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Abstract:

The present paper constructs a family of three-sector models of optimal endogenous growth, and conducts ex-
act bifurcation analysis. In so doing, original six-dimensional equilibrium dynamics is decomposed into five-
dimensional stationary autonomous dynamics and one-dimensional endogenously growing component. It is
shown that the stationary dynamics thus decomposed undergoes supercritical Hopf bifurcation. It is inferred
from the convex structure of our model that the dimension of a stable manifold of each closed orbit thus bifur-
cated in this five-dimensional dynamics should be two.
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1 Introduction

The present paper constructs a continuous-time model of optimal endogenous growth in which an optimal
path fluctuates around a balanced growth path (i.e. BGP). The model extends the two-sector models of Uzawa
(1965) and Caballé and Santos (1993), in which an optimal path do not fluctuate around the BGP. The main
result is to show that this would no longer be the case if the third stock variable is included in the model. By
using a bifurcation theorem, the paper demonstrates that, with three stock variables, economic fluctuations
may occur along an optimal path around the BGP.

Uzawa (1965) introduces a continuous time and two-sector model of optimal endogenous growth with phys-
ical and human capitals and with a linear felicity function. Owing to the linearity of felicity function, transitional
dynamics in his model exhibits corner solutions. Caballé and Santos (1993) construct a large class of continu-
ous time and two-sector models of optimal endogenous growth with physical and human capitals and with
a strictly concave felicity function. They use convex technology that is more general than that used by Uzawa
(1965). Owing to the strict concavity of felicity function, transitional dynamics in their model exhibits robust in-
terior solutions. They first consider the class of technologies such that an educational sector uses human capital
alone as an input of capital stock, and they show that within this class, if an optimal BGP exists, it is unique and
globally asymptotically stable. They also consider the class of technologies such that an educational sector uses
both physical and human capitals as an input of capital stock, and they treat some problems on interior transi-
tional dynamics. From a purely logical point of view, one could not exclude the possibility that BGP might lose
either uniqueness or stability as technology would vary within this class. However, even if the BGP might lose
stability within the class, there would be no interior endogenous fluctuations around the BGP, as discussed in
the next paragraph.

Consider a continuous time and multi-sector model of optimal endogenous growth that includes two het-
erogenous capitals with a strictly concave felicity function and with convex technology. And suppose that struc-
tures of preference and of technology in this hypothetical model permit a BGP to exist. The convex structure
of this model implies that if an interior optimal solution would exist, it should be unique. And equilibrium
dynamics of an interior optimal path in the model could be described by four-dimensional autonomous dif-
ferential equation that is composed of two heterogenous capitals and of two imputed prices of these two cap-
itals. Thus the original four-dimensional dynamics includes two predetermined and two non-predetermined
variables. And by means of some log-linear variable transformations, this four-dimensional autonomous dy-
namics should be able to be decomposed into three-dimensional stationary autonomous dynamics and one-
dimensional endogenously growing component in such a way that the resulting three-dimensional stationary
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dynamics includes one predetermined and two non-predetermined variables and that a steady state of this
stationary dynamics corresponds to the BGP of the original four-dimensional dynamics. Suppose that a steady
state of the stationary dynamics is hyperbolic. Since an interior equilibrium is at most unique, and since the
stationary dynamics includes only one predetermined variable, the hyperbolic steady state should have at least
two unstable roots, and only one characteristic root of it could change the sign of its real part.! If interior equi-
librium should be at most one, (in other words, if equilibrium is determinate,) and if one would work within
a continuous time model, one should have at least two predetermined variables in stationary dynamics in or-
der to obtain endogenous fluctuations such as due to a stable closed orbit. As long as one works within the
framework of our hypothetical continuous time and multisector model of optimal endogenous growth with
two heterogenous capitals, one could not obtain endogenous fluctuations around the BGP.

This thought experiment suggests two methods of obtaining endogenous fluctuations around a BGP in
continuous time and multisector models of endogenous growth with heterogenous capitals. As one method,
one might increase the number of heterogenous capitals in order to make the resulting stationary dynamics
include more than two predetermined variables, while keeping the number of interior equilibrium at most
one. As an alternative method, one might introduce external effects into the above hypothetical model in order
to make equilibrium indeterminate, while keeping the number of capital two. The present study pursues the
first approach, because this approach has not yet been pursued in the literature,? and because in sharp contrast,
the second approach has already been pursued extensively in the literature.

We construct a family of multisector models of optimal endogenous growth with three heterogenous cap-
itals and with a strictly concave felicity function, and conduct exact bifurcation analysis. In so doing, original
six-dimensional equilibrium dynamics is decomposed into five-dimensional stationary autonomous dynamics
and one-dimensional endogenously growing component. Fundamental characteristics compatible with the ex-
istence of a BGP, combined with the choice of a Cobb-Douglas technology, introduce strong log-linear structure
into our model, which in turn enables us to elicit two-dimensional autonomous stationary dynamics from the
five-dimensional stationary dynamics under appropriate variable transformations. The present study shows
that the two-dimensional stationary dynamics thus elicited undergoes supercritical Hopf bifurcation. The con-
vex structure of our model implies that if interior equilibrium would exist, it should be unique, which implies
in turn that the dimension of a stable manifold of each closed orbit thus bifurcated in the five-dimensional
stationary system should be two, since the bifurcation is supercritical and since the number of predetermined
variable in this system is two. In other words, a closed orbit around the BGP is locally determinate and stable.

The rest of the paper is composed of the following sections. Section 2 presents our model. Section 3 charac-
terizes equilibrium dynamics of the model. Section 4 applies bifurcation analyses to the equilibrium dynamics.
A set of appendices has been gathered at the end of the paper.

2 Themodel

The present study considers a continuous time and three-sector model of optimal endogenous growth with
three types of heterogenous capital goods K;, i = 1, 2, 3. Each sector accumulates each type of capital goods. The
goods produced by the first sector is also utilized as consumption goods C. Formally the model is given by the
following intertemporal optimization problem.

oo Cl—a -1
Max e Pt 1)
CKijij=123 f, 1—-0

subject to

C > O/Kij > O,i,j = 1/213/Ki > O,l = 1,2,3,

K1 =e (Kll)ﬁu(KZI)ﬁ21(K3l)ﬁsl - C—gk,
K, = ey(Kyp)Pr (Kyp)P22 (Kgp) P2 — gK,
Ky = e5(Ky3)P1s (Kyg) P22 (K )P — K,

Ky + Kyp + K3 = K
Ky + Ky + Ky3 = Ky
Ky + Ksp + K33 = Ky

K (0) = K; >0, K,(0) = K, >0, K3(0) = Ky >0,
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where Kj; is an input of the i-th capital into the j-th sector, and K; > 0is an initial endowment of the i-th capital,
and where g >0,p0>0,¢; >0, ,8,7 >0, and g > 0. We assume constant returns to scale technology.

Bij+ By +PBsj=1,j=1,23.

