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Abstract

In this dissertation, we study a moduli space of left invariant metrics on compact
Heisenberg manifolds. It is an analogy of the classical moduli space of flat
metrics on tori. A key idea is a new volume form on compact Heisenberg
manifolds, called a minimal Popp’s volume form, which is continuous under the
canonical topology of the moduli space.

In this setting, we show a version of Mahler’s compactness theorem for com-
pact Heisenberg manifolds (Theorem BEJl). To be precise, a subspace of the
moduli space is precompact in the canonical topology if total measure with
respect to the minimal Popp’s volume is uniformly bounded above and the sys-
tole is uniformly bounded below. Moreover we show that the canonical topology
of the moduli space coincides with the Gromov—Hausdorff topology (Theorem
[T). This concludes that non-collapsed Gromov—Hausdorff limits of compact
Heisenberg manifolds are isometric to again compact Heisenberg manifolds.
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1 Introduction

A sub-Riemannian manifold is a triple (M, D, g), where M is a connected
smooth manifold, D is a subspace in the tangent bundle TM, and g a metric on
D. Recently sub-Riemannian manifolds are actively studied from a viewpoint
of optimal transport theory and optimal control theory. In this dissertation, we
study Gromov—Hausdorff limits of a sequence of sub-Riemannian manifolds.

1.1 Background
1.1.1 The Gromov—Hausdorff topology

We recall backgrounds of Riemannian manifolds with a lower Ricci curvature
bound.

Myers Theorem is the most fundamental fact which relates the Ricci curva-
ture and the topology of manifolds. It asserts that if a complete n-dimensional
Riemannian manifold has a positive lower bound K > 0 of the Ricci curvature,
then it is compact and its diameter is bounded above by a constant C' = C(n, K)
[B3]. If we assume K = 0, then the Cheeger—Gromoll’s splitting theorem holds.
It asserts that if a complete Riemannian manifold with non-negative Ricci curva-
ture has a line, then it isometrically splits to the direct product of the line and a
lower dimensional Riemannian manifold. As a corollary, the fundamental group
of such a manifold is almost abelian and the first Betti number is not greater
than the dimension n. One of the important lemmas in its proof is now called
the Laplacian comparison theorem. Laplace—Beltrami operator has a deep re-
lationship with the Ricci curvature lower bound. For example, Bakrnymery’s
curvature dimension condition gives an equivalence between the inequality ()
and the Ricci curvature lower bound.

As we can see from the Myers theorem and the Cheeger—Gromoll’s split-
ting theorem, a lower bound of the Ricci curvature implies that a manifold is
‘small’. The following Gromov’s precompactness theorem generalizes this idea
to a broader setting. Let M(n, K,d) be a family of n-dimensional Rieman-
nian manifolds with the Ricci curvature lower bound K and the diameter upper
bound d > 0. He showed in [E9] that M (n, K,d) is precompact under the
Gromov-Hausdorff topology. Here the Gromov-Hausdorff topology is defined
as follows.

Definition 1.1 (Gromov—Hausdorff topology). We say that a sequence of com-
pact metric spaces {(X;,d;)} converges to a compact metric space (Xoo,dso)
in the Gromov—Hausdorff topology if there are a sequence of (not necessarily
continuous) mappings {fi : X; = Xoo} and a sequence of positive numbers {e;}
such that

e ¢, =0,

o |di(7,y) — do(fi(z), fi(y))] < €i,
o For ally € X, there is x € X; such that doo(y, fi(x;)) < €.



Remark 1.1. We can define the Gromov—Hausdorff convergence for a sequence
of mon-compact proper metric space. Here a metric space is proper if every
closed ball is compact. We say that a sequence of pointed proper metric spaces
{(Xi,di,pi)} converges to (Xoo, doo, doo ) in the pointed Gromov—Hausdorff topol-
ogy if the metric balls { Bx,(x;, R)} converges to Bx__ (oo, R) for any R > 0 in
the Gromov—Hausdorff topology.

The Gromov-Hausdorff topology means the closeness of two metric spaces ig-
noring their topologies and differential structure.

The following Bishop—Gromov’s inequality is important in the proof of Gro-
mov’s precompactness theorem (Lemma 5.3 in [B1]). Assume that a n-dimensional
compact Riemannian manifold M has the Ricci curvature lower bound —(n —
1)K. Then the ball By (z,r) of radius r > 0 centered at x € M satisfies

vol (By(x, R)) S vol (B (zo, R))
vol(Byr(x, R')) ~ vol(Bary (0, R'))

for R<R,

where M is the simply connected n-dimensional Riemannian manifold with a
constant sectional curvature K and zy € M. By using the Biship—Gromov’s
inequality, we can prove that the number of an e-net in the manifold M is less
than the constant C = C(n,d, K, €). From the precompactness of e-nets, we can
show the precompactness of M (n, —(n — 1)K, d).

We will study the properties of spaces in M (n, K,d). Since the Gromov—
Hausdorff topology represents the closeness of metric spaces, Gromov-Hausdorff
limit spaces may reflect the property of the Ricci curvature lower bound. How-
ever, a limit space is generally not a manifold. Thus it is difficult to define the
curvature with the differential structure on a manifold. To address this issue,
Cheeger and Colding introduce the notion of rectifiability on a limit space in
[Em, 22, 23]. They show in [24] that the splitting theorem for a limit space holds.
As an application of the splitting theorem, they studied the infinitesimal struc-
ture of a limit space and established the rectifiability. The important idea in
the proof of the splitting theorem is to show the quantitive version of Laplacian
comparison theorem in a limit space.

1.1.2 Curvature dimension conditions

Recently, the synthetic notion of the Ricci curvature lower bound is ac-
tively studied from a viewpoint of optimal transport theory. In this research
one studies a metric measure space (X,d, m), where (X,d) is a complete sep-
arable metric space and m is a Borel measure on X. It is a generalization
of normalized compact orientable Riemannian manifold (M, g, Wvolg). In
this setting, Lott-Villani and Sturm introduced the curvature dimension con-
dition CD(K, N) respectively in [B4] and [E3, E4]. In [BY], Ohta introduced the
measure contraction property M CP(K, N) which is weaker than the condition
CD(K, N). Here the constant K € R represents the Ricci curvature lower bound
and the constant NV € [1, oo] represents the upper bound of a dimension. In fact,

a Riemannian manifold satisfies CD(K, N) if and only if the Ricci curvature is



bounded below by K and the topological dimension is N. The same state-
ment follows if we replace the condition CD(K, N) with MCP(K,N). Both
conditions yield the Myers theorem and the Bishop—Gromov inequality on a
metric measure space. Moreover, a family of metric measure spaces satisfying
CD(K,N) or MCP(K,N) is compact under the measured Gromov-Hausdorff
topology. Hence we can study Gromov—Hausdorff limits in the same setting.
Here the measured Gromov—Hausdorff topology is induced from the Gromov—
Hausdorff convergence and the weak convergence of measures. For more detailed
information, see Definition 0.2 in [E3].

Another curvature dimension condition was studied by Bakry, Emery and
many other researchers. Let us explain its framework called I'-calculus. Let
(X, d, m) be a metric measure space and L a self-adjoint operator on the space
of square integrable functions L?(X). We define the carré du champ operator
I:L3(X) x L3(X) — L*(X) by

D(fi, f2) = 5 (L(Af) ~ L2 — foL)

and define the iterated carré du champ operator T's : L*(X) x L*(X) — L*(X)
by

Ca(fi, f2) = 5 (ET(f1, f2) = T(f1, Lfa) = T(Lfi, 12).

We say that a metric measure space (X, d,m) with the operator L satisfies the
Bakry—Emery’s curvature dimension condition BE(K, N) if

Da(f, f) > KT(f, ) + 1 (LD (1)

In fact, a N-dimensional normalized Riemannian manifold with the extension
of the Laplace-Beltrami operator satisfies BE(K, N) if and only if it has the
Ricci curvature lower bound by K (Proposition 6.2 in [H]). For more detailed
information on the I'-calculus, see [[D].

On a metric measure space, we choose the self-adjoint operator L as follows.
Let Ch: L?(X) — R be the function defined by

Ch(f) = ;inf{lim /X|ij|2dm ‘ f; € Lipy(X), f; — f in LQ(X)}.

j—o0

This function Ch is called the Cheeger energy functional. We say that a metric
measure space is infinitesimally Hilbertian if the Cheeger energy functional is
a quadratic form. A metric measure space is said to satisfy RCD(K, N) if it
is infinitesimally Hilbertian and satisfy CD(K, N). We can define the gradient
flow of Ch on L?(X) in an appropriate way. Let P; be the heat semigroup of
the gradient flow and L the generator of P;. For this operator L, BE(K, N) is
equivalent to RCD(K, N) ([@] for N = oo and [8, E0] for N < 00).



1.1.3 The sub-Riemannian curvature

We will explain backgrounds on the Ricci curvature on a sub-Riemannian
manifold. Intrinsic Ricci curvature on a sub-Riemannian manifold is defined by
using the techniques of optimal control theory. First of all, We recall the setting
of optimal control theory. Let M be a n-dimensional manifold, U € R* an open
region, f : M xU — Vec(M) a smooth mapping, and ¢ : M x U — R a positive
continuous function. For a square integrable mapping « : [0,7] — M, define
the mapping z,, : [0,7] — M by the solution of the equation

Ty = fu(x), xu(o) = Xo-

Define the functional J by

T
J(u) = / o(a(t), ult))dt.

This J is called the cost functional. The optimal control problem asks what u
minimizes the cost functional J under the assumption

24(0) =z and . (T) = ;.
We call such a u the optimal control and the associated x,, the optimal trajectory.

Example 1.1. Assume that a Riemannian manifold (M, g) has a global or-
thonormal frame {fi,..., fo}. Set U = R", f(z,u) = > u;fi(z) for u =
(u1,...,up) and o(z,u) = g.(f(x,u), f(z,u)). If a mapping u is an optimal
control, then the associated optimal trajectory is a length minimizing geodesic.

We can generalize the above example to the sub-Riemannian setting by
letting U = RY™ P For more detailed information on optimal control theory,
please see [A].

After the pioneering results by Agrachev—-Gamkrelidze [B] and Agrachev—
Zelenko [@], the sub-Riemannian Ricci curvature is defined by Zelenko-Li in
[[]. They define a Jacobi curve on T*M as a generalization of Jacobi fields,
and introduce the curvature along geodesics by using the coefficient function of
the Jacobi equation. We do not pursue its definition in this dissertation. For a
detailed information, please see [].

