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TRANSFORMATION FORMULAE AND ASYMPTOTIC EXPANSIONS
FOR DOUBLE NON-HOLOMORPHIC EISENSTEIN SERIES OF TWO
COMPLEX VARIABLES (SUMMARIZED VERSION)

MASANORI KATSURADA AND TAKUMI NODA
DEPT. MATH., FAC. ECON., KEIO UNIV.
AND
DEPT. MATH., COL. ENG., NIHON UNIV.
(BEMERAAN: - RFPED - FEE Bifd, FARKRY: - T - B T)

ABSTRACT. It is shown that complete asymptotic expansions exist for the double non-
holomorphic Eisenstein series (2 (s; z) having two variables s € C? and two parameters
z = (21,22) € 9T xH™, when both |21 — 22| = 400 and |21 — 22| — 0 (Theorems 1 and 3).

1. INTRODUCTION

Throughout the paper, s and s = (s1, $3) are complex variables with s = o ++/—1t and
s;i=0++/—1t; (i=1,2), z and z = (21, z2) complex parameters with z = x +/—1y and
2z =x;++/—1y; (i=1,2), and C* denotes the universal covering of CX = C \ {0}. Note
that argw €] — 0o, +00] is uniquely determined for any w € C*. The principal branches
of the upper and lower half-planes are denoted respectively by

(11) ot ={zeCx|0<argz <7} and  $H ={ze€C*| -7 <argz < 0}.

We write (s) = s + sy for any s € C? hereafter, and introduce the bilateral double
series of the form

o0

(1.2) Galsiz)= Y (mtnz) ™ (m+nm)

m,n=—o00

converging absolutely for Re(s) > 2, where a more accurate definition of (z2(s; z) will
be given in (1.8) and (1.9) below. The primed summation symbols hereafter indicate
omission of the (possibly emerging) singular terms such as 07°. Let ((s) denote the
Riemann zeta-function, and Z the complex conjugate of z. When z = (21, 20) € T x H7F,

szz(s; z) is called the double holomorphic Eisenstein series, e.g.,

— > !
(1.3) Cz2((8,0); (2, 29)) = Z (m+nz)°=F(s;z2) (o0 >2)
is the classical holomorphic Eisenstein series of one complex variable. When z = (21, 22) €
HT x HF, (42(s; 2) is called the double non-holomorphic Eisenstein series, e.g.,

oo (oo}

(1.4) Cz2((s,9): (2,7)) = Z’ (m + nz)"(m +nz)~* = Z’ |m +nz| 7%

mn=—oo m,n=—oo

= (z2(s;2) (c>1)
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is the classical (one variable) Epstein zeta-function, and further, e.g.,

oo

(1.5) FZQ((S +k,8);(2,2) = Z/ (m 4 n2) " (m 4+ nz) ™ = 2¢(25) Ex(s; 2),

mn=—o0

giving the non-holomorphic Eisenstein series Ej(s; z) of weight k € 27, defined by

1 (o)
(1.6) Ei(s;2) = 5 ; (cz+d) Flez+d™  (0>1-k/2).

(e,d)=1

The holomorphic case of (1.2) has recently been studied by the authors [9], who

established complete asymptotic expansions for (z:(s;z) as both |z — 23] — 0 and
|21 — 22| — +oo through the poly-sector z € $* x H*. The present paper proceeds
further with our previous study to show that similar asymptotic series still exist for (non-
holomorphic) (z2(s;z) as |21 — 22| — +oo through the poly-sector z € H* x 7 (The-
orem 1); these can be switched to the counterpart expansions as |z; — 23| — 0 through
the same poly-sector (Theorem 3) by means of the quasi-modular relation in (6.5) be-
low; several applications of our main results will also be presented (Theorems 2, 4 and
Corollaries 1.1-1.4). The detailed proofs will appear in a forthcoming article [10].