For the given intertemporal optimization problem (1), C, and Kj;, i,j = 1,2, 3, are control variables, K;,i = 1,2,3,
are state variables, and (K;(0),K,(0),K;(0)) = (K;,K,, K3) is an initial condition. An optimal solution of the
problem (1) should satisfy

/

The condition (2) is called the summability condition.

Intertemporal elasticity of substitution 1/0 and rate of time preference p are constant, and production func-
tions are homogenous of degree one with respect to reproducible production factors. The structures of prefer-
ence and of technology are compatible with the existence of a BGP. The present study imposes further restric-
tions on parameters characterizing preference and technology in order to guarantee that there is an interior
optimal BGP on which consumption goods and each capital grows endogenously with positive constant rates
and on which the transversality and the summability conditions are satisfied.

Letb;, i=1, 2,3, be defined as

Cl-7 -1

— e Pt < 0. )

b, := (,Bll)ﬁ“(,gm)ﬁm (ﬁ31)ﬁ31
b, := (,312)’612 (ﬁzz)ﬁ“ (,332)’632
b3 = (ﬁ13)ﬁ13 (ﬂ23),523 (1333)/333_

Let B be a 3 x 3 matrix defined as

P11 Pz Pis
B:=| Bu Ba Bas ]
Bsi P32 Pss

In the present study we make the following assumption.

Assumption 1
1. There is a positive constant ¢ > 0 that satisfies the following conditions.

a. Elzp-'—gbﬂlezzp_kgbﬂlande3:w'
1 2 3
b.p—1—-0c)u>o0.
2. detB # 0.

Let w > 0 be defined as

w:=p+g+0ou.

Let C denote the inverse matrix of B.

C:=B L

Let1:= (1,1,1). Then we have

1IB=1 1C=1

Let I denote the 3 x 3 identity matrix, and lete, := (1,0, 0)T.4 Then we have the following result. See Appendix
1 for the proof.
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Lemma 1
Suppose that Assumption 1 is satisfied.

1. det (wC—(g + u)I3) # 0.
2. Each element of the 3 x 1 vector (wC—(g + p)I5) e, is strictly positive.

Lemma 1 will guarantee the existence of an interior BGP. If one provides p, o, i, g, and B with numeric values,
then numeric values of ¢;,i = 1,2,3, C, w, and (wC—(g + p)I;) 'e, are uniquely determined. The following
three parametric examples satisfy Assumption 1.

Example 1

~ 5 1,3 2
P=105:7 =3 = 105- 8 = 1550 AN

7 1 1

po| P A

N G 1

3 1 12

Example 2
_ 5 _3 . _ 3 _ 2
P=1579 2’”‘100’g_100’and

s 1 1

po| 7 A1

- 4 20 ;

1 7

3 5 15

Example 3
_ 5 _ 5 _ 3 _ 2
P= 15507 = 155 # = 105 8 = 1o0- and

1 1

§ 3 %

B=| ! 2 I

O

2 1 1

3 Equilibrium dynamics
3.1 Maximum principle

In the present study that treats a multi-sector model, we have to make explicit whether a given vector is either
a row vector or a column vector, in order to avoid possible confusion. In the present study, R” refers to a set of all
real 1 x 1 row vectors. Hence if a € R”, then a refers to a 1 x n row vector, and aT refers to an n x 1 column vector.

The problem (1) is solved by defining the current value Hamiltonian H and the current value maximized
Hamiltonian /¥, and by applying the maximum principle to H*. Let K = (K}, K,,K3) € R ,P= (P, Py, P3) €

++7

R? ., and W = (W,;, W,, W) € R>.. The current value Hamiltonian % = % (K, P,C, {Kij}i j=1,2,3 W) is given by

Cl=7—1

1-0

+ Py (ey (Kyp)Pu (Kyy )Por (Kyp )Por — C = gK,)
+ Py (e (Kip)P (Kpp) P2 (Kyp) P2 — gKy)

+ Py (e5(Ky3)P1 (Kyg) P (Kag )P — gKy)

+ Wi (Ky = (Kyp + Ky + Ky3))

+ W, (K, — (Ky; + Kyy + Ky3))

+ W3(K; — (K3; + K3, + Ks3)),

H =

where C > 0, and Kl-j >0,i,j = 1,2,3, and where P; is an imputed price of K;, and W; is a rental price of K;. Note
that # = % (K,P,C, {Kl-j}i,jzllm,W) is concave in (K, C, {Kij}i,j:1,2,3).

4
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Let Cjj denote the (i, j)-element of C for each i,j = 1,2, 3. Let W;(P),i = 1, 2,3 be functions of P € IR3+ + defined
as

W, (P) := wPS1 P§ Py
W, (P) := wP§® P S
Wi (P) := wP{® PS» Py,

Let W(P) := (W, (P), W,(P), W5(P)). Let H(P) be a 3 x 3 matrix-valued function of P € Ri+ defined as

i 0 W,(P) 0 0
H®P):=| 0 I% 0 |C 0 W, (P) 0
o o0 0 0 W5 (P)
3

By construction we have

C11—1 pC21 pCst C12—1C2 PC32 C13—11C23 pC33
el P21P3 2Py P21P3 e3Py P21P3
— C11 PC21—1 pCai C12 pC22—1 pC32 C13 pC23—1pCs3
H(P) = w| cyP"Py P31 C PPy P31 C3P P,y Pal
C11 pC21 P31~ C12 PC22 P32~ C13 €23 PC33—
C3 Py Py Py C3p PPy Py 33 PPy Py

Since 1C = 1, we also have

W(P) = PH(P).

Let 05 := (0,0,0)T. Let N be a set in RS, defined as

N:={(K,P) e R%, : HP)KT > 0,}. 3)

At the end of the present subsection we shall show that N is a non-empty open subset of R . Let Y(K,P) =
(Y{(K,P),Y,(K,P),Y;(K,P)) € Ri+ be a1 x 3 vector-valued functions of (K,P) € N defined as

YK, P)T := HP)K.

Let C(P,) be defined as C(P,) := Pl_% for P, > 0. For (K,P) € N, let Kij(K, P),i,j = 1,2,3, be defined as

P,
K,(K,P) := B;,—~—Y,(K,P).
g ﬁl] W)/
Then we have
d
%%(K/ P/ C(Pl)/ {Kij}i,j:1,2,3rw) =0 (4)
d

m%(K/ P,C, {Kij(K,P)}; =123 W(P)) =0 )

3
K;(K,P) = K;. (6)

=1

Let Z* : N - R be defined as

1
%* (K/ P) = %(KI P/P1 U/ {K1](K/ P)}i,j:1,2,3/w(P))'
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Then by the equalities (4), (5), and (6), H* is the maximized Hamiltonian of H for (K, P) € N. Since H is concave
in (K, C, {K,-j}l-,]-:1,2,3), H* is concave in K by the lemma in Kamien and Schwartz (1991, p. 222). Hence we can
apply the maximum principle to #* = #Z* (K, P) for (K,P) € N. We obtain the following system of ordinary
differential equations and of boundary conditions.