The model space for the sub-Riemannian Ricci curvature is the linear quadratic
optimal control problem (later call LQ problem). Roughly speaking, LQ prob-
lem is a optimal control problem such that M = R", U = R¥, f is linear and ¢
is a quadratic form. In [[], Barilari-Rizzi compared the cut time of trajectories
in a sub-Riemannian manifold and that in a model LQ problem. As a corollary
they gave a version of Myers Theorem.

The sub-Riemannian Ricci curvature is intrinsically defined, however it is
quite difficult to compute. It is also difficult to give a comparison theorem
which reflects geometric properties of sub-Riemannian manifolds. One of the
reason is that LQ problems do not give a metric structure on M = R"™.



1.1.4 Sub-Riemannian manifolds and the curvature dimension con-
ditions

From a viewpoint of optimal transport theory, the following sub-Riemannian
manifolds are known to satisfy the measure contraction property MCP(K, N).
In [332], Juillet showed that the Heisenberg Lie group H,, with a sub-Riemannian
metric satisfies MCP(0,2n+3). In subsequent researches, many Carnot groups
are shown to satisfy MCP(0,N) with N € [1,00) in [0, BT, [F]. An example
other than Carnot groups is given by Agrachev—Lee. In [B], they showed that if a
3-dimensional contact sub-Riemannian manifold has a positive sub-Riemannian
Ricci curvature, then it satisfies M CP(0,5). The proof is done in the following
way. For z € M, let exp_, : T*"M — M be the sub-Riemannian exponential map
(Definition [A), and A C T M a measurable set. We calculate the Jacobian of
exp,, and integrate it on tA for ¢t € [0,1]. Then we can check the MCP(0, N)
condition for the negligible cut loci case. This proof follows only if the com-
plement of the image of the sub-Riemannian exponential map (Im(exp,))" has
zero measure. However, it is not known whether this property holds for every
sub-Riemannian manifold. In fact, the set (Im(exp,)) is contained in the ab-
normal set (Definition [2). Tt is an important open problem in sub-Riemannian
geometry whether the abnormal set has zero measure. This is why we cannot
check the MCP(K, N) condition for a general sub-Riemannian manifold.

On the other hand, Juillet also showed that the Heisenberg group does not
satisfy CD(K,N) for all K € R and N € [1,00] in [B2]. Namely he showed
that the Heisenberg group does not satisfy the geodesic Brunn—Minkowski in-
equality. Other examples are not published, however it is expected that all
sub-Riemannian manifolds do not satisty MCP(K, N).

Sub-Riemannian version of the Bakry—Emery’s curvature dimension condi-
tion BE(K, N) is established by Baudoin—-Garofalo. In [[3], they introduced
the generalized curvature dimension condition for a class of sub-Riemannian
manifolds. This class contains many important sub-Riemannian manifolds such
as Sasakian manifolds. They studied the I'-calculus for the locally sub-elliptic
diffusion operator L. For the carré du champ operator I" associated to L, they as-
sume the existence of the vertical carré du champ operator I'#. The generalized
curvature dimension inequality is given by the iterated carré du champ operators
Iy and I'Y. This condition is easier to calculate than the sub-Riemannian Ricci
curvature. Under this condition, sub-Riemannian manifolds satisfy the My-
ers theorem (Theorem 10.1). Moreover Baudoin—Bonnefont—Garofalo-Munive
showed in [[] that such manifolds also satisfy the doubing property. Here a
metric measure space (X, d, m) satisfies the doubling property if there exists a
constant D > 0 such that for any z € X and any r > 0 the ball Bx(x, r) satisfies

m(Bx (z,2r)) < Dm(Bx(x,r)).

This implies that a family of compact sub-Riemannian manifolds with the
generalized curvature dimension inequality is precompact under the Gromov—
Hausdorff topology.



1.1.5 Problems

We have explained some classes of sub-Riemannian manifolds which are pre-
compact under the Gromov—Hausdorff topology. However, it is not known what
spaces appear as Gromov—Hausdorff limit spaces. In the author’s research we
ask

(1) when the limit space has a differential structure,
(2) how we can explain singular points on the limit space,

(3) if the limit space has singular points, how we justify the sub-Riemannian
structure.

In this dissertation we study limits of a special class of sub-Riemannian mani-
folds. It is the first step toward our objectives.

1.2 Preliminaries from sub-Riemannian geometry

In this section we prepare notation on sub-Riemannian geometry.

1.2.1 Sub-Riemannian structure

Let M be a connected orientable smooth manifold, (E,§) a metric vector
bundle on M, and f : E — T M be a fiberwise linear smooth map. For z € M,
denote by D, the image of f|g,. We call the collection of subspaces D =
{Dz} e the distribution. On each subspace D, we define the inner product
gz by

gz(uav) = inf {Q(Uv V)|’LL = f(U),’U = f(V)} .

Definition 1.2 (Sub-Riemannian structure). A sub-Riemannian manifold is a
triple (M, D, g). The pair (E, f) is called the sub-Riemannian structure on M.

We say that a vector field on M is horizontal if it is a section of the distri-
bution D.

Example 1.2. Let G be a connected Lie group, g the associated Lie algebra,
V C g a subspace and (-,-) an inner product on V. For z € G, denote by
L, : G — G the left translation by x. Define a sub-Riemannian structure on G
by

Dy = (Ly):V,  gz(u,v) = (L;*lmL;*lv).

Such a sub-Riemannian structure (D, g) is called left invariant.

The associated distance function is given in the same way to Riemannian
distance. We say that an absolutely continuous path ¢ : [0,1] — M is admissible
if ¢(t) € Degyy ae. t € [0,1]. We define the length of an admissible path by

() = /0 NCOROL



For x,y € M, define the distance function by
d(z,y) = inf {{(c) | ¢(0) = z,¢(1) = y, ¢ is admissible} .

In general not every pair of points in M is joined by an admissible path. This
implies that the value of the function d may be the infinity. The following bracket
generating condition ensure that any two points are joined by an admissible
path.

Definition 1.3 (Bracket generating distribution). For every i € N, let D* be
the submodule in Vec(M) inductively defined by

D'=D, D"'=D'+[D, D],

and set D!, = {X(z) | X € D'}.
We say that a distribution D is bracket generating if for all x € M there is
r=r(x) € N such that D}, = T, M.

Theorem 1.1 (Chow—Rashevskii’s theorem, Theorem 3.31 in [0)). Let (M, D, g)
be a sub-Riemannian manifold with a bracket generating distribution. Then the
following two assertions hold.

(1) (M,d) is a metric space,
(2) the topology induced by (M,d) is equivalent to the manifold topology.
In particular, d : M x M — R is continuous.

Assume that the metric space (M, d) is proper, that is every closed ball in
(M, d) is compact. With the help of the Ascoli-Alzera theorem, we can show
the existence of a length minimizing path joining any two points (Theorem 3.43
in [m]).

1.2.2 Length minimizing paths

Let us consider length minimizing paths on a sub-Riemannian manifold
(M,D,g).

For simplicity we assume that the dimension of D, is equal to m for all
x € M and that we have a family of globally defined m smooth vector fields
{f1,.--s fm} such that {f1(x),..., fin(2)} is an orthonormal basis of (D, g.).
We call such a family a generating family.

Let o be the canonical symplectic form on T*M. For a given function
h:T*M — R, there is a unique vector field h on T*M defined by

o(-, h(\) = dh.

We call the vector i the Hamiltonian vector field of h.
Let h; : T*M — R, i = 1,...,m be the function on the cotangent bundle
defined by

hi(X) = (M| fi(z)),



where (-|) is the canonical pairing of covectors and vectors. Then length mini-
mizing paths on a sub-Riemannian manifold are explained with the Hamiltonian
vector fields of h;’s as follows.

Theorem 1.2 (The Pontryagin maximal principle, Theorem 4.20 in [M]). Let
~v:10,T] = M be a length minimizing path parametrized by constant speed, and
write its differential as

$(t) =D wi(t) fi( (1)
i=1

Then there is a Lipschitz curve X : [0,T] — M such that

A(t) € Ty M, @
At) =SS whi(A(t))  ae. t €[0,T]),

and one of the following conditions satisfied:
(A) h;(A(t)) =0, i=1,...,m.

Definition 1.4 (Normal extremal). The Lipschitz curve A\ with the condition
(N) is called a normal extremal, and its projection ~y is called a normal trajectory.

Definition 1.5 (Abnormal extremal). The Lipschitz curve A with the condition
(N) is called an abnormal extremal, and its projection -y is called an abnormal
trajectory.

Let D- C T M be the subspace defined by
DFf ={(NeT;M|(MNu)=0 forallue D,}.

With this notation, we can say that an extremal A(t) = (x(¢),p(t)) is abnormal
if A(t) € Dy,

Example 1.3. Suppose that (M, D,g) is a Riemannian manifold. Then the
condition (A) implies that A(t) € D;-(t) = {0}. Combined with the second
equality in (B), such a Lipschitz curve A is a constant curve. This argument
shows that every abnormal trajectories on a Riemannian manifold is a constant

curve.

Remark 1.2. An abnormal extremal and a normal extremal may project to the
same trajectory. Hence a trajectory may be normal and abnormal simultane-
ously.
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1.2.3 Normal extremals

Normal extremals are characterized by a solution of the differential equation,
called the Hamiltonian system. Let H : T*M — R be the function defined by

HO) = % S hO?,

This function is called the sub-Riemannian Hamiltonian.

Remark 1.3. If a manifold (M, D, g) is Riemannian, then we have the canon-
ical metric g* on T*M induced by the musical isomorphism. The Riemannian
Hamitonian is defined by using this metric.

However, sub-Riemannian manifolds have no canonical isomorphism between
the tangent bundle and cotangent bundle. Hence we use the canonical pairing
of covectors and vectors h;’s instead of metrics.

Theorem 1.3 (Theorem 4.25 in [M]). A Lipschitz curve A : [0,T] — T*M is a
normal extremal if and only if it is a solution of the Hamiltonian system

M) =HA\®), telo.T],

where H is the Hamiltonian vector field of H.
Moreover, the corresponding normal trajectory ~y is smooth and has a con-
stant speed satisfying

SIA@I7 = HO®).
A straightforward computation shows the following local expression for A(t) =
(2(t), p(t)) by
{s’c(t) = of,
p(t) = 5
Theorem I3 asserts that a normal extremal A is the orbit of the Hamiltonian

flow with the initial data (z,p) € T*M. Hence we can define the exponential
map of a sub-Riemannian manifold.

