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Abstract

‘We study various classes of strongly continuous one-parameter semigroups which
are generated by abstract versions of linear Calogero-Moser-Sutherland Hamiltonians
for arbitrary root systems. These Hamiltonians contain modifications by exchange
terms and can be written in terms of Dunkl operators. The semigroups under con-
sideration include the generalized heat semigroup and the Schrddinger semigroup
related with the free abstract Calogero Hamiltonian, as well as the semigroup gen-
erated by the Calogero Hamiltonian with harmonic confinement. The latter one is
closely related with a Dunkl-type generalization of the classical Ornstein-Uhlenbeck
semigroup.

1 Introduction

In recent years, quantum many particle models of Calogero-Moser-Sutherland (CMS)
type have gained considerable interest in theoretical physics. These models describe sys-
tems of identical particles on a circle or line which interact pairwise through long range
potentials of inverse square type. They are exactly solvable and are therefore of great
interest for the understanding of quantum many body physics. CMS models have in
particular attracted some attention in conformal field theory, and they are being used
to test the ideas of fractional statistics ([Hal, (Hal]). While explicit spectral resolutions
of such models were already obtained by Calogero and Sutherland ([Ca), [Su]), a new
aspect in the understanding of their algebraic structure and quantum integrability was
only recently initiated by [Po] and [He]. The Hamiltonian under consideration is hereby
modified by certain exchange operators, which allow to write it in a decoupled form.
These exchange modifications can be expressed in terms of Dunkl operators of type
Apn_1. Dunkl operators, as introduced and first studied by C.F. Dunkl ([D1], [D2]), are
parametrized differential-reflection operators associated with root systems. They extend
the usual partial derivatives by additional reflection terms. Besides their important role
in the context of quantum integrable many particle systems, Dunkl operators provide a
key tool in the analysis of special functions related with root systems. In the present
paper, we study several classes of one-parameter semigroups which are generated by sec-
ond order Dunkl operators. These operators can be seen as abstract versions of linear
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CMS operators which are associated with arbitrary root systems and are modified by
exchange terms in the sense of [Po]. After a brief survey on Dunkl operators in Sec-
tion 2, the connection of these operators with quantum Calogero models is described in
Section 3. We then turn to the basic one-parameter semigroup in the Dunkl setting,
namely the generalized heat semigroup introduced in [R1]; it is discussed in Section 4 on
various function spaces besides (Co(RY),||.lc). When considered for imaginary times,
the Dunkl-type heat semigroup in a suitably weighted L2-space leads to the solution of
the time-dependent Schrédinger equation for the free quantum Calogero model. This is
contained in Section 5. Finally, the last section is devoted to the semigroup generated
by the Calogero Hamiltonian with harmonic confinement. It can be interpreted as the
Dunkl-type version of the classical oscillator semigroup, and is closely related with the
Ornstein-Uhlenbeck semigroup studied in [R-V).

2 Some basic facts from the theory of Dunkl operators

Let R be a (reduced, not necessarily crystallographic) root system in RY, i.e. a finite
subset of RV \ {0} with RNR- o = {:a} and 0,(R) = R for all @ € R. Here o, denotes
the reflection in the hyperplane orthogonal to a, which is given by o4(z) =z~ (e, z) - 2,
with (.,.) denoting the standard Euclidean scalar product. We hereby assume that the
root system R is normalized, i.e. |a|? = 2 for all @ € R, where | .| is the Euclidean norm.
We further denote by G the finite reflection group generated by {o4, @ € R}. A function
k : R — C is called a multiplicity function on the root system R, if it invariant under the
natural action of G on R. We fix some multiplicity-function k on R, which is throughout
this paper assumed to be non-negative, i.e. k(a) > 0 for all @ € R. The Dunkl operators
on R¥ associated with G and k are defined by

Ti(@) = s (&) + 3 Ha)a L L(0a2)

A @, )

where R, is an (arbitrary) positive subsystem of R, i.e. (@, ) > 0 for some 8 € RY and
all « € Ry. The operators T; can be considered as a perturbation of the usual partial
derivatives in the parameter k, and many properties of the usual partial derivatives carry
over to them ([D1], [D2], [dJ]); here we mention only the following ones:

(i) Theset {T;, i =1,..., N} generates a commutative algebra of differential-reflection
operators on RY.