K, Kl o[ pe
Kz = (H(P1/P2/P3) _g13) K, |- 0 (7)
K3 K‘3 0
Pl — (p +g)P1 _ wPf“Pg“Pg“
P, = (p +g)P, — wP{*Py*P5” ®)
Py = (p + §)Py — WP PPy
(Kl(o)er(O);Ks(O)) = (K1/K2rK3) (9)
lim €= (P (K, (£) + Py (DK (t) + Py (HK5 () = 0 (10)
Vt>0: (K),P() €N, (11)

where K; is a predetermined variable, P; is a non-predetermined variable, the condition (9) is an initial condi-
tion, and the condition (10) is the transversality condition. The interiority condition (11) guarantees that the
maximized Hamiltonian is well defined. If a solution of this system satisfies the summability condition (2), the
solution is an optimal solution of the problem (1).

Suppose that an interior BGP exists, and let ux and up be balanced growth rates of capital and of its imputed
price, respectively. Then we have yp = —c g from the equation (7), and yp = —op from the equation (8). Thus
by Assumption 1.1 ug = p > 0, and by Assumption 1.1.b the transversality and summability conditions are
satisfied on the BGP.

Before leaving the present subsection, we construct a candidate of an interior BGP of the optimal endogenous
growth model (1). Let X € R® be defined as

X := (wC—(g + w)I;) " e,. (12)

By Lemma 1 X" > 0. Let A be a one-dimensional manifold in R% , defined as

A={(KP)eRS, :IA>0: (K,P) = AXA71)}. (13)

Then A C N, because for 1 > 0,

HADAXT = wCAXT = A((g + w)XT +e;) > 0s.

Since H(P)K" is continuous in (K, P) € IRi +, N is anon-empty open subset of Ri +- Therefore N includes some
open-neighborhood of A. In the next subsection we shall show that A constitutes an interior BGP of the growth
model (1).

3.2 Decomposition

The present section decomposes the six-dimensional system of equations (7) and (8) into five-dimensional sta-
tionary autonomous component and one-dimensional endogenously growing component. Let f! = f!(x,y) and
f? = f(x,y) be functions of (x,y) € R? defined as

fl (x,y) := w(efr3¥Henl _ e_(521+531)x+521y)

fz(x/]/) 1= (¥ Teny — eclzx*(c1z+csz)y)'
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Let I = I(x) be a function of x € R given by the definition (33) in Appendix 2. Let L = L(x,y) be a3 x 3
matrix-valued function of (x,y) € R? given by the definition (34) in Appendix 2. Let i = h(x,y) be a function
of (x,y) € R? given by the definition (35) in Appendix 2. By construction each of these functions is sufficiently
smooth, [(0) = 0, L(0,0) = Oy, and /(0,0) = 0, where O3 denotes the 3 x 3 zero-matrix. Let e; := (0,0,1)T. Let
X;,i=1,2,..,5be defined as

P, P, 1 1 1
X, =—,Xyi= ==, X5 = K1P3‘7, Xy = K2P3‘7, X5 = K3P§7.
Py Py
Letk; :=logK;, and p; :=logP;,i=1,2,3. Letx; :=log X;,i=1, 2, .., 5. Then by the relation (36) in Appendix 2
the six-dimensional system of equations (7) and (8) are decomposed into the following three components.

HEES

Xy f2xy,xp)

XS X3 X3
Xy |=(wC—@+mly) | Xy | —e+Lx,x)| Xy
XS XS XS
(15)
1 w X,
-1 (——x1> e, — —h(xy,xy) | X,
o o X,
X5 X3
. Xs X;
ky=elwC| X4 |—g+elL(x,x)| Xu |. (16)
Xs X5
1 1

The system (14) is a two-dimensional stationary autonomous component. The system composed of the differ-
ential equations (14) and (15) is a five-dimensional stationary autonomous component. The equation (16) is
one-dimensional endogenously growing component.

Let (x{, x5, X3, X, X%) be defined as

(s, x5, X3, X5, X2) = (0,0,X),

where X is given by the definition (12). Then (x}, x5, X3, X;X?) is a steady state of the five-dimensional au-
tonomous stationary system composed of the differential equations (14) and (15). Since X' > 0, by Lemma 1,

x} =log X?*,i=3,4,5 are well defined. Let T(c) be the 5 x 6 matrix given by the definition (37) in Appendix 3.
The rank of T(¢) is five. Consider the following one-dimensional manifold A* in [R?F 4

ky 0

ke

P 0
A*:={(K,P) RS, : T(0) p3 =| x3

1 xx-

P2 xi

Ps3 ?

By the relation (38) in Appendix 3, the manifold A* constitutes a BGP of the optimal growth model (1). We

obtain from the construction of T(¢), (K, P) € A*, if and only if (K, P) = AX,A™71) for A = Py é. Therefore we
have

A*=ACN,

where A and N are the sets given by the definitions (13) and (3). Since A* C N, and since H(P)KT > 0, for
(K, P) € N, the interiority condition (11) is satisfied on A* and on some open neighborhood of it. As mentioned
in the previous subsection, by Assumption 1.1.b the transversality and the summability conditions are satisfied
on A*. Thus we have the following proposition.
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Proposition 1
Suppose that Assumption 1 is satisfied. The optimal growth model (1) has an interior equilibrium BGP.

Before leaving the present subsection, consider the following set Ny in R? x R , for the later use.

N; = {(x,Xp) € R*x R3¢ (wC + L(x;))X] > 05}

By construction, HP)KT > 0; if and only if (wC + L(xl))Xg > 05 A Py > 0 with (x,X;) = (xy, X5, X3, Xy, X5).
Therefore, (K,P) € N, if and only if (xy,x,, X5, X, X5) € N; A P; > 0. The set N; includes the steady state
(0,0, X3, Xy, X2?) and some open neighborhood of it. Consider also the following set N, in R? for the later use.

2= 17427437 %4745 . 1742s ’ ’ 17
N, := {(x;, Xy, X3, %4, %) € R & (X, %,,€%3,6%,¢%) € N,}

Then by construction, (K, P) € N, if and only if (x, x5, x3,%4,X5) € Ny A P; > 0. The set N, includes the point
(0,0,x3,x;,x2) and some open neighborhood of it.

3.3 Transitional dynamics

The present section considers the transitional dynamics and the local determinacy of equilibrium around the
BGP A* in terms of predetermined and non-predetermined variables. Letz;, i=1,2,and g;,i =1, 2, 3 be variables
given by the definition (39) in Appendix 3. And let M(c) be the 5 x 5 matrix given by the definition (40) in
Appendix 3. Then detM(0) # 0, and we have (z;, 25,4, 5, 43) = (xl,xz,x3,x4,x5)M((r)T and (xq, Xy, X3, X4, X5) =
(21,29,91,92,93) (M(c)~1)T. See the relation (41) in Appendix 3. By construction z;, i = 1, 2 are predetermined
variables and g;, i = 1, 2, 3 are non-predetermined variables. Let (z], 25, 97,95, 93) be defined as

(z%,25,q%,95,9%) == (0,0,x%, x5, x5)M(o)T.

