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Abstract

This article investigates the heat kernel of the two-dimensional uniform spanning tree.
We improve previous work by demonstrating the occurrence of log-logarithmic fluctuations
around the leading order polynomial behaviour for the on-diagonal part of the quenched
heat kernel. In addition we give two-sided estimates for the averaged heat kernel, and we
show that the exponents that appear in the off-diagonal parts of the quenched and averaged
versions of the heat kernel differ. Finally, we derive various scaling limits for the heat kernel,
the implications of which include enabling us to sharpen the known asymptotics regarding
the on-diagonal part of the averaged heat kernel and the expected distance travelled by the
associated simple random walk.

1 Introduction

The focus of this article is the two-dimensional uniform spanning tree (UST), which is a random
subgraph of Z? that will henceforth be denoted by . Since the introduction of this object
in [34], considerable progress has been made in our understanding of the geometry of USTs
(and, more generally, uniform spanning forests), see [11] for background. In this direction, a
particularly useful viewpoint was provided by Wilson, who gave a construction of USTs via
loop erased random walks (LERWSs) [36]. Indeed, the latter description was at the heart of
Schramm’s seminal work describing the subsequential scaling limits of two-dimensional LERW
and U in terms of what is now called the Schramm-Loewner evolution (SLE) [35], see also [29].
In recent years, building on Lawler and Viklund’s convergence result for the LERW in its natural
parametrisation [30], a more detailed picture of the scaling limit of ¢/ has been established [4, 18].
And, closely related to this, properties of the simple random walk (SRW) on ¢ have also been
explored [4, 8, 9]. The goal here is to provide further insight into the behaviour of the heat
kernel (transition density) of the latter process.

Let us proceed to present some of the basic notation that will be used throughout the article.
We will assume that the two-dimensional UST U is built on a probability space (Q2, F,P); we
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write E for the associated expectation. Note that, P-a.s., U is a one-ended tree with vertex
set Z2 [34]. We write y(z,y) for the unique self-avoiding path between z,y € Z2, and ~(x, o0)
for the unique infinite self-avoiding path started at x. By Wilson’s algorithm (see [36], and the
recollection of this at the start of Section 2), vy(z,y) is equal in law to the loop erasure of a
SRW started at  and run until it hits y. We will denote by di; the intrinsic metric on the
graph U, so that dy(z,y) is the length of the geodesic y(z,y). We write pgs for the measure
on Z? such that g ({z}) is given by the number of edges of U that contain z; this is the
invariant measure of the simple random walk. We denote balls in the intrinsic metric dy; by
By(z,r) = {y € Z?* : dy(x,y) < r}. We use dy to denote the £, metric on Z2, and Buo(z,7) to
denote balls in the doo-metric; these balls are of course boxes.

Many of the exponents that describe the behaviour of ¢ and the associated random walk can
be expressed in terms of the growth exponent of the two-dimensional LERW, which is given by
k = 5/4. More precisely, let L, be the loop erasure of a SRW in Z? run until its first exit from
[—n,n)?, M, be the number of steps in L,, and G(n) = E(M,). By [26], we have

G(n) = EM, = n", (1.1)

where < means ‘bounded above and below by constant multiples of’. (This improves earlier
estimates in [19, 33|, which establish that lim,_,~ log G(n)/logn = k.) The papers [8, 9] gave
estimates for the heat kernel of U in terms of the function G; these can now be written more
simply using (1.1). When we cite results from [8, 9] we will give the simplified versions without
further comment.

Next, we introduce the simple random walk on U, which is the discrete-time Markov process
XY = ((XY) >0, (PY)cz2) that at each time step jumps from its current location to a uniformly

chosen neighbour in the graph . For x € Z?, the law PY is called the quenched law of the
simple random walk on U started at x, and we write

7] o Pa%{ (Xrbz{ = ?/)
Pn(@y) = =0 Ty

for the corresponding quenched heat kernel.

To understand the properties of random walk on a space such as U, a by now well-established
approach is to first study volume growth and resistance growth (see, for example, [6, 21, 22]). Re-
garding the volume growth, one would expect from (1.1) and Wilson’s algorithm that By (z, ")
should be approximately the same as Boo(x,r), and hence that |By(x, R)| should be of order
R?/%_ This expectation was confirmed by [9, Theorem 1.2], which gives stretched exponential
estimates for the upper and lower tails of R=%/ ®| By (0, R)|. We define the ‘fractal dimension’ of
U by

Yo,y € 72,

de=2-2 1.2
F=L=3 (1.2)

Using the estimates in [9, Theorem 1.2] an easy Borel-Cantelli argument gives that there exist
deterministic constants cj, ca € (0,00) such that, P-a.s.,

crrds (log log 7‘)79 <y (By(0,7)) < cors (log log r)3

for large r. The first main result of this paper is that volume fluctuations of log-logarithmic
magnitude really do occur.



