̄

)
+

1

2
g′′
(
ḡ

g′
δχ

χ̄

)2

+ ...

]2

, (G.9)

for the perturbation expansion. The same applies to the curvature perturba-
tion on uniform-curvaton density slicing, that is

e3ζχ =
1

ḡ2

[
ḡ + g′

(
ḡ

g′
δχ

χ̄

)
+

1

2
g′′
(
ḡ

g′
δχ

χ̄

)2

+ ...

]2

. (G.10)
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We are now left to expand and identify term by term. We find from Eq. (G.9)
that

δ(1)ρχ = m2gδχ (G.11)

and
δ(2)ρχ = m2

(
1 +

gg′′

g′2

)
(δχ)2 . (G.12)

From the curvature perturbation Eq. (G.10) we have

ζ(1)
χ =

2

3

δχ

χ
(G.13)

and
ζ(2)
χ = −3

2

(
1− gg′′

g′2

)(
ζ(1)
χ

)
. (G.14)

We can then identify that the local non-gaussianity is given by

fχNL = −5

4

(
1− gg′′

g′2

)
. (G.15)

Note that depending on the form of the curvaton potential, i.e. the form of the
function g, we can have large or small non-gaussianity, i.e. bigger or smaller
than 1.

Now the question is, what is the contribution to the power spectrum? For
that we need to consider the radiation field as well. For simplicity, we assume
the sudden decay approximation. That is the curvaton decays instantaneously
into radiation. In the uniform-total energy density slicing we have that the
total energy density is given by the contribution of radiation and the curvaton,
i.e.

ρ̄(tdec) = ρrad(tdec,x) + ρχ(tdec,x) , (G.16)

note that this include perturbations. On the other hand, if the total energy
density is homogeneous we have from Eq. (G.1)

ζ = δN . (G.17)

From Eqs. (G.3) and (G.4) we can find the local energy density of each field,
i.e.

ζrad = ζ +
1

4
ln

(
ρrad

ρ̄rad

)
(G.18)

and
ζχ = ζ +

1

3
ln

(
ρχ
ρ̄χ

)
. (G.19)

Thus we can rewrite Eq. (G.16) dividing by the total energy density, that is

(1− Ωχ,dec) e4(ζrad−ζ) + Ωχ,dece
3(ζχ−ζ) = 1 , (G.20)
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where Ωχ,dec = ρ̄χ
ρ̄χ+ρ̄rad

. We have the relation between the curvature pertur-
bation and the energy densities. For simplicity, let us assume that ζrad = 0.
Then expanding at first order we have

ζ1 = r∗ζ
(1)
χ , (G.21)

where

r∗ =
3ρ̄χ

3ρ̄χ + 4ρ̄rad

∣∣∣∣∣
dec

. (G.22)

This gives the well known result that the power spectrum from the curvaton
is

Pχ(k) =
4πk3

(2π)3

r2
∗|δχk|2

χ2
?

. (G.23)

If we expand up to second order we have

ζ2 =

(
3

2r∗

(
1 +

gg′′

g′2

)
− 2− r

)
ζ2

1 . (G.24)

Thus the non-gaussianity after the decay of the curvaton is given by

fNL =
5

4r∗

(
1 +

gg′′

g′2

)
− 5

3
− 5r∗

6
. (G.25)

Again, by choosing g we can make non-gaussianity of O(1) or less.



Appendix H

Hamiltonian Formalism

In this appendix we review the Hamiltonian formalism for General Relativity
[278, 279]. We study the number of degrees of freedom and show that there
are only two tensor modes, i.e. gravitational waves. Then we show that a
conformal transformation is a type of canonical transformation, which does
not change the number of degrees of freedom as long as the transformation is
regular.