Then (z%,2%,9%,95,9%) (M(0) )T € N,, and let N5 be a set in R® defined as

N; :={(21,22,91,92,93) € R : (211221%142/113)(M(U')_I)T € N,}.

Then (z},75,497,95,93) € N3, and the set N3 includes some open neighborhood of it. By construction, (K,P) € N,
if and only if (zy,2,,41,92,93) € N3 A P; > 0. Therefore in some open neighborhood of (z},z},45,43,43), the
maximized Hamiltonian is well defined, and local dynamics near the steady state (z7,z3,47,45,493) is also well
defined.

Let J be a 2 x 2 matrix defined as

C13 + Cy1 + €31 —(Ca1 — Cp3)
Ci3 —Cp2 Ca3 + Cp + C3p

Then the characteristic roots of the five-dimensional autonomous stationary system composed of the differential
equations (14) and (15) evaluated at the steady state (0,0,X) are given by two characteristic roots of J and
three characteristic roots of wC — (g + y)I;. Consider Example 1, Example 2, Example 3 in Section 2. Each
of these examples has two stable roots and three unstable roots. (x;,x,,x3,x,,x5) one to one corresponds to
(21,22,91, 92, 93) that includes two predetermined and three non-predetermined variables. Thus in each of these
examples, the interior BGP is saddle point stable.

Observation 1
For some parameter values of (p, 7, jt, g, B), the optimal growth model (1) has an interior equilibrium BGP
that is saddle point stable.

Since (z4, 25, 41, 92, q3) includes two predetermined variables z;, i = 1, 2, the stationary autonomous dynamics
(14) and (15) might have a closed orbit that is locally determinate and locally stable around an unstable BGP. In
other words, the BGP might not always be saddle point stable. For > 0, let B(#7) be a 3 x 3 matrix defined as
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. (2 +3m)(2+21) @2+3mQa+mn (2+3my
5+ 1217 + 952 5+ 1217 + 952 5+ 1217 + 912
_]3(77) " g fl: 3171y : - 2+3m(Q +22;7) 2431+ Z) (17)
n+ 9y 5+ 12n+ 9y 5+ 1217+ 97
2+3m@2+71) (2+3m)y . (2+3m) 1+ 27y)
5+ 1277 + 942 5+ 1217 + 912 5+ 1217 + 942

Each element of B(7) is positive and less than 1, and 1B(#7)= 1. We have

1

det_B(ﬂ) = m >0

Let Cij = G () be the (i, j)-element of the inverse matrix of_B(;y) for each i,j = 1,2, 3. Then we have

Cis+Cy + Gy —(Cy —Cp3) | _ w 0 —(2+3m)

And the corresponding autonomous dynamics (14) has a pair of pure imaginary complex conjugate roots at a
steady state.? This suggests that the system (14) undergoes Hopf bifurcation under perturbations of the tech-
nology matrix B(#). We conduct an exact bifurcation analysis in the next section.

4 Existence and stability of closed orbit

4.1 Hopfbifurcation

The present subsection applies the Hopf bifurcation theorem to the two-dimensional autonomous system (14).
For n > 0, let B(7) be the 3 x 3 matrix given by the definition (17). For 5 > 0 and for v in some neighborhood of
0, let B(v,7) be a 3 x 3 matrix defined as

) -V
B(v,n) =B +

oS O O
oS O O

v } . (18)
0
As v varies around 0, the matrix B(v, 17) generates perturbations of the matrix_B(iy). We have 1B(v, %) = 1 and

1-3(1+n)v

detB(V, 7’]) = m

Supposen > 0and 1 — 3(1 + i7)v # 0. Let C(v, ) denote the inverse matrix of B(v, ).

C(v,n) =B, n~L
Let cij(v, 1) denote the (i, j)-element of C(v, ) for each i,j = 1,2,3. Let J(v, 77, w) be a 2 x 2 matrix defined as

Ci3(V, 1) + o1 (V, 1) + ¢35 (v, 17) —(Ca1 (V) = s (V7)) ] . (19)

Ci3(V, 1) — cip(v, 1) Coz (V, 1) + C12(V, 1) + C35(V, 1)

Then we obtain the following relation.

Jw, 1, w) ::w[

301+ 243y 5+1217+977°
_ 1-3(1+mv 1-3(1+mv 1-3(1+m)v
Jvnw) =w [ 2437 2+97+917 }
1-3(1+m)v 1-3(14+m)v

And we have

d 2
E[tr](v, 1, w)ly=g = w(9y° + 617 —1).

By construction the following four relations hold for 7 > 0.
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2 2
1. If = 2030 )« P23 ihen 0 < 1 — BE3DEEED ) 4 and 0 <

(2+3m)7
5+1217+917? 5+125+972” 5+1217+917 +v <1

5+121+97?

1
2. Ifv< 3(1+W),then detB(v, 1) > 0.

3. If—””‘ﬁx“i’” <y< 2<\/5—1>(Z+32;7>
5+1217+99 5+1217+9%
roots.

, then the characteristic roots of J (v, #, w) are a pair of conjugate complex

4. Iftn+ @, then %[tr](v, 7, w) 1l # 0.

Let v; = v;(1) and v, = v,(1) be functions of > 0 defined as

2+3

_ 2437
V() 1= Sy min{z, 2(1 + V2)}

1+ 217 + 31 1 2(\/5—1)(24'3’7)} @0)

Vo) 1= mm{s + 12+ 972" 3(L+ 1) 5+ 1207 + 91

where min{x, y} and min{x, y, z} denote the minimum element of each set. In the rest of the paper we make the
following assumption.

Assumption 2
1. 7)>0and17#@.
2. —vi(y) <V < vy(y).

Let f1(7,w) = fi(x,y,v,n,w) and f?(y,w) = f?(x,y,v,1,w) be functions of (x,y,v) € R* x (—v; (1), v,(1))
defined as

fl (x, y,v,1, w) = w(ec13(v,l1)x+cz3(v,17)y _ e—(c21(v,17)+c31(v,17))x+c21(1/,;7)y)

21
f2 (x’ y, v, 77/60) = w(ec13(v,;7)x+cz3(v,;7)y _ eclz(1/,11)x—(clz(v,q)+c32(v,;7))y)' ( )

Consider the following one-parameter family of ordinary differential equations parametrized by v €
(=v1(7), v2(11))-

x2 fz(xlleI v, 77/ CU)

|: 3:61 :| — [ fl(xlleIVIT]'w) :| (22)

Each element of this family is the two-dimensional autonomous system (14) with C = B(v, ) ~!. The Jacobian
matrix of the right hand side of the differential equation (22) evaluated at a steady state (x;, x,) = (0,0) is given
by J(v, 1, w). And we have

](0,77,60)2[ 0 —(2+ 3w ]

(2+3n)w 0

By A_ssumption 2 J(v,n,w) has a pair of conjugate complex roots as its characteristic roots. Let A(v, 7, w)
and A(v, 7, w) be conjugate complex characteristic rotos of J(v,#,w), and let Re(A(v, 7, w)) be the real part
of A(v,#, w). Then we obtain

iR A —892 61 — 1
Ty ReA W 1, w)ly=p = 2( n°+6n—1).

