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Adapted Sequence for Polyhedral Realization of Crystal Bases 

Yuki Kanakubo (Sophia University, Faculty of Science and Technology) 

1 Introduction 

The crystals B(oo) B(入） are, roughly speaking, a basis of the subalgebra因 (g)and irreducible in-
tegrable highest weight modules of the quantum group店(g)at q = 0, where g is a symmetrizable 
Kac-Moody Lie algebra with an index set I = {1, 2, ・ ・ ・, n }, 入isan integral weight [6, 8]. Since 
then the theory of crystal bases has influenced many areas of mathematics and physics, e.g., algebraic 
combinatorics, statistical mechanics, cellular automaton, etc. In order to apply the theory of crystal 
bases to these areas, it is required to realize the crystal bases in suitable forms, like as tableaux real-
izations, path realizations, geometric realizations, etc. The polyhedral realization is one of descriptions 
of crystal bases. 

In [12], the polyhedral realization for B(oo) has been introduced as an image of'Kashiwara embed-
ding'叱： B(oo) Y zoo, where l is an infinite sequence of entries in I and zoo is an infinite Z-lattice 
with certain crystal structure (see subsections 2.2, 2.3). In the same paper, some set of linear functions 
己 C (Q00)* associated with the sequence l and the subset I: しczoo defined by 

Sし={x E Z00l<p(x) :;:,. 0,'ef<p E己｝

are treated. Then under some condition on l called'positivity condition', we find that Im(並） = I:, 竺

B(oo), which implies that the crystal B(oo) is realized as a polyhedral convex cone in Z00. In [11], the 
polyhedral realization for B(入） is introduced and an algebraic method to calculate it is found under 
the condition on the pair (い） called'ample condition'. 

To confirm the positivity condition, ample condition for a given l, it is necessary to obtain the 
whole linear functions of己， whichrequires a lot of calculations. So far, in [2, 3, 11, 12] it has been 
shown that the specific sequence l = (・ ・ ・, 2, 1, n, ・ ・ ・, 2, 1, n・ ・ ・, 2, 1) satisfies the positivity and ample 
condition for all simple Lie algebras and several affine Lie algebras. 

In this article, we discuss the following two problems in the case g is a classical Lie algebra: 

(1) Find a sufficient condition of the positivity condition and ample condition. 

(2) Find explicit forms of the polyhedral realizations. 

We will give an answer for (1) in Theorem 3.7, 3.11. As for (2), we will give an explicit formula of 
the polyhedral realizations in terms of column tableaux in the case l satisfies the sufficient condition 
of (1) (Theorem 3.6, 3.11 and Corollary 3.8, 3.12). This is a joint work with Toshiki Nakashima in 
Sophia university. 

2 Crystal and its polyhedral realization 

Let us recall the definition of crystals [7]. 
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2.1 Notations 

Let g be a symmetrizable Kac-Moody Lie algebra over Q with a Cartan subalgebra t, a weight lattice 
P C t*, the set of simple roots { a; : i E I} C t*, and the set of coroots { h; : i E I} C t, where 
I= {l, 2, ・ ・ ・, n} is a finite index set. Let〈h,入〉＝入(h)be the pairing between t and t*, and (a, (3) be 

an inner product on t* such that (a;, 年） E 2Z:::o and〈h;,入〉＝ 2(a., 入）
(a,,a,) for入Et*and A:= (〈hゎ叫）i,j 

be the associated generalized symmetrizable Cartan matrix. Let P* = { h E t : 〈h,P〉cZ} and 
P+ := {入 EP:〈hゎ入〉 EZ:::0}. The quantum algebra店(g)is the associative Q(q)-algebra generated 
bye;, f; (i E J), and炉(hE P*) satisfying the usual relations. The algebra因 (g)is the subalgebra 
of Uq(g) generated by the f; (i E J). 

For the irreducible highest weight module of Uq(g) with the highest weight入EP+, we denote it by 
V(入） and its crystal base we denote (L(入），B(入））. Similarly, for the crystal b邸 eof the algebra均 (g)
we denote (L(oo),B(oo)) (see [5, 6]). Let u00 E B(oo), u入 EB(入） be the highest weight vectors. For 
positive integers l and m with l <:: m, we set [l, m] := {l, l + l, ・ ・ ・, m -1, m }. 

