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ABSTRACT. This is a digest for the author’s thesis “Formal degrees and local theta corre-
spondence: quaternionic case”. We determine constant occurring in a local analogue of the
Siegel-Weil formula, and describe the behavior of the formal degree under the local theta
correspondence for quaternionic dual pairs of almost equal rank over a non-Archimedean lo-
cal field of characteristic zero. As an application, we prove the formal degree conjecture of
Hiraga-Ichino-Ikeda for the non-split inner forms of Sp, and GSpy,.

1. INTRODUCTION

In the introduction, we explain the backgrounds of our study and the outline of the thesis.

Let F' be a non-Archimedean local field of characteristic 0, let G be a classical group, and
let 7 be an irreducible representation of G(F'). Then, by the local Langlands correspondence
(in general a conjecture), one can define a Langlands parameter (¢r7,) of m, where ¢, is an
L-parameter

b : Wr x SLy(C) = L@,

and 7 is an irreducible representation of the finite group §¢(@) For the definition of @, L3, see
[GI14, §14.1], and for the definition of §¢(é), see [Art06, p.209]. (In Arthur’s paper, the group
is denoted by §¢) We remark that 7, is not necessarily one-dimensional in general, although it
is one-dimensional when G is a non-quaternionic classical group.

One motivation of our study is the formal degree conjecture of Hiraga-Ichino-Tkeda [HII08],
which describes the formal degree in terms of the local Langlands parameter. Here, a formal
degree is an invariant defined on a square integrable representation 7 of a reductive group G over
a local field F' of characteristic 0 so that

[ @) wlaioave) dg = o
G/A

degm

(z1,91) (72, y2)

for all x1,z2,y1,y2 € ™ where A is the maximal F-split torus of the center of G. Here, dg is the
normalized Haar measure as in [GG99, §8]. (In [GG99], it is denoted by ug.) Suppose that G is
connected. Then, the formal degree conjecture asserts that

dim 7,
degm = ———=—7(0, Ad o ¢r, 1))
Cs. (G

Here Cy_ is the centralizer of the image Im ¢, of ¢, in G.

On the other hand, the local theta correspondence in terms of the local Langlands parameter
is also a background. In the non-quaternionic case, this had been conjectured by Adams and
Prasad, and proved by Gan-Ichino [GI16] and Atobe-Gan [AG17] in the (almost) equal cases.
Then, Gan-Ichino [GI14] observed the behavior of the formal degree under the theta correspon-
dence via the parameter-side, and they proved it in the analytical setting. However, in the
quaternionic case, this has not been formulated yet. But the thesis shows that the formal degree
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behaves according to certain rules under the local theta correspondence even in the quaternionic
case.

Now, we explain the outline of the thesis. In the thesis, we analyze the local analogue of the
Siegel-Weil formula, and we obtain a relation between the constant in the local Siegel-Weil for-
mula and local zetas value for enough cases. Here, the constant in the local Siegel-Weil formula
is known to appear in an expression of the ratio of the formal degrees of irreducible represen-
tations corresponding to each other by the local theta correspondence ([GI14, §18]). Hence, to
establish the description of the behavior of the formal degrees under local theta correspondence,
we compute some local zeta values. For the sake of clarity, we set a symbol for each constant.
For a quaternionic dual pair (G(V'),G(W)) of almost equal rank, we denote by ay (W) the lo-
cal zeta value, by as(V, W) the constant in the local Siegel-Weil formula, and by as(V, W) the
proportional constant of the formal degrees which are related to each other by the local theta
correspondence. Then, the goal of the thesis is the determination of the three constant ay (W),
as(V, W), and ag(V, W).

2. SETUP

This section is a summary of §§2-7.2 and §§8-9 of the thesis.

First, we explain the setting related to the doubling. Let F' be a non-Archimedean local field
of characteristic 0 and let D be a division quaternion algebra over F. Fix € € {£1}. Let V be a
right m-dimensional D vector space equipped with a map (, ):V x V — D such that

o (za+ yb, zc) = a*(z,2)c+ b*(y,2)c for z,y,z € V and a,b,c € D,

e there is an € = 1 such that (y,x) = e(z,y)* for x,y € V,
and let W be a left n-dimensional D vector space equipped with a map (, ) : W x W — D such
that

o (ax + by, cz) = alx,z)c* + bly, z)c* for x,y,z € W and a,b,c € D,

e there is an ¢ = £1 such that (y,z) = —e(z,y)* for z,y € W.
Here we denote by * : D — D the main involution. We assume that (, ) and (, ) are non-
degenerate. We put G(V') and G(W) the isometry groups of (V, (, )) and (W, (, }) respectively.
This pair (G(V),G(W)) is called a quaternion dual pair. We assume that 2n —2m —e = 1. We
consider normalized Haar measures on G(V) and G(W) as in [GG99, §8]. If we take a basis e

for V, then we denote by d(V) the modulo F** class of the reduced norm of R = (e;, €j)ij €
GL,,, (D), which is called the discriminant of V. It is known that 9(V) does not depend on the
basis for V. We denote by xy the character of F* defined by

xv(a) = (a,0(V))r

where (1, )r is the Hilbert symbol of F. Moreover, we introduce the doubled space: let W =
W x W and let {, )7 : W™ x W — D be the map given by

