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Schrodinger Operators with random point interactions
Takuya MINE (Kyoto Institute of Technology)

Abstract

We consider the Schrédinger operators with random point interactions of Poisson—
Anderson type, and review some recent results about the self-adjointness and the
spectrum of the operators. Moreover, we shall give an asymptotic formula for the
corresponding IDS N(\) as A — —oo in the three-dimensional case. We also verify
the obtained result numerically using R-Language.

1 Definition of point interactions
Let T be a locally finite set in R? (d = 1,2, 3), that is,

#(T'N Br(0)) < o0

for every R > 0, where Bg(z) = {y € R? | |y — 2| < R}. Let a = () er be a sequence
of real numbers. We consider the Schrédinger operator Hr, formally given as

Hr, = —A + ‘point interactions on I",

where o, is the parameter representing the interaction at the point . Basic facts about
Hy, are found in the monograph by Albeverio et al. [2]

There are several ways of defining Hy ,, rigorously. Today we adopt the definition in
terms of the boundary condition at v € T, as follows.

HF,au = —A\Rd\ru (UED(HF,a))v

D(Hr ) {ue Hy (R\T)NL*R?) | —=Alga\ru € L*(R?),
u satisfies (BC'), for every v € T'}.

Here, *A|Rd\ru is defined as a Schwartz distribution on R\ I'. The boundary condition
(BC)., is defined as follows:

d=1] u(y+) = u(y=) = u(y), v'(y+) — W' (y=) = ayu(y).
u(x) = uyolog|r — ] +uy1 +o(1) as © — 7, and 2wa, o + uyg = 0.

uw(z) = uyolr — |7t + uy +o(1) as & — vy, and —4ra, Uy + uyq = 0.

We give a remark about the above parametrization. When d = 1, ‘no point inter-
action” at vy (v (y+) = «/(y—)) corresponds to a., = 0, and ‘Dirichlet condition at 7’
corresponds to a, = oo.

_ 9 T
d=1 No interaction Dirichilet



Moreover, the negative eigenvalues of Hr , are monotone increasing with respect to .
This means the sign of o, coincides with the sign of interaction at ~.

On the other hand, when d = 2,3, ‘no point interaction’ at v (1,0 = 0) corresponds
to .y = +00. The negative eigenvalues of Hr , are still monotone increasing with respect
to o, in these cases. This means the point interaction is always negative when d = 2, 3.

d:2 Q . Tay .
Pure|y log No interaction
43 0 Py

N 14y
Scale invariant No interaction

Later this fact affects the spectrum of the Schrédinger operators with Poisson—Anderson
point interactions (see Theorem 3).

2 Random point interactions

There are many results about the Schrédinger operators with random point interactions,
that is, the operator Hr, such that the set T' or the sequence o = (cvy)ser depends
on some random parameter. We list some papers about the Schrodinger operators with
random point interactions.

e When d = 1, Frisch-Lloyd [8], Luttinger-Sy [10], Kotani [9], Delyon-Simon—
Souillard [5], Minami [18], Drabkin—Kirsch—Schulz-Baldes [7], ...

e When d = 2,3, Albeverio-Hgegh-Krohn-Kirsch-Martinelli [1], Boutet de Monvel—
Grinshpun [4], Dorlas—-Macris—Pulé [6], Hislop—Kirsch-Krishna [11, 12], ...

In the above papers, the case ', is the Poisson configuration is well-studied when d = 1,
but it is not studied when d = 2,3. The definition of the Poisson configuration is as
follows (see e.g. Reiss [20]).

Definition 1. Let p1, be a measure on R dependent on a random parameter w, and p be
a positive constant. We call u,, a Poisson point process measure with intensity measure
pdx, if the following holds.

(1) For any Lebesque measurable set E with Lebesque measure |E| < oo, the random
variable u,(E) obeys the Poisson distribution with parameter p|E|, that is,

P(u.(E) = k) = (puci!')ke—pml (k=0,1,2,...)

(i1) For any disjoint Lebesgue measurable sets Ey, ..., E, with |E;| < oo, the random
variables {j,(E;)}}_, are independent.

We denote the support of u., by Iy, which is called the Poisson configuration.
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Figure 1: A sample of 2-dim Poisson configuration I, in [0, 10]* with intensity 1dz.

Today we assume the following on the pair (T, ).

