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d'J Q j~i~ ~ t--:)~wul¥J00~0)t$dli~lffl O)a~~rJ[t:J-J-9 Q ffi-=.fi 
Volterra ~ffl?t:15f_¥~0)Mt:--:) t,' t 

~~m*~*~~~n~~~~m~~· Wffi ~A 
Hideto Iwata 

cp(n) 'a:: Euler 0)1?,!jMil(t L,, 

Graduate School of Mathematics 

Nagoya University 

E(x) = I cp(n) - ~x2 
n:5.x 

(1.1) 

'a:: cp(n) O)'ff]/:::l?,!lt"0l$iJlf:0;i;l;;O)i~,&JJ[tt"0. J.Kaczorowski, K.Wiertelak /i~,&JJ[ E(x) 1:::xfl,-C)XO)ffi=fi 

Volterra lfJJii:B-::fHiA':i:::'ij~, M F(x) ':i::.>1<&':lt:: ( [1] ':i::~ml). 

F(x) - l 00 

K(x, t)F(t)dt = E(x) (x e'. 1), 

t:: t::. L,, K(x, t) Ii 

{
1/t (O<t:o;x) 

K(x,t) = 
0 (1 :,'.; X < t) 

1:.t:>011:B-~t t" Q, 1 f;:, {:f:jj'.O) x e'. 0 1:::.tf L,-C 

f(x) = - f µ(n) {:::} 
n=l n n 

t t" 0. td::. L,, µ(n) Ii Mobius 1?,!!M&c·.ti I), {x} = x - [x] li~M& x 0)1J\Mil(fr~:B-':i::~T t, 0) t t" 0. 

:lE'.:EI 1.( [1], Theoreml.1) :151'.',[A (1.2) O)f§/i(/i 

F(x) = (f(x) + A)x 

tt..:0. td::.l,,A lif:f:~n".Milett"0. 

(1.2) 

(1.3) 

(1.4) 

lffii/..Jt [1] 1:/iffiil'::nfiA (1.2) 0)-~Ef(Jt.,:f§/i(/i F(x) = xf(x) 1:.t:, 0 t ,j:-::, -C 1,, 0 i,){, © G < Ax O))J[i,)ttJU1-c1,, 

0 t J!(:btl,0. J.Kaczorowski, K.Wiertelak i,){fr-::, f;:J:lJi:lO):'ij~':i:: Euler 0)1?,!jMil(J;J?'f,O)Mil(lffii!Ef(Jl?,!JMil("l:fr-::, f;: t :=: ~, 
.t:>0~iffiO)•f'!'il[':l::t,-::>Mil(lffii!Ef(Jl?,!JMil(O)~,&JJ[/:::-::>1,,-c, n".J1!.1 t~,/tJO)*,'/~h{JJJGltt"0::: th{:B-h•-::it::. -'E-tl,GO)*,'/ 

~0)-/Bl,H~t L, -c, )J\O)n".J1!.':i::~;'ii!/:::-cj(j~ L, t::. 

,E'.:EI 2. {a(n)} 'a:: 

Furocho, Chikusa-ku, Nagoya, 464-8602, Japan. 

f, a(n) = ka < oo 
L, n2 
n=l 

(1.5) 
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b(n) = L a(d)~ 
din 

f: L}E~~ :rt,6~llifufl9~~t T 6. X---> 00 0) t ~, 

L b(n) = M(x) + E1 (x) = a:Y' + o(:Y'), 

M(x) := ax2 

E1 (x) := L b(n) - M(x) 
n:5.x 

t i" 6. :. 0) t ~, E1(x) /:;l'-ti" 6 ~?{O)ffi=:¥1 Volterra ll<JJft5t1Hi~ 

F(x) - lx t-1 F(t)dt = E1 (x) (x <". I) 

