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Abstract. In this paper, we determine a constant occurring in a local analogue of the Siegel-

Weil formula, and describe the behavior of the formal degree under the local theta correspon-
dence for quaternion dual pairs of almost equal rank over a non-Archimedean local field of
characteristic 0. As an application, we prove the formal degree conjecture of Hiraga-Ichino-
Ikeda for the non-split inner forms of Sp4 and GSp4.
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1. Backgrounds and Introduction

1.1. Motivations. The theory of automorphic representations is a common generalization of
that of Dirichlet characters and that of classical modular forms. This is formulated on the
groups of the adelic points of reductive groups over global fields. The setting we will consider
in this paper is the local aspect of it, which we explain in more detail. Let F be a local
field, let G be a reductive group over F , and let G(F ) be the group of its F -valued points.
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Suppose that F is non-Archimedean. Then, as the local aspect, we discuss smooth admissible
representations of G(F ), which are defined to be representations on C vector spaces that have
direct sum decompositions into irreducible representations with finite multiplicities when they are
restricted to an open compact subgroup C of G(F ). Note that G(F ) possesses an open compact
subgroup (for example, Iwahori subgroups (§5.3)) since F is non-Archimedean. On the other
hand, when F is Archimedean, we need to discuss moderate growth representations or (g,K)-
modules (for example, see [Cas89]), but we do not explain details of them because our interest
in this paper is totally non-Archimedean cases. It is conjectured that the representations above
are parametrized by “Langlands parameters” (§1.3). Note that in §1.3 we omit the Archimedean
case. This conjecture gives a lot of motivations in representation theory. Actually, the main
result in this paper has a background of the formal degree conjecture (§1.5), which describes the
formal degree in terms of the Langlands parameter (§1.3). Here, the formal degree is an invariant
associated with a square integrable irreducible smooth admissible representation which is defined
to have a non-zero square integrable matrix coefficient (see §1.5). More precisely, we approach
the formal degree conjecture by using a correspondence between irreducible representations of
two different classical groups (see §1.2), which is called the theta correspondence (see §1.6). The
main result describes the behavior of the formal degree under the theta correspondence between
“quaternionic dual pair”. This extends a result of Gan-Ichino (see §1.7), which will be explained
more precisely in §1.8.

Finally, we note that “a smooth admissible representation over C” of G(F ) will be abbreviated
as “a representation” of G(F ) in this paper.

1.2. Classical groups. Now, we introduce the classical groups. Advantages to consider this
class of groups are that they have explicit constructions, a simple classification, and particular
methods in the representation theory (for example, the doubling method (§1.4) and the theta
correspondence (§1.6)). Let F be a local field of characteristic 0, and let E be either F itself,
a 2-dimensional semisimple F -algebra, or a quaternion algebra over F . Although our interest is
primarily when E is division, we allow E to be split (i.e. E = F × F or E = M2(F )) since they
appear as a localization of global division algebras. We denote by ∗ : E → E the main involution
over F , and by Cent.E the center of E. Let W be a free right E module of rank n equipped
with a map ⟨ , ⟩ :W ×W → E such that

• ⟨ , ⟩ is either 0 or non-degenerate,
• ⟨ax+ by, cz⟩ = a⟨x, z⟩c∗ + b⟨y, z⟩c∗ for x, y, z ∈W and a, b, c ∈ E,
• there is an ϵ = ±1 such that ⟨y, x⟩ = −ϵ⟨x, y⟩∗ for x, y ∈W .

Such W is called (−ϵ)-Hermitian spaces. We denote by G(W ) the algebraic group

{g ∈ GL(W ) | ⟨gx, gy⟩ = ⟨x, y⟩ for all x, y ∈W}.

The groups G(W ) are called classical groups. Let e = (e1, . . . , en) be a basis for W over E.
We define R = (⟨ei, ej⟩)i,j ∈ GLn(E), and we define

d(W ) = N(R)×


(−1)

1
2n(n−1)2−n (E = F ),

(−1)
1
2n(n−1) ([E : F ] = 2),

(−1)n ([E : F ] = 4).

Here, N denotes the reduced norm of Mn(E) over the center Cent.E of E. The modulo (F×)2

class of d(W ) does not depend on the choice of the basis, and it is called the discriminant of
W . Note that the isometry class of W are determined by the dimension, the discriminant, the
Hasse invariant, and the signature (for details, see Scharlau’s book [Sch85]). We denote by χW
the character of (Cent.E)× given by
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• χW (a) = (a, d(W ))F for a ∈ F where ( , )F is the Hilbert symbol of F when either
E = F or [E : F ] = 4,

• a fixed character so that χW |F× = χnE where χE is the quadratic character of F×

associated with E via the local class field theory when [E : F ] = 2.

Then, we will denote by

• Sp(W ) instead of G(W ) when E = F and −ϵ = −1,
• O(W ) instead of G(W ) when E = F and −ϵ = 1,
• U(W ) instead of G(W ) when E is a quadratic extension field of F and −ϵ = 1.

Moreover, we will consider a double cover Mp(W ) of Sp(W ), which is called the metaplectic
group of W (for definition, see e.g. [GS12], [RR93, Theorem 4.1]). Although the metaplectic
group Mp(W ) does not have a structure of an algebraic group, we may include it in the classical
groups. Since we consider the theory of inner forms (see §1.3.2), it is useful to introduce particular
notations for quasi-split groups;

• for a positive integer t, we denote Sp(2t) = Sp(W ) for W with E = F , −ϵ = −1 and
dimW = 2t;

• for a positive integer t and a quadratic character χ, we denote O(2t, χ) = O(W ) for W
with E = F , −ϵ = 1, χW = χ, and W has a t dimensional isotropic subspace;

• for a non-negative integer t, we denote O(2t + 1) = O(W ) for W with E = F , −ϵ = 1,
and W has a t-dimensional isotropic subspace;

• we denote U(n) = U(W ) for W with [E : F ] = 2, and W has a ⌊n/2⌋ dimensional
isotropic subspace.

Let W be a non-degenerate n-dimensional (−ϵ)-Hermitian space. Then, it is known that G(W )
is an inner form of one of Sp(2t), O(2t, χ), O(2t + 1), U(n). Here, we put t = ⌊n/2⌋ (more
precisely, see §1.3). As the local Langlands correspondence which we will see in §1.3 indicates,
the representation theory of G(W ) is expected to have some similarities to that of the quasi-
split inner form. However, in general, the representation theory for quaternionic unitary groups
might be more complicated and is less developed than that for non-quaternionic classical groups.
Because our result is an extension work to quaternionic unitary groups, we will pay more attention
to the difference between them in the later subsections.

1.3. Local Langlands correspondence. Now, we explain the local Langlands correspondence.
Roughly speaking, the local Langlands correspondence (in general a conjecture) is a classification
theory of the irreducible representations of reductive groups over a local field, which is a far
extension of the highest weight theory for compact Lie groups. Many invariants of irreducible
representations are expected to be interpreted in terms of Langlands parameters (for example,
see §1.4, §1.5). The main result of this paper has a background of the “Langlands functoriality”:
it compares the formal degrees of two representations whose Langlands parameters would be
related to each other.

1.3.1. L-parameters. Let F be a non-Archimedean local field, and let G be a connected reductive
group over F . We omit the Archimedean theory for simplicity. We denote by F s the separate
closure of F . For a Galois extension E/F , and by ΓE/F its Galois group.

We define the Weil group by

WF = ⟨I,Fr⟩
where I is the inertia subgroup of ΓF s/F and Fr is a Frobenius element of F . The structure of
the topological group of WF is defined so that a fundamental neighborhood system of 1 ∈ WF

consists of the open subgroups of I. Moreover, we define the Langlands group by

LF =WF × SL2(C).
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Let Ĝ be the Langlands dual group of G, and let LG be the L-group of G. We do not recall here

the definition, but we give Ĝ and LG explicitly for quasi-split classical groups listed in §1.2;
• if G = GLn, then Ĝ = GLn(C), and LG is the direct product GLn(C)×WF ;

• if G = Sp(2n), then Ĝ = SO(2n+1,C) and LG is the direct product SO(2n+1,C)×WF ;

• if G = Mp(2n), then Ĝ = Sp(2n,C) and LG is the direct product Sp(2n,C)×WF ;

• if G = O(2n, χ), then Ĝ = O(2n,C) and LG is the subgroup

{(g, w) ∈ O(2n,C)×WF | det(g) = χ(w)},
and LG→WF is the natural projection;

• if G = O(2n+ 1), then, Ĝ = (Sp(2n,C)× {±1}), and LG is the subset

{(g, χW (w), w) | g ∈ Sp(2n,C), w ∈WF }
of the direct product (Sp(2n,C)× {±1})×WF ;

• if G = U(n), then LG is the semi-direct product GLn(C)⋊WF . Here the action of WF

on GLn(C) is given by

w · g =

{
g (w ∈WF ),

Φn
tg−1Φ−1

n (w ∈WF \WE)

where Φn is a matrix whose (i, j)-component is written by the Kronecker’s delta (−1)i−1δi+j,n+1

for each i, j.

Note here that, although they are not an algebraic group (resp. not connected), we listed the
metaplectic groups (resp. the orthogonal groups) because they are necessary when we consider
the theta correspondence (§1.6 below). An L-parameter for G is a homomorphism

ϕ : LF → LG

so that ϕ|WF
is continuous, ϕ(Fr) is semisimple where Fr is the Frobenius element inWF , ϕ|SL2(C)

is an algebraic homomorphism, the image Im(ϕ) of ϕ is not contained in any non-relevant Levi
subgroup of LG (see [Bor79]), and the following diagram is commutative:

LF
ϕ //

��

LG

��
WF WF

where the vertical maps are natural projections.

1.3.2. Inner forms. Let G1 and G2 be two reductive algebraic groups over F . We denote by
Inn(G) the algebraic group consisting of the inner automorphisms of G, which is isomorphic
to G/Z where Z is the center of G. Then G2 is said to be an inner form of G1 if there is an
isomorphism Ψ : G1 → G2 over F s and a 1-cocycle c ∈ H1(ΓF s/F , Inn(G1)) such that the action
of ΓF s/F on G2(F

s) is given by

ΓF s/F ×G2(F
s) → G2(F

s) : (γ, g) 7→ Ψ(cγ(γ ·Ψ−1(g)))

where γ · g is the action of ΓF s/F on G1. For classical groups, it is known that;

• the inner forms of GLn are all GLn/d′(D
′) so that D′ is a central division quaternion

algebra over F of [D′ : F ] = d′
2
for d′|n;

• in the case where E = F , −ϵ = 1, and dimW = 2t, then O(W ) is an inner form of
O(2t, χW );

• in the case where E = F , −ϵ = 1, and dimW = 2t + 1, then O(W ) is an inner form of
O(2t+ 1);
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• in the case where E is a quadratic extension field of F and dimW = n, then U(W ) is an
inner form of U(n);

• in the case where E is a division quaternion algebra over F , −ϵ = 1, and dimW = n,
then G(W ) is an inner form of Sp(2n);

• in the case where E is a division quaternion algebra over F , −ϵ = −1, and dimW = n,
then G(W ) is an inner form of O(2n, χW ).

Now we explain some basic properties of the inner forms. Let G be a connected quasi-split
reductive group over F , and let G′ be an inner form of G. First, we have Φ(G′) ⊂ Φ(G). Second,
there is an isomorphism

H1(ΓF s/F , Inn(G)) ∼= Hom(Z(Ĝsc)
ΓFs/F ,C×)

(see [Kot84, Proposition 6.4]). Here, we denote by Z(Ĝsc) the center of the simply connected

cover of the adjoint group Ĝad of Ĝ. We denote by ζG′ the character of Z(Ĝsc)
ΓFs/F which is

associated with the inner form G′ of G by the above correspondence. We also consider the case
G = O(2t, χ). Then, for an inner form G′ of G, we denote by ζG′ the character ζG′◦ of the group

Z(Ĝ◦
sc)

ΓFs/F . Here, G′◦ denotes the Zariski connected component of G′.

1.3.3. Local Langlands correspondence. The local Langlands correspondence is usually formu-
lated on a connected reductive group. But as explained in §1.3.1, we also need to consider a
bit different types of groups. Hence, for a while, we assume that G is a classical group. We

denote by ΦF (G) the set of Ĝ-conjugacy classes of L-parameters for G. By the local Langlands
conjecture, we expect a finite to one map

Π(G(F )) → ΦF (G) : π 7→ ϕπ

where we denote by Π(G(F )) the set of equivalent classes of the irreducible representations of
G(F ) (see [Bor79, Chapter III]). For the connection between the maps for even orthogonal groups
and those for even special orthogonal groups, see [AG17, §3.6]. Note that, for an odd orthogonal
group, the definition of the L-parameter in Atobe-Gan [AG17] differs from that of [GI14]. In
this paper, we use the latter one. For a metaplectic group, we consider the set of the genuine
irreducible representations instead of Π(G(F )), and the above map is defined by using the local
theta correspondence (see [GS12]). In any case, for ϕ ∈ ΦF (G), we denote by

Πϕ(G(F )) = {π ∈ Π(G(F )) | ϕπ ∼ ϕ},

and we call it the L-packet for ϕ. Here, “∼” denotes the conjugacy equivalence by Ĝ. We are
then interested in the internal structure of Πϕ(G(F )). We explain here an expectation based on
a conjecture of Arthur [Art06]. Note that Arthur discussed only tempered L-packets, but we
can extend the discussion to non-tempered ones for at least classical groups (see [SZ18]). Denote

by Cϕ(Ĝ) the centralizer of Imϕ in Ĝ, by Sϕ(Ĝ) the image of Cϕ(Ĝ) in Ĝ/Z(Ĝ), by S̃ϕ(Ĝ) the

preimage of Sϕ(Ĝ) in the simply connected cover Ĝsc of Ĝ/Z(Ĝ), and by S̃ϕ(Ĝ) the component

group π0(S̃ϕ(Ĝ)). If we take a character ζ ′G of Z(Ĝ◦
sc) so that its restriction to Z(Ĝ◦

sc)
ΓFs/F is

ζG, then we have a bijection

Πϕ(G(F )) → I(S̃ϕ(Ĝ), ζ ′G)(1.1)

(see [Kal18, §4.6]). Here, we denote by I(S̃ϕ(Ĝ), ζ ′G) the set of the irreducible constituents of

Ind
S̃ϕ(Ĝ)

S̃ϕ(Ĝ◦)
ρ for all irreducible representations ρ of S̃ϕ(Ĝ◦) with Hom

Z(Ĝ◦
sc)
(ζ ′G, ρ) ̸= 0. Note that

the map may not be canonical, and that is an obstacle to formulate the “endoscopic character
relation”. Note that Kaletha discussed how to remove this ambiguity (see [Kal16, §5]). However,
it has no effect on the formulation of the formal degree conjecture (see §1.5). Therefore, in this
paper, for an irreducible representation π of G, we define the Langlands parameter (ϕ, η) of π
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to be a pair consisting of the L-parameter ϕ = ϕπ and an irreducible representation η associated
with π by the map (1.1).

The local Langlands correspondence has been established for

• the general linear group GLn by Harris-Taylor [HT01], by Henniart [Hen00], and by
Scholze [Sch13],

• the quasi-split special orthogonal groups SO(2n+ 1), SO(2n, χ) by Arthur [Art13],
• the symplectic group Sp(2n) by Arthur [Art13],
• quasi-split unitary groups U(n) by Mok [Mok15],
• (non-quasi-split) unitary groups U(W ) by Kaletha-Minguez-Shin-White [KMSW14].

For quaternionic unitary groups, the Langlands correspodence has not been established yet in
general. However, thanks to accidental isomorphisms, it is available for inner forms of O(2),
O(4), Sp(4) (see [Cho17]).

1.4. Local factors. L-functions have contributed to the development of number theory. The
local L-factor of an irreducible representation of G(F ) is a far generalization of the p-factor of the
Eular product of Dirichlet L-function, which is an invariant associated with a Dirichlet character.
By using the Galois side (Langlands parameter side), we can define various local L-factors in a
unified manner: let ρ be a finite-dimensional representation of the local Langlands group LF .
Then, ρ decomposes as ⊕

k≥0

Sk ⊗ Symk

where Sk is a representation of WF and Symk is the unique irreducible representation of SL2(C)
of dimension k + 1. Then we define the L-factor of ρ by

L(s, ρ) =
∏
k≥0

det(1− q−
k
2−sϕ(Fr)|SIk)

where Fr is a Frobenius element in WF and I ⊂ WF is the inertia subgroup. Now, let G be a
reductive group over a local field F , let π be an irreducible representation of G(F ), and let r be
a finite-dimensional representation of LG. Then, we define a local L-factor

L(s, π, r) := L(s, r ◦ ϕ)

where ϕ is the L-parameter associated with π.
Then, we define the local ϵ-factor, which appears in the global functional equation of L-

functions as a factor of an Euler product. Fix a non-trivial additive character ψ of F . Let
π be an irreducible representation of G(F ), and let ϕ be its L-parameter. Then, for a finite-
dimensional representation r of LG, we define the ϵ-factor by

ϵ(s, π, r, ψ) := ϵ(s, r ◦ ϕ, ψ)

where the right-hand side is the ϵ-factor defined in [GR10, §2.2].
Finally, we define the local γ-factor γ(s, r, π, ψ) by

γ(s, r, π, ψ) = ϵ(s, r, π, ψ) · L(1− s, r, π∨)

L(s, r, π)

where π∨ is the contragredient representation of π.
An advantage to consider the γ-factor is the “multiplicativity” for some r. More precisely,

if π is an irreducible subquotient representation of IndGPσ for some parabolic subgroup P of G
and some irreducible representation σ of the Levi subgroup M of P , then the γ-factor of π is
expected to be described by γ-factors of σ. (At least when r is the standard representation
std (see §1.4.2) or r is an irreducible representation ri of [Sha90, p. 278] for i = 1, 2, . . .,
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the multiplicativity is expect to be satisfied). Moreover, the global functional equation can be
interpreted as “

∏
v γv(s, r, π, ψ) = 1” (although the left-hand side does not converge).

1.4.1. Adjoint γ-factor. We denote by Z the center of G, by ĝ the Lie algebra of LG, and by ĝ0
the Lie algebra of L(G/Z). Then we define a finite-dimensional representation

Ad : LG→ GL(ĝ0)

by Ad(g)X = gXg−1 for g ∈ LG and X ∈ ĝ0. This representation is called the adjoint represen-
tation, and the γ-factor γ(s, π,Ad, ψ) is called the adjoint γ-factor. This γ-factor appears in the
formulation of the formal degree conjecture (§1.5).

1.4.2. Standard γ-factor. We define a finite dimensional representation std case by case:

• std : GLn(C)×WF → GLn(C) : (g, w) 7→ g,

• std : GLn(C)⋊WF → GL2n(C) : (g, w) 7→
(
g 0
0 Φn

tg−1Φ−1
n

)(
0 In
In 0

)aχE (w)

where Φn

is a matrix whose (i, j)-component is written by the Kronecker’s delta (−1)i−1δi+j,n+1

for each i, j,

• std : GL1(C)×GL1(C)⋊WF → GL2(C) : (z1, z2, w) 7→
(
z1 0
0 z2

)(
0 1
1 0

)aχE (w)

,

• std : {(g, χW (w), w) | g ∈ Sp2t(C), w ∈WF } → GL2t(C) : (g, χW (w), w) 7→ g,
• std : SO2t+1 ×WF → GL2t+1(C) : (g, w) 7→ g,

• std : SO2t ⋊WF → GL2t(C) : (g, w) 7→ gw
aχ(w)
1

where χE is the character of F× (or WF ) associated with E/F if it is a quadratic field extension,
and

aχ(w) =

{
0 (χ(w) = 1),

1 (χ(w) = −1)

and w1 is an element of O(2t) so that det(w1) = −1.
Let G be either 

Mp(W )×GL1 if E = F and (−ϵ) = −1,

G(W )× ResE/F GL1 if [E : F ] = 2, or

G(W )×GL1 otherwise.

Then we denote by std the representation std⊠ std of LG. Now we consider the γ-factor
γ(s, π⊠ω, std, ψ) for G. We call it the standard γ-factor, and we will denote it by γ(s, π⊠ω, ψ)
abbreviating “std”.

1.4.3. Doubling γ-factor. The standard γ-factor has an analytic definition by using the doubling
method of Piatetski-Shapiro and Rallis [GPSR87, PSR86]. An advantage of the analytic defi-
nition is that one can relate directly the representation theory with the local factors. Actually,
the standard local factors have an application to the non-vanishing problem for the theta cor-
respondence. (See [HKS96], [GS12], [GI14, Proposition 11.2]. See also [Yam14] for a global
application.)

Let W2 be an (−ϵ)-Hermitian space W ×W equipped with a (−ϵ)-Hermitian form

⟨(x1, y1), (x2, y2)⟩2 = ⟨x1, x2⟩ − ⟨y1, y2⟩

for x1, x2, y1, y2 ∈ W . We denote by W△ the diagonal subset of W2, and by P (W△) the
parabolic subgroup preserving W△. For a character ω of F×, we denote by I(s, ω) the repre-
sentation of G(W2) induced by the character ωs ◦∆ of P (W△), which is given by ωs(∆(p)) =
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ω(N(p|W△)−1|N(p|W△)|−s for p ∈ P (W△). (Here, we denote by N(x) the reduced norm of
x ∈ End(W△).) Consider an intertwining operator

M(s, χ) : I(s, ω) → I(−s, θ(ω)−1).

Besides, for an irreducible representation π of G(W ), we define the doubling zeta integral

Z(fs, ξ) =

∫
G(W )

fs(g, 1)ξ(g) dg

for fs ∈ I(s, ω) and a matrix coefficient of π. Then, they satisfy the following functional equation:

Z(M(s, ω)fs, ξ) = Γ(s, π, χ)Z(fs, ξ).

Then, by using appropriate normalization factors c(s, ω,A, ψ) and R(s, ω,A, ψ), we have an
analytic definition of the standard γ-factor:

γ(s, π × ω, ψ) := π(−1)c(s, ω,A, ψ)−1Γ(s, π, ω)R(s, ω,A, ψ).

More precisely, there are expected properties of the local γ-factor, which characterizes itself,
and we can prove that the function γW (s,−, ψ) satisfies them. (This is proved by Lapid-Rallis
[LR05] for non-quaternionic classical groups over local fields of characteristic 0, by Gan [Gan12]
for metaplectic groups over local fields of characteristic 0, by Yamana [Yam11] and the author
[Kak20b] for quaternionic unitary groups over local fields of characteristic 0, and the author
[Kak20a] for classical groups over function fields.) Note that we can retrieve the local standard
L- and ϵ-factors from the standard γ-factors. Thus, we also have analytic definitions of L- and
ϵ-factors. We also note that the local standard L-factor satisfies the “g.c.d property” which
characterizes itself in terms of the doubling zeta integrals directly [Yam14].

1.5. Formal degree conjecture. Now we state a motivating problem of our study. Let G be
a connected reductive group over a local field F , and let A be the maximal F -split torus of the
center of G. An irreducible representation π of G(F ) is said to be square integrable if π is a
unitary representation and the integral∫

G/A

|(π(g)x, y)|2 dg

converges for all x, y ∈ π. Here, ( , ) is a G(F )-invariant non-zero Hermitian pairing of π. For
a square integrable irreducible representation π of G(F ), we define the formal degree deg π of π
as the positive real number satisfying∫

G/A

(π(g)x1, x2) · (π(g)y1, y2) dg =
1

deg π
(x1, y1)(x2, y2)(1.2)

for x1, x2, y1, y2 ∈ π. Here, dg is a canonical Haar measure defined by using the motive of G (see
§6). Note that deg π does not depend on the G(F )-invariant non-zero Hermitian pairing but the
group G(F ) and the non-trivial additive character ψ. For example, if G is anisotropic, then it is
known that

deg π = |G(F )|−1 · dimπ.

Hiraga-Ichino-Ikeda [HII08] conjectured that the formal degree is described explicitly in terms
of the Langlands parameter, and it was refined by Gross-Reeder [GR10]:

Conjecture 1.1. ([HII08, Conjecture 1.4] and [GR10, Conjecture 6.1]). Let π be a square
integrable irreducible representation of G(F ). Then,

deg π = ζπ
dim η

#C ′
ϕ(Ĝ)

γ(0,Ad, π, ψ)
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where (ϕ, η) is the Langlands parameter of π, and

ζπ =
ϵ( 12 ,Ad, π, ψ)

ϵ( 12 ,Ad,St, ψ)
∈ {±1}.

Here we denote by C ′
ϕ(Ĝ) the finite group Cϕ(Ĝ) ∩ Ĝ/A, and by St the Steinberg representation

of G(F ).

Note that the ambiguity in §1.3.3 of the irreducible representation η is due to the twisting

by a character of Z(Ĝsc) and does not affect the dimension dim η of η. Since the Weil group is
close to the Galois group, the adjoint γ-factor can be regarded as a number theoretic invariant.
Then, Conjecture 1.1 asserts that a number theoretic invariant appears in the analytic equation
(1.2). Note that this type of phenomenon is interesting in the representation theory of reductive
groups over local fields (for examples, an analytic definition of the standard γ-factor for classical
groups (see §1.4.3), and an expression of Plancherel measures in terms of γ-factors (see [Sha90])).
The formal degree conjecture has been already proved for inner forms of GLn, inner forms of
SLn [HII08], SO2n+1, Mp2n [ILM17], and unitary groups [BP18]. Moreover, Gan-Ichino [GI14]
observed the behavior of the formal degrees under the Langlands functorial lifting coming from
the local theta correspondences for non-quaternionic dual pairs and proved the formal degree
conjecture for Sp4, GSp4 and U3. (We will explain the Gan-Ichino’s work more precisely in
§1.7.) And in this paper, we will prove it for the non-split inner forms of Sp4 and GSp4 (§20).

1.6. Local theta correspondence. Then, we discuss an approach to the formal degree conjec-
ture since it seems to be difficult to prove it directly. A key tool is the local theta correspondence,
which is a correspondence between irreducible representations of a certain classical group and
those of another classical group. In this subsection, we explain the definition, a property related
to the see-saw diagram, and an expression in terms of Langlands parameters.

1.6.1. Definition. Let V be an m-dimensional right ϵ-Hermitian space over E equipped with an
ϵ-Hermitian form ( , ), and letW be an n-dimensional left (−ϵ)-Hermitian space over E equipped
with a (−ϵ)-Hermitian form ⟨ , ⟩. We put

l = lV,W =


n−m+ ϵ (E = F ),

n−m ([E : F ] = 2),

2n− 2m− ϵ ([E : F ] = 4).

