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Cyclic relation for multiple zeta function 
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1 Introduction 

Euler-Zagier ~1P-:m·ll-3;( 00M&/ii'XO)~M&c'5:E~ ~ ti:51P-~M&~~OOM& 
c' c:b Q 0 

{(s1, ... ,sr) E (CT I lR(sj +···+Sr)> r -j + 1 (1 ~ j ~ r)} 

~ G /::~~Ffcli e /::~tl~/::~~~ti:5::. t :t~ Gti-c1;,:5 [ll[13]o J::O)~ 
M&O);j;Q ~ ltlt:5fri[m 1 ~ n1 < · · · < nr ~ 1 ~ n1 ~ · · · ~ nr /::Ji~~~ f::00 
M&~~-€rM~1P-£·l{-3;( OOM& t '-'''-'' (*(s1, ... , Sr) c'~9o 

t t::. Mordell-Tornheim ~3;(''fJv-li'-3;( OOM&iii'XO)~M&-C:5:E'.~ ~ t't:5o 

/:: B v, -c ;f@x1~JC~ G, C3 /::~:El~/::~~ ~ ti :5 ::. t ii~□ G ti-c v, :5 o 

::. ti G 0) 00 M& ti 1) - 7 :,, -ii' - 3;( 00 M& 0) 1P-~M&"" 0) tJt 5i t Jj, t~ 9 ::. t ii-c: 
~, -~/:: 1P-:m-li'- 3;( OOM& t OS¥titi:5 :t 0) O){~~akJt~-Wu t t~-::> -c 1.t, :5 o ::. 

ti G 0)00M&O)~~fW:t::--:) v, -c /i{~M&ak1t~fflm:iig-p1jt/:: J: < IDWJ,,-( G ti -c B IJ, 
Euler-Zagier ~1P-:m-li'- 3;( OOM&O)~J¼fl (tp,:m-li'-3;( fl) O)Ffcfi0)00{*5:\/i 
M&1P- < ~□ G ti -c 1.t, :5 o ,WIJ ~ii~~ t~ 001* 5:\ t G -c i'X 0) J: -5 t~ :t 0) ii~Hf G 
t'tGo 
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Theorem 1.1 (fO0A; Granville [2], Zagier). k > r ~rili!Jf.:9§~~k,r /::. 

xt l, "C 

L ((k1, ... , kr) = ((k) 
k1+-·-+kr=k 

kr::0,2,k;::0,1(1:<'.i:<'.r-1) 

=~~5~~~ffl~OO~OO~A~~<~~~G$~.ID*~~~~~ 
? tchrP,~~mul§ L,f,:o 

Question 
~!i-ll- ::x OO~~~~f[l[~Fsi~Mf*Ati ~ IJ JA\i'iaittl~ft!G IJ :v:~OO~A~ 
~ZUtch~~iJ~? 

((s1)((s2) = ((s1, s2) + ((s2, s1) + ((s1 + s2) 

:::. ;ti,tifD~ialttl~ 5 i < 1t'i!fU't G:::. t t::. ~ ".) --cf~G;ti,G OO~A~ib G iJ{, :::. 
~A~~~ffl~h~~~<••~~ialttl~~IJ:V:~A~ibGa =-~~5~ 
~~f[l[~iaOO~,mx_ --c~ IJ :v:~OOf*AiJqtg/::.ibG~t::-0 5 iJ~?ttf!EB-tiWil [7] 
/::. ~ G t, Euler-Zagier ~~!i-ll-::x OO~~~t~{[l[~Fsi~OO~AtiibG3k{4 
~ ""f~ tiwWlfDfft~{fu/::. tch \,' t \,' 5 :::. t iJ{!iES}j ~ ;h, "C \,'Ga 

~ti Euler-Zagier~t::.~_&;E'. L,tch\,'~~ti t:.'? iJ~?:::. ~ t ~ t::. ti•*~ialttl 
~~ IJ :v:~00~AiJ{:(¥tf't G:::. t iJ{9;Q G ;ti, "C \i' Ga -WUx. ti [11] ~ti Mordell
Tornheim ~::x'':f;t,-ti'- ::x 00~ t 1J -~ Y--li'- ::x OO~~Fsi~1.?Z~ ~ 5 tchOO~ 
AiJ{!iES}j ~ ;t1 "C \,'Ga 

(Mr(l, s; 3) - (Mr(l, 3; s) + (Mr(3, s; 1) = 4((s + 4) - 2((2)((s + 2) 

~@]. ~@JOO~A t \,' 5 OO~A~-*OO~tiiFsit::. ~\,'"C~*9 Ga {W,t.: 