Start with the Einstein-Hilbert action, that is

S =

∫
d4x
√
−g

M2
pl

2
R . (H.1)

We now perform a 3+1 decomposition with the line element given by

ds2 = −N2dt2 + hij
(
dxi +N idt

) (
dxj +N jdt

)
, (H.2)

whereN is the lapse andN i is the shift vector. N andN i describe the foliation
of our spacetime. In this decomposition the action is given by

S =

∫
d3xdtN

√
h
M2

pl

2

(
R(3)[h] +KijK

ij −K2
)

(H.3)

where

Kij =
1

2N

(
ḣij − 2D(iNj)

)
, (H.4)

K = hijKij and Di is the covariant derivative of hij. We proceed to compute
the Hamiltonian of this system, that is

H = Πijḣij − L = NHN +N iHi , (H.5)

where Πij = δL/δḣij = 1
2
M2

pl

√
h (Kij − hijK),

HN =
1

M2
pl

√
h

(
2ΠijΠij − Π2

)
−
M2

pl

√
h

2
R(3) (H.6)

and

Hi = −2hijDk

(
Πkj/h

)
. (H.7)
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Note that πN = δL/δṄ = 0 and πiN = δL/δṄ i = 0. These are called primary
constraints. Then, the total Hamiltonian is given by

H =

∫
d3xNHN +N iHi . (H.8)

See that the lapse N and shift N i play the role of Lagrange multipliers. Vari-
ation with respect to the lapse and shift are known as Hamiltonian and Mo-
mentum constraints :

δ

δN
⇒ HN = 0 and

δ

δN i
⇒ Hi = 0 . (H.9)

The evolution of the system is completely described by the Hamiltonian of
the system by taking the Poisson bracket, i.e.

Q̇ = {Q,H} =
δQ

δhij

δH

δΠij
− δQ

δΠij

δH

δhij
. (H.10)

In this way, the Hamiltonian and Momentum constraints are classified as
secondary constraints, i.e. they come from the Poisson brackets of the primary
constraints with the Hamiltonian. In other words, we require that the time
derivative of primary constraints vanishes as well.

An important property of the Hamiltonian formalism is that a coordinate
transformation is also given in terms of the Hamiltonian. Diffeomorphism
invariance thus tells us that the Poisson algebra of the constraints is closed.
In particular, for the smeared form of the constraints, i.e. H[N ] =

∫
d3xNH

and Hi[N
i] =

∫
d3xN iHi, we have

{H[N ], H[M ]} =

∫
d3x

(
NDiM −MDiN

)
Hi{

Hi[N
i], H[M ]

}
=

∫
d3xNkDkM H{

Hi[N
i], Hi[M

i]
}

=

∫
d3x

(
NkDkM

l −MkDkN
l
)
Hl

(H.11)

Note that if we assume that the primary and secondary constraints are satis-
fied then the latter Poisson brackets do not yield any further constraint. The
presence of constraints means that we are not dealing with the true degrees of
freedom. For example, a priori metric has 10 independent components:1 the
lapse (1), the shift vector (3) and the spatial metric (6). That means that our
phase has 20 dimensions. Once the constraints are solved the phase space is
reduced.

1It is a symmetric matrix. In d dimensions a symmetric matrix has d × d − d(d−1)
2

independent components.
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The constraints can be classified as first class if their Poisson bracket with
all other constraints vanishes2 and second class otherwise. First class con-
straints reduce 2 variables in the phase space and second class 1 only.3 In the
Hamiltonian formulation of GR without gauge fixing we have that primary
and secondary constraints are first class and thus we are left with 4 variables
in the phase space, i.e.

20− 1× 2× 2 (Hamiltonian)− 3× 2× 2 (Momentum) = 4 . (H.12)

This means that in GR we have 2 d.o.f. which actually corresponds to the
2 polarizations of gravitational waves. This is the reason why we know that
during inflation the vector modes are non-dynamical and thus are not gener-
ated.