Then, (G(V ), G(W )) forms a reductive dual pair, that is, G(V ) and G(W ) are reductive groups
over F such that there is an embedding j : G(V )×G(W ) → Sp(W) for some symplectic space W
and they satisfy G(V ) = ZSp(W)(G(W )) and G(W ) = ZSp(W)(G(V )). Fix a non-trivial additive
character ψ of F , and fix a pair κ = (χV , χW ) of characters as in §1.2. Then, there is a diagram

G(V )×G(W )
j // Sp(W)

G̃(V )× G̃(W )

OO

j̃κ,ψ // Mp(W)

OO

where

G̃(V ) =

{
Mp(V ) E = F , ϵ = −1, and dimW is odd,

G(V ) otherwise

and

G̃(W ) =

{
Mp(W ) E = F , −ϵ = −1, and dimV is odd,

G(W ) otherwise,
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the vertical maps are natural projections, and the upper horizontal map is the natural embedding.
Note that j̃κ,ψ depends on the choice of κ, ψ. Let ωψ be the Weil representation of Mp(W). Then,

for an irreducible representation of G̃(W ), we define

Θκ,ψ(π, V ) := (j̃∗κ,ψωψ ⊗ π∨)G̃(W )

the co-invariant space of G̃(W ), and we define

θκ,ψ(π, V ) =

{
0 (Θκ,ψ(π, V ) = 0),

the maximal semisimple quotient of Θκ,ψ(π, V ) (Θκ,ψ(π, V ) ̸= 0).

Then, the Howe duality, a fundamental theorem in the theory of theta correspondence guarantees
that θκ,ψ(π, V ) is irreducible if it is non-zero. Moreover, it also asserts that if π1 and π2 are

different irreducible representations of G̃(W ), and both θκ,ψ(π1, V ) and θκ,ψ(π2, V ) are non-zero,
then θκ,ψ(π1, V ) ̸∼= θκ,ψ(π2, V ). The Howe duality was proved in [Wal90] in the case where the
residual characteristic is not equal to 2, and was proved in [GT16, GS17] in the remaining cases.

We call θκ,ψ(π, V ) the theta correspondence of π to G̃(V ).

1.6.2. See-saw diagram. Then, we explain an important property which is called the doubling
see-saw. Let W2 be the doubled space of W . Then, the natural action of G(W ) × G(W ) on

W2 = W ×W induces the inclusion G(W ) × G(W ) ↪→ G(W2) and the natural map G̃(W ) ×
G̃(W ) → G(W2). On the other hand, we consider the diagonal map ∆ : G̃(V ) → G̃(V )× G̃(V ).

Then, for irreducible representations π1, π2 of G̃(W ) and for an irreducible representation σ of

G̃(V ), we have

HomG̃(V )(∆
∗(Θκ,ψ(π1, V )⊗Θκ,ψ(π2, V )), σ)

= HomG̃(W )×G̃(W )(Θκ2,ψ(σ,W
2), π1 ⊠ π2).

Here, we denote by κ2 a pair (χW2 , χV ) of characters as in §1.2. Note here that we denote
by ω2

κ2,ψ the Weil representation associated with the reductive dual pair (G(W2), G(V )). This
equation is called the see-saw identity. The setting and the equation are exhibited by the following
diagram: the diagonal lines indicate that we consider the theta correspondence.

G̃(W2)

PPP
PPP

PPP
PPP

PP
G̃(V )× G̃(V )

∆
nnn

nnn
nnn

nnn

G̃(W )× G̃(W ) G̃(V )

.

The doubling see-saw allows us using the doubling method to analyze the theta correspondence

as follows: the image of the G̃(W2)-invariant map

ω2
κ2,ψ → I(− l

2
, χV ) : ϕ 7→ Fϕ

given by Fϕ(g) = [ωκ,ψ(g)ϕ](0) is isomorphic to Θκ,ψ(1V ,W
2). Moreover, there is a G̃(W ) ×

G̃(W )-invariant bijection

δ : ωκ,ψ ⊗ ωκ,ψ → ω2
κ2,ψ

so that (ωκ,ψ(g)ϕ1, ϕ2) = Fδ(ϕ1⊗ϕ2)((g, 1)). If π is square integrable, the doubling zeta integral
Z(Fδ(ϕ1⊗ϕ2), ξπ) converges absolutely, and the map

π ⊗ π ⊗ ωκ,ψ ⊗ ωκ,ψ → C : (x, y, ϕ1, ϕ2) 7→ Z(Fδ(ϕ1⊗ϕ2), ξπ)
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factors through the canonical projection

π ⊗ π ⊗ ωκ,ψ ⊗ ωκ,ψ → σ ⊗ σ

where σ = θκ,ψ(π, V ). Here ξπ is the coefficient of π given by ξπ(g) = (π(g)x, y). Thus, we obtain

a G̃(V )-invariant non-zero Hermitian pairing on σ from the G̃(W )-invariant non-zero Hermitian
pairing on π.

1.6.3. Langlands functoriality. For the non-quaternionic dual pair, there is an expression of the
theta correspondence in terms of Langlands parameters. Suppose l = 1 for simplicity. Moreover,
we exclude the (O,Mp) pair because the local Langlands correspondence for Mp is defined via
the local theta correspondence (see [GS12]).

Let π be an irreducible representation of G(W ), let σ = θκ,ψ(π, V ) be its theta correspondence,
and let ϕπ and ϕσ be the L-parameters associated with π and σ respectively. Assume that σ is
non-zero. Then, by Adams’ conjecture, we can guess that

ϕπ = (ϕσ ⊗ χ−1
V χW )⊕ χW(1.3)

(see [GI14, §15]). This is proved for unitary cases [GI16]. Now we explain the Prasad conjecture
[Pra93, Pra00], which describes the behavior of the characters of the component group under the
local theta correspondence. Since G(W ) is a non-quaternionic classical group, the character ηπ
of the component group factors through the projection

S̃ϕ(Ĝ(W )) → Cϕ(Ĝ(W )).

On the other hand, the map LG(V ) → LG(W ) of Adams’ conjecture induces an embedding

Cϕσ (G(V )) → Cϕπ (G(W )).

Then, the Prasad conjecture asserts that ηπ is the composition of ησ and above embedding. Note
that the conjecture is proved by Gan-Ichino [GI16] for unitary dual pairs, and by Atobe-Gan
[AG17] for symplectic-even orthogonal dual pairs.

Note that the Prasad conjecture is not formulated yet for the quaternionic dual pairs since the

character η does not factor through the projection S̃ϕ(Ĝ(W )) → Cϕ(Ĝ(W )). Thus, the behavior
of dim η under the theta correspondence is more complicated than that for non-quaternionic dual
pairs.

1.7. Gan-Ichino’s result. In this subsection, we explain an approach of Gan-Ichino [GI14] to
the formal degree conjecture. Note that our result of this paper extends their results, and it will
be explained in §1.8.

1.7.1. Observations. Suppose that the residue characteristic is not 2 and [E : F ] ≤ 2 (i.e. non-
quaternionic case). Moreover, we exclude the (O,Mp) pair, and suppose that l = 1 so that we can
refer to the result of §1.6.3. Let π be a square integrable irreducible representation of G(W ), and
let σ be an irreducible representation of G(V ) associated with π via the theta correspondence.
By the equation (1.3), we have

#Cϕπ (Ĝ(W ))

#Cϕσ (Ĝ(V ))
=


2 ([E : F ] = 2),

1 (E = F, ϵ = 1),

4 (E = F, ϵ = −1)

(see [GI14, p.581]), and

γ(s,Ad, π × χV , ψ)

γ(s,Ad, σ × χW , ψ)
= γV (s, σ × χW , ψ).
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Moreover, since both ηπ and ησ are one dimensional, we have

dim ηπ
dim ησ

= 1.

Thus, they guessed the ratio deg(π)/deg(σ), and prove that

Theorem 1.2. ([GI14, Theorem 15.1]) We have

deg π

deg σ
= C(V,W ) · γ(0, σ × χW , ψ)(1.4)

where

C(V,W ) =


2−1 · χW (λ)−mϵ( 12 , χE , ψ)

−1γ(0, χE , ψ)
−1 ([E : F ] = 2),

ϵ( 12 , χV , ψ)
−1 (E = F, ϵ = 1),

2−2 · χW (−1)m/2 · ϵ( 12 , χW , ψ)
−1 (E = F, ϵ = −1),

and λ ∈ E× is a fixed element so that λ∗ = −λ.

1.7.2. Outline of the proof. We sketch the proof of Theorem 1.2 to explain what are the obstacles
in the case of quaternionic dual pairs. First, they consider a local analogue of the Siegel-Weil
formula as follows: we define the map

I : ω2
ψ ⊗ ω2

ψ ⊗ χW ⊗ χW → C

by

I(ϕ1, ϕ2) =
∫
G(V )

(ω2
ψ (h)ϕ1, ϕ2) · χW (deth) dh

for ϕ1, ϕ2 ∈ ω2
ψ . Besides, we define the map

E : ω2
ψ ⊗ ω2

ψ ⊗ χW ⊗ χW → C

by

E(ϕ1, ϕ2) =
∫
G(W )

Fϕ1
(g, 1) · F †

ϕ2
(g, 1) dg

for ϕ1, ϕ2 ∈ ω2
ψ . Here F †

ϕ2
is a certain section of I( 12 , χV ) so that M( 12 , χV )F

†
ϕ2

= Fϕ2
. Then, we

can prove that there is a constant CSW such that

I = CSW · E
(see [GI14, §17]). Second, by a local analogue of the proof of the Rallis inner product formula,
we can prove that there is a constant C ′ such that

deg π

deg σ
= CSW · C ′ · ωσ(−1)γ(0, σ × χW , ψ)

for all square integrable irreducible representations π with σ = θκ,ψ(π, V ) ̸= 0. Thus, we conclude
that

deg π

deg σ
· ωσ(−1) · γ(0, σ × χW , ψ)

−1

is a constant independent of the square integrable irreducible representation π so that θκ,ψ(π, V ) ̸=
0. Third, they discuss an induction argument. Suppose that V has an r-dimensional isotropic
subspace X, and suppose also thatW has an r-dimensional isotropic subspace Y . Then, we have
the decompositions

V = X + V ′ +X ′, and W = Y +W ′ + Y ′

where X ′, Y ′ are r-dimensional isotropic subspaces, and V ′ andW ′ are non-degenerate subspaces
such that X + X ′ is orthogonal to V ′ and Y + Y ′ is orthogonal to W ′. Consider a parabolic
subgroup Q of G(V ) which preserves X, and consider irreducible supercuspidal representations
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σ′ of G(V ′) and τ of GL(X) so that Ind
G(V )
Q σ′ ⊠ τ |det |s0 has a square integrable constituent

σ′ for some s0 > 0. Then, by using the result of Heiermann [Hei04], we can relate deg σ with
deg σ′. Then, we can conclude that C(V,W ) = C(V ′,W ′). Finally, they proved Theorem 1.2
for minimal cases of the induction argument: this step was done case by case ([GI14, §20.8]).
We should remark that their proof makes full use of the properties of L-packets and local theta
correspondence.

1.8. Summary of this paper. Now we summarize our results. In this paper, we describe the
behavior of the formal degree under the local theta correspondence of almost equal rank for
quaternionic dual pairs over a local field of characteristic 0. As an application, we prove the
formal degree conjecture of [HII08, GR10] for the non-split inner forms of Sp4 and GSp4. These
results extend Gan-Ichino’s work [GI14] to quaternionic dual pairs. However, there are some
differences as follows.

• The dimension dim η of an irreducible representation η of the component group may
not be 1. Moreover, the behavior of dim η under the theta correspondence has not been
formulated.

• Case-by-case discussions of [GI14] cannot be applicable to our cases (see §1.7). More
precisely, it seems to be difficult to find enough examples of quaternionic dual pairs
(H,G) and square integrable irreducible representations π of G such that we can know
the formal degree deg π of π, the formal degree deg σ of the theta correspondence σ of π,
and the standard local γ-factor γ(s, σ ⊠ χ, ψ) with a quadratic character χ at the same
time even in low-rank cases.

To avoid the second difficulty, we analyze the local analogue of the Siegel-Weil formula, and we
obtain a relation between the constant in the local Siegel-Weil formula and the local zeta value
for enough cases. Here, the constant in the local Siegel-Weil formula appears in an expression
of the ratio of the formal degrees of irreducible representations corresponding to each other by
the local theta correspondence. Hence, to establish the description of the behavior of the formal
degrees under local theta correspondence, we compute some local zeta values. On the other
hand, a general formula of the local zeta value is obtained by reversing the above discussion.
For a quaternionic dual pair (G(V ), G(W )) of almost equal rank, we denote by α1(W ) the local
zeta value, by α2(V,W ) the constant in the local Siegel-Weil formula (it was denoted by CSW in
§1.7), and by α3(V,W ) the constant appearing in the behavior of the formal degree under the
theta correspondence. Then the results in this paper are summarized as follows:

1.8.1. The constant α1(W ). Let ϵ = ±1, let W be an n-dimensional right (−ϵ)-Hermitian space
equipped with the (−ϵ)-Hermitian form ⟨ , ⟩ (see §3), and let G(W ) be the unitary group of
W . We denote by W2 the doubled space which is the vector space W ⊕ W equipped with
an (−ϵ)-Hermitian form ⟨ , ⟩2 = ⟨ , ⟩ ⊕ (−⟨ , ⟩), by W△ the diagonal subset of W2, and
by P (W△) the parabolic subgroup preserving W△. For a character ω of F×, we denote by
I(s, ω) the representation of G(W2) induced by the character ωs ◦∆ of P (W△), which is given
by ωs(∆(p)) = ω(N(p|W△)−1|N(p|W△)|−s. (Here, we denote by N(x) the reduced norm of
x ∈ End(W△).) Then we define

α1(W ) = ZW (f◦ρ , ξ
◦).

Here

• ZW ( , ) is the doubling zeta integral (see §7.1),
• f◦s is the K(e′

2
)-invariant section of I(s, 1) so that f◦s (1) = 1 where K(e′

2
) is a special

maximal compact subgroup of the unitary group G(W2) of W2, which depends on the
choice of a basis e for W (see §7.1),

• ξ◦ is the coefficient of the trivial representation of G(W ) so that ξ◦(1) = 1, and
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• ρ = n− ϵ
2 .

This invariant is technically important because it appears in a certain local functional equation,
which relates the zeta integral with the intertwining operator (see Lemma 7.8). In this paper, we
first compute α1(W ) directly for some W (Proposition 7.6), and finally we complete the formula
for the remaining cases as a corollary of Theorem 1.4 (Proposition 19.4). We also note here
that by determining α1(W ), we can compute the constant by which the scalar multiplication
appearing in a formula of the zeta integral for a certain section (see §21) is given, which has not
been computed yet.

1.8.2. The constant α2(V,W ). Let V be an m-dimensional ϵ-Hermitian space, let ( , ) be an
ϵ-Hermitian form on V , let ω2

ψ be the Weil representation of G(V ) × G(W2). It is realized on

the Schwartz space S(V ⊗W▽) where W▽ is the anti-diagonal subset of W2. We suppose that
2n− 2m = 1 + ϵ. Then we define the local theta integral

I(ϕ, ϕ′) =
∫
G(V )

(ω2
ψ (h, 1)ϕ, ϕ

′) dh

for ϕ, ϕ′ ∈ S(V ⊗W▽). Here, we denote by ( , ) the normalized L2-inner product on S(V ⊗W▽)
(as in Proposition 8.3). Moreover, we define another map E : S(V ⊗W▽)2 → C as follows: for

ϕ ∈ S(V ⊗W▽), we define Fϕ ∈ I(− 1
2 , χV ) by Fϕ(g) = [ω2

ψ (g)ϕ](0), and we choose F †
ϕ ∈ I( 12 , χV )

so that M( 12 , χV )F
† = Fϕ where M(s, χV ) is an intertwining operator (see §7.1). Then the map

E is defined by

E(ϕ, ϕ′) =
∫
G(W )

F †
ϕ(ι(g, 1))Fϕ′(ι(g, 1)) dg

for ϕ, ϕ′ ∈ S(V ⊗W▽). Here, ι : G(W )2 → G(W2) is given by the natural action of G(W )2 on
W2. Then the constant α2(V,W ) is defined as a non-zero constant CSW so that I = CSW · E
(see Lemma 10.2). Then we have

Theorem 1.3. Choose the basis e for V as in §7.1. Then,

α2(V,W ) = |N(R)|ρ ·
n−1∏
i=1

ζF (1− 2i)

ζF (2i)

×

{
2(−1)nγ(1− n, χV , ψ)

−1ϵ( 12 , χV , ψ) (−ϵ = 1),

1 (−ϵ = −1).

Here, R = ((ei, ej))i,j ∈ GLm(D).

To prove this theorem, we will first prove it in the case where either V or W is non-zero
anisotropic (§§12-13). Note that in this case we can express α2(V,W ) using α1(W ), and thus
Theorem 1.3 follows from the formula of α1(W ). For the remaining cases, it will be proved as a
corollary of Theorem 1.4 (§19).

1.8.3. The constant α3(V,W ). Let π be a square integrable irreducible representation of G(W ).
We choose canonical Haar measures dh and dg on G(V ) and G(W ) respectively (see §6.1). Then,
as we explained in §1.7 (more precisely, as in [GI14, p.597]), we can prove that there is a constant
α3(V,W ) such that

deg π

deg σ
= α3(V,W )ωπ(−1)γV (0, σ × χW , ψ)

for all square integrable irreducible representation π of G(W ) and the irreducible square inte-
grable representation σ of G(V ) associated with π by the local theta correspondence whenever
σ ̸= 0. Then, our main theorem is stated as follows:
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Theorem 1.4. We have

α3(V,W ) =

{
(−1)nχV (−1)ϵ( 12 , χV , ψ) (−ϵ = 1),
1
2χW (−1)ϵ( 12 , χW , ψ) (−ϵ = −1).

When either V or W is anisotropic, we prove this theorem by expressing α3(V,W ) using
α2(V,W ) as in §1.7 (more precisely, see Proposition 15.1). In general, we use an induction on
dimW to compute α3(V,W ) (§18). Note that since the relation of Proposition 15.1 between
α2(V,W ) and α3(V,W ) still holds in general, we have the general formula of α2(V,W ).

As an application of Theorem 1.4, we prove the formal degree conjecture for the non-split
inner forms of GSp4 and Sp4. Note that, for these groups, the Langlands correspondence is
established by Gan-Tantono [GT14] and Choiy [Cho17] respectively.

Theorem 1.5. Let F be a local field of characteristic 0. Then the formal degree conjecture holds
for the non-split inner forms of Sp4(F ) and GSp4(F ).

1.8.4. Structure of this paper. Now, we explain the structure of this paper. In §§2-3, we set up
the notations for fields, quaternion algebras, and ±ϵ-Hermitian spaces. In §4, we define some
symbols which are referred to when we take bases for ±ϵ-Hermitian spaces. In §5, we discuss
the Bruhat-Tits theory for quaternionic unitary groups, and we give a formula of the index of
an Iwahori subgroup in a certain special compact subgroup (Proposition 5.6). In §6, we explain
the normalization of Haar measures on reductive groups and certain nilpotent groups, and we
give some volume formulas. In §7, we explain the doubling method, and we recall the definition
of the doubling γ-factor. Moreover, we compute the constant α1(W ) for some cases. In §8, we
set up and explain the doubling method and the Weil representations. In §9, we set up the
theta correspondence. In §§10-11, 19-20, we state our main results. In §§12-18, we prove these
results. More precisely, §§12-13 are devoted to the computation of α2(V,W ) when either V orW
is anisotropic, §14 is a preliminary for §15 which associates α2(V,W ) with α3(V,W ), and §§16-17
are preliminaries for §18 in which we verify the commutativity of α3(V,W ) with the parabolic
inductions. Finally, in the Appendix §21, we give a formula of doubling zeta integrals of certain
sections as an application of the formula of α1(W ). Note that this corrects the errors in [Kak20b,
Proposition 8.3].

Acknowledgements. The author would like to thank A.Ichino for suggesting this problem, and
for useful discussions. He also would like to thank W.T.Gan for many useful comments. This
research was supported by JSPS KAKENHI Grant Number JP20J11509.

2. Quaternion algebras over local fields

Let F be a non-Archimedean local field of characteristic 0, let D be a quaternion algebra over
F . For a while, we assume that D is division. We denote by

• ordF : F× → Z the normalized additive valuation,
• | |F the normalized absolute value,
• OF the valuation ring of F ,
• ϖF a uniformizer of F ,
• q the cardinality of OF /ϖF ,
• ∗ : D → D the canonical involution of D,
• ND : D → F the reduced norm,
• TD : D → F the reduced trace,
• ordD = ordF ◦ND the normalized additive valuation of D,
• | |D = | |F ◦ND the absolute value,
• OD the valuation ring of D,
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• α and ϖD two elements of D satisfying TD(α) = TD(ϖD) = 0, ordD α = 0, ordDϖD = 1,
and αϖD +ϖDα = 0,

• L the subfield F (α) ⊂ D, and
• OL the valuation ring of L.

Moreover, we denote the set

{x ∈ D | x+ x∗ = 0}

byD0, and (aOD)0 = aOD∩D0 for a ∈ D. Then, one can show that [(OD)0 : (ϖDOD)0] = q. Fix
an additive non-trivial character ψ : F → C× whose order is 0. We note some basic properties:

Lemma 2.1. (1) We denote by O∗
D the dual lattice of OD with respect to the pairing

D ×D → C× : (x, y) 7→ ψ(TD(xy)).(2.1)

Then, we have O∗
D = ϖ−1

D OD.
(2) We denote by (OD)

∗
0 the dual lattice of (OD)0 with respect to the pairing

D0 ×D0 → C× : (x, y) 7→ ψ(TD(xy)).(2.2)

Then, we have (OD)
∗
0 = 1

2αOF +ϖ−1
D OL.

In particular,

Corollary 2.2. (1) The volume |OD| of OD with the self-dual Haar measure with respect to
the pairing (2.1) is q−1.

(2) The volume |(OD)0| of (OD)0 with the self-dual Haar measure with respect to the pairing

(2.2) is |2| 12 q−1.

3. ϵ-Hermitian spaces and their unitary groups

Let ϵ ∈ {±1}. Now, we consider the following:

• a pair (W, ⟨ , ⟩) whereW is a left free D-module of rank n, and ⟨ , ⟩ is a mapW×W → D
satisfying

⟨ax, by⟩ = a⟨x, y⟩b∗, ⟨y, x⟩ = −ϵ⟨x, y⟩

for x, y ∈W and a, b ∈ D,
• a pair (V, ( , )) where V is a right free D-module of rankm, and ( , ) is a map V ×V → D

satisfying

(v1a, v2b) = a∗(x, y)b, (y, x) = ϵ(x, y)∗

for x, y ∈ V and a, b ∈ D.

We call them an n-dimensional right ϵ-Hermitian space and anm-dimensional left (−ϵ)-Hermitian
space respectively if they are non-degenerate. We denote by G(W ) by the group of the left D-
linear automorphisms g of W such that

⟨x · g, y · g⟩ = ⟨x, y⟩

for all x, y ∈ W . We also denote by G(V ) by the group of the right D-linear automorphisms g
of V as a right D-module such that

(g · x, g · y) = (x, y)

for all x, y ∈ V .
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Remark 3.1. When −ϵ = 1, the unitary group G(W ) is an inner form of a symplectic group
as an algebraic group. On the other hand, when −ϵ = −1, one can regard the group of F -valued
points of G(W ) in two ways: it is a group of the F -valued points of an inner form of a special
orthogonal group, and it is also a group of the F -valued points of an inner form of an orthogonal
group. This is caused by the fact that the Zariski connected component of G(W ) which does not
contain 1 has no F -valued point.

Put W = V ⊗F W and define ⟨⟨ , ⟩⟩ by
⟨⟨x1 ⊗ y1, x2 ⊗ y2⟩⟩ = T ((x1, y1)⟨x2, y2⟩∗)

for x1, y1 ∈ V and x2, y2 ∈ W . Then, ⟨⟨ , ⟩⟩ is a symplectic form on W, and the (G(W ), G(V ))
is a reductive dual pair in Sp(W). We define

l = lV,W =

{
2n− 2m− 1 (ϵ = 1),

2n− 2m+ 1 (ϵ = −1).

We define the characters χV and χW of F× by

χV (a) =

{
1 (ϵ = 1),

(a, d(V ))F (ϵ = −1)
and χW (a) =

{
(a, d(V ))F (ϵ = −1),

1 (ϵ = −1).

4. Bases for W and V

In this section, we discuss bases for W , which we will consider in this paper. The discussion
for V goes the same line with that of W . For a basis e = {e1, . . . , en} for W , we define

R(e) := (⟨ei, ej⟩)ij ∈ GLn(D).

Denote by W0 the anisotropic kernel of W , and put n0 = dimDW0, r =
1
2 (n− n0). We assume

that

W0 =

r+n0∑
i=r+1

eiD,

both

X =

r∑
i=1

eiD and

n∑
i=r+n0+1

eiX
∗

are isotropic subspaces of W , and

R(e) =

 0 0 Jr
0 R0 0

−ϵJr 0 0

(4.1)

where

Jr =

 1

. .
.

1

 ,

and R0 ∈ GLn0
(D). By this basis, we regard G(W ) as a subgroup of GLn(D).

5. Bruhat-Tits theory

The main purposes of this section are to explain the explicit description of a certain Iwahori
subgroup B of G(W ) (§5.3), and to give a formula of the index [KW : B] where KW is a certain
special maximal compact subgroup of G(W ) (§5.4). Note that in §6, the normalization of Haar
measures will be given by the volume of the Iwahori subgroup.
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5.1. Apartments. Take a basis e as in §4. Put I = {e1, . . . , er}, I0 = {er+1, . . . , en−r}, and
I∗ = {en−r+1, . . . , en}. We denote by S the maximal F -split torus

{diag(x1, . . . , xr, 1, . . . , 1, x−1
r , . . . , x−1

1 ) | x1, . . . , xr ∈ F×}

of G(W ). We denote by ZG(W )(S) the centralizer of S in G(W ), by NG(W )(S) the normalizer of
S in G(W ), by W = NG(W )(S)/ZG(W )(S) the relative Weyl group with respect to S, by Φ the
relative root system of G(W ) with respect to S, by X∗(S) the group of algebraic characters of
S, by E∨ the vector space X∗(S)⊗Z R, and by E the R dual space of E∨. Moreover, we define
the bilinear map ⟨ , ⟩ : E×E∨ → R by ⟨y, η⟩ = η(y) for y ∈ E∨ and η ∈ E. Then, we can define
the map µ : ZG(W )(S) → E by

[µ(z)](a′) = − ordF (a
′(z))

for a′ ∈ X∗(S). Then, there is a unique morphism ν : NG(W )(S) → Aff(E) so that the following
diagram is commutative:

1 // ZG(W )(S) //

µ

��

NG(W )(S) //

ν

��

W //

��

1

0 // E // Aff(E) // Aut(E) // 1

.

For a ∈ Φ, we denote by Xa the root subgroup in G(W ). Let u ∈ Xa \ {1}. Then one can prove
that X−a ·u ·X−a ∩NG(W )(S) consists of an unique element. We denote it by ma(u). We define
a map φa : Xa \ {1} → R by

ma(u)(η) = η − (⟨a, η⟩+ φa(u))a
∨

for all η ∈ E. We put Φaff the affine root system

{(a, t) | a ∈ Φ, t = φa(u) for some u ∈ Xa \ {1}} ⊂ Φ× R,

and by Ea,t the subset {η ∈ E | [ma(u)](η) = η} where u ∈ Xa so that φa(u) = t. We call a
connected component of

E \
∪

(a,t)∈Φaff

Ea,t

a chamber of E. For i ∈ I ∪ I∗, we define ai ∈ X∗(S) ⊂ E∨ by ai(x) = ND(xi) for

x = diag(x1, . . . , xr, 1, . . . , 1, x
−1
r , . . . , x−1

1 ) ∈ S.