Definition 1.6 (Sub-Riemannian exponential map). The exponential map exp, :
TrM — M is defined by

exp,(p) = 1p(1),

where 7, is the normal trajectory associated to the initial date (x,p) € T*M.

Remark 1.4. In Riemannian geometry, the domain of the exrponential map
exp, is the tangent T, M. We cannot define the sub-Riemannian exponential
map with this domain. In fact, we always have two nmormal trajectories 1,7z :
[0,T] = M such that v1(0) = 72(0), 41(0) = 42(0) and y1(t) # va(t) for all
t > 0. Hence the initial data of the direction do not determine the normal
trajectories.

11



Theorem 2 gives a necessary condition for an admissible path being length
minimizing. In fact every normal trajectory is a geodesic. Here we say that
an admissible path is a geodesic if it is constant speed and for every t € [0, 7],
there is a neighborhood I of ¢ in [0, T] such that £(|;) is equal to the distance
between its endpoints.

Theorem 1.4 (Theorem 4.64 in [M]). Let v :[0,T] — M be a sub-Riemannian
normal trajectory. Then for every T € [0,T) there is €y such that for 0 < e < e

(1) Ylirr+q 18 a length minimizing path,

(2) Ylir,r+q is the unique length minimizing path joining (1) and (1 +€) up
to reparametrization.

1.2.4 Abnormal extremals

The computation of abnormal extremals is quite hard. For example, we
cannot characterize an abnormal extremal as a solution of ordinary differential
equation, thus it is difficult to determine the regularity of abnormal trajectories.
In [B], Montgomery showed that there exists a length minimizing abnormal tra-
jectory which is not normal. Moreover, it is an open problem that the following
abnormal set has measure zero.

Definition 1.7 (Abnormal set). For x € M, let Abn(z) be the set of endpoints
of abnormal trajectories issuing from x. This is called the abnormal set of x.

Hence we cannot ignore abnormal trajectories in general setting.
However, one has interesting classes of sub-Riemannian manifolds which has
no abnormal trajectories.

Definition 1.8 (Fat distribution). We say that a distribution D is fat if for
any © € M and any horizontal vector field X with X (x) # 0,

T.M =D, +{[X,Y], | Y : horizontal vector field} .

For example, a contact manifold (M, #) with the distribution D = Kerf is a
fat distribution. For more detailed information on a fat distribution, see Section
5.6 of [B3].

1.2.5 The Popp’s volume

On a Riemannian manifold, one has a canonical Riemannian volume form
defined by
U:Vl/\"‘/\l/n7

where vq, - - - v, is a dual coframe of an orthonormal basis. In sub-Riemannian
geometry, we also have a canonical volume form, called Popp’s volume intro-
duced in [B32]. Tt is defined under the following assumption.

12



Definition 1.9 (Equiregular distribution). A sub-Riemannian manifold (M, D, g)
is equiregular if for any i € N the dimension of the subspace D: is independent
of the choice of x € M.

If DI = T, M, we say that a sub-Riemannian manifold is r-step. For sim-
plicity, we define the Popp’s volume in the 2-step case.

Definition 1.10 (Nilpotentization). The nilpotentization of D at the point x €
M is the graded vector space

grz(D) = D, ® D?/D,.
On the vector space gr, (D) we can define a new Lie bracket [-, -] by
[X mod D,Y mod D]’ =[X,Y] mod D.

The new Lie bracket rule induces a different Lie algebra structure from the
original one.

From the inner product on D,, we obtain the inner product on the nilpo-
tentization gr,(D) of D. Let 7 : D, ® D, — D2/D, be a linear map given
by

m(u®@v)=[U,V]; mod D,,

where U,V are horizontal extensions of u,v. Define the norm || - ||z on D2/D,
by

Izlle = min {||U () |||V (2)|| | [U,V]. = z mod D, U,V : horizontal vector fields} .

This norm satisfies the parallelogram law, thus we obtain the inner product
(-,-)2 on D2/D,. By adding the original inner product on the distribution D,
we obtain the new inner product (-, )" on the nilpotentization gr,(D).

Let w, € A™gr.(D)* be the volume form obtained by wedging the elements
of orthonormal dual basis in (gr. (D), (-,-),). It is defined up to sign.

By the following lemma, the volume w, € A"gr,(D)* is transported to the
volume on AT M.

Lemma 1.1 (Lemma 10.4 in [B4]). Let E be a vector space of dimension n
with a filtration by linear subspaces Fy C Fy C ---F, = E. Let Gr(F) =
Fy®F/F @®---F/F,_1 be the associated graded vector space. Then there is a
canonical isomorphism 6 : N"E* ~ \"gr(F)*.

Let 6 : A"T¥M — A"gr,(D)* be the isomorphism obtained by Lemma [T

Definition 1.11 (Popp’s volume). The Popp’s volume form P of (M, D, g) is
defined by
P, =0"w,, x¢€M.

Trivially the Popp’s volume of a Riemannian manifold is the canonical Rieman-
nian volume form.
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The Popp’s volume has a useful expression via the structure constant. We
say that a local frame X1i,..., X, is adapted if Xi,...,X,, are orthonormal.
Define the smooth functions on M by

(X, X, =) ;X
=1

We call them structure constants. We define the n — m dimensional square

matrix B by
m
bl
Bhl = Z cijcij'
i,j=1
Theorem 1.5 (Theorem 20.6 in [0]). Let X1,..., X, be a local adapted frame,
and v', ..., v™ the dual coframe. Then the Popp’s volume P satisfies

P = (detB)fél/l/\u'/\z/”.

Example 1.4 (The Heisenberg Lie group). Let H,, be the Lie group diffeomor-
phic to the 2n + 1-dimensional Euclidean space with the law of group operation

1 n
(@15 @2n, 2) (Y15 Y2n, W) = (iﬂl T YL, Ton T Yon, 2 H WA 3 Z(xzyz+n — TitnYi)

i=1

The group H, is called the n-Heisenberg Lie group.

Let b,, be the associated Lie algebra. We have a canonical basis { X1, ..., Xa,, Z}

of b, determined by

0 , 0
= o5, (i=1,...,2n) and Z(e)—a.

Xl(e)

A straightforward computation shows that [X;, X;1,] = Z foralli =1,....n
and the other brackets are zero.

Let exp : b, — H, be the exponential map. It is well known that the
exponential map is a diffeomorphism. The exponential map sends Xi,...,Z €
bntoer,...,eant1 € Hy, where e1,..., 2,41 is the canonical basis in the above
coordinates. The Campbell-Baker-Hausdorff formula for the Heissenberg Lie
group asserts

1
exp(X)oexp(Y):exp(X+Y+§[X,Y]), X, Y eb,.
In particular we obtain
[exp(X), exp(Y)]. = exp([X,Y]),

where the bracket in the left hand side is the commutator. Hence we can identify
the Heisenberg Lie group H,, to its Lie algebra b, via the exponential map.

14
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Let V be a vector subspace in the Lie algebra h,. The left translation of
the subspace V induces a left invariant distribution Dy on H,,. From the Lie
bracket rule given above, the distribution Dy is bracket generating if and only
ifr:V —= Vo= Span{Xy,..., Xo,} is surjective.

Moreover if Dy is bracket generating, then it is a fat distribution. Hence
all length minimizing paths are normal trajectories. Explicit formula of normal
trajectories on the Heisenberg Lie group is given in Section H.

From the left invariance of the distribution, it is also equiregular. Thus we
can define the Popp’s volume form. Explicit formula of the Popp’s volume on
the Heisenberg Lie group is given in Section B.

1.3 Main results
1.3.1 Moduli spaces and precompact theorems

Let N be a simply connected nilpotent Lie group, and I" a lattice in N. We
call the quotient space I'\N a compact nilmanifold. We say that a metric d on
a compact nilmanifold '\ H,, is left invariant if the pullback metric don N is
left invariant, that is d(gz, gy) = d(z,y) for all g,z,y € N.

Definition 1.12 (Moduli space). We denote by M(T'\N) the set of left in-
variant sub-Riemannian metrics on T\N. We call it the moduli space of left
invariant sub-Riemannian metrics on T\N.

As we will see in Definition B3, we can endow the canonical topology in
M(T\N), called the quotient topology.

In this dissertation, we study left invariant sub-Riemannian metrics on a
compact Heisenberg manifold, which is a quotient space of the Heisenberg Lie
group I'\ H,,.

In his doctorial thesis [[§] (or [[] in arXiv), Boldt showed that a family of
compact Heisenberg manifolds with left invariant Riemannian metrics is pre-
compact in the quotient topology of the moduli space under the assumptions
on metric tensors (Theorem B3), where the moduli space is the one given by
Gordon and Wilson in Remark 2.6 of [E8]. For more detailed information, see
Section B.

We can regard his result as a variation of the Mahler’s compactness theorem
(Theorem P). The Mahler’s compactness theorem asserts that a family of flat
tori is precompact in the quotient topology of the moduli space if the systoles
are bounded below by s > 0 and the total measure is bounded above by v > 0.
In fact, recall that a compact Heisenberg manifold has a fiber bundle structure
St — T'\H,, — T?". Two of the Boldt’s assumptions on metric tensors coincide
with those of Mahler for the base flat tori.

We improve the Boldt’s result to the sub-Riemannian setting. We fix a
compact Heisenberg manifold I'\ H,, in the following.

Theorem 1.6 (The former part of Theorem 1.1 in [EF]). For positive numbers
v,8 > 0, let A(v,s) C M(T'\H,,) be the set of compact Heisenberg manifolds
endowed with left invariant sub-Riemannian metrics of corank 0 or 1 such that
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e the minimal Popp’s volumes (Definition B3) are bounded above by v, and
e the systoles are bounded below by s.
Then A(v, s) is precompact in the quotient topology of the moduli space M(T'\H,,).

Here we denote by the corank of a sub-Riemannian metric the codimension
of the distributions in the tangent spaces. The Riemannian metrics are the
corank 0 sub-Riemannian metrics.

By using Theorem [, we compute a Gromov—Hausdorff limit of a sequence
of compact Heisenberg manifolds as follows.

Theorem 1.7 (The latter part of Theorem 1.1 in [EH]). The quotient topology
of the moduli space coincides with the Gromov—Hausdorff topology.

In particular, A(v,s) is precompact under the Gromov-Hausdorff topology
and its Gromov-Hausdorff closure is in the moduli space.