2.2 Crystals 

Definition 2.1. [7] A crystal is a set B together with maps wt: B→ P, E心： B→ ZU {-oo} and 
旦： B→ BU {O} (i EI) satisfying the following: For b, b'EB, i,j EI, 

(1) r.p;(b) =名(b)+〈wt(b),hふ

(2) wt(らb)= wt(b) + a; ifら(b)EB, wt(i,b) = wt(b) -a, if ];(b) EB, 

(3)名乞(b))=名(b)-1, r.p;(ら(b))= r.p;(b) + 1 if e;(b) EB, 

(4)ら(h(b))=合(b)+ 1, r.p; ば(b))= r.p;(b) -1 if ];(b) EB, 

(5) f;(b) = b'if and only if b = e;(b'), 

(6) if叫 b)=―oo then e;(b) = J,(b) = 0. 

We call彗 Kashiwaraoperators. 

The crystal bases B (oo), B (入） are important crystals. Let us see another example of crystals. 

Example 2.2. Let R入：＝｛叫（入 EP) and 

wt(r刈＝入， E;(r刈＝—入(hふ r.p;(叫 =0, ら（叫＝応） =0. 

ThenR入 isa crystal. 

Example 2.3. For i E J, we set 
B; := {(m);lm E Z} 

and defineりも， wt,らandJj (j E I) as follows: 

• 叫(m);)=叫(m);)= -oo (j i= i), 

• wt((m);) = maゎ名((m);)= -m, r.p;((m);) = m, 

● 匂((m);)= h((m);) = 0 (j i= i), 

Then B; is a crystal. 

・・・ (-2);~(-1); ~(O); ~(l); ~(2); ~ ・・・ 

・・ ・(-2);? (-1);? (O);? (l);? (2);? ・ ・・ . 
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Definition 2.4. The tensor product B1 ISi凡 ofcrystals Bぃ凡 isdefined to be the set B1 x B2 
whose crystal structure is defined as follows: 

(1) wt(b1⑭妬） = wt(b1) + wt(b叫，

(2) E;(b1 ISi b2) = max(E;(b1),E;(b2) -〈h;,wt(b1)〉），

(3) <p;(b1 ISi b2) = max(炉,;(b2),<p;(b1) +〈h;,wt(b2)〉），

臼
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if'fJ;(b1) 2'. ら(b叫，

if'fJ;(bリ＜名(b2),

if'fJ;(bリ＞ら(b砂，

ifゃ;(b1):Sら(b叫，

Definition 2.5. A strict morphism心：庄→ 凡 ofcrystals Bぃ氏 isa map B1 LJ{O}→ B2 LJ{O} 
such that心(0)= 0 and for i E J, b E B1, 

(1) wt(心(b))= wt(b), ら（ゆ(b))= s;(b), cp;(ゆ(b))= cp;(b) if心(b)=J 0, 

(2)い（ら(b))=ら心(b),い(h(b))= ];1/;(b). 

An injective strict morphism is said to be strict embedding. 

We put 

か：= {x= (00・,X4心3,X□1)lxk E Z, xz = O(l≫O)} 

and fix an infinite sequence l := (・ ・ ・, 匂，砂ふ） of I such that ik =J ik+l (k E Z>o) and Hk E Z>o松＝
j} = oo (for any j EI). 

We define a crystal structure on Z00 associated withしasfollows: One define the linear functions 

びk(k E Z>o) as 

叫 x):=咋＋区〈hi.,ai, 凡 (kE Z:,1, XEか）．
J>k 

By巧=0 (j≫0), the linear function叫 x)is well-defined on zoo. We also get 

びk(x)= 0 (k≫0). 

Next, 詞 (x):= maxkEZ:,,; 仕=Wk(x)(i EI). It follows from (2.1) that砂）(x) 2': 0. 
Setting 

(2.1) 

M(i)=M叫x):= {k E Z21往=i, 叫 x)=詞 (x)},

by (2.1), 
max Af(i) < oo⇔ 詞(x)> 0. 

Now we define ]; : zoo→ Z00 and e; : Z00→ Z00 U {O} as 

（ f;(x))k := Xk + Ok minM(,J, ， 

(e;(x))k :=咋一 Ok,maxM(,) if詞 (x)> o, (e;(x))k := O if詞 (x)= 0. 