Note that an−i = −ai for i ∈ I (the multiplication of E is denoted by “+”).
Now we describe φa explicitly following [BT72, §10]. The root system of G(W ) with respect

to S is divided into

Φ = Φ+
1 ∪ Φ−

1 ∪ Φ+
2 ∪ Φ−

2 ∪ Φ+
3 ∪ Φ−

3 ∪ Φ+
4 ∪ Φ−

4

where

Φ+
1 = {ai − aj | 1 ≤ j < i ≤ r},

Φ+
2 = {ai | i = 1, . . . , r},

Φ+
3 = {ai + aj | 1 ≤ j < i ≤ r},

Φ+
4 = {2ai | i = 1, . . . , r},
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and Φ−
k = −Φ+

k for k = 1, 2, 3, 4. Let a = ai − aj ∈ Φ+
1 ∪ Φ−

1 . For x ∈ D, we define ua(x) ∈ Xa

by

ek · ua(x) =


ek (k ̸= i, n− i),

ei + x · ej (k = i),

en−i + x∗ · en−j (k = n− i).

Let a = ai ∈ Φ+
2 . For c = (c1, . . . , cn0

) ∈ W0 = Dn0 and d ∈ D with (d∗ − ϵd) + ⟨c, c⟩ = 0, we
define ua(c, d) ∈ Xa by

ek · ua(c, d) =


ek (k ̸= i, r + 1, . . . , r + n0),

ei +
∑n0

t=1 cter+t + den−i (k = i),

ek + αk−rc
∗
k−ren−i (k = r + 1, . . . , r + n0).

Let a = −ai ∈ Φ−
2 . For c = (c1, . . . , cn0

) ∈ W0 = Dn0 and d ∈ D with (d− ϵd∗) + ⟨c, c⟩ = 0, we
define ua(c, d) ∈ Xa by

ek · ua(c, d) =


ek (k ̸= r + 1, . . . , r + n0, n− i),

ek − αk−rc
∗
k−rei (k = r + 1, . . . , r + n0),

dei +
∑n0

t=1 cter+t + en−i (k = n− i).

Let a = (ai + aj) ∈ Φ+
3 . For x ∈ D, we define ua(x) ∈ Xa by

ek · ua(x) =


ek (k ̸= i, j),

ei + x · en−i (k = i),

ej + ϵx∗en−j (k = j).

Let a ∈ Φ−
3 . For x ∈ D, we define ua(x) := tu−a(x)

∗ ∈ Xa. Finally, let a = ±2ai ∈ Φ±
4 . For

d ∈ D with d∗ − ϵd = 0, we define ua(d) := u±ai(0, d) ∈ X2a.

Lemma 5.1. For a ∈ Φ, we have

• φa(ua(x)) = ordD(x) for x ∈ D if a ∈ Φ+
1 ∪ Φ−

1 ∪ Φ+
3 ∪ Φ−

3 ,
• φa(ua(c, d)) =

1
2 ordD(d) for c ∈ Dn0 and d ∈ D with (d∗ − ϵd)± ⟨c, c⟩ = 0 if a ∈ Φ±

2 ,

• φa(ua(d)) = ordD(d) for d ∈ D with d∗ − ϵd = 0 if a ∈ Φ+
4 ∪ Φ−

4 .

5.2. Lattice functions. To know the action of G(W ) on its building, it is useful to consider
lattice functions. Let Y be a left vector space over D. A lattice of Y is a free OD-submodule Y
of Y so that D · Y = Y . For a lattice L of W , we denote by L∨ the dual lattice of L defined by

L∨ = {x ∈W | ⟨x, y⟩ ∈ ϖDOD for all y ∈ L}.

Definition 5.2. A mapping Λ from a real number s to a lattice Λ(s) of W is called a lattice
function if

(1) Λ(s) ⊃ Λ(t) when s < t,
(2) Λ(s+ 1) = ϖDΛ(s),
(3) Λ(s) = ∩t<sΛ(t).

Let Λ be a lattice function. For s ∈ R, we denote by Λ(s)+ the lattice ∪t<sΛ(t). We define
dual lattice function Λ∨ by

Λ∨(s) := (Λ(−s)+)∨,
and we say that Λ is self-dual if Λ = Λ∨. For p ∈ E, we define the self-dual lattice function Λp
by

Λp(s) =

(⊕
i∈I

ϖ
⌈s+ai(p)⌉
D OD · ei

)
⊕X0(s)⊕

(⊕
i∈I∗

ϖ
⌈s+ai(p)⌉
D OD · ei

)
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where X0(s) be the lattice of W0 defined by

X0(s) = {x ∈W0 | 1
2
⟨x, x⟩ ∈ ϖ

⌈2s⌉
D OD}.

Then, StabG(W )(p) = StabG(W ) Λp.

5.3. Iwahori subgroups. Before stating the definition of the Iwahori subgroup, we explain a
map of Kottwitz. Let F ur be the maximal unramified extension of F , let F s be the separable
closure of F , let I = Gal(F s/F ur) be the inertia group of F , and let Fr be a Frobenius element.
Then, Kottwitz defined a surjective map

κW : G(W ) → Hom(Z(Ĝ(W ))I ,C×)Fr

(see [Kot97, §7.4]). Here, we denote by Ĝ(W ) the Langlands dual group of G(W ), by Z(Ĝ(W ))I

the I-invariant subgroup of the center of Ĝ(W ), and by Hom(Z(Ĝ(W ))I ,C×)Fr the Fr-invariant

subgroup of Hom(Z(Ĝ(W ))I ,C×). Then, an Iwahori subgroup of G(W ) is defined to be a
subgroup consisting of the elements g of G(W ) which preserves each point of a chamber of the
building and κW (g) = 1. Now we describe an Iwahori subgroup of G(W ). Let C be a chamber
in E so that

• for any root a ∈ Φ(S,G(W )) with Xa ⊂ B, ⟨a, C⟩ ⊂ R>0,
• the closure C of C contains the origin 0 ∈ E.

Then, the Iwahori subgroup associated with the chamber C is given by

B := {g ∈ G(W ) | κW (g) = 1 and g · p = p for all p ∈ C}.

By the construction of the map κW , the following diagram is commutative:

ZG(W )(S)

��

κZG(W )(S)

// Hom(Z( ̂ZG(W )(S))
I ,C×)Fr

��

G(W )
κW // Hom(Z(Ĝ(W ))I ,C×)Fr

where the vertical maps are (induced from) the natural embeddings. Hence, we have:

Lemma 5.3.

B = ZG(W )(S)1 ·
∏
a∈Φ+

Xa,0 ·
∏
a∈Φ−

Xa, 12

where ZG(W )(S)1 is the set of matricesa 0 0
0 g0 0

0 0 a∗−1

 (a = diag(a1, . . . , ar), g0 ∈ G(W0))

such that ai ∈ O×
D for i = 1, . . . , r, and κW0

(g0) = 1. Here, we denote by Xa,t the subset

{u ∈ Xa | φa(u) ≥ t}

of Xa for t ∈ R.
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5.4. Special maximal compact subgroups. We denote by KW the special maximal compact
subgroup of G(W ) fixing the origin 0 ∈ E. Then, B ⊂ KW . In this subsection, we compute
the index [KW : B]. To do this, we first note that the “BNB decomposition” of Buruhat-Tits
[BT72], which was completely proved by Haines-Rapoport [PR08, Appendix].

Proposition 5.4. We have the decomposition G(W ) = B ·NG(W )(S) · B.

Hence we have:

Corollary 5.5.

KW ∩ (kerκW ) =
⊔

w∈W′

BwB

where W ′ = (NG(W )(S) ∩KW ∩ kerκW )/ZG(W )(S)1.

Now we obtain the formula of the index. Note that this formula is not necessary for the proof
of the main theorem. However, it is useful to note it here since that enables us to deduce the
formula of α1(W ) by more direct computation in some cases (see Proposition 7.6).

Proposition 5.6. We have

[KW : B] =
r∏
i=1

(1 + q2(n0+i)−1) ·
∏r
i=1(q

2i − 1)

(q2 − 1)r

×

{
1 n0 = 0, 1, and χW is unramified,

2 otherwise .

In the rest of this section, we will prove the proposition. At first, denoting by Sr the r-th
permutation group, we have a natural isomorphism

W ′ ∼= Sr ⋉ (Z/2Z)r

by the actions s · ai = as(i) for i ∈ I, s ∈ Sr and u · ai = (−1)uiai for i ∈ I, u = (u1, . . . , ur) ∈
(Z/2Z)r. Then, we have:

Lemma 5.7. Let w ∈ W ′ and suppose that w corresponds to (w0, u) ∈ Sr ⋉ (Z/2Z)r. Then
there is an element su of Sr independent of w0, such that

[BwB : B] = q2·l(w0su) ·
∏
i:ui=1

q2(n0+r−i)+1

where l(w0su) is the length of w0su in the relative Weyl group of GLr(D) with respect to the
positive system {aj − aj+1 | j = 1, . . . , r − 1}, and u = (u1, . . . , ur) ∈ (Z/2Z)r.

Proof. Let X be an isotropic subspace of W spanned by e1, . . . , er, let P be a maximal parabolic
subgroup of G(W ) preserving X. We identify GL(X) with GLr(D) by the basis e1, . . . , er. Then
we denote by M the Levi subgroup GLr(D) × G(W0) of P , and by U the unipotent radical of
P . If we put si ∈ Sr by

si(j) =


j (j < i),

j + 1 (i ≤ j < r),

i (j = r)

and if we put
su := surr · · · · · su2

2 · su1
1 ∈ Sr,

then we have (B ∩M)(s
−1
u ,u) = B ∩M . Hence, we have

[BwB : B] = [B : B ∩ wBw−1]

= [B ∩M : (B ∩M) ∩ (B ∩M)w0su ][B ∩ U : (B ∩ U) ∩ (B ∩ U)u].
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Here,

[B ∩M : (B ∩M) ∩ (B ∩M)w0su ] = q2l(w0su)

and

[B ∩ U : (B ∩ U) ∩ (B ∩ U)u] =
∏
i:ui=1

q2(n0+r−i)+1.

Thus we have the lemma. □

Now we prove Proposition 5.6. By the above lemmas, we have

[KW ∩ (kerκW ) : B] =
∑
w∈W′

[BwB : B]

=

( ∑
w0∈Sr

q2·l(w0)

)
·

 ∑
u∈(Z/2Z)r

∏
i:ui=1

q2(n0+i)−1

 .

The summation ∑
w0∈Sr

q2·l(w0)

is equal to [GLr(Fq2) : B(Fq2)] where B is the Borel subgroup of GLr. It is known that

|GLr(Fq2)| =
r−1∏
i=0

(q2r
2

− q2ri), and |B(Fq2)| = (q2 − 1)r · qr(r−1).

Moreover, we have

∑
u∈(Z/2Z)r

∏
i:ui=1

q2(n0+r−i)+1 =

r∏
j=1

(1 + q2(n0+j)−1).

Finally, consider the lattice model (§5.2). In the case κW is not trivial, κW0
is also non-trivial.

Thus, κW |KW is non-trivial if κW is non-trivial since G(W0) preserves the lattice function Λ0

where 0 ∈ E is the origin. Hence, we have

[KW : KW ∩ (kerκW )] =

{
1 n0 = 0, 1, and χW is unramified,

2 otherwise.

Hence we have Proposition 5.6.

6. Haar measures

In this section, we explain how we choose a Haar measure in this paper for reductive groups
and unipotent groups. Let ψ : F → C× be a non-trivial additive character of F . For a reductive
group, Gan-Gross constructed a Haar measure dg depending only on the group G and the non-
trivial additive character ψ [GG99, §8]. (In [GG99], it is denoted by µG.) On the other hand, for
a unipotent group, it is useful to consider the “self-dual measures” du with respect to ψ. Note
that, in both cases, we denote by |X| the volume of X for a measurable set X.
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6.1. Measures on reductive groups. Let G be a connected reductive group, and let G′ be
the quasi-split inner form of G. Moreover, let S′ be a maximal F -split torus of G′, let T ′ be
the centralizer of S′ in G′ (it becomes a torus over F s), and let W(T ′, G′) be the Weyl group of
G′ with respect to T ′. Put E′ := X∗(T ′) ⊗ Q. Then the space E′ can be regarded as a graded
Q[Γ]-module

E′ = ⊕d≥1E
′
d

as follows: consider a W(T ′, G′)-invariant subalgebra R = Sym•(E′)W(T ′,G′) of symmetric alge-
bra Sym•(E′). We denote by R+ the ideal consisting of the elements of positive degrees. Then,
there is a Q[Γ]-isomorphism E′ ∼= R+/R

2
+. Then, the grading of E′ is the one deduced from the

natural grading of R+/R
2
+.

Let Ψ : G′ → G be an inner isomorphism defined over F ur, and let wG be the element of the
Weyl group of G′ given by wG = Ψ−1 ◦ Fr(Ψ). We denote by M the motive

⊕d≥1E
′
d(d− 1)

of G (see [Gro97]), and by a(M) the Artin invariant∑
d≥1

(2d− 1) · a(E′
d)

of M (see [GG99]). Then, the normalized Haar measure dg is given by the volume of the Iwahori
subgroup B of G over F :

|B| = q−N− 1
2a(M) · det(1− Fr ◦ wG;E′(1)I).

Here, we put

N =
∑
d≥1

(d− 1) dimQE
′
d
I
.

Now, consider the case G = G(W ) where W is an n-dimensional (−ϵ)-Hermitian space over
D. Then, E′, a(M), and N are given by the following:

Lemma 6.1. (1) In the case −ϵ = 1, we have

E′ ∼= QX2 +QX4 + · · ·+QX2n ⊂ Q[X]

as graded Q[Γ]-modules. Here, the grading and the action of Γ on Q[X] are given by

degXk = k (k = 0, 1, . . .), and Γ acts on Q[X] trivially .

Moreover, we have
N = n2 and a(M) = 0.

(2) In the case −ϵ = −1, we have

E′ ∼= QX2 +QX4 + · · ·+QX2n−2 +QY ⊂ Q[X,Y ]

as graded Q[Γ]-modules. Here, the grading and the action of Γ on Q[X,Y ] are given by

degXk = k, deg Y l = nl (k, l = 0, 1, . . .), and

σ · f(X,Y ) = f(X, ηW (σ)Y ) for f(X,Y ) ∈ Q[X,Y ], σ ∈ Γ.

Moreover, we have

N =

{
n2 − n χW is unramified,

n2 − 2n+ 1 χW is ramified,

and

a(M) =

{
0 χW is unramified,

2n− 1 χW is ramified.
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Then, the normalization of the Haar measure dg is given by the following:

Proposition 6.2. (1) Suppose that −ϵ = 1. Then, we have

|B| = (1− q−1)⌊
n
2 ⌋ · (1 + q−1)⌈

n
2 ⌉ · q−n

2

where B is an Iwahori subgroup of G(W ).
(2) Suppose that −ϵ = −1. Then, we have

|B| =



(1− q−2)
n
2 · q−n2+n n0 = 0,

(1− q−2)
n−1
2 · q−n2+n− 1

2 n0 = 1, χW : ramified,

(1− q−2)
n−1
2 · (1 + q−1) · q−n2+n n0 = 1, χW : unramified,

(1− q−2)
n−2
2 · (1 + q−1) · q−n2+n− 1

2 n0 = 2, χW : ramified,

(1− q−2)
n−2
2 · (1 + q−2) · q−n2+n n0 = 2, χW : unramified,

(1− q−2)
n−3
2 · (1 + q−1 + q−2 + q−3) · q−n2+n n0 = 3.

If G(W ) is anisotropic, then B = kerκW (see §5.3). Hence, its total volume is given by the
following corollary:

Corollary 6.3. (1) Suppose that −ϵ = 1 and n = 1. Then we have |G(W )| = q−1(1+ q−1).
(2) Suppose that −ϵ = −1. Then we have

|G(W )| =



1 + q−1 n = 1, χW : unramified,

2q−
1
2 n = 1, χW : ramified,

2q−2 · (1 + q−2) n = 2, 1 ̸= χW : unramified,

2q−
5
2 · (1 + q−1) n = 2, χW : ramified,

2q−6 · (1 + q−1)(1 + q−2) n = 3, χW = 1.

Proof. We have

[G(W ) : B] = #(X∗(Z(Ĝ)I)Fr)

=

{
1 n = 1, χW : unramified,

2 otherwise

where I is the inertia group of F , and Fr is a Frobenius element of F . Hence we have the
claim. □

6.2. Measures on unipotent groups. Take a basis e and regard G(W ) as a subgroup of
GLn(D) as in §4. Let

f : 0 = X0 ⊂ X1 ⊂ · · · ⊂ Xk−1 ⊂ Xk = X

be a flag consisting of isotropic subspaces. We put ri = dimDXi/Xi−1 for i = 1, . . . , k. Moreover,
we put

ur′ = {z ∈ Mr′(D) | tz∗ − ϵz = 0}
for a positive integer r′. We denote by P the parabolic subgroup of all p ∈ G(W ) satisfying
Xi · p ⊂ Xi for i = 0, . . . , k, and by U(P ) the unipotent radical of P . Moreover, we denote by
Ui(P ) the subgroup

{u ∈ U(P ) | X · (u− 1) ⊂ Xi}
for i = 1, . . . , k. Then, for i = 1, . . . , k, we have the exact sequence

1 → Ui−1(P ) → Ui(P ) →
i∏

j=(i+2)/2

Mrj ,ri+1−j (D) → 0(6.1)
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if i is even, and the exact sequence

1 → Ui−1(P ) → Ui(P ) → ur(i+1)/2
×

i∏
j=(i+3)/2

Mri+1−j ,rj (D) → 0(6.2)

if i is odd. Here, the first maps are the inclusions and the second maps are given by

u =



1
0 1
z1 0 1

∗ z2
. . .

. . .
...

. . .
. . . 0 1

∗ · · · ∗ zi 0 1


7→ (z⌈i/2⌉Jr⌈i/2⌉ , . . . , ziJri).

for u ∈ Ui(P ). We define a measure dz on ur′ to be the self-dual Haar measure with respect to
a pairing

ur × ur → C : (z, z′) 7→ ψ(T (z · tz′∗)),
and we define a measure dx on Mr′,r′′(D) to be the self-dual Haar measure with respect to a
pairing

Mr′,r′′(D)×Mr′,r′′(D) → C× : (x, x′) 7→ ψ(T (x · tx′∗)).
Then, the Haar measure du on Ui(P ) is defined inductively by the exact sequences (6.1) and
(6.2) for i = 1, . . . , k.

7. Doubling method and local γ-factors

In this section, we explain the doubling method, and we recall the analytic definition of the
local standard γ-factor (§7.2). Note that the doubling method also appears in the formulation of
the local Siegel-Weil formula (§10 below) and the local Rallis inner product formula (§15 below).
Let W be a (−ϵ)-Hermitian space. In this section, we also define the local zeta value α1(W ),
which depends on W and its basis e. In §7.3, we compute α1(W ) for a (−ϵ)-Hermitian space and
for a basis e for W under some assumptions. As explained in the introduction, this computation
of the constant α1(W ) will play an important role in the computation of the constant in the
local Siegel-Weil formula (§10).

7.1. Doubling method. Let (W2, ⟨ , ⟩2) be the pair where W2 = W ⊕W and ⟨ , ⟩2 is the
map W2 ×W2 → D defined by

⟨(x1, x2), (y1, y2)⟩2 = ⟨x1, y1⟩ − ⟨x2, y2⟩

for x1, x2, y1, y2 ∈W . Let G(W2) be the isometric group of W2. Then, the natural action

G(W )×G(W ) ↷W ⊕W : (x1, x2) · (g1, g2) = (x1 · g1, x2 · g2)

induces an embedding ι : G(W )×G(W ) → G(W2). Consider maximal totally isotropic subspaces

W△ = {(x, x) ∈W2 | x ∈W}, and

W▽ = {(x,−x) ∈W2 | x ∈W}.

Note that there is a polar decomposition W2 = W△ ⊕W▽. We denote by P (W△) the max-
imal parabolic subgroup of G(W2) which preserves W△. Then, a Levi subgroup of P (W△) is
isomorphic to GL(W△). We denote by ∆ the character of P (W△) given by

∆(x) = NW△(x)−1.
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Here NW△(x) is the reduced norm of the image of x in EndD(W
△). Let ω : F× → C× be a

character. For s ∈ C, put ωs = ω · | − |s. Let e be a basis for W . Then we define a basis
e′

2
= (e′1, . . . , e

′
2n) for W

2 by

e′i = (ei, ei), e
′
n+i =

n∑
k=1

ajk(ei,−ei)

for i = 1, . . . , n, where (ajk)j,k = R(e)−1. Note that

(⟨e′i, e′j⟩)i,j =
(

0 2 · In
−2ϵ · In 0

)
.

We choose a maximal compact subgroup K(e′
2
) of G(W2) which preserves the lattice

OW2 =

2n∑
i=1

ODe
′
i

of W2. Then, we have P (W△)K(e′
2
) = G(W2). Denote by I(s, ω) the degenerate principal

series representation

Ind
G(W2)

P (W△)
(ωs ◦∆)

consisting of the smooth right K(e′
2
)-finite functions f : G(W2) → C satisfying

f(pg) = δ
1
2

P (W△)
(p) · ωs(∆(p)) · f(g)

for p ∈ P (W△) and g ∈ G(W2), where δP (W△) is the modular function of P (W△). We may

extend |∆| to a right K(e′
2
)-invariant function on G(W2) uniquely. For f ∈ I(0, ω), put

fs = f · |∆|s ∈ I(s, ω). Then, we define an intertwining operator M(s, ω) : I(s, ω) → I(−s, ω−1)
by

[M(s, ω)fs](g) =

∫
U(W△)

fs(τug) du

where τ is the Weyl element of G(W2) given by{
τ(e′i) = e′n+i i = 1, . . . , n,

τ(e′i) = −ϵe′i−n i = n+ 1, . . . , 2n.

This integral converges absolutely for ℜs > 0 and admits a meromorphic continuation to C. Let
π be a representation of G(W ) of finite length. For a matrix coefficient ξ of π, and for f ∈ I(0, ω),
we define the doubling zeta integral by

ZW (fs, ξ) =

∫
G(W )

fs(ι(g, 1))ξ(g) dg.

Then the zeta integral satisfies the following properties, which is stated in [Yam14, Theorem 4.1].
This gives a generalization of [LR05, Theorem 3].

Proposition 7.1. (1) The integral ZW (fs, ξ) converges absolutely for ℜs ≥ n − ϵ and has
an analytic continuation to a rational function of q−s.

(2) There is a meromorphic function ΓW (s, π, ω) such that

ZW (M(s, ω)fs, ξ) = ΓW (s, π, ω)ZW (fs, ξ)

for all matrix coefficient ξ of π and fs ∈ I(s, ω).
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7.2. Local γ-factor. We regard un as a subspace of EndD(W
2) and we denote by ureg the set

of A ∈ u of rank n. Fix a non-trivial additive character ψ : F → C× and A ∈ ureg. We define a
Haar measure du on U(W△) by the identification U(W△) ∼= un by the basis e′ (see §6.2). We
define

ψA : U(W▽) → C× : u 7→ ψ(TW2(uA))

where TW2 denotes the reduced trace of EndD(V
2). For f ∈ I(0, ω) we define

lψA(fs) =

∫
U(W▽)

fs(u)ψA(u) du.

Then, this integral defining lψA converges for ℜs≫ 0 and admits a holomorphic continuation to
C ([Kar79, §3.2]). Let A0 ∈ GLn(D) the matrix representation of the linear map A :W▽ →W△

with respect to the bases e′n+1, . . . , e
′
2n for W▽ and e′1, . . . , e

′
n for W△. We denote by e(G(W ))

the Kottwitz sign of G(W ), which is given by

e(G(W )) =

{
(−1)

1
2n(n+1) (−ϵ = 1),

(−1)
1
2n(n−1) (−ϵ = −1).

Proposition 7.2. We have

lψA ◦M(s, ω) = c(s, ω,A, ψ) · lψA ,
where c(s, ω,A, ψ) is the meromorphic function of s given by

c(s, ω,A, ψ) = e(G(W )) · ωs(N(A0))
−1 · |2|−2ns+n(n− 1

2 ) · ω−1(4) · γ(s− n+
1

2
, ω, ψ)−1

×
n−1∏
i=0

γ(2s− 2i, ω2, ψ)−1 · γ(s+ 1

2
, ωχA0

, ψ) · ϵ(1
2
, χA0

, ψ)−1

in the case −ϵ = 1, and

c(s, ω,A, ψ) = e(G(W )) · ωs(N(A0))
−1 · |2|−2ns+n(n− 1

2 ) · ω−1(4) ·
n−1∏
i=0

γ(2s− 2i, ω2, ψ)−1

in the case −ϵ = −1.

Remark 7.3. These formulas differ from those in [Kak20b, Proposition 4.2]. This is caused by
a typo where ωn± 1

2
(N(R)) should be replaced by ωn± 1

2
(N(R))−1 in [Kak20b, Proposition 4.2].

Now we define the doubling γ-factor as in [Kak20b]. Note that the above error has no effects
on the definition in [Kak20b].

Definition 7.4. Let π be an irreducible representation of G(W ), let ω be a character of F×, let
ψ be a non-trivial character of F . Then we define the γ-factor by

γW (s+
1

2
, π × ω, ψ) = c(s, ω,A, ψ)−1 · ΓW (s, π, ω) · cπ(−1) ·R(s, ω,A, ψ).

where cπ be the central character of π, and

R(s, ω,A, ψ) =

{
ωs(N(R(e)A0)

−1γ(s+ 1
2 , ωχd(A), ψ)ϵ(

1
2 , χd(A), ψ)

−1 in the case −ϵ = 1,

ωs(N(R(e)A0)
−1ϵ( 12 , χd(W ), ψ) in the case −ϵ = −1.

The doubling γ-factor γW (s+ 1
2 , π ⊠ ω, ψ) is expected to coincide with the standard γ-factor

γ(s+ 1
2 , π⊠ω, std, ψ) where std is the standard embedding of L(G(W )×GL1). Another notable

property is the commutativity with parabolic inductions, which is useful in the computation.
For example, the doubling γ-factor of the trivial representation is given by the following lemma,
which we use in the computation of the doubling zeta integral (§7.3 and §21 below).
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Lemma 7.5. Denote by 1W the trivial representation of G(W ). Then we have

γW (s+
1

2
, 1W × 1, ψ) =

{∏n
i=−n γF (s+

1
2 + i, 1, ψ) −ϵ = 1,

γF (s+
1
2 , χW , ψ)

∏n−1
i=−n+1 γF (s+

1
2 + i, 1, ψ) −ϵ = −1.

