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Chapter 1

Introduction

In this thesis we study several generalizations of the classical orthogonal polynomials (COP). These
generalizations include the exceptional orthogonal polynomials (XOP), the Dunkl-supersymmetric or-
thogonal functions and orthogonal polynomials whose degree sequence is 0,2,2,4,4,.... A common
feature shared by these generalizations when they appear as polynomials is that the degree sequence
of them are not a set where all the non-negative integers are included. Here we say a polynomial p(x)
is of degree n if the highest degree of the variable x is n. Specifically, let us consider a (finite or in-
finite) sequence of polynomials {P,(x)} that satisfy certain orthogonality, denote the degree sequence
of {P,(x)} by S, and let Ny = {0, 1,2,...}. For the orthogonal polynomials we shall consider in this
thesis, one always has

S = No\C, (1.0.1)

where the set C C N can be finite or infinite. The significance of studying these generalizations of
COP is self-evident once the readers come to realize the great theoretical value and rich applications
of COP. We would like to invite the readers to follow us into this short but pleasing journey playing
with generalizations of COP.

1.1 Classical orthogonal polynomials

1.1.1 History and definitions

First, we shall quickly review the history of the orthogonal polynomials (OP) in general. The origin
of OP goes back to the theory of continued fractions studied by Stieltjes in the late nineteenth century
[72]. Over the past hundred years, voluminous achievements on the theory and applications of OP
have been contributed by a great number of outstanding mathematicians, to name a few, Markov,
Padé, Hamburger, Hausdorff, Carleman, Perron, Szegd [10, 34, 35, 53, 61, 62, 74]. Especially, after
the publication of Szegd’s famous treatise on the theory of OP, increasing interest has been attracted
to this subject. The basic general theory of OP was further developed by Chihara in his well-known
book [12], where many necessary background materials are also included.

Along with the development of the theories of OP, it has been widely applied to many different
branches of mathematics and physics, such as special functions, integrable systems, approximation
theory, numerical analysis, random matrix, quantum mechanics and combinatorial theory. In addition,
the theories developed upon that of OP furnish comparatively general and instructive illustrations of
certain situations in the theory of orthogonal systems. Recently, some of these polynomials have been
shown to be of great significance in quantum informatics [7, 14,43] and in machine learning [48,71].

Now let us introduce the definition of OP. For a comprehensive review of the theory of OP, one
can refer to the special issues dedicated to such topics [12,47,74]. Let .Z be a linear functional from
Rx] to R. The orthogonal polynomial sequence (OPS) related to the functional . are defined as a
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sequence of polynomials {p,(x)};_ satisfying the following conditions:

g[l?n(x)l’m(x)] = hn5m7n7 hy # 0, (1.1.1a)
deg(pn(x)) =n. (1.1.1b)

If in additional we also have &, = 1, n > 0, then it will be called an orthonormal polynomial sequence.

For convenience, unless otherwise specified we will assume that the OPS mentioned in this thesis are
always monic (which means their leading coefficients in the variable is 1). An equivalent definition of
OPS was then provided by Favard [20] in 1935 as the existence of the three-term recurrence relations:

Xpn(X) = ppi1 (X) + anpn(x) + buppn—1(x), p-1(x)=0, (b, #0), n=0,1,2,... (1.1.2)

Moreover, the OPS {p,(x)}_, is called positive-definite if a, is real and b, > 0. This characterization
of OPS is sometimes even more important since it relates OP to a tridiagonal matrix, which is usually
called a Jacobi matrix. This key feature is the starting point of many applications of OP. The Jacobi
matrix plays an important role in several areas including quantum theory, integrable systems, numerical
analysis, random matrices and antisymmetric simple exclusion process (ASEP) which are nowadays
extensively studied and investigated [4, 6,11, 68,78, 80].

Three well-known examples of OP, the Hermite, Laguerre and Jacobi (including the special cases
Tchebichef, Legendre, Gagenbauer) polynomials, have long been at the center of the studies of OP.
These three systems were called collectively the classical orthogonal polynomials (COP). In many
literatures the term “classical” means that the OP satisfy certain second-order differential equations

(A(x)07 + B(x)0 + C(x)) pa(x) =0, (1.1.3)

where d; = £, A(x) and B(x) are polynomials of degrees not exceeding 2 and 1, C(x) is constant.
These COP have many properties in common. One of them is that the derivative of p,(x) is a constant
times g, (x) where {p,(x)} is in one of these COP and {g,(x)} is also. These are the only sets of OP
with the property that their derivatives are also orthogonal.

Later, the concept of COP has also been extended to a discrete variable case and they are defined as
polynomials satisfying a second-order difference equation

(A(X)AZ +B(x)As +C(x))pa(x) =0 (1.1.4)
or a second-order g-difference equation
(A(x)(AD)? + B(x)AL +C(x)) pa(x) =0, (1.L.5)

where A, is a difference operator defined by A, f(x) = f(x+ 1) — f(x) and A{ is the g-difference oper-
ator defined by A f(x) = (f(gx) — f(x))/(g— 1)x. The orthogonal polynomials which are solutions of
(1.1.3), (1.1.4) or (1.1.5) are characterized as the Askey scheme or the g-Askey scheme [57] and these
polynomials are explicitly written in terms of hypergeometric functions [22].

In the book of Koekoek and coworkers [44], the Hermite, Laguerre and Jacobi polynomials are
called “very classical orthogonal polynomials”, and (following Andrews & Askey [2]) the authors
called all families in the (g-)Askey scheme classical. The families in the (g-)Askey scheme have found
interpretations in various settings, for instance in the representation theory of specific Lie or finite or
quantum groups, in combinatorics and in probability theory. Some of the limits in the scheme could
also be brought over to limit relations of the structures where the polynomials were interpreted.

In this thesis we would like to follow the statement in Koekoek’s book, which means in what follows,
the term COP will always refer to all the members in the (g-)Askey scheme.



1.2 Duality and classical orthogonal polynomials

As we have seen, classical orthogonal polynomials are always equipped with three-term recurrence
relations and a second-order equation simultaneously. This property is called duality. In the infinite-
dimensional case there are several possibilities for duality property. The “classical” duality means that
orthogonal polynomials p,(x) satisfy both the recurrence relation (1.1.2) and one of the second-order
equations (1.1.3), (1.1.4) and (1.1.5). In the finite-dimensional case, the duality can be understood with
the help of a Leonard pair. The relationship between a Leonard pair and orthogonal polynomials has
been explained explicitly in [75,76]. In what follows, we would like to briefly introduce it.

Let V denote a vector space over a field K with finite positive dimension N + 1. By definition, a pair
of linear operators X : V — V and Y : V — V form a Leonard pair if there exist two basis for V, say e,
and d,, n=0,1,2,... N, such that, on the one hand, with respect to the basis e¢,, n =0,1,2,... N, X
is diagonal and Y is tridiagonal:

Xe, = Men, Ye,=E&pi1eni1+Muen+Enen 1, n=0,1,2,...N;

on the other hand, with respect to the basis d,, n =0,1,2,...,N, Y is diagonal and X is tridiagonal:
Yd, = uw,d,, Xd,=a,1dy+1+bpdy+and,—1, n=0,1,2,...N

where a,,&, #0,n=0,1,...,N, and ay.1 = Evo1 = 0. If there exist functions @, and polynomials
Y, (x),n=0,1,...,N, such that the following expansions hold

N N
€y = Z V (Dsq/n(ks)dna dy = Z V wsl//n()ts)es’
n=0 s=0
then v, (x) are orthonormal polynomials defined by the three-term recurrence relation

XYn(X) = Anr1 Wns1 (X) + bW (x) + an W1 (x), (1.2.1)

where y_(x) =0, yp(x) = 1. These polynomials are orthonormal with respect to the weights @,

N
s=0

For readers who are not familiar with the above discussions we would like to give some explanations
on the calculations leading to (1.2.1) and (1.2.2). First, it follows from the expansion of e, that

N N
Xeg = Z V wsWn(ks)an = Z vV wsllfn()vs)(an-i-ldn-&-l + bnd, +andn—1)a
n=0 n=0

while it also holds that N
Xe, = Ase, = Z VO W, (Ag) Asd,.
n=0

By comparing the right-hand sides of these two equation one arrives (1.2.1). The orthogonality relation
(1.2.2) follows directly from the expansions:

m=0 \s=

N N N N
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Again, if there exist functions @, and polynomials x,(x),n=0,1,...,N, such that the (dual) expan-
sions hold

N N
ds = Z V d’s%n(.us)ena €n = Z V s n(ﬂs)ds,
n=0 s=0
then the (dual) polynomials ), (x) are orthonormal defined by the three-term recurrence relation

XXn (X) = én—HXn—H (X) + NuXn ()C) + ann—l (x)a (1.2.3)
where y_1(x) =0, xo(x) = 1. They are orthogonal with respect to (dual) weights @

N

s=0

Moreover, comparison between the two types of expansions of e, d,, leads to the Leonard duality:

VO (As) = \/ @ )5 () (1.2.5)
If we multiply \/m in both sides of the recurrence relations (1.2.3) with n replaced by s and x = u,

Un d)n/wsXS(“n) = §s+1 V (I)n/wsXHI (.un) +Nsv 6bn/COS%S(.un) + 55 Vv (I)n/wsxs—l (”n)

and then substitute the relation (1.2.5) into the above, it turns out that polynomials y;,(x) satisfy the
second-order difference equation

A(S) (Wn(As+1) — Wn(As)) + B(s) (W (As—1) — Wa(As)) + C($)Wn(As) = taWn(As)

where

A(S) = &s-ﬁ-l a)S+1/wS7 B(S) = és V (Ds—l/wm C(S) =T +A(S) —I-B(S).

1.3 Algebraic representations

Bispectral pair is a generalization of Leonard pair. With the help of this concept, the polynomials in
the (g-)Askey scheme are related with very elegant algebras, among which the most general one is the
Askey-Wilson algebra (or Zhedanov algebra) [32, 87]. All the polynomials in the (g-)Askey scheme
can be realized by this algebra or its degenerations. The Askey-Wilson (AW(3)) algebra is defined as
the algebra with three generators X, Y and Z subject to the relations

X,Y], =2, (1.3.1a)
¥,Z], = BX +AY +Ci, (1.3.1b)
[Z,X]q =BX +AY +C,, (1.3.1¢)

where Aj,A,,B,C;,C, are complex constants, and [X, Y]q = XY — gYX is called g-mutator. Due to
simple g-mutation relations its representations, spectra, overlaps and other properties can be obtained
immediately [31]. Later, The Z3 form of the AW(3) algebra was also found [85]:

[X,Y]q:a3Z+W3, [Y,Z]q:a1X+W1, [Z,X]q:agz+W2.

In case if ajazas # 0 it is possible to put a; = ap = a3 = 1, then there are four independent parameters:
@1, 0, w3 and the value Q of the Casimir operator of this algebra. They correspond to the 4 parameters
of Askey-Wilson polynomials.



When some parameters are zero then the Aksey-Wilson polynomials degenerate to other polynomi-
als from the (g-)Askey scheme. For example, put ¢ = —1, the algebra

X, Y}=a3Z+w3, {Y.Z}=aiX+wi, {ZX}=aZ+ws,

describes the Bannai-Ito polynomials (which will appear in Chapter 3) [3,79], where {X,Y} = XY +
Y X is the anticommutator. In addition, if a; = 0 then the degeneration corresponds to big —1 Jacobi
polynomials [84]. If a; = @w; = 0 then the degeneration corresponds to little —1 Jacobi polynomials
[82]. For more interesting results on the algebras related with COP one can refer to [5,21,30-32,75,
76,85, 87].

1.4 Outline of thesis

The main purpose of this thesis is to deepen the understanding of classical orthogonal polynomials by
studying their generalizations when dropping some restrictions on the degree sequence. Specifically,
we consider the generalizations where the degree sequence of such an orthogonal polynomial system
does not consist of all the nonnegative integers, i.e. gaps are allowed in their degree sequence.

This thesis unfolds as follows.

In chapter 2, we discuss about the electrostatic properties of zeros of exceptional extensions of the
very classical orthogonal polynomials. We first give a brief review on the exceptional extensions of
the very classical orthogonal polynomials. A powerful method in the construction of these exceptional
polynomials is called the Darboux transformation. After introducing these concepts, we investigate a
classical electrostatic problem related with the very classical orthogonal polynomials. This problem
can be solved by deriving the configuration where the maximum value of a special energy function is
obtained. We show that this energy function attains its maximum value at the zeros of some exceptional
orthogonal polynomials under certain conditions.

In chapter 3, we construct an exceptional extension of the Bannai-Ito polynomials. In this construc-
tion, we generalize the Darboux transformation to a first-order Dunkl-type difference operator. From
the generalized Darboux transformation we derive the exceptional Bannai-Ito operators which have
polynomial eigenfunctions of all but a finite number of degrees. We also give more general results
on the intertwining relations regarding the multiple-step exceptional Bannai-Ito operator, and derived
their eigenfunctions. A special class of eigenfunctions of the Bannai-Ito operator which are called the
quasi-polynomial eigenfunctions are also important in the construction of the exceptional Bannai-Ito
polynomials. A quasi-polynomial eigenfunction consists of a gauge factor and a polynomial part. We
show that there are 8 classes of gauge factors by comparing the coefficients of the conjugated Bannai-
Ito operator and those of the Bannai-Ito operator. Then we construct the 1-step exceptional Bannai-Ito
polynomials and show that they are orthogonal with respect to a discrete measure on the exceptional
Bannai-Ito grid. Interestingly enough, the degree sequences of the exceptional Bannai-Ito polynomials
demonstrate different rules compared with all the known 1-step XOPs. The positivity of the weight
functions related to these 1-step exceptional Bannai-Ito polynomials is also considered, and we provide
several sufficient conditions with respect to certain parameters.

In chapter 4, we introduced and characterized orthogonal functions that we have called Dunkl-
supersymmetric. These functions are eigenfunctions of a class of Dunkl-type differential operators that
can be cast within Supersymmetric Quantum Mechanics. This investigation has built and expanded
upon the analysis in [65] where two examples had been studied. A significant feature of these orthog-
onal function families is that they do not involve polynomials of all degrees but are rather organized in
pairs of polynomials both of the same degree (where the examples in terms of the Jacobi polynomials
may be viewed as polynomials in another variable) . The connection with Supersymmetric Quantum
Mechanics has been exploited to obtain a number of Dunkl-SUSY orthogonal functions from exactly
solvable problems. Informed by these results we could offer a general characterization of the Dunkl-



SUSY OPs and could exhibit as well their recurrence relations. It would be of interest to relate the
families of OPs that have been obtained as g = —1 limits of g-orthogonal polynomials [51,79, 82, 84].
A challenging project for the future would be to undertake the study of multivariate supersymmetric
polynomials.

In chapter 5, we give summary and plans of future works.



Chapter 2

Exceptional extensions of the very
classical orthogonal polynomials and their
electrostatic properties

2.1 Darboux transformation

The last decade has witnessed exciting developments in a new class of generalization of COP, which
were given a kindly confusing name, the “exceptional” orthogonal polynomials (XOP). It is necessary
to remark that the XOP are a generalization of the COP, since they have the latter as a special case.
Here we say a polynomial P, (x) is of degree n if the highest degree of its variable is n. In most cases the
XOP have “gaps” in their degree sequences, i.e. there are a finite number of missing degrees in their
polynomial sequences (while the degree sequences of very COP are {0,1,2,...}). Extensive interest
have been devoted to many aspects of the theory of XOP. See, for instance, [25] for the introduction of
the exceptional flag which gives birth to XOP, and [24,26,69,77] for a systematic way of constructing
XOP satisfying 2nd-order differential equations (or 2nd-order difference equations in [16—18]), as well
as [23] for a complete classification of the (continuous) XOP.

In the construction of XOPs, the Darboux transformation (DT) plays an important role. It was further
clarified that multiple-step or higher order DTs lead to XOPs labelled by multi-indices [27,29,59]. The
1-step (rational) DT was conducted on a 2nd-order differential operator T = p(x)Dy, + q(x)Dy + r(x)
and acts as T — T(1):

T=PBod+1, TY=uodcB+2, 2.1.1)

where o7, 9 are lst-order differential operators [26]. An immediate consequence of (2.1.1) can be
derived as the following intertwining relations

%oT:T(l)oﬂ, To,%’:%oT(l),

which imply that the eigenvalue problem T'[y] = Ay is equivalent to 7 [y()] = Ay(1) where y(!) =
</ [y]. Thus with a well selected “seed solution” ¢ such that T[¢] = ¢ and <7[¢] = 0, it simply
deletes degrees in the eigenfunction sequence {y(!)} of the Darboux transformed operator T(1).

In the above we described a rough image of a 1-step (rational) DT. Let us introduce the basic knowl-
edge about DT in more details adopting the notations of [23]. Given a second-order differential oper-
ator T = p(x)d? + q(x)dx + r(x), let ¢(x) be an eigenfunctions of T such that

T[9](x) = A9 (%),

where p(x),q(x),r(x) are rational functions, A is the corresponding eigenvalue.
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Definition 2.1.1. A rational factorization of T is a relation of the form
T=BA+A,

where A,B are first-order differential operators. Given a rational factorization, we call the second-
order differential operator T defined by

T =AB+A
the partner operator of T and say that T — T is a rational Darboux transformation.

It is easy to see that 7', 7" are related by the following intertwining relations
AT =TA, TB=BT,

which imply that the eigenvalue equation 7'[¢] = A ¢ is equivalent to the eigenvalue equation 7[¢] =
A¢ where ¢ = A[¢]. Specifically, we denote the first-order differential operators A, B by

~

A:b(ax—u), B:b(&x_ﬁ)a

where b, b, u, i are non-zero rational functions satisfying

A 4
bb=p, id+u=—-—-+—,
p b

S

and a Ricatti equation
p( + 1) +qu+r=A.

From the definition of 7', 7" and the way they are being factorized, it follows immediately that:

Proposition 2.1.1. Given two second-order differential operators T, T':
T =pd>+qod+r, T=pd>+Go+7,

if T, T are related by a rational Darboux transformation, then their coefficients satisfy

A

pP=r
. , 20
g=q+p — 5P
b/ bl b//
F=r+q +up' — 3(q+p’)+ (2(b)2— b+2u’>p.

If we let ¢ be a solution of A[y] = 0, consequently, u = ¢} /@, then there exist a constant Ay such
that

T =BA+X, T|¢o]= Ao

which means that ¢y is an eigenfunction of 7' with respect to the eigenvalue Ay. Let {@q } 41 be the set
of eigenfunctions of 7 such that
T[] = Aado;, a €l

For the partner operator of T defined by 7' = AB + Ay, its eigenfunctions can be given by

b
A _ if Al | =0 2.1.2
P g if A[@q] (2.1.2)
A[@y], otherwise (2.1.3)



where o is given by @ = el % n fact, if A[@y] = 0, then
T[$o] = AB[da] + Aodo = 2000
since B[@y] = 0, and, if A[pg] # 0, then

T[A[‘pa“ = ABA[(POC] + AO(ISOC = A[(;La - AO)‘P&] + A()éoc = k(x‘f;a-

Hence the rational Darboux transformation

(T,{a}) = (T {9a})

is an isospectral transformation:
T[(P(X] = A/a(pa, VOC E ]I

Next we consider iterated rational Darboux transformations.

Definition 2.1.2. Let T, T be second-order differential operators with rational coefficients. We say
that T and T are gauge-equivalent if there exist a complex-valued rational function ¢ such that

oT =To,

where G is referred as the gauge-factor. And say that T is Darboux connected to T if there exists a
differential operator L such that
LT =TL.

In particular, gauge-equivalent operators are Darboux connected since they are related by a zeroth-
order intertwining relation. The relations between coefficients of gauge-equivalent operators 7', 7' can
be obtained from straight-forward computations:

pP=p
. 20’
1=9=
G/ 0.12 G//
F=r—— 2(—)" — —
q+<(0) S )P

Proposition 2.1.2. Two second-order differential operators with rational coefficients T, T are Dar-
boux connected if and only if they are either gauge-equivalent, or they are connected by a factorization
chain, i.e., there exist second-order differential operators T; with To =T and T, = T such that

T,=BA;+2;, i=0,1,....n—1
Tiv1 =AiBi+ Ai,
where A;, B; are first-order differential opeartors, A; are constants, i =0,1,...,n—1.

In fact, the existence of factorization chain between T and T can be demonstrated as the follow-
ing sequence of eigenvalue equations which are indeed the iterated utilization of rational Darboux
transformations

T [¢o] = To[do] = Aodo,
Tip] =M1,  Ti[do] = Ao,
Dg] = Mg, T[] = Mid,

T[(Pn] = Tn[(ﬁnfl] = Anfl(i)\nfl-



For simplicity of computation, here we assume that Ay, Ay, - - -, A,,_1 are distinct numbers. First, we find
a seed solution of Ty[¢¥] = 1D ¢(©) (1) £ 24), let Ag = by(, — 0" /¢(?)). Notice that Ag[¢] # O,
denote QB() :A0[¢0] then we get T} [é()] = Mé() LetA; =b; (8x — éé/q;o), Ay [¢1] 75 0 and (51 =A [¢1] =
b1 (9] — ¢104/Po) = b1Wr[do, §1]/do, here Wr represents the Wronskian type determinant. In the same

way we will find that Ay = by(d, — @] /1) and ¢ = As[¢] = bo (9 — $20]/d1) = b2 Wr[d1, 9]/ 1.
Continue this procedure, it turns out that

~ b, o

(Pnfl — Anilwr[q)ana(Pnfl]-
¢n—2

In the case where by = by = --- = b, = 1, it follows inductively

Iy Wr[¢(0)7¢(l)7'"’¢(n_])’¢(n)]
Il = e, e, 1]

here ¢(), i =0, 1,...,n are different eigenfunctions of Tp.

Till now we have shown how exceptional polynomial sequence can be obtained by a rational Dar-
boux transformation and iterated rational Darboux transformations. The operator related to exceptional
polynomial sequences are called the exceptional operators.

Definition 2.1.3. A second-order differential operator T is exceptional if T has polynomial eigen-
functions for all but finitely many degrees. Specifically, there exists a finite set of natural numbers
{ki,...,km} C N such that for all k ¢ {ky,...,ky}, there exists a polynomial y;. of degree k satisfying
the following eigenvalue equation:

T[yk] :)bk)’Im lk G(C,

while no such polynomials exists if k € {ky,... ,kn }. Such a polynomial system is called the exceptional
orthogonal polynomial system, where ky, ...k, are the exceptional degrees, and m is the codimension.

The following theorem implies that every exceptional operator is Darboux connected to a classical
operator.