(ii) The operators 7; are homogeneous of degree —1 on the space IIV := C[R"] of
polynomial functions in N variables, i.e. if p € IIV has total degree k, then T;p
has total degree k — 1.

(iii) I f € CF(RY) with k > 1, then T;f € C¥~'(RV); moreover, if f belongs to the
Schwartz space #(RV) of rapidly decreasing functions on RY, then also T}f €
S(RN).
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Of particular importance in our context is the generalized Laplacian, which is defined by
Ay =N T2 1t is given explicitly by
Ap = A+ ) k(e)s (2.1)
aER

with
_ (Vf(z),a) f(z)—o0af(z).
fE@) = =0 T e

here A and V denote the usual Laplacian and gradient respectively.

2.1 Ezample. (Dunkl operators of type Axy—_1). These belong to the symmetric group
G = Sy, which acts in a canonical way on R by permuting the standard basis vec-
tors ej,...,ey. FEach transposition (ij) acts as a reflection o;;, sending e; — e; to
its negative. On C'(RM), g;; acts by transposing the coordinates z; and z; with re-
spect to the standard basis. The attached root system, of type Ay_1, is given by
R = {e;i—ej, 1 <4,j <N, i# j} Since all transpositions are conjugate in S,
the vector space of multiplicity functions on R is one-dimensional. The Dunkl operators
associated with the multiplicity parameter k € C are given by

1__ o
TS =8 +k Y ——2 (i=1,..,N),
j#t

and the generalized Laplacian is

s _ 1 Ay 1—o0y

Af = A+2% 1s§s~ P [~ — a:,-] .
The Dunkl theory provides also a counterpart to the usual exponential function, called
the Dunkl kernel Ei(r,y). For each fixed y € RV, the function z — E(z,y) can
be characterized as the unique solution of the system Tif = v f (: = 1,...,N) with
£(0) = 1; see [O]. The kernel Ex(z,y) is symmetric in its arguments and has a unique
holomorphic extension to CV x CV. It satisfies Ey(2,0) = 1 and Ex(Az,w) = Ex(z, \w)
for all z,w € CV and all A € C. Moreover, E; has a Bochner-type representation of the
form

Be(z,7) = /R _9auk(e), forall zeC¥,

where ;;’I‘ is a compactly supported probability measure on R¥ with supp p':: being con-
tained in the convex hull of the orbit {gz,g € G}, see [R2]. It follows that |Ey(z,iy)| <1
for all z,y € RV, and that
inel¥®¥) < E, < {gzy) | 2.9

mine < Ei(z,y) < maxe (22)
In particular, Ex(z,y) > 0 for all z,y € RV. We mention that this positivity result was
first deduced in [R1] from the positivity of the associated heat semigroup. The Dunkl
kernel gives rise to a corresponding integral transform on RY with respect to the weight
function

w(@) = ] Kaya)4@.

acER4
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Notice that wy is G-invariant and homogeneous of degree 27, with the index

vi=qk) = > ko)
aERG

The Dunkl transform on L!(RY ,wy) is defined by
FHe =t /R  @)Bi(~it, 7) w(z)ds,
where ¢, is the Mehta-type constant
o 1= / e 1= 2y () dz.
RV

This integral transform has many properties which are completely analogous to those
of the classical Fourier transform. A thorough investigation is given in [dJ]. We re-
call from there that the Dunkl transform is a homeomorphism of .%(RY), satisfying
(T )5 = ifjf"(f). Moreover, it has a unique Plancherel-type extension to an iso-
metric isomorphism of L2(RM,uwy), which is also denoted by f — f". The inverse
transform is given by fV*(z) = f*(—xz).

