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Primes of the form X 3 + NY3 and a family of 

non-singular plane curves which violate the 

local-global principle (summary) 
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*~::x:--cti, ~~tn1JJJ<fcpfr.E£;tO)-::!¾Fi'UWf~f:¥01,,t;: 2--:J0)7°v7"1J >- r [7,8] O)ffl~ 

~Jm-"' Q. ::. O)-::!¾Fi'UliJf~O).±.M*~YIMl¥n:J£-« Q t, 

~El~~ n 2'. 3 1:M L, -C, f[JI~~ (Q ..t~B~tttdtJJ~~iF~~ n t,l!lj!iffilttl~"C:'ifD-:> 
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t 1,, 5 lb O)--C21, ,Q. ¥-H:, 2 .?7(%:i:\f:jst-.t ,Q ~~B"JtJ: Hasse O)JlupJr::k~JJJUI~, 3 ~~iF¥-'f 
Jk n .?7(%:i:\f:jsj"L, --Ct!!~T-Q::. t fi--C~tJ:\,Y'{."21,,ci 5, t \,) 5 ~ < 9iD iShtdif.~JWf:jsf L,--C, 

fM nx i¥J tJ: ~iE ~~ ~ --'3- ;t t;: , t 1,, 5 0) ;ot:f!G ,q' 0) ±M * --c ;i, ,Q • 

~T--C~,;:O)Mf*O)~~B"J~m•M~~mfrL-kL--C,~-~.±.~t~O)~~O)-~~ 
J£-«,Q. 9cfi'Wf~f:lll-.t ,Q ~ IJ ~m!tJ:::X:~lUJ: t''fi, ~~::x: [7, 8] ~~Jffi L- --c1, ,t;:tf ~ f;:1,,_ 

~w. *f/,\IO)fl•, .11:tu:n=~~i::tJit ,Q ~iiO)~~~ :::·m~1,,t;:t.:· ~ * L- t;:;d"-:tr:r1 

-lf-O)r:f=lt-Jlli.E£;, $~J.t!li.E£;f:::. O)tJ~{'/'PJ --er*< OO::tL$ L-Lf:fi To * t;:, Zoom t: ~ ,Q'l'R: 
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~tJ: 1) -=c- 1-- •• 0)-1}-;j;- 1-- e 1,' td!. ~ * L, tdt;;t;:ME:t:.ei.:, f~:l&{~Yflli.ei.: r: {>' m€ < OOtL$ L, 

J:f:f'*9· ::$:ffl0)5tf:tJ:"'.J-C1,,G 1 ::$:§0)~~::st [7] O)~::l~--C~G?W7J<r$1l'.ei.:f:1b, :a:mtJ: 

~[PJuJf5'lf:~1,,-c < t;?.'~ "'.) t;:.:: t em€< OOtL$ L,J:f:f'* 9. ::$:uJf5'lti B::$:$UHJiJ!!~f--J.uJflt 

JP15J05818, 18H05233 t::/Jo ,it, 8 ::$:$f,f,j•-~mt1i'Uf~)Jx;$~ 1tt~ t ~{ij$ e~ t 9 G tt 

:Ell!N$00■~mmt,~MJJx:$~J ' MJJiam£~N$ . £MI$11/ AT 1 T .1- 1-- (KiPAS) 

7P ~7 1,. FY2014-2018, MJJiam9cl/ffill3J.$1xffiuJf5'i:~ 1/ ?l- (KLL) f&:lt1ll1±~f¥@f5'j:JJ}J 

JJx:~ 000036 (2018-2019) &CF' 00007 4 (2019-2020) O);ffJJJJe~ttt;:. ?b O)"f9. * t;:., ::$:fflO) 

~-,tt~R-~--CO)]jjlji:W~,OO■~[PJ~ffl·~[PJ@f5'lm!B--C~G*fi*$R:ElMffiuJf5'lm 

O)mJJJJe~rtt;:. 1b O)"f9 o 

~T, ~ K J:O){~tt~~~ V f;::"1sf L,-C, V(K) --CV 0) K J:O)fl:Ell!,~:i:~O)tJ:9•-@ie 

~9-
* -ffi, 2 *Ms:\:f;::"1sf9 G ~:!1=1!1¥JtJ: Hasse 0),/l'um*•~:Eli.P ~M3© G. *1 

:i:EJ! 1.1 (Hasse-Minkowski O)JE'.;El!! (cf. [18, Theorem 8, Ch. IV])). IQ J:Ji:'.a~:ntdsf~ 

1¥JtJ: 2 *ifflet!lffi V c ]P'd+l {d 2: 0) f;::"1sfL,-C, ~TO) 2"'.JO)~{tf'ti[P]{il[--C~Q. 

1. V(IQv) =/-0 (vv: IQO)~B), i.e., IQO)~~BV f;::Jsj"L,-C, V tiv"fO);,j:;{j/iHr.lQv J: 

O)fl:El,~ efif"'.J. 

2. V(IQ) =/- 0, i.e., V ti IQ J:O)fl:El,~efif"'.J. 

::$:■ R~GMR,J:~O)JE'.;El!!O)•ae•~~G;:t--c,fl:Ell!B~■R~~G~ffl*•~g 

O)fftil'.1-ttt eu&~ L, -c~;: 5. * -f, ff.!fO)~{tfciJ, ~ 00.!fO)~{tfciJ,ftt 5 :: t ti § aJFJ: 0)--C, Ji:'. 

:El 1.10)3::5iO)::$:Jl'.tiM.!fO) 1~mi¥JtJ:~1tf:J iJ,~ff.!fO) '*•i¥JtJ:~f4J iJ,ftt5Bf:~Q. 