Theorem 2.1.1 (M. Garcia-Ferrero, D. Gémez-Ullate and R. Milson [23]). Every exceptional orthog-
onal polynomial system can be obtained by applying a finite sequence of Darboux transformations to
a classical orthogonal polynomial system.

Note that this theorem was only proved for the “very classical orthogonal polynomials” (the Hermite,
Laguerre and Jacobi polynomials), it may not hold true for all the COP but still has great instructions
for deriving exceptional extensions of COP.

2.2 Exceptional extensions of the very classical orthogonal

polynomials

In this section we will introduce the definition and properties of exceptional extensions of the very
classical orthogonal polynomials. First, we quickly review some properties of the very classical or-
thogonal polynomials. The eigenvalue equation of the very classical orthogonal polynomials can be
rewritten as the well known Sturm-Liouville type equation

(P(x)y'(x))" +R(x)y(x) = Ao (x)y(x),
where P(x) = @(x)p(x), R(x) = @(x)r(x). The weight function w(x) satisfies the Pearson equation

(p(r)w(x))" = g(x)w(x) 22.1)
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and the conditions
p(X)wx)x* =0, keN (2.2.2)

on the boundary of the interval I.
Denote Z the ring of polynomials. Let us introduce the definition of the exceptional extensions of
the very classical orthogonal polynomials [23].

Definition 2.2.1. (Exceptional orthogonal polynomials)
A sequence of polynomials {yi(x) }ren J{ky -k} 18 called a sequence of exceptional orthogonal poly-
nomials if

(1) the yi’s are the eigenfunctions of a second-order differential operator T, T = p&f +qoy+r,
where p, g, r are rational functions on x;
(2) there is an open interval I € R such that
(1-a) the associated weight function w(x), as given in (2.2.1), is single valued, and integrable
on I, and moreover,
(1-b) all moments are finite, i.e.

/xja)(x)dx< oo, jeN/{ki,-- kn};
1

(1-b) y(x)p(x)@(x) — O at the endpoints of I for every polynomial y € 2.
(3) the vector space span {yy : k ¢ {ki, - ,km}} is dense in the weighted Hilbert space
L*(o(x)dx,I).

The weight functions associated with these exceptional polynomials turn out to the those of the classi-
cal ones over the square of a polynomial [23].

Theorem 2.2.1. The weight function ®(x) of XOP has the form

where 1 (x) is a real-valued polynomial which is non-vanishing on I, @(x) is the weight function of a
classical orthogonal polynomial system.

Remark 2.2.1. Note that all the zeros of N (x) lie outside I by assumption (2) in the Definition 2.2.1.
If an exceptional orthogonal polynomial system has polynomials for all degrees (i.e. m = 0), then
it defines a classical orthogonal polynomial system, which up to an affine transformation must be
Hermite, Laguerre or Jacobi polynomials.

Specifically, the second-order differential equations satisfied by the three types exceptional orthog-
onal polynomials are given by [16—18]

10 (o M@ gy (MEW) o M6 o o 1y ) —
H' (x) 2<+nH(x)>H”()+<nH(x)+2 nH(x)H 2k 2(@>H,l() 0, (223)

xL! (x) + <Oc +k +1—x— anl/“(x) )L;l(x)
nL(x) (2.2.4)

nllf(x) / nli(x) L) /
+{x +x—a—k +n—ki—usg |L,(x)=0, a>-1,k >0,
(o Vit TR J i)

11



1s(x)

7 (%)
() +A(n—

=

(1—x")Py (x)+ (B — 00— 2Ky — (a4 B + 2k +2)x —2(1 —x%) nﬂX))P,;(x)
s
J

_x2 ni'(x) _ / / X
+<(1 )nL(x)-i-[Ol B+ 2K, + (2K + a + B)x]

a,B > -1,k +kb >0,

1) i>)Pn<x>:o,

=

(2.2.5)

where H,(x), L,(x), P,(x) denote exceptional Hermite, Laguerre, Jacobi polynomials of degree n,
respectively. Mg (x), Nr(x), ns(x) are polynomials whose degrees coincide with the codimension of
the related XOPS, o, B, k, K, ki, k{, Ky, u'k, u’, u’; are certain constants and A (x) is a real-valued
function, we shall omit the details about these functions and constants here for the convenience of
discussion.

2.3 Stieltjes-Calogero type relations

There are many literatures considering the Stieltjes-Calogero type relations for zeros of orthogonal
polynomials, the most famous result among which was obtained by T. J. Stieltjes [73] as follow

_ 1
Y
k=1 k£ Xi Yk
where x1, x2, - - -, X, are zeros of Hermite polynomial of degree n. Stieltjes noted that this result implies

an appealing interpretation of the location of zeros of Hermite polynomials as equilibrium positions
of a simple one-dimensional n-particle problem. Moreover, He obtained similar relations for zeros
of Laguerre and Jacobi polynomials thereafter. Interest in such kind of relations was revived by the
work of Calogero and co-workers on integrable many-body systems [1, 8, 9]. Since then substantial
efforts have been made on finding the Stieltjes-Calogero type relations for the purpose of revealing the
relationship between zeros of polynomial systems and certain many-body systems.

To the best of the author’s knowledge, the existing most generic method of obtaining this kind of
relations was described in [67]. We apply this method to give some nontrivial results in the proceeding
part. Let

if it satisfies that

n

= f(xj),

k= 1Z,k7é (xj _xk) '

where f(x;) is a rational function about x, then the above formula is called a Stieltjes-Calogero type
relation.

Consider an n-th order differential equation,

éAmx)yM (¥ = £(2). 23

where A;(x) and f(x) belong to C*(—eo, ), Suppose that (2.6) has a monic polynomial solution y(x)

with simple roots:
n

() =[x —x),

i=1

12



then let y;(x) be defined as y(x) = (x —x;)y;(x), i.e.

It follows that (1)
YWep) =niVx), r>1,
so that (2.3.1) becomes, after division by y’(x) and evaluation at x = x;,
—i—1
o ) )
Y (n—i)Ai(x;) =T
=0 i) V(X))

S, can easily be obtained by observing the right hand side of the following formula

(2.3.2)

0,
yj(x) =

thus the other terms immediately follow by differentiating at x = x;
(y’j (x)
¥j(%)

In light of the above formula S, j(r = 2,3, ---) can be derived by analyzing a new function Z,(x)

Lj=

(s)
) }x:Xj:(_1>sS!SS+l,j7 5:0,1,2,"'.

where Z,(x) satisfies a recurrence relation

Zo1 () = Z)(x) + Z1 (02 (x),
and the initial condition
Zi(xj) = S1,;.

Immediately we can rewrite (2.3.2) as

n—1
. f(x))
—)Ai(x))Zp—i—1(x;) = .
l;,)(” 0)Ai(xj)Zn—i-1(x;) V()
In the case of exceptional orthogonal polynomials, a second-order differential equation with rational
coefficients was satisfied

(2.3.3)

p(x)y" (x) +q(x)y' (x) +r(x)y(x) = Ay(x), (2.3.4)
one can easily obtain
S1j=— qu(gj), (2.3.5)
50— 2[p/(x;) +C](xj);~;1(,)j€ ; 4" (xj) + )] 2, (23.6)
5=~y {20 )+ ate)lsE =20+
2[p" (x;) +24 (x;) + r(xj)}sl,j} + %Sl,jsz,j — %S?J, (2.3.7)
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and Sy j, Ss j, -+, by inductively calculating Z,(x), r = 2,3,---, and differentiating on both sides of
(2.3.4).

Making use of the above method, we obtain the following properties on the zeros of exceptional or-
thogonal polynomials according to the second-order differential equations (2.2.3), (2.2.4) and (2.2.5).

Let x;, ---, x, denote the n zeros of the exceptional Hermite polynomial of degree n, then the
Stieltjes-Calogero type relations of x1, - - -, x, follow
N (%))
Sl7 i =Xxj+ ;
T Mu(x))
2 o mpt) (b))
S, :(n—l—k—uH,)—[xz-—i— - ,
73 Z3 Y ey \nulx))
1
S3,j = Exj
Let xi, ---, x, denote the n zeros of the exceptional Laguerre polynomial of degree n, then the
Stieltjes-Calogero type relations of xi, - - -, x, follow
a+1+k —x; F(x;
Spj=— Tlre—x +TIL(XJ)7
2x; ne(x;)
L n(x))
2= "5 -
12 X5 X;
2
a1
ne(x;) nL(x;)
Let xy, - - -, x, denote the n zeros of the exceptional Jacobi polynomial of degree n, then the Stieltjes-
Calogero type relations of xp, - - -, x,, follow
S a—ﬁ+2k§+(a+ﬁ+2+2k’l)xj+n}(x,-)
1,j = — .
J 2(1-22) (%))

Remark 2.3.1. Only the first several terms of these relations are listed here, the other terms, which
tend to be more complicated (although some special terms may have elegant forms like S3 ; for the zeros
of exceptional Hermite polynomials), can be easily computed using this method. Notice that in the case
of classical orthogonal polynomials all the terms containing k, k', ky, ki, k5, u%, n;(x;)/Na(x;) and
N/ (x;)/Na(xj) (a = H,L,J) disappear automatically.

2.4 The electrostatic properties of zeros of the exceptional

extensions of the very classical polynomials

The zeros of the exceptional extensions of the very classical polynomials can be divided into two
groups: regular zeros which lie in the domain of orthogonality, and exceptional zeros (usually com-
plex) which lie in the exterior of the domain. A conjecture considering the location of zeros of these
exceptional orthogonal polynomials was drafted as follow:

Conjection 2.4.1 (A. B. Kuijlaars and R. Milson, [49]). The regular zeros of exceptional orthogo-
nal polynomials have the same asymptotic behavior as the zeros of their classical counterpart. The
exceptional zeros converge to the zeros of the denominator polynomial 1 (x).

Moreover, properties like the location and asymptotic behavior of zeros of exceptional Hermite
polynomials are described by A. B. Kuijlaars and R. Milson [49], of exceptional Laguerre and Jacobi
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polynomials by C. L. Ho, R. Sasaki [36] and D. Gémez-Ullate, M. Garcia-Ferrero, R. Milson [28].
It concludes that the zeros of exceptional orthogonal polynomials usually share similar properties as
their classical counterparts, especially for the regular zeros.

Below we revisit an energy problem by making use of properties of exceptional orthogonal polyno-
mials. Considering the maximum of the following energy function

To(x1, - ,x Hw ) [1 bi—xl 2.4.1)
1<i<j<n
where the n points xj, ---, x, lie on a compact set E. In the case of @(x) = 1, I. Schur showed that

the maximum of Ty, is obtained at the zeros of certain orthogonal polynomials [70]. If @(x) takes a

classical weight, namely with Hermite weight o(x) = e, with Laguerre weights @ (x) = x%e ™,

with Jacobi weights @, g(x) = (1 —x)*(1 +x)P, then the maximum of 7, is attained at the zeros
of orthogonal polynomials corresponding to @, W1, @y_1 1, respectively [37]. Results for the
zeros of general orthogonal polynomials can be found in [40]. In addition, A. P. Horvdth proved that
the set of regular zeros of exceptional Hermite polynomials is the solution of the maximum problem
with respect to the weight @(x)P2(x), where @ (x) is the weight of exceptional Hermite polynomials,
P,,(x) is a polynomial whose zeros are the exceptional zeros of an exceptional Hermite polynomial of
codimension m [38]. Similar results have also been reported in the cases of the so-called X;,-Laguerre
polynomials and X;,-Jacobi polynomials [39].

Remark 2.4.1. As is pointed out in [40], Ty is called an energy function in light of its potential
theoretic background. In fact, taking the logarithm in (1.1), the maximization problem of (1.1) is
equivalent to the minimization problem of the following function

n

—ln Ta, :Z Z

Jj=1 xl) 1<i<j<n ’)C _XJP

The second summation in the right-hand side can be interpreted as the energy of a system of n like-
charged particles located at the points {x;}"_,, where the repelling force between two particles is
proportional to the reciprocal of the square of the distance between them. The first summation refers
to the total external potential of this system. Thus, —In (Tw) is the total energy of this n-particle
system.

In what follows, we investigate the maximum of the energy function (2.4.1) with respect to @(x) =
@(x)p(x), where p(x) is the coefficient of the following second-order differential equation satisfied by
the exceptional orthogonal polynomials with respect to ®(x)

p()y" (x) +q(x)y' (x) + r(x)y(x) = Ay(x), (2.4.2)

the prime denotes derivative with respect to x, y'(x) = dy(x) /dx.
Before proving the main result of this section we shall introduce some lemmas.

Lemma 2.4.1. An Hermitian strictly diagonally dominant matrix with real positive diagonal entries
is positive definite.

Proof. Let A denote an Hermitian strictly diagonally dominant matrix with real positive diagonal en-
tries, then it follows from the Gershgorin circle theorem that all the eigenvalues of A are positive,
which implies that A is positive definite. Ol

Lemma 2.4.2 (Uniqueness of the maximum point of Ty,). Let ®(x) be a non-nagative, continuous
weight on I C R such that In@(x) is concave, i.e. (Inw(x))"” <0, Vx € I, then the maximum point of
Ty is unique.

15



Proof. Assume that {a;}"" | and {b;}}_, are maximum points of 7, enumerated in increasing order, let
¢; = (a; +b;)/2. We consider the value of Ty, at the point {c;}?_,. Rewrite T, as
1 ) ) 4
Toxi,-x) =[Jok) [I ki-xP= ] ki—xlloG)ol;)] D,

j=1 1<i<j<n 1<i<j<n

then because of the ordering of the points {a;}"_ |, {b;}"_, and the log-concavity of w(x), we have

4 4
In (c,-c,y2(w(c,-)w(cj))n<nl>) =1In|e; —c;* + D) (Ino(c;) +Inw(c;))
a;—aj bi—bj 2 4 a; +b; Clj+bj
2
> Inla; —aj||bi —bj| + = 1) (Inw(a;) +Inw(b;)) +Inw(a;) +Inw(b;))

— 510 (1~ asP(@(@)0ta) 7 )+ in (-, (@(B)00) 7T )

where the arithmetic-geometric mean inequality was used, and the equality holds if and only if a; = b;,
i=1,---,n, which establishes the uniqueness. O

As pointed out in [81], Stieltjes showed that (when @(x) is a classical weight) —In T (X1, ,X,)
attains a minimum when xy, - - -, x,, are the zeros of the corresponding classical orthogonal polynomial.
However, Stieljes did not explicitly show that this position is a minimum (even though he explicitly
mentions that it is a minimum). Here we reformulate these results as the following theorem and give
an explicit proof.

Theorem 2.4.1. Let o(x) = &(x)p(x), where &(x) takes a classical weight, p(x) is the coefficient in
(2.4.2), namely, ®(x) = e for Hermite polynomials, or ®(x) = x-x%e™ for Laguerre polynomials,
or o(x) = (1 —x%)- (1 —x)*(14x)P for Jacobi polynomials. Then in the domain I with respect to
@ (x), the energy function Ty attains its maximum at the set of zeros of the corresponding orthogonal
polynomials.

Proof. Letxy, ---, x, denote the zeros of a classical orthogonal polynomial of degree n with respect to
the weight @(x) (with n(x) = 1). By differentiating In Ty, (y;,--- ,y,) iny;, i = 1,2,...,n, we have
dInTy(y1, -+ ,yn) o’ u 2
b _(@yyy y 2
Vi k=1 ki Vi — Yk
_0'(yi) | P) 2

= — +
O(yi) p(yi) k=1 ki Vi — Yk

O P gk o N L )

which imply that
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Thus, X = (x1,---,x,) is a critical point of the energy function 7, which means T, has a local ex-
tremum at X. Next we consider the Hessian matrix H of (—InT7y,), if H is positive definite at X, then
Ty has a local maximum at X. The off-diagonal and diagonal elements of H are given by

o O2(—In(To(y1,- ,ya)) 2
Hii = dyidy; T (i _yj)27 i ]
P (=In(To(yr,+ ) _
Hy = 5 (——) ') +, IZ‘;#Z (yl L
_q0)p' i) —p(i)g n
N p(yi)? +] z;'#l yJ)

Since g(x)p'(x) — p(x)¢’(x) > 0, Vx € R, it follows that H is Hermitian, strictly diagonally dominant,
and has real positive diagonal entries, thus H is positive definite. This means that 7, has a maximum
value at the point (xj,---,x,). In fact, g(x)p’(x) — p(x)g'(x) > 0 is always true in the case of classical
orthogonal polynomials. Denote the left hand side of the inequality by F (x). For Hermite polynomials,
p(x) = 1,q9(x) = —2x, F(x) = 2 > 0; for Laguerre polynomials, p(x) = x,q(x) = a+1—x, F(x) =
a+1> 0 (since @ > —1); for Jacobi polynomials, p(x) = 1 —x?,q(x) = B —a — (a+ B +2)x,
F(x)=(ot+ B +2)(1+x*) — (B —a)2x >0 (since &, f > —1).

The uniqueness of the maximum point follows from the fact that each weight @(x) is log-concave in
the related domain /. Moreover, T, tends to zero at the boundary of the domain related to @(x), thus
it attains a unique maximum at (xi,--- ,Xy,). O

Note that the zeros of classical orthogonal polynomials are all real, simple and distinct [74, chapter
6.2], which guarantees that 7, dose not vanish at these zeros. However, the exceptional orthogonal
polynomials have complex zeros and were conjectured to have simple zeros except possibly for the
zeros at z = 0 [49]. Here we assume an exceptional orthogonal polynomial P, (z) of degree n+m
has n + m simple zeros , and we denote the set consisting of these zeros by

Z= {Zla'” yZnsZn+1," " aZrH»m}
where z; = x1, -+, Z, = X, are the n real zeros and z,,+1 = Xu+1 +il1, -5 Zntm = Xn+m + iy are the
m complex zeros. Here we consider the function Tgy(Y) := Ty (V1,- s Yns Ynr1 F i1y s Yntm + i)

with n + m real variables. Ty (Y) is a complex-valued function as long as m > 1, so we check the
maximum value of |7y (Y)|> = Ty (Y) Ty (Y) instead. First, rewrite T (Y) as

H(Dyz H Onejin)) - [T =yl ] Dusk it — Oner +im)?

1<i<j<n 1<k<I<m
: H s = Onse + i) |,
1<s<n
1<t<m
then we have . "
\mWﬂfH D) [ToOn+iu)ou—in) - TT i—yil*
i=1 j=1 1<i<j<n
H |-tk _)’n+l>2 + (e — .ul>2‘2 ) H (s _)’nth)z +.uz2)’2~
1<k<I<m 1<s<n
1<t<m
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For 1 <i < n, we have

IIn|Tu(Y)2 _ o( + i i — Ynt1)
dyi (D(y, 1:17”& —Yj ;:1 Yn+t) "’."LtZ7
n m 4 m 4l.l.l[
+ — .
Vi) jzlzﬁgl Yi—Yj ,ZI Yi— (Ve Hitly) ,:21 (vi _yn+t)2 + .utz

Notice that the sum of the first three terms on the right-hand side of the last equation equals O at the
point (x1,- -+ ,Xp4m) due to (2.2.1) and (2.3.4). This together with the fact that the left-hand side of
the above equations is real implies that

3

= (2.4.3)
= xr—xh+ﬂ +
Forn+1 <i<n+m, we have
IMnTo(V)P _ 0 (itithin) | @i itin) | I
ayi w(yi + iﬂi—n) w()’i - iui—n) I1=1,l#i—n ()’i _yn+l) (”z —-n— Y:I +,lll "
_ 2wl(yi+'iui—n) + - : 4 : i
C()(yi + l.ui—n) I=1,l£i—n (yi + l.ui—n) - (yn+l + l‘LL] s—1 )’t +ifi— n) Vs
n o' (y; — .i/vLi—n) _ o' (yi + 'l..ui—n) 4 i 4i( i — pE n zn: 41#1 —n
a)(yi - l.ui—n) w(yi + l.ui—n) 1=1,li—n (yi yn+l) (.ul n— s:l 24+ ,Ul n

Again, we find that the sum of the first three terms on the right-hand side of the last equation equals 0
at the point (x1,- -+ ,Xp+m), thus implies

o' (x; —illi—p) @' (X;i+illi—p) 4 4i( iy — 1) < dip; B
i o TR Z S 2 TRV Z _x)2 2
O —illi—n) O+ illi—p) =11 %i—n (X —Xn0)* + (Wi — )* o (i —x)2 + 17,
244
Therefore we have shown that (x|, - - ,X,.,,) is a critical point of [Ty (Y)]?.

The Hessian matrix H of (—1In|T,(Y)|?) has four types off-diagonal elements and two types diago-
nal elements:

4

Hj=——— 1<i<nl<j<ni#]

T i)
4

Hij=— (i — ) ‘uj nz]? 1<i<nn+1<j<n+m,
[(yi y/) +:uj n]
4

Hij: [(yl ) !u’l n] n+1§l§ﬂ+m,1§J§n7

[(yi— M)+MﬁP’

H. = — 4[()’1 ) (.ut n .ujfn)z]
Y [(yi — ) + (Mi—n /’Ljfn)z]z’

n+l1<i<ntmn+l<j<ntmi#j,
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and

i = | — 20°0) / Y e yn+t)2 —Hﬂ i<n
e ( ©() > ' j Z -(y ; yn+t) +u? t=izm,
o' (yi

H,-l:(—w’"
O(yi + illi—n)

In order to find the condition for H to be positive definite, the following should be satisfied

. "(yi — i.uifn) - 4[()’1’ *yn-&-l)z - (,LL,-,n - ul)z]
@ (yi = ifti—n) ) i l:]Z[;éi [(vi = Yns0)* + (Min — H1)?]?

t\_?
+
N

i— }’l]
i yS +/le ”]2

, n+1<i<n+m.

n+m
Hi>0 and H;> Y [|Hjl, 1<i<n+m,
=L
which is equivalent to
n+m
Hi> Y [|Hjl, 1<i<n+m.
j=Lj#

For 1 <i < n, we have

n+m 2 ! m 4 _ m
H; — Z |Hij|:<_ (1) )+Z[ Vi — yn+t Z

j=1,j#i =1 yn+t) +ut =1

ynH) .u ]
yn+t) 'u[2]2

B < 2;0£$)i)>1+,_§1 [(yi—ynjz)2+uz2 - [(yi—ynittt )2+ p?)? }

B i 4 B 8u?
=1 (Vi = Yn4e)? + ﬂzz (i = Ynte)> + th]z

S (_ 20”()’:‘))/_ " 1647
B i t=1 [(yi _YH—H)Z + ‘ut2]2

forn+1 <i<n-+m, we have

Hi "i" Hy| = (_ w'(yi+ilvlin)>’+ <_ w,(yi_i.uin)>/+ i A = yus1)® = (Himn — 1)°]

j=1,j#i (l)(y,- + i.uifn) (J)(y,' - i,uifn) I=1,l#i—n [(yi _yn+l)2 + (.LLFn - H1)2]2

A(yi = ya41)® — (Himn —

i yl yS _#12 n] -
[ = Ynt)* + (in —

— U]
| )2+, J? I=1.1Zi—n

; ) +ui 2

o (yi+iti—n) ' o (i —itti—n) )’ . 4 -4
> <_ —" (- _—” o Z . 2 Z j 2
w(yz + l.ul—n) w()’t l.ul—n) I=1,0%i—n ()’t yn+l> ;s
_ <_ w/(yi+i“i—n)>,+ <_ wl(yi_iﬂi—n)>/_ nin 4
o(yi +illi—n) @(yi — ifhi—n) (i —v))?