7.3. Local zeta value. We use the same setting and notation of §7.1. Let f◦s ∈ I(s, 1) be the
unique K(e′

2
)-fixed section with f◦s (1) = 1, and let ξ◦ be the matrix coefficient of the trivial

representation of G(W ) with ξ◦(1) = 1. Then, we define

α1(W ) := ZW (f◦ρ , ξ
◦),

which is the first constant we are interested in. The purpose of this subsection is to obtain a
formula of α1(W ) in the case where either R(e) ∈ GLn(OD) or W is anisotropic. Note that the
general formula of α1(W ) will be obtained in §19.
Proposition 7.6. (1) In the case −ϵ = 1 and R(e) ∈ GLn(OD), we have

α1(W ) = |2|n(2n+1) · q−n
2
0−(2n0+1)r−2r2 ·

n∏
i=1

(1 + q−(2i−1)).

(2) In the case −ϵ = −1 and R(e) ∈ GLn(OD), we have

α1(W ) = |2|n(2n−1) · q−2rn0−2r2+r ·
n∏
i=1

(1 + q−(2i−1)).

(3) In the case −ϵ = −1 and W is anisotropic, we have

α1(W ) = |N(R(e))|−n+ 1
2 ×


|2|F · (1 + q−1) n = 1,

|2|6F · q−1 · (1 + q−1)(1 + q−3) n = 2,

|2|15F · q−3 · (1 + q−1)(1 + q−3)(1 + q−5) n = 3.

Note that in the case 2 ̸ |q, the assertions (1) and (2) are conclusions of [Kak20b, Proposition
8.3] and the volume formula of KW (Proposition 5.6). However, to contain the case 2|q, we prove
them in another way. Before proving this lemma, we observe following two important lemmas:

Lemma 7.7.
dimC HomG(W )×G(W )(I(ρ, 1),C) = 1.

Proof. First, the map

Z : I(ρ, 1) → C : f 7→
∫
G(W )

f((g, 1)) dg

is contained in HomG(W )×G(W )(I(ρ, 1),C). To prove the lemma, it suffices to show that kerZ is
spanned by the set

{h−R(g)h | h ∈ I(ρ, 1), g ∈ G(W )×G(W )}.
Here, we denote by R(g) the right translation by g. Let f ∈ kerZ. Take a compact open subgroup
K ′ of K(e′

2
), complex numbers ai ∈ C and elements gi ∈ G(W )×G(W ) for i = 1, . . . , t so that

f =

t∑
i=1

aiR(gi)c

where c ∈ I(ρ, 1) is the section defined by

c(g) :=

{
δP (W△)(p) g = pk′ (p ∈ P (W△), k′ ∈ K ′),

0 g ̸∈ P (W△)K ′.
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Then, we have

a1 + · · ·+ at =
Z(f)

Z(c)
= 0

and we have
t−1∑
i=1

bi(R(gi)c−R(gi+1)c) = f

where bi := a1 + · · ·+ ai for i = 1, . . . , t− 1. Hence we have the lemma. □

Lemma 7.8. For f ∈ I(ρ, 1), we have∫
G(W )

f((g, 1)) dg = m◦(ρ)−1 · α1(W ) ·
∫
U(W△)

f(τu) du

where

m◦(s) =

|2|n(n−
1
2 )

F q−
1
2n(n+1) ζF (s−n+ 1

2 )

ζF (s+n+ 1
2 )

∏n−1
i=0

ζF (2s−2i)
ζF (2s+2n−4i−3) (−ϵ = 1),

|2|n(n−
1
2 )

F q−
1
2n(n−1)

∏n−1
i=0

ζF (2s−2i)
ζF (2s+2n−4i−1) (−ϵ = −1).

Proof. Define a map A : S(G(W2)) → I(ρ, 1) by

[Aφ](g) =

∫
P (W△)

δP (W△)(p)
−1φ(pg) dp.

Then A is surjective. Moreover, we have∫
U(W△)

[Aφ](τu) du =

∫
U(W△)

∫
M(W△)

∫
U(W△)

δ−1
P (W△)

(m)φ(xmτy) dydmdx

= γ(G(W2)/P (W△))

∫
G(W2)

φ(g) dg.

Here, γ(G(W2)/P (W△)) is the constant defined by

γ(G(W2)/P (W△)) =

∫
U(W△)

f◦(τu) du

where f◦ ∈ I(ρ, 1) is an unique K(e′
2
)-invariant section with f◦(1) = 1. Hence we conclude that

the map

I(ρ, 1) → C : f 7→
∫
U(W△)

f(τu) du

is G(W2)-invariant, in particular, it is G(W ) × G(W )-invariant. Hence, by Lemma 7.7, we
conclude that there is a constant α′ ∈ C such that∫

G(W )

f((g, 1)) dg = α′
∫
U(W△)

f(τu) du

for all f ∈ I(ρ, 1). To determine the constant α′, we use f◦ as a test function. By Gindikin-
Karperevich formula ([Cas80, Theorem 3.1]) or Shimura’s computation ([Shi99, Proposition 3.5]),
we have ∫

U(W△)

f◦(τu) du = m◦(ρ).

Moreover, comparing this to Lemma 21.2, we have the claim. □
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Now we prove Proposition 7.6. As a consequence of Lemma 7.8, we use another section
f(s, 1ϖFOu

,−) ∈ I(s, 1) to compute the ratio α1(W )m◦(ρ)−1. Here, we denote the set u∩Mn(O)
by Ou, and we define a section f(s,Φ,−) ∈ I(s, ω) by

f(s,Φ, g) :=


0 g /∈ P (W△)τU(W△),

ωs(∆(p))Φ(X) g = pτ

(
1 X

0 1

)
(p ∈ P (W△), X ∈ u)

for a character ω of F× and Φ ∈ S(u). Let g ∈ G(W ) with ι(g) ∈ P (W△)τU(W△). Then,(
g+1
2

g−1
2 R(e)−1

R(e) g−1
2 R(e) g+1

2 R(e)−1

)
=

(
a 0

b ta∗−1

)
τ

(
1 0
X 1

)
for some a ∈ GLn(D), b ∈ Mn(D) and X ∈ u. If X ∈ ϖFOu, then a, g are given by

a = (X −R(e))−1, g = a(X +R(e)) = 2aX − 1,

and thus a ∈ GLn(OD) and g ∈ −K+
2ϖF

. Here we denote the set

{g ∈ G(W ) ∩GLn(OD) | g − 1 ∈ 2ϖFMn(OD)}

by K+
2ϖF

. Conversely, if g ∈ −K+
2ϖF

, then a,X are given by

aIn =
g − 1

2
R(e)−1, aX =

g + 1

2
,

and thus a ∈ GLn(OD) and X ∈ ϖFOu. Summarizing above discussions, we have

f(s, 1ϖF u,−) ◦ ι = 1−K+
2ϖF

on G(W ). Put

m′(s) :=

∫
U(W△)

f(s, 12ϖFOu
, τu) du.

Then, we have

α1(W )

m◦(ρ)
=
Z(f(ρ, 12ϖFOu

,−))

m′(ρ)

=
|K+

2ϖF
|

|ϖFOu|

= |2|2nρ−n(n−
1
2 )

F q
1
2n(n−ϵ)qn(2n−ϵ)|K+

ϖF |.

Since

[B+ : K+
ϖF ] = q6(n0r+r(r−1))+5r+n0−(2r+n0)ϵ

and

|B+| =

{
−n2 − n (−ϵ = 1),

−n2 (−ϵ = −1),
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we have

logq(q
1
2n(n−ϵ)qn(2n−ϵ)|K+

ϖF |)

=
1

2
n(n− ϵ) + n(2n− ϵ)− 6(n0r + r(r − 1))− 5r − n0 + (2r + n0)ϵ

−

{
−n2 − n (−ϵ = 1),

−n2 (−ϵ = −1)

=
1

2
n(n− ϵ)−

{
2r2 + (2n0 + 1)r + n20 (−ϵ = 1),

2r2 + 2n0r − r (−ϵ = −1).

Hence we have

α1(W ) = m◦(ρ) · α1(W )

m◦(ρ)

=

{
|2|n(2n+1) · q−n2

0−(2n0+1)r−2r2 ·
∏n
i=1(1 + q−(2i−1)) (−ϵ = 1),

|2|n(2n−1) · q−2rn0−2r2+r ·
∏n
i=1(1 + q−(2i−1)) (−ϵ = −1).

This proves (1) and (2) of Proposition 7.6.
Finally, we prove (3). By the definition of the γ-factor, we have the following (local) functional

equation of the zeta integral:

ZW (f◦s , ξ
◦)

m◦(s)
=e(G)

ZW (f◦−s, ξ
◦)

γW (s+ 1
2 , 1W × 1, ψ)

n−1∏
i=0

γ(2s− 2i, 1, ψ)

× |2|2ns−n(n−
1
2 )

F |N(R(e))|−sF · ϵ(1
2
, χW , ψ).

Note that f◦−ρ is a constant function on G(W2), and ZW (f◦−ρ, ξ
◦) = |G(W )|. Hence, by Lemma

7.5, we have

ZW (f◦−ρ, ξ
◦)

m◦(ρ)
= |N(R(e))|−n+ 1

2 ×


|2|

1
2

F · e(G) n = 1,

−|2|3F · e(G) n = 2,

−|2|
15
2

F · e(G) n = 3.

Therefore, we have

α1(W ) = |N(R(e))|−n+ 1
2 ×


|2|F · (1 + q−1) n = 1,

|2|6F · q−1 · (1 + q−1)(1 + q−3) n = 2,

|2|15F · q−3 · (1 + q−1)(1 + q−3)(1 + q−5) n = 3.

Thus, we complete the proof of Proposition 7.6.

8. Local Weil representations

In this paper, we consider the two reductive dual pairs: (G(V ), G(W2)) and (G(V ), G(W )).
For the first case, we can describe the restriction of the Weil representation to G(V )×G(W2).
We discussed this in §8.1. The second case is discussed in §8.2.

8.1. An explicit description. In this subsection, we discuss an explicit description of Weil
representation for the reductive dual pair (G(V ), G(W2)), which is computed in [Kud94].

We fix a basis e for W . We take a basis e′
2

of W2 as in §7.1. In this subsection, we
identify G(W ) (resp. G(W2)) with a subgroup of GLn(D) (resp. GL2n(D)) by the basis e (resp.
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e′
2
). Moreover, we identify G(V ) with a subgroup of GLm(D) by some fixed basis of V . Let

W2 = V ⊗D W2, and let ⟨⟨ , ⟩⟩2 be the pairing on W2 defined by

⟨⟨x⊗ (y1, y2), x
′ ⊗ (y′1, y

′
2)⟩⟩2 = TD((x, x

′) · (⟨y1, y′1⟩∗ − ⟨y2, y′2⟩∗))

for x1, x2 ∈ V and y1, y2, y
′
1, y

′
2 ∈W . Then, (G(V ), G(W2)) is a reductive dual pair in Sp(W2).

We fix a non-trivial additive character ψ : F → C1. Then, we consider the metaplectic C1-cover

1 → C1 → Mpψ(W2) → Sp(W2) → 1

of Sp(W2). We denote by ω2
ψ the Weil representation of Mpψ(W2). The canonical embedding

j : G(V )×G(W2) → Sp(W2) : (h, g) 7→ h⊗ g

lifts to an embedding j̃ into Mpψ(W2):

Mp(W2)

��
G(V )×G(W2)

j̃
77nnnnnnnnnnnn

j // Sp(W2).

We consider a polar decomposition W2 = (V ⊗W▽)⊕(V ⊗W△) (note that the order of △ and ▽
is reversed compared to the decomposition ofW2). Then, the restriction of ω2

ψ to G(V )×G(W2)

can be described explicitly on the space S(V ⊗W▽) of Schwartz-Bruhat functions on V ⊗W▽.

For ϕ ∈ S(V ⊗W▽) and g =

(
a b
c d

)
∈ Sp(W2), we define r(g)ϕ ∈ S(V ⊗W▽) by

[r(g)ϕ](x) =

∫
Yc
ψ(

1

4
⟨⟨xa, xb⟩⟩+ 1

2
⟨⟨yc, xb⟩⟩+ 1

4
⟨⟨yc, yd⟩⟩)ϕ(xa+ yc) dµg(y)

where Yc = ker(c) ∩ V ⊗W△\V ⊗W△. Moreover, we may re-define the Haar measure µg(y) so
that r(g) keep the L2-norm of S(V ⊗W▽). For a ∈ GL(W△), we denote by m(a) the unique
element of G(W2) such that m(a)|W△ = a.

Theorem 8.1. Let ϕ ∈ S(V ⊗W▽). Then, ω2
ψ (h, g)ϕ = βV (g)r(g)(ϕ ◦ h−1). More precisely,

• [ω2
ψ (h, 1)ϕ](x) = ϕ(h−1x) for h ∈ G(V ),

• [ω2
ψ (1,m(a))ϕ](x) = βV (m(a))|N(a)|−mϕ(x · ta∗−1

) for a ∈ GL(W▽),

• [ω2
ψ (1, b)ϕ](x) = ψ( 14 ⟨⟨x, x · b⟩⟩)ϕ(x) for b ∈ U(W△),

• the action of the Weyl element τ (for the definition, see §7.1) is given by

[ω2
ψ (1, τ)ϕ](x) = βV (τ) ·

∫
V⊗W▽

ψ(
1

2
⟨⟨x, yτ⟩⟩)ϕ(y) dy

where dy is the self-dual measure of V ⊗W▽ with respect to the pairing

V ⊗W▽ × V ⊗W▽ → C : x, y 7→ ψ(
1

2
⟨⟨x, yτ⟩⟩).

Here, we denote by N the reduced norm of EndD(W
▽) over F .

Proof. [Kud94, p.40]. □

Remark 8.2. According to [Kud94, p18], we can compute βV (g) as follows:

• βV (m(a)) = 1, βV (τ) = (−1)mn in the case ϵ = 1, and
• βV (m(a)) = χV (N(a)), βV (τ) = (−1,detV )nF (−1)mn(−1,−1)mnF in the case ϵ = −1.
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8.2. Compatibility of Doubling and Weil representations. Now we consider the dual pair
(G(V ), G(W )). Let W = V ⊗D W , and let ⟨⟨ , ⟩⟩ be the pairing on W defined by

⟨⟨x⊗ y, x′ ⊗ y′⟩⟩ = TD((x, x
′) · ⟨y, y′⟩∗)

for x, x′ ∈ V and y, y′ ∈W . We denote by Mpψ(W) the metaplectic C1-cover of Sp(W), and by
ωψ the Weil representation of Mpψ(W). Note that there is a polar decomposition W = X ⊕ Y
where X and Y are certain totally isotropic subspaces, and ωψ can be realized on the space S(X)
of Schwartz-Bruhat functions on X. We fix Haar measures dx and dy of X and Y so that they
are the dual each other with respect to the pairing

X× Y → C× : (x, y) 7→ ψ(⟨⟨x, y⟩⟩).

Moreover, we define

X△ = (X⊕ X) ∩W△, X▽ = (X⊕ X) ∩W▽

and

Y△ = (Y⊕ Y) ∩W△, Y▽ = (Y⊕ Y) ∩W▽.

We define the Haar measure dx△ on X△ by the push out measure p∗(dx) where p : X△ → X is
the first projection. We define the Haar measures dx▽, dy△, dy▽ in the same way. The map

δ : S(X)⊗ S(X) = S(X⊕ X) → S(V ⊗W▽)

given by the partial Fourier transform

[δ(ϕ1 ⊗ ϕ2)](x) =

∫
X△

(ϕ1 ⊗ ϕ2)(y) · ψ(⟨⟨x, y⟩⟩) dy△

is known to be compatible with the embedding ι : G(W )×G(W ) → G(W2). Hence, we have

Fδ(ϕ1⊗ϕ2)
(ι(g, 1)) = (ωψ(g)ϕ1, ϕ2)X

for ϕ1, ϕ2 ∈ S(X) where ( , )X is the L2-inner product on X defined by the measure dx. Moreover,
we have:

Proposition 8.3. Let dz be the self-dual Haar measure on V ⊗W△ with respect to the pairing

V ⊗W▽ × V ⊗W▽ → C× : (x, y) 7→ ψ(
1

2
⟨⟨x, yτ⟩⟩)

and let ( , ) be the L2-inner product on V ⊗W▽ defined by dz. Then, we have

(δ(ϕ1 ⊗ ϕ2), δ(ϕ3 ⊗ ϕ4)) = |2|−2mn
F · |N(R(e))|m · (ϕ1, ϕ3)X · (ϕ2, ϕ4)X

for ϕ1, ϕ2, ϕ3, ϕ4 ∈ S(X).

Proof. Note first that the vector space V ⊗W▽ decomposes into the direct sum

X▽ ⊕ Y▽.
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For z ∈ V ⊗W▽, we denote by zx (resp. zy) the X▽-component (resp. Y▽-component) of z.
Then, one can prove that dz = |N(R(e))|m · dz▽x ⊗ dz▽y . Hence, we have

(δ(ϕ1 ⊗ ϕ2), δ(ϕ3 ⊗ ϕ4))

=

∫
V⊗W▽

δ(ϕ1 ⊗ ϕ2)(z) · δ(ϕ3 ⊗ ϕ4)(z) dz

= |N(R(e))|m
∫
X▽

∫
Y▽

δ(ϕ1 ⊗ ϕ2)(zx + zy) · δ(ϕ3 ⊗ ϕ4)(zx + zy) dz
▽
x dz

▽
y

= |N(R(e))|m
∫
X▽

∫
Y▽

∫
X△

(ϕ1 ⊗ ϕ2)(zx + x△)ψ(⟨⟨x△, zy⟩⟩)

· δ(ϕ3 ⊗ ϕ4)(zx + zy) dx
▽dz▽x dz

▽
y

= |2|−2mn · |N(R(e))|m
∫
X▽

∫
X△

(ϕ1 ⊗ ϕ2)(zx + x△) · (ϕ3 ⊗ ϕ4)(zx + x△) dx△dz▽x

= |2|−2mn · |N(R(e))|m
∫
X

∫
X
(ϕ1 ⊗ ϕ2)(x, x

′) · (ϕ3 ⊗ ϕ4)(x, x′) dxdx
′

= |2|−2mn · |N(R(e))|m · (ϕ1, ϕ3)X · (ϕ2, ϕ4)X.
Thus, we have the proposition. □

9. Local theta correspondence

In this section, we explain the notations and properties of local theta correspondence for
quaternionic dual pairs.

9.1. Definition. Fix a non-trivial additive character ψ of F . We denote by Mpψ(W) the meta-

plectic group, and by j̃ : G(V )×G(W ) → Mpψ(W) a splitting of the embedding

j : G(W )×G(V ) → Sp(W) : (g, h) 7→ g ⊗ h.

For an irreducible representation π of G(W ), we define Θψ(π, V ) as the largest quotient module

(j̃∗ωψ ⊗ π∨)G(W )

of j̃∗ωψ ⊗ π∨ on which G(W ) acts trivially. This is a representation of G(V ). We define the
theta correspondence θψ(π, V ) of π by

θψ(π, V ) =

{
0 (Θψ(π, V ) = 0),

the maximal semisimple quotient of Θψ(π, V ) (Θψ(π, V ) ̸= 0).

Theorem 9.1 (Howe duality). For irreducible representations π1, π2 of G(W ), we have

(1) θψ(π1, V ) is irreducible if it is non-zero,
(2) π1 ∼= π2 if θψ(π1, V ) ∼= θψ(π2, V ) ̸= 0,
(3) θψ(π1, V )∨ ∼= θψ(π

∨
1 , V ).

Proof. [GS17, Theorem 1.3]. □

9.2. Square integrability. In this subsection, we explain the preservation of the square inte-
grability under the theta correspondence, which is necessary for the setup of the main result.
Let π be an irreducible square integrable representation of G(W ), and let σ := θψ(π, V ). In
this subsection, we assume that l = 1 and σ ̸= 0. We denote by θ the G(V )-equivalent and
G(W )-invariant natural quotient map

ωψ ⊗ π → σ.
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Let ( , )π : π × π → C be a non-zero G(W )-invariant Hermitian pairing on π. We define a
non-zero G(V )-invariant Hermitian pairing ( , )σ : σ × σ → C by

(θ(ϕ1, v1), θ(ϕ2, v2))σ :=

∫
G(W )

(ωψ(g)ϕ1, ϕ2) · (π(g)v1, v2)π dg.

Lemma 9.2. The definition of ( , )σ does not depend on the choice of ϕ1, ϕ2, v1, v2. Moreover,
σ is a square integrable representation.

Proof. Similar to [GI14, Appendix D]. □
9.3. Tower properties. In this subsection, we discuss some properties related to Witt towers.
Let V0 be a right anisotropic ϵ-Hermitian space. Put m0 := dimD V0. For a non-negative integer
t, we define

Vt = Xt ⊕ V0 ⊕X∗
t

where Xt and X
∗
t are t-dimensional right D-vector spaces. Fix a basis λ1, . . . , λt for Xt and fix

a basis λ−1, . . . , λ−t for X
∗
t . Then we define an ϵ-Hermitian pairing ( , )t on Vt by

(λi, λ−j)t = δij , (λi, x0)t = (x0, λ−j)t = 0, (x0, x
′
0)t = (x0, x

′
0)0

for i, j = 1, . . . , t and x0, x
′
0 ∈ V0. Here ( , )0 is the pairing associated with V0.

First, we state the conservation relation of Sun-Zhu [SZ15]. Let V †
0 be a right anisotropic

ϵ-Hermitian space such that χV †
0
= χV0 and V †

0 ̸∼= V0. Such V †
0 is determined uniquely. Take

{V †
t }t≥0 as the Witt tower containing V †

0 . Let π be an irreducible representation of G(W ). There
is a non-negative integer r(π) such that Θψ(π, Vr(π)) ̸= 0 and Θ(π, Vt) = 0 for t < r(π). It is
known that θψ(π, Vr(π)) is supercuspidal if π is supercuspidal. We call r(π) the first occurrence

index for the theta correspondence from π to the Witt tower {Vt}t≥0. Denote by r†(π) the first

occurrence index for the theta correspondence from π to {V †
t }t≥0.

Proposition 9.3. Let π be an irreducible representation of G(W ). Then we have

m(π) +m†(π) = 2n+ 2 + ϵ

where m(π) = 2r(π) + dimD V0, and m
†(π) = 2r†(π) + dimD V

†
0 .

Proof. [SZ15]. □
Then, we explain the behavior of theta correspondence when we change indexes of Witt towers.

However, before stating them, we note here the analogue of the Gelfand-Kazhdan Theorem
([BZ76, Theorem 7.3]) for GLr(D), which we use in the proof of Proposition 9.5:

Lemma 9.4. Let τ be an irreducible representation of GLr(D), and let τθ be the irreducible

representation of GLr(D) defined by τθ(g) = τ(tg∗
−1

) for g ∈ GLr(D). Then, τθ is equivalent
to the contragredient representation π∨ of π.

Proof. See [Rag02, Theorem 3.1]. □
Proposition 9.5. Let {Wt}t≥0 be a Witt tower of right (−ϵ)-Hermitian spaces.

(1) Let π be an irreducible representation of G(Wi), and let σ = θψ(π, Vj). Suppose that
j ≥ r(π), and we denote by σj′ the representation θψ(π, Vj′) for r(π) ≤ j′ ≤ j. Then, σ
is a subquotient of an induced representation

Ind
G(Vi)
Qj′,j

σj′ ⊠ χW |NXj′,j |
li,j+j−r(π).

Here, li,j = 2dimWi − 2 dimVj − ϵ, Xj′,j is a subspace of Xj′ spanned by λj′+1, . . . , λj,
NXj′,j is the reduced norm of End(Xj′,j), and Qj′,j is the parabolic subgroup preserving
Xj′,j.
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(2) Let π be an irreducible representation of G(Wi′), let σ = θψ(π, Vj′), let τ be a non-
trivial supercuspidal irreducible representation of GLr(D), let s be a complex number,

and let π′ be an irreducible subquotient of Ind
G(Wi)
Pi′,i

(π ⊠ τsχV ) where i = i′ + r and

Pi′,i is the parabolic subgroup preserving an r-dimensional isotropic subspace of Wi′ .

Suppose that σ ̸= 0. Then, we have that θψ(π
′, Vj) is a subquotient of Ind

G(Vj)
Qj′,j

σ⊠ τsχW .

Here, j = j′ + r, and τsχW is the representation of GLr(D) defined by τsχW (g) =
τ(g)χW (N(g))|N(g)|s for g ∈ GLr(D), where N denotes the reduced norm.

Proof. These properties are proved by analyzing the Jacquet module of Weil representations:
it goes similar line with [Mui06], however we explain for the readers (see also [Han11]). For
a while, we denote by ωψ[j, i] the Weil representation associated with the reductive dual pair
(G(Vj), G(Wi)). Moreover, for a representation ρ of G(Vj) × G(Wi), for 0 ≤ i′ ≤ i, and for
0 ≤ j′ ≤ j, we denote by Jj′,i′ρ the Jacquet module of ρ with respect to the parabolic subgroup
Qj′,j × Pi′,i. Then, by [MVW87], we have a G(Vj′)×GLj−j′(D)×G(Wi) equivalent filtration:

Jj′,i(ωψ[j, i]) = R0 ⊃ R1 ⊃ · · · ⊃ Rt ⊃ Rt+1 = 0.

Here,

t = min{j − j′, i},

R0/R1 = χW |NXj′,j |
li,j+j−j′ ⊠ ωψ[j

′, i],

Rk/Rk+1 = Ind
G(Wi)
Pi−k,i

ρk for some representation ρk (k = 1, . . . , t− 1),

and moreover if j − j′ ≤ i, we have

Rt = Ind
G(Wi)
Pi′,i

S(GLj−j′(D))⊠ ωψ[j
′, i′]

where i′ = i− (j − j′), and the action of GLj−j′(D)×GLi−i′(D) on S(GLj−j′(D)) is given by

[(g1, g2) · φ](g) = χW (N(g1))χV (N(g2))φ(g
−1
1 gg2)

for g1 ∈ GLj−j′(D), g ∈ GLj−j′(D), and g2 ∈ GLi−i′(D), where N denotes the reduced norm.
Now we prove (1). Composing Jj′,i(ωψ[j, i]) → R0/R1 with the G(Vj′) × G(Wi)-equivalent
surjection

ωψ[j
′, i] → σ ⊠ π,

we have a non-zero morphism

Jj′,i(ωψ[j, i]) → χW |NXj′,j |
l+j−j′ ⊠ σ ⊠ π.

Hence we have (1). Then we prove (2). Let π′ be an irreducible component of Ind
G(Wi)
Pi′,i

π⊠τsχV .
First, we have

Hom(Rk/Rk+1, π
′) = Hom(ρk, Ji−kπ

′).

Here, we denote by Ji−kπ
′ the Jacquet module with respect to the parabolic subgroup Pi′,i.