O)/§li1 F(x) /;l:g,Jf!.\~:a:11.i<< x /:;\"sj"l,--C, -n20) 3 -:JO)x!.\JEO)--r 

F(x) = (f(x) + A)x + kax2 - ka :Jc 
k-1 

t t,t6. t::ti l,, A /;l:{f~O)~~~---ea1., tJ, f:f:~O) x <". 0 1:tt l,--C 

f(x) := - f a(n) {:::} 
n=l n n 

ti"6. 
r.!tl'E: 1. ~~ F(x) /i1§~.l,!IZFai1:--c~~t.(:a:~,,--cl%!(:B-oJl'l~c·a1.>6. 
r,!l,:g 2. ~~ F(x) /ilZFell (0, oo) /: --C Lebesgue m3/ilro.Jffi5tc.'a1.i 6. 
rJ!,:g 3. ~~F(x) /ix!.!JE 2 Hllit::i"~~t L,, ~ G/:,g.g,Jf!.\~N /:;\",tl,--C 

I -i dt 
IF(t)ll log tlN - < oo 

O t 

:a:iillit::i"ti"6. 

(1.6) 

(1.7) 

(1.8) 

(1.9) 

(1.10) 

(1.11) 

(1.12) 

L,;ip L,l!JiJJ'iU'fl~1&. :tz:~;k'FO)~*t'l::t%1'.iJ, G ~flf: (1.5) O){B(JEO)--rc.'li, JEt£ 2 Ii k = 2 O)i:;1%0).7}. l, iJ,:a!r ;z 
G:tt,t.t,' t ,, -5 HiffiiBH:J-t::. ~ G 1:, t.!lJE 1-3 Hl-i":. t t, tf:l*6 t O)H/ffiiBH:J-, J-.ai:JO)JEJ:ll!'a'.~?{0)%/:i!'x:Eli" 

6:. t iJ!tf:l*t::. 

,:gij1 3. {a(n)} 'a: 

f, a(n) = 2a 
L.... n2 
n=l 

:a:iillit::i"~~~f@~llifua-(J~~ti"6. t::tiG,a 1Uf:~O)~~~ti"6. H::, {b(n)} :a: 

b(n) = L a(d)~ 
din 

f:L}E~~:rt,6~llifufl9~~t T 6. X---> 00 0) t ~, 

L b(n) = M(x) + E 1(x), 

t::fil,, 

M(x) := ax2 

E1 (x) := L b(n) - M(x) 
n:5,x 

(1.13) 

(1.14) 

(1.15) 

(1.16) 

(1.17) 



182

l x dt 
F(x) - F(t)- = E 1(x) (x;:,: 0) 

0 t 
(1.18) 

F(x) = (f(x) + A)x (x ;:,: 0) (1.19) 

f(x) = - f a(n) {::} 
n=l n n 

(1.20) 

t "t 0. 

1;!,l,l:'. 1 'a::7'!-T;: ti-'.i'tf:\*0;: t 1::-::i,,--c Ii, 2 :!(,:O),l:'.l',13 O)aiESJMml:B--e~-"-0. 1;!,l,l:'. 2 1::-::i,,--c Ii, f(x) O),E'.~ 

A (1.20) li~{if' (1.13) 'a:::j!§'Nf't 0 t, 
'\7 a(n) [x] 

f(x) = -2ax + L,----;;- -;; 
n~x 

t i!Pt 0. J:: -c, --C, 1;!.l,l:'. 2 1i7'!-T;: t 1,1'tf:\*0. 1;!.l,l:'. 3 'a::71-T;: t 1,1'tf:\*0;: t 1:: -::i,,--c Ii, ~~ F(x) 1,1'7Jf_',l_,'(; 

(1.18) O)M'T:ili:i0 t ~. (1.18) l::i'31t03:frH~~N 

Ix dt 
Jim F(t)-

tc:---+O+ E t 
(1.21) 

1,1!::('j(tf"t 0 t ,, -5 ~O;t:-eM~"t 0;: t iPGtit?. 