=Lz Vi

=




The above inequalities imply that if

2(0/()61') ' nm 4
<_ > S . (2.4.5)

o(x;) j=n-+1,j#i (i —x;)
and
<— w/(x‘*."“"”))/jt (— Wi~ ihin) f“i”)>/ > iﬂ : ) (2.4.6)
O (x; + iti—n) O (X; — ifti—n) = (i —xj)
hold, then |T,(Y)|? has a (local) maximum value at X = (X1, ,Xn,Xnt1, - ;Xnem). According to
these discussions below we provide a sufficient condition for |T,,(Y)|? to obtain its maximum value at
the point X.

Theorem 2.4.2. Let o(x) = @& (x)p(x), where ®(x) takes an exceptional weight, p(x) is the coefficient
in(2.4.2), namely, ®(x) = e*xz/nﬁ, (x) for exceptional Hermite polynomials, or @(x) = x-x%e¢~*/n} (x)
for exceptional Laguerre polynomials, or @(x) = (1 —x%)- (1 —x)*(14+x)P /n?(x) for exceptional
Jacobi polynomials. Let P, (x) be an exceptional polynomial of degree n+ m corresponding to the
weight ®(x). Assume that the zeros of Pyyy(x) are all simple, and denote x;, i = 1,2,...,n+m, the
the real parts of the zeros of Py (x). If the denominators Ny (x), Np(x), Ny (x) satisfy the following
conditions

(InMg(x))" +ke >0, x€1, (2.4.7)
n+m 1
(Inng(x))"|v—s +hka > Y 5, 1<i<n+m, (2.4.8)

[ )
then in the domain I with respect to ®(x), the real-valued function |Tg(Y)|? attains its maximum value
at X, where the subscript & can be replaced by H, L, J, respectively, kg = 1, kp = k; = 0.

Proof. Till now it has been known that if (2.4.5) and (2.4.6) are satisfied then |7, (Y )|? has a (local)
maximum value at X. The uniqueness requires that (In®(x))” = (g(x)/p(x))’ <0, Vx € I, provided
the information of p(x), g(x) are given in (2.2.3), (2.2.4), (2.2.5), respectively, we check case by case
using the same notations as we did in the proof of Theorem 4.3. Assuming it satisfies that

(Inmu(x))" +1>0, x€ (—oo,00), (2.4.9)
(Inme(x))” >0, x€(0,00), (2.4.10)
(Inmy(x))" >0, xe(~1,1), (2.4.11)

then for exceptional Hermite polynomials, it holds that
F(x) =2+2(Inng(x))" >0,
as well as for exceptional Laguerre polynomials (&t > —1,k’ > 0) we have
F(x) = a+k +1+22(Inng(x))" >0,

and for exceptional Jacobi polynomials (a, 8 > —1,k| + k5 > 0) we have

"

F(x) = (a+B+2k +2)(1+x%) — (B — a —2k5)2x +2(1 —x*)*(Inn,(x))" > 0.
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Moreover, since it holds respectively for the weight functions of exceptional Hermite, Laguerre, Jacobi
polynomial that

2+2(Innu(x))",

!/ 4 /
(280} = f et (i (0)" > 2(nme()'

(x 2k, +2)(1 2k
(o+B+2K, + )Elti; (B—a—2k,)2x +2(1H77!( ))'>2(lnm(x))”,

we then rewrite (2.4.5) and (2.4.6) into the following conditions which can be implied by (2.4.8):

1 + (1n nH<xi))// n+m

()" > Y s 1<i<n (2.4.12)
(hlm(xi))” JnHHél( )

and

2+ (Inny (i + i)+ (Innm (6 — i) 2
(1[11]L(Xi+l',ui_n))”+ (hlnL(xi_iui—n))l/ > Z m’
(lnm(x,'+i/.1,~,n))//+ (lnnj(Xi—i,uifn))” =LA !

n+1<i<n+m. (2.4.13)

Recall that @(x) decays quickly at the boundary, thus |7y, (Y)|? tends to zero at the boundary. Con-
cludingly, |T,(Y)|? has a unique maximum at X if (2.4.7), (2.4.8) are satisfied. O

Notice that in the equations (2.4.3) and (2.4.4) we have

Ly ! 1 1
(x; *xn+t)2 Jrlltz T2 |:(xi — X)) — il - (X = Xpye) + l'liz} ’
and
Ai(imn — W) ) [ 1 _ 1 }
(i = Xn0)? + (Wi — H1)? (X = Xn1) = i(imn — 1) (6= X0) + i(limn — ) |
ity 5 [ 1 B 1 ]
(xi—x)2+u2, (Xi = X5) —illi—n (% —Xg) +illion |’

which lead to the following result.

Corollary 2.4.1. If an exceptional orthogonal polynomial P, ,,(z) has n+ m simple zeros consisting
of n real zeros and m complex zeros:

21 =Xy o320 = Xn, 2okl = Xnp 1 H I - Zntm = Xntm + I,

where x; € R,i=1,...,n+m, u; €R, j=1,...,m, then it holds that

m
-y _ 1<i<n (2.4.14)

; (2.4.15)
X = Xppg) Fi(lin — M) 5 (i —xg

2
I=1,I#i—n (Xi = Xppt) =M — W) = (i — X)) —

, n+1<i<n+m.
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In particular, notice that

@' (xi+iflin) _ O (xitiflin) Pt illion)
o(x; +ili—p) O(x;i +ili—p) p(xi+illi—yp)

= =281,
it follows that the left-hand side of (2.4.15) is 0, consequently implies

=0, n+1<i<n+m.

(0/()6,' — l'/.Ll;n) i 2 L 2
— + ; + ;
o(x; — illi—n) ,Z%H (i — Xp+1) — i(Hin — M) s; (; — x5) — illj—n

2.4.1 Examples

Here we provide some examples which give evidence for our main result considering the case of
exceptional Hermite polynomials. The exceptional Hermite polynomials are defined upon Wronskian
determinants whose entries are Hermite polynomials according to a double partition [24]. Let A =
(A1,--+,A,) be a non-decreasing sequence of non-negative integers

0<A<Ah<---< A,

we call A a double (or even) partition if r is even and Ap;—; = Ay;, i = 1,---,r/2. The exceptional
Hermite polynomials with respect to A are defined as

A
Hrg ):Wr[H)anlz—i-la"' aH/lr+r—17Hn—|l|+r]7 n— M‘|+FEN\{AI7AZ+1;"' 77Lr+r_1}a

where Wr denotes the Wronskian determinant, H; is the jth Hermite polynomial and |A| =} A;. From
this definition it is clear that degH,EM (z) = n. Recall from table 1 the weight function of exceptional
Hermite polynomials is @y (z) = e~ % / n?(z), where we can now give 1y as

A
Nu = 771(1 = WrlHy  Hyy i s Hp e ]

It is known that 1)z has no zeros on the real line when A is a double partition [24], hence @y is a well-
defined weight function on the real line. Since degny = |A|, Ny has |A| complex zeros. According to

theorem 2.3 of [49], if all the zeors of H,E’” are simple then the exceptional (complex) zeros converge
to the zeros of Ny.
The problem described in the introduction is to find the maximum value of

n
To(xt,xa) = [Jo) [T x—xl
=1

1<i<j<n

where @ = @p, specifically o(x) = e /N7 (x) in the current case. Let Z = {z;,- -+ ,2,} be the set of

zeros of H\" (z). In order to check whether |7, | has a maximum value at Z or not, let us define

To(zi+z,- 2 +2
(o) = Tttt
To(z1,-+ 12n)

9

for different partition A we observe the value of f(z) around z = 0.

Example 2.4.1. When A = (1,1,1,1), ng = Wr[H,,H,,H3,Hy], the associated exceptional Hermite
polynomials are
HY) = Wr{H, Hy, Hs,Hy, Hy), n¢ {1,2,3,4}.
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Letn =38, then H,El) (z) has 4 complex zeros and 4 real zeros, Z = {z1,- - ,z3 }. Numerical results show
that z = 0 is a saddle point of f(z) when z € C (since Ty (21 + 2, -+ ,2n +2) is a holomorphic function,
according to the maximum modulus principle the modulus |Tg (21 + 2, -+ , 20 +2)| cannot exhibit a true
local maximum within the domain). Nevertheless, if z € R, f(z) attains its maximum at z = 0.

Example 2.4.2. For A = (1,1,3,3), ng = Wr|H,,H,,Hs,Hg), the associated exceptional Hermite
polynomials are

HY") = Wr{Hy Hy,Hs He,Hy—s), n—4¢ {1,2,5,6}.

Let n = 8, then H,(,M(z) has 6 complex zeros and 2 real zeros, Z = {z1,--- ,z8}. Again, it follows
numerically that z = 0 is a saddle point of f(z) when z € C and a maximum point of f(z) if z € R.

Remark 2.4.2. The above two examples show that in some cases Z is a saddle point of |Ty| while
at the same time a maximum point of |T| if all the imaginary parts of z;’s are fixed. However, this
phenomenon does not arise for all cases.

Example 2.4.3. For A = (2,2,3,3), Ny = Wr|H,,H3,Hs,Hg), the associated exceptional Hermite
polynomials are

Hrgl) = WV[HQ.,H37H57H67HH—6]7 n ¢ {2’3’5’6}

Let n = 10, then H,E/I)(z) has 8 complex zeros and 2 real zeros, Z = {z1, -+ ,z10}. In this case one

can observe from the numerical simulation of f(z) that z = 0 is neither a maximum point nor a saddle
point of f(z), hence |Ty| has no maximum at Z.
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Chapter 3

Exceptional Bannai-lto polynomials

In this chapter, we derive the exceptional extensions of the Bannai-Ito polynomials.

3.1 Bannai-lto polynomials

First, let us introduce the definition and some basic properties of the Bannai-Ito polynomials. The
Bannai-Ito polynomials, originally introduced in [3], are recently classified as a new kind of “classical”
orthogonal polynomials [79] since they are identified to be the eigenfunctions of the difference operator

H=oa(x)(R—I)+B(x)(TR-1I). (3.1.1)

H is a Dunkl shift operator, where R is the reflection operator, 7T is the forward shift operator, and [ is
the identity operator acting as

Rf(0)] = f(=x), T =f+1), 1fx)]=fx).

Throughout this paper the operators R, T and [ only influence x, for example, R[f(x+1)] = f(—x+1)
not f(—x—1),and T[f(—x)] = f(—x—1) not f(—x+ 1). It is known that the Dunkl shift operator has
polynomial eigenfunctions of all degrees if and only if its coefficients are given by

a(x) = (x—pl_)gcc—pg)’ Bx) = (x—r —i—l/zi)j_xl—rz—&-l/Z)

where ry, 2, p1, P2 are real numbers. In this setting the Dunkl shift operator is called the Bannai-Ito
operator. The eigenfunctions of the Bannai-Ito operator are the Bannai-Ito polynomials B, (x),

H{[B,(x)] = 0t(x)(Bn(—x) = Bu(x)) + B(x)(Ba(—x — 1) = Ba(x)) = AuBn(x),

where B, (x) is of degree n, and the eigenvalues are given by

: (3.1.2)

> if 1 is even, (3.1.3)
P = n+1 . .
r+rn—pr—p— 7 if n is odd. 3.1.4)

One should notice that the Bannai-Ito polynomials are defined upon four parameters, i.e. B,(x) :=
B, (x;p1,p2,r1,12), we use the former for simplicity.

The Bannai-Ito polynomials are discrete orthogonal polynomials. They are orthogonal with respect

to a discrete, positive measure of weight function @(x) on the Bannai-Ito grid {x;, ?’:_01:

N—1
Z @(x5)Bp (x5)By(xs) = hyOpm (hy >0; 0<n,m<N),
s=0

where x; (s =0,1,...,N — 1) are the simple roots of By(x) [79].
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3.2 Generalized Darboux transformation of Dunkl shift operator

It has been addressed before that the DT is one of the most powerful tools for constructing XOPs. The
rational DTs (or the Darboux-Crum transformations) factorize a second-order differential or difference
operator into two first-order differential or difference operators, hence the exceptional operator can be
obtained by exchanging the two 1st-order operators. Unfortunately, in our case the Dunkl shift operator
is a Ist-order difference operator, which makes it difficult to apply the rational DTs directly. In this
section we present a generalized DT of the Dunkl shift operator, and then give exceptional Bannai-Ito
operators explicitly.
Consider the eigenvalue problem of the Dunkl shift operator

H[¢(x)] = a(x)(R=1)[9(x)]+Bx)(TR=1)[9(x)] = 1o (x),

where o/(x), B(x) are functions in x. Then we choose an eigenfunction ¢(x) (not necessarily to be
polynomial) of H as a seed solution and let

x(x) = =R)[$(x)] = ¢(x) — ¢(—x), 3.2.1)
1) = (I +TR)[B(—x—=1)9(x)] = B(—x—1)¢(x) + B(x)9(—x—1). (3.2.2)
The functions x(x) and ¥ (x) satisfy the following properties
x(=x) =—x(), 2(—x-1)=%(),

and the eigenvalue problem H[¢(x)] = p ¢ (x) can be written as

—o(x)x(x) +2(x) = (1L +Bx) + B(—x—1))¢(x). (3.2.3)
Substituting x by —x — 1, the above equation becomes

—o(—x—1x(=x—D)+x(x) = (u+B(—x—1)+B(x)9(—x—1), (3.2.4)
the operation (3.2.3) - B(—x— 1)+ (3.2.4) - B(x) then implies

o (x)B(—x—1)x(x) +o(—x=1)B(x)x(—x—1) +ug(x) = 0. (3.2.5)
After substituting x by —x in (3.2.3) and then subtracting the result by (3.2.3) we have

X(=x) = 2(x) = =x () (0 + (x) + o(=x) + B(x) + B(—x— 1)), (3.2.6)
which holds under the condition

B(—x)+Bx—1)=B(x)+B(—x—1). (3.2.7)

The properties of y(x) and }(x) are very important, as well as the equations (3.2.3), (3.2.4), (3.2.5),
(3.2.6) and the condition (3.2.7), which will be used frequently in the DT with respect to the Dunkl
shift operator H.

Now we define the operator

z. - L p_pi_ L e
J¢—x(x)(R I)—i—Z(x)(TR—i—I)B( 1) (3.2.8)

such that .%,[¢ (x)] = 0. It is easily seen that if the intertwining relation

FpoH=HY 0.2, (3.2.9)
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holds for a new Dunkl shift operator H!), then for any eigenfunction y(x) (# ¢ (x)) of H with eigen-
value v (# u)), one has

HY[Zoly(x)]] = Zp o Hlw ()] = v- Fo w(x)].

The equation with respect to the most left and the most right terms means that .% [y/(x)] is the eigen-

function of H!) with eigenvalue v. Before deriving the explicit expression of the operator H M) we
first give the following lemma for the convenience of calculation.

Lemma 3.2.1. The operators R, T and I satisfy
RR=1, TRTR=I1, RTRT =1.

Moreover, for any function f(x), it holds that

(R=D)f(x)(R—=1) = (f(x) + f(=x))(I = R),
(TR+1)f)(TR+I) = (f(x) + f(—=x—1))(TR+1),
(TR+1)f(x)(TR=1) = (f(x) = f(=x—=1))(TR 1),
(TR=D)f(x)(TR+1) = (f(—x—1) = f(x))(TR+1),
(R=Df(x)(TR—1) = f(=x)RTR — f(x)TR — f(=x)R+ f(x)I,
(R=D)f(x)(TR+1) = f(=x)RTR — f(x)TR+ f(—x)R— f(x)I,
(TR=Df(x)(R=1) = f(=x=1)T = f(—=x = DTR = f(x)R+ f(x)

(TR+D)f(x)(R—1I)=f(—x—1)T — f(—x—1)TR+ f(x)R— f(x)I.

The above formulas follow from the definitions of R, T', I and elementary calculations, thus we may
omit the proof.

Using the formulas in Lemma 3.2.1 we are able to derlve the explicit expression of the operator H (1)
from (3.2.9). Denote the coefficients of H(!) by all )( x) and y<

HY = aV(x)(R-1) —I—ﬁ(l)(x)(TR—I) +y<1>(x).

Proposition 3.2.1. The Dunkl shift operator HY) which satisfies (3.2.9) with F¢ given by (3.2.8) is

2(=x) o e(x= DB (—x=1) o () - X
20 (R—1)+ 70 (TR—1I)+ PO (3.2.10)

Proof. We derive H (1) directly from (3.2.9). According Lemma 2.1, the left-hand side of (3.2.9) is

g —

o BN BWax—1)  (BWa—x—1)  B)
ool =50 T e T ( 20 +x(X))TR
B—x—Da() a()+a(—x)+B(—x)
*( 70 20 )R
_<B<—x—1)a(x)_a() o(—x )+l3()>,
Z(x) x(x) ’
and the right-hand side of (3.2.9) is
W eV BOG (e -y @B . BV
Ho e =3 RTR*x(—x—nT( 70 +x(—x—1)>TR



+<(x(1)(x)l3(x— 1) . YD (x) —ﬁ(l)(x)>R

X(=x) x(x)
Dix)— gV —x— (D) (x) — ¥
+<(¢ W) - @))p(-x—1) B ) 7 (x)>1.
X (x) X (%)
Then by comparing the coefficients of the operators RTR, T, TR, R and I one has
Wy XXy A=x =B (—x—1) 3911

P00 = HE0 2 (ko) + o) B0+ B-x 1) 62.12)

where the second equation in (3.2.12) follows from (3.2.6). ]

If we add the intertwining relation H 0 %y = %y o H () where P is also a Dunkl shift operator,
then it will be given by (we rearranged it for the convenience of checking (3.2.14) and (3.2.15))

By = a(x)(R—DF(x) + (TR+a(x)B(—x — 1) (). (3.2.13)

Further calculations imply that if the condition (3.2.7) holds then the products of .%y and % can be
expressed in terms of H and H ), respectively:

PByoFy=(H—p)o(H+P(x)+B(—x—1)), (3.2.14)
FpoBy=HY —w)oHY +B(x)+B(—x—1)). (3.2.15)

The above equations can be considered as a generalized DT of the Dunkl shift operator H, and H) is
the 1-step Darboux transformed Dunkl shift operator.

Remark 3.2.1. In order to make sure that this generalized DT can be applied on H) in the same
manner as before, the coefficients aV) (x), B1) (x) and YV (x) should satisfy the same properties as
those of H. Again, we denote the 2-step Darboux transformed Dunkl shift operator by H @) with the
form

H®) = o () (R—1) + B () (TR~ 1) + 77 (x),

and similarly with (3.2.8) we define the operator

(R—1)+ (TR+DBW (—x—1),

X3 (x) 73 (x)
where x?) (x) = (I —R)[(l)z(z) (x)], 2P (x) =T +TR)[BY (—x— 1)(})2(2) (x)], 2(2) (x) is the second-step
seed solution which is an eigenfunction of H) with eigenvalue L: (7)2(2) (x) =F [d)(])(x)] (we may

denote Fy by FV) and the first-step seed solution ¢ (x) by ¢1(1) (x) such that ¢2(2) (x) =70 [¢2(1) (x)],
(Pz(l) (x) # (j)l(l) (x)). Then it again follows from the following intertwining relation

F@ o) — g o 72

that
O (—x— DBV () 7@ (—x—1
a(Z)(x):T(z)(x) , B =2 ( )2(2)87( ( )7
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and

The three expressions of Y2 (x) imply YV (—x—1) = Y1) (—x) = YV (x), which further requires ot(x) +
o(—x)=a(—x—1)+o(x+1) and (3.2.7) according to (3.2.12). In the second and the third equation
with respect to Y (x) we have assumed that BV (x) satisfies the condition (3.2.7). Note that these
three expressions did not appear in the calculation of Y\V) (x) since Y0 (x) = 0 in H. Therefore, by
repeating this procedure we can conclude as follow.

Lemma 3.2.2. Denote the n-step Darboux transformed Dunkl shift operator by H () (= 1,2,...)with
the form

H™ =" (x)(R—1)+ B (x)(TR—I) + ¥ (x). (3.2.16)
If the condition
ax)+a(—x)=a(—x—1)+a(x+1) (3.2.17)

and (3.2.7) are satisfied, then the generalized DT can be applied on each H ) (n=1,2,...) in the
same manner as we did on H.

Proof. By repeating the procedure in Remark 3.2.1 one finds that the conditions

o™ (x) +a(—x) = a™ (—x— 1)+ o™ (x+ 1), (3.2.18)
B (—x)+ B (x—1) =B (x)+ B (—x—1), (3.2.19)
y(”)(—x— 1) = y(n)(_x) - y<n) (x). (3.2.20)

are sufficient for deriving the coefficients a!"*1)(x), B"+1(x), y**1) (x). On the other hand, from the
calculations of H") and H® it is easy to conclude that forn =1,2,.. .,

n 20 o oD (—x— 1BV )" (—x 1)
o >(X)ZW, B (x) = 700 : (3.2.21)
7)== +a" V() + oY () + BV (0 + B (—x - 1)) (3.2.22)

where the properties x " (—x) = —x " (x), 7 (—x — 1) = 7" (x) always hold. Then inductively one
can see that the conditions (3.2.18), (3.2.19), (3.2.20) hold for n = 1,2,... if (3.2.17) and (3.2.7) are
satisfied. O

Let us notice that the conditions (3.2.17) and (3.2.7) are already satisfied by the coefficients of the
Bannai-Ito operator, thus a multiple-step DT can be performed on the Bannai-Ito operator smoothly.
In the next subsection, we will derive the 1-step exceptional Bannai-Ito operator and the correspond-
ing eigenfunctions. Some important expressions about the eigenfunctions of the n-step exceptional
Bannai-Ito operator will also be given thereafter.
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3.2.1 Generalized Darboux transformation of the Bannai-lto operator

If H is a Bannai-Ito operator where a(x), B(x) are defined by (3.1.2), then H!) can be called the 1-step
exceptional Bannai-Ito operator. In this case, it holds that

ox)+a(—x)=p1+pr:=0, Bx)+P(—x—1)=—(r1+nr):=-P, (3.2.23)

hence
P () = —(u+a(x) + a(—x) + B(x) + f(—x—1)) = —(u+ a—B). (3.2.24)
Therefore, the 1-step exceptional Bannai-Ito operator becomes

o(—x—DB)x(=x—1)

) _ X(=x)
" 700

x(x)

For normalization purpose we may rewrite the operators .%y, %y and H (™) into

(R—1)+

(TR—1)— (u+a—B). (3.2.25)

ﬁq; =r(x)Fy, @q) = Bor ! (x), AY = rx)HV 1 (x), (3.2.26)
where r(x) is a decoupling coefficient whose explicit expression will be given in Lemma 3.4.1.
Adopting the notations of [77] here we may call .7 a “dressing” operator and %, an “undressing”
operator in view of their acting as dressing and undressing of a superscript OF

. Folw ()], if Z5[y(x)] #0 (3.2.27)
Y (x) = o (x)r(x) stherwise
xaten)” (3:228)
By ()] = (v =) (v = B)y(x),
where o (x) satisfies 6(x+ 1) = o(x) and o(—x) = —0o(x), for example, o(x) = sin(27x), and @(x)

is the weight function associated with the Bannai-Ito operator H. It can be easily checked by using the
results in Section 3.4 (Lemma 3.4.3) that

: (3.2.29)

thus l//(l) (x) is the eigenfunction of the normalized 1-step exceptional Bannai-Ito operator AW There-
fore, the DT

(H Ay} = @AY {yV(x)})
is an isospectral transformation:

Hly()] = vy(), AV @] = vy ().