We also define 

wt(x) =—区 x1a,,,
3EZ~1 

c:;(x) =詞(x), 叫x)=〈h;,wt(x)〉+c:;(x). 

Theorem 2.6. [ 12] (Z00, eゎ f;,€ ゎ <.p;,wt) is a crystal. We denote it by筍・
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2.3 Kashiwara embedding and Polyhedral Realizations of B(oo) 

Theorem 2.7. [外 Forany i EI, there uniquely exists a strict embedding 

並： B(oo)YB(oo)RB;, u00→ U00 QS) (0),. 

The map叱 iscalled a Kashiwara embedding. 

Using this theorem repeatedly, for a sequence ii,・・・, i1 E I, we obtain a strict embedding 

虹，…，;,: B(oo)'----+ B(oo)RB;, RB;,_, R ・-・ RBれ・

Letし=(・・・,i3,i2, 打） be an infinite sequence of I as in the previous subsection. Using Theorem 2. 7, 
we can construct a strict embedding W,: B(oo)← +Z戸={(・・・,ai,・・・,a2,a1)la1 E Z,ak = O(k≫O)} 
of crystals邸 follows:

For b E B(oo), taking m≫0, we get 

W臼..,i1 (b) = Uoo⑧ (-am)伍 R(-am-l)im-lR・ ・ ・ R(-a1)り

with some aj E Z;:,:0. Then we set叱(b):= (・・・,0,0,am,・・・,a1). 

Proposition 2.8. [12] The map 

並： B(oo)'--+ Z20 CZ戸

is a strict embedding of crystals such that並(u=)= (・・・,O,・・・,0,0). 

Definition 2.9. The image Imllり（全'B(oo))is called a polyhedral realization of B(oo). 

2.4 Polyhedral Realizations of B(入）

Theorem 2.10. /11} 

(2.2) 

(i) There exists a strict embedding of crystals応： B(入）'--+B(oo)RR入suchthat n入(u入） =u=Rr入・

(ii) The following map is the unique strict embedding of crystals s. t.'¥/入）(u,x)=(・・・,0,0,0)Rr入:

砂）＝並 RidoD入： B(入） c...+B(oo)RR入c...+Z戸R凡＝：勾［入].

（入）Definition 2.11. Im叱（竺 B(入））・1s called a polyhedral realization of B(入）．

We identify Im'¥; 入） as a subset of Z戸

2.5 Calculations of Polyhedral realizations for B(oo) 

Let us consider the infinite dimensional vector space 

Q00 :={a=(・・・,ak,・・・,a2, 釘）： ak E Q and ak = 0 for k~O}, 

and its dual space (Q00)* := Hom(Q00, IQ). Let咋 E(か）* be the linear function defined as 

叫 (・・・,ak,・・・,a2,a1)):= ak fork E Z;:,1・ We can wnte each linear form <p E (か）*as<p= 

区陀1'Pk暉 ('PkE Q). 

For the fixed infinite sequence L = (松） and k~I we set k(+) := min{/ : l > k and ik = il} and 
k<-) :=m邸 {l: l < k and ik =り}if it exists, or k(-l = 0 otherwise. We set (30 = 0 and 

森：＝咋+ L 〈h抹，a;凸＋知+lE (Q00)* (k 2 1). (2.3) 
k<j<k<+) 
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We define the piecewise-linear operator Sk = Sk,, on ((Ql00)* by 

Here we set 

S心）：= {({J一 'Pk煤 if匹＞〇，

ゃ一切kf3kH if四k<::'. 0. 

己：= {Si,・・・Sh Si, 巧。 l:,.O,jo,J1, ・ ・ ・,Jl:,. 1}, 

Eし：= {x E Z00 C (Ql00 ({J(x) :,. 0 for any (fJ E己｝．

We impose on i the following positivity condition: 

if kC-) = 0 then'Pk:,. 0 for any (fJ =江匹咋 E己・

(2.4) 

(2.5) 

(2.6) 

(2.7) 