~ ITTJ~OO~A t L, --c ~@JfO0A t \i, 5 :t ~iJ{.:b Ga ~!i--li'- ::x f[l[~~@JfO0 
AliHoffman-*lff [4, eq.(l)] t::.~ IJfilS}j~;tl,, ~%{"1~~]1-ti'-::x{[l[~~ 
@JfD0A1i*lff-:§';f% [10] 1::. ~ IJ filS}j ~ ;ti,t.:a :::. ~ 2 ~~OO~A~-~fl:: t 
tch-:J'°C\i'G~iJ{~@JOO~A~ibGa :::.;ti,tiJA~-tt®:-ttJ:: [3, Theorem 2] /::. 
~ IJ !iES}j ~ ;ti,, i t.:~@JfO0A~ h ~tch < ~1t00f*A (#®:-~T-Zagier[6, 
Theorem 3]) ~ -~{I:: t::. :t tch -:J "C \,'Ga 

Remark 1.2. ~l~H::.~ Gt.:~ti~@J00~AiJ{~%{"1~~!i--li'-::x{[l[~~@J 
fO0A~-~fl::~.:b G t \i' 5 $~~.:bGa ~!i-ti'-::x f[l[t ~%f'J~~!i-ll-
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?? f@:-=E:- ;ti,.:·f;tl,O)~@Jf□0~ li'8lf@:--C 26 Q -=:. t 7'J 1~□ G tL t \t' Q ([ 5, Section 4] 
t /12, Proposition 3.3] ~~00) t::UJ, ~@JOO~~li~ffl~'-;$? f@:O)~@Jf□ 
0~0)-ft~t~~Q-=-t~c'~Qo 

::E~~~~?Hr'"t Q t::UJO)!i:!~~~A 9 Qo * TiE~M& d t r1, ... 'rd, ~ 

*M& Si,1, ... , Si,r /::xt 0 L 

Si := (si,1, ... , Si,rJ, 

n~i ·== n~i ,1 ... n~i,ri 
i · i,1 i,ri , 

s := (s1, ... , sd), 

ns := nf1 ... n:d 
t;EU)Qo it::W~, (r1,-•·,rd)-/=(l, ... ,l)O)t~l::li 

W = W(r1, ... ,rd) 

:= {s E ccr I R(si,rJ > 1, R(si,ri-1) + R(si,rJ > 2, ... 'R(si,1) + ... + R(si,rJ > ri, 

(r; -/= 1 ~ ~ t:: 9 i = 1, ... , d) 

R(si,rJ 2'.. 1 

c';EUJ, (r1, ... , rd) = (1, ... , 1) 0) t ~/::Ii 

W=W(l, ... ,l) 
'-v-" 

d 

(ri = 1 ~~t::9 i = 1, ... , d)} 

:={sECCrlR(s(l,d))>d, R(s(l,l+i))>i (lslsd, 0sisd-2)}, 

"c';EUJ Q o t:: ti L- sd+i,l = si,1, s(l, l + i) = s1,1 + · · · + s1+i,1 t 9 Q o -=:. tL 
i:,O)~~O)T, ~@Ja5~m~-??00M&~JE-9Qo 

Definition 2.1. d t r1, ... , rd ~ iE~M& t 9 Qo ~M& i, j Ii 1 Si S d iJ~--:J 
1 S j Sri O))jiglffi /:: 26 Q ~ 0) t 9 Qt~, s E W t::xf l- "C 



97

si,j := {(n1,1, ... ,nd,rd,n) E z;11 I n1,1 < ... < n1,r1, ... ,nd,l < ... < nd,rd, 

n1,1 :S n2,r2 , ••• , ni-2,1 :S ni-l,r;-u ni-1,1 :S Max{ ni,r;, n }, 

ni,1 :S ni+l,r;+i, ... , nd-l,l :S nd,rd, nd,l :S n1,r1, ni,j < n < ni,j+1}, 

Si := {(n1,1, ... 'nd,rd, n) E z;11 I n1,1 < ... < n1,ri, ... 'nd,l < ... < nd,rd, 

n1,1 '.S n2,r2 , · • • , nd-l,l '.S nd,rd, nd,l '.S n1,r1, ni,l '.S n '.S ni+l,r;+J 

~ fE .:5 :t 0) t 9 .:5 o -=. -=. 1: ni,r;+l = oo (i = 1, ... , d) , no,j = nd,j (j = 

1, ... 'r d)' nd+l,rd+l = n1,r1 t G' 8j,r; /i :7 tJ * o/ jJ- 0) =f';v ~ t 9 Q 0 

-:.OJJE~OJT, :±M~/ii'XOJ~ -5 t:::t~.:50 

Theorem 2.2 (MW--1J\!l!f~). s E W t:::x1G-C 
d r; d 

L L G,j(s) = L (F(s) 
i=l j=l i=l 

ii 1 AA IJ :v: --:J o 

Remark 2.3. J::O)JEl]Ui~~t:::J:tifJ'i-f1W--M J:: /3, Theorem 2} O)~@J~{* 

:i:\OJ~~~~tiiFai t t~-::> -C \,, .:5 o ,:. OJ]J~/ii'XOJ~1:M!iii~ilb .:5,:. t t 9 .:5o 