Theorem 1.1. P-a.s.,
Hu (BU(Ovr))
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Similar fluctuations have also been observed for Galton-Watson trees [7, Proposition 2.8] (see
also [16, Lemma 5.1]). The proof here is more complicated as the correlations between different
parts of the space are harder to control. The key ingredient is the argument of Section 3 below,
in which we provide a general technique for estimating from below the probability of seeing a
particular path configuration in the initial stages of the construction of the UST via Wilson’s
algorithm. This enables us to control the probability of seeing especially short or long paths in
some region of U.

The volume fluctuations of Theorem 1.1 are associated with corresponding fluctuations in
the on-diagonal part of the quenched heat kernel. From [9, Theorem 4.5], we know there exist
deterministic constants ¢, cs € (0,00) and ag, s € (0,00) such that, P-a.s.,

crn~ 4/t (loglog n) = < 4 (0,0) < con™4 /% (log log n)®2

for large n. Here

2 13
dy=1+df = :“:E (1.5)

is the so-called walk dimension; this represents the space-time scaling exponent with respect to
the intrinsic metric. Applying Theorem 1.1, we are able to deduce that log-log fluctuations in
the quenched heat kernel actually occur.

Corollary 1.2. There exists > 0 such that, P-a.s.,
lim inf (log log n) Y/ ¥3nds/dw il (0,0) = 0,
n—oo

lim sup(log log n) Pn%/% plf (0,0) = co.

n—oo

These volume and heat kernel fluctuations arise from unlikely configurations of U inside
By (0,7) at a (random) sequence of scales 7, — 0o. Another consequence of the occurrence of
such exceptional configurations is the failure of the elliptic Harnack inequality in this setting. For
a precise description of the particular form of the elliptic Harnack inequality that we consider,
see Definition 7.1 below.

Corollary 1.3. The large-scale elliptic Harnack inequality does not hold for the random walk
onU.

We now consider the off-diagonal heat kernel. To avoid the issues of parity that arise from
the fact U is a bipartite graph, we introduce the following smoothed version of the heat kernel

U i
. () + 01 (2, y)
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In [9, Theorem 4.7] it was shown that there exist deterministic constants a, C' € (0,00) such
that, P-a.s.:

ds 1 1
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holds whenever n > dy(0,2) and max{n®|z|} is suitably large, where

A=An,z):=C <log (max{nd“’, |x|}>>a . (1.6)

The logarithmic correction factor A represents the possible influence of exceptional environments
on the heat kernel.

We are unlikely to see an exceptional configuration at any particular scale, so it is not
surprising that for the averaged heat kernel the fluctuations of Corollary 1.2 disappear: by |9,
Theorem 4.4(c)], we have that

cyn~ /4 < B pH (0,0) < con /v Vn > 1. (1.7)

As for the off-diagonal part of the averaged heat kernel, one might hope that one could replace
the random distance di(0,x) with its typical order with respect to the Euclidean metric, that
is, |z|®, and that, as with (1.7) one would be able to remove the errors associated with the term
A in (1.6). We show that this is almost the case, however, in the annealed off-diagonal bounds
the exponent Klq needs to be replaced by a strictly smaller number.

Theorem 1.4. There exist constants ci,ca,c3,¢cq € (0,00) and 0 < 0y < 6y < 1 such that: for
every © = (v1,72) € Z* and n > |x1| + |72,

01 D)
dy Kdw \ dyp—1 df Kdw \ dy—1
n~ dw exp{ —Co (\x! > ’ <EpH(0,2) < cgn” @ exp{ —c¢y <\x! > ’
n n

Our argument indicates that we can take 6; < 1 due to contribution to the averaged heat
kernel from realisations of U where the intrinsic distance from 0 to x is unusually short, and
thus where the heat kernel %(0,z) is unusually large. This phenomenon was not observed in
the earlier study of random walk on a Galton-Watson tree of [7] (see Theorem 1.5 in particular),
since the intrinsic metric of the trees was the only one involved there.