(w1, 22), (y17y2)>u = (z1,y1) — (T2,92)

for @y, 29,y1,y2 € W. A notable thing is that W possesses the polar decomposition W= =
W2 @ WV where

W ={(z,z) € W" | 2 € W}, and
WY ={(z,—z) e W |z € W}.

We denote by P(W#) by the parabolic subgroup preserving W#. For a character y of F'x, we
denote by I(s,x) the space of smooth functions F' on G(W") satisfying

F(pg) =6(p) - x(A(p)) - F(9)
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for p € P(W#) and g € G(W"). Here, we denote by A(p) the inverse of the reduced norm
on End(W#) of the restriction p|yya. Then, we define the doubling zeta integral: for a section
F € I(s,x) and for a matrix coefficient £ of an irreducible representation 7 of G(W), we define
ZYEO= [ Pul@)élo)dg
G(W)

where ¢ : G(W) — G(W") is an embedding given by t(g)(x1,x2) = (1 - g,22). It is known that
the integral convergent absolutely when Rs > 0, and it admits a meromorphic continuation to
C. Note that the doubling ~y-factor, which is expected to coincide with the standard ~y-factor,
appears in a local functional equation of the doubling zeta integrals. (In the quaternionic case,
this is established in [Yam14], [Kak20].)

Now we explain the Weil representation which we use in the thesis. Fix a non-trivial ad-
ditive character ¢ : ' — C*. Let wi’ be the Weil representation of the reductive dual pair

(G(V),GIWD)). If we fix a basis ¢/ = (€, ...,¢€),) for W& so that ¢},... e/, span W2 and
€1y, €h, span WV, we define the Weyl element 7 of G(W®) by

T(ej) =€) i=1,...,n,

T(e)=—ee;_, i=n+1,...,2n.
Then, wi is realized on the space S(V ® WV) of the Schwartz-Bruhat functions on V@ WV,
and the action of G(V) x G(W®) on S(V @ WV) is computed by Kudla [Kud94, p.40] as follows:

Proposition 1. Let ¢ € S(V @ WV). Then, wij(h,g)¢ = Bv(g)r(g9)(¢p o h™"). More precisely,
o [wy(h,1)g](z) = ¢(h~ ) for h € G(V),
(w3 (1,m(a)@](x) = By (m(a)|N(a)| " ¢(x - 'a* ") for a € GL(WY),

o [wy(1,0)¢](z) = Y(;((z,z - b))p(x) for be UWS),
e the action of the Weyl element T is given by

W3 (1, 7)dl(z) = By (r) - / B, ym))) () dy

Vowyv 2
where dy is the self-dual measure of V@ WY with respect to the pairing

VoWV xVeWY =C:xy— ¢(%<<x,y7>>)~

Here, we denote by N the reduced norm of Endp(WV) over F, and By (g) is the constant given
by

e By(m(a)) =1,8y(r) = (—=1)™" in the case e =1, and

o fBy(m(a)) = xv(N(a)),Bv(T) = (—1,det V)%(—=1)"" (=1, —1)B™ in the case e = —1.

Finally, we explain the local theta correspondence. Put W =V @pW. We denote by Mp,, (W)
the metaplectic group, and by j : G(V) x G(W) — Mp,, (W) a splitting of the embedding
J:GW)x G(V) — Sp(W): (g,h) — g h.
For an irreducible representation 7 of G(W), we define ©(m, V) as the largest quotient module
(G wy @ 7))

of j*wy @ m¥ on which G(W) acts trivially. This is a representation of G(V). We define the
theta correspondence 8 (m, V) of m by

0 (ﬂ- V) _ 0 (@d;(ﬂ',V) - 0)7
Y77 the maximal semisimple quotient of Oy (m, V) (Oy(m, V) #0).
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Then, the following property called the Howe duality holds, which is completely proved in [GS17,
Theorem 1.3] in the quaternionic case.
Proposition 2 (Howe duality). For irreducible representations my,my of G(W), we have

(1) 8y(m1,V) is irreducible if it is non-zero,
(2) T = Mo if@w(ﬂl, V) = 9¢(7T2,V) 7é O,
(3) 9@/1 (Wla V)v = Qa(ﬂ'i/, V)

3. MAIN RESULTS

This section is a summary of §7.3 and §§10-11 of the thesis. In this section, we define the
three invariants aq (W), az(V, W), and a3(V, W) which we mentioned in §1, and we state their
explicit formulas.