Assumption 2. (i) T, is the Poisson configuration with intensity pdz, for some pos-
wtive constant p.

(i1) oy = (Cuyy)ver., @5 a sequence of independent random variables with common dis-
tribution measure v on R, and «, is independent of T',.

Sometimes Assumption 2 is called ‘Poisson—Anderson type’. When supp v is a one-point
set (that is, oy, is a constant independent of w, ), we say « is a constant sequence, and
denote «, , = o for simplicity.

Theorem 3 (Kaminaga-M-Nakano [14]). Let d = 1,2,3, and suppose (T,,, o) satisfies
Assumption 2.

1) The operator Hr_ o is self-adjoint for any sequence oo = (a)~er,, almost surely.
ws Y/vel w

(2) (i) When d =1, we have almost surely

o(H - [0,00) (suppv C [0,00)),
Fonow R (suppv N (—oc,0) # 0).

(it) When d = 2,3, we have o(Hr,, 4,) = R almost surely.

When d = 1, the result for Hp_ ., is obtained in Minami [18], and more general result is
obtained in Kostenko-Malamud [15]. Concerning the spectrum, Pastur-Figotin’s book
[19], Ando—Iwatsuka—Kaminaga—Nakano [3], and Kaminaga—M [13] obtain similar results
for the Schrodinger operator with random scalar potential of Poisson—Anderson type

Hy=-A+V,, Vi)=Y au,Volz—7),

v€lw



where Vj is a real-valued scalar function having some regularity and decaying property.
Their results say ‘the spectrum equals [0,00) if V, is non-negative, and it equals R if V,,
has negative part’. The result (2) of Theorem 3 can be regarded as a generalization of
these results. As stated in the introduction, the sign of the point interaction at - has
the same as the sign of o, when d = 1, and the sign of point interaction at v is always
negative when d = 2, 3.

3 Integrated density of states

In order to define the integrated density of states (IDS), we prepare some notations.
Let T be a locally finite set in R?, and o = (cv,)er a sequence of real numbers. For a
bounded open set U in R? and \ € R, let

NP(A) = NPpo(A) = #{pu < X | pis an eigenvalue of Hfp ),
NY(A) = NJpo(N) = #{p < X | p is an eigenvalue of HJ}. },
where H{Zr’a (resp. H{Xl",a) be the restriction of Hy, on U with Dirichlet boundary
conditions (resp. Neumann boundary conditions) on U, and the eigenvalues are counted
with multiplicity.
Moreover, for A < 0, let

Nu(N) = Nupo(X) = #{p < X | ppis an eigenvalue of Hpap,ajrqy }-

Notice that the operator Hray,a|p, is defined on the whole space R?. Then, a standard
ergodicity argument and the Dirichlet—Neumann bracketing technique leads the following
result.

Proposition 4 (Existence of IDS). Let d = 1,2,3. Suppose (T, o) satisfies Assump-
tion 2. For L >0, let Q1 = (0, L)?. Then, for any X\ € R, the equations

NG (M) E[NG, (V)]
D RIS H Q T Q
N7 = Jim == = lim =
NN () E[NY (A
NN()\) = lim 7QL( ) = lim 7[ QL( )],
L—oo Ld L—o0 Ld

hold a.s. (in particular, the limit functions NP (\) and N™(\) are independent of w a.s.)
If one of NP(X\) and N™(\) is continuous at \, then NP(X) = NV ().
Moreover, if A < 0 and NP(\) = NN ()), then

_ No,(\) .. E[Ng, (A
N0 = fim S92 = i 25

(1)
holds and N(\) = NP(X\) = NV (X), almost surely.

We call the functions NP ()\), N¥()\) and N () the integrated density of states (IDS)
(these functions are equal almost everywhere, by Proposition 4). The definition (1) is
useful both for mathematical analysis and numerical analysis.

We list some known results about the asymptotics of IDS as A — —oo, for the
Schrodinger operators with Poisson random potentials.
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e When d = 1, « is a negative constant, and H = Hr,, (1-dim Poisson point
interactions)

A
N ~ VA exp | =2]a|HAY2 log <ﬁ)} as A — —oo
(Magarill-Entin, see [16]).
e Whend > 1 and H, = —A + Zﬁ/erw Vo(z — =), Vo is a continuous, real-valued
function, V5 < 0, and V; has global non-degenerate minimum at x = 0,
Al
Vo(0)]

log N(\) = — log|A\|- (1+0(1)) as A — —o0

(Pastur, see [19]).