Theorem 2.12. [12] Let L be a sequence of indices in the subsection 2.2 satisfying (2.7). Then we 

have Im(並）（竺 B(oo))=瓦．

Example 2.13. Let g be of type A2 and L = (・ ・ ・, 2, 1, 2, 1, 2, 1). It follows 1-= 2―= 0, k-> 0 (k > 
2). We rewrite a vector (・ • • , xか窃， X4,X3心 2,x1) as 

(・ ・ ・, X3,2, X3,1, X2,2, X2,1, X1,2, X1,1), 

that is, x21-1 = xz,1, x21 = xz,2 for l E互1-Recall that positivity condition means that the coefficients 

of X1 = X1,1 and四=X1,2 in each'P E己 arenon-negative. Similarly, we rewrite S21-1 = S1,1, 
S21 = S1,2-Fork E Z2:1, the action of the operators a.re the following: 

Sk,l 
Xk,1 ,:::±Xk,2 -Xk+l,1舌＿謀+1,2,

Sk+l,l Sk+l,2 

Sk,2 Sk+l,1 
咋，2,=! 咋 +1,1-Xk+l,2 i=! -Xk+2,1, 

Sk+l,2 Sk+2,1 

and other actions are trivial. Thus we obtain 

三,={狐，1,咋，2-エk+l,1,—罪+1,2, 咋，2,咋 +1,1-咋+1,2,—咋+2,1lk 2'. 1}. 

Note that the coefficients of x1,1 and x1,2 in each <.p E三， arenon-negative. Therefore L satisfies the 
positivity condition (2.7) and it follows from Theorem 2.12 that 

lm(w,) =~, = {x E Z戸l'P(x)2'. 0, V<.p E 3,}. 

For x = (・ ・ ・,x3,2心3,1心 2,2心 2,1心 1,2,X1,i)E Im(wふcombiningthe inequalities xk,l 2: 0, -xk+2,1 2: 
0 (k 2: 1), we obtain Xk,1 = 0 (k 2: 3). Similarly, by Xk,2 2: 0, -Xk+1,2 2: 0 (k 2: 1), we get Xk,2 = 0 
(k 2: 2). Hence, we obtain 

Im(並）＝瓦={x E Z戸lxk+1,1= xk,2 = 0 for k E Z22, x1,2 2: x2,1 2: 0, x1,1 2: O}. 

Example 2.14. [11] Let g be of type A3 and i = (・ ・ ・, 2, 1, 2, 3, 2, 1). We obtain 

X1 汽—窃＋四十 X2 汽心s +x3 汽—四＋硲—四十 X1 ・

Thus, —四＋祁—四十叩€ 三,and 2―= 0. Thereforeしdoesnot satisfy the positivity condition. 
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2.6 Calculations of Polyhedral realizations for B(入）

• Let f3k, (3い(kE Z叫 be

f3k =咋+ 1=〈h;k,a凸 +xk+,
k<j<k+ 

!31-) == {咋—+江-<j<k 〈h狂， a凸＋叫= f3k- ifじ>0, 

―〈h;k,入〉＋区ピj<k〈h;k,ai;凡＋匹 if k―= 0. 

• For r.p =区Ck牧 +c(区Ck吹 EHomz(か，Z),c: constant term) and k E互1,we define Sk(r.p) 
as 

糾）：= {ip-c凸 ifCk 2: 0, 

¢ —疇い if 保く 0.

For i = (・ ・ ・, ia, i2, 釘） and i EI, letし(,):= min{k E Z叫吐=i}, 

灼：＝〈h;,入〉一区〈h;,a;,)xj-X砂
1:Sj<,(i) 

三し［入］：＝｛的・..sj, 巧。 l::"'. ，゚Jo,J1,・ ・ ・, れ：：：：： 1} u {的・・.sj, 入(iJ11:::::゚，J1,・・・，Jl::"'. 1, i EI}. 

Definition 2.15. [11] If 

(.. ・,0,0,0) E {x E Z00[入]lr.p(x) ::"'. 0, Vr.p E三し［入］｝

then we say the pair (l, 入） is ample. 

Theorem 2.16. /11} If the pair (い） is ample then 

Im(w'. 入))(~B(入）） = {x E Z00[>,JI~つ(x)::"'. 0, Vr.p EBし［入］｝．

2. 7 Infinite sequences adapted to A 

Definition 2.17. Let A = (ai,j) be the generalized symmetrizable Cartan matrix of g and l a sequence 
of indices in the subsection 2.2. If l satisfies the following condition, we say l is adapted to A : For 
i,j EI with i =/= j and ai,j =/=〇， thesubsequence of l consisting of all i, j is 

(00• ,i,j,i,j,i,j,i,j) or (00• ,j,i,j,i,j,i,j,i). 