By Assumption 2.1 we have

d
ERE(A(V, 77/ w))'v:O # 0.

Let a = a(y, w) be a number defined by the formula (42) in Appendix 4. Let @ = 4(#, w) be a number defined
by the formula (43) in Appendix 5. Then one can derive the following relation from routine, albeit tedious,
calculations under Assumption 2.1.

10
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a(n, w) =iy, w).

Therefore the following proposition holds by the Hopf bifurcation theorem (Guckenheimer and Holmes [1983,
Theorem 3.4.2]).

Proposition 2

Suppose that Assumption 2 is satisfied. Let a = a(y, w) be a number defined by the formula (42). If a < 0, the system
(22) undergoes supercritical Hopf bifurcation at v = 0. If a > O, the system (22) undergoes subcritical Hopf bifurcation at
v=0.

The following three examples satisfy Assumption 2. Recall w := p + ¢ + ou. In each example,
%Re(/\(v,n))lyzo > 0, and a(y,w) < 0. Thus as v increases and crosses 0, a locally unique steady state
(x1,%,) = (0,0) loses its stability, and the system (22) undergoes supercritical Hopf bifurcation.

Example 4
Letp= %, o= WSO, U= %O,g = WZO, and 5 = 1. Then one obtains
3 5 5
¥R %
- 1
I O
26 26 26
143
0 —_
J(0, 17, w) = 143 400
— 0
400
d Re(A 1001 d 11
e e(A(v, 1, w))ly= = 2000”0 a(n, w) = ~ 256"
Example 5
Letp = %, c= %, U= %, g= %, and y = % Then one obtains
11 21 7
_ 7 o3 3
B Y 3
53 53 53
63
0 —_
250
d Re(l 153 d 9261
7 e(A(v, 11, w))ly=o = 1000’ a(y, w) = ~124000°
Example 6
Letp = %, o= %, U= %,g = 12%' and 7 = 3. Then one obtains
17 22 33
_ 1§ W
B=l e wm a
552 33 45
122 122 122

11
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J(0, 17, w) = 253
200

d 1127
—Re(A(v, 17, w)|y=g = ——,and a(, w) = —

dv 200

DEGRUYTER

253
200

30613
97600

The following example satisfies Assumption 2. In this example, %Re AW, mM)ly=¢ < 0,and a(y, w) < 0. Thus
as v decreases and crosses 0, a locally unique steady state (x;,x,) = (0,0) loses its stability, and the system (22)

undergoes supercritical Hopf bifurcation.

Example 7
3

Letp= %, o= %, W=7 8= 1%, and 7 = 11—0 Then one obtains

123 253 23
i 6% 523 583
BOD=\ o0 & w9
%3 % 483
629 629 629
529
0o >
JO,n,w) =| 599 2000
2000
p o 713 . 3078251
Zo AW, @)ly=o = —ooee s and a(, w) = =5 mree

4.2 Center manifold reduction

The present subsection constructs one-parameter family of optimal growth models parametrized by v based
on the optimal growth model (1), and applies the center manifold reduction to equilibrium dynamics of this
parametrized family of models and obtains a bifurcation diagram in order to analyze the stability and the
determinacy of equilibrium around a closed orbit obtained by supercritical Hopf bifurcation.

Let T, II, and ® be defined as

3

Jﬁ—l}

I‘::{77E|R++:777&

IT:= {(,0/0—/]’118-) S R1+XR+:

O:=TxII

(23)
po— 1 —=o0)u>0}

Forn €T, let ﬁ_ij(ry) denote the (i, j)-element of B(17). For € T and for v € (—v, (1), v,(17)), let Bij(v, 1) denote
the (i, j)-element of B(v, 7). For » € T and for v € (—v, (%), v,(1)), let by (v, 1), by (17), and b5 (77) be defined as

by (v, 1) == (Byy (v, )P (Byy (v,

;7)),321(1//'7) (/;31 (;7))531(77)

by () := (Brp(1)P12D (B (1)) P2 (B (1)) P2 D)
bs(17) == (Bys (11))P13UD (Bys (17)) P (Bag (17)) P31,

For 7 € 11, let w(rr) be defined as

w(m) :=p+g+ o

For 6 = (y,m) € © and for v € (—v; (1), v,(1)), lete; (v, 0), e,(0) and e5(0) be defined as

12
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w () w(7T) w(7)

o0y = LY o0y = Y
b 2= 509 = o

Then Assumption 1 and Assumption 2 are satisfied for a given 6 = (7, 71) € © and for each v € (—v, (1), v,(%)).
In the rest of the present subsection we suppose that

e (v,0) =

0=(ym)eO=TxIL
We have the following lemma. See Appendix 6 for the proof.

Lemma 2
Suppose that (y, 7w) € ©. Then each characteristic root of w(rr)C(0,1) — (g + )13 has a strictly positive real part.

Consider the following one-parameter family of optimal growth models parametrized by v €
(=v1 (1), v2 (7).

o Cl-0 _ 1
Max . T (24)
C.Kiji,j=1,23 J 1—0

subject to

C>0,K;>0,ij=123K >0i=123,
K =e;(v,0) (Kll)ﬁ“(j/'m(K21)’BZ_1(V'I7) (Kal)_ﬁ“(m -C—-gK;
KZ = 62(9) (Klz)ﬁu(ﬂ)(Kzz)ISzz(’?) (KSz)ﬁsz(W) _ ng
K; = 33(9)(1(13)/313(77) (KB)ﬁza(m (K33)ﬁ33<*7> — gk,
Ky + Ky + Ky3 = Ky
Ky + Ky + Kyz = Ky
K3 + Ky + Kss = Ky B
K (0) = K, > 0,K,(0) = K, > 0,K5(0) = K, > 0.

By Lemma 1 for v € (—v(),v,(1)), det(w(m)C(v,n)—(g + w)l3) # 0, and each component of
(w(m)C(v, n)—(g + w)I;) " le, is strictly positive. Let X* (v, 0) € RiJr be defined as

X*(v, )T := (w()C(v, 1) —(g + W) te;.

