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This is a summary of [2]. We discuss some general properties of elliptic
curves over finite fields, and an application of these properties to anabelian
geometry in [2].

First we will show a certain general property of elliptic curves over finite
fields. Let p be a prime number, let ¢ = p" (n > 1), and E an elliptic curve
over IF, which is defined by a nonsingular Weierstrass form

y2 + a1y + azy = 2+ a2x2 + a4 + ag
where a1, a2, as, a4, ag € Fy. Let O be the identity element of E. Let
z:E— P!
be the finite morphism of degree 2 such that z((a,b)) = a and z(0) = cc.

Definition. For any positive integer r, let H,. be the endmorphism of P! which
makes the following diagram commutative.

E——F

[7]

Pl —— P!

Here, [r] stands for the multiplication by r.

For any endmorphism f of E, set

Elf]={P e E(F,) | f(P) = O}.

If f=[r], we write E[r] as E[[r]]. The main result of the first part of [2] is the
following.



Theorem 1. Let m be a positive integer. Then there exists a positive even
integer r which satisfies the following.

z(Elm]) C H,((z(E[r]) \ {oo})r, )

Here, (z(E[r])\ {oo})r, stands for the [F-vector subspace generated by (E[r])\
{oo} in F, = AL(F,). O

Let P € E(F),).
z(P) € H,({z(E[r]) \ {oo})r, )
holds if and only if we have

(]~ (P)) N (@ (B[r]) \ {oo})r, # ¢-

This means that at least one of the points of x([r]~}(P)) can be written as a
linear combination of the points of z(E[r]) \ {oco}.

In the second part of [2], we consider an application of Theorem 1 to an-
abelian geometry. Let U; and Us be nonempty affine open subschemes of elliptic
curves (E1,01) and (Ea, Oz) over F, respectively such that

a1 771(U1) l) 771(U2).

Theorem 2 ([1] Corollary 4.10). We have the following isomorphism of F)-
schemes.
E1 ~ E2

O

We identify E; with Ey and write (E, O) instead of (Ey,O1) and (Es, Os).
By a similar argument to [1] Lemma 4.2, o induces an isomorphism

as 2 m([s]7H(UL)) = mi([s] 7 (U2))

for each s > 0, which makes the following diagram commutative.

m1([s] 72 (U) = m([s]7 2 (U2))

|

7T1(U1)

m1(Ua)
Set S1 = E\ Uy and Sy = E'\ Us. By [3] Theorem 2.5, s induces a bijection
s+ [s]71(S1) = [s]71(S2)
for each s > 0. The group Z/2Z = {0,1} acts on E as follows.
gP = {P (9=0)
-P (g9=1)

where g € Z/27 and P € E. We put the following assumption.



(A2) S; and Sy are closed under the action of Z/27Z and ¢, preserves this
action.

(Assumption (A1) appears below.) Under assumption (A2), [s]71(S;) and
[s]71(S2) are closed under the action of Z/2Z for any s > 0. Let m be a

positive integer such that
S C E[m]

By Theorem 1, we can take a positive even integer r such that
z(E[m]) € Hy((x(E[r]) \ {oo})r,)-
Definition. Let
Li, = ker(m ([r] 1 (U3)) = (P \ Ty,) — i (PL\ T )20,

Here, T; » = z([r]7*(S;)) (i = 1,2). Note that we can define the natural surjec-
tion [r]~1(U;) — P\ T}, because [r]7*(S1) and [r]~!(S2) are closed under the
action of Z/27Z.

Then we put the following assumption, which depends on 7.
(A?)(’I")) Ckr(Llyr) = L2_’T

We can assume the following conditions by replacing the open immersions U; —
E and [r]71(U;) — E with suitable ones.

e Ve 5,0€ 855 and d),«(@) =0.
e ¢, preserves the action of Z/27Z.

(Assumption (A3(r)) is used in the proof of the second condition.) So there is
a bijection ¢, : T1 , — T>, which makes the following diagram commutative.

7 (81) —== 17 ()

ok

Th,r T Ty,
"

The condition
P e H.((z(E[r]) \ {oo})r,)

implies that there is a linear relation

.IZ(Q) = Z Qpfb

pez(Elr])\{oo}

for some Q € [r]~(P) and some a, (1 € z(E[r]) \ {co}). Then we have an
equality

z(¢r(Q)) = Z a;ﬂ/%(#)

nex(E[r])\{co}



because of assumption (A3(r)) and [1] Theorem 3.3. By [3] Corollary 1.10, oy
naturally induces an isomorphism

0:m(E)~m(E)
which makes the following diagram commutative.

T (U) —— m1(Ua)

Vo

7T1(E) 4;> 7T1(E)

We put the following assumption.
(A1) 6 is contained in the image of the map 7y : Autg,(E) — Aut(m1(E)).

We can replace the open immersions U; — E (i = 1,2) with suitable ones and
prove the following condition by using assumption (Al).

. ¢5|E[S] = id|E[S] for any s >0

Hence |, g,y = id|, () holds. So we have the following equality.

x(Q) = Z ap b = Z auwr(ﬂ) = x(‘br(Q))

nex(Elr])\{oo} nex(Elr])\{oo}

This implies that

z(P) = z(¢1(P)).
By applying the above argument to all the points of S; (note that r does not
depend on the choice of P), we have the following theorem, which is the main
result of [2].

Theorem 3. Let p > 3 be a prime number, U; and Uz nonempty affine open
subschemes of an elliptic curve (E, O) respectively over F, such that

7T1(U1) ~ 771(U2).
We assume that
O e Sl,
0Oes,

and
$1(0) = 0.

Let m be a positive integer such that S; C E[m], r a positive even integer such
that

z(E[m]) € Hy((z(E[r]) \ {oo})r,)-
We assume (Al), (A2) and (A3(r)). Then

Ui ~Us
holds. ]
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