If the Cartan matrix is fixed then the sequence i is shortly said to be adapted. 

The notion of'adapted to Cartan matrix'is similar to the one of'adapted to a quiver'in [l]. 

Example 2.18. Let us consider the case g is of type A釦 l=(・・・,2,1,3,2,1,3,2,1,3). 

• The subsequence consisting of 1, 2 : (・ • • , 2, 1, 2, 1, 2, 1). 

• The subsequence consisting of 2, 3 : (・ ・ ・, 2, 3, 2, 3, 2, 3). 

• Since a1,3 = 0 we do not need consider the pair 1, 3. 

Thus i is an adapted sequence. 

Example 2.19. Let us consider the case g is of type A3, l = (・ ・ ・, 2, 1, 2, 3, 2, 1), which is the same 
setting邸 inExample 2.14. The subsequence consisting of 1, 2 is (・ ・ ・, 2, 1, 2, 2, 1). Thus i is not an 
adapted sequence. 
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3 Tableaux descriptions of Polyhedral realizations 

In this section, we take g as a finite dimensional simple Lie algebra of type An, Bn, Cn or Dn. In the 
rest of article, we follow Kac's notation [4]. 

3.1 Tableaux descriptions of Polyhedral realizations for B(oo) 

In what follows, we suppose L = (・ ・ ・, i3, i公打） is adapted to the Cartan matrix A=  (a;,j) of g. Let 

(Pi,j)サj,a,.,t-o be the set of integers such that 

Pi,j = 
{ 1 if the subsequence of L consisting of i, j is (・ ・ ・, j, i, j, i, j, i), (3_1) 

0 if the subsequence of L consisting of i, j is (・ ・ ・, i, j, i, j, i, j). 

Fork (2 <::'. k <::'. n), we set 

P(k) := {P2,1 + P3,2 +・ ・ ・+ Pn-2,n-3 + Pn,n-2 if k = n and g is of type Dか

P2,1 + P3,2 + P4,3 +・ ・ ・+ Pk,k-1 1f otherwise, 

and P(O) = P(l) = P(n + 1) = 0. Fork E Z;,1, we rewrite Xk, f3k and Skin 2.5 as 

邸=Xs,j, sk = Ss,j, f3k = /3s,J (3.2) 

if ik = j and j is appearing s times in ik, ik-1, ・ ・ ・, i1. For example, if L = (・ ・ ・, 2, 1, 3, 2, 1, 3, 2, 1, 3) 

then we rewrite (・ ・ ・, X5, X5心4,X3, X2, 叩）＝（・・ ・, X2,2, X2,1, X2,3, X1,2, X1,1, X1,3). 

Remark 3.1. Note that the positivity condition (2. 7) implies that for T E己 thecoefficients of x1,1 
(j E J) in T are non-negative. 

We will use the both notation Xk and Xs,J・

Definition 3.2. Let us define the following (partial) ordered sets JA, JB, Jc and JD: 

• JA := {1, 2, • • • , n, n + 1} with the order 1 < 2 <• • • < n < n + 1. 

• ふ=Jc := {1, 2, • • • , n, 冗・ • ・, 2, I} with the order 

1く 2<・・・< nく n<・ ・・< 2 < I. 

•JD:= {1,2,・・・,n, 冗，・ ・ ・, 2, I} with the partial order 

1<2<-・・<n-1く合 <n-1<・・・<2<1.

For j E {1,2, ・ ・ ・,n}, we set U = }I= j. 

Defimtion 3.3. (i) For 1 <::: j <::: n + 1 and s E Z, we set 

QJA := Xs+P(j),j -Xs+P(j-1)+1,j-1 E (1Ql00)*, 

where Xm,o = Xm,n+l = 0 for m E Z, and Xm,, = 0 for m E Z<::o and i E J. 