However, since τ is supercuspidal, one can prove Ji−k Ind
G(Wi)
Pi′,i

π⊠τsχV = 0 for k = 1, 2, . . . , t−1

by considering the filtration of Bernstein-Zelevinsky ([BZ77, Theorem 5.2]), and thus the right
hand side is 0. Hence, we have

R1 ⊗ π′∨ ∼= Rt ⊗ π′∨.

Moreover, since τsχW ̸∼= χW |Nj′,j |li,j+j−j
′
, we have

R0 ⊗ (τsχW )∨ ∼= R1 ⊗ (τsχW )∨.
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On th other hand, the nonzero GLr(D)×GLr(D)-equivalent map

S(GLj−j′(D))⊗((τsχV )
∨⊠τsχW ) → C : (φ, x, x′) 7→

∫
GLr(D)

φ(g)⟨τs(g)x, x′⟩χWχ−1
V (Nj−j′(g))dg

gives a nonzero GLr(D)×GLr(D)-equivalent map

S(GLj−j′(D))⊗ (τsχV )
∨ → (τsχW )∨.

By combining the above arguments, and by Lemma 9.4, we have a nonzero G(Vj′)×GLj−j′(D)×
G(Wi)-equivalent map

Jj′,i(ωψ[j, i])⊗ (σ ⊠ τsχW )∨ ⊗ (π′)∨

= Rt ⊗ (σ ⊠ τsχW )∨ ⊠ (π′)∨

= (Ind
G(Wi)
Pi′,i

S(GLj−j′(D))⊠ ωψ[i
′, j′])⊗ (σ ⊠ τsχW )∨ ⊠ (π′)∨

→ (Ind
G(Wi)
Pi′,i

(τsχV )
∨ ⊠ π)⊗ (π′)∨

∼= (Ind
G(Wi)
Pi′,i

(τθχV )−s ⊠ π)⊗ (π′)∨

∼= (Ind
G(Wi)
Pi′,i

(τsχV )⊠ π)⊗ (π′)∨

→ C.

Hence we have (2). □

By the proof of Proposition 9.5, we also have a slightly different property:

Corollary 9.6. Let {Wt}t≥0 be a Witt tower of right (−ϵ)-Hermitian spaces, let i, j, j′ be
non-negative integers so that j − j′ > 0, let π be an irreducible representation of G(Wi), let
σ = θψ(π, Vj). Suppose that σ ̸= 0, and σ is a subrepresention of an induced representation

Ind
G(Vj)
Qj′,j

σ′ ⊠ τsχW where σ′ is an irreducible representation of G(Vj′), τ is an irreducible su-

percuspidal representation of GLj−j′(D), and s ∈ C. Moreover, we suppose that θψ(π, Vj′) = 0.
Then, we have i ≥ j − j′, and there exists an irreducible representation π′ of G(Wi′) such that
θψ(π

′, Vj′) ∼= σ′. Here we put i′ = i − (j − j′). Moreover, π is an irreducible subquotient of

Ind
G(Wi)
Pi′,i

π′ ⊠ τsχW .

Proof. We use the notation of the proof of Proposition 9.5. Since there is a non-zero G(Vj) ×
G(Wi)-equivalent map

ωψ[j, i] → σ ⊠ π,

by the Frobenius reciprocity, we have a non-zero G(Vj′)×GLj−j′(D)×G(Wi)-equivalent map

(τsχW )∨ ⊠ π∨ ⊗ Jj′,iωψ[j, i] → σ′.(9.1)

Then, the assumption θψ(π, Vj′) = 0 implies that

π∨ ⊗R0/R1 = 0.

Moreover, as in the proof of Proposition 9.5 (2), we have

(τsχW )∨ ⊠ π∨ ⊗ Jj′,iωψ[j, i] = (τsχW )∨ ⊠ π∨ ⊗Rj−j′ .

(Here, we put Rk = 0 for k > t.) Thus, Ri−i′ is forced not to be zero, and we have i ≥ j − j′.
By using the Frobenius reciprocity again, we have a nonzero G(Vj′) × GLj−j′(D) × G(Wi′) ×
GLi−i′(D)-equivalent map

((τsχW )∨ ⊠ (Ji′,jπ)
∨)⊗ (S(GLi−i′(D))⊠ ωψ[j

′, i′]) → σ′.
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Thus, σ′∨ ⊗ ωψ[j
′, i′] ̸= 0. Put π′ := θψ(σ

′,Wi′). Then, θψ(σ,Wi) is nonzero, and it is an

irreducible subquotient π′′ of Ind
G(Wi)
Pi′,i

π′ ⊠ τsχV . However, by the Howe duality (Theorem 9.1),

π′′ coincides with π. Thus we have the corollary. □

10. The local Siegel-Weil formula

In this section, we state the local Siegel-Weil formula, which is a local analogue of the (bounded
and first term) Siegel-Weil formula. We assume l = 1 and l > 0 in this section.

10.1. The map I. We define the ∆G(W2)×G(V )×G(V )-invariant map

I : ω2
ψ ⊗ ω2

ψ → C

by

I(ϕ, ϕ′) =
∫
G(V )

(ω2(h)ϕ, ϕ′) dh

for ϕ, ϕ′ ∈ ω2
ψ where ( , ) is the L2-norm of S(V ⊗W▽) as in Proposition 8.3. Note that the

integral defining I( , ) converges absolutely by [Li89, Theorem 3.2].

10.2. The map E. We denote by V ♭ the opposite space of V , that is, an ϵ-Hermitian space such
that dimD V

♭ = 2n−m− ϵ and χV ♭ = χV . (It exists because of the assumption in this section.)
Consider the G(W2)-invariant map

S(V ⊗W▽) → I(−1

2
, χV ) : ϕ 7→ Fϕ

defined by Fϕ(g) = [ω2
ψ (1, g)ϕ](0) for ϕ ∈ and g ∈ G(W2). Similarly, there is a G(W2)-invariant

map S(V ♭⊗W▽) → I( 12 , χV ). We denote by RW (V ) and RW (V ♭) the images of the above maps
respectively. Then we have the following exact sequence:

0 // RW (V ♭) // I( 12 , χV )
M( 1

2 ,ω) // RW (V ) // 0

([Yam11, Proposition 7.6]). For ϕ ∈ S(V ⊗W▽), we denote by F †
ϕ ∈ I(− 1

2 , χV ) a section such

that M( 12 , χV )F
†
ϕ = Fϕ. Then, we define the map E by

E(ϕ, ϕ′) =
∫
G(W )

F †
ϕ(ι(g, 1)) · Fϕ′(ι(g, 1)) dg.

The integral defining E converges absolutely, and the definition of E(ϕ, ϕ′) does not depend on

the choice of F †
ϕ by the following lemma:

Lemma 10.1. If f ∈ RW (V ♭) and h ∈ RW (V ), then we have∫
G(W )

f(ι(g, 1)) · h(ι(g, 1)) dg = 0.

Proof. By the proof of Lemma 7.8, we have

HomG(V )×G(V )(I(ρ, 1),C) = HomG(V 2)(I(ρ, 1),C) = Z · C

where

Z(F ) =

∫
G(V )

F (ι(g, 1)) dg
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for F ∈ I(ρ, 1). Thus, if there are f ∈ RW (V ♭), h ∈ RW (V ) so that Z(f · h) ̸= 0, we would

have RW (V ♭) ∼= RW (V )
∨
. Since I(− 1

2 , χV )
∼= I(− 1

2 , χV ), we have RW (V ) ∼= RW (V ). Put

σ := RW (V ♭). Then, we have

Θ(σ, V ♭) = 1V ♭ , Θ(σ, V ) = 1V .

However, according to the conservation relation (Proposition 9.3), either of them must vanish
since dimV + dimV ♭ = 2n− ϵ. This is a contradiction, and we have the lemma. □

10.2.1. Local Siegel-Weil formula. The following lemma gives the definition of α2(V,W ), which
is the second constant we are interested in.

Lemma 10.2. There is a non-zero constant α2(V,W ) such that I = α2(V,W ) · E.

Proof. The two maps I, E are ∆G(W ) × G(V ) × G(V )-invariant map. On the other hand, we
have

dimHom∆G(W )×G(V )×G(V )(ω
2
ψ ⊗ ω2

ψ ,C) = dimHom∆G(W )(R
W (V )⊗RW (V ♭),C) = 1.

Moreover, we have I(ϕ, ϕ) > 0 for positive functions ϕ ∈ S(V ⊗W▽), and E ̸= 0. Hence, we
have the proposition. □

We will determine the constant α2(V,W ) completely in §19. However we calculate α2(V,W )
directly when either V or W is anisotropic, which will be proved in §§12-13:

Proposition 10.3. (1) Suppose that −ϵ = 1 and V is anisotropic, then we have

α2(V,W ) = |N(R(e))|n+ 1
2

×



|2|−
5
2

F · (1 + q−1) (m = 1, χV : unramified),

|2|−
5
2

F · q− 1
2 (m = 1, χV : ramified),

|2|−7
F · q−2(1 + q−2) (m = 2, χV : unramified),

|2|−7
F · q− 5

2 · (1 + q−1) (m = 2, χV : ramified),

|2|−
27
2

F · q−6(1 + q−1)(1 + q−2) (m = 3, χV = 1).

(2) Suppose that −ϵ = −1 and either V or W is anisotropic, then we have

α2(V,W ) = |N(R(e))|n− 1
2

×


|2|−3
F · q−1 · (1 + q−1) (n = 2, χW = 1),

|2|−3
F · q−1 · (1 + q−1) (n = 2, χW : ramified),

|2|−3
F · q−1 · (1 + q−1) (n = 2, χW ̸= 1 : unramified),

−|2|−
15
2

F q−4 · (1+q−1)(1−q−4)
1−q−3 (n = 3, χW = 1).

11. Formal degrees and local theta correspondence

In this section, we state the behavior of the formal degree under the local theta correspondence,
which extends the result of Gan-Ichino [GI14]. Let G be a connected reductive group over F ,
and let π be a square integrable irreducible representation of G. Then, the formal degree is a
number deg π satisfying∫

G/AG

(π(g)v1, v2) · (π(g)v3, v4) dg =
1

deg π
(v1, v3) · (v2, v4)

for v1, . . . , v4 ∈ π, where AG is the maximal F -split torus of the center of G.
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Again, we consider a right m-dimensional ϵ-Hermitian space and a left n-dimensional (−ϵ)-
Hermitian space. In this section, we assume that l = 1. The purpose of this section is to
describe the behavior of the formal degree under the theta correspondence for the quaternionic
dual pair (G(V ), G(W )). Now we state our main theorem:

Theorem 11.1. Let π be an irreducible square integrable representation of G(W ), and let σ =
θψ(π, V ). Assume that σ ̸= 0. Then, we recall that σ is also square integrable. Now, we define
α3(V,W ) as the constant satisfying

deg π

deg σ
= α3(V,W )ωπ(−1)γV (0, σ × χW , ψ).

Then, α3(V,W ) depends only on V,W and ψ. Moreover, we have

α3(V,W ) =

{
(−1)nχV (−1)ϵ( 12 , χV , ψ) (−ϵ = 1),
1
2 · χW (−1)ϵ( 12 , χW , ψ) (−ϵ = −1).

We prove Theorem 11.1 in later sections. In this section, we see an example:

Example 11.2. Consider the case where ϵ = 1, m = 1, n = 2, and χW = 1. We denote by St the
Steinberg representation of G(W ). Then, it is known that θψ(St, V ) is the trivial representation
1V of G(V ). The local Langlands correspondence for G(W ) has been established (see [Cho17,

§5]) and the L-parameter of St is the principal parameter of Ĝ (see e.g. [GR10, §3.3]). Then, as
representations of WF × SL2(C), we have

Ad ◦ ϕ0 = (1⊗ r3)⊕ (1⊗ r3)

where 1 is the trivial representation of WF , and r3 is the unique three dimensional irreducible
representation of SL2(C). Thus, we have

γ(s+
1

2
,St,Ad, ψ) = q−4s ·

ζF (−s+ 3
2 )

2

ζF (s+
3
2 )

2
.

Moreover, the centralizer Cϕ0(Ĝ) of Imϕ0 in Ĝ is {±1} ⊂ Ĝ, and the component group S̃ϕ0(Ĝ)
is abelian. Since the formal degree conjecture for G(W ) is available (see §20 below), we have

deg St =
1

2
· q2

(1 + q−1)2
.

On the other hand, we have

deg 1V = |G(V )|−1 =
q

1 + q−1
.

(Recall that the volume |G(V )| of G(V ) is given by Corollary 6.3.) Therefore, by Lemma 7.5, we
have

deg St

deg 1V
=

1

2
· γ(0, 1V ⊠ 1, ψ)

which agrees with Theorem 11.1.

We note here the strategy of the proof of the theorem. At first, we consider the case where
either W or V is anisotropic (i.e. the minimal cases in the sense of the parabolic induction). In
theses cases, we can express α2(V,W ) with α1(W ) which is already determined in §7.3. And hence
we obtain Proposition 10.3 (§§12-13). Second, we relate α3(V,W ) with α2(W ) (§§14-15). Then
we have Theorem 11.1 in the minimal cases. And finally, we prove that the constant α3(V,W ) is
compatible with parabolic inductions (§§16-18), which completes the proof of Theorem 11.1. We
also note here that once α3(V,W ) is determined, the above processes can be reversed to obtain
the general formula for α1(W ) and α2(W ) (§19).
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Remark 11.3. We remark on the local γ-factors. As written in [Kak20b, §5.3], the definition
of the doubling γ-factor of Lapid-Rallis [LR05] should be modified by a constant multiple. Thus,
it is natural to ask whether the statement of the main theorem of [GI14] might change. However,
[GI14, Theorem 15.1] is still true. This is because that their proof uses the doubling γ-factor not
to determine the “constant C” (see [GI14, §20.2]) but to show the existence of the constant C.
Hence, the difference of constant multiples is offset at the time of calculation of C.

12. Minimal cases (I)

In this section, we determine the constant α2(V,W ) and prove Proposition 10.3 (1).
Suppose that ϵ = 1, V0 = 0 and dimD V = 2. Then, we can take a basis eV = (eV1 , e

V
2 ) of V

so that

(eV1 , e
V
1 ) = (eV2 , e

V
2 ) = 0, and (eV1 , e

V
2 ) = 1.

We take bases e of W and e′
2
of W2 as in §7.1.

Let L be a lattice (
n⊕
i=1

eV1 ϖ
−1
D OD ⊗ e′i

)
⊕

(
n⊕
i=1

eV2 OD ⊗ e′i

)
of V ⊗W△, and we denote by 1L the characteristic function of L. Note that we have |L| = 1
since L is self-dual.

Lemma 12.1. We have

I(1L, 1L) = q−2 (1− q−2)(1 + q−2)(1 + q−5)

1− q−3
.

Proof. Let B be the Iwahori subgroup given by{(
a b
c d

)
∈ G(V )

∣∣∣∣ a, b, d ∈ OD, c ∈ ϖDOD

}
.

Note that |B| = q−4(1 − q−2) and that B fixes the lattice L. By [BT72, Théorèm 5.1.3], we
have G(V ) = B · N · B where N is the normalizer of the maximal F -split torus consisting of the
diagonal matrices in G(V ). Moreover, we can take a system of representatives

{a(t) | t ∈ Z} ∪ {w(t) | t ∈ Z}

for B\G(V )/B, where

a(t) =

(
ϖt
D 0
0 (−ϖD)

−t

)
and w(t) =

(
0 ϖt

D

ϵ(−ϖD)
−t 0

)
.

Hence we have

I(1L, 1L) = |B| ·
∑
t∈Z

(|L ∩ a(t)L| · [Ba(t)B : B] + |L ∩ w(t)L| · [Bw(t)B : B])

= |B| ·
∑
t∈Z

(q−3|t| + q−6|t−1|+|1+3t|)

= q−4(1− q−2) · (1 + q−3

1− q−3
+
q2 + q−5

1− q−3
)

= q−2 (1− q−2)(1 + q−2)(1 + q−5)

1− q−3
.

Hence we have the lemma. □
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Lemma 12.2. We have

E(1L, 1L) = m◦(
1

2
)−1 · α1(W )

where m◦(s) is a function as in Lemma 7.8.

Proof. Note that 1L is a K(e′
2
) fixed function with 1L(0) = 1. Thus, we have F1L = f◦− 1

2

putting

f◦s the unique K(e′
2
) fixed section in I(− 1

2 , 1) with f◦s (1) = 1. By the Gindikin-Karperevich

formula (see e.g. [Cas89]), we can take F†
1L

= m◦( 12 )
−1f◦1

2

. Hence, we have

E(1L, 1L) = m◦(
1

2
)−1

∫
G(W )

f◦ρ (ι(g, 1)) dg

= m◦(
1

2
)−1 · α1(W ).

□

Hence, by the above two lemmas, we have:

Proposition 12.3. If ϵ = 1, V0 = 0 and dimD V = 2, then we have

α2(V,W ) = −|2|−
15
2

F · |N(R(e))| 52 · q−4 · (1 + q−1)(1− q−4)

1− q−3
.

13. Minimal cases (II)

In this section, we determine the constant α2(V,W ) and prove Proposition 10.3 (2).
Suppose that V is anisotropic. Recall that τ ∈ G(W2) is the Weyl element as in §7.1. For

Φ ∈ S(un), we define a section f(s,Φ,−) ∈ I(s, χV ) by

f(s,Φ, g) :=


0 (g ̸∈ P (W△)τU(W△)),

χV,s+ρ(∆(p)) · Φ(X) (g = pτ

(
1 0

X 1

)
∈ P (W△)τU(W△).

Here G(W2) is embedded in GL2n(D) by the basis e′
2
. For t ∈ Z, ϕ ∈ S(V ⊗ W▽), and

Φ ∈ S(un), we define ϕt ∈ S(V ⊗W▽), and Φt ∈ S(un) by

ϕt(x) := q−4mntϕ(xϖt
F ), and Φt(X) := q−4nρtΦ(Xϖ2t).

Then we have the following lemma:

Lemma 13.1. (1) For ϕ ∈ S(V ⊗W▽), we have ϕ̂t = q−4mnt(ϕ̂)−t.
(2) Let ϕ ∈ S(V ⊗W▽), and let Φ ∈ S(un) such that M( 12 , χV )f(

1
2 ,Φ,−) = Fϕ. Then we

have

M(
1

2
, χV )f(

1

2
,Φt,−) = q−4mntFϕ−t .

Proof. We have

ϕ̂t(x) =

∫
V⊗W▽

q−4mntϕ(yϖt)ψ(
ϵ

2
⟨⟨x, yτ⟩⟩) dy

=

∫
V⊗W▽

ϕ(y)ψ(
ϵ

2
⟨⟨xϖ−t, yτ⟩⟩) dy

= q−4mnt(ϕ̂)−t(x).
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Hence we have (1).

M(
1

2
, χV )f(

1

2
,Φt, τ

(
1 0
X 1

)
) =

∫
u

f(
1

2
,Φt, τ

(
1 0
Y 1

)
τ

(
1 0
X 1

)
) dY

=

∫
u

f(
1

2
,Φt,

(
Y 0
−ϵ ϵ · Y −1

)
τ

(
1 0

−ϵY −1 +X 1

)
) dY

= q−4nρt

∫
u

χ 1
2+ρ

(N(Y ))−1f(
1

2
,Φ, τ

(
1 0

(−ϵY −1 +X)ϖ2t 1

)
)) dY

= q−4mnt

∫
u

χ 1
2+ρ

(N(Y ))−1f(
1

2
,Φ, τ

(
1 0

−ϵY −1 +Xϖ2t 1

)
)) dY

= q−4mntM(
1

2
, χV )f(

1

2
,Φ, τ

(
1 0

Xϖ2t 1

)
) dY

= q−4mntFϕ(τ

(
1 0

Xϖ2t 1

)
)

= q−4mntβV (τ)

∫
V⊗W▽

ϕ(x)ψ(
1

4
⟨⟨x, x

(
1 0

Xϖ2t 1

)
⟩⟩) dx

= βV (τ)

∫
V⊗W▽

ϕ(xϖ−t)ψ(
1

4
⟨⟨x, x

(
1 0
X 1

)
⟩⟩) dx

= q−4mntFϕ−t(τ

(
1 0
X 1

)
).

Hence we have (2). □

Proposition 13.2. Let ϕ, ϕ′ ∈ S(V ⊗W△). Then, for sufficiently large t ∈ Z, we have

I(ϕt, ϕ′) = q−4mnt|G(V )|Fϕ(1)Fϕ′(τ).

Proof. The Fourier transform on the space S(V ⊗W△) is given by the action of the Weyl element
τ of G(W2). Hence we have

I(ϕt, ϕ′) = I(ϕ̂t, ϕ̂′)

= q−4mntI((ϕ̂)−t, ϕ̂′)

= q−4mnt

∫
G(V )

((ϕ̂)−t, ω2
ψ (h)ϕ̂

′) dh.

When t is sufficiently large, the support of (ϕ̂)−t is sufficiently small. Hence this integral is

q−4mnt|G(V )|(̂ϕ̂)−t(0)ϕ̂′(0)

= q−4mnt|G(V )|q4mnt(̂̂ϕ)t(0)ϕ̂′(0)
= q−4mnt|G(V )|ϕt(0)ϕ̂′(0)

= q−4mnt|G(V )|Fϕ(1)Fϕ′(τ).

Hence we have the proposition. □

Proposition 13.3. Let ϕ, ϕ′ ∈ S(V ⊗W△). Then, for sufficiently large t ∈ Z, we have

E(ϕt, ϕ′) = m◦(ρ)−1α1(W )q−4mntFϕ(1)Fϕ′(τ).
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Proof. When t is sufficiently large, the support of Φ−t is sufficiently small. Then, by using
Lemma 7.8, we have

E(ϕt, ϕ′) = q−4mnt

∫
G(W )

f(
l

2
,Φ−t, (g, 1))Fϕ′(g, 1) dg

= m◦(ρ)−1α1(W )q−4mnt

∫
U(W△)

f(
l

2
,Φ−t, τu)Fϕ′(τu) du

= m◦(ρ)−1α1(W )q−4mnt

(∫
un

Φ−t(X) dX

)
Fϕ′(τ)

= m◦(ρ)−1α1(W )q−4mntFϕ(1)Fϕ′(τ).

Hence we have the proposition. □

By Propositions 13.2 and 13.3, we have the following:

Proposition 13.4. If V is anisotropic, then we have

α2(V,W ) = |G(V )| ·m◦(ρ) · α1(W )−1.

By Proposition 12.3 and this proposition, we obtain Proposition 10.3.

14. The behavior of the γ-factor under the local theta correspondence

The purpose of this section is to explain the behavior of the γ-factor under the local theta
correspondence, which extends [GI14, Theorem 11.5]. Let V be a right ϵ-Hermitian space of
dimension m, let W be a left (−ϵ)-Hermitian space of dimension n. Note that, in this section,
we allow the case where l ̸= 1.

Theorem 14.1. Let π be an irreducible representation of G(W ) and let ω be a character of F×.
We denote σ = θ(π, V ) and we assume σ ̸= 0.

(1) If l > 0, then we have

γV (s, σ × ωχV , ψ)

γW (s, π × ωχW , ψ)
=

l∏
i=1

γF (s+
l + 1

2
− i, ωχV χW , ψ)

−1.

(2) If l < 0, then we have

γV (s, σ × ωχV , ψ)

γW (s, π × ωχW , ψ)
=

−l∏
i=1

γF (s+
−l + 1

2
− i, ωχV χW , ψ).

The proof of Theorem 14.1 consists of four subsections (§§14.1-14.4). In the former three
subsections, we reduce the theorem to the unramified cases by using properties of the doubling
γ-factor. In the last subsection, we discuss the unramified cases to finish the proof of the theorem.

14.1. Multiplicative argument. We put

fD(s, V,W, ω, ψ) =

{∏l
i=1 γF (s+

l+1
2 − i, ωχV χW , ψ)

−1 (l > 0),∏−l
i=1 γF (s+

−l+1
2 − i, ωχV χW , ψ) (l < 0),

and we put

eD(s, V,W, π, ω, ψ) =
γW (s, σ × ωχW , ψ)

γV (s, π × ωχV , ψ)
· fD(s, V,W, ω, ψ).

Then, Theorem 14.1 is equivalent to eD(s, V,W, π, ω, ψ) = 1. We allow D to be split. Of course,
we have eD(s, V,W, π, ω, ψ) = 1 by [GI14, Theorem 11.5] when D is split.
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Let {Vp}p≥0 and {Wq}q≥0 be Witt towers containing V andW respectively. Put V = Vr,W =
Wt,m0 = dimD V0,m0 = dimDW0, and lp = lVp,W . We denote by Jq(π) the set of the G(W0)-
part of the non-zero irreducible quotients of the Jacquet modules JP (π) for all parabolic subgroup
P whose Levi subgroups contain G(Wq) as a direct factor. We first state the multiplicativity:

Lemma 14.2. We denote by r(π) the first occurrence index of π (see §9.3). Suppose that
Jq(π) ̸= ∅ and p ≥ r(π). Then, for an irreducible representation πq ∈ Jq(π), we have

eD(Vp,Wq, πq, ω, ψ) = eD(V,W, π, ω, ψ).

Proof. First, we consider the case q = t and πq = π. We may assume that r = r(π). Put
σ = θψ(π, V ) and σ′ = θψ(π, Vp). Then, by Proposition 9.5 (1), we have

γVp(s, σ′ × ω, ψ) · γV (s, σ × ω, ψ)−1

= γGJGLp−r(D)(s+ (
lp
2
+ p− r), ω, ψ) · γGJGLp−r(D)(s− (

lp
2
+ p− r), ω, ψ)

=

p−r∏
i=1

γGJD×(s+
lp
2
+ (2i− 1), ω, ψ) ·

p−r∏
i=1

γGJD×(s− (
lp
2
+ (2i− 1), ω, ψ)

=

2(p−r)∏
i=1

γF (s+
lp − 1

2
+ i, ω, ψ) ·

2(p−r)∏
i=1

γF (s+
−lp + 1

2
− i, ω, ψ)

= fD(Vp,W, π, ω, ψ)fD(V,W, π, ω, ψ)
−1.

Here, γGJGLu(D)(s, ω, ψ) is the γ-factor defined by

ϵGJGLu(D)(s, ω, ψ)
LGJGLu(D)(1− s, ω−1)

LGJGLu(D)(s, ω)

where ϵGJGLu(D)(s,−, ψ) and LGJGLu(D)(s,−) are ϵ-and L-factors defined in [GJ72], and ω denotes

the composition ω ◦N of ω with the reduced norm N of GLu(D). Thus we have

eD(Vp,W, π, ω, ψ) = eD(V,W, π, ω, ψ).

Second, we consider the general case. Put

t(πq) = min{q′ = 0, . . . , q | Jq′(πq) ̸= ∅}.

Then, any πt(π) ∈ Jt(πq)(πq) is supercuspidal. Take a positive integer p′ so that p′ ≥ max{r +
q − t, r(π) + q − t(π)}. Then, by the first part of this proof, we have

eD(s, Vp,Wq, πq, ω, ψ) = eD(s, Vp′ ,Wq, πq, ω, ψ).