By Theorem [, a Gromov-Hausdorff limit of a sequence in A(v,s) C
M(T\H,) is diffeomorphic to I'\H,,. If we remove one of the two assumption,
then the topology of a limit space may differ. For example, if the minimal Popp’s
volume diverges to the infinity, then the diameter also diverges by Proposition
B3. Hence the limit space is not compact.

The following example shows that compact Heisenberg manifolds may col-
lapse to a flat torus.

Example 1.5. Let I' = (exp(X1),...,exp(Z)), and {di} a sequence of left
invariant corank 1 sub-Riemannian metrics on I'\ H,, whose orthonormal basis
is {kX1,Xo,...,Xo,}. Then the length of the closed curve ¢(t) = I'exp(tX;)
(t €[0,1]) is equal to . Hence its length goes to zero as k goes to the infinity.
Moreover, the distance from I'e to I"exp (%Z ) also goes to zero. Indeed let

%+ [0,4] — H,, be the path inductively defined by

exp(t\/EXl) (t €[0,1)),
eV exp ((t= 1) A Xun)  (H€ [1.2),

“0=1 e (t_g\ﬁxl) (€ [2.3)),

cr(3) ex (( 3)\%@){”“) (t € [3,4]).

By the Campbell-Baker—Hausdorff formula, the endpoint of ¢ is exp(%Z ). By

definition the length of ¢ is % Since the distance from e to exp(3Z2) is

less than the length of ¢, the distance from I'e to I'exp (%Z) goes to zero as
k — oo. It implies that the diameter of the circle fiber {T'exp(tZ) | t € [0, 1]}
goes to zero. These arguments show that the Gromov-Hausdorff limit of the
sequence {(I'\H,,,dy)} is the 2n — 1-dimensional flat torus.

In general, a Gromov—Hausdorff limit of compact Riemannian manifolds is
not a manifold. For example, for any flat orbifold O, there is a sequence of
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flat manifolds which converges to O. This example is considered in Section
8.3.10.(b) in [BI] and Section 3 in [IF].

In this dissertation, collapsed limits and singular points in limit spaces are
not studied. These are the next goal of our research.

We explain the difference and the difficulty of the sub-Riemannian setting
compared to the Riemannian setting that is dealt by Boldt [[2]. He showed a
precompactness in the quotient topology under the following four assumptions
(Theorem B72).

e the systole of a base flat torus are bounded from below by a positive
number s > 0,

e the Riemannian volume of a base flat torus is bounded from above by
v > 0,

e the length of a circle fiber is in a compact interval I C R+,

e the length of a shortest closed curve homotopic to a circle fiber is bounded
from above by d > 0.

The second and the third condition imply that the Riemannian volume of a
compact Heisenberg manifold is bounded from above. To prove a compactness
theorem for the sub-Riemannian setting, if we bound the Riemannian volume of
a compact Heisenberg manifold from above, it does not contain an interesting ex-
ample of a convergent sequence. Namely it does not contain a sequence of com-
pact Riemannian Heisenberg manifolds which converges to a sub-Riemannian
one, since the Riemannian volume diverges to infinity.

To address this issue, we introduce a new volume form, called the minimal
Popp’s volume form (see Definition B3). If we replace the assumption on the
Riemannian volume form to the one on the minimal Popp’s volume, then it
contains the above example. With a careful computation of Riemannian and
sub-Riemannian geodesics on compact Heisenberg manifolds, we show an upper
bound on the minimal Popp’s volume and a positive lower bound on the systole
of a compact Heisenberg manifold imply almost all the assumptions by Boldt
(Lemma B, Lemma B2 and Remark B). The rest of the proof is by adapting
the argument by [[d] to the sub-Riemannian setting.

On Theorem 4, we prove that if a sequence of compact Heisenberg manifold
converges in the Gromov—Hausdorff topology, then the minimal Popp’s volume
and the systole are bounded from above and below respectively. This concludes
that a Gromov—Hausdorff limit coincides with the limit in the moduli space.

1.3.2 Outline of the paper

The outline of this paper is as follows.
In Section B, we recall the moduli space and Mahler’s compactness theorem
for flat tori.
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In Section B, we introduce the moduli space of compact Heisenberg manifolds
with left invariant sub-Riemannian metrics of various corank. Our basic idea
is the construction of the moduli space of flat tori in Section B. Main tool is
the characterization of isometry class of compact nilmanifolds established by
Gordon and Wilson in [E8|, and the affineness of isometries of nilpotent Lie
groups given by Kivioja and Le Donne in [B3].

In Section B, we recall the Riemannian geodesics and sub-Riemannian nor-
mal geodesics on the Heisenberg Lie group. We use Eberlein’s calculation for
Riemannian case in [E3]. We use Agrachev—Barilari-Boscain’s one for sub-
Riemannian case in [B)].

In Section B, we introduce the minimal Popp’s volume form on the Heisen-
berg Lie group. In sub-Riemannian geometry, establishing a canonical volume
form with respect to its sub-Riemannian structure is important. One already
has a natural volume form, called Popp’s volume, which is defined for every
equiregular sub-Riemannian manifold. However we also know that if a se-
quence of Riemannian manifolds converges to a sub-Riemmanian manifold in
the Gromov—Hausdorff topology, then its Riemannian volume diverges, although
the limit space has a finite Popp’s volume. That is why we need to introduce
an appropriate volume form which is continuous in the moduli space.

In Section B, we prove a compactness theorem for compact Heisenberg man-
ifolds with sub-Riemannian metrics in the topology of the moduli space (The-
orem [@). Technical improvements from Boldt’s argument are Lemma B and
B3, where we show that the assumption in Theorem @ implies those of Boldt,
see Theorem G3.

In Section @, we show that the quotient topology of the moduli space coin-
cides with the Gromov-Hausdorff topology (Theorem [7).

2 Moduli space and Mahler’s compactness the-
orem for flat tori

In this section, we recall the moduli space of flat tori and Mahler’s compact-
ness theorem.

Let {e1,...,e,} be a canonical basis of R, and (-, ) the inner product on
R"™ with respect to that basis. We identify A € GL,(R) to the uniform lattice
AZ™. Tt is easy to show that A, B € GL,(R) induce the same lattice if and only
if there is Z € GL,(Z) such that AZ = B. Let (AZ"\R", ga) be the flat torus
such that the natural projection (R™, (-, )g) = (AZ™\R", g4) is a Riemannian
covering map. Then (AZ™\R", g4) is isometric to (BZ™\R", gp) if and only if
there is R € O(n) such that RA = B. Now the moduli space of flat tori is given
as follows.

Theorem 2.1 (Theorem 1 in [EX]). The isometry classes of n-dimensional flat
tori is parametrized by

M(T") = O(n\GLn(R)/GLy(Z). (3)
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It is well known that there is a one-to-one correspondance between double
coset spaces O(n)\GL,(R)/GL,(Z) and GL,(Z)\GL,(R)/O(n) via the map-
ping O(n)xGL,(Z) — GL,(Z)x~*0(n). This space has the following geometric
description.

We identify A € GL,(R) to the inner product (-,-)4 on R™ such that the
orthonormal basis is {Aes, ..., Ae,}. For two matrices A, B € GL,(R), the
inner product (-, )4 coincides with (-, )5 if and only if there is R € O(n) such
that AR = B. In other words, GL,(R)/O(n) is the space of inner products on
R™. Let g4 be the flat metric on T™ = Z™\R™ such that the natural projection
(R™, (-,-a) — (T™,ga) is a Riemannian covering. Then (T™,g4) is isometric
to (T™, gp) if and only if there is Z € GL,(Z) such that Z*(-,-)4 = (-,)p. In
the terminology of matrices, it is equivalent to ZA = B. Thus the following
definition is also valid to describe isometry classes of flat tori.

Theorem 2.2 (Another formulation of Theorem ETHI). The isometry classes of
n-dimensional flat tori is parametrized by the double coset space

M(T") = GLn(Z)\GLn(R)/GLn(Z). (4)

We call it the dual moduli space of n-dimensional flat tori. ,
We endow M(T™) and M(T") the quotient topology of GL,(R) C R™.
Notice that the canonical bijection gives a homeomorphism between them.

Let us pass to explain the Mahler’s compactness theorem. The original
statement is the following.

Theorem 2.3 (Theorem 2 and 3 in [BH] or see Theorem 4. IV of [[]). For
v, >0, let A(v,s) C M(T™) be a subset such that

1. for all A€ A,
|det(A)| < v,

2. forall A€ A,
inf {||Az|jo | z € Z"} > s,
where || - ||o is the Euclidean norm.

Then A is precompact in the quotient topology.

The first condition implies that the full volume of the flat torus (AZ™\R"™, g4)
is bounded above by v. The second condition reads that the systole of the torus
is bounded below by s.

From the idenification map M(T™) — M(T"), we also have the following
statement.

Theorem 2.4 (Equivalent to Theorem E33). Forv,s > 0, let A(v,s) € M(T")
be a subset such that

1. forall Ac A,
|det(A)| ™! = |det(A™1)| < v,
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2. forall A € /l,
inf{||z||la | z€ Z"} > s.

Then A is precompact in the quotient topology.

Since the Riemannian volume form is given by det (tAfl) dxy A --- Ndx,, the
first inequality gives a bound of the full volume. The second condition also
implies a lower bound of the systole.

3 Moduli space of compact nilmanifolds with
left invatiant sub-Riemannian metrics

At the first part of this section, we give a parametrization of a fixed com-
pact nilmanifold endowed with left invariant sub-Riemannian metrics of various
corank. Secondly we compute a parametrization of the moduli space for com-
pact Heisenberg manifolds in detail.

3.1 On compact nilmanifolds

Let N be a simply conneced nilpotent Lie group, n the associated Lie algebra,
and I' a lattice in N. We shall construct the moduli space of I'\ H,, with any
left invariant sub-Riemannian metrics. The idea is based on the dual moduli
space of flat tori given in Theorem 2.

First of all, we recall the classification of compact Riemannian nilmanifolds
given by Gordon and Wilson in [E9].

Theorem 3.1 (Theorem 5.4 in [E9]). Let Stab(I") be the group of automorphisms
of N fizing T, and Inn(N) the group of inner automorphisms of N. Let g1 and
go be left invariant Riemannian metrics on N and g1 and g2 the induced metrics
on T\N. Then (T\N, ¢g1) is isometric to ([\N, g2) if and only if g1 = ®*go for
some ® € Inn(N) - Stab(T").

We generalize this theorem to sub-Riemannian ones. In order to pursue their
works, we introduce data which later correspond to isometry classes.