;: ::--c, ~~B v ~- t i:ti, q:irJiffilO)JE'.:El-5? Hensel O)flfi■ eiiffiffl9 Q;: t--c, V(IQv) = 0 ZJl 

i!'fiJ,e,UJE--C~ G;: t e,w_1,,1±1-t" 5. *f;:., Hasse-Weil bound e*Jl1i--@i:b-l±:nti, J'!,{2[s:1¥Jf: 

lftJp:iJfj~tJ:JER c = c(V) iJ!:FftE l,-C, {:3:•0)~R p 2: c f;::"1sf L,-C V(IQp) =f. 0 t tJ: G;: t 1b 
5J-iJ, Q. fJt "'.) -C, JE:El 1.1 ti~J!l¥Jt:, 2 »:!~et!ffii1i~!J.,~ {!:ffl-:>t.l'St.l'{!:!l!IJ:i;E'.9 -Q 7 Jl,j' 1J 

~-4{!:lj;:c.-Q. ;: :nti, Hilbert O):ffi 10 ricr,/mf:"111" G fifJJO)f}cJEl¥JtJ:JJx:* t L, -C {:V:il'.11tt ~ 

:hG«~ 1b O)"f~G. 

~J:0)1r:ae~* ;t Qt, JE:El 1.1 O)~~fr.f:~T G@f5'liJ1m€* "'.) -ci,, < O)fi, fl:El,~ 

ricr,■ t:~it Gti©-c §~tJ:mt:n--c~ Q. LtJ, L, J: < m ~:n -ci,, Q J: 5 i:, ['.b*O)iffletJOO 

v c JP'd+ 1 r:J11..,-cr1, JE:El 1.10)_±5;R-t"O)t>O)e~;t;H:tt5i9G:: tr1--c~tJ:1,,_ 
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X 3 + 6Y3 = 10z3 . 

1. V(Qv) =/= 0 (vv : (Q Q)~J~). 

2. V(Q) = 0. 

;: Q) ~ 5 f;:, 5EfJI! 1.1 Q)3::iJ:RQ)~;frtJ:-f.R{l:'.,iJ!JJX IJ :V:.t-:tJ:V' ((Q J:-.o:>) {~~!P-11JHifi:ti, ((Q 

1:-. o:>) F,iji'.Jric~~1i OJ & i?'Jt 11¥1::f n Q . 5i:'.fJI! 1. 2 J.-j_Ji. i;: t , nu m::k~~fJI! o:> BfW1H;: ti~ l? t,J: t 
Q)iJ!W ~ n ·n,' G iJ1, ;~q\Wjf;:@:mOOf*T G -'f OOHBIH;: oo-r G .$fcfilvf~ti [7, 8] -C t 1i.lR IJ ~ -::i 

-c1,, Q o:>-C, ;: ;: -Cti~ IJ ~~ tJ: 1, '· LiP L, ii~ t ~)fit;:~ Q ~r o:>Jtf;fs:fJ!Hi, 1:-.!2 Selmer 

o:> 3 ~HB~lHrr'e/J~{l:'..i" Q ~o:>~-'-? o:>ffiH-Ci:l!>-::i t-:t-:©, ;: ;: -C1i.lR IJ ~ "'.) -Ct3 < t;:fiii" Q. 

:iE!! 1.3 ([5,6]). m ~1F~m~, V = Vm c lP2 ~~ro:>7J"fj!iC-C5EiN~:h-t-: 10m + 5 ~Bi! 
~ti"G. 

1. V(Qv) =/= 0 (vv : (Q Q)~g). 

2. V(Q) = 0. 

Jfi~-iJJfi [6] f;: ~ G V((Q) = 0 o:>!iEff~o:>-¥r!ti, 

X 3 + 5Y3 = 17z5 

t 1,, 5-f.R Fermat m.!7J"fj!iCiJ1, gcd(X, Y, Z) = 1 t tJ: G m~M (X, Y, Z), NPi:>~*aM~M' 

k tJ: 1,,;: t ( cf. [5]) f;:~mfri" G t o:>-C 21b G. ;: o:> ~ 5 tJ:-f.R Fermat m.!Efj!iCo:> ~~Mo:> 

1Ft¥tE~o:> t o:>ti, {*~~ 5 * < l& IJ ~ x. i":h-t::f, 3 ~f:ifi: Q(5113 ) o:>1?'71v~lli~t;:OO-r 

G Kummer, Dedekind ~*o:>~!!l!:1¥JtJ:-¥z!t;: ~ I) ~-li° G. *2 * t-:, ~ti z1Dm+5 o:>f*~ti 

53, 89, 131, ... tJ: t'' t iJJtJ,-t;: t iJ!-C ~ Q (iJ!, [5, 6] -cti~ o:>~lilHit;: tifg!fln -c1, ,tJ: 1, '). 

~ -C, ~~-C ti~l? Q) ±~~~Jffi~ G iJ\ ~ Q>filj f;: 1,' < "'.)7J>B:~ ~Jffi~-C :a:3;: 5 . 

5.i~ 1.4. 