3 Quantum Calogero models

We continue with a short explanation of linear Calogero-Moser-Sutherland models and
the relevance of Dunkl operators in their algebraic description. The Hamiltonian of the
so-called quantum Calogero model with harmonic confinement in L2(R¥) is given by

1

EErnd ey

He = —A+oPzf* + 2%k(k—1) Y
1<i<i<N

here w > 0 is a frequency parameter and k > 0 is a coupling constant. In case w = 0,
(3.1) describes the free Calogero model. The study of this Hamiltonian was initiated by
Calogero ([Ca]); he computed its spectrum and determined the structure of the eigen-
functions and scattering states in the confined and free case, respectively. Perelomov
[Pe] observed that (3.1) is completely quantum integrable, i.e. there exist N commut-
ing, algebraically independent symmetric linear operators in L2(RY) including Hc. We
mention that the complete integrability of the classical Hamiltonian systems associated
with (3.1) goes back to Moser [Mo)]. There exist generalizations of the classical Calogero-
Moser-Sutherland models in the context of abstract root systems, see e.g. [0-P1], [O-P2].
In particular, if R is an arbitrary root system on RN and k is a nonnegative multiplic-
ity function on it, then the corresponding abstract Calogero Hamiltonian with harmonic
confinement is given by
Hy = —Fp +w?z|?

with the formal expression

1

Fe=0-23 k() (ka) —1)(0—9:)—2.

a€Ry
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If R is of type Ay_1, then ﬁk just coincides with #H¢. For both the classical and the
quantum case, partial results on the integrability of this model are due to Olshanetsky
and Perelomov [O-P1], [O-P2]. A new aspect in the understanding of the algebraic struc-
ture and the quantum integrability of CMS systems was later initiated by Polychronakos
[Po] and Heckman [He]. The underlying idea is to construct quantum integrals for CMS
models from differential-reflection operators. Polychronakos introduced them in terms
of an “exchange-operator formalism” for (3.1). He thus obtained a complete set of com-
muting observables for (3.1) in an elegant way. In [He] it was observed in general that
the complete algebra of quantum integrals for free, abstract Calogero models is inti-
mately connected with the corresponding algebra of Dunkl operators. Since then, there
has been an extensive and ongoing study of CMS models and explicit operator solutions
for them via differential-reflection operator formalisms; among the broad literature, we
refer to [L-V], [K], [BHKV], [BF], and [U-W). Let us briefly describe the connection of
abstract Calogero models with Dunkl operators: Consider the following modification of
fk, involving reflection terms:

Fe=08-23 (2(32 (k(c) — 04) . (3.2)

QERy

In order to avoid singularities in the reflecting hyperplanes, it is suitable to carry out a
gauge transform by /wg. One obtains (c.f. Lemma 3.1. of [R3]) that Fy is essentially self-
adjoint when considered as a linear operator in L?(R") with domain D(F) := {wll 2
f € #(RY)}. Moreover,
1/2 ~1/2
Fr = w/ Drw, ",

where Ay, is the Dunkl Laplacian in L?(RY,w;) with domain &*(RY). Consider now the
algebra of G-invariant polynomials on RV:

(HN)G = {penN:y-p =p for all gEG}

It follows easily from equivariance properties of the Dunkl operators (c.f. [dJ]) that for
every p € (IIV)C, the Dunkl operator p(T) leaves (IT¥ )€ invariant. For such p we denote
the restriction of p(T) to (IIN)€ by Res (p(T)). Then, as observed in [He], the family

{Res (p(T)) : p € (I")9}
is a commutative algebra of differential operators, containing the operator
Res (Ak) = w;l/Zi_’-k u)k/z.

This implies the integrability of the free Calogero Hamiltonian Fr. Polychronakos [Po}
also succeeded to determine a complete set of quantum integrals for the classical, i.e.
Sn-type Calogero Hamiltonian with harmonic confinement - at least in the physically
relevant bosonic and fermionic subspaces of L2(RY). He constructed the integrals by
a Lax formalism involving suitable lowering and raising operators. For the abstract
Calogero operator ﬁk with harmonic confinement, the general question of how to obtain
an algebra of quantum integrals is, to the author’s knowledge, still open. It is, however,
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easy to achieve a complete spectral analysis of Hy. We again work with the gauge-
transformed version with reflection terms,

Hy = w, (= Fi + ) wi? = —Ap + a2

This operator is symmetric and densely defined in L?(RV,w;) with domain D(}y) :=
S(RN). Notice that in case k = 0, Hj is just the Hamiltonian of the N-dimensional
isotropic harmonic oscillator. We further consider the Hilbert space L2(RY, m¥ ), where
my, is the probability measure

my(z) = g (2w)"* V2 ey (z)de € MIRY) (w > 0). (3.3)
Moreover, we introduce the operator
N
Tk = =D + 2w szaj
=1

in L2(RN ,my ), with the dense domain D(J) := IV (the polynomials in N variables).
The following connection between H; and Jj is established in the same way as part (2)
of Theorem 3.4.(2) in [R1].