We give a heuristic explanation of the above result by Pastur. When
Hy,=-A+3% p Volz —7), Vo <0, and V;(0) is the global minimum,
negative spectrum A is created by at least

_ A

[Vo(0)]
Poisson points in a small ball B.. The probability of this event is

p= oPIBel (P|Be|)n.

n!

Combining this estimate with the Stirling formula n! ~ (27n)2 (n/e)",
we get the super exponential decay of IDS. nVo(0)

Surprisingly, the author recently finds that IDS decays polynomially as N(\) — —oc,
in the case of the three-dimensional point interactions of Poisson—Anderson type.

Theorem 5. Let d = 3. Suppose (L', ) satisfies Assumption 2, and suppv is a
bounded set in R. Let N(X) be the corresponding IDS for Hry, . Let ty be the unique
positive solution of t = e~ (to = 0.5671...). Then, we have

. N(\) 27
A NE T3

top”. (2)

Theorem 5 gives the principal term of the asymptotics of N(\) as A — —oo. The
second term is unknown at present (it may depend on supp v). The limit is independent
of supp v, provided that supp v is bounded. But the speed of convergence depends on

supp v.



4 Outline of the proof of Theorem 5

In this section, we give an outline of the proof of Theorem 5. The detailed proof will be
given elsewhere.

It is known that the negative eigenvalues of Hg, r, are monotone increasing with
respect to each a,. If o < a, < oy for every +, then

N, ra;(A) < Ngpra(A) < Nopra (M)

Since the right hand side of (2) is independent of «.,, we may assume « is a constant
sequence.

Of course, the heuristic explanation in the previous section does not work in the case
of point interactions. However, there are several tools available only in the case of point
interactions. For example, the spectrum o(Hr,,) for finite I' can be calculated explicitly
(see [2]).

Theorem 6 (Spectrum of Hy, for finite I'). Let d = 3. Let I' = {7;}}_, be a finite set

and o = (a;), (we write o = ovy, ). Then, for X\ = —s* (s >0), X is an eigenvalue of
Hy, if and only if det A =0, where A = (a;i,) is the N x N matriz given by
s
42 =k
a] + 471_ (j )7
@jr = e—shi—l G AR
— .
Arly; — il

In the case #I =2, |y — 72| = R and a; = ay = a, the value A = —s* (s > 0) is an
eigenvalue of Hyp, if and only if 0 is an eigenvalue of

" S e sk
oL =

A= 47 4T R

ek N s

_ a4 =

4T R 47

In other words,

1 est est
a+— s+ =0& s+ I = —4na, or

4 R
1 —sR —sR
onrE(s—eR )—O@s—eR = —4dma.

A short analysis of these equations leads the following result.

Lemma 7. Letd =3, T = {y1,%}, |1 —72| = R and oy = ay = «v. Let ty be the unique
positive solution of t = e~ (to = 0.5671... ).

(i) When oo =0, Hr o has only one negative eigenvalue

¢ 2
v (i)

for every R > 0.
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(i1) When oo # 0, for any 0 < e < ty, there exists Ry = Ry(ca, €) > 0 such that Hy , has
at least one eigenvalue A g satisfying

to + € 2 to—e\”
_(OR > <)\1’R<_(0R > fOTO<R<R0.

In both cases, the eigenvalue A\; g — —oo as R — +0. On the other hand, in the case of
the operator —A + Vy(x — 1) 4+ Vo(z — 7o) with scalar potential V4, the infimum of the
spectrum is always bounded below by 2 inf V4, independent of the positions of v; and 7s.
This fact shows us a qualitative difference between the Schrodinger operators with point
interactions and those with scalar potentials.

According to Lemma 7, roughly speaking, we get a very small eigenvalue A\ p =
—(to/R)? if we find a very close pair {7v1,7} with |y; — 2| = R. So, in order to count
the eigenvalues less than A, it is sufficient to count the number of pairs {v1,72} C I'uNQyL
such that |73 — 72| = R and

/\1,R<>\<:>R<t—0

VI
In the sequel, we denote B,(R) = {z € R?| |z — 7| < R} and
ny(R) = #(B,(R) NTy,).