~Q)jffi I) -Ci:lb G. ~t;:, 3 ;~lttl~t;:OO-t G Poonen o:>lvf~ [17], :a:3 ~ 114 J.-:).1:-.o:>f~~ n 

~~lttl~t;:~j" G .ltlli3<'.1¥J:!ii:ili:o:> Nguyen o:>-J!l!o:>lvf~ [13-15] -C t, 1Ff~il-'¥00 n ;!;:_ 

*2 t. t, 0 Iv, ~ll!lH:l:tITTJ-¥0)fijjffli¥Jta:?k{tf't.JrZ t:J }'[-::i J: -'H:~fi('a:'~~if:f~iJ!;J,i IJ, ~I: [6] L'l:t IQl3 J:O)M 
O)l"ft£iiE~JH:ffl'"3ta:*J£fi(HilJt,--n,.:;,. ~O)J: 5 t:l"ftEiiE~JliJ!j:Jl/l!H:ta:7,, l -::iO)Jl!!Ei3!:t, fl!!~J:O)~J\,1\(1: 
J: rJ Hensel O)f!ff~'a:'i&!ffii""7,,IH:!0~ta: 3 Jffilli{J;!ttffO)ffl)i'.iJ!J:~i""7,,f;:/;l)c:';J;°i7,, (cf. tJ:jj'. 1.4.2). 
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B±l~~O) Jilipffj(~)]{J:10) &fJU oyfi~N~iJ:tft i? :n -ci,, -o. *3 * t.::, ~~1:t,H, (~f::~ 

~gt.f:'t'if"'.J) }JL!ffiB±J~f;:ifflL,-Cfi, JEJ:i 1.2 tifJ:igt.f:'t'ift;:t,H, 2 *B±l~t.f:'*_§_h,{r;b 

--1± -o t.J,. t" L, -C, Jili Ffrj(~)]{J:i 0) & fytj t.f:' $~ f;:fflfit'1:' ~ -o . 

2. JEJ:i 1.3 0) Vm f;t~f,)'1:'~-o7J:i, 11:~~t.J,.O)f;t m = 0 O)t~{rf::ilNIJ m > 0 0) 

t~ftfi'Mf:'.: [X: Y: Z] = [1: (j: O] (e = 1,2) 1:~~,~7.f:'M'"'.J. t;:t::.'L,, 

(3 := exp(21ri/3) E C 1:~ -o. ~1J1:, J£~1J~:i:\O)~~O)/.b ~ f::M"t-o!&;,Ji'.0)~'9K 

1:~,}JZ-!ffiB±J~0)~1/i71~00LO)§~~mffl0)~'9K1:~,~~Bt.f:'t'if~}JZ-!ffiB±J~ 
fifi!J&©-C~Y31d.J.. ~ O)f;:~~-t.J,.1,'. ~ i? i::, Vm O)J£~1J~:i:\(:'.:;}:Ht-o zlOm+5 O){~M& 

17 t.f:-JjlJ0)11:~W-~1:@'.~~.:t -C~, W*f-1;:~BE~t 1...,-Cfi Vm §!ttim~f::t.J..-:J-C 

1...,*5· ~O)~s~•••w~~~••t.r•*.:t-ot, 
• 11:~~}JLlffiBE*i (Riemann lffiO) Ql L 0) ~ 7';1.,) f::M L, -C f;t}iljpfrj(~J]{J:ii):ifit lJ 

"iL-::) 0) iJ,}] iJ>, 

• *f;: Riemann lffit l..,-CF/U~1:f.J..1,' (Ql LO)) f.upffj(~)]{J:ll[O),RfJlji):tf!!€~Nflt¥tE 

T -o iJ,f'JiJ>, 

t.f:-f.,~5 ~ t fi§~'1:'~?:>5. ~:tliJ:i;Jx,q O)li}f~O) 1 ~O)i}J~'1:'~-o (cf. B:~ 2.2.4). 

tt~ 1.4.1 t.r ii* .:t -c, *~'1:'fi~~ n ::::: 5 t.r~mH::@'.1, ,-c, 11:~~ n *}JZ-lffiBE*JJ!~ 0) Jili 

J=ifr::k:~J]{J:IO)&fYJH::-::)1,,-cO)fit*t.f:'~:frT -o. ~ O)~ft, fx,q 0).3::*5*fi,tZTO):tm lJ 1:~ -o. 

f/l!~*O)t~{rf;:~jqj~O)fix:*fi~-o7J:i, ~L,< fi [8, Theorem 1.2] t.f:-~'J[1,,fdi~f;:1,,_ 

:)Ell 2.1 (cf. [7, Theorem 1.1], [8, Theorem 1.8]). tzTO)~ 5 f.J..7 Jv:::tl) ;(J.,.i):if¥tfT-o. 

• Afl 
- ~~n:::::5. 

- n 0)-~~P-

- P cj. ±1 mod 9 t t.J,. -o If~ P E {p, 2p} . 

• llitJ 
- p /:'.:O)h,{tR:.('fy -om~ l = lp E {1, 2}. 

- m~MO) ((n-3)/2)-~Jl (bj,Cj) (1-:S:j-:S: (n-3)/2). 

- -~- L = zm 1:~ -:J -c, ,tZT0)1J~:i:\iJ:tJ£©-o N {IO)}JZ-!ffi n *B±l~iJ:t~-C11: 