In fact, the equation (3.2.29) is equivalent with

H(l) — :u~

X (x)x (x)a(x)o(x) () x(x)a(x)o(x) (3.2.30)
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in view of (3.2.26). Here we briefly check (3.2.30) using the expression (3.2.10).

) o) ]:zew< 1 _1) o) AH-Iw) ol
Ir@a@em | 20 \Z(—) 10 2@e@el) | 20 z0z@e@ol
ae»4wum«w—w< B-x-1) B ) o(x)
7 2(x—Da(—x—1) z@al ) 7B

ol Cﬁ&%ﬂ_ﬁwwﬂ%nﬂﬂ—w

e\ 2() 20 a)
oW (_ﬁ@w—nmmmm+mnmfw4mvw—n>

2D o) 2l

In the first equation, the properties y(—x) = —x(x), ¥(—x—1) = % (x), 6(—x) = —o(x), 6(—x—1) =
0(—x) =—o(x) and (3.4.18), (3.4.19) in Lemma 4.7 have been used. Then the first 2 terms in the right-
hand side of the first equation annihilate immediately, the third term can be simplified as the right-hand
side of the second equation. Finally, with the help of (3.2.5) we arrive at (3.2.30).

In the same way it turns out that (see (3.2.13))

o(x) _
#o [Z(X)X(X)Q(X)w(x)} =9, (3.2.31)
" |20 __|_ Bl=x—No)] _
® ”h@mumuﬂ‘a ”””ﬂ 200 }—0

hold for the same properties as we listed in the previous paragraph.
To summarize the above results we give the following theorem which serves as the formulation of
the generalized Darboux transformation for the Bannai-Ito operator.

Theorem 3.2.1. The I-step exceptional Bannai-Ito operator H (1) and the Bannai-Ito operator H sat-
isfy the following intertwining relations:
FyoH=HYoFy, HoRBsy=ByoHV (3.2.32)

where Fy, By are both Dunkl shift operators (see (3.2.8), (3.2.13)). The operator %y satisfies the
condition Fy|¢(x)] = 0, where ¢(x) is an eigenfunction of H called a seed solution. Moreover, the
products of ¢ and By can be expressed in terms of H and H OF

PByoFy=(H—p)o(H—P), (3.2.33)
FooRBy=(HY —u)oHY -B). (3.2.34)
The relations (3.2.33), (3.2.34) follow from (3.2.14), (3.2.15) and (3.2.23).

Later in Section 3.4 we will show that with a well selected seed solution ¢ (x) and the related de-
coupling coefficient r(x), the 1-step Darboux transformed eigenfunctions {.% [B,,(x)]} (B,(x) are the
Bannai-Ito polynomials) possess the “exceptional” feature (gaps in their degree sequences) and are
orthogonal with respect to a discrete measure on the exceptional Bannai-Ito grid.

As an immediate result of the intertwining relations (3.2.32), we have

HO(%q) Ofd,) = (,@(p Og(p)OH,
(F o@¢)oH(1) =HW o(FpoBy),
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which indicate that H and H(!) are commutable with (By o Fy) and (Fy 0 HBy), respectively. In a
more generic setting, if we denote H by H (©), and the exceptional operator obtained after n steps of
DT by H (") as we did before, while the same notations adopting to the operators .%# (") and 2™ with
F0) = F, 2B = Py, then we can give the intertwining relations with respect to the multiple-step
Darboux transformed Bannai-Ito operators.

n+1)

Corollary 3.2.1. The exceptional Bannai-Ito operator H' and the Bannai-Ito operator H ) satisfy

the following intertwining relations forn =1,2,...,
(FWo...oFMoHO = gD o (M o...0. 7)), (3.2.35)
HO o (#WVo...0 M) = (#BVo...0 M) HID, (3.2.36)

Proof. This corollary follows inductively from the construction of the multiple-step exceptional
Bannai-Ito operators H ™ (n=1,2,..)). According to Theorem 3.2.1 we know that the exceptional
Bannai-Ito operators H\\), H® H (3), ... can be obtained through the following intertwining relations

FWogO® — oz, g0 g — g0 o g0,
FOop) — @020 g6 50 - g0
FOHD —H® 020 g oz0) - g0 oH0).

By applying .# (2) on the left-hand side of the first equation and then rewriting the result using the third
equation we have

FD 6 7MWy — 2@ g o 7 _ gO o 7@ o (1)

Similarly, by applying %) on the right-hand side of the second equation and then rewriting the result
using the fourth equation we have

HO 6 20 0 22 — 20 o g 0 22 — 20 o @ o g

Repeating this procedure finally one will arrive at (3.2.35) and (3.2.36). O

Again, we can deduce
H(O)o(gg(l)o...og(n))o(g(n) o...og‘(l)) — (@(l)o...ogg(n))o(gz(n) o...ogz(l))oH(O)’
(g(ﬂ)o...oy(l))O(gg(l)o...o@(n))oH(nH) — gnth) o(g(ﬂ) o...og(l))o(gg(l)o...ogg(n))?

which indicate that H and H"*! are commutable with (B o-..0 BM)o (FMo...0 #(M1)) and
(ﬁ(”) 0--:0 9(1)) o (%(1) 0--+0 ,@(")), respectively.

3.2.2 Determinant expression of multiple-step exceptional eigenfunctions

From the intertwining relations in Corollary 3.2.1 one knows that the eigenfunctions of the n-step
exceptional Bannai-Ito operator H") can be given by

o) = Fm Vo0 FWpN )] (n>1), (3.2.37)
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where ¢,E11) (x) is an eigenfunction of H ©) (or H, the original Bannai-Ito operator) with eigenvalue Ll,,.

Please do not mistake (]),S,k) (x) and ¢,§k) (x) by the eigenfunctions of order m and order n, here we use
the subscripts m, n only to indicate they are different. Recall that

agn) _ _ (n=1)¢_,_

where B (x) is given by (3.2.21), and
1 (@) == " (x) = (T = R) [0S (%)), (3.2.39)
770 = 2" (%) = [+ TRB D (—x— 1)y (v)]. (3.2.40)

Namely, the left-hand sides of (3.2.1) and (3.2.2) are represented by (1) (x) and (V) (x), ¢,E”) (x) is the
nth-step seed solution:

HOD 190 (0] = gl (1), 98" () = Dol ) (3.241)

For the simplicity of calculation we introduce the following notations (whose special cases are (3.2.39)
and (3.2.40))

() = IR0 )], 20 (x) = I+TR)B" D (—x—1)op” (x)]- (3.2.42)

It then follows from the definition that, for n > 2 we have

5 (n—=1) 5 (n—1)
() m_ () Im(=x)
m = - ) 3.2.43
X ('x> ~ n_])(x) ~ n_])(_x) ( )
and
~(n—1)
20 (%) = (o — a1 ) o ; ) ; (3.2.44)
1 (x)
where the expression
~(n—1) (n—1)
o8 () = Vgl ) = B 00 () (3.2.45)

and the eigenvalue equation of (Pn(f*l)(x) (specifically, the (n — 1)-step version of (3.2.5)) have been
used for deriving (3.2.43) and (3.2.44).

As it has been shown in [16—-18, 24,29, 59], multiple-step exceptional orthogonal polynomials can
be expressed in Wronskian determinants whose entries are the classical orthogonal polynomials and
their derivatives. Similarly, in the exceptional Bannai-Ito case, for example, the eigenfunctions of the
1-step exceptional Bannai-Ito operator H(!) are the following determinant.

2 (%)
W) W)

For the eigenfunctions of the n-step exceptional Bannai-Ito operator H™ (n > 2), we show in the next
theorem that they can always be expressed in a 3 X 3 determinant.
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Theorem 3.2.2. The eigenfunctions of the n-th step exceptional Bannai-Ito operator H™ (n>2) can

be expressed as the 3 X 3 determinant

yo w2 () 2@ (<)
o't H ) w2V 2w wV (-« (3.2.46)
e T FRNCRE U W LN

) = pon” (x), and

) = B—x— 198 () + B o (—x - 1).

Xn
Proof. First, it is easily seen from (3.2.43) and (3.2.44) that, for n > 2 we have
1 (10— 1) "1 (o — 1)
Hm — Hj) Hm — H;j - -
)y _ Tl w e  (® al(—)
I’ (%) = 5 70 () X' (%) =5 00 7 (o)
lill(linfl — ) An-1X kI:II(.unfl — ) Nt Ay T
Then from (3.2.45) it follows that
~(n) (x) (n) (x)
XM (x) x™(x)
() B ) T () T (2 (=) — 2 (=024, ()
(Ha= 1) 200 21 W =) 50 @) () = 2 (02 ()

) ><x)_azm

_ Ly
]I;[1 |:.un .unln

Finally, the formula in the square brackets can be rewritten into

i (x ) ) (—x 5 3 -1
ﬁn%l)((x; Z:EI)EX; %I)E—x; '[(#nﬂn1))?nl)(x) Néll))(x) ZCZ%I)) _x)] ‘
w20 2@ 2 (- (0 T (=)

]
.,n. The
n—2}

Let us observe the right-hand side of (3.2.46), ¢, (x) vanishes if m = i for i = 1,2
cases m = n and m = n— 1 are due to the 3 x 3 determinant part, while the cases m € {1,2,

are due to the prefactor [] =1 (4m — pj). In this way, there are in total n eigenfunctions been deleted
n

from the eigenfunction sequence of the n-step exceptional Bannai-Ito operator H (n)
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3.3 Quasi-polynomial eigenfunctions of Bannai-lto operator

In this section we consider a special class of eigenfunctions of the Bannai-Ito operator, which are
called quasi-polynomial eigenfunctions. A quasi-polynomial eigenfunction is the product of a gauge
factor and a polynomial part:

H[E(x)p(x)] = A& (x)p(x),

where &(x) is a function in x and p(x) is a polynomial in x, A is the corresponding eigenvalue. The
Bannai-Ito operator may have several sequences of quasi-polynomial eigenfunctions. From these
quasi-polynomial eigenfunctions, in the next section, we will choose the seed solutions of the DT.
This plays an important role in the construction of exceptional Bannai-Ito polynomials.

From the definition of the quasi-polynomial eigenfunction, we will derive all possible gauge factors
& (x). First, let us consider the conjugated operator H = £ "' HE:

A= a<x><R—l>é<x>+B<x><TR—1><:<x>]
B o Ex) TR ] TEx 1)
=00 gy RPN =gy TR ”*"‘”[ém 1]+ﬁ()[ 18 1]‘

The operator H has polynomial eigenfunctions if and only if A is also a Bannai-Ito operator, i.e. there
exist real numbers p{, p}, r}, ry and p{, p5, r{, J such that both (3.3.1) and one of (3.3.2), (3.3.3)
are satisfied

o(x) [55((—;)6) - 1] + B (x) F(gfx_)l) - 1} = const. (3.3.1)
—X x—pp)(x—pj —x— x—ri+Dx—r+1
—x x—p"(x—p¥ —x— x—r+Nax—r+1

a(x)ég((x)) _ ( Pli)(c Pz)’ 6()()5(5()6) 1) :_( 1"‘22;6)5—1 2+2)‘ (3.3.3)

Further calculations lead to the following lemma.

Lemma 3.3.1. Let H = o(x)(R—1)+ B(x)(TR —I) be a Bannai-Ito operator, then the conjugated
operator H = E~VHE has polynomial eigenfunctions if and only if & (x) satisfies

§(—x) _ (x—px—p3) E(—x—1) _(x—ri+5)x—ry+3)

_ , _ , (334)
E(x)  (x—p1)(x—p2) &(x) (x—r+Hx—r+1)

where p|p5 = p1p2 and rirh = riry; or §(x) satisfies
Ex)_ (oplpl)  ECx-1)_ (oA DeA Y 55
é(x) (x_pl)(x_pZ)’ g(x) (x—rl—i-%)(x—rz—i—%)’

where p{'py = —p1p2 and r{ry) = —rir,.

Proof. 1t is easily seen that (3.3.4) and (3.3.5) follow from (3.3.2) and (3.3.3), respectively. Thus,
(3.3.1) can be rewritten into

(= plx—py) = =p)x—p2) | (=i Db ) = (-t D-nt))

r =
cons —2x 2x+1
_ PP PP LN tr—ri—ry PIPy—PIP2 | Fr -
2 2 2x 2x+1
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which implies p{p} — p1p2 =0 and rjr5 —rir, = 0; or

(= p)x=pY) + (x=p)lx—pa) (=) (x—rf )+ )t )

t. = -
cons 5 T
__pitpatpihpy  ridkndridn 1 pipy ey iy tnin
2 2 2 2x 2x+1
which implies p{'p} + p1p> =0 and r{ry +rir, =0. O

It then follows that there are both 4 sets of parameterizations (0, 62, 03, 04) for p{, p5, r}, r, and
pi, py, r{,ry (os, 06, 07, Og):

o1 ={p1,p2,71,12}, 02 ={—p1,—p2,—r1,—1},
03 ={—p1,—p2,r1,r2}, 64 ={p1,p2,—r1,—1r2},
05 ={—p1,p2,—r1,r2}, 06 ={p1,—p2,r1,—r2},
07 ={p1,—p2,—r1,r2}, o8 ={—p1,p2,r1,—12}.

Remark 3.3.1. One may ask why there are only 8 sets of parameterizations, for example, the condition
p1p5 = p1p2 leads to p{ = kpy and p’, = p»/k where k can be any real number. We will show that the
conditions (3.3.4) and (3.3.5) imply that only the choices k = £1 are allowed. In fact, if we let p| = kp;
and p5 = p, /k, then the first equation of (3.3.4) can be rewritten into

E(—x)  (x—kp1)(x—pa/k)

— (3.3.6)
& (x) (x=p1)(x—p2)

which becomes the next equation with x replaced by —x
§(x) _ (xtkpr)(x+pa/k) (3.3.7)

E(—x)  (x+pi)x+p2)

Then we have

LS S) _ (x—kp)(x—pa/k) (xtkp)(x+pa/k) _ (P —K2p)( —p3/k%)

) &(=x)  (=p)x—p2)  (x+p1)(x+p2) (= pi) (¥ = p3)

The above equation have 4 solutions: k*> = 1 and k* = p22 / plz. However, the former two solutions
lead to (p{,p%) = (p1,p2) or (—p1,—p2) while the latter two solutions lead to (p{,p5) = (p2,p1) or
(—p2,—p1). One should notice that nothing changes if we exchange p| with p’, (p{ with pY) or r| with
rh (r{ with r) due to the symmetry of the right-hand sides of (3.3.2) ((3.3.3)). In fact, the solutions
kK = p22 / P12 lead to the same gauge factors as the solutions k* = 1. Therefore, we drop the solutions
K = p22 / pl2 and keep k> = 1. This reasoning can also be applied to the remaining cases. In this way
we conclude that there are in total 8 cases of parameterizations. These parameterizations correspond
to the following 8 classes of quasi-polynomial eigenfunctions.
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Theorem 3.3.1. The Bannai-Ito operator has 8 sequences of quasi-polynomial eigenfunctions:
{éd(x)p,(f) (x)}e_o d €{1,2,...,8}. The 8 gauge factors are

m=0’
Si(x) =1,
£ (x) = C(124rn+x)C'(124+r—x)T(1/24rn+x)I'(1/2+rn —x)
S T(p —x)T(14p;+x)T(p2—x)T (14 ps+x) ’
1
53()6): F(pl —x)F(H—pl+x)F(p2—x)F(1+pz+x)’

E(x) =T/ 24rn+x)T(1/24rn—x)T(1/24+rn+x)T(1/24r —x),
Es(x) = C(1/24r+x)C(1/24+r —x)

[T (p1—x)T(1+pi +x)

(124 rn+x)T(1/2+r—x)

) = T (T (1 pr 4 )
£1(x) = L(1/24rn+x)C'(1/24+r —x)
T T T (o =) T (14 p2+x)
Ea(x) = L(1/24rn+x)T'(1/24+rn—x)

L(p1—x)I(1+p1+x)

And the polynomials p,(f) (x) = Bu(x;04) form e {0,1,2,...}, d € {1,2,...,8}. Moreover, the eigen-

values of the quasi-polynomial eigenfunctions {E;(x) p,(,;i ) (x)} are

An(04) +Cy, ifde{1,2,3,4},
udzud,mz{ o0+ Cr a2 (338)

—/’L”,<Gd)+Cd, lfde{5767778}7

where A, (0y) is the eigenvalue of the Bannai-Ito polynomial By, (x) (refers to (3.1.3), (3.1.4)) with
parameters given by o4, and the definition of the constant Cy is

_m+m—m—%+n+m—4—é

if{p{,p5, 1,1} =04andd € {1,2,3,4},

2 2 ’
Ca= p1—|—p2—|—p{’+p§’ 7’1+”2+r/1,+’"/2/_1 . oo
— 2 + 2 5 l.f{p17p2,r17r2}:0-dandd€{5,6,7,8}

Proof. Here we derive the above quasi-polynomial eigenfunctions using Lemma 3.3.1. Notice that
E(—x)/&(—x—1)=F(x) leads to {(x+ 1) /&(x) = F(—x — 1) if one substitute x by —x — 1, hence it
is convenient to construct the gauge factors with the help of the Gamma function.

In the first case we have & (x4 1)/&;(x) = 1, which implies &; (x) is a constant.

In the second case we have

So(x+1)  (x—pr+1)x—p2+1)(x+r+1/2)(x+r+1/2)
&) (Hpr D) E+p2r+ D —r+1/2)(x—r+1/2)

Recall that I'(x + 1) /T"(x) = x, we can express & (x) in terms of the Gamma functions

IF'x—p1+D(x—p2+ (x4 r +1/2)I(x+r2+1/2)
Cx+p1+D0(x+p+1)I(x—r +1/2)I(x—r+1/2)’

&a(x) = 2 (x)

where ¢, (x) is periodic function of period 1, ¢2(x+ 1) = c»(x). The fact that & (x) must be an eigen-
function of H implies that c;(x) cannot be a constant. If we let

er(x) = sin[zr(x — py 4 1)] sin[zw(x — pa + 1)]
sin[w(x—r; 4+ 1/2)]sin[n(x—r, +1/2)]’
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then the following expression of & (x) satisfies H[E (x)] = (r1 + 12 — p1 — p2)&2(x).
Cx+r+1/2)0(—x+r+1/2)T(x+r+1/2)T(—x+r+1/2)
L(x+p1+ DE(—x+p)L(x+p2 + DI (—x+p2)

In the derivation of the above expression of &, (x), Euler’s reflection formula

Ea(x) =

I'(x)I'(1 —x)=mr/sin(nx), x¢7Z

has been used (assuming x —p;+ L, x—po+ 1, x—r1+1/2, x—rn+1/2 ¢ 7).

The remaining & (x)’s can be obtained in the same way by choosing suitable periodic function ¢(x)’s
and applying Euler’s reflection formula. We shall assume that the restriction x ¢ Z is always satisfied
wherever Euler’s reflection formula was applied. This is not difficult since py, p», 1, 7> can be any real
numbers.

According to (3.3.1), (3.3.2), (3.3.3) and Lemma 3.3.1, it is easily seen that the conjugated operator

~ H(Gd)+cd7 ifd€{172a374}7
| -H(oy)+Cq, ifde{5,6,7,8},

thus p{¥) (x) = B,(x; 64) and (3.3.8) follow immediately. 0

3.4 Exceptional Bannai-Ito polynomials

Using the results of Section 3.2 and Section 3.3, we are now able to construct the exceptional Bannai-
Ito polynomials. We first show that there are missing degrees in the constructed exceptional Bannai-Ito
polynomial sequences. Notably their missing degrees demonstrate different rules compared with the
known 1-step XOPs. And then we prove that the exceptional Bannai-Ito polynomials are orthogonal
with respect to a discrete measure on the exceptional Bannai-Ito grid.

Define an index set D = {1,2,...,8} x Z>. For the sake of simplicity, we assume that for any
index d = (d,m) € D, a quasi-polynomial eigenfunction ¢g(x) = &;(x) p,(f ) (x) is uniquely determined
upon the constant multiplier. Last but not least, we assume that the Bannai-Ito polynomials mentioned
in this paper are always monic (i.e. the coefficient of the highest order term is 1), hence psld) (x) are
always monic too. One could refer to Theorem 3.3.1.

Now we take a quasi-polynomial eigenfunction @g(x) with d = (d,m) as a seed solution and show
that the Darboux transformed eigenfunction ﬁ(p o [Bn(x)] is just the exceptional Bannai-Ito polynomial
we want. Firstly, a well selected decoupling coefficient r(x) is essential.