Definition 3.1 (cf. Section 3 in [E2]). Let (n,V,(-,-)) be a triple consisting of
a nilpotent Lie algebra, a bracket generating subspace and an inner products on
V. We call it a data triple.

For two data triples (n;, Vi, (-,-)s), we say that (ny, Vi, (-,-)1) is isomorphic
to (ng, Vi, {+,-)) if there is a Lie isomorphism ¢ : ny — ng such that

o 0 (V1) =V,
o ©*((-,)1) = ()2

Isometry classes of the associated simply connected nilpotent Lie groups are
characterized by the isomorphism class of the data triples.
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Lemma 3.1 (c¢f. Theorem 3 in [E4]). Let (N;,d;) be two simply connected
nilpotent Lie groups endowed with left-invariant sub-Riemannian metrics in-
duced from (V;,(-,-);). Then (N1,dy) is isometric to (Na,ds) if and only if the
triple (ny, Vi, (-, )1) is isomorphic to (ng, Va, (-, -)2).

For its proof, we use the following fact.

Theorem 3.2 (Theorem 2 in [B3]). Let (N;,d;) (i = 1,2) be pairs of connected
nilpotent Lie groups and left-invariant metrics which induce the manifold topol-
ogy. Then every isometry from (N1,d1) to (Na,ds) is affine.

Here we say that an isometry between Lie groups is affine if it is a compo-
sition of a Lie isomorphism and a left translation.

Proof of Lemma E3. Tt follows by definition that (N, dy ) is isometric to (N, d2)
if the associated data triples are isomorphic.

Let f : (Ny,d1) — (Na,ds) be an isometry. By Theorem B3, there is a Lie
group isomorphism ® : Ny — Nj such that f = Ly o ®. By left-invariance,
the isomorphism ® : Ny — N; is also an isometry. Since a sub-Riemannian
isometry preserves metric tensors, the differential of ® induces an isomorphism
between the data triples.

O

By using Lemma B, we show the sub-Riemannian analogy of Theorem Bl

Theorem 3.3 (cf. Theorem 5.4 in [E9]). Let (T\N, E;, g;) be compact nilman-
ifolds endowed with left invariant sub-Riemannian metrics. Then

(T\N, E1, g1) is isometric to (T\N, Ea, g2) if and only if there is ® € Inn(N) -
Stab(T") such that

b (I)le(vl) = Vs,
o *(G1) = Go,

where V; is the fiber of E; at I'e, and §; is the lift of g; to the universal cover
N.

Proof. Suppose ®;1(V;) = V and ®*(§1) = g2 with ® = L, o B! o ¢ for
some ¥ € N and ¢ € Stab(T'). Since §; and V; are left-invariant, ®,1(V;) =
(R;1 o) (V1) and ®*(g1) = (R, 0 ©)*(§1). However R ! o ¢ is the lift of
the mapping T'\N — I'\N. Hence (I'\N, ¢g1) is isometric to (I'\N, g2) via the
mapping R, ! o .

Conversely let F' : (I'\H,, E2,g2) — (I'\Hp, E1,91) be an isometry. Then
F lifts to an isometry F' : (N, Es,g2) — (N,E1,§1). By Lemma B, there is
® € Aut(N) such that ®1(V;) = V5 and ®*(g§1) = go. Hence F o @1 is an
isometry of (N, §;). Choose x € N so that 0 = L, o F o ®~! is an isometry of
(N, §1) preserving the identity. By Theorem B, o € Aut(N). Thus we obtain

R,oF=L;'oR,000® € Aut(N). (5)
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However R, o F is the lift of a mapping I'\N — I'\N, thus R, o F' € Stab(T).
Combining with (H), co® € Inn(N)-Stab(I'). Since o is an isometry of (N, §1),

(O'O(I))*gl = (I)*O'*gl = (I)*gl = gg,
(0o®) (V1) =, o (V1) = @, (V1) = Va.
O

We are ready to define the moduli space of compact nilmanifolds I'\ IV
with any left invariant sub-Riemannian metrics. Fix a basis {Xi}izl,...,n of
Tre(T\N) ~ n, and set {-,-)o to be the canonical inner product on n with re-
spect to the basis {X3,..., X, }.

Denote by X}, the space of n x n-matrices such that their kernels are written
by Span{Xi,,...,X;, } for some 1 < i3 < --- < i < n. We identify 4 € X
to the inner product (-,-)4 on n such that an orthonormal basis of (-,-)4 is
{AX,,...,AX,}. Thus (ImA,-,-)a) determines a sub-Riemannian structure
of corank k on T\ V.

Let YV, C X be the subset of bracket generating distributions. It is easy to
see that )y is non-empty only if & > r = dim N/[N, N]. Two matrices A and
B € Y determine the same distribution if and only if ImA = ImB. Moreover
A and B determine the same inner product if and only if there is R € O(n) such
that AR = B. In fact, if (-,-)4 = (-,-) B, then for u,v € (KerA)*

<U, ’U>0 = <Aua AU)A = <A’U,7 AU>B = <(B|K67‘BJ-)_1A“7 (BlKeTBJ-)_lAU>0~
Thus we have the orthogonal matrix R such that
R|(K€7‘A)J‘ = (B|(KerB)L )71‘4|(KerA)L ) R(KETA) = KerB.

This implies the equality BR = A. The converse is trivial.
The above argument says that the set of equivalence classes |JV;/O(n) is
the space of sub-Riemannian metrics on I'\ V.

We have given a condition for two sub-Riemannian nilmanifolds being iso-
metric in Theorem B33, hence we can classify the isometry classes as follows.

Proposition 3.1. The isometry classes of nilmanifolds with left invariant sub-
Riemannian metrics of various corank is parametrized by

M(T\N) = (Inn(N) - Stab(T')), \ | Ve/O(n).

Definition 3.2 (The quotient topology). We call the topology induced by the
quotient map R" S UVe = M(T\N) the canonical topology.

3.2 The moduli space of compact Heisenberg manifolds

Let H,, be the n-Heisenberg Lie group, b, the associated Lie algebra, and
{X1,...,Xon, Z} be a canonical basis of b, such that [X;, X;1,] = Z for each
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1 =1,...,n and the other brackets equal zero. In this section, we give a specific
computation of the moduli space of compact Heisenberg manifolds, which was
completed by Gordon and Wilson for Riemannian case in [E3].

Let D,, be the set of n-tuples of integers r = (r1,...,r,) such that r; | 7;41
for all i = 1,...,n. For each » € D,, let ¥ be the (2n + 1)-tuple of integers
given by

7i=1r; for 1<i<n,
=1 for n+1<i<2n+1.

For r € D, let ', < H,, be a subgroup defined by
Ty = (exp(71X1), ..., exp(Ton Xan), exp(Fant12)).
This gives a characterization of lattices in the Heisenberg Lie group.

Theorem 3.4 (Theorem 2.4 in [28]). Any uniform lattice I' < H,, is isomorphic
to I'y. for somer € D,,.
Moreover, I';. is isomorphic to I's if and only if r = s.

Fix a lattice I',.. The following canonical matrix form is useful for analysis
on the Heisenberg Lie groups.

Lemma 3.2. For A € YyUYy, there is R € O(2n+1) and P € Inn(H,). such

that ~
i o
PAR = , 6
(O pA) (6)

where A is a 2n x 2n invertible matriz and ps € R.

Moreover, let P’ € Inn(Hy,). and R’ € O(2n + 1) be other matrices such
that (@) hold. Then they satisfy
R O

!
° R _R(O +1

) for some R € O(2n),

o PP =P.

Proof. By multiplicating an appropriate orthogonal group R € O(2n + 1), we
can assume that AR sends Z to the Z-axis. It implies that the (2n + 1)-row of

AR is t(O - 0 pA) for some p4 € R. Then we can write AR as
ARz(é O) 7
a  pa

with some A € G Ly, (R) and @ € R?".
Let x = exp(zh1 x; X; +2Z) € H,. We have the matrix representation of

=
the differential of the inner automorphism P, = (i, ). by

(I, O
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where & = (—zp41,- .., —Ton, 1,...,Ty) and I, is the identity matrix.
With this terminology, we can write the matrix P, AR as

ﬂARz(qAﬂ 0).
a+TA pa

Since A is invertible, we can take a unique Z such that @ + zA = 0.

Next we will prove the uniqueness of those matrices. Let R’ € O(2n+ 1) be

another matrix such that B
A O
AR = <_,, ; ) .
a  pPa

We will write

ai
A= . R=(@ o Fen), B=(0 o ).

A2n+1

From the definition of R and R’, we have

i~ Topt1 =i - 1opp1 =0 for 1 <i < 2n,
(ont1 " Tongl = PA,
- - /
Gont1 - T'ony1 = Py

The first equality implies that two vectors 75,1 and ’F;QnJrl are unit vectors

vertical to the plane spanned by dj,...,d2,. Hence we have 79,41 = iﬁ2n+1
and pg = +p/y.
It is well known that {7, ..., 7,41} and {1:71, . ,7:"2”“} are orthonormal

bases of R2"*1. We have shown that 7, = :l:'l:;2n+1, hence there is R € O(2n)
such that B

o (RO

RE = (O +1)°

This gives the uniqueness of orthogonal matrices. Moreover, the above argument
gives the matrix representation of P, AR’ by

Py AR = AR 0
x (a+x'A)R +pa

Hence x = a2’ gives the equality (Ei + ag’fl) R = 0. This concludes P’ = P. O

The above argument gives a parametrization of the isometry class of compact
Heisenberg manifolds by

M(T\H,) = Stab(T,),\ (GLan(R) x R) / (O(2n) x {£1}).

24



We will give a matrix representation of Stab(I'y).. For r € D,,, let
diag(r) = diag(r1,...,mn,1,...,1)

be a diagonal 2n x 2n matrix, and define an anti-symmetric matrix
(O -1,
= (2B,

Sp(2n,R) = {B € GL2n(R) | BJnf = €(B)Jn, €(B) = £1}

We embed the group

into G'Lont1(R) via the mapping ¢ : 5 (g 6(05)>

With these notations, we give representations of matrices in Stab(I'y.), as
follows.

Theorem 3.5 (Theorem 2.7 in [ER]). The differential of the stabilizer of T'y. is
given by
IL. = (GT N Sp(2n, R)) )
where G, = diag(r)G L, (Z)diag(r)~*.
Finally we obtain a specific computation of M(I',.\ H,,).

