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1. INTRODUCTION

Let g be a basic classical simple Lie superalgebra, k a complex number and f an even nilpotent element
in g. Then one associates with the universal affine vertex superalgebra V¥ (g) at level k the universal W-
superalgebra W¥(g, f) via the quantum Hamiltonian redcution [20]. In particular, the W-superalgebras
associated with a principal nilpotent element fpyin (Which is unique up to conjugations), are conventionally
denoted by W*(g). Affine vertex superalgebras and their W-superalgebras are most important families
of vertex superalgebras due to their essential role in various aspects of representation theory, geometry,
and physics, including knot invariants [32], the geometric Langlands program [24] and invariants of low
dimensional manifolds [13, 21], or invariants of three and four dimensional supersymmetric quantum field
theories [4, 25].

The representation theory of the W-superalgebras remains mysterious in general. One of the reasons
is that the defining Operator Product Expansions of their strong generators are not known in general
except for some cases, e.g., the Virasoro vertex algebra W¥(sly), the so-called W3-algebra W*(sl3), for
the even cases and the N = 1 super Virasoro algebra W* (0spy)5) or the N = 2 super Virasoro algebra
Wk (5[1‘2) for the super cases. In the last decades, the representation theory of the exceptional W-algebras
(sce [11] for the definition) has been developed by Arakawa and his collaborators [5, 6, 8, 10, 11, 14]. This
is based on the analysis of the associated variety of a vertex algebra and the representation theory of the
affine vertex algebras at admissible levels. For type A, the (simple) principal and subregular W-algebras

W77z+:—ig(5[")7 w n+n+vl- (5[n)fsub)7

(p, ¢ and r are non-negative integers satisfying ged(n+p,n+q) = 1 and ged(n+r,n—1) = 1, respectively)
are rational and Ch-cofinite. (Here the notation Wy (g, f) means the unique simple quotient of W¥(g, f)).
Thus the categories of their ordinary modules, which are semisimple, admit a natural structure of braided
tenor category. Then the Grothendieck groups of these categories have ring structures by the tensor
product, called the fusion rings. The fusion rings of the principal W-algebras for general (p,q) and the
subregular W-algebras for even n are described in terms of the fusion ring of the simple affine vertex
algebra Ly (sl,)

% (W—n+2—iz(5[")) ~ K(Ly(sly)) R K(Ly(sl), X (wfﬂ%z(srn)) ~ K(L,(s1,))
212,

by [10, 14] and [11], respectively.

In contrast, the representation theory of W-superalgebras has not been developed yet except for the
cases of the N = 1,2 super Virasoro algebra [1, 2, 3]. On of the reason seems that the representation
theory of affine vertex superalgebras themselves are already quite difficult. Indeed, the representation
theory of the N = 2 super Virasoro algebra, which is Wk(5[1|2), has been developed not based on the
affine vertex superalgebra V¥ (sl;|5), but on the duality: the Kazama-Suzuki coset construction [28] and
the Feigin—Semikhatov—Tipunin construction [23], which assert the isomorphisms of vertex superalgebras

W (slyj2) ~ Com(m, VF(sly) ® Vz), VF(sky) ~ Com(m, W(sl2) ® V), (1.1)

where the levels k, ¢ € C are related by the equation (k + 2)(¢+ 1) = 1 and 7 is a rank one Heisenberg
vertex algebra embedded diagonally into the tensor products. These two construction imply a certain
equivalence of their module categories.

In this article, we consider the representation theory of the principal W-superalgebra W* (5[1‘,1) and
give a sufficient condition for the problem
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(1) Determine the levels £ € C when the simple W-superalgebra We(sly),,) is rational and C-cofinite;
and then give an answer to the following fundamental problem
(2) Classify the simple ordinary modules and describe the fusion ring at the above levels.

For the first problem, we start with identifying the partner of W¢ (sl1)n), which plays the role of VE(sly)
in the case n = 2. For the second problem, we use the theory of simple current extensions.