Lemma 3.4.1. Assume that the decoupling coefficient r(x) is given by

Oy (x Ma(x)
r(x) =X (x)x( )xe;-d(x)’ (3.4.1)

where Ny (x) is the polynomial of lowest degree such that
Sa(—x) _ Ma(—x)
Sa(x)  Ma(x)

Then the Darboux transformed eigenfunction

- )| U—R) 6] (1 R)[B,(x)
FolBa) =2 007 | 14 TR)B(—x— 1)oa()] (I + TR)B(—x— 1)B,(x)

is a polynomial.
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Proof. Given the seed solution ¢q(x) = &;(x) p,(,fl ) (x) whose eigenvalue is g, we have

L) . 1B()] = (9a(x) — a(—0)) (B(—x — DB,() + BB, (~x— 1))

r(x)
—(Bn(x) = Bn(—x)) (B(—x —1)9a(x) + B (x)ga(—x —1))
= (Pa(x) = @a(=x))[(An + B (x) + B(—x — 1)) By (x) + 0t(x) (Ba(x) — Bn(—x))]
—(Ba(x) = Bu(—=x))[(ta + B(x) + B (—x—1))9a(x) + a(x)(¢a(x) — a(—x))]
= (An+ B(x) + B(=x—1))Bu(x)(¢a(x) — ¢a(—x))
—(Ha+B(x) + B(—x—1))9a(x)(Bn(x) = Bu(—x))

xEq(x x Sfli) ) — 1 (—x ’(121) s
_4ud+ﬁ00+ﬁ(—x—1»ndﬁpgkﬂ(&m@;n(Ag)7

where the second equation follows from equation (3.2.3) which can be used as
B(—x—1)¢a(x) + B (x)¢a(—x—1) = (a + B (x) + B(—x—1))9a(x) + 0(x)(¢a(x) — $a(—x)),
B(—x—1)Ba(x) + B(x)Ba(—x— 1) = (A +B(x) + B(—x — 1))Ba(x) + () (Ba(x) — Ba(—x)).

The third equation is obtained after the elimination of

0t(x) (Bn(x) = Bu(—x))(9a(x) — @a(—x))-

Finally, by introducing the polynomial 1, (x) we arrive at the fourth equation. Notice that the function
in the square brackets is just the desired polynomial. Therefore, the decoupling coefficient should be

— 77 (x Na(x)
() = Z020) 75

O]

Here we give all the functions 1,4 (x) explicitly for later convenience. This list is obtained via Lemma
3.3.1,

m(x) =1 n2(x) = (x—p1)(x—p2)
Mn3(x) = (x—p1)(x—p2), mMx)=1,

Ns(x) = (x—p1), N6 (x) = (x—p2)

M (x) = (x—p2), ns(x) = (x—p1).

With r(x) given by Lemma 3.4.1, let B((l],r)z (x) = F g, [Bn(x)], then {Bt(ll,)z(x)} are the polynomial eigen-
functions of A(M: AW [B((ilzl (x)] = )LnB((ﬁZl (x) (An # ua). In what follows, we give an analysis of the

degree of Bt(il,i (x) and show that there are missing degrees in their polynomial sequences. From the
proof of Lemma 3.4.1, we have

() (d)
B((ilr)z(x) — (ln _ ﬁ) <Tld(x)Pm (X) - nd(_x)l’m (_X)>Bn(x) (3.4.2)

X

—<ud—ﬁ>(ww)nd<x>pff><x>,

X

where the constant § = —(B(x) + B(—x— 1)) = r; + ra (refers to (3.2.22)).
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Remark 3.4.1. Note that 4o = ry+ry = B (refers to (3.3.8)), in this case the polynomials B‘%. LX) =

0forn=0,1,2,..., which implies that d = (4,0) cannot be chosen as the index of a seed solution.

In order to see the degree of B((ilJ)E (x), let

By(x) =x"+a, X" - (3.4.3)

then from Theorem 3.3.1 we have
d _
P (x) = Bu(x;:04) = X"+ ap 1 (0g)x" 4 -

where a;(0y) (i =0,1,...,n— 1) are the coefficients with respect to the parameterization c;. For
d=1,...,8, denote the degree of 1n,(x) by k; such that 1, (x) = x* +b((z)71x’<d_l +---. Then

K,

Na ()P (x) = "5 4 (a1 (00) + B Rt g (3.4.4)
where k; =0 ford € {1,4}; x; =2 ford € {2,3}; and x; = 1 ford € {5,6,7,8}.

Proposition 3.4.1. Let S be the set of degrees of {B‘Slllz (x)}, where the index d € D\{(1,n),(4,0)}. If
the conditions (4.14) and (4.15) are satisfied, then we have

e for mis odd,
ed=1:S={m—1,mm+1,--- 2m—2,2m,--- };
ed=4:S={m—1,mm+1,m+2,m+3,---};
e d=23:S={m+1,m+2,m+3,m+4,m+5,---},
e d=56,78:S={m—1,m+1,m+1,m+3,m+3,---};
e for m is even,
d=1:S={m—-2,mm,--- 2m—4,2m—42m—2,2m,2m,--- },
d=4:S={m—-2,mmm+2,m+2,---};
d=23:S={mm+2,m+2m+4,m+4, -},
d=5,6,7,8:S={mm+1,m+2,m+3,m+4,--}.

Proof. According to (3.4.3) and (3.4.4), the right-hand side of (3.4.2) can be expanded as

B3 (x) = (A = B) ™5™ o (=)™ 84 (1 (0g) by 1) (2T ()RR (2 g
—(Ha=B) "+ ()" ap (P ()" ) ) (a1 (O) by )R ]
= (A = B o (=)™ S (@1 (G) by 1) (¢ ()RR
—(ua =B+ ()" g (7 () T

Note that x* 4 (—x)* = 2x* if k is even, otherwise x* + (—x)¥ = 0. The degree of B((il_r)l (x) depends on

the parities of m + k; and n. Specifically, the leading term of Bt(il.zl (x) is given by:

2(An — B)X"er“(d*l +---, if m+xyis odd and n is even,
B () = 2(Ay — pa)x R i m+ Ky is odd and n is odd,
an 2Cd_m7,,x"+m+K”f72 +e if m+ K is even and n is even,
—2(ug — )" TRl . if m 4 Ky is even and n is odd,
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where Cp g = (An — B)(am—1(0a) + p? ) — (1a — B)an—1. Recall that in the case d = 1, the seed

del
solution is @; ) = By (x), thus Bt(l{,)l(x) =0 for d =1, n = m since j¢(1,m) [Bm(x)] = 0. In the other

cases if we assume that the coefficient of the leading term of B((il_,)l (x) is always non-zero, i.e.

An—B #0, ifniseven, (3.4.5)

Ha—PB #£0, ifde{l1,2,3,4} andmiseven;ord € {5,6,7,8} and m is odd, (3.4.6)

A —pa 20, ifde{1,2,3,4},mis odd and n is odd; (3.4.7)
ord € {5,6,7,8},mis even and n is odd,

Camn#0, ifde{1,2,3,4},mis even and n is even; (3.4.8)

ord € {5,6,7,8},mis odd and n is even,
(1)

are satisfied, then for the degree of By, (x) we have

n+m+x;—1, ifm+K;iso0dd; orm+ K, iseven and nis odd, (3.4.9)

deg (B (x)) =
eg( d’”(x)) {n +m+xk;—2, if m+ K, iseven and nis even. (3.4.10)

By analyzing the parity of m and n, it turns out that (3.4.9) leads to the first three cases for m is odd
and the last case for m is even, while (3.4.10) leads to the other cases in Proposition 3.4.1.

Finally, let us consider under which conditions will (3.4.5)-(3.4.8) be satisfied. It follows from
(3.1.3), (3.1.4) and (3.2.23) that

h n/2—(r1+nr), if n is even, (3.4.11)
T = (pr4p2) = (n+1)/2, ifnisodd, (3.4.12)

thus (3.4.5) holds under the condition
rn+rnél. (3.4.13)

In Section 3.6 we list the explicit expressions for g — 8, A, — tq and Cy 5, , in the corresponding cases.
From (3.6.1)-(3.6.24) we can see that (3.4.6)-(3.4.8) are satisfied under the conditions
ritry, pr+p2, ritrtpit+pr, rntn—p1—p2¢7Z, (3.4.14)
ri—rn—pi+p2+1l r—rn+pr—pr+1
2 ’ 2
and the index d = (d,m) ¢ {(1,n),(4,0)}.

1 1
, I"i—pj—i‘i, V,'+Pj+§ ¢Z, i,jG{l,Z}, (3.4.15)

O

Remark 3.4.2. As we addressed in the proof of Proposition 3.4.1, in both cases d = 1 there are missing
degrees (2m — 1 and 2m — 2, respectively) in the degree sequence of {B‘(;’z (x)} when n = m, since the
seed solutions ¢y ;) = By (x) and the trivial eigenfunctions j\q’(l‘m) [Byn (x)] = 0. On the other hand, the
nontrivial eigenfunction given by (3.2.28) becomes

orl) o))
1@ ol) ~ xao)é)

Here we may choose 6(x) = xa(x)o(x)& (x)/n1(x). With this choice it holds that 6(x+ 1) = o(x)
and 6(—x) = —0(x), then (b[g])(x) = Na(x)&1(x) /M1 (x)E4(x), such that only when d = 1 the nontriv-

M)y _
%= 7w

ial eigenfunction ¢‘§1)(x) is a polynomial and (b((ll) )(x) = 1. This eigenfunction should be added to

Jm
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the sequence {Bg?m)ﬁ (x)}, hence the polynomial sequence starts from degree 0. However, for the
convenience of later discussion, we will not include this term into the XBI polynomial sequence.

Notice that in each case there are missing degrees in the degree sequence S, and the degrees of

{B((ll‘,)Z (x)} demonstrate exactly opposite features regarding the parity of m. Specifically, in the first
three cases when m is odd and the in the last case when m is even, S behaves similarly as the known
1-step XOPs, where S is cofinite (the complement of § is finite). However, in the other cases S is
not cofinite and only contains even degrees. This fact implies that in these cases, the normalized 1-
step exceptional Bannai-Ito operator A (1) only has even-order eigenpolynomials, and there are two
different series of these eigenpolynomials. It would be better to say that the eigenpolynomials of odd
degrees are not been deleted but are just replaced by the ones of even degrees. For example, in the case
m =2 and d € {2,3}, the degree set of {B((lll)l(x)} is § ={2,4,4,6,6,...}. The polynomials B((ilr)l(x)
are different from each other even when théy have the same degree, and by no exception the)} are
orthogonal according to Theorem 4.11.

The feature that S is not cofinite naturally conflicts with the definition of XOPs which satisfy a
second-order differential (difference) equation. This is not surprising, the constraint that S should be
cofinite is just the consequence of the way XOPs in [16-18,23-27, 69] are presented, the reflection
operator R has not appeared in their eigenvalue equations. Taking this opportunity, we would like to
modify the definition of XOPs as the generalization of COPs where the only condition to be removed is
that it contains polynomials of all degrees. By this means, the XOPs are characterized by orthogonality
and forming the polynomial eigenfunctions of certain differential (difference) operators. From now on,

we call {Bfilzl (x)} the 1-step exceptional Bannai-Ito (XBI) polynomials.

Proposition 3.4.2. The exceptional Bannai-Ito polynomials Bl(lli(x) can be expressed as the linear

combination of the Bannai-Ito polynomials B, (x) and B,(—x) — B, (x),
2
B (x) = Cll) (1B, (x) +C () (B () = B, (),

where ) (0)
‘Pd (x)— ‘Pd

X

i) = w—ﬁ)( ("“)), () = — (g — ).

and (]Stgo) (x) is the normalized seed solution which is a polynomial:

~ X
6 () = 40P () = dal) 14, (3.4.16)
Ea(x)
Proof. The above result follows directly from (3.4.2). O

Corollary 3.4.1. The exceptional Bannai-Ito polynomials Bél,l (x) satisfy

~

B) ~ B =~ (R~ 1) (857 (3) — 647 (-0 (B, (x) — Ba(—). (3.4.17)
Proof. From Proposition 4.5, we have
Wy _pM_ oy ) _cW_ _
Bd,n(x) Bd,n( x)_cd,n(x)BVl(x) Cd,n( X)B”l( )C)
(G () + € () (Ba( ) = Bu(v)).
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Since C ((il) (x) = C((if,)l (—x), it turns out that

n

By (x) = By (—x) = (C{)(x) + CP (x) + CF (—)) (Ba(—x) — Bu())

= (o ) B 3) = 8 () Ba () ~ Ba(x).

3.4.1 Orthogonality

A finite difference operator L is said to be symmetric with respect to an inner product (, ) (y) if it satis-
fies (L[p(x)],q(x))w(x) = (P(x),L]g(x)]) w(x) for any functions p(x) and g(x), where the inner product
is defined by (p(x),q(x))w(x) = Lrey @(x)p(x)g(x). It is known from the Lemma 2.4 of [16] that if a
difference operator is symmetric with respect to an inner product (,)(y), then its eigenfunctions are
orthogonal with respect to @(x).

Assume that the operator . has polynomial eigenfunctions {p,(x)}

Lpn(x)] = Anpn(x) (An # Am,n # m),
the linearity of the inner product (, )/, implies
<$[Pn(x)]7l’m(x)>w(x) =M <pn(x),pm(X)>w(x),
(Pn(x), Z [P (X)) o) = A (P (%), P (X)) oo ()
Then if . is symmetric with respect to (,) (y), it holds that

<pn(x)7pm(x)>a)(x) =0 (l’l # m)7

which demonstrate the orthogonality of {p,(x)} with respect to @(x). In light of this conclusion we
need first to derive the conditions for .Z to be symmetric.

Lemma 3.4.2. Let o(x) be a weight function supported on a countable set ¥ C R. £ is a Dunkl shift
operator of the form £ = F(x)R+ G(x)TR+ C(x). Assume that the functions F (x), G(x) and ®(x)
satisfy the following relations

O(x)F (x) = o(—x)F (—x), (3.4.18)

0(x)G(x) =0(—x—1)G(—x—1), (3.4.19)
for x € R, and the boundary conditions

F(x) =0 forxe x\(—x), (3.4.20)

G(x) =0 forxe x\(—x —1), (3.4.21)

then £ is symmetric with respect to ®(x). Here we denote by —) and —y — 1 the sets —y = {—x:
x€xtand —x—1={—x—1:x€ )}, respectively.

Proof. According to the conditions, it holds for any functions p(x) and g(x) that

Y o()F()p(—x)q(x) = Y, o(=x)F(=x)p(x)q(—x)

xXex xe—x

= Y o@Fpx)g(—x)= Y ox)F(x)px)g(—x),

xe(—=x)Nx xey
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and

Y o()G)p(—x—1)gx) = ), o(-x-1)G(—x—1)p(x)g(-x—1)

xex xe(—x—1)

= ) oGx)p)g(—x—1)= ) 0x)G(x)p(x)g(—x—1).

xe(—x—1)Ny Xex
These equations imply that
Y 0@)[F(x)p(—x) + Gx)p(—x—1)]q(x) = Y} 0(x)p(x) [F(x)g(~x) + G(x)g(—x—1)].
x€Y xey

The above equation is equivalent to (Z[p(x)],q(x))w() = (P(x),L[q(x)]) w(x), thus £ is symmetric
with respect to ®(x). O

Lemma 3.4.3. Assume that @(x) is the weight function associated with a Dunkl-shift operator £ =
F(x)R+ G(x)TR+C(x) such that (3.4.18), (3.4.19), (3.4.20) and (3.4.21) hold, then it satisfies

o(x+1) F(—x—1)G(x)

okx)  Fx+1)G(—x—1)

Proof. The equations

imply that
o(—x)  F(x)G(—x—1)
o(—x—1)  F(—x)G(x) ’
after substituting x by —x — 1 then we get the desired result. O

Now we are able to give the weight functions of the exceptional Bannai-Ito operator by using the
properties of the Gamma function as we did in Section 3.3. However, it takes less steps if the relation-
ship between the weight functions of the exceptional Bannai-Ito operator and the Bannai-Ito operator
is available, since the weight functions of the Bannai-Ito polynomials are already known in [79]. Be-
low we give the weight function of the exceptional Bannai-Ito polynomials {B((lll)1 (x)} and show their
orthogonality explicitly. These results can be extended to the multiple-step exceptional Bannai-Ito
polynomials.

Theorem 3.4.1. Ler &) (x) be the weight function associated with the exceptional Bannai-Ito opera-
tor HY, and (x) be the weight function of the Bannai-Ito operator H, then it holds that

@ (x) = e(x) Ww(x), (34.22)
where c¢(x) is a I-periodic function c(x+ 1) = c(x), and it satisfies ¢c(—x) = c(x).

Proof. According to (3.2.25), (3.2.26), the normalized 1-step exceptional Bannai-Ito operator is

y(1) _ T (=x) ro(—x—-1)B)x(—x—1)

B 7 R A C 176 B
a(—x—DB)x(—x—1)( rlx)
* 70 ()



Then from Lemma 3.4.3, we have

oW +1)  F+ Dy DrAa(—x—1DB(x) _ g+ Dx+Dr@aex+ Dol +1)
o (x) X)) (x+ Da(x)(—x—1) ()2 (x)r(x+ Da(x)o(x) 7

hence

where c(x) is a periodic function of period 1, c¢(x+ 1) = ¢(x). Moreover, if we check the relations
(3.4.18) and (3.4.19) with respect to the coefficients of A (1), it turns out that

c(—x) =c(x), c(—x—1)=c(x).

Notice that ¢(—x — 1) = ¢(x) follows from the conditions ¢(x+ 1) = ¢(x) and ¢(—x) = ¢(x), thus only
the latter two conditions are essential. In view of these properties, it may sometimes be convenient to
choose ¢(x) as a constant. Ol

It remains to derive the exceptional Bannai-Ito grid (from the simple roots of exceptional Bannai-
Ito polynomials), which varies in the choice of the seed solution. It is known that the Bannai-Ito
polynomials have simple and distinct real roots [79] as the other COPs do [74]. Specifically, when n is
odd, if we assume that r, = p, + n/2, then the Bannai-Ito polynomial B, (x) has n simple roots given
by

n—1 n—1
p2, —p2—1, p2+1, -+, —pp———, p2+ ;
2 2
when 7 is even, assume that pj = —p, — n/2, then the n simple roots of B, (x) are
n—2 n
P2, _p2_17 p2+17 _P2—27 T p2+Ta _pZ_E

These roots can be rewritten into a more elegant form which was called the Bannai-Ito grid: x; =
—1/44+(=1)*(xo+5/241/4) (s=0,1,...,n— 1) with xy = ps.

Remark 3.4.3. Note that in the case when n is odd there are 4 possible conditions: r; —pj =n/2,
i,j = 1,2, where we just restrict with the condition ry = py +n/2 for the sake of simplicity. And in the

case when n is even there are also 2 possible conditions: py+ p2 = —n/2 and r| +ry = n/2, for the
same reason we restrict with the condition py + p» = —n/2. More details about Bannai-Ito grid can
be found in [79].

It then follows from Proposition 3.4.2 and the above results that B((ilr)l (x) = Qq,n(x)By(x), where

C((ilf’)l (X) + 2xC((12) (X)/(x - p2)7 if n odd and n=p + g’
Qd,n (x) =

n

Con(x) +mxC (0)/((x— p2) (r+p2+3)), if nevenand pr = —py = 3.

n

n

Note that C((ll>(x) is a polynomial in x, 2xC((12) (x)/(x — p2) is a polynomial for d = 1,2,5,6, and

nxC((iz) (x)/(x — p2)(x+p2 +3) is a polynomial for d = 1,2. In these cases, the roots of B,(x) be-
(1)

long to the simple roots of Bd{n

Let x((il) be the set whose elements come from the exceptional Bannai-Ito grid, thus these elements

()

are the simple roots of B , (x). For simplicity’s sake, we rewrite the normalized exceptional Bannai-
Ito operator into

(x). In other cases only a part of the former belong to the latter.

A

AW =&V ()R- 1)+ BV ) (TR 1)+ 7,
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and consider the eigenvalue equation H) [B((ilj)v(x)] = ),NB((;])V(x). Assume that x) € x(gl), then this

eigenvalue equation becomes
oV By (=) + B (B (= 1) = 0.

itV e x((,l)\(— ((11)) and x\") € xél) Nn(— ((11) — 1), which means Bé{}v(—x§l)) #0 and B((;])V(—xgl) -
1) =0, then &V (x{") = 0. On the other hand, if x{" € Z{"\ (=" = 1) and x{V € %{" N (= ("),
which means BEII‘) (—xgl) —1)#0and B((l{,)v(—xgl)) =0, then ﬁ(l)(xgl)) = 0. Using these results to-
gether with the boundary conditions in Lemma 3.4.2, we can conclude that

aNE ol n=x =1, I = < =,

hence xél) = ((11) Nn(— ((11)) n(— ((11) —1) +x§”\(— ((11)) —i—)((gl)\(— ‘g]) —1). The first set in the
right-hand side consists of part of the roots of By(x), while the remaining 2 sets can be obtained from
the simple roots of &(!)(x) and BV (x).

Theorem 3.4.2. The exceptional Bannai-Ito polynomials {B‘(illz (x)} satisfy the discrete orthogonality
relation

Y 0" 0By (X)BY, (1) = i) (0<mm<N), (34.23)

cenlV

where h‘(ilr)l is constant. If N is odd and ry = p, + N /2,

d=1,5: 7" ={x,...o v}, d=2,6:x" ={x0,..., 50},

d=37: 2" ={xo,...oov1}, d=48: 1" = {xi,.. o)
if N is even and py = —p, — N /2,

d= 1,43){51) = {xl,...,xN_z}, d=2,3:%¢gl) = {XO,...,XN_l},

d=58:7" = {xi,.ooovat, d=6,7: 1Y ={x0,...,xn 2},
where x; = —1/4+ (=1)*(p2+5/2+1/4).