Theorem 3.6. The isometry classes of a compact Heisenberg manifold T\ H,,
with left invariant metrics of various corank are parametrized by

I\ (GL2a(R) x R) / (O(2n) x {£1}). (8)

Here the action on the second factor only change its sign. Moreover, any
matrices acting upon the first factor has determinant +1. This argument shows
the following.

Lemma 3.3. For A,B € Yy U Y with [A] = [B], we have
o det(A) = det(B),
* |pal = lpsl.

Remark 3.1. The double coset space Gr\GLa,(R)/O(2n) is homeomorphic to
GL3,(Z)\GL2,(R)/O(2n), the moduli space of flat tori of dimension 2n.

4 Length minimizing paths on the Heisenberg
Lie group

In this section, we recall length minimizing paths on the Heisenberg group
endowed with a Riemannian and sub-Riemannian metric defined by matrices in
Vo and Y respectively.
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4.1 Riemannian geodesics

Let A be a matrix in ) of the canonical form, (-, ) 4 the inner product on
b such that its orthonormal basis is {AXy,..., AXs,, AZ}, and Vo C b, the
subspace given by
Vo = Span{X1,...,Xon}.

A O
O pa
on V. Define the skew symmetric operator ja(c) : Vo — Vg for ¢ € R by

Let us write A = < ) . Notice that the matrix A is a linear transformation

<]A(C)(X)7Y>A = <CZ7 [Xﬂ YDAa

where (-, -) 4 is the inner product on b,, such that its orthonormal basis is given
by {AXl, ceey AX27“ Z}

Remark 4.1. In the study of Riemannian nilpotent Lie groups, one usually
uses a skew symmetric operator Ja(c) : Vo — Vo defined by

<JA(C)(X)’Y>A = <sz [X, YDA

This operator is equivalent to our ja(c) up to scalar. In fact,

(Ja(o)(X),Y)a =(cZ,[X,Y])a
Pa(cZ,[X,Y])a
PA(Ja(©)(X),Y)a
(P2 Ja(e)(X),Y)a,

thus we have ja(c) = p4Jalc).

A direct calculation gives the matrix representation of j(c) with respect to
the basis {4X1,..., AXa2,} by

jale) = AT, A, (9)

Since *A.J, A is skew symmetric, there is an orthogonal matrix R € O(2n+1)
such that AR is of canonical matrix form and

jar(e) = ¢ (szz) JnAR (10)
_ 0 —diag(A1(A), ..., A\ (4))
=c (dz’ag()\l(A) (A 0 ) - (D

where \;(A)’s are positive real numbers such that £1/—1\;(A) are the eigen-
values of ja(1). Later we will assume 0 < A;(A) < --- A, (A). We sometimes
require a canonical matrix form to satisfy (I).

Lemma 4.1. For A, B € Y, with [A] = [B], \i(A) = \i(B) foralli=1,...,n.
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Proof. From the definition of the moduli space, there is P € G ﬂ@t/)(Qm R) and
R € O(2n) such that PAR = B. The matrix representation of j ; 5 shows that

jpar(l) =* (PAR) J,PAR
=R ' YA'PJ,PAR
=+RYAJ, AR
=R 'j4(1)R.

Hence the eigenvalue of jp(1) is
EA1(A), ..., A (A).
O

Later we simply write \;’s. For i = 1,...,n, let W; = Span {AX;, AX;1,}.
For a matrix in A € ) of canonical form, let h; : T*H, — R be a function
defined by h;(p) = p(AX;(z)) for p € T} H,, and define h, : T*H,, — R by
h=(p) = p(2).

A path v : [0,T] — H, parametrized by ~(t) = exp(zzl zi(t)AX; +2(t)2)
is a geodesic if there is a lift £ : [0, 7] — T™* H,, such that the following Hamilto-
nian equation holds.

hi = Aih2hitn, _
hisn = —Aihah; %e = b,
hz+l . iz, = %Z?:l Ai (Tihign — Tignhi) + palpz7

where we denote h;(t) = h; o £(t) and h,(t) = h, o £(t). Such a lift ¢ is called an
extremal.

Lemma 4.2 (Special case of Proposition 3.5 in [E3]). Let v : [0,T] — H, be
the geodesic with the initial data of the extremal

’7(0) =6, hz(o) = Di, hz(o) =Dz
Set & = p, ;. Then v is given as follows.
o Ifw#0, then

( zi(t) > _ 1 ( sin(&;t) cos(&it) — 1) ( Di )
xi+7a(t) N & - COS(git) +1 Sin(fit) Dit+n
foreachi=1,...,n, and

LAY WY
2(t) = phpst + 5 > (5 - ? Sin(&t)) (0 +pitn) -
i=1 v i

o Ifw =0, then z;(t) = p;it and z(t) = 0.
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In particular, we can determine a length minimizing geodesic from e to a
element in the center.

Lemma 4.3. Let m be the least integer such that \,, = A, and p > 0. Then
the unit speed length minimizing geodesics from e to pZ are given as follows.

2
1. Ifp < 27;\“, then the inital datum of the geodesic is

(hl(o)’ sy hQn(O)v hz(o)) = (Oa -0, PA)-

2
2. Ifp> 27;\#, then the initial data of unit speed length minimizing geodesics
are

(h1(0)3 M '7h2n(0)7h2(0)) = (07 M "07p’n’7.) R ’pn’()’ M '?O3pm+nv R 7p277.7pz)7

_ T
Pz =/ pxa—mr%

2
Pttt =1

where

For the case p < 0, it suffices to change the sign of p,.

Proof. Trivially the path exp(tpaZ) is a unit speed geodesic, which arrives at
the point pZ at the time iA.

Next we characterize length minimizing geodesics which join e and pZ with
the initial data (p.,p.) with p, = (p1,...,p2n) # (0,...,0). According to
Theorem 2.9 in [B0], such geodesics are length minimizing until the time 27.
This implies that p1 = p1yn =+ = Pm—1 = Pm—14n = 0 if the resultiﬂg
geodesic terminates at pZ € [H,, Hy,]. The information of the endpoint and the
velocity of the geodesic gives us the system

or\ _ 2mp% w 2
{p—Z(gn)— )\nA—‘y-pz)\nlpw' ) ) (12)

|pw|2 + (pApz)2 =1

This system has a solution only if p > 27 pA . This implies that if p < 27”’“,

there is no geodesm from e to pZ with the 1n1t1a1 data p, # 0.

2PA

Assume p > Then we have the solution to (I2), and its geodesic has

length 2”‘ On the other hand, we have another straight geodesic exp(tpaZ2)

with length -2-. Tt is easy to see that 2 < 2—” if and only if p = 2”“. This
completes the lemma. ' O

4.2 Normal geodesics

Let A be a matrix in Y of the canonical form, and (ImA, (-,-) 4) the induced
sub-Riemannian structure on the Heisenberg group H,,. In this section, we recall
normal geodesics on the Heisenberg group with the metric induced from a matrix
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A € Y. For more detailed information on this subject, see Section 4 in [M] or
Section 5.2 in [B.

As in the previous section, let (-,-) 4 be the inner product on ,, such that
its orthonormal basis is {AXy,...,AXs,,Z}. For ¢ € R, we define a skew
symmetric operator ja(c): Vo — Vi by

<JA(C)(X)7 Y>A = <CZa [Xa YDA

We assume that j4(c) has a canonical matrix representation

' - 0 —diag(A1, ..., An)
ja(e)=c (diag()\l7 ces ) 0 ) '

Let h; : T*H,, — R be a function defined by h;(p) = p(AX;(z)) for p €
TrH,, and define h, : T*H,, — R by h.(p) = p(Z(x)).

By Theorem I3 A path v : [0,7] — Hy, v(t) = exp(Z?Zl z;(t)AX;+2()2)
is a normal geodesic if there is a lift ¢ : [0,7] — T*H,, such that the following
sub-Riemannian Hamiltonian equation follows.

05 = Ny, o
. .. 1 — Uiy
Vign = —AW0;, . 1wn (13)
@ = 0 2= 52 i Ai (TiVign — Tiynvi),
- )

where v;(t) = h; 0 £(t) and w(t) = h, o £(t).

Remark 4.2. Every bracket generating distribution on T H,, is fat. Thus every
length minimizing path on H, is a normal geodesic.

The sub-Riemannian Hamiltonian equation gives a specific computation of
normal geodesics.

Lemma 4.4 (Section 5.2 of [B] or Lemma 14 in [E)). Let v : [0,7] — H,, be
the normal geodesic with the initial data

AO0) =€, hi(l(0) =vi,  ha(6(0)) = w,

where £ : [0,T] — T*H,, is the associated normal extremal. Set & = q(0)A;.
Then v is parametrized as follows.

o [fw #0, then

) =€ etes?y 280 () an

foreachi=1,...,n, and
2n
1 At N
2(t) = 3 Z (5‘ a2 sm(&t)) (vf + vf+n) . (15)
i=1 ¢ i

o Ifw =0, then z;(t) = vt and z(t) = 0.
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5 The minimal Popp’s volume form on the Heisen-
berg Lie group

In this section, we introduce a volume form which is valid for both Rieman-
nian and sub-Riemannian metrics on the Heisenberg Lie group H,,, and give its
fundamental facts.

5.1 Riemannian volume form

First of all, we recall the Riemannian volume form and the Popp’s volume
form on the Heisenberg Lie group.

Let A be a matrix in Jp. By Lemma B3, we can assume that A has the
A O

canonical form A = <
O pa

) . Then its Riemannian volume form is given by

vR(A) = |[det('A™")|[dXy A -+ NdZ = ‘p;f det(A)~HdX, A---AdZ.  (16)

By Lemma B3, the Riemannian volume form is invariant under the choice
of representatives in M(T'.\ H,,).

5.2 Popp’s volume form

Let A be a matrix in );. By multiplicating an appropriate orthogonal group
from the right, we can assume that the kernel of A is RZ. Then A has a matrix

representation by ~
(A O
A= ( A 0) , (17)

where A is an invertible matrix and @ is a vector in R2".

We define the Popp’s volume as in the procedure in Section TZA. The
idea of the Popp’s volume is to construct a canonical inner product on §h,, =
ImA & [by, by]. Such an inner product is defined as follows. Let (-,-) 4z be an
inner product on [h,, h,] ~ R given by

(Z1, Z2) az = min {(X1, Xo)a - (Y1,Yo)a | [Xi,Yi] = Z;, X;,Y; € ImA}.