2. FEIGIN-SEMIKHATOV CONJECTURE

In [22], Feigin and Semikhatov introduced a family of vertex algebras, called the Wg)—algebras, which
are proven later to be the subregular W-algebras W¥(sl,,, foun) [26], and gave the following conjecture:

Conjecture. (Feigin and Semikhatov [22]) Let wy, be the rank one Heisenberg subalgebra of W (sl,, fsub)
and 7y, the rank one Heisenberg subalgebra of WF2 (slyjn). Then we have the following.
(1) For generic levels (ki,ka) € C? satisfying (k1 +n)(ka +n —1) =1,
Com (ﬂ'Hl,Wkl(ﬁ[n, fsub)) ~ Com (7TH2,Wk2 (5[1‘,,,)) .

(2) For generic levels (ki, ks) € C? satisfying klﬁ + k31+n =1t

Com (77, , WH (51, foun)) = Com (V*2(gl,), V*2(sly),)) -

There are some variants of this triality among affine cosets of W-superalgebras (or affine vertex super-
algebras). The most well-known one is the triality as follows:
W (sl,) ~ W(sl,), if (6 +n)(la+n) =1, (2.1)
1 1
lh+n * —(£3+n)
The first duality (2.1) is the famous Feigin—Frenkel duality of the principal W-algebras for sl,, and the
second one (2.2) is the higher rank generalization of the famous Goddard-Kent-Olive construction of
the Virasoro vertex algebra proved by Arakawa, Creutzig, and Linshaw quite recently. See [9] for details
on this triality. From this, one can see that Conjecture (1) is a variant of the Feigin-Frenkel duality for
non-principal W-algebras and that Conjecture (2) is a variant of the Goddard-Kent-Olive construction.
We note that the appearance of the sign —(¢3 +n) in (2.2) in contrast to Conjecture (2) is explained by
the fact that the bare affine vertex algebra appearing in (2.2) is not V% (sl,) itself, but V* (sly,,) which is
isomorphic to V"¢ (s lajo) = V~*(sl,). These two trialities are just the simplest examples of conjectural
trialities made by Gaiotto and Rapcék in the relation to four dimensional super Yang—Mills theories [25].

Theorem 1 ([19, 15]). For (k, () € C? satisfying

(k,0) # <—n+

we have isomorphisms of vertex algebras
(1) Com (mpg,, WH(sl,, fsun)) = Com (mg,, Wi(sly,)),

W (sl,) ~ Com (V& (sl,), V2 (sl,) @ Li(sly)), if =1 (2.2)

ﬁfg)’ (k1 +n)(ky+n—1)=1,

n

(2) Com (ﬂ-Hm Wk(ﬁ[nv .fﬁllb)) ~ Com (ﬂ—Hz'/ Wf(ﬁll‘n)) .
The following gives a stronger version of Theorem 1, which generalizes (1.1):

Theorem 2 ([15]). For (ky,ks) € C? satisfying (k1 +n)(ka+n—1) = 1, we have isomorphisms of vertex
superalgebras

(1) Wk2 (5[1|n) ~ Com (Wﬁlvwkl (5[n7 fsub) ® VZ):
(2) Wh1 (5[n7 fsub) ~ Com (Wﬁ27wk2(5[1‘n) ® Vz\/jl)7

(3) sz (5[1|n) ~ Com (ﬂ—ﬁl ) Wk‘l (5[7“ fsub) ® VZ) i

1Although there are some conventions for describing levels of affine vertex superalgebras, a correct relation seems ﬁ +

1 _
Tat(iom — -



(4) Wkl (5[n7 fsub) ~ Com (ﬂ-ﬁz’ka(s[l‘n) ® VZ\/—_1>’

where T, (i =1,2), is a Heisenberg vertex subalgebra diagonally embedded into the tensor products.

The proofs of these two theorems use free field realizations of the relevant superalgebras. See [15] or
Genra’s article in this proceeding for details.