3.1 Lemma. On D(J%) =1V,
T = evlal’/2 (Hk ~ (27 + N)w) emvlel’/z,

1.

In parti y Jk 15 sy tric in LH(RN ,mg).

We conclude with a complete description of the spectral properties of H; and Ji; these
results generalize well-known facts for the corresponding classical operators. In the fol-
lowing, P denotes the space of polynomials from IV which are homogeneous of degree
n. Notice also that by the homogeneity of A, the operator e®¢ is well defined on
polynomials and preserves the total degree.

3.2 Theorem. For w > 0 and n € Z define
Ve ={e®/%p.peP¥}cl¥ and WY:= {e““'l"w2 q(z), g e V¥} c #RY).

Then the following assertions hold:
(1) The spaces L*(RY ,m¥) and L*(RY ,wy) admit the orthogonal Hilbert space decom-
positions
PRYm) = D Ve and LPRY,w) = D Wis
n€Zy neZ,.
here V¥ is the eigenspace of Ji corresponding to the eigenvalue 2nw, and WY is
the eigenspace of Hy, corresponding to the eigenvalue (2n + 2y + N)w.

(2) The operators Hy and Ji are essentially self-adjoint; the spectra of their closures
are discrete and given by o(Hg) = {2n + 2y + N)w, n € Z4} and o(Jk) =
{2nw, n € Z,} respectively.
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Proof. (1) It was shown in Theorem 3.4.(1) of [R1] that in case w = 1, each function
from V¥ is an eigenfunction of J corresponding to the eigenvalue 2nw. For arbitrary w,
the corresponding result is obtained by rescaling. Moreover, V¥ L V¥ for n # m by the
symmetry of Ji. This proves the statements for J;, because IIN @ V¥ is dense in
L*RN ,m m}). The statements for #j are then immediate by the previous Lemma.

(2) follows from (1) by a well-known criterion for self-adjointness of symmetric operators
on a Hilbert space which have a complete set of orthogonal eigenfunctions within their
domain (Lemma 1.2.2 of [Da3]). o

By the G-equivariance of A, the spectral resolution of the Calogero Hamiltonian ﬁk in
the bosonic subspace L2(RV )G is now an easy consequence of Theorem 3.2.

3.3 Corollary. For n € Z,, put W€ = {e“"lzlzﬂe“A“/""’p i p e PV n@M)%).
Then
L2(RN)G = @ W,‘:"G,
neLy

and W2 is the eigenspace of Hy in L2(RN)S corresponding to the eigenvalue (2n+2v+
N)w.

4 Heat semigroups associated with finite reflection groups

This section deals with the Dunkl-type analogues of the classical heat semigroup on
several Banach spaces. These semigroups are generated by the Dunkl Laplacian, and
they are governed by a generalized heat kernel which was introduced in [R1] and replaces
the usual Gaussian kernel in the Dunkl setting.

4.1 Definition. The generalized heat kernel I'y associated with the reflection group G
and the multiplicity function k is defined by

Tult,2,) i= gy e (P04 g (2 sy R, >0

Vat' V2’ )
with My, = (27+N/2¢,)1,

The strict positivity of Ej for real arguments implies that I'y is strictly positive as well.
In the following, we collect some further important properties of this kernel.

My ~lgz-yl?/4¢ My ~lgz—yl*/4t
4.2 Lemma. (1) pry 7% rxgge < Ti(t,z,y) < TN z;leaéce .

@) [ Telt.os) weo)dy = 1.

(3) For fized t and z, the function y + Tx(t,z,vy) belongs to S (RY), with
Ti(t,2,)"¥(§) = cg'e ¥ By (~ia,¢).

@ Tult+5,20) = [Ttz uls,0,2) wr(2)ds.