JE~O)f□ ii1~~t~t;: ilb, f'iij_~t~~-g-0),Wti ~ Jl Q:. t t 9 Q 0 

Example 2.4. d = 1 1: r 1 = r ~ 2 0) t ~ t::: /i 

7'.l1 R(sr) > 1, R(sr-1) + R(sr) > 2, ... , R(s1) + · · · + R(sr) > r t=: 1,\,,-C AA 
IJ :v: --:J 0 

Example 2.5. d = 1 1: r 1 = r = 1 0) t ~ t=: /i 

L (n 8 n(:
1
- n 1) - n 8 (n ~ ni)) = L ns

1
+1 

l:Sn1 <n 1 1:Sn 

7'.l1 R( s) > 1 1: AA IJ :V:--:J o :. :h Ii 

(Mr(s - 1, 1; 1) - ((1, s) = ((s + 1) 
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Remark 2.7. J::0)5:\1:s1 ... ,sd E Z::::1 t l..,f.::tl~, fffi-'-td'.:;i:\~ff%:J: I) 

::klf---6'-t-t /1 OJ 0)~%11 ~ ~m-ll-)? f[llO)~@JfD05:\ ~ f~L'5:. t ii-C ~ Q o 

d Si-l 

L L (*(si - m, si+l, ... , sd, s1, ... , si-l, m + 1) 
i=l m=l 

(2.1) 

Remark 2.8. s E W n Z~1 0) t ~, Theorem 2.2 0)5:\tii')'Z~-C~tl9 Q 5:\ 
(3.1) t ~~~;z G tl,Qo :_ 0) (3.1) Ii S1 E Z~1 , S2 = (1), ... , Sd = (1) 0) t 
~ /:~5:tOO~A~lj.;z Q:. t iJ{~O G tl,""(l,\ Q /3, Section 5}o 

4'@10):±M~ti t:'tititt~ < 0) Euler-Zagier ~~m-ll-)? fillO)FsiO)OOf* 
5:\ ~ lj. .:z Q 0) ti ;s -5 iJ~? it~~/: J: IJ *iff%Ek.v: tJ: 00~ 5:\ 0) ffifil~ ~ Weight 

(((k1, ... , kr) /:t-t L.,'-C k := k1 + · · · + kr O)f[lIO):. t ~ Weight t l,\ -5) ;:::' t 
/: sf~ L, --c J},f:..o 

~ 1: Number of Independent Relations for MZVs 
Weight 3 4 5 6 7 8 9 10 11 

~@JfO05:\ 1 2 4 6 12 18 34 58 106 

~5:tOOf*A 1 2 5 10 22 44 90 181 363 
~@JOOf*A 1 2 5 10 25 52 110 228 466 
~00~5:\ 1 3 6 14 29 60 123 249 503 

~ r: ~ Q J: -5 r:, ~@JOO~A ti~OOf*Af: /iijl iJ~tJ: 1, \ :t 0) 0)-t" tif:Jii:i, \ 
ffifil~O) 00~5:\ ~ lj. ;z --c 1. \ Q J: -5 t:J~ ;z Q o :. tit: J: 1J, :±M~ t:t.~i, \ffilffi 
0)00~5:\~~~00~tmFsi L, f:.. t d"},Q :_ t iJ{-c_. ~ Qo 
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3 Remark (7)-fii~i 
~ -f Remark 2.3 ~,liffiJ~6b J:: -5 a s E W n z;1 , t Ld: t ~, :±M~O)ic 

ill Ii 

O)J:: -5 t=~~-C~:5iJ!, :::..:nti [3, Theorem 2] O)icu]t t.t-:J--C\,\:5o ~1J, 
tfuJO)i\®:~ 

d 1 

LLnsn 
i=l Si 

(3.1) 

iJ1f~J G :h :5 o 

<X f:: Remark 2. 7 ~,liffiJ~6b J:: -5 a (:::.. :hli [3, Section 5.1] f:: 2b :5 aim t IP] 

~-c 2b Q:::.. t ~ B::Jl G L J::;- < 0) r1 = ... = r d = L s E w n z;l t G t.: t 
~' J:: t lpj~O)ffiffi/:: J:: I) 

d Bi-l m d 

L L L ns:~+1 = L L 
i=l m=l ni::C::•··::C:nd::C:n1::C:···::C:ni-l::C:n i=l n1::C::···::C:ni::C::n::C:ni+l::C:···::C:nd::;n1 

1 

n#ni 

d Bi-l 

L L ((*(si - m, si+l, ... , sd, s1, ... , si-1, m + 1) - ((s1 + · · · + sd + 1)) 
i=l m=l 
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