We remark here that the recent progress of research into the present direction has been
made, e.g., by Matsumoto [15], and the first and second authors [5][6][7][8][9][16], espe-
cially on asymptotic aspects of various Eisenstein series, while it has also been made on the
relevant (bilateral) double series, e.g., by Gangl-Kaneko-Zagier [3], Komori-Matsumoto-
Tsumura [11][12], Kaneko-Tasaka [4], Tasaka [18] and Lim [14] (mostly) from a point of
view of modular forms and functions; we refer the reader, e.g., to [9, Sect. 1] for further
details.

We now proceed to make an accurate definition of the non-holomorphic Eisenstein
series. Suppose throughout the following that

(1.7) z=(2,2) €N xH,

and set

(1.8) (z2 (8;2) = Z (m+nz) "% (m+nz) ™ (Re(s) > 2),

where in each summand arg(m + nz;) falls within | — 7, 7] and arg(m + nz,) within

[—7, 7] in EVZ;(S; z), while arg(m + nz;) within [—7, 7[ and arg(m + nzy) within | — 7, 7]

in @;7(3; z). Then the main object of study is defined, from a symmetric point of view,
as the arithmetical mean

(1.9) (z2(8;2) = 5{@2 (852) +Cz2 (8 Z)}7
which will be continued to a meromorphic function in the whole s-space C? (see Theo-
rem 1).

In what follows, several notations and terminology are prepared to describe our main
results. Define first the ‘pivotal parameter’ n by

1
(1.10) n=mn(z)= §efﬂﬁ/2(zl — 29),

11
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which with 0 < arg(z; — 2z2) < 7, by (1.7), shows that
Tow

(1.11) |argn| = |arg(z; — 2z2) — 31 <3
The introduction of 7 here is oriented toward the non-holomorphic case z = (2,%) €
HTXH orz=(z,2) €H x N, where

1

y=3¢

holds; this suggests that 1 may be regarded as a ‘complexification’ of the real vari-
able y = Imz. Next let e(s) = €*™~15 in the sequel, I'(s) the gamma function,
(8)n =T'(s+n)/I'(s) for n € Z the rising factorial, and write

r (a1 ..... am) H;anl I'(ap)

1
™R 7)) or —e™ IRz — o)

y:2

- Z:1F(,5k)
for ap, S € C (h=1,...,m; k=1,...,n). Further let

1
(1.12) Ule;y; Z) To)e@) =1
for any (a,~) € C? and for | arg Z| < 7/2 be Kummer’s confluent hypergeometric function
of the second kind (cf. [2, p.255, 6.5.(2)]), where the path of integration is a contour which
starts from oo, proceeds along the real axis to a small 6 > 0, encircles the origin counter-
clockwise, and returns to co; arg w varies from 0 to 27 along the contour. The domain of
Z here can be extended to the whole sector |arg Z| < 37/2 by rotating appropriately the
path in (1.12) (cf. [2, p.273, 6.11.2.(9)]). We write o, (I) = > o, 1", and define for any

(r,s) € C* and for z € H* the function

(0+)
/ ewawafl(l + w)fyfoﬁldw

(1.13) D, s(e(2)) = Z h'k’e(hkz) = Z:ar_s(l)lse(lz)7
1=1

hk=1

which was first introduced and studied by Ramanujan [17] (see also [1, Chap. 4]) for the
purpose of giving various evaluations of the classical (integer weight) Eisenstein series
Ex(z) (k=2,4,6,...).

2. ASYMPTOTIC EXPANSIONS FOR (z72(8;z) AS 1] — 00

Throughout the following sections, at each occurrence of the pairing use of the indices
{i,j} = {1,2} within an individual formula, the index j is always to be assigned as
Jj € {1,2}\ {i} (¢« = 1,2) for brevity of description. We then proceed to state our first
main result.