3.1. The constant «;(W). Take a basis e = (e, ..., e,) for W. We denote R = ((ei,eﬁ)éf]’ €
GL,(D), and we denote by N(R) its reduced norm. Moreover, we take the bases ¢/~ =
(€},...,¢€h,) for W defined by

n
e; = (e, ei) €;l+i = Zajk(ei, —éi)
k=1

for i = 1,...,n, where (a;jx)jx = R™'. Then, we choose the maximal compact subgroup K
of G(W") preserving the lattice Ope} @ -+ ® Opel,, of W™. We denote by f2 the unique
K-invariant section of I(s, 1) with fJ(1) = 1, and we denote by £° the matrix coefficient of the
trivial representation with £°(1) = 1. We put

ar (W) := 2" (f7.€°)
where p =n — §. Then, we have:

Proposition 3. (1) In the case —e =1, we have

(W) = |2|;(2n+1) . |N(R)|7”7% .q*(ﬂ%”%]ﬂ%%) . ]._.[(1 + q7(2i71))'
i=1
(2) In the case —e = —1, we have

ar (W) = 237D N (R)| ™+ - g~ LI 13D) . T (1 + D).

i=1
3.2. The constant as(V,W). We choose the self-dual Haar measure on V ® WV with respect
to the pairing
1
Ve WY xV & WY = C: ($7y) — ¢(§<<xay7->>)
where 7 is the Weyl element in G(W") defined by

{7‘(62)6;+i i=1,...,n,

’7'(6;) :—ge;_n z:n+1,,2n

Then, we define the map Z by
T(6.6) = | 5106 dn
aw)

for ¢, ¢’ € S(V ® WV). Here, we denote ( , ) the L?*inner product on S(V ® WV). On the
other hand, we define the map &€ : S(V ® WV)2 — C as follows: for ¢ € S(V @ WV), we define
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FyeI(—3,xv) by Fylg) = wy (9)¢](0), and we choose F;; € I(3,xv) so that M (%, xv)F! = Fy
where M (s, xv) : I(s,xv) — I(—s, xv) is the intertwining operator defined by

MRl = [ (g ) ax

for F € I(s,xv). Here, dX is the self-dual Haar measure on u with respect to the pairing
uxu—C:(X,Y) > (T(XY))
where T is the reduced trace on M, (D). Then the map & is defined by
£6.¢)= [ Flu)Falig) dg
G(W)
for ¢, ¢’ € S(V@WV). The maps Z and £ are both G(V)xG(V)x AG(W )-equivalent functionals.
On the other hand, it is known that the space of G(V) x G(V) x AG(W)-equivalent functionals
Atwy @y — C

is one dimensional. Thus, we can define as(V, W) as the non-zero constant satisfying 7 =
az(V,W) - €. Then our second result is the following:

Theorem 4. Put p=n — 5. Then we have
n—1 .
—2np+n(n—1) CF(l — 22)
as(V,W) =12 2P |N(R)|P - —
(VW) = 27 V- TG
x 2(_1)717(1 _anva)ile(%vx‘/;'l/}) (_6 = 1)7
1 (—e=-1).

3.3. The constant a3(V,W). For an irreducible representation o of G(V') and for a character
x of FX, we denote by 7V (s,0 x X, 1) the ~-factor defined by the functional equation of the
doubling zeta integrals. Recall that this ~-factor is expected to coincide with the standard -
factor. It is known that 6, (7, V) is square integrable if 7 is square integrable and 8y (w, V') # 0.
Moreover, it is proved that there is a constant as(V, W) such that

deg
deg 91/1 (7T7 V)

for all square integrable irreducible representations m so that 6, (m, V) # 0. This follows from
the existence of the proportional constant as(V, W) by a Gan-Ichino’s observation using a local
analogue of the proof of Rallis inner product formula [GI14, §18]. In the thesis, we determine
the constant az(V, W):

=az3(V,W) - wy(-1) -’yV(O,Gw(ﬂ', V) X xw, )

Theorem 5. We have

a _JED v (=De(xva ) (me=1),
3(V, W) {%-Xw(—l)e(é,xw’qp) (—e=—1).

4. OUTLINE OF THE PROOFS

This section is a summary of §§12-19 of the thesis. First, we compute a1 (W) in the case where
either W is anisotropic or R € GL,,(Op). In the case where W is anisotropic, we compute it by
using the local functional equation of the doubling zeta integral. In the case R € GL,(Op), we
use the following lemma, which relates the doubling zeta integral with the intertwining operator:
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Lemma 6. For f € I(p,1), we have

/“ ﬂ@ﬂﬂww#w*wmwy/ f(ru) du
G(W)

U(W2)
where
"(")—* 1) Cr(s=nty) Cr(25—2i) _
mO(S) — |2| 2 zn(n+ )C§(5+n+ Hz 0 (F(2§+2sn iz 3) (_6 - 1)7
n(Tl ——nn 1 C (25 22) o
R VK (—e=—1).