H.1 Application to conformal transformations

Let us briefly see how conformal transformations are understood in the Hamil-
tonian formalism. To do so it is better to work in the conformal decomposition
of the spatial metric, that is

hij = e2ΨΥij , (H.13)

where
√
h = e3Ψ and det Υ = 1. In this case we have that to preserve the

Poisson brackets the transformation must be a canonical transformation. This
condition leads us to

hijΠ
ij =

ΠΨ

2
and Πij = e−2Ψ

(
P ij +

ΠΨ

6
Υij

)
. (H.14)

In this new variables the Hamiltonian is given by

H =

∫
d3xNHN +N iHi , (H.15)

where

HN = M−2
pl e−3Ψ

(
2P ijPij −

Π2
Ψ

12

)
+M2

ple
Ψ

(
2ΥijDiDjΨ + ΥijDiΨDjΨ−

1

2
R(3)

)
(H.16)

and

Hi = ΠΨDiΨ−
1

3
DiΠΨ − 2ΥijDkP

kj . (H.17)
2They are associated to gauge transformations.
3Note however that by definition they come in pairs.
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H.1.1 Conformal transformation

Let us now do a conformal transformation given by

gµν = e2ωg̃µν (H.18)

This is equivalent to do
Ψ→ Ψ + ω (H.19)

and
Πω → Πω − ΠΨ , (H.20)

so that it is a canonical transformation and we ignored the transformation of
the lapse since it is a Lagrange multiplier and we are free to redefine it. Note
that in doing the conformal transformation we introduced a new variable ω,
which could be a general function of the scalar field. However, ω was not
present in the original theory which means that initially we have a trivial
constraint given by

Πω = 0 . (H.21)

This constraint is obviously first class and has no secondary constraint. Thus
it removes the degrees of freedom of ω. After the conformal transformation we
mixed the conformal d.o.f. of the metric Ψ with ω. Thus, we have a primary
constraint in the resulting theory given by

Πω − ΠΨ = 0 . (H.22)

Due to the symmetry Ψ + ω in the Hamiltonian, the secondary constraint
trivially vanishes, i.e.

Cω = {Πω − ΠΨ, H} = 0 , (H.23)

and does not yield any new constraint. Thus we see that (H.22) is a first class
constraint which removes one degree of freedom. In fact, we know it removes
the degrees of freedom of ω.

What if ω is a function of a scalar field. First if ω = ω(φ) and φ is already
present in the theory, e.g. the inflation, this transformation does not yield any
new constraint and we have 3 d.o.f. in the theory, i.e. 2 tensor and 1 scalar
mode. If ω = ω(X) we are led to beyond Horndeski theories which potentially
has an Ostrogradski ghost [169]. However, in this case we can introduce a new
field replacing X with a Lagrange multiplier, that is

λ (χ−X) . (H.24)

Then we can do the conformal transformation Ψ → Ψ + ω(X) and find that
we have a primary constraint

Πχ = 0 → Πχ − ωχΠψ = 0 . (H.25)
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This time, due to the fact that we introduced higher order derivatives the
secondary constraint does not trivially vanish and leads to another constraint,
i.e.

Cχ = {Πχ − ωχΠψ, H} = 0 . (H.26)

This two constraints are first class if the scalar field was not present from the
beginning thus removing the d.o.f. from φ and χ. If the scalar field was present
in the theory the constraints are second class and only remove χ. There is a
singular case to that and it is the mimetic gravity case. In this case, the χ
field transforms as

χ̃ = e2ω(χ)χ , (H.27)

since recall it is by definition X. Then the secondary constraint which comes
from the variation of χ, i.e.

δ

δχ
=
δχ̃

δχ

δ

δχ
= ∂χ

(
χe−2ω(χ)

) δ

δχ
, (H.28)

will trivially vanish if
e2ω(χ) = χ . (H.29)

Then we lose the secondary constraint, which would have been first class, and
the primary constraint is then first class and remove the degrees of freedom of
χ but not φ. Thus we have a new degree of freedom, which is the mimetic dark
matter. See Ref. [280] for a detailed calculation of the mimetic case and [230]
for a study in a general case.
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de Sitter space

