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1 Introduction

Let (N,]|| - ||v) be a normed linear space over R or C. A mapping T on (N, || - ||x) is an

isometry if
IT(f) =T@ln=1lf —gllv (V]9 €N).
Here, we don’t assume linearity of T. Let D be the open unit disc and T the unit circle
in C. We denote by H(ID) the complex linear space of all analytic functions on D. Let
H? be the Hardy space defined by
1 e _ 1/p
1 = {f e HD): 111, = sup |5 [ Irtrera < oo} (1 <p <o)

o<r<1
H - {f € H(D): o = s1p1£(:)] < oo} |

Complex linear isometries on the Hardy spaces were characterized in 1960’s.

Theorem (deLeeuw, Rudin and Wermer [1]). 1. Let T be a surjective, complex linear
isometry on (H®, || - ||o). Then there exist a constant « € T = {z € C: |z| = 1}
and a conformal map ¢: D — D such that

T(N)(z) = af(e(z))  (Vfe H® 2eD).

2. Let T be a surjective, complex linear isometry on (H', || - |1). Then there exist a

constant « € T and a conformal map ¢: D — D such that
T(f)(z) = a¢'(2)f(¢(2))  (Vf € H' z€D).
In 1959, Nagasawa [8] gave the characterization of surjective complex linear isometry

on uniform algebras. The characterization of isometries on H* by deLeeuw, Rudin and

Wermer is a special case of the result by Nagasawa.
Forelli [3] investigated complex linear, not necessarily surjective, isometries on H?. Here,

I will introduce the result of surjective case.



Theorem (Forelli, [3]). Let p be a real number with 1 < p < oo and p # 2, and let T be
a surjective complex linear isometry on (H?, || - ||,). There exist a constant o € T and a
conformal map ¢: D — D such that

T(f)(2) = a(d'(2)) 7 f(é(2))  (Vf € H?,2€D).
Novinger and Oberlin [9] considered Banach spaces of analytic functions
SP={fe HD): f € H"} (1<p<o0)
with the following norms:

1 lle = 1F OIS s = Uf oo + 1T (f € SP)

Here, it should be mentioned that || f|« is well-defined; in fact, if a function f € H(D)
satisfies f* € HP for some p,1 < pthen f is extended to a continuous function on the closed
unit ball D (see, for example [2, Theorem 3.11]). Novinger and Oberlin [9] characterized
complex linear isometries on SP without assuming surjectivity. For the sake of simplicity,
I will show you a surjective case of their results.

Theorem (Novinger and Oberlin [9]). Let p be a real number with 1 < p < oo and p # 2.

1. If T is a surjective complex linear isometry on (S?, ||-||,), then there exist a constant
c €T and a conformal map ¢: D — D such that

T(f)(z) = cf(0) +/[0 ](¢/(C))1/”f'(¢(é))d6 (Vf eS8 zeD)

2. If T is a surjective complex linear isometry on (S?, ||-||s;), then there exist a constant
c €T and a conformal map ¢: D — D such that

T(f)(z) =cflo(z))  (Vf eS8 zeD)

Novinger and Oberlin excluded the case when p = oo in the above result. But S is
well-defined, and I believe the characterization of isometries on S* is important to the
theory of analytic functions. The purpose of this note is to give an answer to the above
problem.

2 Main results

We define S = {f € HD) : f' € H*}. As is mentioned above, if f € §*, then it can
be extended to a continuous function on D. Thus, || f’||ls is well-defined. We consider the
following two norms on §*:

1Flle = LFON+ 1 oor Il = flloe + 1 lee— (f €5%).
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We see that (S, ||-||,) and (8%, ||s;) are both Banach spaces. Noviger and Oberlin
characterized complex linear isometries on SP (1 < p < 0o) without assuming surjectivity.
Here we investigate surjective, not necessarily linear, isometries on $*°. The main results
of this note is as follows.