Remark 1.5. We have 0, = gd‘ijl = %, and we conjecture that this is also the correct value

for 5. This would mean that the averaged heat kernel estimates of Theorem 1.4 are of the
usual sub-Gaussian form, but with respect to the extrinsic walk dimension xd,,, rather than the
intrinsic walk dimension that appears in the quenched bounds.

In the course of our proofs we obtain some new tail estimates on the length of the path v(z,y)
between points « and y; by Wilson’s algorithm this is also the length of a LERW run from x to

Y.
Theorem 1.6. (a) There exist constants c; such that for A\ > 1, x,y € 72,
crem N < P (dy(z,y) < A tdoo(z,9)") < cze= N,
(b) There exist constants c,q such that for A > 1, x,y € 72,
P (dy(z, 1) > Moo (z,y)") < c(log \)IN~E=R)/~,



The upper bound in (a) is proved in Theorem 2.7, (b) is proved at the end of Section 2, and
the lower bound in (a) is proved at the end of Section 3.

We now consider the scaling limit of the UST and its heat kernel. Schramm’s original work
encoded U in terms of a path ensemble (consisting of the shortest paths in U between pairs of
vertices), which enabled basic topological properties of any possible scaling limit to be deduced.
In [4], building on the work of [8, 9], this scaling picture was extended to incorporate the
intrinsic (i.e. shortest path) metric on U, as well as the uniform measure, with the result of [4]
being expressed in terms of the tightness under rescaling of U in a certain Gromov-Hausdorff-
type topology for metric-measure spaces with an embedding into Euclidean space. The main
obstacle to extending the work of [4] to a full (i.e. non-subsequential) scaling limit was the need
to prove the existence of the scaling limit of the two-dimensional LERW as a stochastic process,
rather than simply as a compact subset of the plane. This was subsequently established in [30],
and Holden and Sun [18] then proved that ¢ has a full scaling limit as a metric-measure space.

Let us now describe the setting of [4] more precisely. To retain information about ¢ in the
Euclidean topology, (U, dys) can be considered as a spatial tree (cf. [17]) — that is, as a real tree
(see [31, Definition 1.1], for example) obtained from the graph by including unit line segments
along edges, embedded into R? via a continuous map ¢y : U — R?, which is given by the identity
on vertices, with linear interpolation along edges. In addition, suppose the space is rooted at
the origin of Z2, giving a random ‘measured, rooted spatial tree’ (U,dy, pus, du,0). For this
quintuplet, it follows from [18, Theorem 1.1] (see also [4, Theorem 1.1]) that

% d
(ua(s du,(SQMUa(SQbU’O) - (Ta dT’lu’T’ QST,PT) (18)

as 0 — 0 with respect to the Gromov-Hausdorfl-type topology introduced in [4, Section 3]. The
random limit space is such that, P-a.s.: (7,dy) is a complete and locally compact real tree; us
is a locally finite Borel measure on (7, d7r); ¢7 is a continuous map from (7, d7) into R?; and
p7 is a distinguished vertex in 7. In the original result of [4], the measure p;; considered was
the uniform measure on the vertices, but it is no problem to replace this with the measure we
consider here since, after scaling the uniform measure by a factor of two, the Prohorov distance
between the two measures is bounded above by two, and so the discrepancy disappears in the
scaling limit. Moreover, it readily follows from (1.8) that the space (T, dr, ur, d1, p7) satisfies
the following scale invariance property: for any A > 0,

(T, \*dr, N2t \oT, pT) L (T, dr, pr, 7, 07) - (1.9)

Further from the SLE description of the limit in [18], one also has rotational invariance, i.e. for
any 6 € [0,27),

(Ta dT? HT, R9¢Ta pT) i (Ta dT? ur, ¢T7 pT) ) (110)

where Ry is a rotation of Euclidean space about the origin by the angle 6. In Proposition 8.2
below, we further establish an invariance under a rerooting property for the limit space.