Combining with the inner product (-, -) 4 on ImA, we obtain a new inner product
<'a '>A on hn =ImA ® [hna hn] by

(U1, W), (U2, Va)) a = (U1, Uz)a + (V1, V2) az. (18)

By Definition I The Popp’s volume form vsg(A) on (Hy,, ImA,{-,-)4) is a
left invariant volume form v'A- - -Av2"+1, where v!, ..., v?"*! is an orthonormal
basis for (b, (-,-)4).

In the following paragraph we give an explicit formula for the Popp’s volume.

Let ¢;; be real numbers defined by [AX;, AX;] = ¢;;Z, and define §(A) to
be

30



(NI

sA = > ) - (19)

1<i,j<2n
As we show in the following lemma, the function ¢ is defined on M(I',\ H,,).
Lemma 5.1. For two matrices A, B € Y1 with [A] = [B], we have 6(A) = §(B).

Proof. 1f [A] = [B], then there is P € G, N Sp(2n,R) and R € O(2n) such that

PAR = B.
A direct calculation shows that 6(A) is the Hilbert—-Schmidt norm of the
matrix 'A.J, A. Since P € Sp(2n,R) and R € O(2n), we have
§(B) = |'R'A'PJ,PAR| s
= || £*AJ, Al us
=40(A).

Remark 5.1. Suppose A is chosen to be the canonical form. Then we have

In particular the numbers A\, (A) and 6(A) satisfy
An(4) < 5(A) < 2nAn(A).
By Theorem 3, we have a specific computation of the Popp’s volume form

by
ver(A) = 6(A)~! ‘det(fl)_l‘ AXy A+ A dXap A dZ, (20)

In other words, the unit vector of (b, (-,-)4) along the Z-axis is +6(A)Z.

Remark 5.2. By Lemma B3 and Lemma B3, Popp’s volume form does not
depend on the choice of the representative of M(T\H,y,).

5.3 Introduction of the minimal Popp’s volume form

The Riemannian volume and the Popp’s volume are left-invariant by their
definition. Hence they are scalar multiples of a fixed Haar volume form wvg.
Let ¢1,c2 € R be real constants. We say that the left invariant volume form
v1 = ciuy is less than ve = couy if |e1]| < |eal.

For A in Yy U Y, and a bracket generating subspace W C b,,, we will define
the induced Popp’s volume form of (A, W) as follows.
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Definition 5.1 (Induced Popp’s volume form). We define v(A, W) to be the
Popp’s volume form of the sub-Riemannian structure (W, (-,)alw).

Under these preparation, we will introduce the minimal Popp’s volume form
of A on the Heisenberg group.

Definition 5.2 (Minimal Popp’s volume). For A € YUY, the minimal Popp’s
volume form of A is defined by

v(A) = min {v(A, W) | W C ImA : bracket generating subspace} .

Remark 5.3. If A is in V1, the minimal Popp’s volume form of A coincides
the Popp’s volume form.

For a fixed A € ), we can find a condition for the induced Popp’s volume
of (A, W) attaining its minimum.

Lemma 5.2. For a fixed matriz A € Yy, v(A, W) attains minimum if and only
i WLRZ in (-, ) a.
In particular, if A is of canonical form, then W = Vy = Span{Xy,..., Xan}.

Proof. By multiplicating an appropriate orthogonal group, we can assume that
A sends Z into the Z-axis. Let P : b, — (RZ)* be the projection with respect
to the inner product (-,-)4. Since W is bracket generating, W does not contain
the Z-axis, Hence P|yy is a linear isomorphism from W to (RZ)*. Thus we have
unique t;’s in R such that (P|w ) 1(AX;) = AX; +t;Z. A direct calculation

. AXa+t, Z AXopn+tonZ . =
shows that the subset { Jid o } forms an orthonormal basis
of (W, (-,-)a).

Since RZ is the center of b,,, we have
AXZ‘ tiZ AX: tiZ i
thZAXALEN  w g (21)
V1+t; \/1+t§ (1+1£2) (1+2)

By the formula (B0) and (™), we obtain the induced Popp’s volume form of
(4, W) by

_1
2 2 2p
cs.
v AW) = Y it | [ 1+ EdXi A AdXo, N dZ
1<i,j<2n L+ + tj) k=1
_1
> ax
= n 1A ANdXopy NdZ.

1<ijean (LF ) A+ ) 2, (1+13)

Hence the induced Popp’s volume v(A4, W) attains the minimum if and only
if t; =+ =tg, = 0, that is, W = (RZ)*. O

Remark 5.4. If we take A € Yy with pa > §(A), then the minimal Popp’s vol-
ume of A coincides the Riemannian volume. If not, then v(A) = v(4, (RZ)1).
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5.4 Fundamental facts on the minimal Popp’s volume

Next we will state fundamental facts on the minimal Popp’s volume. One is
the continuity under the quotient topology of the moduli space.

Proposition 5.1. Let {[Ax]} € M(T\H,) be a sequence of metrics converging
to [Ag] € M(T'\H,). Then there is measurable maps ¢; : '\H, — I'\H,, such
that the push forward of the minimal Popp’s volume forms ¢;.(v(Ay)) converges
to v(Ap).

Proof. By Lemma B3, we can assume each Ay has the form

Ay O
AL = 22
. (O pAk), (22)

where A, converges to Ag and PA, — Pa, as k — oo. Since Ay, converges to
Ay, we also have the continuity of § : M(I',\H,,) — R.

From the definition of the minimal Popp’s volume, it is trivial to see that
v(Ay) converges to v(Ap). These canonical form of matrices are given by apply-
ing isomorphisms in Inn(H,) - Stab(T';.), hence we can pick measurable maps
¢; from those isomorphisms. O

The next proposition is on a boundedness of the minimal Popp’s volume. It
is well known that if a sequence of compact Riemannian Heisenberg manifolds
converges to a sub-Riemannian Heisenberg manifold, then the sequence of Rie-
mannian volumes diverges, although the distance function converges. In other
words, a diameter bound does not give a bound of the Riemannian volume form.
However, we can show that a diameter bound gives a uniform bound of minimal
Popp’s volume form.

Proposition 5.2. For any D > 0, there is V(D) > 0 such that if the diameter
of a compact Heisenberg manifold is bounded by D, then the minimal Popp’s
volume form is smaller than V(D)dX; N--- NdZ.

Proof. Let A € Yo U Y1 be a matrix of canonical form, (-,-) 4 the associated
inner product on I'mA, and (-,-)o the inner product on b,, with respect to the
basis {X1,...,X2,, Z}. We will denote the distance function on I',\H,, and
on H, by da and d4 respectively. The diameter bound implies the following
inequality.

sup inf du(e,yz) < D. (23)
Tr€H, RSN
First, we show the following claim.

Claim 5.1. For any X € V,
[ X[ < 4nD[| X lo.

: : 1
In particular, we obtain a lower bound ||[AX;llo > 4,5
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Proof. We shall show that any X € V, with | X|jo = 1 satisfies || X||a < 4nD.
Recall that the lattice I',. is generated by 7; exp(X;)’s.

Let %‘% = exp(%Xi). Since %‘% is on the plane exp(V}), the length minimizing
path from e to fyi% in H, is given by the straight segment exp(¢X;). Moreover,
the length minimizing path from I'j.e to I‘T'yi% in T\ H,, is the projection of

1
exp(tX;). In fact, elements in I'y? is written as

exp ((7; —l—z) X, —&-Pi) ,

where z € Z and P; are elements orthogonal to X; in (-,-)o. Hence the length

1
minimizing path from I'y.e to I'.v; is realized when
z==41 and P,=0.

1
This shows that the length minimizing path from I'.e to I'»y;/ is the projection
of exp(tX;).
Combining with the diameter bound, we obtain

i (eot)

1
=da (F,.e,F,xyf)
< diam (Dp\Hy,, ImA, {-,-Ya) < D.

Tiy,
2

A

Since 7; > 1,

2D
[ Xilla < = <2D. (24)

Let X = ) . ¢;X; be a element in Vj with 21221 c? = 1. By the triangle
inequality, we have

IX[a < el Xilla <> 2D = 4nD.
7 7
O

Let us pass to give a bound of det(A). Claim BT implies that the eigenvalue
of the gram matrix *AA is greater than (4nD)_2. This gives the lower bound of
the determinant of the matrix A by

det(A) > (4nD)™*". (25)

Next we compute a lower bound of §(A). By definition we have [ X7, X5] = Z,
hence the combination with (E4) gives the inequality

1Z]la =min{||[U][a- [V]la|[U,V] =2}
< [ Xalla - [ X2]la
< (2D)*.
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Since 6(A)Z is the unit vector, we have
5(4) > (4D)"2, (26)

(E3) and (EH) shows that the induced Popp’s volume of (A, Vp) is bounded
as
v(A, Vo) < 16D*(4nD)*™dX, A --- A dZ.

From the definition of minimal Popp’s volume, we also obtain a bound
v(A) < 16D? (4nD)*™ dX, A - dXsp A dZ,

thus we can take V(D) = 16D? (4nD)>.
O

6 Mahler’s compactness Theorem for compact
Heisenberg manifolds

The goal of this section is to give the following theorem.

Theorem 6.1. Let A(v,s) C M(T'.\H,) be a family of sub-Riemannian com-
pact Heisenberg manifolds such that the minimal Popp’s volumes are bounded
above by v > 0 and the systoles are bounded below by s > 0. Then A(v,s) is
precompact with respect to the quotient topology.

Our proof is based on that of Boldt in [[4], who showed a variation of
Mabhler’s compactness theorem for compact Riemannian Heisenberg manifolds
as follows.

Theorem 6.2 (Corollary 3.14 in [[2)). Let A be a family of Riemannian com-
pact Heisenberg manifolds such that there are positive constants Cy,Cs,C3 > 0
and a compact interval I C R\ {0} such that

o inf {[|r(7)]|la [y eTr} > Cy,
o det(A) < Oy,
* A\n(A) < Cs,
e pacl.
Then A is precompact in the quotient topology.

Remark 6.1. In [/, the notations and the direction of the inequalities differ.
This is due to our definition of the moduli space, where we take the inverse
elements.
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6.1 Inequalities obtained from the minimal Popp’s volume
forms and systoles

In the following two lemmas, we will see that the assumption in Theorem
B implies the four condition in Theorem B2 with a compact interval I C R.
Let 7w : H, — h,, — V be the projection map.