3. RATIONAL CASES

By [7, 11], the subregular W-algebra Wy (sl,,, fsup) is rational and Cs-cofinite if the level k is of the

form

k:fn+n—+71”7 r € Zso, ged(n — 1,n+7r)=1.
n_ >

For r € Z>3, Creuztig and Linshaw [19] determines its Heisenberg coset, namely,
Com (7, W_ 4wt (8l foun) ) =W, oie (s1,), (3.1)

where the right-hand side is the principal W-algebra at a nondegenerate admissible level —r + rfl’, which
is rational and Cy-cofinite [7, 6]. The classification of the simple ordinary modules and description of the
fusion rules among them are establsished in [6] and [10, 14], respectively. It is conveniently written in

terms of the fusion rings:

% (W_H%(sm) ~ K (L (sl,)). (3.2)

Here L, (sl,) is the simple affine vertex algebra of sl,. at level r, whose simple ordinary modules are simple
integrable highest weight modules L,,(A) with

r—1 r—1
A= Z(ZLA,, (ai € Zzo, Zai = TL) s
i=0

i=0

where A; denotes the i-th fundamental weight. The modules {L,,(nA;)}iez, are known as simple currents,
that is, invertible objects under the fusion product (in the language of braided tensor cagtegory under
the assumption that the unit object is simple). Moreover, they satisfy

L,(nA;) X L,(A\) =~ L,(6".)),

where o acts on the weight lattice pP= ®jez, ZA; by
ag. Z aiAi = Z aiA,‘+1.
JELy €L,

Let Ly () denote the W_

{Lw(nA;)}icz, are simple currents. By using these modules and the coset (3.1), one can decompose the
subregular W-algebra into

W—n+2—f{(5[nv fsub) = @ LW(nAa) ® V%+\/WZ (3-3)
a€”l,

(s1-)-module corresponding to Ly, (\) under the isomorphism (3.2). Then

rtn
1

as modules of W_H_%(s[r) ® V. 7z, which extends W—7‘+7+TT(5[") ® 7. Then the Kazama-Suzuki

type coset construction Theorem 2 (3) implies the following similar decomposition for the principal W-
superalgebra for r € Z>3:

W_po (shipn) = @) Lw(nha) © V. wns (34)
+ie [ i.; Nice=ras /(n+r)nZ

as modules of W__ yrEn (sl,) @ V. which extends W_,_ n rin (8l,) @ m. Therefore, the princi-
1 1

(n+r)ri’

pal W-superalgebra W_ " (5[1‘n) is a simple current extension of the vertex operator superalgebra

n_1
n+r

W7T+::'FT‘71L(5[T) & V\/WZ
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4. CATEGORICAL ASPECTS OF SIMPLE CURRENTS

Let V be a Zx(-graded, simple, rational and Cs-cofinite vertex operator algebra of CFT type. Let
{Sg}gec be a set of (non-isomorphic) simple currents of V-modules, parametrized by a finite abelian
group G, that is,

Se:V7 SgX'Sh:’Sgh.

Then the V-module structure on the direct sum € = ©4e¢S; may be extended to a simple vertex operator
algebra structure which is compatible with the fusion product. Such a condition is studied by [12, 27]
and turns out equivalent to the condition that € is a commutative algebra object in the category V-
mod of ordinary V-modules as a braided tensor category with some additional conditions. Furthermore,
properties like semisimplicity of the module category of € (as a vertex operator algebra) are controlled by
V-mod and written in the language of braided tensor category. Hence, we start with a purely categorical
treatment of this theory, which enables us to treat the super case as well. See [16] for details. We note
that the results in this and the next sections have been more or less studied within the theory of vertex
operator algebras and its relation to the theory of braided tensor category, e.g., [12, 17, 18, 27, 29, 34, 33]
and thus there are no essentially new results. Nevertheless, the author hopes that the abstraction of the
simple currents in the braided tensor (super)category helps some clarification of the theory.

Let € be an (essentially small, C-linear) monoidal supercategory such that all the even morphisms
admit kernels and cokernels. In this article, we call € a braided tensor supercategory. We note that we do
not assume that parity-inhomogeneous morphisms admit kernels and cokernels since it seldom holds for
natural module categories of superalgebras. Actually, we do not need this stronger assumption, but we
stress that the standard notion like, kernels, cokernels, subobjects or simplicity still makes sense when one
is working over the even morphisms, that is, the structure morphisms of kernels, cokernels or subobjects
are even morphisms and the simplicity of an object is defined in terms of this class of subobjects.