Theorem 1. A map T is a surjective isometry on (S, ||-||s) if and only if there ewist
constants ¢, A € T such that

T(f)(z) =T(0)(z) + cf(\z) (VfeSlzeD) or

T(F)(z) = T(0)(2) + of (02) (vf € 87,2 €D).
Outline of proof. By the Mazur-Ulam theorem [5], the map Ty = T'—T'(0), which sends
fe8®toT(f)—T(0), is real linear. In addition, we see that Ty is a surjective isometry.
Let f’ be the Gelfand transform of f/ € H* and let Oy~ be the Shilov boundary for
H*. Then sup.cp [ f'(()] = sup,cp,,.. |f/(()] for f € §*. We denote by f the unique

continuous extension of f € S to D. By the maximal modulus principle, sup,cp, | f(2)] =
Sup_er \f(z)\ for f € 8. Therefore

11l = sup | f ()| +sup | f(Q)] =sup |f(2)|+ sup |F(Q)l=  sup  |f(z)+wf(C)-
zeD ¢eD zeT (€I (z,w,{)ET2X Do

We now define a map U: 8 — C(T? x dy=) by
U(f)(z,w,¢) = f(2) +UJJ?I(C) (Vf € 8™, (z,w,() € T? X Dgeo).

Set B = U(S8), and then U is a surjective complex linear isometry from (S, ||-||5;) onto

(B, [loe)-
Soo To Soo

o |v
B —— B
v
We set V = UTyU~". Then V is a surjective real linear isometry on (B, || - ||o0)-

By a modified arguments of [10, Proof of Lemina 3.1], we can prove that
Vi{ 0o : A ET, 2 € T? x Oy }) = {\0, : A € T,z € T X Opyeo },
where V,: B* — B* is a map defined by
Vi(n)(a) =Ren(V(a)) — iRen(V (ia)) (Vn € B*,a € B),

and J0,: B — C is a point evaluation functional with J,(a) = a(z) for a € B. Using
the form of V', we can describe Ty with extra variables, say w € T and ( € Jy~. By
straightforward, but complicated arguments, we obtain the desired form of 7. The reader
may refer to [7] for the detail. O



Theorem 2. Let T' be a surjective isometry on (S, |-||,). Then there exist constants
co,c1, A €T and a € D such that

T(f)(z) = T(O)(2) + o (0) + /

[0

, z—a . ,
’Z]clf <A1—6C> d¢ (VfeSzeD) or

TN =106 + i+ [ ar (g) & (Feszen) o

zZ—a

TN =106 +af0)+ [ ap(3i)a (eszen) o

zZ—a

T =106 +ead 0+ [ e (A7

Conversely, if T is one of the above four, then it is a surjective isometry on (S, ||-||,)-

>d§ (VfeS8P zeD).

Outline of proof. The idea of this proof is quite similar to that of Theorem 1. We
need the characterization of surjective, real linear isometries on uniform algebras (see

[4, 6]). O

References

[1] K. deLeeuw, W. Rudin and J. Wermer, The isometries of some function spaces, Proc.
Amer. Math. Soc. 11 (1960), 694-698.

[2] P.L. Duren, The theory of H? spaces, Pure and Applied Mathematics, Vol. 38 Aca-
demic Press, New York-London, 1970.

[3] F. Forelli, The isometries of H?, Canad. J. Math. 16 (1964), 721-728.

[4] O. Hatori and T. Miura, Real linear isometries between function algebras. II, Cent.
Eur. J. Math. 11 (2013), 1838-1842.

[5] S. Mazur and S. Ulam, Sur les transformationes isométriques d’espaces vectoriels
normés, C. R. Acad. Sci. Paris 194 (1932), 946-948.

[6] T. Miura, Real-linear isometries between function algebras, Cent. Eur. J. Math. 9
(2011), 778-788.

[7] T. Miura, Surjective isometries on a Banach space of analytic functions on the open

unit disc, preprint.

[8] M. Nagasawa, Isomorphisms between commutative Banach algebras with an applica-
tion to rings of analytic functions, Kodai Math. Sem. Rep. 11 (1959), 182-188.

15



16

[9] W.P. Novinger and D.M. Oberlin, Linear isometries of some normed spaces of ana-
lytic functions, Can. J. Math. 37 (1985), 62-74.

[10] N.V. Rao and A.K. Roy, Linear isometries of some function spaces, Pacific J. Math.
38 (1971), 177-192.

Department of Mathematics

Niigata University

Niigata 950-2181

JAPAN

E-mail address: miura@math.sc.niigata-u.ac.jp