,H:, J.Kaczorowski, K.Wiertelak Ii~>( [l] /::;JS,,--cffl:frn1'_¥.;cl'.; (1.2) O)M'a: (1.3) U§,,--c~ l, tdi, )j{O)fm/:: 

~~JJ:i E(x) 'a:~ lA:. 

'.iE'.:EI 4,( [1], Theoreml.2) x;:,: O /::J-t L, --C, 

(1.22) 

t"t0. ;:O)t ~.E(x) li)){O)J:: -51::1tM~tL0. 

E(x) = EAR(x) + EAN(x), (1.23) 

tdi.G, 
1 1 

EAR(x) = xf(x), EAN(x) = zg(x) + 2 (1.24) 

-r: iii:, l'J, f(x), g(x) /H· tL-'ftL (1.3), (1.22) c'-9-X. G tL0 t 0) t T 0. 

EAR(x) 1:: -::i,, --C Ii (1 .4) 1:: $It' --C A = 0 t l, --C It' 0. EAR(x) t EAN (x) 'a: "t" tL-'f tL E(x) 0) arithmetic part, 

analytic part t ~,~~- J.Kaczorowski, K.Wiertelak Ii EAR(x) t EAN(x) O)"t"ti,.:fti,1::-::i,,--c !1-M{iffi'a::ffl.--C,, 0 ( [1], 

Corollary 1.4., Theorem 1.8.). lfilS}lO)ff*ill/::-::i,,--c/i~)t [1], [4] 'a::~~l,--CJJ:i~t;:l'. 

~ G /:: 2012 ,If/:: J.Kaczorowski, K.Wiertelak li)){O)*,!/;~'a::ffl.--C ,, 0 ( [2] 'a:~~). Non-principal t,t~ Dirichlet 

:j:~,ffli x (mod q)(q > 2) 1::J~- l, --C, twisted Euler cp ~~ cp(n,x) 'a: 

cp(n,x) := n n (1 - x(p)) 
pin p 

x2 
E(x,x) = I cp(n,x) - 2L(2 ) 

n~x ,X 
(1.25) 
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t l,, 

( ) {
E(x,x) (x r/. N) 

E1 x,x = 
½<E(x-0,x) + E(x + 0,x)) (·N>ft!l) 

t T .:5. :::. :::. -r:, L(s,x) lix /::{'Jll)gt" .:5 Dirichlet L-ll,!J~ t T .:5. "2' /:, f::, 

{o (x E Z) 
s(x) = ½ _ {x} (-'t O)ft!!) 

:::. 0) t ~, E1 (x,x) t::.xt VCXO)ffi=ffi! Volterra ~fi:frJ'Jf:',l_o't 

F(x,x) - l"" K(x, t)F(t,x)dt = E 1 (x,x) (x ~ 0) 

{
1ft (0<t:o;x) 

K(x,t) = 
0 (0 :o; X < t) 

--r:~.:51'.i:fr~tt".:5. :::.O)t ~, ffi:fr:1H.ltt; (1.30) 0)/lfli[/i)JZO)J:-"> t::t.i:.:5. 

:lE'.:E! 5.( [2], Theoreml.1) :151sl:i-\ (1.30) O)f!l/j1/i A '3':{f:iUi:'.~ t l, --C 

F(x,x) = (f(x,x) + A)x 

(1.26) 

(1.27) 

(1.28) 

(1.29) 

(1.30) 

(1.31) 

ilift>C [2] --r:1t~)ffi:e9t.i:f!lli1/i F(x,x) = xf(x,x) tjfi,pti,--c1,,.:5i,);, >i"li tJ (1.4) /U:l/:J-.:5i'±Jffi:i,);fq]~/::t.i:"2!n.:5 t 
}l!.tbn.:5. "2! /:,/::, (1.31) f::t:,1,,--c A= 0 t G, ~)'.( [2] ··-eli)JZO) E 1(x,x) O):frf!l/i1'3':~--Cli'.:5. 