(5) For fized y € RN, the function u(t,z) := Ti(t, z,y) solves the generalized heat
equation Agu = Geu on (0,00) x RV.
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Proof. The estimates (1) are immediate from the bounds (2.2) on Ej. Properties (2) and
(5) have been shown in [R1]. The first part of (3) is easily deduced from (1), while the
second statement follows from the reproducing identity for Ey (c.f. [D3]),

/ Ei(z, 2) Br(z,w) e'lzlz/zwk(m)dz = ¢ lEAHWN2E (2 W) (z,we CY). (4.1)
RN

For the proof of (4), we use (3) and the Plancherel theorem for the Dunkl transform to
obtain

/R , Tkt 2) Te(s,9,2) we(e)dz = o /R & 1 Bi(iz, Ok (5,9, )™ (€ wr ()

=g [ e O F By iz, Bu(-i, un(©)d€ = Tt +5,2,3).

‘We next introduce the generalized heat operators associated with the kernel T'.

4.3 Definition. For f € LP(RV ,w;) (1 < p < 0o0) and ¢ > 0 define

[Tt answady it £>o
f(z) if t=0
Notice that the decay properties of I'y assure that the integral defining Hi(t)f(z) con-

verges for all t > 0, z € RV. We recall the following properties of the operators H(t)
on the Schwartz space S (RY) from[R1]:

4.4 Theorem. Let f € S (RY). Then u(t,z) := Hi(t)f(z) belongs to Cy([0,00) x
RY) N C2((0,0) x RY) and solves the Cauchy problem

Hy(t)f(z) := {

{(Ak —8)u=0 on(0,00) xRN,
2(0,.) = f.
Moreover, Hi(t)f has the following properties:
(1) Hy(t)f € S(RY) for all t > 0.
(2) Hi(t+s)f = Hi(t)Hi(s)f for all 5,2 >0.
(3) 1He()f — flloo = 0 witht—0.
4.5 Lemma. For every t > 0, Hi(t) defines a continuous linear operator on each of

the Banach spaces LP(RY ,wy) (1 < p € 00), (Co(RV), ||lleo) and (Co(RV), ||.lloo), with
norm || Hy(£)|] < 1.

Proof. The estimates for the kernel I’y in Lemma 4.2(3) and its normalization ensure
that for every f € L®(RVN,wy), we have H(t)f € Co(RY) with |Hx(t)fllo < lIfllco-
Moreover, if f € LP(R",wy), then Jensen’s inequality implies that

@ < [ Telt,0) 1 G)P wnl)dy,

and therefore ||Hi(t)fllpwe < |fllpwe - Finally, the invariance of Co(RY) under Hj(t)
follows from part (1) of the previous theorem, together with the density of S(RV) in
Co(RN). 0
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In the following, X is one of the Banach spaces LP(RN,1w;)(1 < p < 00) or (Co(RN ), ||-]leo)-
We consider the Dunkl Laplacian Ay as a linear operator in X with dense domain
D(Ag) := F(RY).

4.6 Theorem. (1) (Hg(f))s>o0 is a strongly continuous, positivity-preserving contrac-
tion semigroup on X.
(2) Ag is closable, and its closure Ay is the generator of the semigroup (Hg(t))ezo on
X.

In view of this result, we call (Hg(t))i>0 the generalized Gaussian or heat semigroup on
X.

Proof. (1) Theorem 4.4(2), together with Lemma 4.5 and the density of #(RVY) in X,
ensures that (H(t))¢>o forms a semigroup of continuous linear operators on X. Its
positivity is clear by the positivity of Ty. Moreover, in case X = (Co(RV), |- lloo),
its strong continuity follows from part (3) of Theorem 4.4. It remains to check strong
continuity in the case X = LP(RY,wx), 1 < p < 0o. In view of Lemma 4.5, and as
Ce(RN) is dense in LP(RN,wy), it suffices to show that limgo |[H(£)f — fllpw, = O for
all f € C.(RV); hereby we may further assume that f > 0. We then obtain

MO I = [, B @ wre)is = [ f@hun(alde = Il for ¢>0.

As limyo |[He(t)f — fllo = 0, a well-known convergence criterion (see for instance
Theorem (13.47) of [H-St]) implies that limgp ||Hg(t)f = flliw, = 0. The estimation

IH@)f = I, < 1HR@®)S = Fllw, - 1 He()f = FIE50,

then entails that limgo ||Hk(t)f — fllpw, = 0 as well.

(2) Let A be the generator of the semigroup (Hi(t)):>0 on X. As A is closed, it suffices
to prove that A|yry) = Ag, and that A = Alyrn), ie S(RV) is a core of A. The
proof of these statements is similar to the classical case. To begin with, let f € #(RV).
Then by Theorem 4.4(1), Hi(t)f € #(RV) for all t > 0, and application of the Dunkl
transform yields .