Theorem 1 ([10, Theorem 1]). The formula

(2.1) (o (s;2) = 2cos2{g(51 - sz)}C(<s>) + 47r003{g(51 _ 52)}
g F(<2,;21)§(<3> ~ 1)) + G (s52)

holds upon providing the meromorphic continuation ofCAZ;(s; z) to the whole s-space C?
except the hyper-planes (s) =2 —k (k=0,1,...), and to all z € H x H~, where

(2.2) 52/2*(5; z) = 2(2m)® cos{g(sl — 82)}{T11ﬂ((85;5) + T;((Z;;) }’
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and T;(s; z) (i = 1,2) are represented for any integer N > 0 as
(2.3) Ti(s;z) = Sin(s;z) + Rin(s; 2),

the right sides of which provide the holomorphic continuation of E;z*(s; z) in the region
—N<o;<N+1. Here
N-1

24) Sz = Y ATy (1)

n!
n=0

for i = 1,2, both giving the asymptotic series in the descending order of n as n — oo
through |argn| < w/2; the remainders R; n(s;z) (i = 1,2) satisfy

(2.5) Rin(s;z) = O(e_%llmzl‘ n|=%~ )

as n — oo through |argn| < 7/2 — & for any small 6 > 0, while z € H x H~ moves
within | Tm z;| > yo > 0 (i = 1,2), where the O-constants may depend on s, yo, N and 0.
Furthermore, we have

= ((j\;)]_\/(ll)!_ o Z Wi te((—1) hkz)

hok=1
/ N1 =N U (s; + N (s); dwhkn/€)dE

for i = 1,2, where the case N = 0 should read without the factor (—1)! and the &-

integrations.

Since U(0;7; Z) = 1 by (1.12), the case s = (s,0) and z = (z, z2) of Theorem 1 when
N = 0 reduces to the following transformation formula for one variable holomorphic
Eisenstein series F(s;z) (see (1.3)).

Corollary 1.1 (Lewittes [13]). Let F(s; z) be defined in the sense of (1.9). Then for any
s € C and z € HT we have the transformation formula

(2.6) Rin(s;z) =

s

F(s;z) = 2cos® ( 5 )C(8)+ 2(27T (WS) ZUS 1

Theorem 1 implies all the known transformation formulae and asymptotic expansions
for F'(s; z), for (z2(s; 2), and for Ex(s;z), but not for (holomorphic) (z:(s; z); it is highly
desirable to invent a unified method of treatments which naturally covers both the holo-
morphic and non-holomorphic cases.

3. SINGULARITIES OF (z2(s; 2)

We shall make in this section a consideration on the possibilities of the polar and null
sets, together with their crossings, arising from (z2(s; z).
In view of (2.1), we set

£(8:2) = (2(8;2) — Gz (83 2).

Then the possibility of the poles of 5;2(8; z) comes from the factors (((s)), ¢({s) — 1) and
I'((s) — 1) in f(s;z); these are collected to form the (possible) polar set P as

P={seC?|(s)=1-2kor (s) =2—2k (k €Zso)}.
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On the other hand, the possibility of the zeros of (z2(s; z) comes from cos{m(s1 — s2)/2}
and I'( 4%, ) in f(s; z); these are collected to form the (possible) null sets N (j = 1,2)
as

N12{86C2|81—82:2l+1 (ZGZ)}, Ng :{SECQ|51€Z§OOI‘SQGZ§0}.

The crossings of the polar sets and the null sets above give rise to the indeterminate
singularities of (z:(s; z), e.g.,

s=(3/2—k+1,1/2—k—1) € (32)?,
s=(1—ktl,—k—1I) ez
PNNy = {s=(m1,m2)€Z2| my € Z<g or mQEZSO}.

PmM:{

k € Z>o, leZ},

are the indeterminate singularities. Note in particular that
(3.1) PANM D (Zs)"  and PN, D (Zs)’

It is in general known that the limiting processes toward such singularities encounter
serious indeterminate situations in treating functional (limit) values. The presence of this
kind of indeterminate nature in the neighbour of such singularities is crucial; however,
it is in fact possible to extract the characteristics of (z2(s;z) by means of appropriate
limiting evaluations, whose limits are taken through certain specific directions.