:lE'.:E! 6.( [2], Theoreml.2) x ~ 0 f::)(\f l, --C 

1 
EAR(x,x) = xf(x,x), EAN(x,x) = zg(x,x) 

--r:~ tJ, f(x,x), g(x,x) /i-'tn-'fn (1.28), (1.29) f:: J: tJ lfft...,::, n.:5 'i:> 0) t t" .:5. 

R(x) = E 1 (x) - (f(x) + A)x 

'3':~&t".:5.*f~:E!3'3':fil~T.:5~~~t:J,*0)2~0)M■ '3':•fi-t.:5. 

MIU . .ff:jffi'.O)_i[O)~ X t?l~~ A /::;l't l,, 

R(x) = - lx f(t)dt - Ax 

(1.32) 

(1.33) 

(2.1) 

(2.2) 
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~iEBJ.l. 1-f, 00~ R(x) 1if:f:~O) x;;,: 0 f:M l, "OU,'ft:il>'> G . .:. 0).:. t ii x = 0 t x 7J'§ft,\~'a'.i!B< < ~~f:M V-C 

Ii§ BJl1:il>'> G. N 'a'. §ft,\~t L,, ;\W(~ (1.20) 'a'. 2 ---JO)fQf:5t1t G.:. t "C, f(x) 0) x = N f: ;B tt Gti:@E~jt ti::@E~.&iJ' 

•Ui'fn 

f(N + 0) = - f a(n) {N + O} 
n=l n n 

f(N-0) = - f a(n) {N-0} 
n=I n n 

{ N+O}-{N-0}={0 (n{'N) 
n n -1 (n IN) 

f(N + 0) - f(N - 0) = I a(n) = b(N). 
nlN n N 

R(N + 0) - R(N - 0) = (E1 (N + 0) - E1 (N - 0)) - N(f(N + 0) - f(N - 0)) 

= b(N) - N. b(N) 
N 

=0 

t t,t. IJ, R(N - 0) = R(N + 0) = R(N) iJ,fj -5. J:--:, "'C, 00~ R(x) 1if:f~O) x;;,: 0 f:M L, "'C i!~"Cil>'> G. 

;;l{f:, x 'a'. §ft,\~--Ct,t.,,_i_EO)~~t T G . .:. O)~{lf'O)T, 7E~:i-\ (2.1) O)ji'1))22 H'&?tT G t, 

d d 
dxR(x) = d)E1(x)- (f(x) +A)x) 

= :x E1(x) - xf'(x) - (f(x) + A) 

= -M'(x) - xf'(x) - (f(x) + A) 

= -2ax - xf'(x) - (f(x) + A) 

t t,t. G. § ft,\l,(--Ct,t.,,_i_EO)~l,( x f:M L, "'C, {x/n)' = 1/n ( [1], p2691 'a'.~~), ,&'(f (1.13) 'a'.:'ijl\! L,, (1.20) O)filu)ll 'a'. 

1JlftfrTG t 
, f, a(n) 1 

f (x) = - L. - · - = -2a 
n=l n n 

ttJ:.G. R(0) = 0 t R(x) O)J!~•li'a'.:'ijl\!'tG.:. t--C, 3':"'CO) x;;,: 0 f:X°tL,"'C (2.2) iJ,fiJG_j'[TG. □ 

filllm2. G(x) 'a'. [0,oo) J:--C-7E~i,;tl,f::f;!lj!~l,({[ll00l.{t L,, f:f:~O) x;;,: 0 f:ML,"'C 

G(x) = Ax 

ttJ:.Q. 