One of the motivations for proving (1.8) was to show that the random walks on U converge
to a limiting process. It was shown in [4] that the random walks on U started from 0 satisfy

(5Xg{“dwt)t20 - (‘bT (XtT))tzo (1.11)

in distribution under the averaged or annealed law. (Cf. the more general statements con-
cerning the convergence of random walks on trees of [2, 13].) Here, for P-a.e. realisation



of (T,dr,ur,o1,p7), XT = (XtT)tzO is the canonical diffusion, or Brownian motion, on
(T, d7, ur) started from pr, and ¢7(X7) is the corresponding random element of C(R,,R?).
In this article, we connect the heat kernel of the discrete process X to that of X7, for which
off-diagonal estimates were given in [4]. As our first result in this direction, we show the conver-
gence of the quenched and averaged on-diagonal part of the heat kernel. From (1.8) and (1.11),
the first claim of the following result, which concerns (PI(SE,y))m,yeT,bo, the quenched heat
kernel on the tree T (as defined in [4]), is essentially an application of the local limit theorem
of [14]. To adapt this to yield the corresponding statement for the averaged heat kernels, we
check the uniform integrability of the on-diagonal part of the discrete heat kernel by applying an
argument similar to that applied to deduce averaged heat kernel estimates for Galton-Watson
trees in [7, Theorem 1.5]. We note that the exact form of the on-diagonal part of the limiting
averaged heat kernel is a simple consequence of the scale invariance property (1.8). Moreover,
the result at (1.12) improves part of [9, Theorem 4.4], where it was shown that n%r/4Ep4(0,0)
is bounded above and below by constants.

Theorem 1.7. It holds that
<ndf/dwﬁz[inj (07 O)) ‘

in distribution with respect to the topology of uniform convergence on compact subsets of (0, 00),
and moreover,

d (T
<0 — (pt (pT7 pT))t>0

<ndf/dwEﬁZ[[th (Oa 0)>t>0 — (Epf(pT’ pT))t>0 = (Ct_df/dw>t>0 (112)

in the same topology, where C € (0,00) is a constant.

We next turn our attention to the off-diagonal part of the heat kernel. Whilst it is natural to
ask whether the scaling limit of (1.12) can be extended to include the off-diagonal part, we recall
that ¢ is not a bijection (see [4, Theorem 1.3]), and so one cannot a priori assume that the limit
of nds/dw Eﬁz[inj (0, [zn!/%%]) (where we write [zn!/%%] for the closest lattice point to zn!/#dw)

can be written as Ep/ (p7, (b?rl (x)), or indeed that this latter expectation is well-defined. This
being the case, the following result is presented in terms of the density of the embedded process
¢7(XT), where X7 is the canonical Brownian motion on the limiting space; we note ¢7-(X7) is
not Markov under the annealed law (or strong Markov under the quenched law, see Remark 8.3
below). Nevertheless, as we will show, (bfrl is well defined except on a set of Lebesgue measure
zero, and so the averaged density of ¢ (X7 ) is in fact given by the expression Ep/ (p7, gb}l (z)).
The key additional input to the proof of this result is an equicontinuity property for the discrete
heat kernel under scaling (see Proposition 8.1), which in turn depends on our estimate for the
probability of seeing long paths in the uniform spanning tree (see Theorem 1.6).

Theorem 1.8. For each t € (0,00), ¢7(X]) admits a continuous probability density q; =
(q¢(2))zer2 under the annealed probability law P - P¥ | so that

B (R (or(X7) € B)) = [ ala)da

for all Borel B C R%. The functions (q:)s>o satisfy the following.
(a) There ezists a constant C € (0,00) such that

‘Qt(l') - qt(y)’ < Ct—df/de’m - y’H/27 Vx7y € I&27t > 0.



(b) For any A >0 and 0 € [0,2m), it holds that

(Adf/dwqm (AﬁRM))xe = (qt(7)) yere -

R2

(¢) For each t € (0,00), it holds that

(ndf/dpr‘ZénJ (0, [xnﬁm = (qe(2)) pere

rcR2

uniformly on compact subsets of R2.
(d) For each t € (0,00) and x € R?, it holds that

at(z) = E (p] (p7. 7' (x))) .

Remark 1.9. By (b) there exists a continuous function f : R, — Ry such that

() = 4510 f(jalt /),

As an almost immediate corollary of Theorems 1.4 and 1.8, we obtain the following.

Corollary 1.10. There exist constants c1,ca,c3,¢c4 € (0,00) and 61,02 € (0,1) such that the
averaged density of ¢7 (X ), as given by Theorem 1.8, satisfies: for every x € R? and t > 0,

‘x’”d“’ % ’m‘“dw %
et~/ exp —Cz< ; > < qi(x) < ezt~ U/ exp —C4< ; )

As a further consequence of Theorem 1.4, together with the the estimate on the probability
of seeing long paths of Theorem 1.6, we obtain the following upper bounds on the averaged
behaviour of the distance travelled by XY up to a given time, both in terms of the Euclidean
and the intrinsic distances. Bounds for E(EY (dy(0, XY )?) were considered in 9, Theorem 4.6],
but the upper bound there has an additional term (logn)°P.