4. LIMITING EVALUATIONS AT THE POINTS s = m € 7>

The observation made in (3.1) suggests that certain limiting evaluations are possible
from Theorem 1 at the indeterminate singularities, especially when s — m € (Zx1)?* and
s — —m € (Z<p)?, for which we shall show several of their instances.

Let B, (n € Zxp) denote the nth Bernoulli number (cf. [2, p.35, 1.13.(1)]), ¥ (1)
the 0th Euler-Stieltjes constant (cf. [2, p.34, 1.12.(19)]), and write 0 = (0, ) (1,0)7
ey = (0,1) and 1 = (1,1). We use the customary notation (¢;q)e H,9 1 1 — ¢*) for

lg] < 1, and set ¢; = e((—1)72) (i = 1,2).

Corollary 1.2. The following formulae hold at the points s = m € (Z>1)* with m =
(M1, my):

D) ifm=1,
. m/n| _ 7 —
tingd G 1+ e152) = L0} = T 2Ty~ tog(en)} + G (132),
where

—~ 27 27
(e (L;2) = 7{@0,71(111) +Do_1(g)} = T log{(q15 q1) o0 (02} @2) o0 }
giving a two variable analogue of Kronecker’s limit formula for (z2(s; z) as s — 1;
it) if (m) = mq + myo is even with (m) > 4,
—~ 211) ™ By Am(—1)mm2)/2((m) — 2)!
Comsz) — 7)™ By (=1 (m) —2)
(m)! (my — 1)!(mg — 1)!
+ Gz (m;2),

¢((m) —1)(2n)" =™

where

(41) Z\Z;*(m7 z) _ 2(27T)<m>(1)(m1m2)/2{

Sl,ml (m;z) 52,m2(m;z) }
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with S;m,(m; z) (i = 1,2) being given in (4.3) below,

iii) if (m) is odd with (m) > 3,
Gaa(m; 2) =0,
and further fori=1,2,
A; 1) (m)lem o 1—(m) A;*
OCZ (m’ Z) _ ( ) ™ (m) 11 + aCZ

881‘ (m1 — 1)'(’1712 — 1)'(<m> — 1)' 882'

(m; z),
where

0z v Lo ey memy) {Si,mi(m%z) Sj,m](m;z)}
(42) 0s; (m;2) = 2(27T) T e (m; — 1)! (mj —1)!

Here in (4.1) and (4.2), fori=1,2,

(4'3) Si"mi(m; z) - i (ml - 1) (mj)n(pmrnfl,fmjfn(%’)(4777)77”]7”-

n
n=0
Corollary 1.3. The following formulae hold at the points s = e; (i = 1,2):
i) if s=ey,
limngz(el +el;2) =0,
e—0
and further fori=1,2,

2

Oz

. 8{;; . ™) i 9 .
lg%{ D, (e1+¢el;2) + 5} = (—1)'n*{v —log(2n)} + 0, (e1;2),
where
052;* ) g2 — &
1z) = (—1)4 = (~1)4 ;
D, (e1;2) = (=1)'4m°Pop(q1) = (—1)"4m 2T g
il) if s = ey,
lim@(eg—f—sl;z) =0,
e—0
and further fori=1,2,
. a”\; 7T2 . 0 2*
tingd 52 e+ 212 = T b = (10— log(n)) + 252 (eni2),

where

0z _ 1) 4n%d BERIIRES S
Bs, (€2;2) = (=1)47°Do(g2) = (—1)74m Z &

Corollary 1.4. The following formulae hold at the points s = —m € (Z<p)? with m =
(mhm?);
i) if m =0,

liInC;;(O +el;2) =0,
e—0
and further fori=1,2,

Oz L 2 A
lli% 25, (0+51,z)7—log27r+§7r77+ 95,

(0; 2),

15
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where
Cpe
651‘
giving a two variable analogue of Kronecker’s limit formula for (0/0s)(z2(s;2) at
s =0 (see, e.g., [5, (2.13) and (2.15)]);
if {m) is even with (m) > 2,

(0;2) =201 0(q:) = —210g(qi; Gi) oo

ii

~

lig(l)g;(fm +el;2) =0,
and further fori=1,2,

0z (=12 (m)!