*3 t::.ti t.,, Nguyen ())j\ljJJxf:l:, ,,f;h,t,jffifflp=lf!I!~ (1P'1 ()) 2 _f[fBHI) ~())Jmffij;:~JJJU!JM&:f71H;:~..-J,,--c:t:, IJ, 
~~~1f'rnlBB~~())lzf1Uj\ljnJU;:f;tr,t;ffic: ~ ~ 5 ;;:t"''· 
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(n-3)/2 

(X3 + P"Y3 ) II (b;X 2 + bjCjXY + c;Y2 ) = Lzn. (1) 
j=l 

;: 0) 7 Jv ::f 1J X 1' i.J,2fi:~ ~!fflO) IJm~~~ < ;: t Ii, "(~~f:) ~~To" t 1,' 5 J'f~:B-~ ~i 
in;raJE) i.J, --r ii!> 0 5 i.J>, ;: 0) Bi: !ffl 1.., -n, < -:::i i.J,M JE ~ vc :J3 ;: 5 . 

5i~ 2.2. 1. JE'.f.ll:!. 2.1 fi, lp = 1 t fJ: o P f::isf Vni [7, Theorem 1.1] --r, lp = 2 t 

fJ:o P f::istVCfi [8, Theorem 1.8] --r, ..fn.:en~iEajj~:h.t.::. ~f:, ffl,!F-f,~--Cfi, [7] 

O)~J':0)~7Jl t::>2/s:~ ~JfflO)~J':~;t!J < ;: t Ii (t.:: t ;t ~~*~1:~N "'.) -c t) --r ~ -C1,' 
tJ:"' (cf. §4). ;:O)~~:B-ltfi, ff~O)ifii/ffl 3.3 t::J3tto~~:B-in:~~-ro. 

2. ~Ii, JE'.f.ll:!. 2.1 0) 7 1v::::t 1J ;( 1' ~&:~To;: t --c', f±ljJ 

• m~:isJ-0) ((n - 3)/2)-*ll (bj, cj) (1 ~ j ~ (n - 3)/2) :J3 J: CF 

• ~~lJL 
~~~f:ff o ;: t 7J>--c' ~ o. J: 0 iE~f: Ii, JE'.f.ll:!. 2.1 0) 7 Jv::l 1J A' 1' ~J@!t}Jf;:ffl~{r. 

To ;: t --c', {fit 0) iEm~ N1, N2 > 0 f::ist VC, 

• m~:isJ"O) ((n - 3)/2)-*ll (bi,j, Ci,j) (1 ~ i ~ N1, 1 ~ j ~ (n - 3)/2) :J3 J: o: 
• *~ll Li,k (1 ~ k ~ N2) 

~' tff 0)7J~j:\7J>JE© Q N1N2 fm0)-l.jl@ n *eil*Ji.J>~-C1F~'if~7Jl-:J)mffl::k~Lll!f.ll:!.O) 
&WIJ t tJ: o J: 5 t:!±IJJ--r ~ o. 

(n-3)/2 

(X3 + P"Y3 ) II (b;,jX 2 + bi,jCi,jXY + c;,jY2 ) = Li,kzn. (2) 
j=l 

3. J:fc1F~fi{~~HB~0)1i~~~ <C J:O)IWJ~ffl (Riemann @O)~il:J{Ulm~ffl) fi Li,k 

f:li-f.&t¥-i±-1', m~:isJ-0) ((n - 3)/2)-*Jl (bi,j, Ci,j) (1 ~ j ~ Ni) O)~--CrR:* Q. ;::h, 
t::, ((n - 3)/2)-*H (t 3 *~r X 3 + P"Y3 ) fi, J:ic1F~'if~{~~HB*i~ §~f: lP'1 0) 

Z/nZ-:B-~1B{l'f t ~fi'&T;: t --c', lP'1 J:O) n ,~i.), IS fJ: o :B-ilBt~E'iC:11 ~JE© o. ~f:, ;: 
0) n ,~@ctiO)!M'31m{i!lffli.J, t::>11=:~~f~~HB*iO) im~ffl~~ft--r ~ o (cf. [12]). Vi:"'.) 
-c, t L,f±ljJ~:h,t.:: N1 @10) ((n- 3)/2)-*Jl (bi,j,Ci,j) (1 ~ i ~ N1) 7J>JE©o77'~-~ 
@c:jiO)M:f3im{illffli.Jtm1lL,tJ:1,'J: 5 f;: ((n - 3)/2)-*Jl (bi,j,Ci,j) ~~~;: C:7J>--c'~:h, 

Ii (~cF~ft IS:h.:h.fi), Jmrfr::k~Lll!f.ll:!.O)Jx:~J~4.:t 011=:~~-l.JLOO n *HB~~~~f: 
fftS:h.oi.J,, ;:n1i~~i:mfm--rii!>o. ;:n--r, *~~im--r~«t.:: "~~i:~~To" 
t1,,53::5ii.J,{i~iE~:h.o. 2/s:~--Cli, ~~~*~n ~ 5 ;:::'tf: 1Jmrfr::k~Lll!f.ll:!.O)Jx:~J 
~1;tJ: < t t 1 -:::iffij~y oJ t 1,, 5 gf:,t~~ ~-co 0)--c', J:fc.fffu0)~$11Hilll!fffu:::st 
[7, §4] ~ ;:::'lj[1, ,f.::f.:~ t.:: 1, '· 
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4. Ji:'.lffl 1.3 i::tnt Q Jlilm-~JliO)fJIJ 1::: .t~'3e-r Q ;:. 1::: --c-, 2 *lzlr~ "~1/J" -r Q ;:. 1::: --c-~ 

J!g;o>?- A- ::;J Y ::~7"~ :h -c1,, G;:. I:: ;o>J'!-Cl&:hG --C-~ 0 -5. ~f;t, ;:. 0)7-A-::J Y-!f 

f;t~J!J~O) p Ji1'19 (t~ 1,, L, 3 3ii'r9) t~~J!,~O)~~ ~*Hh-i'r:b--lt-Cff ~ :hG t 0)--C-~ 

Q. ;:. 0) l -5 t~~J!,~0)7- A-::J:::,, 7"0)11J*l'l9t~,~l! I:: L, -c, JE'.J:i 1.3 f::tHt Q Jlilm

~JliO)fY[Jf:tt«-c, m}?Jri'f9t~,$ftf::b>JvUJ .l[-:);:. 1::: O)filESJJ ti ::k~liH~fffiHIIH~--C-'& t.::. ;:. 0) 

l -5 f:, 1 m}?Jr::k:illlG/mJ:10),!zfY[J--C-~ G J I:: 1,, -5 ~~fff/ji'r9t~'li.if ~f*-::, t.:: * * --C-~J!g 
~7-A-::JY:'.7"--C-'&GiJ,? 1:::1,,-5 1~~0)t'ft£roi~J iJ,, *fm--C-~«G l-5 f: 1~G 

f_iO)~~iJ,-t5t:ft'Mf:t¥tE-rG;:. I:: (~~5J";fijfffli) J f:l lJitJE'.i'r9f:filESJJ~:hG 1:::1,, 

-5 gf;J:, ~fff/j~fiij~i'r9f:J!'9K~\,\. 