(ii) For 1 <::: j <::: n and s E Z, we set 

QJB := Xs+P(j),j―Xs+P(j-1)+1,j-1 E (1Ql00)*, 

□ :＝叫+P(j-l)+n-j+l,J-1-Xs+P(j)+n-j+l,j E (1Ql00)*, 

where Xm,o = 0 for m E Z, and Xm,i = 0 for m E Z<::o and i E J. 
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(iii) For 1 :S j :S n - 1 and s← Z, we set 

□: ： = Xs+P(j),j―Xs+P(j-1)+1,j-1, ~; := 2Xs+P(n),n -Xs+P(n-1)+1,n-1 E (炉）＊，

回：= Xs+P(n-l)+l,n-1-2Xs+P(n)+l,n, 冒：= Xs+P(j-l)+n-j+l,j-1-Xs+P(j)+n-J+l,j E (Q00)*, 
s 

□S 

C 

: = Xs+P(n),n E (さ）＊，

where Xm,O = 0 for m E Z, and Xm,i = 0 for m E Z<::o and i E I. 

(iv) For s E Z, we set 

[IT := Xs+P(j),j―Xs+P(j-1)+1,j-1 E (Q00)*, (1 :S j :Sn - 2, j = n), 
s 

D 

ピ三1: = Xs+P(n-1),n-1 + Xs+P(n),n -Xs+P(n-2)+1,n-2 E (釘）＊，

D 

国 : = Xs+P(n-1),n-1 -Xs+P(n)+l,n E (Q00)*, 

ビ三1
D 

：＝叫+P(n-2)+1,n-2-Xs+P(n-1)+1,n-1 -Xs+P(n)+l,n E (Q00)*, 

言：= Xs+P(j-l)+n-j,j-1 -Xs+P(j)+n-j,j E (釘）*, (1 :Sj :Sn-2), 
s 

□S 

D 

: = Xs+P(n),n E (Q00)*, 

where Xm,o = 0 for m E Z, and Xm,i = 0 for m E Z<::o and i E I. 

These boxes are related each other via operators Sk (k← Z~1): 

□Aこ巳ご汀□戸ミ冒=三 Sa+P(n),n 
s ., こニニニ~~

Sa+l,1 8Sa+P(2)+1,2 8 S,+P(3)+1,3 S,+P(n)+l,n 

For X = B or C, 

□xこ戸ご汀：巴土汀=三 S,+P(n),n 

s•s•s こニニニ~~rS,+1,1 s+P(2)+1,2 s+P(3)+1,2 S,+P(n)+l,n 

こ二芝□S,+P(n-2)+2,n-2 

こニニニ毛立=:)--こS,+P(n-2)+3,n-2 

1D 

S,+P(n-1),n-1 ユ

ロロニ□□三二二



9

Definition 3.4. (i) For X = A, B, C or D, 
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Remark 3.5. Similar notations to Definition 3.3 and 3.4 (i} can be found in /9, 10}. 

Theorem 3.6. For X = A, B, C or D, we suppose thatしisadapted to the Cartan matrix of type X. 

Then 

二,= Tabx,,. 

The following theorem implies that the condition of adapted is a sufficient condition of the 
positivity condition. 

Theorem 3. 7. In the setting of Theorem 3. 6, l satisfies the positivity condition. 

We get an explicit form of the polyhedral realization in terms of column tableaux. 
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Corollary 3.8. In the setting of Theorem 3. 6, we have 

Im(也） = {aE Z戸 l'P(a)~0, for all <p E Tab知， am,i= 0 form> n, i EI}, 
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Xs+2,2 -Xs+2,1 -Xs+2,3, -Xs+3,2ls ::>: O} (3.3) 

U {xs+l,3, Xs+2,2 -Xs+2,3, Xs+2,1 -Xs+3,2, -Xs+3,1ls ::>: O}. 