Lemma 6.1. Let A € YyUY; be a matriz of canonical form. Suppose the systole
of the compact Heisenberg manifold (Up\H,, ImA, (-,-)4) is bounded below by
s > 0. Then we have

o inf{[lr(7)[alyelr} =5,

o 3(4) < V2,

e [pal <C; =maX{ ﬁm@}'

Proof. Recall that the systole of the compact Heisenberg manifold (T';\H,,,d )
is given by

inf {JA(e, h=lyh) | h € Hy, v € F,.} .

First assume v is in Ty \ [Hy, Hy). Then {h™'yh | h € H,} = 77 (x(7)).
Hence the distance from e to {hilfyh | h e Hn} is minimized when h='yh €
exp(Vp), which yields

inf {da(e,h ™ 9h) | b€ Hy b = (7).
This argument gives the first inequality.

Next we give a bound of §(A). We choose A € Yy U Y, so that *AJ, A has

the form
0 —diag(A1, ..., n)
diag(M1, ..., \n) (0] '
For each i = 1,...,n, let ¢; 7 : [0,4T] — H,, be a concatenation of four unit

speed segments inductively defined by

exp(—tAX;) (t€]0,T]),

cir(T)-exp(—(t —T)AXi+n) (t€[T,27)),

cir(2T) -exp((t — 2T)AX;) (t € [2T,3T)),

ci,r(3T) -exp((t — 3T)AX;+,) (¢t € [3T,4T]).

Moreover let cp : [0,4nT] — H,, be the concatenation of ¢; r’s. The endpoint of

cr is exp (4T Y1, A;). We choose T > 0 so that the endpoint of ¢y is exp(Z).
Then T = (431, )\i)_l, and the length of cr is given by n (3, /\i)_l. From

the assumption of the systole, we obtain the bound

n (Z )\1-) > dy(e,exp(Z)) > s.
i=1

C7;7T(t) =
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Since each \; are positive, we also obtain the bound of §(A) by

2§:A3 < \/ﬁi/\i < @
i=1 i=1

We pass to a bound of |[pa|. If A € )1, then automatically ps = 0, thus we
assume A € ).

Assume v is in T, N [H,, H,]. Then every closed curve in T';\H,, freely
homotopic to v is homotopic to « with fixed endpoints. This gives a bound

inf {da(e,7) [ 7 € D O [Hoy Hal} = da (€, exp(2)) = 5. (27)
If |pal is smaller than 1, then we have nothing to prove. If |[p4| > 1. Lemma

B3 gives a classification of a length minimizing geodesic from e to exp(Z) as
follows.

(a) If 1 < 27;\” 2;‘, then the length minimizing path is a straight segment
exp(tZ).

2
(b) If 1 > QT;p 4 then the length minimizing paths are not straight segments.

In the case (a), the geodesic from e to Z in H,, is exp(tZ) with the length \TlAl'
Combining with the systole bound, we have

1
S S d(@,Z) = m

In case (b), the condition implies [pa| < y/52. Since A, < §(A), we obtain
n 1
< max —_— = . 28
oal < max /2 2 29
O

Combination with a bound of the minimal Popp’s volume gives the following
information.

Lemma 6.2. Suppose that the Heisenberg manifold (T'w\Hy,, ImA, (-,-)4) sat-
isfies the systole bound below by s > 0 and the minimal Popp’s volume bound
above by v > 0. Then we have the lower bound of the determinant of A by

where Cy = min{C;l7 s }
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Proof. Recall that the minimal Popp’s volume form is represented as
N -1
v(A) =min {p;',5(A) "'} det (A) dX1 A NdZ.
Lemma BT gives a bound
min {pzl,é(A)_l} > C,

where C is given as in the statement.
It is well known that the full volume of the compact Heisenberg manifold
(T \Hyp, ImA, (-,-)a) is given by

n

/FT\H” v(A) = min {|pa| ™", 6(A) "} det (/171> e

i=1

Now the total measure is bounded above by v, thus we obtain a bound of det(A)
by

det ([1) > % f[lrl (29)

O

6.2 Adaptation of Boldt’s techniques to the sub-Riemannian
setting

We prepare technical lemmas on the matrix analysis.

Lemma 6.3 (Lemma 3.10 in [[4]). Let U be a complete set of representatives
for G./T,.. For any C > 0, there are only finitely many A € U such that
6(A) <C.

Proof. For any A, B € U with A # B, we have ja(1) # jp(1). In fact, if it were
not the case then
AT, A = ja(1) = jp(1) =t BJ,B,

thus we have B~1A4 € Sp(2n,R). Since II, = G, N Sp(2n,R), we have A = B
in G, /I, it is a contradiction.

By the above argument, the mapping ¢ : i/ — M(2n), A —t AJ, A is injec-
tive. Moreover the image of ¢ is discrete since entries of matrices in i/ are in T%Z.

n

On the other hand, §(A) is the Hilbert—Schmidt norm of ¢(A). Since M(2n) is
finite dimensional vector space, every closed ball is compact. These imply that
the intersection of the image of ¢ and the closed ball consists of finitely many
matrices. O

For a invertible matrix A € GLa,(R), let s1(A), ..., s2n,(A) be the singular
values of A, that is the eigenvalues of ‘AA. We require s1(A) > -+ > s9,,(A).
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Lemma 6.4 (Lemma 3.12 in [[4)). For any A, P € GLy,(R),
An(P)san(4) < An(PA). (30)

Proof. First recall a fundamental fact on the singular values. As a consequence
of Theorem III.4.5 in [, one has

si(L)san—i+1(M) < s1(LM)

for all L, M € GLy,(R) and i = 1,...,2n. We choose i = 2n, L =* A and
M = 'PJ,PA, and obtain

Som ()81 ('PPJ, PA) < s1({(PA)J,(PA)). (31)

Again we choose i = 1, L =t PJ, P and M = A, and apply to s;(*PJ,PA) in
the left hand side of (BI) to yield

san(‘A)son(A)s1("PJ, P) < s1 ("(PA) J,PA) . (32)
Note that ‘A A is similar to A4, thus
Sgn(tA) = Sgn(A). (33)

Moreover a direct calculation shows that ¢(*P.J, P) PJ, P = — (*P.J, P)*, which
yields
s1 ("PJ,P) = \2(P). (34)

Now (B32), (B3) and (B4) show our claim. O

Finally we give the proof of Mahler’s compactness theorem for compact sub-
Riemannian Heisenberg manifolds.

Proof of Theorem . Recall the moduli space of sub-Riemannian compact Heisen-
berg manifolds
IL\GL2,(R) x R/O(2n) x {£1}.

Here the action on the second factor by II,, and O(2n) x {1} only change the
sign. Moreover, the third inequality of Lemma B gives bound of the second
factor. Hence we only need to check the precompactness of the first factor, later
denoted by A.

We will denote by B the quotient space GLa,(R)/O(2n), and denote the
canonical projections by pg : B — G.\B, pr1 : B — II.\B and png : II,.\B —
G \B.

Note that the quotient space G,\B is homeomorphic to the moduli space
of 2n dimensional flat tori. Hence Theorem B, Lemma B and B2 show that
prc(A) is precompact. As shown in Theorem 4.4.2.1 of @], G, acts on B
properly discontinuously. Hence we can take a precompact subset K C B such

that pe(K) = pne <fl>
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From the definition of I, there exists a subset V C U such that

Ac | pu(PK). (35)

pPey

Finally we will show that we can choose a subset V to be finite. This assertion
gives precompactness of A since K is precompact.

Let A be a matrix in K. Since K is precompact and the function of the
minimum singular value ss, : B — R is continuous, we have M > 0 such that
Son (A) > M.

Let W C U be a subset defined by

An(P) >

W:{Peu i

\/in}

Lemma B4 shows that

Van

S

S(PA) > An(PA) > An(P)san(A) >

for any A € K. Lemma B implies that (Jpc,y, (PK) and A are disjoint. Hence
we can take V = U \ W, which consists of matrices P with A, (P) < % This
yields the inequality

24/2n2

5(P) < 20, (P) < =

By Lemma B33, Such V is finite. O

7 The quotient topology and the Gromov—Hausdorff
topology on the moduli space

In this section we show the following.

Theorem 7.1. Let Id : (M(T\Hy),Dq) = (M(Tr\Hy),Ocu) be the identity
map, where Oy is the quotient topology and Ogu is the Gromov-Hausdorff
topology. Then the identity map is a homeomorphism.

Proof. Let {[Ag]} be a sequence in the moduli space which converges to [4g] in
0,. We show that [Aj] converges also in O¢gy.

By applying automorphisms in (Inn(H,) - Stab(I'y.)),, We can assume that
Ay, O
O  pa,
the quotient topology. By Lemma B2 and B4, the geodesic 4 in the metric Ay
with the initial data of the associated extremal

each Ay, has a caninical form A; = < ), Ay — 1210 and p4, — pa, in

E'Yk (O) = (p17 cee 7pz) € T:(Fr\Hn)
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converges to the geodesic 7y in the metric Ay of the initial data

ly,(0) = (p1,- .-, p2) € T (T \Hy,).

This proves that (I'.\ Hy,, d a, ) converges to (I'y\ Hy,, d 4, ) in the Gromov—Hausdorff
topology. Hence the identity map is continuous.

Conversely we show that the inverse of the identity map is continuous. Let
{[Bk]} € M(I'+\H,) be a sequence which converges to [Bp] in the Gromov—
Hausdorff topology. Then the diameter of (I'n\H,,, dp, ) is uniformly bounded,
hence the minimal Popp’s volumes are uniformly bounded by Proposition B32.

Moreover, we can see that the systoles are uniformly bounded below by
using the techniques in [B2]. In fact, denote by dgu(dp,,dp,) the Gromov—
Hausdorff distance between two compact Heisenberg manifolds with metrics
dp, and dp,. By Proposition 3.2 in [E2], we can take a positive number dy
such that the dz-cover of the compact Heisenberg manifold (I'y\H,,dp,) is the
universal cover. Fix e < :% and set 07 = d2 — 1le. Take sufficiently large k
so that dgg(dp,,dp,) < €. Denote by G}, the group of deck transformation of
the d1-cover of (I'y\H,,,dp, ). From its definition, Gy, is a quotient group of T',..
On the other hand, by Theorem 3.4 in [E3)], there is a surjective homomorphism
from Gy to I';.. Hence Gy, is isomorphic to I';.. This argument implies that the
systoles of (I',\H,,dp,) are uniformly bounded below by d;.

Now Theorem Bl gives us a converging subsequence in the quotient topology.
Moreover the limit point is unique since the Gromov—Hausdorff topology splits
isometry classes. This concludes that the inverse map of the identity map is
continuous. O
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