;:.O)~--C-fi, JE'.J:i 2.1 O)i.iESjJO)ffl~~~«G. f-\:~§',~{21;: V ;o,m}?Jr::k:illlG/mJ:10),!zfY[J--c,~Q 

;:. 1::: ~i.iEaJJ-r 0 t.:: © i: ii, ~~, 

1. V(Qv) =/= 0 (Vv : Q O)~g) ;o>-:) 

2. V(Q) = 0 

I::: t~ 0;:. 1::: ~~~ tJ.tft~ ~ t~ 1,,_ ~ O)f.:: ©, m}pJr::k:llllG/mlfflO)lzfYIJ~lj.;t 0 f-\:~§'-~{21;:0)Je/,,{21;: 

1'19t~Ji:'.~:nw~~lj. x. 0 t.:: © O)~;tr--t~:ntt 1::: l, -c ii, oo~O) ,@}?Jri'f9t~a$ftf:;o,Jvt 1J .l[---:J l -5 t~ 
f*~i:J<t-r 0-t5ta$f4~ "-t5tt~" ii©t.::J:--c-, ;:.ni:110.x. -cff~O)::k:b.lJGl'f9t~a$f4tfflt IJ .lL 
-:)f*~O)-i'riJ,@f:t~ ~ t~1,, l -5 f:J:ic-t5ta$f4~ "fil <" 5§l© Q;:. 1:::--C-, fi ~:ht.::jl:@ 

•i'i~~~f2t;:1'19~ft~1&-QO)#m~--c-~0. ;:.0)~~~~~1:::~-~o:;;~~--c-••'9K~#, 
,L;,ff 0)$~~Jffi l,-CJ/,,{21;:i'f9f:~aJJ L, l -5. 

~~ 3.1 ([7, Proposition 2.1]). n 2'. 5 ~1%~, p ~~~,PE {p,2p}, l E {1,2} l:::90. 

bj,Cj (l-5:_j "5_ (n-3)/2), L ~, J.-)(r~rrMJt.::9~~1::'.90. 

1. 15- j t:J<f l, -C, P'bj + cj f;J: P I:: ~t~ 2 mod 3 ~~~--C-~ 0. 

2. 15- j f:J<j" l, -C, L /;t bjcj I:: ~--C-~ 0. ~ ~ f:, L O){:f·O)~E§~ l /;t 2 mod 3 ~--C-~ 
IJ, iJ,---::; zn /;t L ~~IJ IJW~t~1,,_ 

3. P O){:f•O) 2 mod 3 ~~E§~ q f~J<j" l, -C, 

j j 
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4- P =ft- ±1 mod 9 O)t!J}ii', 

j j 

;lJ, fix. l) lf. 0 . 

5. gcd(x, Y, z) = 1 7Jl"'J x3 + P'y3 = Lzn t tJ: G{fifO)m~O) 3---:J*il (x, Y, z) f:~L, 
-C, L O)&!),Q~izg~ l ;lJ>fftEVC, 

n-3 
-2 

x = y = 0 mod l 

(X3 + P'Y3 ) II (bJX2 + bjCjXY + c;Y2 ) = Lzn. 
j=l 

• ?k{tfc 1 · 2 fim~0)~~~5tMf:00T G *•®tJ:?k{tfc 

• ?k{tfc 3 · 4 fi 3P O)~~~f:OO'"t Gfi'uFJT®tJ:?k{tfc 

•?R~5~~~7J~AO)mMMR00TG*•®~?k~ 

1:d!) lJ' 

1. ?kftf: 3 · 4 tiJ:llcfi:~BB~iJ, <Qlq or <Ql3 J:O)fl°:EJ.#,(~#f---:Jt.:©O)?k{tf: 
2. ?kftf: 1 • 2 • 5 tiJ:llcfi:~BB~iJ, <Ql J:O)fl°:EJ.1~~#Ft.:tJ:1-t,t.:©O)?kftf' 

ttJ:"'.l-Cl.'G:: t"c';!!)G. Jl'DF)ri¥}tJ:?k{tfc~?k{tf'3 • 4 *1: "-t5tf:" §5J©t.:J:1:, ?k{tfc 1 • 2 • 

5 1:*•®tJ:?k{tfc~ "~ J:: < " 59:i©-Cl., Q, t i., 5 :b ft 1: 21!) Q. :: :: 1:, 3P t ~tJ:~~ v f: 
J'JT -Q <Qlv J:O)fl°:E_IR,(O)ffft lb 3{{.f:tJ: -Q 1: &!) 0 5 ;lJ,, Wti 6 *tit* <Ql( (3, P 113) /(Ql 0) Galois 

t!f iJ, 3 *~f:fJ;r=t--z: 21!) Q t i., 5 ¥-'fJ)K:!J'tili f: J:: lJ , :1J~A ( X 3 + P') ( x 2 + x + 1) = o ti!0 -r 
<Qlv (gcd(v,3P) = 1) J:O)M~tf---:J;: t;lJ,7t;lJ>-Q (cf. [5]). 