Assume that the unit object 1e is simple. It follows that an arbitrary invertible object in € is simple.
In this case, we call an invertible object an simple current, following the theory of vertex algebras. Given
a simple current S and an arbitrary object M € Ob(C), we have a canonical isomorphism

Home(M, M) ~ Home(S ¥ M, S® M), fr— idXf. (4.1)

Recall that we have the braiding (isomorphism) Rap: AKX B — B X A for each pair of objects
A,B € 0b(€) and the monodromy (isomorphism) Ma g := Rp.a © Ra,p, which commutes with the
endomorphisms on A X B of the form f X g. In particular, the monodoromy Mg ps in the right-hand
side of (4.1) defines an endmorphism mg in the left-hand side. If S is of finite order, that is, S¥" ~ 1¢
for some n > 1, then m% = id, which implies an eigenspace decomposition of the Hom (super)space
Home (M, M) and therefore,

M= P M., M, =Kery(ms —¢“idy),
[y
where ¢ = exp(2my/—1/n). It follows that we have a decomposition of € into full subcategories
C=EPCs €u={M|ms=("idn}.
a€Lny,

If we have a set of simple currents {Sy}4eq parametrized by a finite abelian group G, then the above
decomposition for each S, gives rise to the simultaneous decomposition

C= @ €= {M]|ms, =Eg)idu},
£eGY

where GV denotes the dual group Hom(G,C*). Hence, if the tensor product K is bi-exact, then the fusion
ring K(€) has a structure of GV-grading by monodromy and Z[G]-algebra structure by fusion product

(with {Sg}geq)-
Now, suppose that the direct sum of the above simple currents & = 9eG S, has a structure of
commutative algebra object, that is, we have an even morphism

pe: ERE = &,

which makes the following three diagrams commutative:



i R
leME ——EME eR(eme) T eme 1y g EME— eme

X) gug :L i % N éL#s

(M) Re L eRe,

The meanings of the three diagrams are, the unit axiom, the associativity axiom, and the commutativity
axioms respectively as in the case of the usual commutative algebras. We note that since we are working on
the supercategory, the commutativity is actually means the super-commutativity of the algebra in the usual
sense. An &-module object in € is defined as a pair (M, puar) of M € Ob(C) and iy € Home(E K M, M)
which makes the following two diagrams commutative:

le®MM——EXM £ (& & M) LB, g g g M

x l“M :l i %
M, pe?

(ERE)RM L% e ) M.

M

An &-module (M, uys) is called local if it further makes the following diagram commutative:

Me,m
EXM ——EXM
\ J/;LM
1237
M,

Let Rep(&) denote the (super)category of E-module objects in € and Rep®(€) € Rep(€) the full subcat-
egory consisting of local &-module objects. Then by [18, 16], Rep(€) has a natural structure of tensor
supercategory induced by the that of € and RepO(E) a natural structure of braided tensor supercategory.

Example 3. A typical example of a braided tensor supercategory is the module category A-mod of a
unital, (super)commutative, (associative) C-algebra A. Here we do not assume the simplicity of the unit
object 1 A.moa = A. The tensor product of the modules M and N is just the tensor product over A

M®4 N =M ®c N/span{am @n — (=1)""m®@an |a € A, m € M,n € N}
and the braiding is just the swapping of the factors
Run: MON —-NeM, men—(—1)""ngm.

Here & € Zy denotes the parity of e. Hence the monodromy Ryr.n is just the identity idyrg,n. Then
the commutative algebra object B is just the A-(super)algebra and Rep(B) is naturally isomorphic to the
supercategory of B-modules. In this case, Rep(B) coincides with Rep®(B).

In general, we have the so-called induction functors
EXe:C— Rep(€), E&Ne:Cy— Rep’(€),

where Cy C € denotes the full subcategory consisting of objects M such that Mg ps = idemps. This
functor is a tensor (super)functor and is a straightforward generalization of the extension of coefficients
B ® 4 e in the above example.