The de Sitter (dS) spacetime is a universe with a positive cosmological con-
stant. The geometry of dS can be easily visualized by embedding it in an
extra dimensional Minkowsky spacetime (for a review see [30, 281]). For ex-
ample, dS in 4D is an hyperboloid of radius ` embedded in a 5D Minkowsky
spacetime, i.e.

ds2
5D = −dx2

0 + dx2
1 + dx2

2 + dx2
3 + dx2

4 , (I.1)

where the hyperboloid is given by

−x2
0 + x2

1 + x2
2 + x2

3 + x2
4 = `2 . (I.2)

Depending on how we choose the time coordinate, i.e. on how we slice this
hyperboloid, we obtain different coordinate charts of dS. This is illustrated in
Figs. I.1 and I.2. Let me illustrate three interesting cases.

First, consider the radius of the S3, i.e.

x2
1 + x2

2 + x2
3 + x2

4 = r2 , (I.3)

and the hyperboloid between x0 and r, that is

x0 = ` sinhχ/` and r = ` coshχ/` . (I.4)

Then metric in the 4D slice is

ds2
4D = −dχ2 + `2 cosh2 (χ/`) dΩ3 , (I.5)

and describes a closed universe. We have that

dΩ3 = dθ2 + sin θ2dΩ2 . (I.6)

This is called closed slicing and it corresponds to the right hand side of Fig. I.1.
Note that the slices correspond to slices proportional to constant x0 and thus
they are horizontal slices.

This time start considering the radius of the S2, i.e.

x2
1 + x2

2 + x2
3 = R2 , (I.7)
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Figure I.1: On the left: dS hyperboloid in 5D. On the right: Closed slicing
of dS. Note how every space-like slice contains a spatially finite universe.

and the hyperboloid between x0 and R, that is

x0 = ρ cosh ξ and R = ρ sinh ξ . (I.8)

The 5D metric in this coordinates is given by

ds2
5D = −dρ2 + ρ2dξ2 + ρ2 sinhϕ2dΩ2 + dx2

4 , (I.9)

Now we slice the hyperboloid with ρ and x4, i.e.

ρ = ` sinh τ/` and x4 = ` cosh τ/` . (I.10)

Then metric in the 4D slice is

ds2
4D = −dτ 2 + `2 sinh2 (τ/`)

(
dξ2 + sinh2 ξ dΩ2

)
. (I.11)

Note that the last term in brackets correspond to an Hyperbolic space. Thus,
this is called open slicing, that is

ds2
4D = −dτ 2 + `2 sinh2 (τ/`) dH3 , (I.12)

which corresponds to the left hand side of Fig. I.2. Note that the slicing
corresponds to slices of constant x4, with x4 > `.

There is also the static slicing which is given by

ds2
4D = −

(
1− r̃2

`2

)
dt2 +

(
1− r̃2

`2

)−1

dr̃2 + r̃2dΩ2 . (I.13)

We can find it by considering the radius of the S2, i.e.

x2
1 + x2

2 + x2
3 = R2 , (I.14)

and the hyperboloid between x0 and x4, that is

x0 = ρ sinh ξ and x4 = ρ cosh ξ . (I.15)
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Figure I.2: On the left: Open slicing of dS. See how the slice cuts two dis-
connected regions. On the right: Flat slicing of dS. Note how both slicings
contain an spatially infinite universe.

The 5D metric in this coordinates is given by

ds2
5D = −ρ2dξ2 + dρ2 + dR2 +R2dΩ2 , (I.16)

Now we slice it with the circle given by ρ and R, i.e.

ρ = ` sin τ/` and R = ` cos τ/` . (I.17)

Then metric in the 4D slice is

ds2
4D = −`2 sin2 (τ/`) dξ2 + dτ 2 + `2 cos2 (τ/`) dΩ2 . (I.18)

We can define r̃ = ` cos (τ/`) and ξ = t/` to get the static metric (I.13). In
this form, we can see the cosmological horizon at r̃ = ` = H−1 where H is the
Hubble parameter.
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