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Abstract When we model dynamic phenomena, it is important to properly incorporate their probabilistic uncertainty. In
particular, there is an increasing need for modeling and analysis methods for rare events that cause severe impact, e.g.,
extreme wind power fluctuations due to gusts. For the modeling of the stochasticity in dynamical systems, Gaussian
noise is often used because of its analytical tractability. However, it cannot represent outliers because of its rapidly
decaying tails. In this context, this article introduces a modeling and analysis method using stable distributions. This
framework is capable of modeling rare events while retaining the favorable properties equipped with the Gaussian. As
applications, we also describe our results on stochastic linearization analysis and privacy protection in dynamical systems.
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exp { —o[v|* (1 jBsgn(v) tan (%))}

Elexp(vX)] = rarh
exp {fa|y\ (1 +jﬂ%sgn(y) log |l/|)}
if a =1,
1 if v >0,
sgn(v):=4q 0 if v =0,
-1 ifr<o,

iz &, X & (HARE) REAMICH) L, X ~
S(a,0,8) TET. I B=00DE&, WWHEETMIAE) &
WV, X ~ SaS(a,0) £#EL. <

(ED) @ ZO—I3MEFBREZR ) BICRDICG 22 MENEBILEVO L) %
DT, FEFFRIIGAD RN, P IHRREGIHICE 2T, ZOHRLIRI SR
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PRSI 8T A= T, WHEREE-EE I
EEXFTENTELRVY R, FREEE Elexp(jrX)] ##%H
LEERICESTWDS, NI A—F o ZHMOBEOES, T4
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Bs 202 OH I AGAE =T 5. o AT —WIXT X =%
Thh, W AGNOBERED XD ZkdElae b, DTTIE,
c=10rEIE X~ SaS(a) LAKLTRL, EFLD

kX ~ SaS(a,|k|), K €R (1)

WYL D, BREENSTA=FTHY, =0 (WHEE
GIAT) B DX VIS TREBBOTBIRS O FTATH L I
a<l?»2B8=10t%, X ~ S(a,0,1) ZIEDEL
NESHEWV., KB THWAEDIE B =01 DBEDATHS.
Xoo ~ SaS(a,0) %ili72F Xoo LT, Xy 5 Xoo B
DO EE X, D SaS(a,0) LELT L. WESH DD
PEIEOED L) 1Moo RS (7, Property 1.2.15)_

[ 1] (REFEHD) X ~ SaS(a), a € (0,2) 2V,

Lo (@#1)

Lm AP (X > \) = { 2FG—a)cos(53) (2)
- = (a=1)
LREAIASR <

COMBIITESHFONEERR (A7 — L7 =) 27R7.
2% SaS(a) DHEREEME pa(z) &z BRIV E S
12, T EERE T E —(a+ 1) OEAMISED L., 2o &
5 a &L BIZoN, HETAAMIEL ) EVEL b
CENGHB. B La \SHFREE DA O B2 &R
T a=2, 2F 0T T AT RS TRIIWET 5 75,
a<20LEFWEDRERL,PICE D, OWEORE TS
JEBE (0 1b) THRAE X VBHEIIRNS. ZONEFAICLY,
p2alixtdpRE—AYFE|X|P] BARICES B
WIOMEE DD, a RKMHOE— AL MILTO LI IXESR
E) (10, Example 25‘10).
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LT,

(20)PT (H2)r(1-2
E[|X[P] = () ) (3)
VAT (1-%)
AV AASHR <
CIET, HEBOREHiIEMAN L TELD, 5. TIEE
BEESTEAVAOTHALTHE 1L

(3% 2] ROEMERENZ bV X = [X1---Xg]T 28T % —
¥ a€ (0,2 LdxdDITHI L = 01220,

Elexp(jvT X)] = exp(— (v £1)*/2), v € R )