[} (Het) - id) £1©) = L% - 1) o)

It is easily checked that with ¢ | 0, this tends to —|¢|2f%(¢) in the topology of S (RY).
The Dunkl transform being a homeomorphism of #(RY), we therefore obtain

lim (HR(0) — id)f = (~IERFH = Auf

in the topology of (RN ), and therefore in ||. ||pw, as well. It follows that f belongs to
the domain D(4) of A. Thus S(RY) C D(4), and 4| #®V) = Ak. Moreover, & (RM)
is dense in X and invariant under (Hg(f))i>0. A well-known characterization of cores
for the generators of strongly continuous semigroups (see, for instance, Theorem 1.9 of
[Dal]) now implies that S (RV) is a core of A. [m]
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The above theorem says in particular that (Hg(t))e>0 is a2 symmetric Markov semigroup
on L?(R¥,w;) in the following sense:

4.7 Definition. ([Da2]) Let 4 € M*(RV) be a positive Radon measure on R¥. A
strongly continuous contraction semigroup (T'(£)):>0 on L2(R¥, u) is called a symmetric
Markov semigroup, if it satisfies the following conditions:
(1) The generator A of (T'())i»0 is self-adjoint and non-positive, i.e. (Af,f) < 0 for
all f € D(A);
(2) (T(t))ep0 is positivity-preserving for all ¢ > 0, i.e. T(¢)f >0 for f > 0;
(3) If £ € I®(RY, w) N LRV, ), then |T()floos < [Ifllooss for all ¢ 2 0.

Theorem 1.4.2 of [Da2] implies the following

4.8 Corollary. For 1 < p < oo, the semigroup (Hi(t))epo on LP(RN ,wy) is a bounded
holomorphic semigroup (in the sense of [Dal]) in the sector

{zEC: |arg(z)] < w-min(%,%)},

where g is the conjugate indez defined by % + % =1.

Remarks. 1. For X = (Co(RY), || |loo), Theorem 4.6 just says that the generalized heat
semigroup is a Feller-Markov semigroup, i.e. a (strongly continuous) positive contraction
semigroup on Cy(RY). This observation was the starting point in [R-V] for the construc-
tion of an associated semigroup of Markov kernels on RN . It leads to a Markov process
in RV which admits a cadlag version (i.e., there exists an equivalent process whose paths
are right-continuous and have limits from the left), and which obeys a modified notion
of translation-invariance. For a detailed study of this Dunkl-type Brownian motion we
refer to [R-V].

2. It is a basic fact from semigroup theory that for given initial data f € D(&;) C X,
the function u(t) := Hg(t)f provides the unique classical solution of the abstract Cauchy
problem

%u(t) = Kw(t) for t>0,
u(0) = f;
here “classical” means u € C1([0,00), X) with u(t) € D(A) for all t > 0. We refer to

[R1] for the solution of the classical initial-boundary value problem for the Dunkl-type
heat equation, with initial data taken from Cy(RV).

H

5 The free, time-dependent Schriodinger equation

Consider again the self-adjoint Dunkl Laplacian Ay in L?(RY,wy). By Stone’s Theo-
rem, the skew-adjoint operator iA; generates a strongly continuous unitary semigroup
(e“zk) >0 00 LH(RY ,wy). The explicit determination of this semigroup can be achieved
by standard arguments, see for instance Chapter IX. 1.8 of [Kat] for the classical case.
First, notice that the heat kernel I'x extends naturally to complex “time” arguments, by

Mk ~(lz|2 2) /4, T
I'k(z’z, y) = g7 e (I=[>+1yl*)/ zEk ('é; ’y)
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for z,y € RN and z € C_ := C\ {w € R : w < 0}; here 27+¥/2 is the holomorphic branch
in C_ with 17+M/2 = 1. We next determine the Schrodinger semigroup on a sufficiently
large subset of S/(RY).

5.1 Lemma. If f(z) = e~%=" with a parameter b > 0, then

eiif = [ Tulity) S0 wloddy for all £>0. (5.1)
R
Proof. Consider the function

u(t,z) == ~blal?/(1+4ib) (4 >0 p e RY).