~-C, fri:!m 3.1 0) 5 ---:JO)?R{tf:O)r:j::11:lb, ~~~O) (n - 3)/2-*ll (bj,cj) f:~TG?R{tf: 1 t, 
m~ L f:~--r G?R{tf: 5 ;lJ!-~§ ~5 I< 1:&!) 0 5. w~, :: 0) 2 ---:JO)?Rftf:~ri/illt.:T J:: 5 tJ:,1-i; 7 

_-/..-~ bj,Cj (1 ~j ~ (n-3)/2), L O)i'JtflliHl}j;lJ\ ~:E.12.1 O)filES}jO)~"'(:'&!)-Q. 

* -r, ?k{tfc 1 ~ri/illt.:--rm~~O) (n - 3)/2-;fJl (bj, Cj) 7Jl (1m~f:) ffftT G:: t ~i, rlJcO) 
Heath-Brown t Moroz f: J:: G ~~5t11H:OO'"t G~:EJ.O)(i~®tJ:~*61:2!!) G. 

:JEJI 3.2 ([9, Theorem 1]). Jo ~m~f*~O) 2~~~f-] 3*~At l,, P,'Y1,'Y2 ~m~t 
T G. 2 ~~ 3 *~tJiA fo(px + "(1, PY+ 12) O){*~O)~*]}t,]~~ "(o t L, f(x, y) := 
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ro1fo(px+,1,PY+,2) t:t3<. ;::O)IJ'if, {i L, gcd(f(Zffi2 )) = 1 t.,:~f;t, f(Zffi2 ) f;'J:fi~O) 

*~~-a-t?. 
;: 0) ~ 5 f;:, ~lffitj~{iji'.19f;:J!'9K~\,Y1'J~ (~@JO)~iffi 1mifffe:km!GL!lOfflO)BtfJIJ--Ci:!!:i Qj t 

1,, 5 'liif ~{i-::i t-:YE::Ei. 1.3 O)fJIJ O)~~ ~lj. ;t Q /'; 7 ;,( - ?") 0)#1.f ~IDEB~'"t Q, .f-:h ~ O)Jt 

11i~WHFr'"t Q, i1!:i Q 1,,f;tJt#:i'.19f::ffiJnxT Qt 1,,-::i t-:~f;:, t~~t.,:MO)*~ (i:!!:i Q 1,,f;tt~~t.,:M 

O)m~) O)Jt1!iil1ilf;:t.,:Q t 1,, 5iHHt, ~~f;: t -::i--CJ!'9K~1,,~M--Ci:!!:i-::ik. 

;:: 5 t..,--C, YE:Ei. 2.1 O)filEB~O):kft~Jtfi, .L-:,{r0)$~f;:!lffl~~:hG. 

~M 3.3 (cf. [7, Proposition 3.3] for l = 1, [8, Proposition 4.1] for l = 2). p ~*~t L,, 

PE {p, 2p} ~ P cj. ±1 mod 9 t t.,: G ~ -5 f;:J&G. * t-:, 3 *#: K := <Ql(P113 ) 0)£,:zfs:lji~ 

iJ! E = a+ (3P 1!3 + ,P2/ 3 t t.,: Q ~ 5 i::m~ a, (3, I ~YE©, (3, I f;:r,t t L l ~ ~rO) ~ 5 
f;:Y£© Q. 

l := { 1 if (3 cj. 0 mod p * t-: fi (3 = 1 = 0 mod p . 

2 if (3 = 0 mod p iJ,-:J I cj. 0 mod p 

l ~ P t*t.,: 2 mod3 ~*~tTG. ~J:O)~Y£0)r, ~ ~f;:, ~rO) 2-:JO)~{tf'iJ!JJxl)}'[ 

"J ~ 5 t.,:m~ a, b, C t .i:Em~ m iJ1ff1.fT Q t -f&YE:T Q. 

1. l = NK;r;;_(a + bP1I 3 + cP213 ) (= a3 + b3 P + c3 P 2 - 3abcP). 

2. (a) l = 1 0):1:~if, 3-:::,0)!f~3Tlj (Ak)kEN, (Bk)kEN, (Ck)kEN ~ 

--CYE'.©t-:!l'if, ck= 0 mod pt t.,: G El~~ k fi#tEL,t.,:1,,_ 

(b) L=20):f:~ir, bmfip t*--Ci:!!:iG. 

;:: O)~, p O)ff'.i'.O)ffl~ n ~ 3 t' gcd(x, Y, z) = 1 '/Jl"J x3 + piy3 = zmzn t t.,: G{f'.i'.O)m 

~O) 3-:J~ll (x,y,z) f;:J<fl,--C, 
x = y = 0 mod l 

t 1,, 5;:: t ~ § -::i'L\,'G . .f-O)'.i'.'9K--C, $~ 3.3 Ii, ~~-~~f;: ~ Gn:'.fi. 1.3 O)~iEBm;:fJl:h 

t-:$~ 
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0)-iH~ f;: tJ.-::> --c 1,, Q. 

$Im 3.3 O)~iEaJH;t, *it®f;:f;t, Kummer f;: J: Q :iEJW~tt p f;:~9 Q p tl(O) Fermat rt.It 

O)~iEaA t !AJ,l3lH::, 3 tx..{;$: K = (Ql(P113 ) i::t:n:r Q ~ttO)Jt/W t lj!ttO)/Wffrf;:~~~ n-Q. ::f:O) 

~' K O)~ttO) p-1FPf~tl:ifi'i0~f;: tJ. Q ;o\ :: :hfi 

• Dirichlet, Dedekind f;: J: Q /Wffrl¥J~tt0rt 

• Cusick [4, Theorem 3] f;: J: G v ::¥' .:z. v- ::$<"- 0) r W. 