Moreover, by using Proposition 9.5 (2) repeatedly, we can show that

eD(s, Vp′ ,Wq, πq, ω, ψ) = eD(s, Vp′−(q−t(π)),Wt(π), πt(π), ω, ψ).

By tracing the above discussions conversely, the right-hand side is equal to

eD(s, Vp′+(t−q),W, π, ω, ψ) = eD(s, V,W, π, ω, ψ).

Thus we have the lemma. □
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14.2. Global argument. In this subsection, we explain the global argument which we use in
the proof of Theorem 14.1.

Lemma 14.3. Let F be a number field, let A be the ring of its adeles, let D be a division
quaternion algebra over F, let V be a right ϵ-Hermitian space over D, let W be a left (−ϵ)-
Hermitian space over D, let Π be an irreducible cuspidal automorphic representation of G(W )(A),
let ω be a Hecke character of A×/F×, and let ψ be a non-trivial additive character of A/F. Then,
we have ∏

v

eDv (s, V v,W v,Πv, ωv, ψv) = 1.

Proof. Consider the Witt tower {V p}∞p=0 so that V r = V . Denote by r(Π) the first occurrence
index of Π in {V p}∞p=0, by Σ the theta correspondence θ(Π,W r(Π)) of Π, and by S the set of the

places where Dv is a division algebra. Then, we have θψ(Π, V r(Π)) is cuspidal, and we have∏
v

eDv (s, V v,W v,Πv, ωv, ψv) =
∏
v∈S

eDv (s, V r(Π)v
,W v,Πv, ωv, ψv)

=
∏
v∈S

γV (s,Σ⊠ ωχW , ψ)

γW (π,Π⊠ ωχV , ψ)
· fDv (s, V ,W, ω, ψ)

×
LS(s,Σ⊠ ωχW )LSf (s)

LS(s,Π⊠ ωχV )
·

LS(1− s,Π⊠ ωχV )

LS(1− s,Σ⊠ ωχW )LSf (1− s)

= 1

where LSf (s) =
∏
v ̸∈S Lf,v(s) with

Lf,v(s) =

{∏l
i=1 LFv (s+

l+1
2 − i, ωvχV vχWv

) (l > 0),∏−l
i=1 LFv (s+

−l+1
2 − i, ωvχV vχWv

)−1 (l < 0).

Hence we have the lemma. □

14.3. Globalization.

Lemma 14.4. Assume that D is a division algebra. Let F ′ be a non-Archimedean local field
of characteristic zero, let ψ′ be an additive non-trivial character of F ′, let D′ be a division
quaternion algebra over F ′, let V ′ be another right ϵ-Hermitian space of dimension m, and let
W ′ be another left (−ϵ)-Hermitian space of dimension n. Then, there exist

• a global field F and its places v1, v2 such that Fv1 = F,Fv2 = F ′,
• a division quaternion algebra D over F such that Dv1 = D, Dv2 = D′, and Dv is split for
v ̸= v1, v2,

• a left (−ϵ)-hermitian spaces W over D such that W v1
=W,Wv2 =W ′,

• a right ϵ-hermitian space V over D such that V v1 = V, V v2 = V ′,
• a Hecke character ω of A× such that ωv1 = ω, ωv2 = 1,
• a non-trivial additive character ψ of A/F such that ψ

v1
= ψa21 , ψv2

= ψa22 for some

a1 ∈ F×, a2 ∈ F ′×.

For representations, we use a Henniart type globalization:

Lemma 14.5. Let F be a global field, let G be a reductive group over F, let A be a maximal
F-split torus of the center of G, let χ be a unitary character A(A)/A(F) → C×, let v0 be a fixed
place of F, let S be a finite set of non-Archimedean places of F such that v0 ̸∈ S. Suppose that an
irreducible supercuspidal representation πv of G(Fv) is given for each v ∈ S, and a compact open
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subgroup Kv is given for each non-Archimedean v ̸∈ S. Then there is an irreducible cuspidal
automorphic representation Π of G(A) such that

• Π|A(A) coincides with χ,
• Πv ∼= πv for v ∈ S,
• Πv possess a non-zero Kv-fixed vector for v ̸∈ S ∪ {v0}.

Proof. Similar to [Hen84, Appendice I]. □

14.4. Completion of the proof of Theorem 14.1. Let π be an irreducible representation of
G(W ), and let ω be a character of F×. By Lemma 14.2, and Corollary 9.6, we may assume that
π and σ are irreducible supercuspidal representations. Take

• F ′ = F , D′ = D,
• a (−ϵ)-Hermitian space W ′ so that dimW ′ = n, the dimension of the anisotropic kernel
of W ′ is 0 or 1, and d(W ′) ∈ O×

F ,
• an ϵ-Hermitian spacce V ′ so that dimV ′ = m, the dimension of the anisotropic kernel of
V ′ is 0 or 1, and d(V ′) ∈ O×

F ,
• the special maximal compact subgroup KW ′ of G(W ′) as in §5 below.

Moreover, take a global field F, places v1, v2 of F, a non-trivial additive character ψ : A/F → C×,
a division quaternion algebra D over F, an ϵ-Hermitian space V over D, a (−ϵ)-Hermitian spaceW
over D as in Lemma 14.4. Let ω be a character of A×/F× such that ωv1 = ω and ωv2 = 1. Denote
by {V i}∞i=0 the Witt tower containing V . Then, by Lemma 14.5, we can take an irreducible
cuspidal automorphic representation Π of G(W ′)(A) so that Πv1 = π, and Πv2 possess a non-
zero KW ′ fixed vector. Then we have

eD(s, V,W, π, ω, ψ) =
∏
v ̸=v1

eDv (s, V ,W,Π, ω, ψ)−1

= eD(s, V
′,W ′,Πv2 , 1, ψ)

−1

= eD(s, V
′
p ,W

′
0, 1W ′

0
, 1, ψ)−1

where p is a sufficiently large integer, and 1W ′
0
is the trivial representation of G(W ′

0). By the
above observation, it only suffices to consider the cases where n = dimW = 0, 1 and π = 1W .

Lemma 14.6. We denote by 1V (resp. 1W ) the trivial representation of G(V ) (resp. G(W )).
Suppose that n = 0. Then we have r(1W ) = 0 and θψ(1W , V ) = 1V .

For the rest of this subsection, we consider the case n = 1. By using the accidental isomorphism
and by a result of [GI16], we can describe the local theta correspondence in terms of L-parameters
in the case n = m = 1.

Proposition 14.7. Suppose that n = m = 1 and ϵ = 1. Let π be a non-trivial irreducible
representation of G(W ), and let ϕ be its L-parameter. Then, the representation Θψ(π, V ) is
non-zero irreducible, and has L-parameter

(ϕ⊗ χV χW )⊕ χW .

Proof. We use the accidental isomorphism:

G(V ) ∼= SUE(2), and G(W ) ∼= U′
E(1).(14.1)

Here,

• E is the quadratic unramified extension field of F associated with the quadratic character
χW of F×,
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• SUE(2) is the special unitary group preserving the hermitian form

( , )E : E2 × E2 → E : (

(
x1
x2

)
,

(
y1
y2

)
) 7→ x1y1 −ϖF · x2y2

where xi denotes the conjugate of xi with respect to E/F ,
• U′

E(1) is the unitary group preserving the skew-hermitian form

⟨ , ⟩E : E × E → E : x, y 7→ xαy

where α ∈ E is a non-zero trace zero element with ordE(α) = 0.

By [Ike19, §7], the accidental isomorphisms (14.1) are compatible with the local theta correspon-
dence. We know the description of the local theta correspondence

Irr(U′
E(1)) → Irr(UE(2))

via L-parameters ([GI16, Theorem 4.4]). Therefore, we have the claim. □

By tracing the converse of the global argument in the beginning of this subsection, we obtain:

Corollary 14.8. Suppose that n = 1 and ϵ = 1. Denote by {Vi}∞i=0 the Witt tower containing
V . Then we have eD(s, Vp,W, 1W , 1, ψ) = 1 for sufficiently large p.

Similary, by using the accidental isomorphism, we have:

Lemma 14.9. Suppose that n = 1 and ϵ = −1. Denote by {Vi}∞i=0 the Witt tower containing
V . Then we have eD(s, Vp,W, 1W , 1, ψ) = 1 for sufficiently large p.

Hence, we complete the proof of Theorem 14.1.

15. Local Rallis inner product formula

In this section, we discuss the local analogue of the Rallis inner product formula following
[GI14], and describe the relation between α2(V,W ) and α3(V,W ).

We use the setting of §3, and we take a basis e of W as in §4. Suppose that l = 1 and π is an
irreducible square-integrable representation of G(W ). Consider the map

P : ωψ ⊗ ωψ ⊗ ωψ ⊗ ωψ ⊗ π ⊗ π ⊗ π ⊗ π → C
defined by

P(ϕ1, ϕ2, ϕ3, ϕ4; v1, v2, v3, v4)

=

∫
G(V )

(σ(h)θ(ϕ1, v1), θ(ϕ2, v2)) · (σ(h)θ(ϕ3, v3), θ(ϕ4, v4)) dh.

The integral defining P converges absolutely since σ is also square-integrable (Lemma 9.2). As
in [GI14, §18], we compute P in two ways. First, we have

P(ϕ1 . . . , ϕ4, v1, . . . , v4)

=
1

deg σ
· (θ(ϕ1, v1), θ(ϕ3, v3)) · (θ(ϕ2, v2), θ(ϕ4, v4))

=
1

deg σ
· Z(−1

2
, Fϕ1⊗ϕ3

, ξv1,,v3) · Z(−
1

2
, Fϕ2⊗ϕ4

, ξv2,v4).

Second, as in [GI14, p.593-p.595], we have

P(ϕ1 . . . , ϕ4, v1, . . . , v4)

=
α2(V,W )

deg π
· Z(1

2
, F †

ϕ1⊗ϕ3

, ξv1,v3) · Z(−
1

2
, Fϕ2⊗ϕ4

, ξv2,v4) · |2|
2mn
F · |N(R(e))|−m.
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The local functional equation of the doubling zeta integral says that

Z(−1

2
, Fϕ1⊗ϕ3

, ξv1,v3)

=

(
c(s, χV , A0, ψ)R(s, χV , A, ψ)

−1γ(s+
1

2
, π × χV , ψ)

)∣∣∣∣
s= 1

2

× π(−1) · Z(1
2
, F †

ϕ1⊗ϕ3

, ξv1,v3).

By Theorem 14.1 and Proposition 7.2, we have

c(s, χV , A0, ψ)R(s, χV , A, ψ)
−1γ(s+

1

2
, π × χV , ψ)

= e(G) · |N(R(e))|−s · |2|−2ns+n(n− 1
2 ) · ω−1(4)

×
γ(s+ 1

2 , 1, ψ)

γ(2s, 1, ψ)
·
n−1∏
i=1

γ(2s− 2i, 1, ψ)−1 · γV (s+ 1

2
, σ × χW , ψ)

×

{
γ(s− n+ 1

2 , ω, ψ)
−1 −ϵ = 1

ϵ( 12 , χW , ψ)
−1 −ϵ = −1.

Moreover, we have

γV (1, σ × χW , ψ) = γ(1, σ∨ × χW , ψ)

= γ(0, σ × χW , ψ)
−1

= γ(0, σ × χW , ψ)
−1 ×

{
χW (−1) (ϵ = 1),

χV (−1) (ϵ = −1).

Combining above equations and Theorem 14.1, we obtain:

Proposition 15.1. Suppose that l = 1 and π is square integrable. Then, we have

deg π

deg σ
= α3(V,W )ωπ(−1) · γV (0, σ × χW , ψ)

where

α3(V,W ) =
1

2
· α2(V,W ) · e(G) · |2|2nρ−n(n−

1
2 )

F · |N(R(e))|−ρ ·
n−1∏
i=1

ζF (2i)

ζF (1− 2i)

×

{
χV (−1)γ(1− n, χV , ψ) (−ϵ = 1),

χW (−1)ϵ( 12 , χW , ψ) (−ϵ = −1).

We write down the constant α3(V,W ) in the minimal cases.

Proposition 15.2. (1) In the case ϵ = −1 and V is anisotropic, we have

α3(V,W ) = (−1)n · χV (−1) · ϵ(1
2
, χV , ψ).

(2) In the case ϵ = 1 and either V or W is anisotropic, we have

α3(V,W ) =
1

2
· χW (−1) · ϵ(1

2
, χW , ψ).

Proof. For the case m = 0, one can verify this proposition directly. Otherwise, we obtain the
claim by Proposition 10.3. □
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16. Plancherel measures

In this section, we recall some fundamental properties of the Plancherel measure, and we
discuss how the Plancherel measure behaves under the theta correspondence.

16.1. Definition. Let G be a reductive group over F , let P be a parabolic subgroup of G, let
M be a Levi subgroup of P , and let U be the unipotent radical of P . We denote by X∗(M) the
group of the algebraic characters of M , and by E∨

C the vector space X∗(M) ⊗ C. For a finite
length representation π of G(V ) and for

η =

t∑
i=1

χi ⊗ si ∈ E∨
C

we denote by π ⊗ η the representation given by

[π ⊗ η](g) := π(g)

t∏
i=1

|χi(g)|si

for g ∈ G(V ). Take a maxmal compact subgroupK of G so that G = PK. Then for f ∈ IndGP (π),

we define fη ∈ IndGP (π ⊗ η) by

fη(muk) =
t∏
i=1

|χi(m)|sif(muk)

for m ∈ M,u ∈ U, k ∈ K. Denote by P the opposite parabolic subgroup of P , and by U the
unipotent radical of P . Waldspurger proved that for f ∈ IndGP π the integral

[JP |P (π ⊗ a)fη](g) =

∫
U

fη(ug) du

converges absolutely when a is contained in a certain open subset of E∨
C , and it admits a meromor-

phic continuation to the whole complex plain C [Wal03]. Here, the measure du is the normalized
Haar measure as in §6.2. Therefore we have an intertwining operator

JP |P (π ⊗ η) : IndGP (π ⊗ η) → IndG
P
(π ⊗ η)

for almost all η ∈ E∨
C . Then, there exists a rational function µ(η, π) of η satisfying

JP |P (π ⊗ η) ◦ JP |P (π ⊗ η) = µ(η, π)−1.

It is called the Plancherel measure.

Lemma 16.1. Let S be a maximal F -split torus contained in the center of M . We denote by
∆S(P ) ⊂ X∗(S) the set of roots of P with respect to S. For a ∈ ∆S(P ), we denote by Sa the
kernel of a in S, and by Ga the centralizer of Sa in G. Then, for an irreducible representation
π of M and η ∈ E∨

C , we have

µ(η, π) =
∏

a∈∆(P )

µa(η, π)

where µa(η, π) is the Plancherel measure defined by using (M,P ∩Ga, Ga) instead of (M,P,G).

Proof. [Wal03, IV (5)]. □

Let W ′ ⊂W be (−ϵ)-Hermitian spaces, and let X,X∗ be totally isotropic subspaces of W so
that W = X +W ′ + X∗ and X + X∗ is the orthogonal complement of W ′. Now we consider
the case where G = G(W ), and P = P (X). The restriction to X +W ′ gives the identification
M ∼= GL(X) ×G(W ′). Then, for a finite length representation π′ of G(W ′) and a finite length
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representation τ of GL(X), we abbreviate µ(N ⊗ s, π′ ⊠ τ) to µ(s, π′ ⊠ τ). Here, N denotes the
reduced norm of End(X).

16.2. Global Property. In this subsection, we recall the global property of the Plancherel
measure for inner forms of general linear group and quaternionic unitary groups. Let F be a
global field, and let D′ be a division central algebra over F. Denote by A the ring of adeles of F.
We first discuss it for GLt1(D′)×GLt2(D′).

Lemma 16.2. Let D′t = D′t1 ⊕ D′t2 be a vector space over D′. Then, M(A) = GLt1(D′
A) ×

GLt2(D′
A) is a Levi subgroup of a maximal parabolic subgroup of GLt(D′). Then, for an irreducible

cuspidal representation Π⊠ Ξ of M(A) and for η = (s1, s2) ∈ C2 ∼= EC, we have∏
v∈S

µv(η,Πv ⊠ Ξv) =
LS(1− s1 + s2,Π⊠ Ξ∨)

LS(s1 − s2,Π∨ ⊠ Ξ)
· L

S(1 + s1 − s2,Π
∨ ⊠ Ξ)

LS(−s1 + s2,Π⊠ Ξ∨)
.

Here, S is a finite set of places of F such that

• S contain all Archimedean places,
• D′

v is split for v ̸∈ S, and
• Πv, Σv are unramified for v ̸∈ S,

and we denote

LS(s,Π⊠ Ξ) =
∏
v ̸∈S

LRS(s,Πv × Ξv)

where the right-hand side is the infinite product of the Rankin-Selberg L-factors (see [JPSS83]).

Second, we discuss it for quaternionic unitary groups.

Lemma 16.3. Assume that D′ is a division quaternion algebra over F. Let W be a left (−ϵ)-
Hermitian space over D, let X,X∗ be two left D′-vector spaces so that dimX = dimX∗ = r′,
and let W ′ = X +W +X∗ a (−ϵ)-Hermitian space equipped with the (−ϵ)-Hermitian form

⟨ , ⟩′ : (X +W +X∗)× (X +W +X∗) → D′

defined by

⟨(x1, w1, y1), (x2, w2, y2)⟩′ = x1 · Jr′ · ty∗2 + ⟨w1, w2⟩ − ϵy1 · Jr′ · tx∗2.
Here, we recall that Jr′ is the anti-diagonal matrix defined in §4. Then, M = GLr′(D′)×G(W )
is a Levi subgroup of a maximal parabolic subgroup of G(W ′). Then, for an irreducible cuspidal
automorphic representation Π⊠ Ξ of M(A), we have∏

v∈S
µv(s,Πv ⊠ Ξv) =

LS(1− s,Π⊠ Ξ∨)

LS(s,Π∨ ⊠ Ξ)
· L

S(1 + s,Π∨ ⊠ Ξ)

LS(−s,Π⊠ Ξ∨)

× LS(1− 2s,Ξ∨,∧2)

LS(2s,Ξ,∧2)
· L

S(1 + 2s,Ξ,∧2)

LS(−2s,Ξ∨,∧2)
.

Here, S is a finite set of places of F such that

• S contain all Archimedean places,
• D′

v is split for v ̸∈ S, and
• Πv, Σv are unramified for v ̸∈ S,

and we denote

LS(s,Ξ∨,∧2) =
∏
v ̸∈S

L(s,Ξv,∧2)

where the right-hand side is an infinite product of local exterior-square L-factor.
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16.3. Plancherel measures for inner forms of general linear groups. In this subsection,
we denote by D′ a central division algebra over F . Let t1 and t2 be positive integers, and let
t = t1 + t2. We consider the case where M = GLt1(D

′)×GLt2(D
′) and G = GLt(D

′). Then, we
have an identification C2 ∼= E∨

C by

(η1, η2) 7→ N1 ⊗ η1 +N2 ⊗ η2

where Ni denotes the reduced norm of GLti(D
′) for i = 1, 2 respectively.

Lemma 16.4. Let τi be irreducible representations of GLti(D
′) for i = 1, 2. For η ∈ C2 and

z ∈ C, we have

µ(η, τ1 ⊠ τ2) = µ(η − (z, z), τ1 ⊠ τ2)

Proof. Let P be a F -rational parabolic subgroup of GLt(D
′) having the Levi subgroupM . Then,

we have

JP |P ((τ1 ⊠ τ2)⊗ η)⊗ |N |−z = JP |P ((τ1 ⊠ τ2)⊗ (η − (z, z))).

Hence we have the lemma. □

Lemma 16.5. Let u1, . . . , uk be positive integers for i = 1, . . . , k so that u1 + · · · + uk = t1,
and ρ1, . . . , ρk be irreducible representations of GLu1

(D′), . . . ,GLuk(D
′) respectively. Moreover,

let P1 be an F -rational parabolic subgroup of GLt1(D
′) having the Levi subgroup GLu1

(D′) ×
· · · ×GLuk(D

′). Then, for an irreducible constituent τ1 of Ind
GLt1 (D

′)

P1
ρ1 ⊠ · · ·⊠ ρk, and for an

irreducible representation τ2 of GLt2(D
′), we have

µ(η, τ1 ⊠ τ2) =

k∏
i=1

µ(ηi, σi ⊠ τ2)

for η ∈ E∨
C . Here ηi denotes the image of η by the map

X∗(M)⊗ C → X∗(GLui(D
′)×GLt2(D

′))⊗ C

induced by the restriction for i = 1, . . . , k.

Proof. Let S′ be the center of (GLu1
(D′) × · · ·GLuk(D

′)) × GLt2(D
′), and let S be the center

of GLt1(D
′)×GLt2(D

′). Then, we have

∆S(P ) = ∆S′(P ) \∆S′(P1 ×GLt2(D
′)),

and by Lemma 16.1, we have

µ(η, τ1 ⊠ τ2) =
∏

a∈∆S(P )

µa(η, τ1 ⊠ τ2)

=
∏

a∈∆S(P )

µa(η, (σ1 ⊠ · · ·⊠ σk)⊠ τ2)

=

k∏
i=1

µ(ηi, σi ⊠ τ2).

Hence we have the lemma. □

In particular, we obtain a formula of the Plancherel measure.

Proposition 16.6. Let τi be an irreducible representation of GLti(D) for i = 1, 2. Then we
have

µ(η, τ1 ⊠ τ2) = γ(s1 − s2, τ1 ⊠ τ∨2 , ψ)γ(s2 − s1, τ
∨
1 ⊠ τ2, ψ)

for η = (s1, s2) ∈ C2.
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Proof. We can embed τ1 into

Ind
GLt1 (D)

B1
σ11|N11|a1 ⊠ · · ·⊠ σ1λ1

|N1λ1
|aλ1

whereB1 is a parabolic subgroup of GLt1(D), N11, N12, . . . denote the reduced norms, σ11|N11|a1⊠
· · ·⊠σ1λ1 |N1λ1 |aλ1 is a representation of the Levi subgroup GLt11(D)×· · ·×GLt1λ1 (D) with com-
plex numbers a1, . . . , aλ1

and irreducible square integrable representations σ11, . . . , σ1λ1
. Simi-

larly, we can embed τ2 into

Ind
GLt2 (D)

B2
σ21|N21|b1 ⊠ · · ·⊠ σ2λ2 |N2λ2 |bλ2 .

Then we have
µ(η, τ1 ⊠ τ2) =

∏
i,j

µ(η + (ai, bj), σ1i ⊠ σ2j)

By [Zel80, Theorem 9.3], an irreducible square integrable representation is generic. Thus, by
[Sha90], we have

µ(η + (ai, bj), σ1i ⊠ σ2j) = γ(s1 + ai − s2 − bj , σ1i ⊠ σ∨
2j , ψ)

× γ(s2 + bj − s1 − ai, σ
∨
1i ⊠ σ2j , ψ)

= γ(s1 − s2, σ1i|N1i|ai ⊠ (σ2j |N2j |bj )∨, ψ)

× γ(s2 − s1, (σ1i|N1i|ai)∨ ⊠ σ2j |N2j |bj , ψ).
Hence, by the multiplicativity of the γ-factor, we have

µ(η, τ1 ⊠ τ2) = γ(s1 − s2, τ1 ⊠ τ∨2 , ψ)γ(s2 − s1, τ
∨
1 ⊠ τ2, ψ).

□

16.4. The behavior of the Plancherel measure under the theta correspondence. Now
we consider the Plancherel measures for quaternionic unitary groups. Let V be anm-dimensional
right ϵ-Hermitian space, and let W be an n-dimensional left (−ϵ)-Hermitian space. Note that,
in this section, we allow the case where l ̸= 1.

Proposition 16.7. Let π be an irreducible representation of G(W ), let σ := θψ(π;V ) and let τ
be an irreducible representation of GL(X). Then we have

µ(s, π ⊠ τχV )

µ(s, σ ⊠ τχW )
= γ(s− l − 1

2
, τ, ψ) · γ(−s− l − 1

2
, τ∨, ψ).

The remaining part of this subsection is devoted to the proof of Proposition 16.7. Put

uD(s;W,V,X, π, τ) =
µ(s, π ⊠ τχV )

µ(s, σ ⊠ τχW )
γ(s− l − 1

2
, τ, ψ)−1γ(−s− l − 1

2
, τ∨, ψ)−1.

We will use global argument to prove Proposition 16.7, so that we allow D to be split in the
rest of this section. We want to show uD(W,V,X, π, τ) = 1 for all D,W, V,X, π, τ .

Lemma 16.8. Let {Wi}i≥0 be a Witt tower consisting of (−ϵ)-Hermitian spaces and let {Vj}j≥0

be a Witt tower consisting of ϵ-Hermitian spaces. We suppose that V = Vr and W =Wt.

(1) If D is split, then we have

uD(s;W,V,X, π, τ) = 1.

(2) Suppose that π is a subrepresentation of Ind
G(W )
Pt′,t

π′ ⊠ ρs0χV where t′ is an integer so

that max{t(π), r} ≤ t′ ≤ t, s0 ∈ C, π′ is an irreducible representation of G(Wt′), and ρ
is an irreducible supercuspidal representation of GLt−t′(D). Then, we have

uD(s;W,V,X, π, τ) = uD(s;Wt′ , Vr′ , X, π
′, τ)
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where r′ = r − (t− t′).
(3) Let X ′, X ′′ be two subspaces of X so that X = X ′ + X ′′. Suppose that τ is an irre-

ducible subquotient of induced representation Ind
GL(X)
P (X′) τ

′ ⊠ τ ′′ where τ ′ (resp. τ ′′) is an

irreducible representation of GL(X ′) (resp. GL(X ′′)). Then, we have

uD(s;W,V,X, π, τ) = uD(s;W,V,X
′, π, τ ′)uD(s;W,V,X

′′, π, τ ′′).

(4) If r(π) denotes the first occurrence index, then we have

uD(s;W,Vr(π), X, π, τ) = uD(s;W,V,X, π, τ).

Proof. The claim (1) is proved in [GI14, Theorrem 12.1]. Then, we prove (2). By [GI14, Propo-
sition B.3], we have

µ(s, τχV ⊗ π) = µ((s, s0), τχV ⊠ ρχV )µ((s,−s0), τχV ⊠ ρ∨χV )µ(s, τ ⊠ π′)

= µ((s, s0), τ ⊠ ρ)µ((s,−s0), τ ⊠ ρ∨)µ(s, τ ⊠ π′).

Hence, by Corollary 9.6 (with replacing V and W , σ and π), we have

µ(s, τχV ⊗ π)

µ(s, τχW ⊗ σ)
=
µ(s, τχV ⊗ π′)

µ(s, τχW ⊗ σ′)
.