Corollary 1.11. For every p > 0, it holds that forn > 1,
c;,np/””dw < E<E64‘X,Lf‘p) < cpnp/“dw,
c;,np/d“’ < E(Ez(j{ (du(O,X,Zf)p> < cpnp/dw.

It follows from the argument used to establish the random walk convergence result of [4,
Theorem 1.4] that, under the averaged distribution, not only do we have (1.11), but also

_ d _ d
(n= /e Xt Diso = (Io7(XT))ezo and (=Y %wdy (0, X1, ))e=0 = (d7(p7, X[ ))iz0. Com-
bining this with the integrability given by Corollary 1.11 we obtain the following convergence
result.

Corollary 1.12. (a) For every p > 0, it holds that

) iso = (L (or6DI))) = (G7)

7

(noevs (EY X1,




with respect to the topology of uniform convergence on compact subsets of [0,00), where C), €
(0,00) is a constant depending only upon p.
(b) For every p > 0, it holds that

(e (5 (055, ),y = 5 (55 (o o7 377))), = (%)

with respect to the topology of uniform convergence on compact subsets of [0,00), where again
Cp € (0,00) is a constant depending only upon p.

The remainder of the article is organised as follows. In Section 2 we review and refine
some previous estimates for LERWSs and the two-dimensional UST, proving the upper bound of
Theorem 1.6(a) and Theorem 1.6(b) in particular. Section 3 provides an approach to showing
that particular anomalous paths occur within the UST. This allows us to check the remaining
part of Theorem 1.6, as well as the volume and heat kernel fluctuation results of Theorem 1.1
and Corollary 1.2 respectively, which will be done in Section 4. Section 5 adapts results of [4]
concerning the structure of the UST to the case where we condition on a particular path being
present, and these preliminary statements are then applied in Section 6 to deduce the heat
kernel bounds of Theorem 1.4. Then, in Section 7, we confirm the failure of the elliptic Harnack
inequality, as stated in Corollary 1.3. And, in Section 8, we apply the random walk scaling limit
result of [4] in conjunction with the estimates of this article to deduce Theorems 1.7 and 1.8, as
well as Corollaries 1.10 — 1.12. Finally, we postpone to the appendix the proofs of some estimates
from Section 2 that are relatively close variations on the proofs of the corresponding results in
[8]. NB. We will often use a continuous variable in places where a discrete one is required; in
this case we implicitly mean that the floor of the relevant variable should be considered.

2 Loop erased random walk and the UST

This section contains some refinements of previous estimates on the geometry of the UST and
the behaviour of the LERW. The key input we need for the averaged heat kernel upper bound
(Proposition 2.9) is a relatively straightforward adaptation of [4, Proposition 2.10], adding resis-
tance estimates to the volume estimates of the latter result. We also set out some new results,
which include the upper bounds of Theorem 1.6.

We begin by introducing some notation for paths and operations on paths. A path v is a (finite
or infinite) sequence of adjacent vertices in Z2, i.e. v = (Y0,71,...) With v;_1 ~ 7;, where for
z,y € Z* we write x ~ y if |z —y| = 1. Given a set A C Z2, we define 74 = min{i > 0:v; ¢ A},
and set £4(y) = (Y0,---,7r,)- Given a finite path v, we write £(7y) for the chronological loop
erasure of v, see [23, 25].

We now recall Wilson’s algorithm, see [36]. For x € Z? let S” be a simple random walk (SRW)

on Z? started at z; we take (S%),cz2 to be independent. Write Z?2 as a sequence {zg, 21, 29, - - - },
and define a sequence of trees as follows:
Uy = {ZO}’
Uy =U;_1 U ﬁ(gz,{icil(szi)), 1> 1, (2.1)
U = Ju;.

By [36], the random tree U has the law of the UST. It follows that the law of & does not depend
on the particular sequence (z;). In fact, more is true: the z; can be chosen adaptively as a



function of U;_;. However, if we use independent (S¥) as above, then the final tree & depends
as a random variable on both the random walks and the sequence (z;). To circumvent this,
for a finite graph Wilson [36] defined a family of random variables (called ‘stacks’) that enable
one to define (non-independent) random walks (S%),cz2, and in this setup the final tree U does
not depend on (z;) for i > 1. (Note though that the random walk S») does depend on the
sequence (z1,...2,—1).) It is straightforward to check that this also holds with probability 1 for
a recurrent graph, and it will sometimes be useful for us to apply this construction.