If there is a pair {v1,72} C Iy NQr with |y1 — 2| < R, then n., (R) > 2 and n.,(R) > 2.
The following proposition shows that the effect of the points v with n,(R) > 3 is smaller
than the main term, in the estimate of IDS.

Proposition 8. Let d = 3 and ty as in Lemma 7. Then, for 0 < € < 1y, there exists a
constant Ry > 0 dependent only on € and o such that

E[No, (- (4797)] 2 SE {7 € TN Qu [ n(R) = 2)] - O(R|Qs).
2o (- 7)
for any R with 0 < R < Ry.

Thus the proof is reduced to the estimate of E [#{y € ', N QL | n,(R) = 2}]. Esti-
mates of this kind are well studied in percolation theory (see e.g. Meester—Roy [17]), and
we have the following result.

Proposition 9. For L > 1 and sufficiently small € > 0, there exists Ry > 0 dependent
only on p and € (independent of L, R) such that

(”‘;p? - ) BQul < E[#{y € TonQu | ny(R) = 2}] < (”ijp +e) N

for any 0 < R < Ry.

Combining Proposition 8 and Proposition 9, we obtain Theorem 5.



5 Numerical Verification

In order to verify Theorem 5, we shall calculate IDS numerically, in the following way.

(1) Generate n = #(I', N Q1 ), which obeys the Poisson distribution with parameter
pL3.

(ii) Generate n random points v in @)1, obeying the uniform distribution in Q;, inde-
pendently.

(iii) Divide the interval [0, 10] into 1000 small intervals.
(iv) At each break point s;, calculate the determinant det A(s;).

(v) If the signs of det A(s;) and det A(s;41) are different, then there exists at least one
eigenvalue in [—5]2 i —s?] In this case, we count one eigenvalue in this interval (if
more than one eigenvalues are in this interval, we miss some eigenvalues).

(vi) Calculate the number of eigenvalues less than 75]24, and divide it by L3.
(vii) Repeat the procedure (i)-(vi) many times, and take the average.

We code the above algorithm by R-language. The above procedure gives us an approxi-
mation of

E [NQL(_S2)]

B (0 < s <10),

which is close to N(—s?) if L is sufficiently large and the intervals |s; 1 —s;| are sufficiently
small. We choose the parameters as follows.

Size of box Qp, L=5
Intensity of the Poisson configuration p=1
Interaction parameter a =0 (constant)

After the calculation, we compare the results with the asymptotic formula
2 275 5 3
N(—s%) ~ gtop s (s = ). (3)

The result is given in Figure 2. The curve converging to finite positive value as s — +0
is the graph of the numerical IDS N(—s?), and the curve diverging to oo as s — +0
is the graph of the asymptotic formula Nugymp(—s?) = 3t5p*s . And the third curve
is the ratio N(—s?)/Nasymp(—5?), which is close to 1 for large s, as stated in Theorem
5. We do not count the eigenvalues A with A < —100, so we assume both sides of (3)

coincide at s = 10, in Figure 2.
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Figure 2: Comparison of the numerical IDS and the asymptotic formula.

6 Future objective

There are still many unsolved problems about the Poisson—Anderson point interactions.
1) How is the asymptotics of IDS as A — —oo in the two-dimensional case?

2) How is the higher order asymptotics of N(A)?

(1)
(2)
(3) Does the Anderson localization occur near A = —oo?
(4) How is the level statistics of negative eigenvalues?
()

Does the absolutely continuous spectrum appear near A = oo in the three-dimensional
case?

5

The problem (1) can be solved in a similar way, but the order of the asymptotics
should be different. (2) might be a difficult problem, since we must analyze o(Hr )
for #I' > 3. (3) and (4) are solved in the case of Anderson point interaction (see
[4], [11, 12]), and the generalization to the Poisson—-Anderson point interaction is an
interesting problem. (5) is a challenging problem, not solved even in the case of the
Schrodinger operators with Poisson random scalar potentials. However, there is an
explicit resolvent formula for the operator Hy ,, so we can analyze the operator Hy , in
more detail than the usual Schrodinger operator —A + V. The author hopes that the
analysis of Hr, gives a clue to solve the problem (5).



Acknowledgments.

This work was supported by JSPS KAKENHI Grant Number 18K03329. This work
was also supported by the Research Institute for Mathematical Sciences, an International
Joint Usage/Research Center located in Kyoto University.