By Theorem 3.6, we have乙=TabA, し. The explicit form (3.3) means l satisfies the positivity 
condition. Hence, 

Im(並）＝瓦={x E Z戸炉(x)::,.0, 咋€ 己｝．

For x = (・・・心2,3心2,1,X2,2心1,3,X1,1心1,2)E Im(叱）， combining inequalities 叩，1::,. 0 (s ミ 1), 
-X8+3,1 ::,. 0 (s::,. 0), we obtain Xs+3,1 = 0 (s::,. 0). Similarly, by Xs+l,2 ::,. 0, -X8+3,2 ::,. 0 (s::,. 0), we 
get Xs+3,2 = 0 (s::,. 0). We also get Xs+2,3 = 0 (s::,. 1). Hence, simplifying the inequalities, we obtain 

Im(並） = {x E Z戸叩，1=叩，2=叩，3= 0 for s E Z::0:3, x2,2 -x2,1 ::,. 砂，3::,.0, 

X1,3 -X2,2 + X1,1 ::,. 0, X1,1 ::,. X2,3 ::,. 0, X1,3 ::,. X2,1 ::,. 0, X1,2 ::,. 0}, 

Example 3.10. Let g be the Lie algebra of type Ca andし=(・ ・ ・, 3, 1, 2, 3, 1, 2). The sequenceしis

adapted to the Cartan matrix of type C3. We get P2,1 = 1, Pa,2 = 0, P(2) = P(3) = 1 and 

Tabc, し＝ ｝
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{xs,1, Xs+l,2 -Xs+l,1, 2xs+l,3 -Xs+2,2, Xs+2,2 -2xs+2,3, Xs+2,1 -Xs+3,2, -Xs+3,1ls 2': 1} 

LJ { Xs+l,2, 2Xs+l,3 -Xs+2,2 + Xs+l,1, Xs+l,1 + Xs+2,2 -2Xs+2,3, Xs+l,1 + Xs+2,1 -Xs+3,2, 

Xs+l,1 -Xs+3,1, 2xs+l,3 -Xs+2,1, 2xs+2,2 -Xs+2,1 -2xs+2,3, Xs+2,2 -Xs+3,2, 

Xs+2,2 -Xs+2,1 -Xs+3,1, 

2Xs+2,3 -2Xs+3,2 + Xs+2,1, 2Xs+2,3 -Xs+3,2 -Xs+3,1, Xs+2,1 -2Xs+3,3, (3.4) 

Xs+3,2 -2xs+3,3 -Xs+3,1, -Xs+4,2ls 2': O} 

U {xs+l,3, Xs+2,2 -Xs+2,3, Xs+2,3 + Xs+2,1 -Xs+3,2, Xs+2,3 -Xs+3,1, Xs+2,1 -Xs+3,3, 
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By Theorem 3.6, we have己=Tabc, し. The explicit form (3.4) means i satisfies the positivity 

condition. Hence, 

Im(並）＝瓦={x E Z戸lcp(x)2 0, V<p E己｝．

Simplifying the inequalities, we obtain 

Im(也）

{x E Z戸叫，1=叫，2=叫，3= 0 for s E Zミ4, X2,2 2 X2,1 2 0, 2x2,3 2 X3,2 2 X3,1 2 0, 

X3,2 -2x3,3 2 0, 2x1,3 -X2,2 + X1,1 2 0, 

X1,1 + X2,2 -2x2,3 2 0, X1,1 + X2,1 -X3,2 2 0, X1,1 2 X3,1 2 0, 2x1,3 -X2,1 2 0, 

2x2,2 -x2,1 -2x2,3ミ0,X2,2 -X3,2 2 0, X2,2 -X2,1 -X3,1 2 0, 2x2,3 -2x3,2 + X2,1 2 0, 

2x2,3 -X3,2 -X3,1 2 0, X2,1 -2x3,3 2 0, X3,2 -2x3,3 -X3,1 2 0, 

X2,2 -X2,3 2 0, X2,3 + X2,1 -X3,2 2 0, X2,3 2 X3,1 2 0, X2,1 2 X3,3 2 0, X3,2 -X3,1 -X3,3 2 0, 

X1,2 2 0, X1,3 2 O}. 

3.2 Tableaux descriptions of Polyhedral realizations for B(入）

For k E I, we consider the following two conditions: 
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For X = A, B, C or D, we set 

Tabx, し［入]:= (ht Tabx, し，k[入])U {O}. 

Theorem 3.11. Let g be of type A,B, C or D. If l is adapted to the Cartan matrix of g then l satisfies 
the ample condition and we have 

己［入]= Tabx, 心]UTabx,, ・

Corollary 3.12. 

Im(w¥入）） = {x E Z00如は） 2'. 0, V'P E Tabx, し［入]UTab幻， Xm,i= 0 (Vi E I,m > n)}. 
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