We consider the case when the direct sum & = @,cqS, of the simple currents has a structure of
commutative algebra object. In this article, we always assume that the restriction of the structure
morphism jig : Sy XS, = Syp, does not vanish. The following is fundamental:

Proposition 4. Suppose that C is of finite length and that the action of G on the set Irr(C) of isomorphism
classes of simple objects in C induced by the fusion product is fixed-point free. Then C is semisimple if
and only if Rep(&) is semisimple and moreover, every simple object M in Rep(€) is isomorphic to EX N
for some N € Irr(C).

An immediate corollary of this proposition is as follows:

Corollary 5. Suppose that C satisfies the assumptions in Proposition 4 and that the fusion products X
on C and Xg on Rep(€) are bi-exact. Then we have an isomorphism of associative algebras

K(Rep(€)) =~ X(€) @z(q) Z,
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which restricts to o
K(Rep®(€)) = (K(€) ®z1e) Z)
where the right-hand side means the trivial GV -grading part.

5. FUSION RULES OF LATTICE COSETS

We apply the previous results to the theory of vertex superalgebras.

Let V' a simple %Zzo—graded Cs-cofinite vertex operator superalgebras of CFT type. Here we do not
assume that the %Zzo—grading does not necessarily induce the super structure. Indeed, we have the
Z>o-grading and the Zs-grading (due to the super-structure)

V= @ Va, V=VoW,
A€LZ>0
which are compatible in the sense that
VA=Vas® Va1, Vaa=VanVa, (acZy).

Then V5 := @acz Va,o is a vertex operator algebra of CFT type, which is simple and Cy-cofinite by
[30] since it is the fixed-point subalgebra of two involutions IT = idy, —idy; and § = exp(2mv/—1Ly),
where Lo denotes the grading operator of the %Zzo—grading. Then the category V;, g-mod of the grading-
restricted generalized V g-(super)modules has a structure of braided tensor (super)category which is
C-linear finite as an abelian (super)category by a general result of Huang, Lepowsky and Zhang. Then
the original vertex superalgebra V' is a commutative algebra object in V-mod and the category V-mod
of the grading-restricted generalized V-(super)modules is naturally isomorphic to the category RCpO(E)
of local V-module objects in V7 g-mod as braideded tensor supercategory and thus C-linear finite as an
abelian supercategory.

Let L be a Z-lattice of finite rank equipped with a positive-definite Z-bilinear form (-|-). Then one
may associate it with a lattice vertex operator superalgebra Vi, . It is well-known that V7, is simple, %Zzo-
graded, rational, and Ch-cofinite and that Vz-mod coincides with the category of ordinary V-modules
whose simple objects are Irr(V) = {Vair | a € L'/L} where L' = {Q® L | (a|L) C Z} is the dual lattice
of L. Furthermore, the fusion ring K(V},) := K(Vz-mod) is isomorphic to a group ring

K(Ve) ~Z[L' /L), [Vasr] = la].
We consider a simple current extension of the tensor product V ® V7, of the form
&= @ Sa ® Vu+L7
a€N/L
where N is a Z-lattice such that L C€ N C L' and {Sq}acn/r is a set of simple currents in V-mod
parametrized by the finite abelian group N/L. Then we have the following.
Proposition 6 ([18, 12]). Suppose that the twist 0, := exp(2ry/—1Lo)le,, (a € N/L), satisfies 02 =

id and 0,0, = O4yp. Then the vertex operator superalgebra & is simple, %Zzo—gmded vertex operator
superalgebra. Moreover, £ is rational if V' is rational.

We note that the first statement follows from our setting, the second statement is a corollary of
Proposition 4.

For simplicity, let us assume that V' is rational, (equivalently V-mod is semisimple). Then the fusion
product Ky in V-mod is obviously bi-exact and so is g on Rep(E) and Rep®(&) ~ &-mod by Proposition
4. Then Proposition 5 implies