• Barrucand-Louboutain [3, Corollarie 2] f;: J: G Dedekind ( !mttO) s = 1 1:0)'\¥ltt 

O)J::W. 

• Barrucand-Cohn [2, Corollary 4.2.1] f;: J: G*ili 3 tl({;$:O)~tt0) 3-Pf~•tifUJEY! (cubic 

rational genus theory 0)-j'f~) 

~*Jlh-@-b-tt Q:: t 1:~iEaA1: ~ Q. -15, Kummer f;: J: Q Fermat rmO)l'f~:B'l¥JtJ.~iEaA1:fi, 

P3.lt!~f;:!m9° G1F'ffl'f;:ffl~tJ./Wffr;o!mf::tJ.-::>--C:S l'J, :: 0):: t filfflM/il¥Jf;: ta:§ f;:{ii9° Q~ 

~"E&!) Q. t,,;o, t,,, ~@Hi, t©d:: -5 ~~~~.lt!~©Wl*fila;::f~"E &!) Q. t 1,, 5 J: l'J, t©d:: 

-5 ~tii!c~M*fi~iHt ~ J; -51;: d;:~ I.::'"(~~ P' ~ ..t-¥ < iU,:: t iJ!JElffl 1.3 O)JE'.rt{~f;: 

~Qm1:&!) l'J, IAJ!fiff;:JElffl 2.1 O)~iEaJH;::sftG:fiffi1¥JtJ.ij;1 ✓ 1-1:ti &!)Q (cf. rt.It 4.1). :: 

0) J: 5 tJ. "~tt~ p i1!11¥Jf;:f.g~~Q" -¥?'!fi, Fermat rmtJ. t''O)lj~ G:ht-:~5E15~rt0)~ 

~m~~JE9 Q r"'~Jmi:: ft~m1: ~ tJ. 1i ,. -111:, ~~m~fil't-: tJ. 1i" &!) Q 1i ,ft.Jmm::k~~lfflO) 

ff{yfJ t 7J. G J: 5 tJ.-JIB!'. Fermat 15~rt~ffiifDZ9 G ~f;:f;t, ::f::hfJ. l'J f;:~11JtJ.-¥T!"E&!) 0 5 t 
~tffiWH~ t,,--c1,, Q. 

ii1ff;:, l = 1 O)t~-@-f;:$Jm 3.3 ~5Elffl 2.1 f;:~J:§9 G t-: © f;:f;i, ck = 0 mod p t tJ. G El 

~tt k O)jFf¥1:E~~iEaA9 Q !0~;o!&!) Q :: t f;:a:~ L, J: 5. :::nfi, ck mod p ;o! k 0) 2 tx..rt 

"Ed!) Q:: t f;:tl:~9° Qt, ::f: O)~JBUrti!; modp 1P¥-15~1~ t tJ. Q:: t ~litiJ0 ©:hfi+:B'1: &!) 

Q. {tt-::>--C, (fJtJ~f;f, [16] tJ.t"O) Polya-Vinogradov~O)~~rtiJ,Gl!\\G:hG) ~~9°G-'f-

15~J~O)~ ~ O)J::W.~75& L, t-:J::"E5Elffl 3.2 ~~ffl9 Q:: t f;: J: l'J, p)T~O)~{tf'~-@:--Crr/illt-: 

9°~tt¥ L = zm = (a3 + c3 P 2r O)t:f1:f~~iEaA1:~ Q. 

4 Ankeny-Artin-Chowla-Mordell ~~©*i.l! 3 ;~~ffi1~ 
iiff f;:, *ffi~~©ti5 Q f;: &!) t-:-'.) --c' J.l:115K~\, ,ffi~~-"'.)*Bft L, t-: \, '· 

ITTiltf;::JoftG5Elffl 2.1 O)~iESA"Efi, $Im 3.3 0)_±5ft0)~~11, ~f;: l E {1,2} f;:J: l'J~,@

:B'ft ~9 Q :: t iJ!:fiffia"JtJ. )j; 1 ✓ 1- 1: &!) Q. :: :ni:: im t,,--c, ~tr G ft.l;,(r 0) J: 5 tJ.rm~}L 

--c t-:. 

~lm 4.1 ([7, Conjecture 1.2]). p =f. 3 ~~tt t L,, PE {p, 2p} t 9 G. 3 tl(f21s: (Ql(P113 ) 0) 

¥*lj!tt;o! E = (1/3)(a + (3P 113 + "'(P213 ) > 1 t fJ. G J: 5 f;:~tt a, (3, "Y ~5E© G. :: O)lfif, 
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fJ cj. 0 mod p i):i)X: IJ }L"'.J. ~r:, ~- p 1' 3 f;:~ L,-n:i:, JE'.J:ll! 2.1 OJ l = lp fi'ffl'f;: l = 1 t 
l&:tl-G. *4 

r~ 4.1 fi, JE'.J:li! 2.1 OJ~{tf=i-t~OJ71v::f1J :AL. [7] iJ!{:f~OJ~a;xan 2: 5--C~fillaJfrn 

--Cil!>-0 5 t 1,, 5 ~~~ffl!.ill~iJ'6~ittt.:=b0YC:'l;t~\,\ . .:::nfi, tCfOJ~ 2 .:j(#: (~1,,f;tP:1 

!t!J:!!:) f;:lffl-t G r1:tWJ.1¥J~*m71tr~O)*Jjj 3 .:j(#: (~1,,f;t Q((3) f;:f-t!lmT GffiP:l!t!J:!!:) ffi{tl--C 

ii!> Q. 