Then, we compute ay(V, W) in the case where either V' or W is anisotropic. This part is
the key ingredient of the thesis. Suppose that V is anisotropic. In this case, we can compute
Z(p,¢') and E(¢p, ¢') explicitly when the support of ¢ is sufficiently small. More precisely, for ¢
in S(VeWV) and t € Z, we define ¢, € S(V @ WV) by

() = g~ " P(aw)

where wp is a uniformizer of F. Then, we have:
Lemma 7. Let ¢,¢' € S(V @ WV). For sufficiently large t, we have
(¢ @) = ¢~ "™ G(V) | Fy(1) Fyr (1),

and
E(dr,¢') = m®(p) " ar (W)g™ "™ Fy (1) Fy (7).

Then, suppose that W is anisotropic and V is isotropic. It only occurs in the case where
e=1,dimV =2, dimW = 3, and yw = 1. In this case, if we take a certain lattice L of V@ WV
and denote by 1, the characteristic function of L, then we can compute Z(1,17) and £(11,1z)
explicitly. Thus, we have the formula of as(V, W) in the case where either V or W is anisotropic.

Then, we compute az(V,W). The two constant as(V, W) and a3(V, W) are related to each
other by considering a local analogue of the Rallis inner product formula:

Lemma 8. We have

1 2np—n(n—3) — pomts F(27’)
0s(V W) =5 - ea(V, W) e(G) - 12" N R - [T

o P =y, 9) (me=1),
xw (=1)e(5, xw, ) (—e=-1).
Proof. Similar to [GI14, §18]. O

Hence, we have Theorem 5 in the case where either V or W is anisotropic. To complete the
proof of Theorem 5, we consider parabolic inductions.

Lemma 9. we have
Cy‘g(‘/vl7 W’) = a3(V7 W)

Proof. We prove this lemma in the same line with [GI14, §§20.3-20.7]. However, we need to
prepare some properties of representations of quaternionic unitary groups. Let W/ = X +W + X*
be another (—e)-Hermitian space where X, X* are isotropic subspaces with dim X = dim X* =
t and X + X* is the orthogonal complement of W. Let m be an irreducible supercuspidal
representation of G(W), let 7 be an irreducible supercuspidal representation of GL(X). We
analyze poles of Plancherel measures, and we conclude that there is a positive real number

sg > 0 such that Indgg(v)/) 7w W 74, has a square integrable irreducible subquotient 7. Here,

P(X) denotes the parabolic subgroup of G(W’) preserving X, and 75, is the representation
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of GL(X) defined by 75,(9) = |N(g)|*°7(g) where N(g) is the reduced norm. Moreover, we
consider another e-Hermitian space V' =Y + V + Y* where Y, Y* are isotropic subspaces with
dimY =dimY™* =t and Y + Y™ is the orthogonal complement of V. Then, when either V or W
is anisotropic, we prove that there exists an irreducible supercuspidal representation 7 of G(W)

so that 0y (m, V') is non-zero supercuspidal. Then, one can prove that Indggi 0 (m, V) also has

a square integrable irreducible subquotient o’. Moreover, we have o’ = 0, (7', V'). As in [GI14],
we use the Heiremann’s result [Hei04] to describe degn’ in terms of degn and deg7. The same
argument holds for ¢’. Therefore, we have as(V',W') = as(V, W). O

This completes the proof of Theorem 5. Moreover, by tracing the above argument conversely,
we have
Theorem 5 = Theorem 4 = Proposition 3.

Thus, we obtain the complete formulas for a3 (W), az(V, W), and as(V, W).

5. FORMAL DEGREE CONJECTURE FOR THE NON-SPLIT INNER FORMS OF Sp4, GSp4

As an application of Theorem 5, we prove the formal degree conjecture for the non-split
inner forms of Sp, and GSp,. For these groups, the local Langlands correspondence has been
established by Choiy [Chol7] and by Gan-Tantono [GT14]. Let G be the non-split inner form
of Sp, or that of GSp,, let m be a square integrable irreducible representation of G. Then,
the Langlands parameter of « is defined via the local theta correspondence between G and the
(similitude) unitary group of a skew-Hermitian space of two or three dimensional. On the other
hand, by accidental isomorphisms, the formal degree conjecture for the similitude unitary groups
above is available. Hence, we have:

Corollary 10.
dimn
degm = ——(0, 7, Ad, ¢
#Co ( )
where (s, m, Ad, ) is the Adjoint y-factor of .
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