Ry e &, X BEMNBREOSMICHE) L, X ~
SGy(a,T) THET. <

(11:2) @ LA OB LA RO B FEIZ DOV TIRLH(8) 2o L.
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WTHLETWA., $4bb, X ~ SGa(a,X) LT 7NVT V2
DITHI N € R7¥4 1233 LT, NX ~ SG..(a, NENT) 75 Y
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2.2 B RT LB S RAELRES O A !
BLEM

ST, WMUEET) » 7h N Lo722 L DB L, [HROE
WO HAI TS ¢ ARIEREFHZ SO L, ME D ¢ 454
FHERBE AR ARG ICHE TR0, BEM L VTned
ZH) TRV LB DL L, HEMEDSHEICEHT %
WEWIIFEND S ZE 7 LTI T H R & AR
B2 F ISR EAEMCH 5 (7, Property 1.2.1)

[l 3] (REAMOBENE) X1 ~ SaS(a,01), Xa2 ~
SaS(a,o2) WMV THELETH, ZOLE, [FHD ar,a2 €ER
IZ2oWnWT
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Tt1 = ary, + Wi, a #£ 0. (6)

ZZTz ~ SaS(a,00), wp ~ SaS(a,04,) & L,
20, {wr o RETHEWIIMZ THEET D, §5&mE 3
76, z1 ~ SaS(a, {(lajoo)® + 02}/ %) THDH 2 L2Hr
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(E3) I AR ETEL O LBV D LME L L TRER’H 5. HFEAH X &
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T2 VI EANREETCEABTIITSTHL. a=2D
LERBLLAOABT T AMEET TR ENEHMIEL AT A
b, T, FAEMEE L CHERFMEIE Y AT 4 TORE
SO AT SRz ZTHLERM T RAMICE T E

2 (2, Theorem 2)

EH 1] HIEYATL () %% 25, ZOLE
ye 5 SasS(a, et b||a) (9)

DEY D, 22T, f”
f(t) ® LY/ v Al

oo 1/
e = (/ |f(t)|°‘dt> (10)
0

TEFRING. <
EFRDMORWDE /8T X — ¥ IIEEMY L LRAL o Th
D, AT —=NWINTG RA—=FFA VIV AIRED Lo vk kb
n&HiC m%/XTA@ﬁU@Emﬁﬁ#%ﬁM~i§P%
LT ED, BENMEET) VTIZHVDE Z L DR KOF ST
H5. BIZALHIEAT) we EIME NS 2 AT L

Y odt < oo & 723 FE A K

(V

d:l}t = A:Itht + Butdt + det: Zt = Cx Tt

ZBWT, BT 2z, € R OE DAL DS % 72§
KRl 2 3R L2k 35, 2ot &, A+ BK KT
FTHNC B X7 14— FoNy ZHIH ue = Koy 28108, %
1 XY, 200 ~ SaS(a, |c.eATBE|| ) TH DI L%
Hb. EoTA VSV AIRED ) IV ADOHIEHTIUE L VA
5, altORBLPFEFICE SR L. 20X GEFHVL
Téi 4. OFEREE B S AFF I T 5.
IR EIZED L) BIRAFE S NS 2% 6l % 58
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d:ct = —0.11'75 + O.5st, o = 10, a=1.8.
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TWVAH, MICKE RSN SND 2 & CREECAals
BEPELTVD I EDGhb. £oT, WESHiEHvizE
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STAREITIERRZRIS, RRIIT =056 LD L) ITET NN
TA=FHEOLDPEHAT L, T THEEFTMHmOT AT
A ENL. BIZ RN EBREOLEE % (8) DL LT
ETFT) I TLE)EERLLE, BERORY T 6L
DX ) I mER K

G(s) :==c(sI — A) " 'b (11)
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|G(jw)|? LTI DIST =27 P VEEDPI L 75 &I
HIETHAH. DXOTIIIID LD 7 A Y REEEBOFEH
a € (0,2) DHAELTHETH S Z & &R LT 5 (2, Theorem 1)
[EH 2] ML AT L (8) LEED ac (0,2),p € (—1,a),
w>0Ix LT