1
(1 + dibt)r+N/2 €

The same calculation as in Lemma 4.3. of [R1] shows that u satisfies the generalized
Schrédinger equation
Bu = iAgu on (0,00) x RV,

with »(0,z) = e~bel’ | Tt is also easily verified that the function ¢ u(, .) belongs
to C([0,00), L*(R™ ,wy)). This shows that e®Arf = w(t,.) for ¢t > 0. Finally, the
reproducing identity (4.1) for Ey implies that for ¢t > 0,

1 lal? _
(1 + dbt)r+072 © ) = /RN Te(t, 7, ) W wg (y)dy.

By analytic continuation, this identity remains true if ¢ is replaced by ¢t. This completes
the proof. O

In the following, we shall need the notion of a generalized translation on the Schwartz
space F(RV), c.f. [R1]. Its definition is natural:
Lif (@) = /R L THO B, OBy, O we(©d (v €RY, fe #RY). (52)

Notice that that for k = 0, we just have Lf(z) = f(z +y). Important properties of the
usal group translation on R¥ carry over to the generalized translation for arbitrary k.
It is, for example, easily checked that L} f belongs to S (R") again with (LY f)"¥(¢) =
Ey(iy, £) F*(€). Moreover, Lif(z) = LEf(y) for all z,y € RY, and the operators L}
commute with the corresponding Dunkl operators T; on #(R¥ ). The following statement
is obtained exactly as its classical analogue in [Kat], by using the Plancherel formula and
the injectivity of the Dunkl transform.

5.2 Lemma. The C-linear hull (M) of the set
M= {zm Lie ¥’ oseRY, b>0)}
is dense in L2 (RN ,wy).

We thus have shown that on the dense subspace ( M) of L?(RY , w;), the linear operators

Sk(t)f = LN Pk(itl . )y).f(y) wk(y)dy , >0,
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coincide with the unitary operators etB They can therefore be extended uniquely to
unitary operators on L?(RN,wy), which are written in the same way, the integral now
being understood in the L?-sense. In this sense, we have for all f € L>(RN ,wy),

B f = {/RN De(it, ., 9)f (W) we(y)dy if t>0, (53)

f if t=0.

6 The semigroup of the Calogero Hamiltonian with har-
monic confinement

For a fixed parameter w > 0, consider the Hamiltonian

N
T = —Ar + 2w Z z;0;

j=1
with domain D(Jk) := IIV in the weighted Hilbert space L2(RV,m¥) (c.f. Section 3).
Notice that Ji can be interpreted as the Dunkl-type generalization of the classical oscil-
lator Hamiltonian in L?(R¥). In the following, we shall work with generalized Hermite
polynomials with respect to the measure m{. Generalized Hermite polynomials were in-
troduced in [R1] (for w = 1) by means of homogeneous orthogonal systems with respect
to a certain bilinear form on polynomials. We give an equivalent definition, which is
more convenient on the basis of Theorem 3.2:

6.1 Definition. A family {H, = H,(w, .), v € Z{} C IV of real-valued polynomials is
called a system of generalized Hermite polynomials (associated with the reflection group
G, the multiplicity parameter k¥ and the frequency parameter w), if the following are
satisfied:

(i) {Hv, |v] =n} is a C-basis of V¥ for every n € Z,.
(ii) The H,,v € Z,{",’ are orthogonal with respect to the probability measure m{ on
RV,
‘We now consider a fixed system {H,,v € Zi’} of generalized Hermite polynomials
associated with G' and k. We assume in addition that the H, are even orthonormal with
respect to my. By definition, they form a basis of eigenfunctions of Jj in L? (RY ,my)
with
T H, = 2v|w- Hy. (6.1)

We shall need the following Mehler formula, which was shown in [R1] for w = 1 and is
obtained for general w by rescaling:

6.2 Lemma. (Mehler-formula for the generalized Hermite polynomials.) The polynomi-
als H, = Hy,(w; .) satisfy

Y H(@H,@) ™ = Mi(r,z,y) (6.2)

vezl
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with the generalized Mehler kernel

wr?(|z|? + Jy|? 2wrz
Mi(r,z,y) = (lal” + b )}EL( y)-

1
a —r2)7+N/2'e"p{" 1—1r2 \1=r2
The sum on the left hand side of (6.2) converges absolutely for all z,y € RN and 0 <

r<l.
According to Theorem 3.2, J is essentially self-adjoint in L2(RY ,mg). Let (.,.) denote
the scalar product in L2(R¥ ,m¥). Then the closure of Jj is given by
Ti(f) = Y 2w (f, H) f,
vezﬂ_'
with domain