(2.3) 

(2.4) 

(2.5) 

filBJ.l. {f~O) x;;,: 0 f:.N l,"( (2.5) 7J' (2.3) t (2.4) Hllit:: T.:. t liBJF, 7J'C'd') G. j@/:, {:f:~O) x;;,: 0 i=N l,"( 

(2.3) t (2.4) Hllit::i""OO~ G(x) 'a'.{f~1:t1EG. (2.3) t (2.4) 1: J: IJ, 00~ 

l x dt 
G(x) = G(t)-

o t 
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ritz:Fsi [O, oo) /: --Cl&;~c: i.19 Q:. I:: iJifJE;,. tlt-::i --C, {l:}/t (2.4) 'a::-&! 5 :. I:: c·, ~M& G(x) ri tz:Fell [O, oo) f: --C C1-;fi/k I:: 

t.i:Q. (2.4) O)]ildJll'a:'.1l'/j(:fr'tG :.1::-r:·, x > o 1:Mt..,--c 

G'(x) = G(x) 
X 

I:: t.i: G. J: -::i --C, {f:J&'.O) x > 0 1:x,t l.., --C G(x) = Ax I:: t.i: I), G(x) O)l&;~•~iJs G{f:J&'.O) x <'. 0 1:xt l.., --C (2.5) iJ'fflG:\LT 

G. □ 

>E'.fl 3 O)filBJl. 1 f, F(x) 'a'.~{4' (1.21) Hllitc: T Volterra 1Wffl:fr:.1:J11lA (1.18) 0)/lfljt I:: T G. (2.1) I:: (1.18), (2.2) 

lx t-1(F(t) - tf(t))dt = F(x) - xf(x) (2.6) 

G(x) = F(x) - xf(x) (2.7) 

(2.8) 

I::~~~ ti,Q. tiliJi!.!! 2 'a: ffl1,, G:. I:: c: (2.5) iJiffi, G :ti, (2.7) 1:{.1i;A T G:. I::,: J: I) /1flit (1.19) iJif~ G ti,Q. t.i: as, 1 :!(rt 

c:~"'-tdi:'.:EJI! 2 O)~JE 1 ri (2.6) iJ' G (2.8) 'a::~< tc:&'.l/:~ t.., tc:~f4c·i.19 Q iJ,, tiliJi!.!! 2 'a:: m,, Q:. 1:: --r:~JE 1 'a:'.Jf

-i± Q :. I:: iJif,l/: ? . 

~/:, F(x) iJ, (1.19) O)~O)~M&l::TG. :.0)/:: ~, :.1:JWA (1.18) O)RJllri 

lx dt lx 
F(x) - F(t)- = (f(x) + A)x - (f(t) + A)dt 

O t O 

= (f(x) + A)x - lx f(t)dt - Ax 

= xf(x) - lx f(t)dt 

tt.i:Q. JE~;i;\'.; (2.1) l::tiliJi!!'! 1 'a'.ffi\;'Q:. 1::--r:', 

xf(x) - lx f(t)dt = xf(x) + R(x) + Ax 

= xf(x) + (£1 (x) - (f(x) + A)x) + Ax 

= E1(x). 

tlt-::i --C, (1.19) 0)~0)00M& F(x) rH:t 0) x <'. 0 /:x1L., tffl:fr:.f:JW;i:1'.; (1.18) O)~/j1/::t.i: G. OOM& f(x) /i~llJffOc:i.19 G 

:. I:: 'a::~ JJl't G I::, /1flit F(x) iJ,~{4 (1.21) Hllitc: 't:. 1::t, :friJs G. 

::,'(itJ: [5] O)JJ[§ 2.1.50 /:t,1,,--c, A:= -1,,l := O,µ := -1,f(x) := E 1(x) I:: 't:tLli, Volterra lWffl:fr:.f:JW;i:1'.; (1.18) 

0)/lflitri (1.19) 1:-:l&"t G;:: 1:: iJilitiJ,&'.J G ti,Q. -r O)~, ;jzO)'Jlfl§ 'a: ffii,, G. 