~Mt 4.2 ([1] for p = 1 mod 4, [11] for p = 3 mod 4). p I 2 ~-- t T G. 2 .:j(#: 
(Q(p1/ 2 ) 0)£*lji•i)! E = (1/2)(0: + {Jp1f 2 ) > 1 c'. fJ. Q ~ '? f;:ma a, fJ ~JE'.© G . .:: OJl!if, 

fJ cj. 0 mod p iJ!fflt IJ }L"':J. 

't tJ. ~f;:, -y~ 4.2 fi, p = 1 mod 4 OJii-@i-fi p < 2 • 1011 --C~!iErtf ~ [20], p = 3 mod 4 

OJii-@rfip < 107 --C~!iErtf~ [10] t::.'7c5--Cd!>G. -1], ~-"?0)-y~ 4.1 fip < 105 --C~!iErtf 

~--C&!>G. L,iJ,t,, .::OJ.cfOJr~~-fi~~f;:~IJ "{~ll:'.,G" ~f;:fi,J;l.rOJ.::tf;:ti:~TG 

!0~iJ!il!) G. HP't, fJ mod p iJ{{0, 1, 2, ... ,P - 1} OJ45-fi~l&G "lit?¥" iJ! 1/p --C ii!> G t {& 

JET Qt' p < X 0Jffilffif;:f¥1=1:T GIJcrf~O)Jxf~fjO)@lafii'el!-"< 

1 L - = O(loglogX) 
p<Xp 

ffl~~~~LL-*5.::t--Cd!>G. 7cOJk©,kt~-*~@aOJ*~~--~~L-LL~T 

~~afii¥Jf;:~~--c ~ t.: t L- L lb, heuristic iJ, 6WW'.F~ :tl-GJxfjlJOJ@aOJL:WiJ!7c lb 7c lb 1F 
'ffl'f;:1J,~1,,f.:©, "~~ t .::OJr~fiiEL,1,," t1,,'5fit{8~:fc!-HffE1,,0)--Cd!>G. 

-1J, rf~ 4.1 -'?r~ 4.2 OJ~ 5 tJ.fJ[~fi, p ~v~ .:z. v-?"--'? (p ~) L MaOJt~~{i 

OJ modp 1Ffi'fi!ix t l, Lm~-t:nfi, ~ IJ -~OJ{-1;:a#: (*a p iJ!IJflo/til!zT G "@'tii¥JtJ." ~ 

!iN.:j({-1;:a#:) f;:~ L, L lb ~l{tl~~JE'.rt{~--C ~ G fii"--C ii!> G. lb L,, T~ 4.1 -'?r~ 4.2 ~ 7c OJ 

~ 5 t1.ff3--c-t5tf;::-~{~--c ~ :nfi, L!2 heuristic iJ, 6 Mff ~ :tl-G 7c :n 6 OJr~Mf;:JsJ-'"t G 

&:fftlOJ@aOJL:W~ffi~1,,f;:~-'?T.:: t iJ!--C~ G t.:©, L~O) ~ 5 t1.a1i~,iRf;:lfflj" QJC,,J:ll! 

1¥JtJ. r.,ilffl~~;fD--C ~ G --c il!> 0 5. *5 * t.:, ::. 0) ~ 5 f;::.cflliJUJ.a{i~,iRiJ!P]fj~tJ.r~Mfi, {-I;; 

a1¥Jmall®OJOOE1 ~ . ~Ji!'/,~~ f;: "W~~i){~~f;:.cf--cM!I! ~ L ~ L gj§ei¥Jf;:3{1.--::5 <" L--C lb 

~it~--C ii!> Q t -~ 5 . 

*4 -tJ, P = 31.:J-tL,-r:fr,.1!! 3.3 'a:'.ilffii""o t, P = 3 tJGli i = 2 tt:i:oiJ1 P = 6 tJG!:l'. i = 1 ttJo. 
~ 0 -r:, P = 6 'a:'. ffi1,, o ;: I:'. c.', 3 OJ{:ff!'.OJffi~ n 1.:tt L, -r:, ~p!Jsi'Jf n ~-'JLOOBBlJROJrnl/iJi:kiilxllll:Jlll.OJ&{jlJOJ 
~ilH1iUfl\lo. 

*5 ;l>':,o1,>/i, t L,&~JiJ!ffiJt:kl.:J\biJ>nl:l'., ~nGOJ,/;JlJlU•f'1HJl,~j"ofJ/:'.'L,-r:, rr&! 4.1-?rr&! 4.2 O)jz{jlj 
OJ;J1Jll{1.:ffiffi"'t'~oil't L,:ntJ1,,. fih-r:, nOJrr.EliJ1:iEL,iJ,6 -5 tIEL, < tJiJ,6-5 t, ~nG'a:'.-~fr.i""o 
ftiili;l>':, o tifl.' ;Jf:, o. ;: OJ~ -5 1.:, ~Fm't.:!jsj,~tJJ;!)}i'iOJ"5~iJ, G1=. ~ nt;:~:,j<~tJrr&! 'a:'.~ t) -~OJJ;!)}i'it.: 
m~L,-r:1,,<:: tl.', n0Jrr&t1.:J-ti""ollll.m'a:'.m1().l)-r:1,,< 1:1,,-5!vf~-'f~ -m~ftr"Ft:t, ~"FOJ9""'t'M&~iffiti 
-?~iffiti~fpJ OJ ffll.@.:l!lf\'!'ft~flfH~l.' tit~ 1, ,tt 6 -5 iJ,. 
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