References

1]

[10]

[11]

S. Albeverio, R. Hgegh-Krohn, W. Kirsch, and F. Martinelli, The spectrum of the
three-dimensional Kronig-Penney model with random point defects, Adv. in Appl.
Math. 3 (1982), no. 4, 435-440.

S. Albeverio, F. Gesztesy, R. Hgegh-Krohn, and H. Holden, Solvable models
in quantum mechanics. Second edition. With an appendiz by Pavel Exner, AMS
Chelsea Publishing, Providence, RI, 2005.

K. Ando, A. Iwatsuka, M. Kaminaga, and F. Nakano, The spectrum of Schrodinger
Operators with Poisson type random potential, Ann. Henri Poincaré 7 (2006),
145-160.

A. Boutet de Monvel, and V. Grinshpun, Exponential localization for multi-
dimensional Schrodinger operator with random point potential, Rev. Math. Phys.
9 (1997), no. 4, 425-451.

F. Delyon, B. Simon, and B. Souillard, From power pure point to continuous
spectrum in disordered systems, Ann. Inst. H. Poincaré Phys. Théor. 42 (1985),
no. 3, 283-309.

T. C. Dorlas, N. Macris, and J. V. Pulé, Characterization of the spectrum of the
Landau Hamiltonian with delta impurities, Comm. Math. Phys. 204 (1999), no.
2, 367-396.

M. Drabkin, W. Kirsch, and H. Schulz-Baldes, Transport in the random Kronig—
Penney model, J. Math. Phys. 53 (2012), no. 12, 122109, 15 pp.

H. L. Frisch and S. P. Lloyd, Electron Levels in a One-Dimensional Random Lattice,
Phys. Rev. 120 (1960), 1175-1189.

S. Kotani, On asymptotic behaviour of the spectra of a one-dimensional Hamilto-
nian with a certain random coefficient, Publ. Res. Inst. Math. Sci. 12 (1976/77),
no. 2, 447-492.

J. M. Luttinger and H. K. Sy, Low-Lying Energy Spectrum of a One-Dimensional
Disorderds System, Phys. Rev. A 7 (1973), 701-712

P. D. Hislop, W. Kirsch, and M. Krishna, M, Spectral and dynamical properties of
random models with nonlocal and singular interactions, Math. Nachr. 278 (2005),
no. 6, 627-664.

123



124

[12] P. D. Hislop, W. Kirsch, and M. Krishna, Eigenvalue statistics for Schrodinger
operators with random point interactions on R%, d = 1, 2, 3. J. Math. Phys. 61
(2020), no. 9, 092103, 24 pp.

[13] M. Kaminaga and T. Mine, Upper Bound for the Bethe-Sommerfeld threshold and
the spectrum of the Poisson random hamiltonian in two dimensions, Ann. Henri
Poincaré 14 (2013), vol. 14, 37-62.

[14] M. Kaminaga, T. Mine and F. Nakano, A Self-adjointness Criterion for the
Schrodinger Operator with Infinitely Many Point Interactions and Its Application
to Random Operators, Ann. Henri Poincaré 21, 405-435, 2020.

[15] A. S. Kostenko, and M. M. Malamud, 1-D Schrédinger operators with local point
interactions on a discrete set, J. Diff. Eq. 249 (2010), no. 2, 253-304.

[16] 1. M. Lifshits, A. S. Gredeskul, and L. A. Pastur, Introduction to the theory of
disordered systems, John Wiley & Sons, Inc., New York, 1988.

[17] R. Meester and R. Roy, Continuum percolation, Cambridge Tracts in Mathematics,
119. Cambridge University Press, Cambridge, 1996.

[18] N. Minami, Schrédinger operator with potential which is the derivative of a tem-
porally homogeneous Lévy process, Probability theory and mathematical statistics
(Kyoto, 1986), 298-304, Lecture Notes in Math. 1299, Springer, Berlin, 1988.

[19] L. Pastur and A. Figotin, Spectra of Random and Almost-Periodic Operators,
Springer-Verlag, Berlin, 1992

[20] R.-D. Reiss, A course on point processes, Springer Series in Statistics, Springer-
Verlag, New York, 1993.

Takuya Mine

Kyoto Institute of Technology

Address: Matsugasaki, Sakyo-ku, Kyoto 606-8585, Japan.
E-mail: mine@kit.ac.jp