Recall that cij(v, 1) is the (i, j)-element of C(v,#). Since detB(v,#) > 0, cl-j(v, 1) is at least twice continuously
differentiable relative to v. Letfi(ﬂ, w) :fi(x, y,v,4,w),i=1,2,be functions of (x,y,v) € R? x (-1, (), vy (1)
given by the defining functions (21). Then each of f i(x, y,v,n,w(m)), i =1,2,is at least twice continuously
differentiable relative to (x,y,v) with f 10,0,v, n,w(r)) = 0. Substitute cij(v,m,i,j = 1,2,3 for each Cij that
appears in the defining functions (34) and (35) in Appendix 2, and denote the functions thus obtained by
L(v,n,w) = L(x,y,v,n,w) and h(v,n) = h(x,y,v,n). Then each of L(x,y,v,y, w(rr)) and h(x,y, v, 1) is at least
twice continuously differentiable relative to (x,y,v) € R? x (—v, (1), v, (1)) with L(0,0,v,%, w(m)) = Oz and
with /1(0,0,v,#) = 0. Let I = I(x) be an analytical function given by the defining function (33) in Appendix 2.
By construction /(0) = 0.
Consider the following six-dimensional system of autonomous differential equations.

xl _ fl(x1/x2/ v, 77/(4](7—[))
|: XZ ] B [ fz(x1/x2/]//77/w(7-[)) ] (25)
X, X,
[ Xy | =(wmC,n) —(g+mwl) | X4 ]—el
Xs X
X3
+ L(xy,xp,v,1m,0()) | Xy (26)
Xs
X
1 w(7T) 3
_l(—;xl)el - h(xy,x5,v,1) §4 }
5

13
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V=0, (27)

where (x;,%,, X5, Xy, X5,v) € R? x R§r+ x (=vi (), vy(1)). The right hand side of the system of differ-
ential equations composed of (25), (26) and (27) is at least twice continuously differentiable relative to
(X1, %5, X3, X4, X5, v) € R x R, x (=v1(1), v,(1)).8 (x,%5, X5, Xy, X5,v) = (0,0,X*(v,6),0) is a steady state
of this system. Characteristic roots of the system at this steady state are given by those of J(0, #, w(7)), those of
w(m)C(0,1) — (g + w3, and 0, where J(v, 77, w) is a 2 x 2 matrix given by the definition (19). Since J(0, %, w(7T))
has two center roots as a characteristic root, and since w(7r)C(0,7) — (g + p)I; has three unstable roots as a
characteristic root by Lemma 2, the system composed of (25) and (27) constitutes a bifurcation diagram.7
Let fi(0) : R? x R§r+ x (—v1 (1), v,(17)) — R be a continuos function of (x4, x,, X3, X4, X5, v) defined as

fi(xy, %9, X5, Xy, X5, v,0) 1=

X X
X X
e,w(m)Cv, ) | Xa | —g+ejLlx,xy,v,m,w(m)| Xy
X X5
1 1

For v € (—v,(n),v,(1)), we obtain from the equation (16)

70,0, X*(v,0),v,0) = u

withp— (1 —-0)u > 0.
Let H(P,, P,, P5,v, 0) be a 3 x 3 matrix-valued function of (P,,P,, P;,v) € [F{{?Hr x (—vy(%),v,(n)) defined as

P P
H(P,,P,,P;,v,0) := w(m)C(v, 1) + L (log lTl,log 172,1/, U,W(ﬂ)) .
3 3

Let N(v, 0) be a set defined as N(v, 0) := {(K,P) € RfrJr :H(®, v, HKT > 03}
Let N, (v, 6) be a set defined as

Ny (v, 0) := {(x;,X;) € REx R, : [w(1)C(v, 1) + L(x,,v,77, w(7))1XT > 05}.

By construction for v € (—v, (1), v,(17)),

0,0, X*(v,0)) € Ny (v,0),

and also by construction for v € (—v, (1), v,(%)), (K,P) € N(v, 0), if and only if (x;, x,, X3, Xy, X5) € N;(v,0) A
Py > 0.
Let a = a(y, w) be a number defined by the formula (42) in Appendix 4. Let ©, be a set defined as

O, :={(y,m) €O :a(y,w(r)) <0} (28)

As shown by Example 4 to Example 7, © is non-empty. For € > 0, let U (0,0, ¢) C R? be defined as

Uu(,0,¢) := {(x,y) € R* : x? + 2 < ¢}.

Then the following proposition holds by the center manifold theorem (Guckenheimer and Holmes [1983, The-
orem 3.2.1]) and the Hopf bifurcation theorem (Guckenheimer and Holmes [1983, Theorem 3.4.2]).

Proposition 3
Suppose that 0 € ©,. Then there is a set of positive constants (g,(0),€,(0),e,(0)) € IRLr with the following proper-
ties.

1. There is an open subset M (0) of U (0,0, g,(8)) such that (0,0) € M(0) and that M(6) is homeomorphic to L(0,0,1).

2. 0<&(0) Svi(n), and 0 < &,(0) < v,(7).

14
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a. Suppose that n < @ For each v € (—¢,(0),0), the system (25) has a unique closed orbit in M(0), and
M(6)\{(0,0)} constitutes a stable manifold of this closed orbit in the system (25). For each v € [0, ,(0)), the
system (25) has a unique stable steady state (0, 0) in M(8), and M(60) constitutes a stable manifold of this steady
state.

b. Suppose that 1 > @ Foreachv € (—&,(0), 0], the system (25) has a unique stable steady state (0, 0) in M(6),
and M(0) constitutes a stable manifold of this steady state. For each v € (0, €,(0)), the system (25) has a unique
closed orbit in M(0), and M(6)\{(0,0)} constitutes a stable manifold of this closed orbit in the system (25).
3. For each 6 € ©y, there exists a function @(8) from M(8) x (—&,(0),€,(0)) to Rfur with the following properties.

i. 9(0) = @(x,y,v,0) is continuously differentiable relative to (x,y,v) € M(0) x (—&,(0),,(0)).
ii. X*(v,8) = ¢(0,0,v,0).

ii.
{(x1, Xz, v) € M(0) x RS, x (—£1(6),&,(0)) : X = ¢(x,V,0)}

constitutes a center manifold of the steady state (0,0, X* (v, 6), 0) in the system of differential equations composed
of (25), (26) and (27).

iv. For each (x;,v) € M(0) x (—¢,(0),&,(0)),

0— 1 =0)jixy, ¢(xq,v,0),v,0) > 0.

v. Foreachv € (—¢,(0),¢,(0)),
{(x1,Xp) € M(0) xR, : X, = o(x,,v,0)} C Ny (v, 6).

4.3 Stability of closed orbit

We have sufficient preparations to analyze the stability and the determinacy of equilibrium around a closed
orbit obtained by the supercritical Hopf bifurcation. Let ®;, ®,, and ® be defined as

<I>1:={(1/,9)ER><®1:17< /\—81(9)<1/<0}

J2—1 (29)

<I>2:={(1/,9)ER><®1:17> /\0<1/<€2(9)}
®:=®d, UD,
Then ®, is non-empty by Proposition 3 and Example 7, and @, is also non-empty by Proposition 3 and Example
4 to Example 6. In the present subsection we suppose that § € ©, and that (v, 8) € ®.
Let V(8) be a set in R? defined as
V() := M(0) xR3 .

Let S(v,0) C V(0) be a two-dimensional manifold defined as

S, 0) 1= {(x;,X) € M(0) xR, :x; # (0,0) A X, = ¢p(xy,v,0))}. (30)
Let F(v,0) : V(8) - R’ be a function of (x1, X3) € M(0) x IR3++ given by the right hand side of the system of
differential equations composed of (25) and (26). Consider the following ordinary differential equation.