We write L(z,00) for the loop-erased random walk from x to infinity; this is the weak limit
as m — oo of L(Ep,,(»)(S%)). By Wilson’s algorithm L(z,00) has the same law as the v(x, 00),
the unique injective path from x to infinity in U. (See [11, Proposition 14.1], for example.) We
moreover write v, = y(z,00), v;[i] for the ith point on ~,, define the segment of the path ~,
between its ith and jth points by v;[i, j| = (Vz[], vzt + 1], ... ,72[j]), and define ~,[i,00) in a
similar fashion. Furthermore, we let 7, ,(7,) = min{i > 0 : 7, [i] € B (y,7)}; whenever we use
notation such as ;|7 ], the exit time 7, , will always be for the path v,. For z,y € 72, we
introduce the ‘Schramm distance’ on U (after [35]) by setting

dij(z,y) = diam(y(z,y)),

where the right-hand side is the diameter of v(x,%) (considered as a subset of Z?) with respect
t0 deo.

In the next sequence of results of this section we collect and refine some properties of loop-
erased random walks from [4, 8, 9, 33]. In the following result, we write 9B (0, ) for the outer
boundary of Bu.(0,7), i.e. those vertices of Z2\ By (0,7) that have as a neighbour a vertex in
B (0,7).

Lemma 2.1. Let § > 1, n > 1, and suppose that D1, Dy are subsets of Z? with Bso(0,0n) C
Dy N Dy. There exists a constant ¢y = c1(0) such that if v is a self-avoiding path from 0 to
0B (0,n) then

P (Ep._ 0.0 (L(ED, (SY) =7) < aaP (. 0.0) (L(ED,(S?))) =7) -
If fori =1 or i =2 one has D; = 74, then L(Ep,(S%)) should be taken to be L(0,00).

Proof. See [33, Proposition 4.4] for the result when # > 4. Checking the proof of the latter
result, one finds that the result as stated above holds for any # > 1. (In [33] the emphasis was
on the fact that one can take C(6) = 1 + c(log §)~! for large 6.) O

Definition 2.2. Let D C Z2. Let A > 1, 1 < ry < ro. We say that D is (), ry,r2)-regular if we
have for each z,y € D,

A_ldl‘?{(x’y)ﬁ S du(x,y) S )‘dft(%y)ﬁ, when 1 S df[(%y) S T2,
dy(z,y) < Mrf,  when dy(z,y) <11,
dy(z,y) > A5, when dy)(x,y) > 7.

It is straightforward to check the following.
Lemma 2.3. (a) If D is (\,71,7)-reqular and ro > N2/%ry, then

Ny (,y) < dS(e.y)" < Mye,y)®,  when Ar§ < dylx,y) < A5,



di(way)n < )\Tlf7 when du(x,y) < )\T‘If,
d(e,y) = NI, when dy(e,y) > AU,

(b) Let T C Z2 be a tree, w & T, v(w,T) be a self-avoiding path from w to T, and let T' =
TUN(w,T). If T and v(w,T) are (\,r1,r2)-regular, then T’ is (28X, 2rq,r9)-regular.

The next result is a consequence of [4, Proposition 2.8].

Lemma 2.4. Letn>1 and A > X\g. Then
P (BOO(O’”) is (A,G_cl)‘l/Qn,n)-regulaT) >1— cge N,

Lemma 2.5. Let 0 > 1, n > 1, and suppose D C 7.2 is such that Boo(0,0n) C D. It then holds
that there exist constants ¢; = ¢;(0) such that for A > X\, where Ay is some large, finite constant,

P(Ep.0m (L(ED(S))) is (A, neet™* n)-regular) > 1 — cye™ ",

Proof. By Lemma 2.1 it is enough to prove this when £(£p(S?)) is replaced by L(0,00). The
bound then follows from Lemma 2.4 and Wilson’s algorithm. 0

Lemma 2.6. There exists \g > 1 and constant c1 > 0 with the following properties. Let
n>1,A> )\ and z € Boo(0,3n/4), let 7 be a shortest path in Z* between 0 and z, and set
A={yeZ?:dy(y,m) <n/8}. Then

P(v(0,z) C A and is (A,ne‘cl)‘l/Q,n)—TegulaT) > cy.