1 T
lim E |:—/ eIty dt
T — oo Tl/(x 0

P

} = F(a,p)|G(w)[”
(12)

BHY D, 22T

@rapT (14 8)T (1~ 2)
K(a,p) *= r (1 — %) )

1 T 1/
Ro 1= <—/ |cost|°‘dt>
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Thhb. N
K (12) BT a=p=2DL X y, D/INT—AXRT P ILEK
FELnsb., ZOERLY, HMICHEELZ o lHLT, 1Y
|G(w)| &7 =2 2 HatHE L2 (12) OB O EPMEIZ2D T
R (12) A7 S NB £ 912 G(s) REUT L. AHREE
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4 BE1OTOy 7K

41 MENRTE

PRI L 72 B Y, a <1 OLESMA T YT 58/
RIZAR SRV, UTTlEac (1,2 DBEOAEEZ D, K
i Tl ) DIF 4 TERS N DML & AT BFI DOIEHILH D 5
BhTA—F Ny sk

dae = Azedt + Buedt + bdLe, (13)
24 = C2T¢, (14)
yr = Oy, (15)
uy = satq(ye) (16)

Thb. 2ZTaxr €R™, u ER”, 2 ER, yp ER” ITZFNE
i, R, BIEAT), SR, BIEEET. b, ] eR™ T
HY, A, B, Cy \Z#EY T A ZOTHITH B, MHRAT L 13
NRIA=F ae (1,2] DEEBEBTHY, TLH5A6NLE
WENZ L d € [0,00)" 1 LT,

sata, (y1) —dj, y; < —dj,

satq(y) := , satq, (y5) == Yjs ly;| < dj,
satq, (yr) dj, yj > dj,
(7)

LEFT D, T Ty, dj ZENENy, d D j T EET.
PDExd iz, 2¥0 L) ME*E2 5.
[ 1] ECTHE25NBANBMEEDL T 14— F/Ny 7RI
BWT, {LED K € {diag(k1, ..., kr) 1 k; € [0, 1]} T3 LT
A+ BKC, BREAHEL, 20 ldt — 0 DL EIZR® BT
TEFRENTD HMEFLI woo \EBINHRT 2 EIRETH. T2
MPME 20 3H D pe (1,a) IZPWTHBR pRE—A Y+ %
bOLIRET S, D& E 2z DEFGAZRD L. <
[EE 1] DT TR O A Zi#Em TR A%, M5 TEsh
% &9 X RIERIER b R OPAHLA TR 2 LA MHETH .
<
DX IR EEIND ¥ AT LB BITIICAND 2
EE—ICE#E LV, 22 TECHWOLNL DD, AR A RIS
HoVIE YT ANTFEI L ZBEFHCH B, ZOFHIETF
BETldH2b00, BEAKLEMEOMRIHESL 2 TIER,
WRIMUBEOREZ A I LI LITER AR ZLE
5, LvoMEENH LI, H, BEENNEDIET
VAT LRI FRAICE S TR TELRVHETHL, 20
PRI L CHRE S N7z D DS EMRIEAL & v ) s BRI
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(c) A&

5 FFEVFEARTAE

(d) Pt

5. LIE, SO (2) TRES N, ZCBfRClREING ¥ A
T L OISOV THAT 5.

4.2 FHmIRHAL

(16) DIEMIEEZ B LT A v THEMTH I L 2ER L.
BARIYICIE, saty & K € {diag(k1,..., k) : k; € [0,1]} Ti&
WA THSNLHMALY AT L

di¢ = (A + BKCy)Zdt 4 bd L, (18)
wEZL. EH 1 LD
c¥ 5 SaS(a, [[c.e AT BEC) || ) (19)

B IO, T2TH T A ¥ K Z2#E~IE5 (19) T
H2 5ND5MDAREY 72\ 2o DEEDHO L VIEPIZ % 5
CENFMEEND. T K OV TR 5 2 5 OWEMRIE
Thb. ZOPREHEZFYT L2012, FTOXOEALS 2