(.XI/XZ)T = F(xll X2/ v, 6)/ (31)

15
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where (x;,X;) € M(6) x [R?H. A steady state of the system (31) is given by (0,0, X* (v, 6)). By Lemma 2 and by
Proposition 3.2 (0,0, X*(v, 8)) is a source, and its unstable manifold includes {(0, 0)} x IRi +- By Proposition 3.2
the system (31) has a closed orbit in S(v, §). We denote this closed orbit by y(v, 8). Let W(v, v, 8) be a set of all
points in V(8) NN, (v, §) w-limit points of which under the action of the differential equation (31) onto N, (v, )
belongs to (v, 0).8 By Proposition 3.3.iv and v, a solution of the ordinary differential equation (31) starting
from each given point in W(7, v, 8) constitutes an interior optimal solution of the intertemporal optimization
problem (24). We have the following relations by construction and by Lemma 2 and Proposition 3.

S(,0) C W(y,v,0) C N, (v,0)
W(y,v,0) C (M(8)\{(0,0)}) x RL-

Therefore by the definition (30), if W(y, v, 8) is a two-dimensional manifold, then W (v, v, ) coincides with
S(v,0). And if W(7,v,0) = S(v,0), then S(v, 8) constitutes a local stable manifold of the closed orbit (v, 6).

Let (z1,25,491,9,,93) be a set of variables given by the definition (39) in Appendix 3. Then as discussed in
Section 3.3, z;,i = 1,2, are predetermined variables, and g;,i = 1,2,3, are non-predetermined variables. Let
M(0) be the 5 x 5 matrix given by the definition (40) in Appendix 3. Then detM(c¢) # 0, and for x; = (x;,x,) €
M(6) and X, = (X3, X4, X5) € R, we have

(21, 22,91, 92, 93) = (xl,xz,logX3,logX4,10gX5)M((f)T

32
(x1,X5,10g X3,10g X4, 1og X5) = (erZZr‘hrqzr%)(M(U)_I)T- (32)

Let W(%,7,v,0) be a set defined as W (%, 7,v,0) 1= {(xX;,Xy,X3,X4,X5) € M(0) x R 1 (x1,x,,€%,6%,e%) €
Wy, v, 0)}.
Let N, (v, 6) be a set defined as

Ny (v, 0) := {(x1, X5, X3,X4,X5) € R’ : (x1,x,,€%3,e%,e¥) € Ny (v, 0)}.

By construction W(X,v,v,0) C N,(v, ). Let W(Z, 4,7, v, 0) be a set defined as

W(Z,q4,7,v,0) = {(z,q) € R* xR*: (z,q)(M(0) )T € W(Z,7,v,0)}.

Then by construction W(Z, 4, , v, 8) one to one corresponds to W (7, v, §) under the coordinate transformation
(32). Let Pr : R? x R* — R? be a projection operator defined as

Pr(z,q) =z

for (z,q) € R* x R*. Let W(Z,, v, 0) be a set defined as

Wz, v,v,0) :=Pr(W(z,q,7,v,0)).

In the optimal growth model (24) the preference is strictly concave and the technology is convex. Hence if the
optimization problem (24) has an interior solution for a given value of initial endowment, then the optimal solu-
tion is unique for this value of initial endowment, and we infer from this convex structure that any given value
of the predetermined variables z € W(Z, v, v, 8) uniquely corresponds to a value of the non-predetermined
valuables q € R3 in such a way that (z,q) € W(z, 4,7, v, 0). In fact we can show the following lemma by apply-
ing the theorem due to Benveniste and Scheinkman (1979) to the optimal growth model (24). See Nishimura
and Shigoka (2019) for the proof.

Lemma 3
Suppose that (v, 0) € ®. There exists a continuous function (v, ) from W(z,vy,v, 0) to R3 such that

{(z,qQ) EWE,7,v,0) xR’ : q=19(z,v,0)} = WE,q7,7,v,0).
Lemma 3 asserts that the graph of the continuous function (v, 8) fromz € W(z,v,v,0) to q € R3 coin-

cides with W(z,4,v,v,0). Let S(%,v,v,0) be a set defined as S(X,y,v,8) := {(x1,x,,X3,%,,%5) € M(6) x R3 :
(x1,%,,€%3, €%, e%5) € S(7y,v,0)}.
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Let S(Z,4,v, 0) be a set defined as

S(Z,q,7,v,0) :={(z,q) ER*xR*: (z,q)(M(c)™H)T € S(x,v,0)}.

Then by construction S(z, ,y, v, 8) is a two-dimensional manifold and

S, q,7,v,0) CcW(Z,4,7,v,0).

On the other hand by Lemma 3 W(z,4,v,v,0) is included in an at most two-dimensional manifold. Therefore
W(Z,4,7,v,0) is in itself a two-dimensional manifold. Hence by construction W(z, v, v, ) and W(vy, v, 8) are
also two-dimensional manifolds. As mentioned above this implies that S(v, ) constitutes a local stable man-
ifold of y(v,0). Let (z*(v,0),q*(v,0)) be the point that corresponds to (0,0,X*(v,8)) under the coordinate
transformation (32). Then there exists a unique equilibrium for any given value of predetermined variables in
the two-dimensional manifold {z* (v, 8)} U W(Z, v, v, 8). Therefore the following result holds.

Proposition 4

Suppose that (v,0) € ®. The system (31) has a closed orbit 7y (v, 0). The two-dimensional manifold (30) constitutes
a local stable manifold of y (v, 6). There exists a unique equilibrium for any given value of predetermined variables in the
two-dimensional manifold {z* (v, 0)} U W(Z,v, v, 0).
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Appendices

Appendix1

Proof of Lemma 1.

By definition wC—(g+ u)I; = (wl;—(g+)B)C. By construction B is a nonnegative matrix whose Frobenius
root is equal to 1. By Assumption 1.1b w - (g +py) =p+g+opu—(g+u) =p— (1 —0)u > 0. Thus by the
theorem of Perron-Frobenius (Nikaido [1968, Theorem 7.1]) det(wl;—(g + 1)B) # 0, and the inverse matrix of
wl;—(g + 1)B is a non-negative matrix. Since det(wl;—(g + u)B) # 0, det(wC—(g + y)13) # 0 by Assumption
1.2. (wC—(g+ wI;) " 'e; = [(wlz;—(g+ u)B)Cl ey = C N (wl;— (g + #)B) 'e; = B(wl;—(g+ u#)B)'e,. Since B
is a positive matrix, and since (wl;—(g + #)B)~! is a non-negative matrix, each element of (wC—(g + u)I3) e,
is strictly positive. |

Appendix 2

Suppose that detB # 0. Thus C does exist. Let dl-js, i,j =1,2,3,5 = 1,2, be defined as
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diig = — (01 +€31), digp i= 0y

121 7= —(Cgp +C33), gy i=Cyp
diz = —(Cp3 + C33), di3p := Cy3
dyi1 7= €11,y i= — (11 + C31)
dyp1 1= Crpy  tygy = —(C1p + C33)
dy31 1= Cr3, dysy = —(C13 + C33)

dsip 1= Cyq, d3pp 1= Cyy
g1 1= Cpp,  dagy 1= Cpy
da3p = Cy3, d33p 1= 3.