: _ . P N R St _1\(m1—m2)/2
ti S (= +1: ) = () 1) + (1)
B<m>+2m1!m2! 1 6&;*
Zmye R () HHmY) -
where
0z . 2=1)mm! '
(4.4) B, (—m;z) = @) Siym;+1(—m; 2)

with Sim,+1(—m; z) (i = 1,2) being given in (4.6) below;
iii) if (m) is odd,

linég';(—ersl;z) =0 and lim GCZQ(—eral;z) =0
e—

e—=0 Js;

fori=1,2, and further

02(pe By 0%z
li — 1,z) = — -m;
el—I>% 851882( me ’Z) <m> +1 881852( m/Z)’
where
(. 1

(4.5) —m; z) + ma!So my11(—m; 2) ).

oy — |
Pordisy ) = syt T Stmen
Here in (4.4) and (4.5), fori=1,2,

16 Siml-min =Y

n=0

m; n
n]> (1 + mi)ngp—mi—n—l,m] —n(qz)(4ﬂ—7])m7 .

5. FUNCTIONAL EQUATIONS FOR (z2(s; 2)

We shall show in this section that the functional equation exists for <22*(8; z) (see (2.1)
and (2.2)) under the restriction on certain hyper-planes in the s-space C2.

Let (u) for any w € R denote the vertical straight path from u — ico to u 4 ico, and
write 8 = (sg,51) for any 8 = (s1,52) € C2. Then it is crucial in proving Theorem 1 to
apply the Mellin-Barnes type integral expressions for T;(s;z) (i = 1,2) in (2.3); these
assert that
(5.1) Ti(s; 2) sj+w, —w,1—(s) — w)

1
N 27’(\/—1 (ui) ( 8]'71—82-
X ¢<S>+w—1,w(e((*1)jzi))(47m)wdw»
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being valid for 0 < 0; < 1, where w; (i = 1,2) satisty —o; < u; < min(0,1 — o1 — 03).
Substituting the variable w = 1— (s) +w’ in (5.1), and then using the primary symmetry,
by (1.13),

([)T,S(e(z)) = Q)S,r(e(z))v
for any z € §T and any (r, s) € C2, we obtain the following result by analytic continuation.
Proposition 1. The (partial) functional equations
(5.2) Tisiz) = (4nn) " WT,(1-52)  (i=1,2)
hold for all s € C% and for all z € HT x H~.

Letting
Ti(s;z)  Tu(s;z)
5.3 T*(s;2z) = ;
(5:3) (s:2) Te T Ty
one can see from (2.2) and (5.2) that the functional equation
(5.4) T*(s;z) = (471) = x*(s)T*(1 — 5; 2)
holds if

P == (1) e smirn) =sines
1 2

= s1+8=2m+1 or s —sy=2m (for any m € Z).
It is therefore seen from (2.2), (5.2) and (3%), upon setting x(s;z) = (/1) x*(s),
that the following functional equation for (z (s;z) is valid.
Theorem 2. The functional equation
Gz (812) = x(8:2)(z2 (1 -5 2)
holds on the hyper-planes s, + s = 2m + 1 and s1 — so = 2m for any m € 7, where

(s)—1 _
X(S;Z) _ (E) 11(1 51)'
n 52

6. ASYMPTOTIC EXPANSIONS FOR (z2(8;2) AS 17 — 0

We shall show in this section that asymptotic expansions for (zz2(s;z) as 7 — oo in
Theorem 1 can be transferred to those as  — 0 through the quasi-modular relation (6.5)
below.

We first introduce for convenience of description the new parameters 7; (i = 1,2) as

T=e "V _1/221 and Ty = €™V _1/222.