Proof. Let Gp be the event that B (0,n) is ()\,ne_cl)‘lm,n)—regular. Choose k£ > 16 and
let y satisfy doo(0,y) = n/k. Let Go = {7(0,y) C B«(0,n/8)}; by [9, Lemma 2.6] we have
P(GS) < cok~1/3; choose k so that cpk™1/3 < % Let S* be a SRW started at x, and G4 be the
event that S* makes a closed loop around 0 which separates 0 and y before it leaves A; we have
P(G4) > c3 > 0. Then P(G2NGyq) > 3c3. We now choose \g large enough so that P(G) < 1c;
and hence writing G = G; N Gy N G4 we have P(G) > %03. On the event G the SRW S% hits
7(0,y) before it exits A, so v(0,z) C A. Since B (0,n) is regular, so is the path v(0,z). O

Theorem 2.7. Let n > 1, and suppose D C Z2 is such that Boo(0,n) C D. If D # 72, set
Lyn.p = € (0,n) (L(Ep(S?))), and set Ly, 72 = Ep.(0n)(L(0,00)). It then holds that there exist
constants ¢; such that, for A > 1,

P (|Ln.p| < A'n%) < e, (2.2)
In particular, for any x,y € Z2,
P (du(,y) < A\ duo(,9)") < cre M (23)

Proof. A bound with exponent A*°¢ is given in [8, Theorem 6.7], and with some more care
one can obtain (2.2) by essentially the same arguments — see the Appendix for details. Taking
r=0, D=7Z\{y} and n = [d(0,7)], we have dy(x,y) = |[L(Ep(S°))| > |Ln p|, which (with
translation invariance) gives (2.3). O
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To state our next result, Proposition 2.9, we need to introduce some more notation and basic
definitions. Specifically, we write Reg for the effective resistance on U considered as an electrical
network with unit conductances along each edge. (See [3, 32] for background.) We recall from
(1.2) and (1.5) the definition of d; and d,.

Definition 2.8. We say a ball By(x,r) is A-good if we have the following:
(1) A1 < By, )] < A,

(2) Reg(x, By(z,7)°) > 1/,

(3) By(z, ) C Boo(z, \rl/%).

We moreover define
Fi(A\,n) ={By(z,r) is A\-good for all z € B (0,n), e nr < < n"}, (2.4)
and note that on the event F}(A,n) we have By(x,n") C By (z, An) for all z € By (0,n).

Proposition 2.9. There exist constants ci,co, Ao such that
P (Fi(\n)°) < cpexp(—cA/19), v >1, A> X

Proof. The proof below is a modification of that of [4, Proposition 2.10]. Let r = ne_)‘l/SQ, and

assume first that n is large enough so that » > A. Let J(x, \) be the set of those r € [1, 00) such
that the three conditions in Definition 2.8 hold.

Set Ry =n, Ry = re™’™, and let Dy be as in [4, Proposition 2.9], with |Da| < X4 Set
mo = inf{m : m > e}, and let E(r,\) := Nzep, nmott fmrs € J(x,\)}. A simple union

bound allows us to deduce from [9, Theorem 1.1(a) and Proposition 4.2(a)] that
P (E(r,\)) < \DQ!G“)‘Uwce—C/)‘l/g < Ce= ",

Let As(r,\) be the event given in the statement of [4, Proposition 2.9]; we have P(E(r, \)¢ U
As(r,0)¢) < Cexp(—cA/16). Moreover, if E(r,\) N As(r, A) holds, then, by [4, (2.14) and the
last display in the proof of Proposition 2.9], for each € By (0,n), there exists y = y, € Dy with
dy(x,y) < 4rF/AY* and doo(z,y) < 2r/X. Choosing g large enough, we have dy(z,y,) < r*
and doo(x,yy,) <.

Now, suppose E(r, \)NAs(r, A) holds, and let x € B (0,n), and s € [4\r", n"]. We will prove
that s € J(z,2\) by verifying the conditions (1)—(3) in Definition 2.8. Choose m € [4\, mg + 1]
so that (m — 1)r® < s < mr*. It then holds that

[Bu (2,5) | < |Bu(ys, (m + 1)) < A((m +1)/(m — 1) % < 2x5%.

Similarly, |By(z,s")| > (2)\)"'s%, so that the volume bound (1) holds. Next, applying the
triangle inequality for resistances (and the fact that Reg(x,y,) = dy(z,y.)),

Reff (.%', Bu(m', S)C) > Reff (yarv BZ/I(-%'7 S)C) - du(l’, yx)
> Reff(yx7 BZ/I (yxv s — ,r,/@)c) —r"
> A m = 2)rF —rF > (20) 7 s,

which gives (2). Finally for (3) we have

By(z,s) € By (Yz, (m + 1)1") C Boo (Yo, AN(m + 1)1/’%) C Boo(z,2Xs),
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where the last inclusion holds since (1 + A(m + 1)/%) < 2X\(m — 1)/%r < 2Xs. Thus, for
A > Ao with g suitably large, E(r,\) N As(r,A) C F;1(2\,n), and this completes the proof of
the proposition in the case when r > A.