Let ] = I(x) be a function of x € R defined as

o0

1
() =) " (33)

n=1

Note that I = I(x) is an analytical function and that I(0) = 0. Let L = L(x,y) be a 3 x 3 matrix-valued function
of (x,y) € R? defied as

crl(digx +diy)  cipl(digyx +digoy)  c13l(dysyx + disoy)
L(x,y) i= w| cul(dyx +dyipy)  Cpl(dapx + dopaly)  Co3l(dazix +dospy) |- (34)
C31l(dsyy X + dappy)  C3pl(dagy X + dapoy)  C33l(dszy X + dssoy)

Note that each element of L = L(x, y) is countably many differentiable relative to (x,y) € R? and that L(0,0) =
O;, where Oj is the 3 x 3 zero-matrix. Let i = h(x,y) be a function of (x,y) € R? defined as

h(x,y) 1= 1(ci3% + C3Y). (35)

Note that & = h(x,y) is countably many differentiable relative to (x,y) € R? and that /1(0,0) = 0.
By construction we have the following relation.

P p,
H(P,,P,,P;) = wC+L| log IT,log P,
3 3

@l

-1 _ 1 P,

- p P
L e <log L, log —2> .
Py Py

Appendix 3

Let T(0) be a 5 x 6 matrix defined as

0 0 0 1 -1
0 0 0 1 -1
1
1 0 0 0 0 -—
T(0) := q (37)
0 1.0 0 0 -—
q
1
0o 01 0 0 -—
o

By construction the rank of T(¢) is five, and we have
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T(0)

LetZ;,i=1,2,and Q;, i =1, 2, 3 be defined as

Ky

Zl :ZE

K,

,Z2:=K—
3

Let (z;,2,,91,9,,95) be defined as

(21,22,91,92,93) = (1og Zy,log Zy,10g Qy, log Q,, 1og Q).

Let M(c0) be a5 x 5 matrix defined as

M(o): =

> =
[NeS

P2
Ps

S O = O O

O = O O O

o o Q4 o -

Then detM(c) # 0, and its inverse M(c) ™! is given by

Then by construction we have the following relation.

Zy
Zy
71
q2
qs3

Appendix 4

= M(0o)

0 -1

1 -1

0 0

o 0

0 o

1 —1

0 1 -1
1

0 0 ;
1

00 =
a
1

00 =
g

=M(o)™!

» Qp = PiKY, Qp :=P,K7, Qs := P3KY.

Zy
71
q2
qs3

Nishimura and Shigoka e

(38)

(39)

(40)

(41)

Let ¢;; = ¢;;(17) be the (i, j)-element of the inverse matrix of B(1). Let a = a(1, w) be a number defined as
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W o = S \3 s 2 4 =2 = =
a:= E[Cw + (Cp1 + C31)” + C13C33 + €31 (Coy + C34) ]

W s 2 = = =3 - = 3
+ E[CBCZS + C12(C1p + C3) + Cp3 + (Cyp + C33)° ]

w
* Toz 13y | Gl + G G + 8)) (s — Gy + )" 4 Gy = )]
- oy (Gl + B + 6)) @y = + = B+ E)?) (42)
_ mz—cjr:s;y)[(% — Gy + 8D (5 — )]
" wz—ci:*ary)[(fég — C51) (G55 — (C1z + C35)2)].

Appendix 5

Let i = () be the (i, j)-element of the inverse matrix of_B(77). Let f(y,w) = f(x,y,5,w), and g(y, w) =
¢(x,y,1,w) be functions of (x,y) € R* defined as

f(x/]// 1, w) = w(ec_ls(’?)x+523(’7)]/ — e—(521('7)+531('7))x+521(’7)]/)

— wl(€13(1) + C31 (1) + 51 (1)) x — (Co1 (1) — Co3(11))Y ]
g(x/]// 1, w) = w(3513(77>x+523(77)y — 6512”7)"—(512(77)+532<'7))y)

- w[(c’13(17) - 512(77))35 + (523(77) + 512(77) + 532(’7))]/]

Then £(0,0,7,w) = g(0,0,4,w) = 0 and Df(0,0,7,w) = Dg(0,0,17,w) = (0,0), where Df and Dg denote the
derivatives of f and g relative to (x, ), respectively. By the definition (21) we have

flooy,0,n,w) | 0 —@+3pw || x| | fOoy @)
f2(x,y,0,1,w) (2+3nw 0 y sy, w) |

Let @ = d(y, w) be a number defined as

1
a:= E[fxxx +fxyy + 8xxy +gyyy]
(43)

1

where fxy denotes (9*f/9xdy) (0,0, 1, w), etc. See Guckenheimer and Holmes (1983, pp. 152-153).

Appendix 6

Proof of Lemma 2.
_ Note that 1 is the Frobenius root of the positive matrix _]3(17). Let A, (B) and A,(B) l:ze characterisfic roots of
B (%) other than 1. Then we have 1 + A, (B) + A,(B) = trB(y) and A,(B) x A,(B) = detB(). Since trB(y) — 1 =

2 . I _ 1 . . . .
Sz and since detB(y) = ST A4(B) and A, (B) are solutions of the following quadratic equation.
, 2 1
X — X+ = 0.
5+ 1217 + 942 5+ 1217 + 942
The solutions of this equation are givenby x = ——L— (1+iy/4 + 127 + 94?), where i is the imaginary unit. The

5+121n+97

characteristic roots of C(0,7) = _]3(77)_1 are the inverses of 1,A(B), and A,(B). Thus 1 and 1 + iy/4 + 121 + 912
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are characteristic roots of C(0, ). Since w(mw) — (§+u) = (0+g+opu) — (§+ 1) = p— (1 —0)u, this implies that

characteristic roots of w(71)C(0, ) — (§ + )1 are given by p — (1—0)pand p — (1— o) i + iw(77) 4 + 1217 + 917,
The real parts of characteristic roots of w(7r)C(0,%) — (g + u)I; are all equal to p — (1 — o)u. Since m € 11,
po— (1A —=0)u>0. o

Notes

1 Caballé and Santos (1993) treat the case where a hyperbolic steady state has two unstable and one stable roots.

2 Benhabib and Nishimura (1979) has pursued this line of research in continuous time and multisector models of optimal bounded growth.
3 See Chamley (1993), Benhabib and Perli (1994), Benhabib, Perli, and Xie (1994), Benhabib, Meng, and Nishimura (2000), Nishimura and
Shigoka (2006), Mattana, Nishimura, and Shigoka (2009), and Brito and Venditti (2010) for the second approach.

4 We denote the transpose of a given vector a (resp. a given matrix Q) by aT (resp. QT).

5 As shown by Lemma 2 below, (U_B(I/])_l — (g + 1)1, has three unstable roots as its characteristic root.

6 Forr>1,acenter manifold of a system of differential equations given by an r-times continuously differentiable function is an (r — 1)-times
continuously differentiable manifold. Thus one should have r > 1, if one would appeal to the center manifold theorem. In our case we have
checked r > 2.

7 In the previous subsection we have applied the Hopf bifurcation theorem to this diagram.

8 See Hirsch and Smale (1974) for the concept of an w-limit point.
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