One can see from (1.1) and (1.7) that

| | 71"<7T q | | 7T‘<7T
r = |ar - = — n I = |ar + — —,
arg 71 arg z1 2 ) a arg 7o arg 2, 5 5

and further on the pivotal parameter 7 in (1.10) that
n=n(z)= %e‘”mﬂ(zl +e™ly) = %(71 + 7).
Let ¢ be the (fractional) transformation defined by
(6.1) DTXH D z=(21,2) = (—1/2,-1/z)=-1/z€ HT x H7,

17



18

DOUBLE NON-HOLOMORPHIC EISENSTEIN SERIES OF TWO COMPLEX VARIABLES

which is, in terms of (71, 72), equivalent to
9T X O3 2= (in, —im) —= (i/7, —i/7) = —1/z € HT x H™.

Hence observing the correspondence (ico, —ioo) —= (0,0) or (0,0) —= (ico, —ico) (with
an extended sense of ¢), one finds on the movement of z € H1 x H~ that

(6.2) z tends to (0,0) through 7 x H~
<= —1/z tends to (ico, —ico) through H x H~,
which is, in terms of (71, 72), equivalent to
(6.3) (11, 72) tends to (0,0) through |argr;| < 7/2 (i = 1,2)
<= (1/m,1/m) tends to (oo, 00) through |arg ;| < 7/2 (i = 1,2)
Note further that the new pivotal parameter 7, transformed from 5 by (6.1), is of the
form

1 m/—1/2 —my/=1/2 1/1 1
64 g=uo1z) = hema(CE e TRy 1L Ly,
2 T Ty 2\ m

The asymptotic expansions for {;;(s;z) as 1 — oo (in Theorem 1) can therefore be
switched to those as  — 0 through the quasi-modular relation
. efﬂ\/jl(sl —s2)/2 __
(6.5) (2(812) = ————C2(s—1/2)
1 T2
for all s € C? except the hyper-planes (s) = 2 —k (k = 0,1,...), and in the poly-

sector |arg ;| < m/2 (i = 1,2); Theorem 1 applied for (z2(s; —1/z) described with the
transformed parameter 7 implies the following result.

Theorem 3 ([10, Theorem 3]). The formula

Cra(s:2) = % {2 COSQ{g(Sl - 52)}§(<s>) + 4 cos{g(sl - 52)}
(9 Dette = () 4 G ei-1ya)

holds in the whole s-space C? except the hyper-planes (s) =2 —k (k= 0,1,...), and in
the poly-sector |arg ;| < m/2 (i = 1,2), where

Coe (83—1/2) = 2(2m)(® cos{g(sl - 52)}{ eN) T(52)
and T;(s; —1/z) (i = 1,2) are represented for any integer N > 0 as
Ti(s;—1/z) = S;n(s;—1/z) + R n(s; —1/2)
in the region —N < 0; < N + 1. Here

Ti(s,—1/2) N Ty(s; —l/z)}

N—-1

PR I Y B A S v

n! 1 + T2
n=0

for i = 1,2, both giving the asymptotic series in the ascending order of 7; as 7, — 0
through the poly-sector | arg ;| < m/2; the remainders R; n(s;—1/z) (i = 1,2) satisfy

o;+N
Rin(s;—1/z) = O{eh/m(ﬂ) }

71| + |72
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as T; — 0 through |argt;| < 7/2 — 0 for any small 6 > 0, where the O-constants may
depend on s, yo, N and d.

7. LAPLACE-MELLIN TRANSFORM OF (z2(s; z)

We shall show in this section the asymptotic expansions for the Laplace-Mellin trans-
form of (z2(s; z).

Let a be a complex number with Rea > 0, Y a real positive parameter, and write
x = (r1,25) and d = e; — ey = (1,—1). Then the formulation of the Laplace-Mellin
transform here is of the form

E./\/lyyczz(s T+ vV—1lyd) = / CZz s+ —1yYd)y* e Vdy

with the normalization gamma multlple, where the factor y*~! is inserted to secure the

convergence of the integral as y — 0", while e7¥ has an effect to extract the portion
of (z2(s;x + +/—1yd) corresponding to y = O( ) Let 2F1 (%P5 Z) denote the GauB’
hypergeometric function defined for any («, x (C\ Z<) by

e
A ("7 = kz;((i)(? (121 < 1)

which can be continued to a holomorphic function of Z in the sector |arg(l — Z)| < 7 by
Euler’s formula (cf. [2, p.56, 2.1.1.(2); p.59, 2.1.3.(10))).