D(Tk) = {f e @Y, m§): Y WwlPl{f, Hy)? < oo}

VGZ_I:

The spectral resolution of Ji directly implies that —J; generates a strongly continuous
contraction semigroup on LZ(RY ,m¢), namely

ety = Z e~ 2wt (f H,VH, forall ¢ 0.
vezZl
According to (6.2), we have
Z et (£ H, (y) = Mi(e™®,z, )
ueZﬁ

for all £ > 0. It is easily seen from the absolute convergence of the sum on the left,
together with the orthogonality of the generalized Hermite polynomials, that the function
y — Mi(e™®,z,y) belongs to L*(RN,m{) for each fixed z € RY. This shows that for
t>0,

et T f(z) = / Mi(e ™, 2,9)f () m(y) ae.
RN

6.3 Proposition. (e "3—*) t>0 15 @ symmetric Markov semigroup on L2(RN ,m¥) in the
sense of Definition 4.7.

Proof. T is self-adjoint and non-negative, and the semigroup (e “:7—“) >0 18 positivity-
preserving on L2(RY,my), because the kernel M, is strictly positive. The {H, , v € Z}
being orthonormal with Hy = 1, we further have

/ Mi(e™%,z,9)dm(y) =1 forall t>0,z€RY. (6.3)
RN

This implies that the operators e~tT , t > 0 are also contractive with respect to || . [|eo-
O
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As a consequence, the generalized oscillator semigroup (e “Tk) >0 2also allows an

extension to a strongly continuous contraction semigroup on each of the Banach spaces
LP(RN ,mY). We introduce the following notation:

6.4 Definition. For f € L'(RY,m¥) and ¢ > 0 set

/R My(e,3,9)f () dmy) if >0,
f(=z) if t=0

Ox(t)f(z) = { (6.4)

6.5 Corollary. (Ok(t))i>0 s a strongly continuous, positivity-preserving contraction
semigroup on each of the Banach spaces LP(RY mE), 1<p< oo Forp>1litisa
bounded holomorphic semigroup in the sector

{zGC: larg(z)| < ﬂ'min(:—’,%)},

1.1 _
wherep+q—1.

Proof. This follows from Proposition 6.3 together with Theorems 1.4.1 and 1.4.2 of [Da2).
(]

Direct inspection shows that the Mehler kernel is related to the Gaussian kernel 'y via

1-— e—dwt

My(e™,z,9)mi(y) = De(——, e 5,y) w(W)dy (¢>0,z€RY). (63)

The operators O(t) can be expressed in terms of the heat operators Hy(t):

Ou1(a) = B (L) (et (c9)

for all f € Co(RV) and all t > 0. This implies that (Ok(t))i0 leaves both Co(RV)
and %(RY) invariant. It provides in fact a Feller-Markov semigroup on (Co(RN), [I./leo),
which is a generalization of the classical Ornstein-Uhlenbeck semigroup to the Dunkl
setting. The essential parts of the following result are contained in Section 10 of [R-V]:

6.6 Proposition. (Ok(t)):>0 defines a strongly continuous, positivity-preserving contrac-
tion semigroup on (Co(RY), || - lo)- The Schwartz space F#(RY) is a core of its generator
A, and A|_y(RN) = Ay — 2w Z;v__.l z;0;.

Proof. The first part of the statement has been shown in [R-V]. The proof given there
implies also that .%(RY) is contained in the domain of A4, and that 4| s@yY) = Bk —
ZwZ’y:l ;5. Since S(RN) is invariant under (Ok(t))epo, it is in fact a core of A. O

Remark. It is also shown in [R-V)] that for each f € Ch(RV), the function u(t,z) :=
O (t)f(z) belongs to Ch([0,00) x R¥) N C?((0,00) x RN) and solves the initial value
problem

{3¢u = (Ap — 2w E;l=1 z;8;)u  on (0,00) x RV,

u(0,.) = f.
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