2 (2, Theorem 3)

[€H 3] H5z26N72d>0,0>0,ac(1,2) XL T,
Eysas(a.o)llsata(Y) — kY]] (20)

EIRANCTHTA Y E>013

Fesat := min {1, i} (21)
YaO

THAZLND., T T i

" 1 o' = 1 «
Fa)l'p([2——, [ —— du = —
/0 (u) e( o (fa(u)> ) 2a—1

(22)
FWS MO IEERCTH Y, Fo(u) &
Falw) = 220 feos((1 - agup) = (23)
(cosu)
TEFRENL. 4

M6 12EH 3 DRz RS, faflOmE d 126 L Todi oA
F=lVo Sk E (M 6a), |T&ALDOERIEANIG -
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(a) oK dDEE

(b)o>dorx

6 MBERT—Io, BIEdERBEEUT A > keat
(FR#R) DREFR

LRV Ico, FHBEEIEHEEE s A Tl E
5. d IS LT o AREVES (K 6b) 1, AT >0 5
BEARDRNGPRE (2D, ERBE O ISTWEBly 1 ¥ h7EIE
NB, Tl adNELh, DEVEPEL LD E v, TKE
By, wPTr A koo L.

8T, y; DEFEGME SaS(a,0y;) THEBLAZEL LS.
THEER3 LD, sata, (y;) T sr 4 v

k; = min {1, ds } (24)

YaOyj

TEMT 2 EFRUTHL. HIZ, j=1,....,r DTAEH
\2H LT sata, (y;) 287 A > by THEBMT 2 &, EH1 X
D y; DEFEIAIL
SaS(a,||Cy;e AT BECOY)| ), K = diag(k1, ..., kr)
(25)

ThHz2on5n. VloiEmss, 1 (24) & (25) SEIFZ0 7
SNDBMIALT A L VEBT A Y THEENWIFEZDOD &
TRESNTZOD, UTFTOHALFETHS.
(S
/ﬁfﬁﬁﬁ 1t ~
)RR

d.
ki =min< 1, J ,j=1,...,r
J { ,Ya||cyje(A+BKC’y)tb”a} J

(26)

% K = diag(ky,..
LT

k) ICOWTREE, RO K ITx

SaS(a, |lc.eATBEC)| )

% 2y DIEBER DA & 27, y

R (26) BRUEIYISIR . STV TY X LITBWT
AR OB L E R {, YT AN TN T
HVCEEET 5 2 kAR TH B, T, SILIC L > TRB R
B DR T Ef|caF o] 19K LT,

Ellc:Zool] = € S Eflczoo|] S E[lc2oo]] + & (27)

O TIRBEE € 2 0 #WRM TS 2 2 EATED. FL
U S 2 SIS 2200,
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Yt Ut

Lt F(s) Ketr satq P(s)
X7 #HEGDT—KNy TR
E[|zeo|] 95
04:::::::::::::::&-“"’.
03
0.2
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R IERWICRER Tve XL T, £2 7 70035
WIALDOTAMEIZ TSV TIEVAE DD, JWHLTWARWT &
W5, Tvce = 108 TREFIIEYZ 554 5 HERIE 20 5T
BHoT=DITF L, FHIMIBALOFHER I 1 B Th o7z, 7272
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F9, DT OO 2B S 2 7 4
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yr = Czxp + Duy
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CB D
Nr = CAB CB D
: : 0
| cAT-1B CAT—2B CB D |

(30)
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m=0;
t[m]=0; x[ml=x_1i;
dt = h;
for
t[m+1]=t [m]+dt;
U = randu(); E = rande();
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277



x [m+1]=x [m]+f (t [m] ,x [m]) *dt+g(t [m] ,x [m]) *noise;
m=m+1;

end

72720 rand* () 3N <Th

® randu: (—%, %) L D—k5 A

® rande : J#R/¥ 1 DIEKSA
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