E2 'a: tz:Fell [O, oo) /: t'.il,'.~~ :tLG~~M&fi!~M&I:: l..,, ff:~O) X <'. 0 /:x,j" l.., --C 

l x dt 
IE2(t)l 2 < 00 

0 t 

l x dt 
F(x) := E2(x) + x E2(t) 2 

O t 
(3.1) 
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ri Volterra l!;Jffl:5t:151'!i!A l x dt 
F(x) - F(t)- = E2(x) 

0 t 
(3.2) 

l x dt 
IF(t)I- < co 

0 t 

ffl:B-:151''i!A (1.18) O)~,'fJ?Mit!iJ' (1.20) >a: ffl\, ,-z: ~ ~ ti6.: t 't, (3.1) >a:-&! '.5 .: t c:]l[t> 1:1tt '.5. 1.., iJ, L.,:,fs:f/ibc:li!E 

lll! 3 O)filBJn L, -Z:, >(Mi; [5] O)J'.1:i: § 2.1.50 1:11a~0)0A >a:-&!:bT, ~{,il,:fl(J/:/§li[>a: (:'.'O)j'!JH:i'i/1~9 6 i,)>i,)>BB!ilt.i:-=ni 

'a::t'lE-:if::_. 

J.Kaczorowski Ii 2013 ,$/:, )j(O),EJ:l[>a:tiEBBL,f::_ ( [3] >a:w:!ffi). f!!Dlllta s = CT+ it(CT > 1) 1:xtt.,-z:, i¾!lxtl&J:R 

9 7-iffll~lUil: J:: l:J !E~~ tl,f::_ Euler fi~)J[,:1;; F(s) 'a: 

d ( a (p))-1 
F(s)= nFp(s)= nn 1--1-, 

p p 1~1 p 
(4.1) 

i,J,~_j'[9 6 J:: 7 /:l"lE6, .: 0) t 'e:, d 'a: F(s) 0) Euler degree t 1.,, 7, (4.1) O)Mc:-~ ~ tl,7., Euler fi~JJ[A F(s) /:~t 

L, -Z:, Euler 0)1',.!jaO)~Jl',tfr;c:'a!) 6 

'a::~~6, tdii..,, n ri§ft.\at 97.,, 

rp(n,F) = n n Fp(l)-1 

pin 

(4.2) 

t.i:JS, F(s) = ((s)(Riemann zeta l',.!la) t 9 6 t (4-2) ri Euler 0)1',.!j• rp(n) t t.i: I), F(s) = L(s,x)(Dirichlet-L l',.!la) 

t 9 6 t (4-2) ri twisted Euler rp l',.!la rp(n,x) /: ~3&9 6, \, 'TtiO)•,%'t Euler degree i,J, 1 O)•,%/:fEf ~9 6, .: 

0) t 'e:, )j(i,J,~_j'[9 Q, 

,E'.J:1[ 7( [3], Theoreml.1) Euler degree i,J>d 'c'a!)6 Eulerffl~1J'[A F(s) /:ttG-Z:,x ~ 1 O)t 'e: 

I rp(n, F) = C(F)x2 + O(x(log 2x)d) (43) 
n~x 

i,J,~_j'[97.,, tdil,, C(F) ri Eulerffl~~A F(s) 1:{&1'¥961Eac:'a!)6, 

~;/&O)li/f~w!Hl! t i.., -Z:, Euler degree i,J, 1 0).,%/: ;t:, r16 l®ila:0A (43) 0)-~JJ[f:xt l, -Z:, J,Kaczorowsk:i, 

KWiertelak i,J>mfl!:>C [1], [2] c:fi-:i f::_ffl:B-:151'!i!A'a::~ ~. ~@J1~f::_fEff 3 t [q],jfO)ilii'f*H~f::_ 1.,, t~ ~ -z:-1.,, 6. 

2020 ijo)l'. RIMS ;!:!;[q]li/f~ rmttrfl9~-mfl!O)~~tffiFpiJil.!!J /:t31.,,-z:iljijni[O)~~'a::lj.~ -z:--r~\,'* L,f::_li/f1'G{~~ 

~O)~HR%~liif1'G~~~~O)$·~-%~.&affl~~80).l)>a:ffiML,-Z:m'e:•40)M~>a:--r~-:ikft*• 

**~~.:O).'a::$ffil:Jl,-Z:~(-~$L,~~*9. 
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