Remark 3.4.4. It should be noted that the weight (I)(l)(xs) is not always positive. From the formula
(3.4.22) we know that the positivity of @V (x,) depends on that of ¥ (x)x (xs)(x;) /12 (xg). In fact,
we can choose a positive 1-periodic function c(x), besides, the Bannai-Ito weight ®(xy) is positive by
construction [79]. Let us rewrite this expression into

X . xo(x) .
Na()ph (¥) = na(=)pi (—2) 1a(@) (B(—x—1)pi (1) + B () S5 pl) (—x = 1)

It is convenient to discuss the positivity of Eg(x) := Eﬁ(ll) (x)E 52) (x)E, ‘53) (x) instead:




3 d —x—1 d
B ) = Blox = 1 )+ B S gl (),
Ea(x)
That is, the positivity of the weight @V (x,) is equivalent with that of E4(x). Consider the case m =1,
N is odd and ry = p + N /2, the expressions of Eq4(x) follow as:

1 (P14 3)(p2+5)— (P14 p2+1)ri
B = x=p)(x=p2) [(x+2)2+ onap N2
JrP2(2Pz+ 1)(2p1 +1) —r1(2p2(2p2 +1) — (2p1 + 1))
202r —2p1 +N—2) ’

N (3.4.24)

B 1 N+1.[, pip2—(ri+3)(p1+p2)
E271(x)—(x+r1+5)(x+p2+T) [x + 2 —2p1 +N+2 N (3.4.25)
L P12pa(2p2+1) — (211 +1)) —p2(2p2 + 1211 + 1)
2(2?1—2p1—|—N—|—2) ’
(a2, pp2t(ri—3)(pi+p2)
E31(x) = [x S T2 Tapy TN 2 (3.4.26)
+P1((4P2—1)(P2+2r1—1)—P2)+P2(2P2—1)(2r1—1)}
2(2r1+2p) +4p2+N—-2)
1 ~D(p2—1 —1
[(x+)z+(l)l Dp2—3)+tnptp—1)
2 2ri+2p1 +4p2+N-2
+r1((4pz—1)(P2+2P1 —1)—p2) +p2(2p2 — 1)(2p; —1)}
2(27‘1 +2p1+4p2 +N—2) ’
1 N+1
Ey1(x) = (x=p1)(x—p2)lxtri+)(xtprt ——), (3.4.27)
(N=1)(2p1 +2p2 + N —1)2(2r; —2p; + 1) 1
Es;i(x)= 4(2p) —2r +N—2) (x—p2)(x+r + 2), (3.4.28)
_(NHD)@r A2 —1)2 (21 =2p1 1) N+1
E@](X)— 4(2p1—2r1—|—N+2)2 ()C pl)(x+p2+72 ), (3.4.29)
(P2 +N—1)*(2rn —2p2+1)(2p2—2p1 +N 1) 1
E771(x) = 4(4[)2—2[)1 o —I—N—2)2 (x—pl)(x+r1 + 2), (3.4.30)
C(2r+2p —1)2(2r1 —2p2 — 1)(2p2 —2p1 + N + 1) N+1
Eg1(x) = H(4py —2py 21 N 1) (x=p2)(x+p2+——). 343D

. . . . o 1
It is not difficult to derive some sufficient conditions for E; 1 (x) > 0, where x € xc(“) . Let us take the

case d =3 for an example, from (3.4.26) we know that E3 1(x) > 0 if

p1p2+ (r1— %) (p1 Jer)NJr p1((4p2 —1)(p2+2r1 — 1) —p2) + p2(2p2 — 1)(2r; — 1)
2r1+2p1+4pr +N—2 2(2r1+2p1 +4p2+N—-2)

and

(p1 = 3)(p2—3) +ri(p1+p2— 1)N+ ri((4p2—1)(p2+2p1 —1) —p2) +p2(2p2 — 1)(2p1 — 1)
2ri+2p1+4po+N -2 2(2r1 +2p; +4p2+N—-2)

are both positive. These conditions are immediately satisfied if we assume that

1
rl)p17p2>§' (3432)
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For the other cases, we list some sufficient conditions below. These conditions are obtained similarly
by observing the right-hand sides of (3.4.24), (3.4.25), and (3.4.27)-(3.4.31).

1 1
1 1 1 1
(p1+3)(P2+ 2)’_2 <pi <p2—|—1andp2>—§;

d=10<r <

p1+p2+1
d:2:NT_3<r1<NT_27p1<Oand—%<p2<r1—NT_2;
d:4:r1>NT_3,p1<%andpz>—%;
d:5:—1<r1<0,p1<r1+%andp2>—%;
d:6:r1>—NT_3,p1<p2and—NT+1<p2<—NT_l;

1 1 1
d=1T:1n >O,—§ < p1 <p2andr1—§ <p2<r1+§;
d=8:1r>prtipr<ppt N g N o N
=3:r — and — - .
1> P2 27P1 p2 2 4 P2 4
Example 3.4.1. In this example we demonstrate the orthogonality of the exceptional Bannai-Ito

polynomials explicitly. Consider the case d = (3,1), where the seed solution is given by o031y =

& (x)p?)(x) = & (x)B1(x;—p1,—p2,71,12), and its eigenvalue is W31y = r1 +r2— 1. According to
Proposition 3.4.2, we can give the related exceptional Bannai-Ito polynomials:

‘5((;).,)1) ()

X

Bisn (1) — 95, (=)

X

Bl (0 = (A —B)

where ng’)])(x) =13 (x)p?’l)(x) = (x—p1)(x—p2)Bi(x;—p1,—p2,71,72). Assume that N is odd and

rp=py+ %, then x((i)]) ={p2,—p2—1,p2+1,---,—pr — NTfl,pz + N771} is the corresponding ex-

ceptional Bannai-Ito grid. The discrete orthogonality (3.4.23) holds for the weight function

By (x) — (K31 — B) (Ba(x) = Bu(—x)),

oV (x) = ST 11 + DT(=x—ri+ ) +pi + DI (=x+py)
C(x+r+ D0(—x+r2+ DT — pa + DE(—x — p2)y1 (x)y2(x)

where yi(x), y2(x) are the polynomials

y1(x) = (r1 + 12+ p1+p2 — D)xX> +r1p1p2 + r2p1p2 + rirapi + rir2p2 — p1p2
rpr+rip2+nrnpr+rnp2  pr+p2
—_ + ,
2 4
y2(x) = (ri+r2+p1+p2 — Vx> + (11 + 12+ p1+ pa — D)x+ripipa +rapipa +rirpi +rirps

rpi+rip2trpi+rpp—ri—r  pr+p2—1
- 5 +

—rir

The orthogonality constant in the right-hand side of (3.4.23) is given by hg)]) u 3),0H1 Tt

(n . (1)
where h(3,1)70 = ZXGXf;?I) w(l)(x)B(&l)p(x)z’ and
n(2r1+2ps +N —n)*(2r —2p1 + N —n)(2r1 +2p> +N —n—2)
= 8(2r = 2p1 +N =20 (p1+p2+5 1)

U, =
2(N —n)(2r1 =2p1 =n)(2r1 = 2p2 —n)(p1 + P2+ ") (p1 + P2 + "5 ) (p1 — p2 — ¥51)
(2r1 —=2p1 +N —2n)>(2ri+2p2+N—n+1)(2r +2p2+N—n—1)

, if nis even,

,ifnis odd.
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3.5 Some notes on the generalized Darboux transformation

This paper starts from the original idea that exceptional Dunkl shift operators can be obtained from
the intertwining relations which always appear in the Darboux transformations. We call this method
a generalized Darboux transformation (on first-order difference operators). After the 1-step and the
multiple-step exceptional Dunkl shift operators being successfully obtained through this method, we
are able to give the exceptional Bannai-Ito operators with the restriction on certain coefficients. Espe-
cially, in this paper we mainly focus on the 1-step exceptional Bannai-Ito polynomials, which form the
eigenpolynomials of the normalized 1-step exceptional Bannai-Ito operator.

In this generalized Darboux transformation the crucial role is played by the operator .%, which
annihilates the seed solution ¢(x). In fact, we should realize that the choice of the operator .% in
Section 3.2 is not unique. The only restriction we have used is that .7 is also a Dunkl shift operator.
Without loss of generality, we may define .# as

P R—1+ fi(x) N TR—I+ fo(x) (35.1)

¢(—x) =0 (x)+ [ix)o(x)  9(—x—1)—¢(x) +/2(x)9(x)
such that . [¢(x)] = 0, and correspondingly,

x(x) =0 (x) = 0(—x) = ix)o(x), X(x) =o(—x—1)—0(x)+ f2(x)¢(x).

In the case regarding .%, we have let

filx) =0, falx) = (B(=x—1)+B(x))/B(x). (3.5.2)

Recall that the 1-step exceptional Dunkl shift operator has the form
HY = a (@) (R—1)+ BV )(TR 1)+ 7 (x),

then from the intertwining relation .% o H = H") 0.% one can obtain the coefficients of H!) by com-
paring the coefficients of the operators RTR, T, TR, R, I appeared in each side. Specifically, from the
coefficients of RTR and T we have

1 () — BERIOG—1) —9(=0) + fo(—0)0(-0)] 553
o (x) = ¢(—x) — f1(x) 9 (x)
B(l)(x) _ Ot(—x— 1)[¢<—X— 1) — ¢(X—|— 1) _fl(_x_ 1)(])(—)6— 1)] ]
O(—x—1) = ¢(x) + f2(x)9 (x)
After substituting (3.5.3), (3.5.4) into the remaining three equations with respect to the coefficients
of TR, R, I we can derive three different expressions of )/<1)(x) (which are omitted in view of their
length). Of course, these three expressions of ¥t!)(x) must be equal to each other, hence one can derive
the restrictions regarding f(x) and f>(x) from this fact. However, this is not an easy task as it seems

to be, since the equations with respect to )/U)(x) are complicated and difficult to solve. Three other
feasible cases we have found are:

(3.54)

fi(x) =0,/2(x) =05 (3.5.5)

fi(x) = (a(—x)+ a(x))/o(x),fa(x) = 0; (3.5.6)
fi(x) = (o(=x) + a(x))/a(x),.fa(x) = (B(=x— 1) + B (x))/B(x). 3.5.7)

As for the general cases of fj(x) and f>(x), we shall leave it as an open problem for the readers of

interest.
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If one look at the 1-step exceptional eigenfunction .7 [B,(x)], the following two expressions can be
obtained similarly as we did in the proof of Lemma 3.4.1:

B(x)x (X)X (x)-F [Bn(x)] = (An + 0(x) f1(x) + B (x)f2(x)) Bu(x) (¢ (—x) — ¢ (x))
= (1 + o (x) f1(x) + B(x) f2(x)) ¢ (x) (Ba(—x) = By(x))
+(An — 1) f1(x) B ()¢ (x),

0(x) £ () X (x)F [Bn ()] = (1t + 00(x) f1 (x) + B(x)f2(x)) ¢ (x) (Bu(—x — 1) = By (x))
— (A +a(x) f1(x) + B(x)/2(x)) Ba (x) (¢ (—x— 1) — 9 (x))
(1 = 22) f2() By (X)§ ().

Recall that for the coefficients a(x), B(x) of the Bannai-Ito operator, &t(—x) + ot(x) and B(—x —
1) + B(x) are both constants (see (3.2.23)), hence o(x)fi(x) + B(x)f2(x) is always constant in the
four cases with respect to (3.5.2), (3.5.5)-(3.5.7). Thus, one can derive 1-step exceptional Bannai-Ito
polynomials from the normalizations of these expressions. It turns out (3.5.2), (3.5.5)-(3.5.7) actually
lead to different exceptional polynomials. Discussions on the orthogonality with respect to (3.5.5)-
(3.5.7) can be made in the same manner as that of (3.5.2). In view of this fact, there are more than one
type of exceptional Bannai-Ito polynomials. This is the nontrivial aspect of our “generalized” Darboux
transformation, due to the non-uniqueness of .#

3.6 Supplymentary data

For readers’ convenience, we list some data for the coefficients (g ,, — B, A, — g m and Cy ., Which
have been used in the proof of Proposition 3.4.1.
For m is even, we have
m

mm—BZE—n—m, (3.6.1)
mm—ﬁzg—m—m, (3.6.2)
.113,m—[3:%—7’1—r2—l)1—l)2, (3.6.3)
Ham—B =7, (3.6.4)
for m is odd, we have
Mm—ﬁzg—m—m, (3.6.5)
m—Bzg—n—m, (3.6.6)
7B:%fmfm, (3.6.7)
—Bz%—n—m- (3.6.8)
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For m is odd and » is odd, we have

h— i = 5, (3.6.9)
m-—n
M—uz,m:r1+rz—p1—pz+T, (3.6.10)
m-—n

Ap— U3 = —P1 — P2+ — (3.6.11)

Ay — M =11+ 72+ ;" (3.6.12)
for m is even and n is odd, we have

m-—n

An— Usm=r1—p1+ 5 (3.6.13)

Do =l = 12— P2 + ’"; . (3.6.14)

Ay — Mg =11 —pat m;" (3.6.15)

I = Hsn = 12— 1+ . (3.6.16)
For m is even and n is even, we have

o —_ntn=5)ntn-3)E)ntn—pp—p) (3.6.17)

o (r+rn—p1—p2—m)(ri+r—p1—p2—n) o

co_Ptp=g)ntn—g)(ntr—pi—p2t ")+ r2—p1—p2) (3.6.18)

2o (ri+r—p1— P2+m)(r1+r2—P1—P2—”) ’ -

cs _(ntrntpi+p—5)(rn+n—5) ) (ri4+r2—p1—p2) (3.6.19)

i (r1+r2—|—p1+p2— )(r1+r2—p1 pz—n) ’ e

c _ D=5 +n+ ") (n+r—pi—p) (3.6.20)

o (r1+r2+P1+P2+m)(’”1+rz—P1—Pz—n) o
for m is odd and 7 is even, we have

(n+p1—5)(r+r—5)(r1—p1+"5)(r1 +r2—p1 — p2)

Cs = (3.6.21)

o (rn—r2=p1+p2+m)(ri+ro—p1—p2—n) ’ -

o ntp—F)ntn-3)(n—p+oE)ntrn—p—pp) (3.622)

omn (ri—r2—p1+p2—m)(ri+r.—p1—p2—n) ’ -

(n+p2—3)(r+r—73)(r1—p2+"52)(ri +r2—p1 — p2)

G = (3.6.23)

o (ri—ra+p1—p2+m)(ri+r—p1—p2—n) ’ o

C&m,n:_("ﬁpl 2)ntrn—5)(n—pi+ ") trn—pi—p) (3.624)

(r—r+p1—p2—m )(r1+r2—P1—P2—")
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Chapter 4

Dunkl-Supersymmetric orthogonal
functions

In this chapter, we introduce a new type of orthogonal functions related with the theory of supersym-
metry.

4.1 A supersymmetric quantum mechanics model with Dunkl-type

supercharges

Supersymmetric quantum mechanics (SUSY QM) has been useful in the study of exactly solvable
quantum mechanical models [13,86]. In [65], the authors presented supersymmetric quantum me-
chanical models in one dimension involving differential operators of Dunkl-type (see also [63, 64]).
In this realization, the reflection operator appears in both the supersymmetric Hamiltonian and the
supercharge. The wave functions for two such systems have been obtained in [65] and seen to define
orthogonal polynomials that are themselves expressed in terms of Hermite and little -1 Jacobi polyno-
mials respectively. We here propose to pursue the exploration of the orthogonal functions that occur
as eigenfunctions of such Dunkl-type supercharges,specifically of the operator

& = dR+v(x), 4.1.1)

where v(—x) = —v(x), R is the reflection operator acts on the variable x, Rf (x) = f(—x).
A Hamiltonian H is said to be supersymmetric if there are supercharges Q, Q" such that the follow-
ing superalgebra relations are satisfied

[Q.H]=0, [0"H]=0, H={Q.0"} (4.1.2)
The brackets [,] and {, } are called the commutator and the anticommutator, respectively:
[A,B] =AB—BA, {A,B}=AB+BA.

If the supercharge Q is self-adjoint, i.e., Q7 = Q, it follows from (4.1.2) that the H = 20Q?, and the
model is said to be N = 1/2 supersymmetric. Realizations of N = 1/2 supersymmetric systems have
been obtained in [65] by taking the supercharge as the following Dunkl-type differential operator:

0 =22 (3R +u(x)R+v(x)), (4.1.3)

where u(x) is even, v(x) is odd (i.e., u(—x) = u(x), v(—x) = —v(x)), and the operator R is the reflec-
tion operator which acts on x as Rf(x) = f(—x). It is clear that Q is self-adjoint, Q" = Q, and the
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Hamiltonian H is then
H =02+ u*(x) +V*(x) +u/(x)) =V (x)R. (4.1.4)

Notice that if u(x) = 0, then the supercharge Q and the Hamiltonian H become

0=2"3(R+v(x)), H=—3>+v*(x)—V (xR, 4.1.5)
and they satisfy
{O,R} =0, [H,R]=0. (4.1.6)

The assumption that v(x) is odd is essential for the relations (4.1.6) to be achieved. Consequently,
these relations together with (4.1.2) imply that, for Q and H given in (4.1.5):

(a) the operators Q and H share the same eigenfunctions: Qy(x) = vy/(x), Hy(x) = Ey(x), where
E =2v?;
(b) their eigenfunctions appear in pairs y(x), y(—x):

Qy(x) =vy(x), Qy(—x)=—-vy(-x);
Hy(x) =Ey(x), Hy(—x)=Ey(—x). 4.1.7)

We shall focus on models described by (4.1.5) in this chapter and will assume that the operator .
is non-degenerate, i.e., all that eigenvalues of .# are distinct. For results on the eigenvalue problem
related with the most general first-order DunklI-type differential operator

L= Fy(x)+ F (x)R+ Go(x)dy + G (x) IR

with arbitrary functions Fy(x), Fi(x), Go(x), G1(x) one can refer to [83].

4.2  The eigenvalue problem of a Hamiltonian with reflection

In this section, we give an analysis on the eigenvalue problem related to the Hamiltonian

H=—-9?+v*(x) =V (x)R (4.2.1)
where v(x) is odd, v(—x) = —v(x). First, let us notice that H can be rewritten into the following two
Hamiltonians

Hy = 3>+ (x) =V (x) := =3? + Vi (%),

4.2.2
H2:—8x2+v2(x)+v/(x) = —83+V2(x), ( )

by restricting H on even or odd functions, respectively. In this way, we can avoid coping with the
reflection R directly. The potentials V;(x) and V»(x) are even under the assumption that v(x) is odd,
and the relation V5(x) = Vj(x) 4+ 2V/(x) holds. In this case the function v(x) plays the role of the
superpotential, the potentials V; (x) and V,(x) are known as a pair of supersymmetric partner potentials
[13].

In view of the property (4.1.7), let us assume that H has a discrete sequence of eigenfunctions:

Hy,(x) = Eyyn(x), n=0,+1,+2,...
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where Eg =0, E_,, = E,, Y_p(x) = W, (—x), n = 1,2,.... If we apply the decompositions

Wan(x) = en(x) £0u(x), (4.2.3)

where e, (x) and 0,(x) are the even and odd components of y.,(x), respectively, then the eigenvalue
equation of H can be rewritten into

Hyy,(x) = Hiey(x) £ Hy0,(x) = E,(en(x) £ 0,(x))
which lead to the following eigenvalue equations
Hie,(x) = Eyen(x), Hron(x) = E o,(x). (4.2.4)

Lemma 4.2.1. If there exist a sequence of eigenfunctions of H; which are all even and a sequence
of eigenfunctions of Hy which are all odd, and their eigenvalues satisfy the condition (4.2.5), then the
eigenfunctions of H can be expressed as linear combinations of those of Hy and H;.

Proof. Denote the eigenfunctions and eigenvalues of H; and H, by l//,(,l)(x), E,(,l) and 1//,(,2) (x), E,(IZ),

respectively. Let WIE/]()n

H,, where the indices N(n) and M(n) are both increasing, namely,

)(x) be the even eigenfunctions of H; and WIE/?()n) (x) be the odd eigenfunctions of

O0<N@O)<N(l)<---; 0<M0O)<M(1)<---.

Then, by defining

with arbitrary constants C(¢), C(°) which are not identically zero, and imposing the condition

2)

(y _
EN(n) () (4.2.5)
one can solve the eigenvalue problem of H as follow:
e 1 0 2 1 2
Y () = CY ) () +COY (), En=Ey) =Ep . (4.2.6)
O

Remark 4.2.1. Recall that the eigenvalue problem of the operator Hy (H;) on some interval (a,b) with
boundary conditions is a Sturm-Liouville problem. For example, the eigenvalue problem

HP(x) = (= +V(x)p(x) =19 (x), x€ (a,b)
ca(a) +da9'(a) =0,
cr®(b) +dp9'(b) =0
is a regular Sturm-Liouville problem. According to the Sturm-Liouville theory, if V (x) is continuous
and regular in (a,b) , then

(1) Eigenvalues of the operator € are real, simple and non-degenerate (eigenvalues of differ-
ent eigenfunctions are distinct, Ay, # Ay, Ym #£ n). Further, the eigenvalues form an infinite
sequence, and can be ordered according to increasing magnitude so that Ay < Ay < --- and
limy,—yeo Ay = o0.
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(2) The eigenfunctions of 7€ are orthogonal:

b
| on0)u00dx =0, m£n.

Remark 4.2.2. Since the reflection R is involved in H, the range of the coordinate x must be invariant
under R, namely, it should be (—a,a) (a can be finite or infinite). Thus, the range of the coordinate x
in Hy and Hy should both be (—a,a). From the construction of Hy and H, it is easily seen that once H;
satisfies this condition, then the same holds for Hy. We shall distinguish the following two cases: (A)
a “genuine” (—a,a) model and (B) two copies of (0,a) model. Note that the potential Vi (x) (Va(x)) is
even here.

In case (A), let us consider the operator Hy on (—a,a). Assume that H, has an infinite sequence of
eigenfunctions, H; q/,E‘) (x) = E,(,]) l//,gl) (x) (n=0,1,...)with0=Ey < E| < ---, then the eigenfunctions
and eigenvalues of H, follow from the relations (4.3.1) and (4.3.2) automatically. Thus those of H can
be derived using Lemma 4.2.1.

In case (B), let us consider the operator Hy on (0,a). In this case, we assume that the potentials
Vi(x), v(x) are singular at x =0, and H, has an infinite sequence of eigenfunctions, H) w,(ll)(x) =
E,(,l)l//,g])(x) (n=0,1,2,...) with 0 = Ey < E| < ---. In particular, we assume that l,l/,gl)(x) satisfies
l//,gl)(O) =( ,El))/(O) = 0. Define the Hamiltonian Hy of a new model on (—a,a) by H, = Hy, which is
singular at x = 0. We will see in Section 4.3 that H, can be factorized as Hy = A'A, where A and its
conjugation A" are first order differential operators, thus by defining the operators A and AT of new

model on (—a,a) as A=A and A" = AT, we have H = ATA. Let us define 1[7,(,1) (x) on (—a,a) as follows:

~(1)()6)_{ M) (0<x<a) s () { () (0<x<a) 427

Ve =002y (cacx<0) P TI000 (L) (ca<x<0)
which satisfy
i (—x) = (—1)" " (x). (4.2.8)

Then we have | |
Hllpr(l )(x) :Enll?r(l )(X), E2n:E2n+l =K, (7120)

The energy eigenvalues are doubly degenerate, which is allowed by the singularity of x = 0. The

eigenfunctions l/?z(rll) (x) and 1172(’113 +1(x) are orthogonal: [, 1172(,11) (x) ~2(rln) L1(x)dx = 0. Again, using the

relations (4.3.1), (4.3.2) and Lemma 4.2.1 one can obtain the eigenfunctions and eigenvaules of H.