Theorem 4. Let o be a complex number with Rea > 1, x; (7 =1,2) and Y any positive
real parameter. Then the formula

LM G (si 2+ —Tyd) = 2cos2{g(s1 - 52)}<(< V) + drr C%{ o 52)}
) —

o F(<S Lat+1-— <s)) (2Y)1_<s>

S1,82,
+ LM?;yCAz;*(s;a; 4 \/jlyd)
holds, where
iy/yCZZ (s, + V—1yd) = 2(27)* COS{ 2 (51— 32)}

e )

and T*(s,x;Y) (i = 1,2) are represented for any integer N > 0 as
Tiy(s,xY) = Sin(s,x;Y) + Rin(s,@;Y)
i the region o1 + 0o < Rea. Here

SﬁN(s, xz;Y)

_p(e e NZ (—1)" (@)l +1— (3))n

at+l-—s nla+1—s8)n

a+n,s;

XZFl(a+n+1_sz

1) B 1w anle((= 1P (27Y) "
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for i =1,2, both giving the asymptotic series in the descending order of Y asY — 400;
the remmders in(s,x;Y) (i = 1,2) satisfy
ffN(s,a:; Y)= O(Y’RCQ’N)

as Y — +oo, where the O-constant may depend on s, a and N. Furthermore fori=1,2,
we have

Rin(s,z;Y)

= () S e [Te g

a+N,s; 11— 27Tth/§)d

—a—N
X (1 2mhkY /€)7o Py (a + N +1—5"1+2rhkY/¢

8. OUTLINE OF THE PROOF

We shall show in this section the outline of the proof of Theorem 1. For this, introduce
first the two variable analogue of the bilateral Hurwitz zeta-function defined for any
z€NTXH by

o0

G(siz)= D (m+2z)"(m+z)"  (Re(s)>1).

m=—o0

Then the most crucial step of the proof of Theorem 1 is to establish the following result.

Proposition 2 (cf. [10]). The transformation formula

e {

1 o e
+ Ts) Zl< =le(—12)U (51 (s>,47rln)}]

=1

Zl e(lz1)U(s2; (s); 4mln)
1=1

holds for all s € C? except the hyper-planes (8) = 1—k (k=0,1,...), and allz € HTxH~;
the right side provides the meromorphic continuation of (z(s; z) to the whole s-space C.

A central role in deriving Proposition 2 is played by the following formula.

Lemma 1 (cf. [10]). For any o, 5 € C the Mellin-Barnes formula

_ 1 at+w,1l—p4+wb—w,—w
1-2)%= — F( ’ ’ ’ )Z“’dw
( ) 2/ =1 Je, o, p,1-p
A a+pB+w,1+w, —a—w,—w
+ Iv( ) 9 ) )17de
271'\/—1 Ca a16717a ( ) v

holds for |arg Z| < 2w and |arg(l — Z)| < 2w, where the path Cy proceeds upward to
separate the poles of the integrand at w = —a—n, f—1—n (n=0,1,...) from those at
w=mn,B-14n(n=0,1,...), whileCo at w=-1—n, —a—F—n (n=0,1,...) from
those at w =n, —a+n (n=0,1,...).
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Proof of Theorem 1. It follows from the series rearrangements of the defining series in

(1.8) with (1.9) that
CNZQ(S; z) = 2(:032{%(51 — 52)}§(<3>) + {1 + eﬂ\/*_l(slfsz)}

00 n—1 " r
X Zn’@ Zgz(s;z + Hl)’
n=1 r=0

where the last r-sum of the bilateral Hurwitz zeta-functions can be transformed by (8.1);
this concludes Theorem 1. O
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