Thus, we have (2). We prove (3) in the similar way by using [GI14, Lemma B.2]. Finally, we
prove (4). Put tπ = r − r(π). Then, by using the local functional equation of the doubling
γ-factor ([Kak20b, Theorem 5.7(4)]), we have

µ(s, σ ⊠ τχW ) = µ(s, |N | l2+t
π ⊠ τχW ) · µ(s, |N |− l

2−t
π ⊠ τχW ) · µ(s, σ′ ⊠ τχW )

= γ(s, |N | l2+t
π ⊠ τ∨χW , ψ) · γ(−s, |N |− l

2−t
π ⊠ τχW , ψ)

× γ(s, |N |− l
2−t

π ⊠ τ∨χW , ψ) · γ(−s, |N | l2+t
π ⊠ τχW , ψ)

× µ(s, σ′ ⊠ τχW )

=

∏2tπ

i=1 γ(s+
l
2 + i− 1

2 , τ
∨χW , ψ)∏2tπ

i=1 γ(s+
l
2 + i+ 1

2 , τ
∨χW , ψ)

·
∏2tπ

i=1 γ(s−
l
2 + 1

2 − i, τ∨χW , ψ)∏2tπ

i=1 γ(s−
l
2 + 3

2 − i, τ∨χW , ψ)

× µ(s, σ′ ⊠ τχW )

=
γ(s+ l+1

2 , τ∨χW , ψ)

γ(s+ l0+1
2 , τ∨χW , ψ)

·
γ(s− l0−1

2 , τ∨χW , ψ)

γ(s− l−1
2 , τ∨χW , ψ)

· µ(s, σ′ ⊠ τχW )

=
γ(−s− l0−1

2 , τχW , ψ)

γ(−s− l−1
2 , τχW , ψ)

·
γ(s− l0−1

2 , τ∨χW , ψ)

γ(s− l−1
2 , τ∨χW , ψ)

· µ(s, σ′ ⊠ τχW )

=
γ(−s− l0−1

2 , τχW , ψ)

γ(−s− l−1
2 , τχW , ψ)

·
γ(s− l0−1

2 , τ∨χW , ψ)

γ(s− l−1
2 , τ∨χW , ψ)

· µ(s, σ′ ⊠ τχW ).
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Hence we have

uD(s;W,V,X, π, τ) =
µ(s, π ⊠ τχV )

µ(s, σ ⊠ τχW )
γ(s− l − 1

2
, τ, ψ)−1γ(−s− l − 1

2
, τ∨, ψ)−1

=
µ(s, σ′ ⊠ τχW )

µ(s, σ ⊠ τχW )
· µ(s, π ⊠ τχV )

µ(s, σ′ ⊠ τχW )

× γ(s− l − 1

2
, τ, ψ)−1γ(−s− l − 1

2
, τ∨, ψ)−1

=
µ(s, π ⊠ τχV )

µ(s, σ′ ⊠ τχW )
γ(s− l0 − 1

2
, τ, ψ)−1γ(−s− l0 − 1

2
, τ∨, ψ)−1

= uD(s;W,Vr(π), X, π, τ).

Thus we have (4). □

Now we prove Proposition 16.7. By Corollary 9.6 and Lemma 16.8 (2)(3), we may assume
that π, σ, and τ are supercuspidal. Take

• a global field F and two distinct places v1, v2 of F so that Fv1 = Fv2 = F ,
• a non-trivial additive character ψ of the ring of adeles A of F,
• a division quaternion algebra D over F so that Dv1 = Dv2 = D and Dv is split for all
v ̸= v1, v2,

• an ϵ-Hermitian space V over D so that Vv1 = Vv2 = V ,
• a Witt tower {Vi}∞i=0 containing V,
• a −ϵ-Hermitian space W over D so that Wv1 = Wv2 =W ,
• an irreducible cuspidal automorphic representation Π of G(W)(A) so that Πv1 = π,
• a vector space X over D so that dimD X = dimDX,
• an irreducible cuspidal automorphic representation Ξ of GL(X)(A) so that Ξv1 = τ ,
• a finite subset S of places so that v1, v2 ∈ S, all Archimedean places are contained in S

and Πv, Ξv are unramified for all places v ̸∈ S.

Let r(Π) be the first occurrence index of the theta correspondence of Π to the Witt tower {Vi}∞i=0.
Then, Θψ(Π,Vr(Π)) is a non-zero irreducible cuspidal automorphic representation. We denote

by π′ (resp. τ ′) the representation Πv2 (resp. Ξv2). Hence we have

uD(s;V,W,X, π, τ) · uD(s;V,W,X, π′, τ ′)(16.1)

= uDv1 (s;Vv1 ,Wv1 ,Xv1 ,Πv1 ,Ξv1) · uDv2 (s;Vv2 ,Wv2 ,Xv2 ,Πv2 ,Ξv2)
= uDv1 (s; (Vr(Π))v1 ,Wv1 ,Xv1 ,Πv1 ,Ξv1) · uDv2 (s; (Vr(Π))v2 ,Wv2 ,Xv2 ,Πv2 ,Ξv2)

×
∏

v ̸=v1,v2

uDv (s; (Vr(Π))v,Wv,Xv,Πv,Ξv)

= 1

Applying (16.1) when Π and Ξ are chosen so that π′ = π and τ ′ = τ , we have uD(s;V,W,X, π, τ)
2 =

1. Hence uD(s;V,W,X, π, τ) = ±1. It remains to determine the signature. By Lemma 16.8 (4),
we may assume that σ is also supercuspidal. Moreover, we may assume that JL(τ) is also an
irreducible supercuspidal representation of GL2 dimX(F ). Then, the Godement-Jacquet L-factor
of τ is 1. First, we have

µ(0, π ⊠ τχV ) > 0, and µ(0, σ ⊠ τχW ) > 0.

On the other hand, putting

ϵ(s+
1

2
, τ, ψ) = aψ(τ) · q−λs
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with aψ(τ) ∈ C×, λ ∈ Z, we have

ϵ(−s+ 1

2
, τ∨, ψ) = aψ(τ)

−1 · qλs,

and we have

γ(− l − 1

2
, τ, ψ)γ(− l − 1

2
, τ∨, ψ)

= aψ(τ)q
λl/2 ·

L( l+1
2 , τ∨)

L(− l−1
2 , τ)

· aψ(τ)−1qλl/2 ·
L( l+1

2 , τ)

L(− l−1
2 , τ∨)

= qλl > 0.

Thus, the signature of uD(s;V,W,X, π, τ) turns out to be 1. This completes the proof of Propo-
sition 16.7.

17. Accidental isomorphims

In this section, we explain accidental isomorphisms for quaternionic (similitude) unitary
groups, and we prove an explicit formula of the Plancherel measure for some irreducible su-
percuspidal representations. Let F be a global field, let D be a division quaternion algebra over
F, and V be an anisotropic ϵ-Hermitian spaces over D. Put

G′(V ) =

{
G(V ) m = 1,

G̃(V ) m = 2, 3.

Here G̃(V ) denotes the similitude group of V . Then it is known that G′(V ) is isomorphic to a
certain more familiar group.

• Suppose first that ϵ = −1 and m = 1. Let V ′ be a two-dimensional quadratic space such
that χV ′ = χV . Then we have G′(V ) = SO(V ′).

• Suppose that ϵ = −1 and m = 2. Let E be a quadratic extension field of F such that
χE = χV . Then, G′(V ) is an inner form of the quasi-split similitude special orthogonal
group GSO(4, χE) which is isomorphic to GL2(E)/E1. Thus, we have G′(V ) ∼= B×/E1

for some division quaternion algebra B over E.
• Finally, suppose that ϵ = −1 and m = 3. Then G′(V ) is an inner form of the split

similitude special orthogonal group GSO6 which is isomorphic to GL4 ×GL×
1 /{(z, z−2) |

z ∈ GL1}. Thus, we have G′(V ) ∼= D×
4 ×F×/{(z, z−2) | z ∈ F×} for some central division

algebra D4 with [D4 : F] = 16.

Therefore, we can apply the Jacquet-Langlands correspondence to the study of irreducible rep-
resentations of G′(V ): let Σ be an irreducible cuspidal automorphic representation of G′(V )(A).

• Suppose that ϵ = 1 and m = 1. Then we can regard Σ as a representation of D1(A),
and we define the Jacquet-Langlands correspondence representation JL(Σ) of SL2(A) =
Sp2(A).

• Suppose that ϵ = −1 and m = 1. Then, by identification G′(V ) = SO(V ′) as above, we
can regard Σ as a representation of SO(V ′), and we denote it by JL(Σ).

• Suppose that ϵ = −1 and m = 2, 3. Then, we can define a representation JL(Σ) of
GSO(4, χE)(A) or GSO6(A) respectively by the isomorphisms explained above.

On the other hand, let F be a local field of characteristic 0, let D be the division quaternion
algebra over F , and let V be an ϵ-Hermitian space over D. We define G′(V ) as in the global case.
Then, for irreducible representation σ of G′(V ), we define JL(σ) in the similar way by using the
local Jacquet-Langlands correspondence. In this section, we use these accidental isomorphisms
to analyze the Plancherel measure.
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Proposition 17.1. Let F be a local field, let D be a division quaternion algebra over F , let V
be an m-dimensional ϵ-Hermitian space. Denote by V0 be the anisotropic kernel of V , and write
V = X + V0 +X∗ where X,X∗ are totally isotropic subspace so that X +X∗ is the orthogonal
complement of V0. For an irreducible representation σ of G(V0) and an irreducible supercuspidal
representation τ of GL(X), there is a rational function Υ(s) such that all zeros of Υ(s) lie in
{ℜs ≤ 0} and

µ(s, σ ⊠ τ) =
Υ(s)

Υ(1 + s)
· γ(2s, JL(τ),∧2, ψ)

γ(1 + 2s, JL(τ),∧2, ψ)
.(17.1)

In particular, if JL(τ) is supercuspidal and the image of the L-parameter ϕτ : SL2(C) ×WF →
GL2r(C) is contained in Sp2r(C), then µ(s, σ⊠τ) has at least one pole in R>0. Here, γ(s, JL(τ),∧2, ψ)
is the Langlands-Shahidi γ-factor ([Sha90]).

Proof. Take

• a supercuspidal representation σ′ of G′(V0) such that σ′|G(V0) ⊃ σ,
• a global field F and places v1, v2 of F such that Fv1 = Fv2 = F ,
• a division quaternion algebra D over F such that Dv1 = Dv2 = D, and for all place
v ̸= v1, v2, Dv is split,

• an anisotropic ϵ-Hermitian space V0 such that V0v1 = V0v2 = V0, and for all place
v ̸= v1, v2, G(V0) is quasi-split,

• a non-Archimedean place v3 ̸= v1, v2,
• an irreducible cuspidal automorphic representation Σ of G′(V0)(A) such that Σv1 =

Σv2 = σ′ and Σv3 is supercuspidal,
• a vector spaces X, X∗ over D such that dimD X = dimD X∗ = dimDX,
• a cuspidal representation Ξ of GL(X)(A) such that Ξv1 = Ξv2 = τ and Ξv3 is supercus-
pidal.

Then JL(Σ) and JL(Ξ) are cuspidal, hence globally generic. Hence,

µ(s, σ ⊠ τ)2 = µ(s, σ′ ⊠ τ)2

=
∏

v ̸=v1,v2

µv(s,Σ⊠ Ξ)−1

=
∏

v ̸=v1,v2

µv(s, JL(Σ)⊠ JL(Ξ))−1

= µ(s, JL(σ′)⊠ JL(τ))2.

Moreover, by the positivity,

µ(s, σ ⊠ τ) = µ(s, JL(σ′)⊠ JL(τ))

=
γ(s, JL(σ′)⊠ JL(τ), ψ)

γ(1 + s, JL(σ′)⊠ JL(τ), ψ)

× γ(2s, JL(σ′)⊠ JL(τ · χW ),∧2, ψ)

γ(1 + 2s, JL(σ′)⊠ JL(τ),∧2, ψ)
.

Since V0 is anisotropic, JL(σ) is a discrete series representation. Moreover, JL(τ) is also a discrete
series representation. Hence, by [Sha90, Proposition 7.2], γ(s, JL(σ′)⊠ JL(τ), std, ψ) has no zero
in {ℜs ≤ 0}. Hence, putting

Υ(s) := γ(s, JL(σ′)⊠ JL(τ), std, ψ),

we have the equation (17.1).
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Now, we suppose that JL(τ) is supercupidal and the image of the L-parameter ϕτ : SL2(C)×
WF → GL2r(C) is contained in Sp2r(C). Then, by a result of Jiang-Nien-Qin [JNQ10], we can
conclude that γ(s, τ,∧2, ψ) has a pole at s = 1. Let Fr ∈ WF be a Frobenius element. Then,
by [GR10, Lemma3], ϕτ (Fr) has finite order, hence, [∧2 ◦ ϕτ ](Fr) is a unitary operator. Thus all
poles of L(s, τ,∧2) lie in {ℜs = 0}, and we can conclude that γ(s, τ,∧2, ψ) has a pole at s = 1,
and all poles of γ(s, τ,∧2, ψ) lie in {ℜs = 1}. Hence, the ratio

γ(2s, JL(τ),∧2, ψ)

γ(1 + 2s, JL(τ),∧2, ψ)

has a pole at s = 1
2 . Put

P = {s0 ≥ 3

2
| Υ(s) has a pole at s = s0}.

If P = ∅, then µ(s, σ ⊠ τ) has a pole at s = 1
2 since all zeros of Υ(s) lie in {ℜs ≤ 0}. If P ̸= ∅,

then the ratio Υ(s)/Υ(1 + s) has a pole at s = supP. Hence we have the proposition. □

Finally, we note here that there exists at least one irreducible supercuspidal representation
τ of GLr(D) such that the Jacquet-Langlands correspondence JL(τ) has an L-parameter whose
image is contained in Sp2r(C)×WF (for a construction, see [Mie20, §4]).

18. Induction argument

In this section, we prove the compatibility of α3(V,W ) with the induction on the dimensions
of V,W with l = 1. Now, we explain more precisely. Let V be an m-dimensional right ϵ-
Hermitian space, and let W be an n-dimensional left (−ϵ)-Hermitian space. We assume that
l = 2n− 2m− ϵ = 1. Note that we allow V and W to be 0. Consider

• an ϵ-Hermitian space V ′ containing V and its totally isotropic subspaces X,X∗ so that
dimDX = dimDX

∗ = t, X + V +X∗ = V ′ and X +X∗ is the orthogonal complement
of V ,

• a (−ϵ)-Hermitian spaceW ′ containingW and its totally isotropic subspaces Y, Y ∗ so that
dimD Y = dimD Y

∗ = t, Y +W + Y ∗ = W ′ and Y + Y ∗ is the orthogonal complement
of W .

We put n′ = n+ 2t and m′ = m+ 2t. Then, we will prove

α3(V
′,W ′) = α3(V,W )(18.1)

in this section. First, we prove (18.1) with some hypotheses, which will be proved in the latter
part of this section. Let Q (resp. P ) be the maximal parabolic subgroup of G(V ′) (resp. G(W ′))
preserving X (resp. Y ). Then, we can identify the Levi subgroup LQ (resp. MP ) of Q (resp. P )
with GL(X)×G(V ) (resp. GL(Y )×G(W )).

Proposition 18.1. Suppose that there are s0 > 0, an irreducible supercuspidal representation
π of G(W ), an irreducible supercuspidal representation σ of G(V ), and a non-trivial irreducible
supercuspidal representation τ of GL(X) ∼= GL(Y ) so that

• σ ∼= θψ(π, V ),

• Ind
G(W ′)
P π ⊠ τs0χV is reducible, and

• Ind
G(V ′)
Q σ ⊠ τs0χW is reducible.

Then, Ind
G(W ′)
P π ⊠ τs0χV and Ind

G(V ′)
Q σ ⊠ τs0χW have unique irreducible square integrable

representations π′ and σ′ respectively, and σ′ coincides with θψ(π
′, V ′). Moreover, we have

α3(V
′,W ′) = α3(V,W ).
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We proof this proposition in the former part of this section. Suppose that a quadraple
(s0, π, σ, τ) as in the proposition is given. By Lemma 9.2 and Proposition 9.5, the represen-

tation θψ(π
′, V ′) is the unique square-integrable irreducible subquotient of Ind

G(V ′)
Q σ ⊠ τs0χW ,

which is nothing other than σ′. To prove the last assertion, we use the following proposition,
which is due to a result of Heiermann [Hei04].

Proposition 18.2. Let s0 > 0, let π be an irreducible supercuspidal representation of G(W )
and let τ be a supercuspidal representation of GLt(D). Suppose that µ(s, π⊠ τχV ) has a pole at
s = s0. Then we have the following:

(1) The induced representation Ind
G(W ′)
Q π⊠τs0χV is reducible and it has a unique irreducible

square integrable constituent π′. Moreover we have,

deg π′ =2t log q · deg π deg τ · Ress=s0 µ(s, π ⊠ τχV )

× γ(G(W ′)/P ) · |KMP
|

|KG(W ′)|
· |UP ∩KW ′ | · |UP ∩KW ′ |.

Here, γ(G(W ′)/P ) is the constant defined by

γ(G(W ′)/P ) =

∫
U

δP (u) du

where U is the unipotent radical of the opposite parabolic subgroup P of P , and f◦ is the

unique KW ′-invariant section of the representation Ind
G(W ′)
P δ

1
2

P induced by the square
root of the modular character δP so that f◦(1) = 1.

(2) The induced representation Ind
G(V ′)
Q σ ⊠ τs0χV is also reducible, and it has a unique

irreducible square integrable constituent σ′. Moreover we have

deg σ′ =2t log q · deg σ deg τ · Ress=s0 µ(s, σ ⊠ τχW )

× γ(G(V ′)/Q) ·
|KLQ |

|KG(V ′)|
· |UQ ∩KV ′ | · |UQ ∩KV ′ |.

Here, γ(G(V ′)/Q) is the constant defined similarly as in (1).

Proof. Similar to [GI14, Proposition 20.4]. □

Now, take π as in Proposition 18.4, and put σ = θ(π, V ). Then, by Proposition 18.2, we have

deg π′

deg σ′ =
deg π

deg σ
· Ress=s0 µ(s, π ⊠ χV )

Ress=s0 µ(s, σ ⊠ χW )
· γ(G(W )/P )

γ(G(V )/Q)
·
|KG(V ′)||KMP

|
|KG(W ′)||KLQ |

=
deg π

deg σ
· γ(s0 −

l − 1

2
, | |s0 , ψ)γ(−s0 −

l − 1

2
, | |s0 , ψ)

× |UP ∩KW ′ | · |UP ∩KW ′ |
|UQ ∩KV ′ | · |UQ ∩KV ′ |

·
|B+
V ′ ||B+

MP
|

|B+
W ′ ||B+

LQ
|

×
∏
α∈Σred(P )[Xα ∩KW ′ : Xα ∩ B+

W ′ ]−1∏
β∈Σred(Q)[Xβ ∩KV ′ : Xβ ∩ B+

V ′ ]−1
.

Here, we denote by B+ by the pro-unipotent radical of B, by Σred(P ) (resp. Σred(Q)) the set of
positive reduced root with respect to the opposite parabolic subgroup P (resp. Q) of P (resp.
Q), and by Xα (resp. Xβ) the root subrgroup associated with α ∈ Σred(P ) (resp. β ∈ Σred(Q)).
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Lemma 18.3. We have

|B+
V ′ ||B+

MP
|

|B+
W ′ ||B+

LQ
|
= q2t.

Proof. Since |B+
MP

| = |B+
W ||B+

GLr(D)| and |B+
LQ

| = |B+
V ||B

+
GLr(D)|, we have

|B+
V ′ ||B+

MP
|

|B+
W ′ ||B+

LQ
|
=

|B+
V ′ ||B+

W |
|B+
W ′ ||B+

V |

=

{
q(n

′2−n2)−(m′2−m′−m2+m)− 1
2 (a

′
V ′−a′V ) (−ϵ = 1),

q(n
′2−n′−n2+n)−(m′2−m2)+ 1

2 (a
′
W ′−a′W ) (−ϵ = −1)

where

a′W =

{
0 (χW : unramified)

−1 (χW : ramified).

One can show that both coincide with q2t. Hence we have the lemma. □

Moreover, we have∏
α∈Σred(P )[Xα ∩KW ′ : Xα ∩ B+

W ′ ]−1∏
β∈Σred(Q)[Xβ ∩KV ′ : Xβ ∩ B+

V ′ ]−1
= q−2(n0−m0)t

= q−(1+ϵ)t,

and

|UP ∩KW ′ | · |UP ∩KW ′ |
|UQ ∩KV ′ | · |UQ ∩KV ′ |

= q−2(nt+ 1
2 t(t−ϵ)) · q2(mt+ 1

2 t(t+ϵ))

= q−2(n−m)+2ϵt

= q−(1−ϵ)t.

Hence we have

deg π′

deg σ′ =
deg π

deg σ
· γ(s0 −

l − 1

2
, τ, ψ)γ(−s0 −

l − 1

2
, τ∨, ψ)

=
deg π

deg σ
· γ(s0, τ, ψ)γ(−s0, τ∨, ψ)

since l = 1. Thus we have Proposition 18.1.
Now, we prove the existence of the quadruple (s0, π, σ, τ) as in Proposition 18.1 when either

V or W is anisotropic.

Proposition 18.4. Suppose that V is anisotropic. Then, there exists an irreducible supercuspidal
representation π of G(W ) such that Θψ(π, V ) ̸= 0.

Proof. We use the following see-saw diagram to prove:

G(V 2)

QQQ
QQQ

QQQ
QQQ

Q
G(W )×G(W )

mmm
mmm

mmm
mmm

m

G(V )×G(V ) ∆G(W )

.
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More precisely, for an irreducible representation σ of G(V ), we have

Θψ(σ,W ) ̸= 0 ⇔ Hom∆G(W )(Θψ(σ,W )⊗Θψ(σ,W )∨, 1W ) ̸= 0

⇔ σ ⊠ σ∨ appears as a quotient of Θψ(1W , V
2)|G(V )×G(V ).

In the cases where W is anisotropic, the proposition is clear by the above observation. Then we
suppose that W is isotropic. This only occurs in the case where ϵ = −1. Thus we have χW = 1.
Hence, we have the isomorphism

Rs : I
V (s, 1) → S(G(V ))

by [Rsfs](g) = fs(ι(g, 1)) for fs ∈ IV (s, 1) and g ∈ G(V ).

Lemma 18.5. For u ∈ U(V △) there is a unique element gu ∈ G(V ) such that ι(gu, 1) ∈
P (V △)τu for some p ∈ P (V △). Moreover, u 7→ gu gives a homeomorphism

U(V △) → G(V ) \ {1}.

By this lemma, if we take a non-zero function φ ∈ S(G(V )) so that supp(φ) ̸∋ 1 and φ(g) ≥ 0
for all g ∈ G(V ), then the integral defining M(s, 1)(R−1

s φ) converges and M(s, 1)(R−1
s φ) ̸= 0 for

all s ∈ C. On the other hand, if we denote by Wi the i-dimensional (−ϵ)-Hermitian space with
χWi = 1 and by li the integer 2i− 2m− ϵ, then we have

Θψ(1Wi
, V 2) = kerM(− li

2
, 1)

for i = 0, . . . , n− 1 by [Yam11, Theorems 1.3, 1.4]. Thus, we have proved that

n−1∑
i=0

R−li/2(Θψ(1Wi , V
2)) ⫋ S(G(V )).

Hence, there is an irreducible representation σ of G(V ) such that n+(σ) ≥ n and n−(σ) ≥
n + 1. Since we have assumed l = 1, the conservation relation (Proposition 9.3) says that
n+(σ) + n−(σ) = 2n + 1. Thus, we have n+(σ) = n, and we have the lemma by putting
π = Θψ(σ,W ). □

Proposition 18.6. Suppose that W is anisotropic and V is isotropic. Then, there is an irre-
ducible representation π of G(W ) such that θψ(π, V ) is non-zero supercuspidal.

Proof. The situation in this proposition occurs only in the case where ϵ = 1, dimW = 3,
dimV = 2 and χW = χV = 1. Then, as in §17, we have the accidental isomorphism

G̃(W ) ∼= D×
4 × F×/{(a, a−2) | a ∈ F×}

where D4 is a central division algebra of F so that [D4 : F ] = 16. Now, we denote by π0 an
irreducible representation of D×

4 obtained by as follows: let π1 be an irreducible supercuspidal
representation of GL4(F ) so that the image of its L-parameter is contained in Sp4(C) × WF

(see [Mie20, §4]). Then we denote by π0 the irreducible representation of D×
4 associated with

π1 by the Jacquet-Langlands correspondence. Since the central character of π0 is trivial, we
have the irreducible representation π0 ⊠ 1 of D×

4 × F×/{(a, a−2) | a ∈ F×}. We may regard

it as a representation of G̃(W ) by the accidental isomorphism. We denote by π an irreducible
component of the restriction of π0⊠1 to G(W ). Then, the square exterior γ-factor γ(s, ϕπ0 ,∧2, ψ)
has a pole at s = 1 (see [JNQ10]). Hence we have Θψ(π, V ) ̸= 0 (see [GT14, Theorem 6.1], and
[GT14, Proposition 3.3]). Moreover, since π ̸= 1, we have m(π) > 0. This forces that m(π) = 2,
and θψ(π, V ) is supercuspidal. Hence we have the proposition. □

Corollary 18.7. There exist (s0, π, σ, τ) as in Proposition 18.1 when either V orW is anisotropic.
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Proof. Suppose first that V is anisotropic. Take π as Proposition 18.4, and put σ = θψ(π, V ).
Moreover, take (τ, s0) as the latter part of Proposition 17.1. Since JL(τ) is an irreducible super-
cuspidal represetation of GL2r(F ), the Godement-Jaquet L-function L(s, τ) is 1. Hence the poles
of µ(s, π⊠ τχV ) is equal to that of µ(s, σ⊠ τχW ) by Proposition 16.7. Therefore, µ(s, σ⊠ τχW )
has a pole at s = s0. Hence, the quadruple (s0, π, σ, τ) satisfies the assumption of Proposition
18.1.

Then, suppose that W is anisotropic and V is isotropic. Take π as in Proposition 18.6, and
put σ = θψ(π, V ). Moreover, take τ as an irreducible supercuspidal representation of GLr(D) so
that JL(τ) is a symplectic non-zero supercuspidal representation of GL2r(F ) (see [Mie20, §4]).
Then, by Proposition 17.1, µ(s, π ⊠ τχV ) has a pole at a positive real number s0. Hence, the
quadraple (s0, π, σ, τ) satisfies the assumption 18.1. Hence we have the corollary. □

Corollary 18.7 completes the proof of (18.1).

19. Determination of α1 and α2

In this section, we complete the formulas of α1(W ) and α2(V,W ) even when both V and W
are isotropic. Let V be anm-dimensional right ϵ-Hermitian space, and letW be an n-dimensional
left (−ϵ)-Hermitian space. We assume that 2n − 2m − ϵ = 1. Take a basis e = (e1, . . . , en) for
W . Note that in this section, we do not suppose that R(e) is of the form (4.1). First, we have:

Theorem 19.1.

α2(V,W ) = |2|−2nρ+n(n− 1
2 )

F · |N(R(e))|ρ ·
n−1∏
i=1

ζF (1− 2i)

ζF (2i)

×

{
2(−1)nγ(1− n, χV , ψ)

−1ϵ( 12 , χV , ψ) (−ϵ = 1),

1 (−ϵ = −1).