4.3 Supersymmetric quantum mechanics and shape invariant even

potentials
In the theory of SUSY QM [13], the Hamiltonians H; and H; can be factorized as follow:

Hi =ATA+E)", Hy=aAT+E",
where AT is the conjugation of A,

A= +v(x), AT=—0 +v(x).
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If we consider the unbroken SUSY where the ground state energy is zero, namely, Eél) =0, then

we can choose v(x) = —(In q/é]) (x))’ such that Hl//él) (x)=ATA l[/(gl) (x) = 0. This follows from the fact
that A annihilates the ground state wave function l//(gl) (x).
Again, let us denote the eigenfunctions and eigenvalues of H; and H; by q/,gl) (x), E,(,l) and W’(Zz) (x),

E,(,z), respectively. They satisfy the equations
Hi () = ATy () = BV w (), toaw) () = aaay () = £V aw (0,
Hy? (x) =44y () = EPyP (), HiaTy? (v) = ataa Ty (0 = EPAyP (),

from which it follows that

EV=EY, EY=o, 4.3.1)
2 y— 1
v () = () 'ay, (), 4.3.2)
1 2) \—1 4.2
v (0 = () aTy? (), 43.3)
where the coefficients C,sl) and C,(,z) satisfy the condition C,Sl)qﬁ)l = E}Ei)l Note that the relations

(4.3.2), (4.3.3) and the definitions of A,A" imply that l//rglr)l (x) and q/,§2> (x) have different parity, namely,

if 1//,521 (x) is even, then 1//,([2) (x) is odd; if W}’(l}i-)] (x) is odd, then q/,Sz) (x) is even.

(1)

In what follows we adopt the assumption in the proof of Lemma 4.2.1 that y,,’ (x) are even and

N(n)
WIE;()n) (x) are odd for n =0, 1,.... This can be achieved through some minor trick. (In fact, if y/,(ll) (x)
and 1//,52) (x) do not have definite parity, we can redefine them by
(1 1. 1 (2 L 2
v () = s 0w (0) i @) = S 0 - (<)

which are still eigenfunctions of H; and H; with eigenvalues E,(,l) and Er(lz), respectively. This is

(1) (2) (2)

because W, '(—x) and v, (—x) are also eigenfunctions of H; and H, with eigenvalues E,(l]) and E,;”,
respectively. Obviously, the new defined eigenfunctions are even and odd, respectively.)

If we let v(x) in the operator .£ be defined by v(x) = —(In l//él) (x))’, then the operators A and A"
turn out to be the restrictions of .Z on even and odd functions, respectively. It follows that

2
< "’A(fl(zn () = AWI(\’I()n) (x) = Cfv?,,),l ‘lfz(v&),l (), (4.3.4)
2 (2 2 1

LYyt ) = ATV3g0) (9 = Cotly 1 Va1 () (4.35)

From these relations we can derive the eigenfunctions of .Z.
n  _ -~ _ n
Lemma 4.3.1. Let CN(H)_1 =Cy(n = EN(n), n=0,1,..., and
—1
2 1 1
WIEJ()n)—l (x) = < E}&/(L)) AV’/E/()VL) (x). (4.3.6)

If we further assume that M(n) = N(n) — 1, n =0,1,..., then the eigenvalue problem Ly ,(x) =
AinWin(x) can be solved as follow:

Yo () = Wy () E Wy (), Ay =4 By 4.3.7)
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Proof. The condition M(n) = N(n) — 1 is equivalent with (4.2.5) in view of the relation (4.3.1), then
it follows from Lemma 4.2.1 that the eigenfunctions of H as well as those of .Z can be expressed in
terms of the linear combination of u/,gl) (x) and w’(lz) (x). Using this condition and the relations (4.3.4),

(4.3.5) one can easily check the following eigenvalue equations
(ol 820 ) = el (02 100

Then (4.3.7) follows immediately from the assumption C ) Ol

N(n)—1

4.3.1 Shape invariant even potentials

It is now clear that once the even potentials V;(x),V>(x) and their corresponding eigenfunctions and
eigenvalues are known, then the eigenfunctions and eigenvalues of . with v(x) given by the superpo-
tential related to V) (x), V> (x) follow automatically from Lemma 4.3.1.

A good class of potentials are the shape invariant potentials which satisfy the condition

Va(xsar) = Vi(xsaz) +R(ay), (4.3.8)
where a; is a set of parameters, a; is a translation of ay, and it follows that
R(ay) =Va(x;a1) = Vi(xa0) = Vi(x;a1) — Vi(xsan) +2V (x;ap).

Unless otherwise stated, for any function f(x) appear later we default f(x) stands for f(x;a;), in
other words, a; and a; must appear simultaneously. The condition (4.3.8) implies that

oyl (va2) = [EY (a2) + R(a)]w (x:a2).

By comparing this with the eigenvalue equation H; l;/,(lz) (x;a1) = E,EZ) (ay) 1//,(,2) (x;a1) we can conclude

that if E,(lz) (a1) = E,S)) (a2) + R(ay) holds for some indices m and n, then

(2)

v (1)

(x;a1) o< Y (x;02). (4.3.9)

In particular, if m = n, then (4.3.9) becomes (4.3.12) and it means that the eigenfunctions of H; and
H, coincide through a translation on certain parameters. Fortunately, it turns out that this is true for all
the examples we shall consider in this paper (see Remark 4.3.1). Combining the relations (4.3.6) and
(4.3.12), then we have

-1
w](vz()nm(x;al)—( En(v](),o(“l)) AV () = g, (a2) (4310

Recall that W[EIZ()n)fl(X;al) is odd and ‘//15/1(),1 ) (x;ayp) is even, thus Iy[g]l(),l)fl(x;al) is odd too since the

translation on the parameter(s) a; does not change the parity in x. So 1//,(,1) (x) is symmetric:

v (=) = (= 1)y (). 43.11)
And y/,ﬁz) (x) should also be symmetric due to the relation (4.3.2).

A list of shape invariant potentials and of the corresponding wavefunctions related with supersym-
metric quantum mechanics is presented in [13] (Table 4.1). We can readily obtain from this table the
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even potentials by putting restrictions on certain parameters. The results are given in Table 1 (which
is split in two parts). Specifically, the examples of shifted oscillator, Scarf II or Rosen-Morse 11
(hyperbolic) and Scarf I potentials belong to case (A) in Remark 4.2.2 while the examples of 3d os-
cillator, generalized Poschl-Teller and Poschl-Teller potentials belong to case (B). For convenience
we shall call them the type (A) examples and the type (B) examples, respectively.

Remark 4.3.1. From Table I one can see that in all the examples the relation

EM(a2) +R(ar) = B (ar),

holds, which leads to

q/,Ez) (x;ay) o< q/,gl)(x;az). (4.3.12)

The above relation together with Lemma 4.3.1 implies that the eigenfunctions of £ with v(x) given by
the superpotential in Table 4.1 can be written as:

Yaa(ta) =yl (san) £y (san) = vy (sa) £ Gy, (xa2), (4.3.13)

where it follows from (4.3.10) that

1)
8 AWy (xia1)
c,,:( E(l)n)(al)> _Nm T (4.3.14)

I
‘Vz(v()n)q (x;a2)

Recall that the indices N(n), n =0,1,..., are chosen in such a way that l[/IEII()n) (x) are even and

W]E/I()n)q (x) are odd. Since the Hermite polynomials H,(x) are symmetric, and the Jacobi polynomials

Pn(a"ﬁ )(x) are symmetric when o = B, we observe in Table 1 that all the eigenfunctions of the type
(A) examples (the first three examples) are symmetric, and those of the type (B) examples can be
constructed as symmetric functions using the method (4.2.7) introduced in Remark 4.2.2. Then it turns
out that N(n) =2n, n=0,1,..., and (4.3.13) reads

Yin(x;ar) = éi)(x;al) iénwz(ill(x;az). (4.3.15)

To summarize, we provide a list of these eigenfunctions in Table 4.2. For the explicit definitions and
properties of these classical orthogonal polynomials (Hermite, Laguerre and Jacobi polynomials) one
can refer to Section 4.6.

4.4 Dunkl-SUSY orthogonal functions in terms of classical

orthogonal polynomials

In this section we shall give some examples of Dunkl-SUSY orthogonal functions explicitly. Before
that we may apply a gauge transformation on the operator .Z as follow:

Y= (y () 2y (x) = AR+ v(x) (I - R). 4.4.1)
The eigenfunctions of the new operator Y are Q,(x) = ( él) (x))~! l,l/,(l]) (x) (n=0,1,...). We will show

that these eigenfunctions also satisfy certain orthogonality relations, that will deem giving them the
name of Dunkl-Supersymmetric (Dunkl-SUSY) orthogonal functions.
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Table 4.1 Shape invariant even potentials derived from [13] (Table 4.1), where the parameters a;
and a; are related by a translation ap = a; + o. Here we replaced the parameter ® in [13] with
o = 2s? for our convenience. Unless specified explicitly otherwise, the parameters A, B, ct, s, [ are
all taken > 0, and the range of potentials is —oo < x < oo, 0 <7 < oo,

Name of potential v(x) Vi(x;ap) y l;/,(,l) ()
shifted oscillator s2x $2(s2x2 = 1) sx e 2’H, (y)
Scarf II or
Rosen-Morse IT Atanh(ox) A% — A(A+ a)sech?(oux) sinh(ax) i"(y*+1 )‘%
a1 oaly
(hyperbolic) -P,E a2~ a"2) (iv)
Scarf I Atan (o) —A? +A(A — o) sec? (o) sin(ax) (1 —yz)%
A_17A” 1
(trigonometric) —5e <x< ) -pe e 2)(y)
.
3d oscillator s2r— L s+ D (01 4.3)82 22 Y5 e S (y)
generalized Acoth(ar) — Beosech(ar) A%+ (B> +A% +Ada)cosech?(ar) cosh(ar) (y— 1)% (y+ 1)’%
BA_1 “asp 1
Poschl-Teller (A< B) —B(2A+ o) coth(ar)cosech(ar) ~P,E @ 2« 2>(y)
Poschl-Teller Atan(ar) — Beot(ar) —(A+B)?+A(A—a)sec?(ar)  cos(2ar) (1— y)% (1+y) %z
(A,B>0,0<r<L) +B(B— a)cosec?(ar) PE=2572)(y)
Name of a @ EM(ar) EX (ar) E\(a2) +R(ay)
potential
shifted
oscillator s s 2ns? 2(n+1)s? 2(m+1)s?
Scarf II or
Rosen-Morse II A A—« 2nAa—n?a?  2(n+1DAa—(n+1)2a?  2(m+DAx— (m+1)*a?
(hyperbolic)
Scarf I
(trigonometric) A A+ 2nAa+n*a? 2+ DAa+(m+1)2a®  2(m+DAa+ (m+1)%a?
3d oscillator 1 I+1 4ns’ 4(n+1)s? 4(m+1)s?
generalized
Poschl-Teller A A—« 2nAa—n?a?  2(n+1DAa—(n+1)2a?>  2(m+DAx—(m+1)*a?
Poschl-Teller AB A+a,B+ 4dno(A+B+ 4(n+1)o(A+B+ (n+ 4m+1)o(A+B+ (m+
o na) Ha) DHa)
The weight function @ (x) associated with the operator Y satisfies to [13,51]
/ /
o'(x) _ W)
=-2v(x)=2
o(x) o (x)
and hence o (x) = (q/él)(x))z. Therefore the orthogonality relation of {Q,(x) }n—0,+1,+2,.. are
1 2
6" 02 (x)Qn(x)dx =0, n£m (442)

where the interval I will be determined from the weight function (lllél) (x))>.

With an eye to presenting a model-independent description of Dunkl-SUSY orthogonal functions,
we now extract from Table 4.2 the following families of such orthogonal functions that are defined in
terms of classical orthogonal polynomials. We assume that all the Hermite, Laguerre, Jacobi polyno-
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Table 4.2 Eigenfunctions of the operator . = dR + v(x) with v(x) given by the superpotentials in table 1.

v(x) Cn V’in(x)
52x 2\/n e 25 [Hay (sx) 4= G Hap— 1 (sx)]
Ay A1
Atanh(owx) e (—1)"cosh(ax) " [P @ 2@ 2 (jsinh ()
2 no . (7é+%)vfé+%) C
FCpricosh(ox)P,, 4 @2/ (isinh(ox))]
| [A+na A (G=5a2) (w ~ (A+55+3) o
Atan(ax) 3\ S |cos(oux)| @ [P, (sin(owx)) = Cp| cos(x)| Py (sin(owx)]
T . 3
s2r— HTI —ﬁ |sr|l+le_%52r2 [LS,HZ)(szrz) :I:CnsrLiljlz)(szrz)]
B—A BrA  (BA_T _BHA_ Ty
Acoth(ar) \ /2a-na  (cosh(or)—1) 2 (cosh(ar)+1)" 2« [B, * *' * 2'(cosh(ar)
2V e + inn(ar A D
—Bcosech(oar) +C,sinh(ar)P, § (cosh(ar)]
B_TA_T
Atan(ar) | [A+Bina (1—cos(2ar))%(1+cos(2ar))%[P,E“ 2o 2)(cos(Zocr))
- Byl A1
“Beot(ar) V"™ +C,sin(2ar)PL T (cos(2ar))]
mials (A, (x), i (x), pl-h) (x)) involved are orthonormal:

R
3

i

{o'e} (e} l
/ Ay (0) A (x)dx = / EP L (x)dx = S, / PP () BP0V dx = 8,
—oo 0 —1

N

Specifically, let H,(x), L (x), pi%P) (x) be defined as in Section 4.6, then

1) = (P e,

n!

(Sl

A,(x) = (2"n!/T) "2 Hy(x),

PP (x).

pled) gy — (2P M@t ne DEBn+1) )
! A\ nT(a+B+n+1)(a+B+2n+1)

Now we are ready to provide the following examples of Dunkl-SUSY orthogonal functions.

e Dunkl-SUSY orthogonal functions in terms of the orthonormal Hermite polynomials H,,(x),
which is related with the shifted oscillator potential:

1 /. .
o) (x) = NG <H2n(sx) +Hyy g (sx)> , n>1, Q(()H) (x) =1, (4.4.3)
Y =dR+s%x, YO () =+vEn0™(x), E,=2ns (4.4.4)
[ o wol (x)dx =8y mne . 4

e Dunkl-SUSY orthogonal functions in terms of the orthonormal Laguerre polynomials IZS,O‘) (x),
which is related with the 3d oscillator potential ([ + % — Q):

1 /. o

QSEL,z (x) = 7 (L,(ia) (s2x%) $xL£lO_‘J1r1)(s2x2)>, n>1, Q(()L) (x)=1, (4.4.6)
1/2

Y =R+ s%x— ‘Hx/ YL (x) = +VE, 0P (x), E,=4ns®,  (44.7)

/w e ]sx\zaHQElL) (x)Q,(nL) (x)dx = &, m,n€eZ. (4.4.8)
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(In fact, the above example returns to the example of the Hermite case when o = —%, this is
due to the relations 4.6.1 and 4.6.2. It is also obvious from the eigenvalue equation of Y.)

e Dunkl-SUSY orthogonal functions in terms of the orthonormal Jacobi polynomials 13,5“"3 ) (x):
the example related with the Scarf II or Rosen-Morse II (hyperbolic) potential,

Ql>
_l>

—1) _A_1 A1 Al — 1 _ 1
ng,;“(x):(\g <ﬁ2(na 272 (jsinh(ax)) + cosh(x) 2L &2 +2)(isinh(o¢x))), n>1,
(4.4.9)

Y = R+ Atanh(ax), YOV (x) = +vEROVY (x), E,=2nAa—nta?,  (4.4.10)

in

/ * Jcosh(ox)| @ 08 (1) 05 (x)dx = Sy mom € Z: 4.4.11)
T 2a
the example related with the Scarf I (trigonometric) potential,
o2 (x) = \2 (ﬁz(} 362 (gin(ax)) icos(ax)ﬁé,?ﬁ%*@*i)(sin(ax))>, n>1,  (44.12)
Y = dR+Atan(ax), YO (x) = +VEnOLY (x), E,=2nAa+n*a?, (4.4.13)
/ 2 |cos(ax)| @ QP (x) O (x)dx = Sy, myn € Z; (4.4.14)

T 2a

the example related with the generalized Poschl-Teller potential (A < B),

ng;f) (x)= \% (P,E%é’wé)(cosh(ax)) :Fisinh(ax)ﬁ,E_B‘i‘A+é’B"‘A%)(cosh(ax))) ,n>1,
(4.4.15)

Y = d\R + Acoth(ax) — Becosech(ax),
vol () = +VEQY) (v), En=2maa—nta?, (4.4.16)

in

/ " (cosh(ar) 1)

T a

B-A
2o

(cosh(ar) + 1)~ 20 Q) () 0% (X)dx = S, m,n€Z; (4.4.17)

the example related with the Poschl-Teller potential (A, B > 0),

oYY (x) = \2 <ﬁ,§5‘5*3‘5>(cos(2ax)) + sin(2o) Bt %’é+é)(cos(2ax))>, n>1,
4.4.18)

Y = dR+ Atan(ax) — Beot(ax),
Yol (v) = +VE,QY) (x), E,=4na(A+B+na), (4.4.19)

I

/ ™ (1-cos(20x))

T 2a

@ (1+cos(2ax)) @ O (x) 0¥ (x)dx = Sum, m,n € Z, (4.4.20)

and 0V (x) = 1,i=1,2,3,4.
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4.5 The recurrence relation of the Dunkl-supersymmetric

orthogonal polynomials

Notice that in the previous section the examples of Dunkl-SUSY orthogonal functions in terms of
the Hermite polynomials and the Laguerre polynomials are also polynomials, we call them Dunkl-
supersymmetric orthogonal polynomials (Dunkl-SUSY OPs). Using these examples we shall identify
the main properties of these polynomials so as to offer in this section a characterization which is more
intrinsic. The most fundamental features of the Dunkl-SUSY OPs can be identified as:

(A) For all positive and negative integers n, the polynomial system {Q,(x)},—0 +1 42, . satisfy an
orthogonality relation,

/Qn )Om(x)0(x)dx = hy8ym, (n,m=...,—1,0,1,...);

(B) The polynomial Q_,(x) with negative index has the same degree as the polynomial Q, (x) with
positive index,

Q-n(x) :=R[Qn(x)] = Qn(—x). (n=1,2,...);

(C) {Qn(x)} are the polynomial parts of the eigenfunctions of a Dunkl-type differential operator of
the form

L =dR+v(x), (v(=x) = —v(x)).

Let us now address the question of what can be said about the polynomial system {Q,, (x) }n—0,+1,+2....
satisfying the conditions (A) and (B) if it is not assumed that they satisfy an eigenvalue equation. The
answer to this question is given by the following theorem. Without loss of generality, from now on we
take Q,(x) monic, i.e., with the coefficient of the highest degree term in x equal to 1.

Theorem 4.5.1. A necessary and sufficient condition for the existence of a polynomial system
{01 (%) }n=0+1,+2,.. which satisfies the conditions (A) and (B) is that Q,(x) are expressed as

Qn ()C) = S2n (X) + anSZH—l ()C),
Q-n(x) = S2a(x) — @nSon—1(x),

with Qo(x) = 1, where the coefficients a, depend on the polynomials S, (x) (see (4.5.9)), and with
{8n(x)}n=0.12... a monic symmetric orthogonal polynomial system:

n=1,2,... 4.5.1)

S(—x) = /S O (x)dx = kySym.

Proof. The sufficiency is straightforward. If (4.5.1) holds, then it immediately follows that Q_,(x) =
O, (—x), thus (B) is satisfied. For all nonnegative integers n,m, we have

/Qn Qm )dx - /(SZn (x) + anSan—1 (x)) (SZm (x) + amSom—1 (x))a)(x)dx
= (k2n + anamkon—1 )Sn,m + amkoy, 52n,2m71 + ankon—1 62n71,2m
= (k2n + anamkon—1 )Sn,m7

[ @00 ()0(dx = [ (S20(8) + 41S20-1()(S20 () = S () @ x)d

= (an — apapmkon 1 )5n,m — apkan 62n,2n1—1 +apka,—1 52n—1,2m
= (an — Apamkon—1 )5n,m7
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@400 n()00)dx = [ (S20(0) = @1S20-1()) (S2m () = a1 (x)) @ x)

= (an + anamkon—1 )Sn,m — apkan 62n,2m—1 — ankzp—1 82n—1.,2m
= (k2n + anamkon—1 )5n,m-

Therefore, condition (A) is also satisfied. Besides, from the first and the third equation we also have
By = h_y = kop+ a2kan_1. (4.5.2)

As for the necessity, suppose that {Q,(x) },—0,+1,+2,... satisfies the conditions (A) and (B). For n =

., On(x) can be expressed as Q,(x) = e,(x) + 0,(x), where e,(x) and 0,(x) are even and odd

polynomials, respectively. Then from condition (B) we have Q_,(x) = e, (x) — 0,(x), while condition
(A) implies that for any positive integers n # m, one has the relations

= (Qn, Om) = (en,em) + (€n,0m) + (On,em) + (0n,0m), (4.5.3)
= (Qn, Q-m) = (en,em) = (€n,0m) + (On,€m) = (On;0m), 4.54)
=(0-n,0m) = (en,em) + (€n,0m) — (On,em) — (On,0m), (4.5.5)
0=(Q-n,Q-m) = (en,em) — (€n;0m) — (On,€m) + (0n,0m), (4.5.6)

which together lead to
(en,em) = (en,0m) = (On,em) = (On,0m) =0, (4.5.7)

where the inner product (f, g) = [; f(x)g(x)w(x)dx. Note that (4.5.4) and (4.5.5) also hold for n = m,
which implies that
(en,en) = (0n,0n). (4.5.8)

The relations (4.5.7) and (4.5.8) mean that the polynomials {e,(x),0,(x) },=0.12,... form an orthogonal
polynomial system, more exactly, in view of the parities of e,(x) and o0,(x), they form a symmetric
orthogonal polynomial system:

€n (x) = Son (x)7 Op (x) = apSon—1 (x)7
where the coefficients a,, can be obtained from (4.5.8) and are:
(S2n(x), S2n(x)) kan
a, = = , (mn=1,2,...). 4.5.9)
" \/<S2n—1(x)752n—1(x)> kon—1 ( )

Note that the subscripts in Sz, (x) and S2,—1(x) do not necessarily represent the corresponding degrees.
We have hence shown that the conditions (A) and (B) lead to expression (4.5.1), thus proving necessity.
O

Theorem 4.5.1 provides a general presentation of the Dunkl-SUSY OPs. Conversely, if we are
given a set of OPs satisfying the conditions (A) and (B), we can always recover the corresponding set
of symmetric OPs S, (x).