K(Rep(€)) ~K(V V) & Z~(XV)2Z[L/L) Q) Z~K(V) Q) ZIL'/L],
Z[N/L) Z[N/L) Z[N/L)
where the tensor product in the rightmost-hand side means [M Xy S,] @ [b] = [M] ® [—a + b]. Then it
implies
N/L
K(E) ~ K(Rep’(£)) ~ [ K(V) Q) Z[L'/L]
Z[N/L)
In order to derive an inverse formula which describes K(V') in terms of K (&), we use the induction functor
& Xe: V-mod — Rep(€&),
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which is an embedding since the simple currents S, @ Vo1, (@ € N/L), are fixed-point free. Therefore,
K(V) is a subalgebra of K(Rep(€)). By using the forgetful functor Rep(€) — (V ® V1 )-mod, we have
a monodromy action of V. ® V.41, (a € L'/L). Then the objects of V-mod among those of Rep(€) are
characterized as the monodromy-free objects with respect to Vo1, (@ € N'/L), where N’ C L’ is the
dual lattice of N. Thus we obtain an isomorphism K(V) ~ K(Rep(€))™'/L. Next, we describe the ring
K(Rep(&)) in terms of Rep”(€). Note that Rep(€) has a set of simple currents &, := ERy gy, (VO Vaiz),
(a € L'/L). Introduce full subcategories Rep®(€) (a € L' /L) by the image of the fusion product with &,,

Rep®(€) := Im(&, K e: Rep®(€) — Rep(€)).

Since &, is an invertible object, the functor £, X e is exact and thus gives an equivalence of abelian
supercategories

&, N e: Rep®(&) =5 Rep”(€).

Note that &, K e stabilizes Rep®(€) if and only if &, € Ob(Rep®(€)), that is, a € N’/L. Thanks to
Proposition 4, we obtain a decomposition

Rep(€) = P Rep(€),
a€L’ /N’
which satisfies &, X e: Rep”(€) ~ Rep®?(€). Tt follows that
K(Rep(€)) ~ K(Rep’(8)) Q) Z[L'/L]
ZIN'/L]

and thus
N'/L

K(V) = K(Rep())™ /" = | K(Rep®(€)) Q) ZIL'/L]
Z[N'/L]

To summarize, we have obtained the following formulas:

Theorem 7 (cf.[18, 33]). 2 Suppose that V is rational. Then we have isomorphisms of associative algebras
N/L N'/L

K(E)~ [K(V) @ zZ[L'/L] , XKWV~ (k@) & zL'/1)

ZIN/L) ZIN'/L]

6. APPLICATIONS

In this final section, we apply the formulas in Theorem 7 to several simple current extensions.

6.1. Subregular W-algebras. We apply Theorem 7 to the simple current extension (3.3):

Zn Zn,

K(W7H+%(5[n,fsub))z KWy os (51)) @ ZlZr] | = | K(Lnlsh)) ) ZIZ]
Z(Zy] Z[Zy]

By using the Level-Rank duality of the fusion ring of affine vertex algebras [16, 31|, we obtain the
following:

Theorem 8 ([16]). For r € Z>3 such that ged(r +r,n —1) = 1, we have an isomorphism of fusion rings
K (W s (b, fo)) = K(L (s,))

The above theorem generalizes a result in [11] for the cases when n is even and r € Zx.

2This theorem holds beyond the rational cases. Indeed, the rigidity of V-mod and the self-duality of V is sufficient.
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6.2. Principal W-superalgebras. We first apply Proposition 4 to the simple current extension (3.4)
and obtain the following:

Theorem 9 ([15, 16]). For r € Z>s such that ged(r +r,n — 1) = 1, then the principal W-superalgebra
W_<n_l)+n_11_ (sly)n) is rational and Cy-cofinite.

Next, we apply Theorem 7 to the simple current extension (3.4). It follows that the Kazama-Suzuki
type coset construction Theorem 2 (3) implies a simple current extension

W_m_%(s[m fsub) ®RVz D W_(n_1)+%(5[1‘7l) RV nrrnz

such that the simple currents appearing in the decomposition is parametrized by the finite abelian group
_n_ ~ L .
(n+r>nZ/\/(n + 7)nZ =~ Zp+r. Hence Theorem 7 implies the following:

Theorem 10 ([16]). For r € Z>3 such that ged(r+r,n —1) = 1, we have an isomorphism of associative
algebras

Zn
X (W—(n—l)ﬁ—%(sh\n)) = K(Lr(ﬁ[n)) ® Z[Z(nérr)n}
Z[Zn]
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