Proof. We note first that there is at least one irreducible square irreducible integrable represen-
tation π of G(W ) such that Θψ(π, V ) ̸= 0 (this has been proved in §18 by replacing V with V ′).
Then, comparing the formula of α3(V,W ) of Proposition 15.1 with its definition in Theorem
11.1, we obtain

1

2
· α2(V,W ) · e(G) · |2|2nρ−n(n−

1
2 )

F · |N(R(e))|−ρ ·
n−1∏
i=1

ζF (2i)

ζF (1− 2i)

×

{
χV (−1)γ(1− n, χV , ψ) (−ϵ = 1),

χW (−1)ϵ( 12 , χW , ψ) (−ϵ = −1)

=

{
(−1)nχV (−1)ϵ( 12 , χV , ψ) (−ϵ = 1),
1
2 · χW (−1)ϵ( 12 , χW , ψ) (−ϵ = −1).

Hence, we have the claim. □
Suppose that −ϵ = −1. We denote by Wu a (−ϵ)-Hermitian space so that dimWu = n and

W (u) possesses a basis e(u) with R(e(u)) ∈ GLn(OD). Then, by Theorem 19.1, we have:

Corollary 19.2.
α2(V,W ) = |N(R(e))|ρ · α2(V,W

u).

Proof. Since |N(R(e(u))| = 1, the claim follows from Theorem 19.1. □

On the other hand, we may identifyWu2 withW2 by identifying e′i with e
(u)
i

′
for i = 1, . . . , 2n.

Then we can compare IWu

with IW :
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Lemma 19.3. For ϕ, ϕ′ ∈ S(V ⊗W△) = S(V ⊗Wu△), we have

IW (ϕ, ϕ′) = IW
u

(ϕ, ϕ′).

Proof. By writing down the definitions, we have the equation. □

Therefore, we have

α1(W )

α1(Wu)
=

EWu

(ϕ, ϕ′)

EW (ϕ, ϕ′)

=
α2(V,W

u)

α2(V,W )

= |N(R(e))|−ρ.

Thus, we have a general formula of α1(W ):

Proposition 19.4. In the case −ϵ = −1, we have

α1(W ) = |2|2nρF · |N(R(e))|−ρ · q−(2⌊n2 ⌋⌈n2 ⌉−⌊n2 ⌋) ·
n∏
i=1

(1 + q−(2i−1)).

Proof. We already have a formula of α1(W ) either when n0 = 0 or n0 = 1 and χW is unramified
(Proposition 7.6). Hence, we have the proposition by Lemma 19.3. □

20. Formal degree conjecture for the non-split inner forms of Sp4, GSp4

The Langlands conjecture for the non-split inner forms of GSp4 and Sp4 has been established
by Gan-Tantono [GT14] and Choiy [Cho17]. Thus, the refined formal degree conjecture for
these groups can be stated unconditionally. In this section, we prove the refined formal degree
conjecture for the non-split inner forms of Sp4 and GSp4 as an application of Theorem 11.1. We
denote by G1,1, H1,1, and H3,0 the isometry groups of

• the two dimensional Hermitian space W with χW = 1,
• the two dimensional skew-Hermitian space W with χW = 1,
• the three dimensional skew-Hermitian space W with χW = 1

respectively. We also denote by G̃1,1, H̃1,1, and H̃3,0 their similitude groups respectively. Note
that in this section we regard H1,1,H3,0 as inner forms of quasi-split special orthogonal groups
SO2,2 and SO3,3 (see Remark 3.1). In this section, we assume thatG is one ofG1,1,H1,1,H3,0, and

we assume that G̃ is the corresponding similitude group. We denote by p :
̂̃
G→ Ĝ the projection

of [Lab85, Theorem 8.1]. Let ϕ̃ be an L-parameter for G̃. We denote by ϕ :WF × SL2(C) → LG

the L-parameter given by the composition p ◦ ϕ̃. According to [Cho17, §7.3], the L-parameter ϕ

of G̃1,1 is classified into one of the following “Case I-(a), Case I-(b), Case II, Case III”;

• Case I-(a): the parameter ϕ̃ comes from that of H̃1,1, and the cardinality of the L-packet

Πϕ̃ is equal to 2, and the action of Hom(WF ,C1) is not transitive;

• Case I-(b): the parameter ϕ̃ comes from that of H̃1,1, and the cardinality of the L-packet

Πϕ̃ is equal to 2, and the action of Hom(WF ,C1) is transitive;

• Case II: the parameter ϕ̃ comes from that of H̃1,1, and the cardinality of the L-packet
Πϕ̃ is equal to 1;

• Case III: the parameter ϕ̃ comes from that of H̃3,0, and the cardinality of the L-packet
Πϕ̃ is equal to 1.
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Denote by X(ϕ̃) the stabilizer

{a ∈ H1(WF , ĜL1) | aϕ̃ = ϕ̃ as L-parameters }.

Then we have an exact sequence

Sϕ̃(G̃) → Sϕ(G) → X(ϕ̃) → 1

where Sϕ(G) is the component group π0(Sϕ(G)) of Sϕ(G) := Cϕ(G)/Z(Ĝ)
ΓFs/F (similarly for

Sϕ̃(G̃)). In the case Sϕ(G) is a finite group (An L-parameter associated with an irreducible square

integrable representation satisfies this.), the first map is injective. Put C ′
ϕ̃
(G̃) = Cϕ̂(G̃) ∩

̂̃
G/A,

and put Z ′(G̃) = Z(G̃) ∩ ̂̃
G/A where A is the maximal F -split torus of the center of G(W ).

Then, we have Sϕ(
̂̃
G) = C ′

ϕ(G̃)/Z
′(G̃)ΓFs/F .

20.1. Restriction of representations from G̃ to G. It is known that such restriction problems
have much information of Langlands parameters for G. We only use the following lemma:

Lemma 20.1. Let π̃ be an irreducible representation of G̃. Then, we have a decomposition

π̃|G = (

t⊕
i=1

πi)
⊕k

where π1, . . . , πt are irreducible representations of G and

k =

{
1
2 dim η G = G1,1 and π̃ has the L-parameter of Case I-(b),

dim η otherwise.

Proof. It is obtained by [Cho17, Theorems 5.1, 6.1, 7.5]. □

In this paper, we need this lemma to prove the following two lemmas.

Lemma 20.2. Let π be a square integrable irreducible representation of G, let (ϕ, η) be its

Langlands parameter, let π̃ be an irreducible representation of G̃ so that its restriction π̃|G to G

contains π, and let (ϕ̃, η̃) be the Langlands parameter of π̃. Then, we have

deg π̃ =
dim η̃

dim η
· #Cϕ(G)
#C ′

ϕ̃
(G̃)

· deg π, and Ad ◦ ϕ̃ = Ad ◦ ϕ.

Proof. Put

X(π̃) = {χ ∈ Hom(F×,C×) | (χ ◦ λ)π̃ ∼= π̃}.

Then the reciprocity map of the local class field theory induces an embedding X(π̃) → X(ϕ̃).
Moreover, we have

[X(ϕ̃) : X(π̃)] =

{
2 G = G1,1 and π̃ has the L-parameter of Case I-(b),

1 otherwise.
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Hence, by [GI14, Lemma 13.2] and by Lemma 20.1, we have

deg π =
#Z ′(

̂̃
G)

#Z(Ĝ)
· k

#X(π̃)
· deg π̃

=
#Z ′(

̂̃
G)

#Z(Ĝ)
·
dim η ·#Sϕ̃(G̃)

#Sϕ(G)
· deg π̃

=
dim η ·#C ′

ϕ̃
(G̃)

#Cϕ(G)
· deg π̃.

Moreover, since the projection p :
̂̃
G→ Ĝ factors through the adjoint map Ad, we have

Ad ◦ ϕ̃ = Ad ◦ p ◦ ϕ
= Ad ◦ ϕ.

Hence, we have the lemma. □

Lemma 20.3. Let π be a square integrable irreducible representation of G1,1, and let σ be an
irreducible representation of either H1,1 or H3,0 associated with π by the local theta correspon-
dence. We assume that σ ̸= 0. We denote by (ϕπ, ηϕ) (resp. (ϕσ, ησ)) the Langlands parameter
associated with π (resp. σ). Then, we have

dim ησ
dim ηπ

=

{
1
2 π has the L-parameter of Case I-(b),

1 otherwise
(20.1)

and we have

#C ′
ϕσ

#C ′
ϕπ

=

{
1
2 π has the L-parameter of Case I-(b), III,

1 otherwise

Proof. Note that discrete series parameters are of Case I and Case III. By [GT14, Proposition
3.3] and Lemma 20.1, we have (20.1). The remaining equality is obtained by the case-by-case
discussion in [Cho17, p. 1867 - p.1874]. □

20.2. Refined formal degree conjecture. In this section, we discuss the refined formal de-
gree conjecture [GR10, Conjecture 7.1]. We first prove it for inner forms of GLN . Note that
#C ′

ϕ(GLN ) = N if ϕ is a discrete parameter for GLN .

Lemma 20.4. Let G be an inner form of GLN , and let π be a square-integrable irreducible
representation of G. Then, we have

deg(π) = cπ(−1)N−1 · 1

N
· γ(0, π,Ad, ψ).

Here, Ad is the adjoint representation of LG on slN (C).

Proof. By [HII08, §3.1], we have

deg(π) =
1

N
· |γ(0, π,Ad, ψ)|.
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Denote by JL(π) the Jacquet-Langlands correspondence of π to GLN (F ). Note that cπ∗(−1) =
cπ(−1). Then, by [GI14, Proposition 14.1], we have

γ(0, π,Ad, ψ)

|γ(0, π,Ad, ψ)|
=

γ(0, JL(π),Ad, ψ)

|γ(0, JL(π),Ad, ψ)|
= cJL(π)(−1)N−1

= cπ(−1)N−1.

Thus, by positivity of deg π, we have the lemma. □

Let G′ be one of G1,1, H1,1, H3,0, G̃1,1, H̃1,1, and H̃3,0. Then the refined formal degree
conjecture for G′ is true:

Theorem 20.5. Let π be a square integrable irreducible representation of G′, and let (ϕ, η) be
its Langlands parameter. Then we have

deg π = cπ(−1) · dim η

#C ′
ϕ(G

′)
· γ(0,Ad ◦ ϕ, ψ).

Proof. When G′ is either H̃1,1 or H̃3,0, we have the claim because of the accidental isomorphisms

H̃1,1 = D× ×GL2(F )/{(t, t−1 · I2) | t ∈ F×},

H̃3,0 = D×
4 × F×/{(t, t−2) | t ∈ F×}

as in §17. Here, D4 is a central division algebra of F with [D4 : F ] = 16. Hence, we have the
claim for H1,1 and H3,0 by Lemma 20.2. When G′ = G1,1, we have the claim by Theorem 11.1
and Lemma 20.3 since

γ(s, π,Ad, ψ)

γ(s, σ,Ad, ψ)
= γ(s, σ × χW , ψ).

Hence, we also have the claim for G̃1,1. Thus we have the theorem. □

21. Appendix: an explicit formula of zeta integrals

In [Kak20b, Proposition 8.3], the author computed the doubling zeta integral of right K(e′
2
)-

invariant sections. However, the formula does not tell us about the constant term and a certain
multiplier polynomial factor S(T ). In this section, we complete the formula by applying the
formula of α1(W ). Note that there are two errors in [Kak20b, Proposition 8.3]. We also point
out and correct them. In this section, we assume the residue characteristic of F is not 2.
Finally, we note that the results in this Appendix are not used in this paper but had been used
in the previous version. In the case q ̸ |2, we can prove by Proposition 7.6 them.

Fix a basis e of W as in §4. We denote by e0 the basis er+1, . . . , er+n0 for W0. Moreover, we
may suppose that

R0 = R(e0) =



1 (−ϵ = 1, n0 = 1),

α (−ϵ = −1, n0 = 1),

ϖ−1
D (−ϵ = −1, n0 = 1),

diag(ϖ−1
D , αϖ−1

D ) (−ϵ = −1, n0 = 2, χW is unramified),

diag(α,ϖ−1
D ) (−ϵ = −1, n0 = 2, χW is ramified),

diag(α,ϖ−1
D , αϖ−1

D ) (−ϵ = −1, n0 = 3).

Here, α is defined in §2. We recall that we have put n0 = dimW0 and r = n−n0

2 . By this basis,
we regard G(W ) as a subgroup of GLn(D). Then, put

C1 := {g ∈ G(W ) ∩GLn(OD) | (g − 1)R(e′
2
) ∈ Mn(OD)}.
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Note that C1 is an open compact subgroup of G(W ). Let Xi be a subspace of X spanned by
e1, . . . , ei. We denote by f the flag

f : 0 = X0 ⫋ X1 ⫋ · · · ⫋ Xr = X,

and by B the minimal parabolic subgroup preserving f.

Proposition 21.1. We have G(W ) = B · C1.

Proof. We use the setting and the notation of §5 in the proof of this proposition. By [BT72,
Théorème (5.1.3)], we have the decomposition

G(W ) = B ·NG(W ) · B.

Since B ⊃ ZG(W )(S), we can take a representative system w1, . . . , wt for B\(B · NG(W )(S)) so

that wi ∈ C1 for i = 1, . . . , t. Moreover, Xa,0 ⊂ C1 for a ∈ Φ+ and Xa, 12
⊂ C1 for a ∈ Φ−.

Hence, by Lemma 5.3, we have

B ·NG(W )(S) · B =

t∪
i=1

B · wi · ZG(W )(S)1 ·
∏
a∈Φ+

Xa,0 ·
∏
a∈Φ−

Xa, 12

=
t∪
i=1

B · ZG(W )(S)1 · wi ·
∏
a∈Φ+

Xa,0 ·
∏
a∈Φ−

Xa, 12

⊂ B · C1.

Thus we have the proposition. □

Let σ0 be the trivial representation of G(W0), let si be a complex number for i = 1, . . . , r,
let σi be the character | |si of GL1(D) for i = 1, . . . , r. Then, σ = ⊗ri=0σi is a character of the

Levi subgroup of B. Let π be an irreducible subquotient representation of Ind
G(W )
B (σ) having a

non-zero C1-fixed vector. Then, we have the following formula of a zeta integral with a certain
section and a matrix coefficient:

Proposition 21.2. Let f◦s ∈ I(s, 1)K(e′2) be a non-zero K(e′
2
)-invariant section with f◦s (1) = 1,

let ξ◦ be the C1-fixed matrix coefficient of π. Then, we have

Z(f◦s , ξ
◦) = |C1| ·

S(q−s)

dW (s)

r∏
i=0

LWi(s+
1

2
, σi)

for some self-reciprocal monic polynomial S(T ) of degree

fW =

{
1 (−ϵ = −1, n0 = 2, χW is unramified),

0 ( otherwise).

Here we set

dW (s) =

{
ζF (s+ n+ 1

2 )
∏⌊n/2⌋
i=1 ζF (2s+ 2n+ 1− 4i) if −ϵ = 1,∏⌈n/2⌉

i=1 ζF (2s+ 2n+ 3− 4i) if −ϵ = −1.

Note that if n0 = 0, then LW0(s, 1W0
× 1) denotes{
ζF (s) if −ϵ = 1,

1 if −ϵ = −1.

Note that we will determine S(T ) and |C1| later (Propositions 21.4 and 21.5).
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Remark 21.3. Proposition 21.2 differs from [Kak20b, Proposition 8.3] at the definition of fW
in the case n0 = 3 and the definition of LW0(s, 1W0 × 1) in the case n0 = 0, −ϵ = 1. The former
is caused by an error of the computation of the γ-factor, which is modified by (21.3). And the
latter is caused by a typo.

Proof. We can deform the doubling zeta integral to the summation

ZW (f◦s , ξ
◦) =

∫
C1

ξ◦(g) dg +

∫
G(W )−C1

f◦s ((g, 1))ξ
◦(g) dg.

If s0 is a sufficiently large real number so that ZW (f◦s , ξ
◦) converges absolutely, then, by [Kak20b,

Lemma 8.4], we have∣∣∣∣∣
∫
G(W )−C1

f◦s ((g, 1))ξ
◦(g)

∣∣∣∣∣ ≤
∫
G(W )−C1

|∆((g, 1))|s−s0 |f◦s0((g, 1))ξ
◦(g)| dg

≤ q−(ℜs−s0)
∫
G(W )

|f◦s0((g, 1))ξ
◦(g)| dg

for ℜs > s0. Thus we have

lim
ℜs→∞

ZW (f◦s , ξ
◦) = |C1|.(21.1)

Put

Ξ(q−s) :=
ZW (f◦s , ξ

◦)∏r
i=0 L

Wi(s+ 1
2 , σi × 1)

.

Then, by the “g.c.d property” ([Yam14, Theorem 5.2] and [Yam14, Lemma 6.1]) concludes that
Ξ(q−s) is a polynomial in q−s and qs. Moreover, by (21.1), it is a polynomial of q−s with the
constant term |C1|. Put D(q−s) := dW (s). Once we prove the equation

Ξ(q−s)D(qs) = (q−s)fW · Ξ(qs)D(q−s),(21.2)

one can deduce that

Ξ(q−s) = |C1| · S(q−s)D(q−s)

for some monic self-reciprocal monic polynomial of degree fW since q−tsD(qs) is a polynomial
of q−s which is coprime to D(q−s) for sufficiently large t, which proves the proposition.

In the following, we prove the equation (21.2). By the definition of the γ-factor, we have

R(s, 1, A, ψ) · ZW (M∗(s, 1, A, ψ)f◦s , ξ
◦) = π(−1) · γW (s+

1

2
, π ⊠ 1, ψ)ZW (f◦s , ξ

◦).

Note that π(−1) = 1 and by comparing this with the equation

R(s, 1, A, ψ)M∗(s, 1, A, ψ)f◦s = q−n
′s|N(R(e))|−sϵ(1

2
, χW , ψ) ·

D(q−s)

D(qs)
f◦−s

where

n′ =

{
2⌈n2 ⌉ (−ϵ = 1),

2⌊n2 ⌋ (−ϵ = −1),

we obtain

Ξ(q−s)D(qs) = D(q−s)Ξ(qs)

× |N(R(e))|−sq−n
′s ·

ϵ( 12 , χW , ψ)

γ(s+ 1
2 , π ⊠ 1, ψ)

·
∏r
i=0 L

Wi(−s+ 1
2 , σ

∨
i × 1)∏r

i=0 L
Wi(s+ 1

2 , σi × 1)
.
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Moreover, by Lemma 7.5, we have

γW (s+
1

2
, π × 1, ψ) = q−λs · ϵW (

1

2
, χW , ψ)

r∏
i=0

LWi(−s+ 1
2 , σ

∨
i × 1)

LWi(s+ 1
2 , σ × 1)

(21.3)

where

λ =


2⌈n2 ⌉ −ϵ = 1,

2⌊n2 ⌋ −ϵ = −1, n ̸≡ 3 mod 4, χW : unramified,

2⌊n2 ⌋+ 1 otherwise.

Therefore,

Ξ(q−s)D(qs) = D(q−s)Ξ(qs) · q−(n′−λ)s · |N(R(e))|−s

= D(q−s)Ξ(qs) · (q−s)fW .

Hence we have the equation (21.2), and we have the proposition. □

For the polynomial S(T ), we have the following:

Proposition 21.4. We have

S(T ) =

{
T 2 + (q

1
2 + q−

1
2 )T + 1 (−ϵ = −1, n0 = 2, χW is unramified),

1 ( otherwise).

Proof. We have fW = 0 in the cases other than −ϵ = −1, n0 = 2, and χW is unramified. Thus
the proposition is clear for the second case. Consider the case n = n0 = 2 and χW is unramified.
Since G(W ) is compact, Z(f◦s , ξ

◦) is a polynomial in q−s. In other words,

S(q−s)
ζF (s+

3
2 )L(s+

1
2 , χW )

ζF (2s+ 3)

is a polynomial. Thus, we can conclude that (1 + q−
1
2T ) divides S(T ). Such a self-reciprocal

polynomial is only (1 + q−
1
2T )(1 + q

1
2T ). Hence we have

S(T ) = T 2 + (q
1
2 + q−

1
2 )T + 1.

Now, suppose that −ϵ = −1, n > n0 = 2, and χW is unramified. We recall a certain intertwining
operator associated with the parabolic induction. Let Q(X2) be the parabolic subgroup of
G(W2) preservingX2, let U(X2) be the unipotent radical ofQ(X2), letM be the Levi-subgroup
of Q(X2), and let IX(s, 1) be the space of smooth functions f on GL(X2) satisfying

f(pg) = |N(p|X△)|−(s+r)|N(p|X▽)|s+rf(g)
for p ∈ P ′(X△) and g ∈ GL(X2). Here, we denote by P ′(X△) the parabolic subgroup of
GL(X2) preserving X△, by p|X△ (resp. p|X▽) the restriction of p to X△ (resp. X▽), and
by N the reduced norm of End(X△) (resp. End(X▽)). For a coefficient ξ of an irreducible
representation of GL(X) and a section f ∈ I(s, 1), we define the doubling zeta integral by

ZX(f, ξ) =

∫
GL(X)

f(ιX(g, 1))ξ(g) dg

where ιX : GL(X) × GL(X) → GL(X2) is the embedding induced by the natural action of
GL(X)×GL(X) on X2. Then, there is an intertwining map

Ψ(s) : IW (s, 1) → Ind
G(W2)
Q(X2) (I

X(s, 1)⊗ IW0(s, 1)⊗ |∆(X,W0):W |) : fs 7→ (g 7→ [Φ(s)fs]g)

(see [Yam14, Proposition 4.1]). Although we omit the definition, we note the relation

[Φ(s)f◦s ]e = J(s)f ′s
◦ ⊗ f ′′s

◦
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where f ′s
◦
(resp. f ′′s

◦
) is the unique GLr(OD)-invariant section of IX(s, 1) (resp. the unique

K(e′0
2
)-invariant section of IW0(s, 1)) so that f ′s

◦
(1) = 1 (resp. f ′′s

◦
(1) = 1), and

J(s) =

∫
U(X2)∩Q(W△)\U(X2)

f◦s (u) du.

Moreover, by Proposition 21.1, we have

ZW (f◦s , ξ
◦) = |C1|

∫
Q

f◦s ((g, 1)) dg

= |C1|
∫
M

[Ψ(s)f◦s ]((m, 1)) dm

= |C1|J(s)ZW0(f ′s
◦
, ξ′

◦
)ZX(f ′′s

◦
, ξ′′

◦
)

= |C1|J(s)S(q−s)
LW0(s+ 1

2 , 1W × 1)

dW0(s)
·
LX(s+ 1

2 , σ)

dX(s)

= |C1|SW0(q−s)
J(s)

dW0(s)dX(s)
LW (s+

1

2
, 1W × 1).

Thus, we obtain

SW (q−s) = SW0(q−s)× J(s)
dW (s)

dW0(s)dX(s)
.

However, since J(s) does not have a pole in ℜs > −1 ([Yam14, Lemma 5.1]) and dW (s), dW0(s), dX(s)
has neither a pole nor a zero at s = π

√
−1 ± 1

2 , we can conclude that SW (X) is diveded by

(1+ q±
1
2T ). Thus, we have SW (T ) = SW0(T ). Hence, we finish the proof of the proposition. □

Finally, by the formula of α1(W ) (Proposition 19.4), we can determine the volume |C1| of C1:

Proposition 21.5. (1) In the case −ϵ = 1, we have

|C1| = |KW | = q−2⌊n/2⌋⌈n/2⌉−⌈n/2⌉
⌊n/2⌋∏
i=1

(1 + q−(2i−1))(1− q−2i).

(2) In the case −ϵ = −1, we have

|C1| = |N(R(e))|−ρq−(2⌊n/2⌋⌈n/2⌉−⌊n/2⌋)

×



∏⌊n/2⌋
i=1 (1 + q−(2i−1))

∏⌊n/2⌋
i=1 (1− q−2i) (n0 = 0),∏⌈n/2⌉

i=1 (1 + q−(2i−1))
∏⌊n/2⌋
i=1 (1− q−2i) (n0 = 1, χW : unramified),∏⌊n/2⌋

i=1 (1 + q−(2i−1))
∏⌊n/2⌋
i=1 (1− q−2i) (n0 = 1, χW : ramified),∏⌊n/2⌋−1

i=1 (1 + q−(2i−1))
∏⌊n/2⌋−1
i=1 (1− q−2i) (n0 = 2, χW : unramified),∏⌊n/2⌋

i=1 (1 + q−(2i−1))
∏⌊n/2⌋−1
i=1 (1− q−2i) (n0 = 2, χW : ramified),∏⌊n/2⌋

i=1 (1 + q−(2i−1))
∏⌊n/2⌋−1
i=1 (1− q−2i) (n0 = 3).

Proposition 21.4 and Proposition 21.5 give a completion of the formula in Proposition 21.2.
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[MVW87] Colette Mœglin, Marie-France Vignéras, and Jean-Loup Waldspurger. Correspondances de Howe sur
un corps p-adique, volume 1291 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1987.

[PR08] G. Pappas and M. Rapoport. Twisted loop groups and their affine flag varieties. Adv. Math.,

219(1):118–198, 2008. With an appendix by T. Haines and Rapoport.
[Pra93] Dipendra Prasad. On the local Howe duality correspondence. Internat. Math. Res. Notices, (11):279–

287, 1993.

[Pra00] Dipendra Prasad. Theta correspondence for unitary groups. Pacific J. Math., 194(2):427–438, 2000.
[PSR86] I. Piatetski-Shapiro and S. Rallis. ϵ factor of representations of classical groups. Proc. Nat. Acad. Sci.

U.S.A., 83(13):4589–4593, 1986.

[Rag02] A. Raghuram. On representations of p-adic GL2(D). Pacific J. Math., 206(2):451–464, 2002.
[RR93] R. Ranga Rao. On some explicit formulas in the theory of Weil representation. Pacific J. Math.,

157(2):335–371, 1993.
[Sch85] Winfried Scharlau. Quadratic and Hermitian forms, volume 270 of Grundlehren der Mathematischen

Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin, 1985.

[Sch13] Peter Scholze. The local Langlands correspondence for GLn over p-adic fields. Invent. Math.,
192(3):663–715, 2013.

[Sha90] Freydoon Shahidi. A proof of Langlands’ conjecture on Plancherel measures; complementary series

for p-adic groups. Ann. of Math. (2), 132(2):273–330, 1990.
[Shi99] Goro Shimura. Some exact formulas on quaternion unitary groups. J. Reine Angew. Math., 509:67–

102, 1999.

[SZ15] Binyong Sun and Chen-Bo Zhu. Conservation relations for local theta correspondence. J. Amer. Math.
Soc., 28(4):939–983, 2015.

[SZ18] Allan J. Silberger and Ernst-Wilhelm Zink. Langlands classification for L-parameters. J. Algebra,
511:299–357, 2018.

[Wal90] J.-L. Waldspurger. Démonstration d’une conjecture de dualité de Howe dans le cas p-adique, p ̸= 2. In
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