Moreover, according to the relations (4.5.2) and (4.5.9), the orthogonality constant of the polynomi-
als defined by (4.5.1) turn out to be

By =h_p="2ky, (n=12,..) (4.5.10)

and hy = ko, where k, are the orthogonality constant of {S,(x)},—0.12,....
The recurrence relations can be given as follow.
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Theorem 4.5.2. Let the monic symmetric OPs {S,(x)}n=0.12,.. defined by the three-term recurrence
relation:

Sp(x) =x85-1(x) = Sn—2(x), (n=1,2,...)

with S_1(x) =0, So(x) = 1, then the monic polynomial system {Qp(x)}n—0,+1,+2,.. defined by (4.5.1)
satisfies the recurrence relations:

X —Yon+2 —
n n

1 n n n
Ot (x) = ; [xz—l—(anﬂ » Pnst W]Qn(x)

n=1,2,... 4.5.11)

1 a
+5 [xz (g1 + ) — i + m“"“] Q-n(x),
ay an

n n+-10n
O_(np1)(x =5 [ (Apy1+ Y2a+1 )X — Vong2 + YZJ;H] On(x)
" " n=1,2,... (4.5.12)
a
[ 2 an+l Bni1 )x — Von+2 — '}'Zn—i-;n-i-l:| Oy (x)
with Qp(x) =
Proof. First, it follows from (4.5.1) that
Son(x) = M Son_1(x) = M (4.5.13)

2 ’ 2a,

By definition, we have
On+1(x) = S2n42(%) + an 182041 (x) = (X + anp1)S2041(x) = Vont252n(x)
= (X +an11)(X822(X) = Vont1820-1) — Yon+2S2a(X)
= (2 + dp s 1X — Pn42) S22 (%) = Yot (X + @1 ) Son1,

where the three-term recurrence relation of {S,(x)} has been used twice. Substituting (4.5.13) into the
above then leads to

20041(%) = (2 + 15— Pn42) (Cu (6) + 0 n (1)) = 2 (x4 0011) (O () — O ()

an

_ [x2+ (st — ?’2;+1 )X — Ponsr — 7/2"““”“} 0, (x)

n n

a
+ [xz + (an+1 + y2;+1 )x — Ynt+2 + }/Zn+;n+l] an(x)y

n n
from which we obtain (4.5.11). The relation (4.5.12) is obtained in the same manner. L]

Note that the polynomials in the set {Q),(x) },—0,+1,42,... can be ordered as follows

QO(X), Ql(X), Qfl(x)v T Qn(x)> an(X),"‘

since Q,(x) and Q_,(x) have the same degree. This means that the relations (4.5.11) and (4.5.12) can
be viewed as the three-term recurrence relations of {Q),(x) }n—0 +1,+2.....
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4.6 Supplymentary data
Hermite polynomials

e The Hermite polynomials are orthogonal on the interval (—eo,o0) with respect to the weight

X

function e . They satisfy the orthogonality relations:

/ H,,(x)H, (x)e_x2dx = 2"n\\/TSn

where H, (x) is the Hermite polynomial of degree n, 8, is Kronecher’s delta.
e Three term recurrence relations:

H,(x) =2xH,_1(x) —2(n—1)H,—2(x), n>1, Hy(x)=1.

Laguerre polynomials

e The Laguerre polynomials are orthogonal over [0,0) with respect to the weight function x%e ™.
They satisfy the orthogonality relations:

Fn+a+1)
n!

/ ) L (x)LEla) (x)x%e"dx = Smn
0

where L\ (x) is the Laguerre polynomial of degree n.

e Three term recurrence relations:

2n—1—|—05—xL(a)

n—1 ()C)

n n

_n—l-i—aL(a)

Li(x) = ), nz1 L) =1,

e Relation to Hermite polynomials:
Hou(x) = (= 1)22 1L VP (22), 4.6.1)
Honi1(x) = (=122 a1/ (42). (4.6.2)
Jacobi polynomials
o The Jacobi polynomials are orthogonal on the interval (—1, 1) with respect to the weight func-

tion (1 —x)%(1+x)P. They satisfy the orthogonality relations:

204D (o +n+ 1)T(B+n+1)
nC(a+B+n+1)(a+B+2n+1) ™"

| AP PP () (1= 0%(1 4x)Pdx =

where P,S“’ﬁ ) (x) is the Jacobi polynomial of degree n, and o, > —1.

e Three term recurrence relations:

2n(n+a+pB) 2n(n+a+B)2n+a+p-2)] !

= (x)

P,Sa’ﬁ)(x)— [(2n+0€+ﬁ—1)(2n—|—0€+ﬁ)x (,82—052)(2n+oc+ﬁ—1) P(a’B)

_Z(n—l—a— 1)(11—&—[3—1)(211—!—06—1—[3)})((17[3)

(@) _
2n(n+oa+B)2n+a+p—2) "2 (x), n=1 F7(x) =1
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Chapter 5

Summary and future works

We discussed several generalizations of the classical orthogonal polynomials and their properties. Let
us briefly summarize the main results we have presented in this thesis and then discuss some ideas on
the future works of this research.

5.1 Summary

In chapter 1, the history background and the definitions as well as the rich applications of the clas-
sical orthogonal polynomials are introduced. An important property called duality which reads as
the equivalence of a three-term recurrence relation and an eigenvalue equation satisfied by the clas-
sical orthogonal polynomials is illustrated. Generalizing the eigenvalue equation is a key in deriving
the generalizations of the classical orthogonal polynomials. In chapter 2, we studied the electrostatic
properties of the zeros of exceptional extensions of the very classical orthogonal polynomials. We have
shown that the maximum value of the modulus of a special energy function is attained on the zeros of
exceptional extensions of the very classical orthogonal polynomials under certain conditions. In chap-
ter 3, we established an exceptional extension of the Bannai-Ito polynomials. Interestingly enough, the
degree sequences of these exceptional Bannai-Ito polynomials demonstrate different rules compared
with those of the exceptional extensions of the very classical orthogonal polynomials, that is, there
are cases where the degree sequence is consist of even integers only. In chapter 4, we introduced and
characterized orthogonal functions that we have called Dunkl-supersymmetric. These functions are
eigenfunctions of a class of Dunkl-type differential operators that can be cast within supersymmetric
quantum mechanics. A significant feature of these orthogonal function families is that they do not
involve polynomials of all degrees but are rather organized in pairs of polynomials both of the same
degree (where the examples in terms of the Jacobi polynomials may be viewed as polynomials in cer-
tain special variables). The connection with supersymmetric quantum mechanics has been exploited
to obtain a number of Dunkl-supersymmetric orthogonal functions from exactly solvable problems.
Informed by these results we could offer a general characterization of the Dunkl-supersymmetric or-
thogonal polynomials and could exhibit as well their recurrence relations.

5.2 Future works

As we have already mentioned, there are examples in the exceptional Bannai-Ito polynomials and the
Dunkl-supersymmetric orthogonal polynomials that their degree sequences are consist of even integers
only, for instance, {0,2,2,4,4,6,6,...}. These examples have seldom been mentioned in the literature
as far as we know. Therefore, it is of great interest to study this type of orthogonal polynomials in
general. In what follows, we would like to provide some results on this proceeding research which
also gives a rough image of our future works.
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Consider a general eigenvalue problem
LP,(x) = AP, (x), n=0,1,2,...

where the eigenfunctions P, (x) are polynomials. If a bounded operator L is self-adjoint and nondegen-
erate (i.e. A, # Ay, Vn # m), then its eigenfunctions P,(x), n =0, 1,2, ..., are orthogonal with respect
to certain weight function. To the end we assume that L is self-adjoint and nondegenerate.

Definition 5.2.1. A sequence of polynomials {P,(x)}n—0.12,.. is called orthogonal polynomials se-
quence of single-parity degrees (OPSPD) if they are orthogonal with respect to certain linear func-
tional X

LPu(x)Py(x)] = hyOnpn, ha#0

and the degree sequence of {P,(x) }n=0.12,.. is consist of even or odd integers only.

If {P,(x) }n=0,12.... is a finite polynomial sequence which satisfies the conditions in Definition 5.2.1,
then it is called a finite OPSPD. If i, > 0 fori =0,1,2,.. ., then the OPSPD is called positive definite.

A simple approach towards the construction of OPSPD is based on observations of how the operator
L acts on the monomials, 1,x,x2,.... Denote the degree sequence of the polynomial eigenfunctions of
L by S;. For convenience, here we call the polynomial eigenfunctions of a self-adjoint operator L type
IOPSPD if §; = {0,2,2,4,4,...}. The other cases of OPSPD and their classifications will be leave as
open problems. The following lemma concludes a sufficient condition for the existence of the type I
OPSPD.

Lemma 5.2.1. Let L be a linear operator on a Hilbert space. Suppose that L maps every monomial x',
i=0,1,2,..., to a polynomial of degree 2[ % } (the nearest even number > i), namely, Lx° = = ko,0 and

2i
Lx* ! Zkz,”xf L' =Y kyi !, i=1,2,... (5.2.1)

where k; ;s are constants and ka;—12i,koi; 70, Vi=1,2,.... Let

Am = (k2m72m - k2m—172m—1 )2 +4k2m72m—1k2m—172m7 (522)
if Ay >0 for m=1,2,..., then L has polynomial eigenfunctions whose degree sequence is Sp =
{0,2,2,4,4,...}.

Proof. Assume that P,(x) =Y1 an,ix" is a polynomial eigenfunction of L, then we have

n 2[3] o 23] n .
AnPu(x) = LPy(x) = Y an; ¥ kijx! = Y an,iki jx’
=0 j=0 J=0 i=max(0,2[§]1-1)
which can be written as
2[5]1 n o .
Z an,ikij | X/ = Z Ani jx. (5.2.3)
J=0 \i=max(0,2[{]1-1) j=0

Here n must be even such that 2[5 | = n. Let n = 2m, then (5.2.3) is equivalent with
2m
Y amikij = dom@om j, j=0,1,...,2m. (5.2.4)
i:max(0,2]'%]—1)
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For convenience, we assume that Py, (x) is monic (a2, 2, = 1) and aa, 5,1 # 0. It follows from the
last two equations in (5.2.4) which read as

(A’Zm - k2m71,2m—1)a2m,2m71 - k2m42m71a2m,2mv

(Aam - k2m42m)a2m,2m = k2m71.2ma2m,2mfl7

that A,,, is the solution of the following equation

X3 — (kamam + kam—1 2m—1)A2m + kam 2mkam—1 2m—1 — kom 2m—1kam—1.2m = 0. (5.2.5)

The discriminant of this equation is (5.2.2). If A, > 0, then there exists two solutions for the equation
(5.2.5), say Ay, and A_»,,, which satisfy

Ao +Aom = komom + kom—12m—1, (5.2.6)

and

A2m)l/72m = k2m,2mk2m71,2m71 - k2m,2m71k2m71,2m- (527)

The other coefficients of Py, (x) then can be derived inductively from (5.2.4) under the assumption that
the denominators involved are not zero:

-1
a2m,2m—21—1 == [()’an - k2n1—21,2n1—21) (A’Zm - k2771—21—1,2n1—21—l) - k2m—21—l,2m—21k2m—21,2m—21—1]

2m
Z o [(Aon = Kam—21.2m—21)Kizm—21-1 + Kom-21om-2-1kigm2], 1=0,...,m—1,
i=2m—2I+1
—1
Aompm—21 = [()’Zm - k2n1721,2mf21) ()’Zm - k277172171,2n172171) - k2m72l7172m72lk21n72l,2m72171]
2m

aZm,i [(AQm - k2m7217172m72171)kzﬂ2m72[ + k2m72lf142m72lki.2n172171] 9 l = 17 e 7m - 17
i=2m—2l+1

and
1 2m

a2m,0 = a2m4iki.0'
2’Zm - k040 i=1

5.2.1 Algebraic Heun operators and the construction of type | OPSPD

The algebraic Heun (AH) operators come from the duality of COP. They can be constructed using the
bispectral pair of operators related with COP. It is known that the AH operators are the most general
operators that map any polynomial of degree n into a polynomial of degree n+ 1 [33]. Let us consider
the case where L maps the monomials 1,x,x2, x>, x* ... into polynomials of degrees 0,2,2.4,4,...,
respectively. Since L raises the degree of every odd monomial by 1 and preserves the degrees of every

even monomial, we can make use of the AH operators by defining

(1+(=1" (1-(=1"

LIx"] := 5 5

H[Y'] + Wx, (5.2.8)
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where H is a linear operator that maps x" to a polynomial of degree n and W is an AH operator. In
fact, (5.2.8) can be realized with the help of the reflection operator R (R(f(x)) = f(—x)). Let

1 1
L= 5 (H+W)+ 5 (H—W)R, (5.2.9)
then (5.2.8) holds immediately.

By choosing H as the spectral operator related to certain COP {Q,,(x) },—0.12,... and W as the corre-
sponding AH operator, one can make use of the theories of COP and their generalizations. Let us take
the Bannai-Ito case for an example. Recall that the Bannai-Ito polynomials are eigenfunctions of the
operator

(x—=r+1/2)(x—r2+1/2)
2x+1

(x—p1)(x—p2)
L= ——"""""(R—-1
BI Ty ( )+
where T is the shift operator, 7 is the identity, T f(x) = f(x+ 1), If(x) = f(x).
The algebraic Heun Bannai-Ito (AHBI) operator can be given by

(TR-1), (5.2.10)

W =1XY+nYX+ X+ 1Y+ 15, (5.2.11)
where 7;,i =0, ...,4, are real coefficients. The operators X,Y are generators of the Bannai-Ito algebra:
X, Y}=Z+w, {Y,Z}=X+w, {X,Z}=Y+wm, (5.2.12)

where w;,i = 1,2,3 are constants [79]. Specifically,

1
X:2LBI+(Pl+pz—r1—r2+§), Y =x,

o =4nr+4ppr, 0 =-2r"=2r"+2p° +2p2%, @3 = —4nri+4prpi.

Let H = X, then it follows from (5.2.9) that
2L = W’13:13+1 - W‘1:3:13—1R-

For generic parameters 7;,i = 0,...,4, the operator L involves TR,I,R and T. However, the shift
operator T is not self-adjoint, here we set some conditions to annihilate 7 in L. Let 1) = 7o, 73 = 7o + 1,
then we write L as Ly:

Ly = CL](X)TR+CL2(X)R+CL3(X)I, (5.2.13)

where ( D 0
2x—=2r+1)(2x—2r +
CLi(x) =
1( ) 'C+1 ’

—4(+Tu+ l)xz +4((2r1r —=2p1p2+ P14+ P2)T2 —2T0 — Ta +4p1 +4p2)x — 8(T2 + %)Plpz)

CLy(x)= o ,

T 2(1+27 4ryr
CL3(x) = 2(T2 + T4)x — 4rir Ty +4p1p2T2 — 20172 — 222 + T+ — + ( 2)P1py _ Aran .
2 X 2x+1
The operator L acts on the monomials as:

Lo[x™] = (2p1 +2p2 = 2r1 =2 +4m+ 1)x*" + -+ |
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Lo[xzm_l] =4(n+ '174)x2m+
((8p1p2 —8rirp — 4p1 — 4[)2)12 +2r1+2r — 2p1 — 2[)2 + 270+ T4 — (4m — 1)))62”1_1 + -,

thus the following condition must be satisfied so that Ly maps the monomials to polynomials of degree
0,2,2,4,4,...,

201 +2p2—2r1 —2ry # —(4m+1), m=0,1,2,...,
T+ 14 # 0. (5.2.14)

Suppose that Ly possesses polynomial eigenfunctions with distinct eigenvalues,

L()PiZm:}LiZmPi2m7 m:071727"'7

then it follows from the relation (5.2.6) that

Aom + Aom = (8p1p2 — 8rirp —4p1 —4p2) T+ 210+ 14 +2, m=0,1,2,.... (5.2.15)

5.2.2 A generalization of the Bannai-Ito algebra
Let Y, :=ax-+b and X;, := cLy + d with

1
a=4b, d= <<2p1 +2pr —4p1p2 +4r1r2+2> TZ—T())C.

It turns out that Xy, Y, satisfy the following anticommutation relations:

(X0, Y.} = C\Y} +Z, + K3, (5.2.16)
{Y1,Z1} = G X + K1, (5.2.17)
{Z1, X1} = C3X + CyYP +CsYp + K, (5.2.18)
where
C C.2
C = 5(124-14), Cy =4b>, C3 =4bc(1+ 1), Csa= —;(TQ+T4)(T2+T4+2), Cs 262(1’2+T4+2)2,

K3 = —bc(1p + 14 — 32p1 92T — 16p1p2 + 161112),
Ky = 32b%c(2p1p2T2 + P1p2 4+ 1172),

Ky = bc? (641122 0% — 128 122 rimp1p2 + 64 p12 022 1 4+ 64 1 rap1 o2 4+ 64 11 rapaTa® — 64 p1 2 pata® —
64p1p22’622 +64rrmp1T+64rrpaT — 321 T — 16 Tar 1Ty — 64p12p212 +16p; 20,2~
640102212 +32p1P2T0Tr — 161 P2 TaTa+ 16 022 T2 + 16 rar Ta + 16 112 T4 +32 Top1 2 — 16 p1 o2 T —
16p1p2Ts — 16 p1 70T — 8 Top1 T4 + 3222 12 — 16 p2T0T2 — 8 TapaTa — 16712 — 16127 + 16 p1* —
160170 — 8174+ 16022 — 16 TPy — 8P4 +4 70> +4T4T) — T2 — 21Ty — 2T —2T4).

The algebra generated by X7 ,Y; and Zj, subject to the relations (5.2.16)-(5.2.18) can be considered a
generalization of the Bannai-Ito algebra. In fact, if one choose the parameters 7, = 74 = 0,79 = 0 and
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b = ¢ = 1/2, then this algebra is exactly the Bannai-Ito algebra (5.2.12). This fact also addresses the
necessity of the condition (5.2.14) in this scheme.
The Casimir operator Q; commuting with all the generator X, Y;,Z; of this algebra has the form:

01 = CX} +CsYE + 72 + CCaY, — C3 7y, (5.2.19)
which acts as a constant in this realization:
1
Q1 = 16b°c*(2p} +2p3 + 217 + 215 — ) H2b(K+ 16bc% (13 413 — p? — p3))—

bzcz(l’z + 1) (641 +3(10+14)).

From the anticommutation relations (5.2.16)-(5.2.18) one can also rewrite Q; as follow:

C 3
01 = (/CsYit 21— 5V +CoX] = Co/CsXp—/CsKi — - (5.2.20)
Let us introduce the operator by the following formula,
Ji=YL+NZp+M)(Xp+ ki) +1, (5.2.21)

where Ny, M, ,ky,t are constants.

Lemma 5.2.2. [f these constants are defined by

G C1G Cy (62) K; C
N:——’ 1‘4:77 = —, = - — — —_— s
Yoy YT e MY ag 42 Tag 2
then we have
1
{J1,X1} = ﬁjl =c(n+nu+2)J. (5.2.22)
1

The relation (5.2.22) follows from (5.2.16)-(5.2.18) through straightforward calculations. In later
discussions we will see that J; is a ladder operator associated with Ly. Note that it is the existence of
the YLZ—terms in (5.2.16) and (5.2.18) that causes the uniqueness of the constant N; (while there are two
choices of N in the case of the ordinary Bannai-Ito algebra), hence there is only one ladder operator
of Ly in the form (5.2.21).

The operator J; here shares similar properties with the ladder operator J in the ordinary Bannai-
Ito algebra [79]. The operator J; annihilates any constant Jj[1] = 0 and maps the monomials
x,x%,x%,x*, ..., into polynomials of degrees 2,2,4,4, ..., respectively.

Suppose that the operator Ly has an infinite sequence of polynomial eigenfunctions in the means:

LoPioyy, (x) = AiZn1Pi2m(x)7 m=0,1,2,...

where 417, are distinct eigenvalues, and deg Py, (x) = 2m. Obviously, Py, (x) are also eigenfunc-
tions of the operator Xj :

XpPiom(x) = UromProm(x), m=0,1,2,...

where
1
Uiom = € | Axom+ | 201 +202 —4p1p2 +4rir + )™ (5.2.23)
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It then follows from the relation (5.2.22) that Py, (x) = JyPiyn(x) are again eigenfunctions of the
operator Xy, with the eigenvalues

R 1
fiom =c <_)L:I:2m - <2P1 +2p2—4p1p2+4rira— 2) T+ T4+ To+ 2> .

Substitute the relation (5.2.15) into the right-hand side then it turns out

fliom =c (Am + <2p1 +2p2 —4p1py +4rir + ;) T — ro> = U=om, (5.2.24)

which means that J; acts on the eigenfunctions of Ly in the way that it exchanges Py, (x) with P_p,,(x):
J1Poy(x) o< P_gp(x),  J1P-om(x) o< Popy(x).
As an immediate consequence of the relation (5.2.22), le commutes with the operator Xy :
[X,J3] =0.
It follows from the anticommutation relations (5.2.16)-(5.2.18) that
(Xp+k1) (Yo +NZp+My) = —(YL+Ni1Zp+My)(X+ ki) —2t,
thus we can express J7 as
TP = —(YL+Ni1Zp + My )*(Xp 4k )* 412

Notice that Ny = (1/Cs) ! and M;/Cs = —C3 /2, it then follows from (5.2.20) that J7 is a fourth-order
polynomial in Xz :

1 3\’
= e <QL—C2XL2+C2\/C5XL+ VCsKy + 4*) (XL +ky )2 +12.

We still want to find the ladder operators that transform Py, (x) (P-2,(x)) to their neighbors
Pyn—1)(%)s Poimy1)(X) (Poa(m—1)(X), P_p(m+1)(x)). However, we are not able to obtain these ladder
operators at the present stage. We will leave this to our future works.

According to numerical analysis we have the following conjectures.

Conjection 5.2.1. Assume that the condition in Lemma 5.2.1. is satisfied by the operator Ly, and the
polynomial eigenfunctions {P+om}m=0,12... of Lo are monic, then they satisfy the following recurrence
relations:

P; P
P2(m+1) (X) = (x2 + armx + me) 2 (X) +om <x)

2

P2(m—l) (x) +P—(2m—1) (x)
2

+ C2m(P2m(x) - Pme(x))‘i‘

d2m

+ e2m(Pam—1(x) — P—(2m—1) (%)),
Py, (x) +P_op (x)
2

Pop—1(x)+P_(3_1)(x
d_om 2 1() 2 @m—1) )+672m(P2m71(x)_Pf(mel)(x))a

P—(2m+l) (x) = (x2 +a_omx+ b72m) + Cme(PZm (x) —P_om (x))+

where the (ayy,a—_oy)’s are a pair of solutions of a quadratic equation.

Conjection 5.2.2. The above conjecture holds for all the type I OPSPD.
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