Finally, suppose r = ne=N'* < A e n< AeM* A union bound then gives

[n"]
P(Fi(\,n)%) < Z Z P(s¢ J(z,\) < en2Hre—c/ A2 < CB_C//AI/Q,
x€BR(0) s=1

where the last inequality is again an application of [9, Theorem 1.1(a) and Proposition 4.2(a)].
This is enough to complete the proof. ]

A further observation that will be useful in the proof of the averaged heat kernel upper bound
is the following.

Lemma 2.10. Suppose that Fy(A\,n) occurs, and let x,y € Bs(0,n). It then holds that
doo(z,y) € [)\e*)‘l/w/””n,n] implies dy(x,y) > X "doo(z,y)".

Proof. Let 7 < A\ "duo(,y)", so that y & Be(z, A\r'/%). The condition on du(z,y) implies that
we can choose r so that r € [e*Al/mn””,n“], and thus property (3) in the definition of a good

ball implies that y &€ By(x,r), and so dy(z,y) > 7. O

The next few results will lead to the proof of Theorem 1.6(b), beginning with the case when
x and y are neighbours in Z2.

Proposition 2.11. There exist constants c;,q such that
e1s” TR <P (dy(0,e1) > 5) < eplog s)Ts™ R/
for all s > 2, where ey = (1,0).

We start with a proof of the lower bound. For this, it will be convenient to introduce U’, the
dual of U. This is the graph with vertex set (Z + %)2 whose edges are precisely those nearest
neighbour edges that do not cross an edge of . It is known that U’ has the same law as U (see
[11]). We set 0' = (1/2,1/2) for the root of the dual graph.

Proof of the lower bound of Proposition 2.11. Applying [4, Proposition 2.8] and Proposition
2.9, for r > 1, A > Ao, we can find an event Go(\,r) with P(Go(\,7)¢) < cre=eM™ such
that if this event holds then we have By (0, R) is (c3A!/?0, r, R)-regular and also Fj (), R) holds,
where R = re*/*"/%. Let G{(\, r) be the corresponding event for the dual graph, and define
G\, 1) = Go(A\,r) NGH(A, ).

On G(\,r), if o/ is the unique injective path from 0 to infinity in &’, then we have that the
section of 4/ from its last exit from Bao(0/,7) to Beo(0/,2r)¢ has length greater than cA~/20r#,
(We assume that A is chosen large enough so that A > 2.) Denote by /. this section of +/,
and let {2/, z}} be an edge crossed by ~,. If {x1, 22} is the dual edge to {z], x4}, then it must
be the case that df{(xl,xg) > r, and thus dy(z1,z9) > e\ 1/20pk

Finally, for 1 ~ 2o (in Z2), set F(x1,x2) = {dy(z1,z2) > cA~Y/20r%}, The argument above
gives that

Z Z lp(th) > 1G(>\,r) Z Z lF(:Bl,:BQ) > c)\*l/QOTIiIG()\m)‘

21E€Boo(0,2r) T2~T1 21€Bxo(0,2r) T2~T1
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Hence taking expectations

<1 — 0167‘32»/40) ATV < Z Z P(F(z1,22)) < dr*P(F(0,¢1)),

1€ B (0,2r) T2~

and the result follows by a simple reparameterisation. O

A similar idea gives an upper bound. We begin by looking at the size of the finite component
rooted at a vertex. In particular, for x € Z2, this is defined to be the set A, = {y : x € v(y,00)}.
We also define the depth of A, by dep(A,) = max{dy(z,y) :y € A,}.

Lemma 2.12. For A € N, we have that

P(dep(4g) = ) < ) A~2/%, (2.5)
P(dep(Ag) > \) < epA™r)/%, (2.6)

Proof. Suppose that the event G(\,r) defined in the proof of the lower bound holds, and
again set R := reX’*/% NB. We suppose that A is large enough so that (32)\)1/””r < R. Let
r € By(0,7), and suppose that dep(A4,) = s, where 7* < s < (16A\)"'R®. We then claim
that A, C Boo(0,R/2). Indeed, suppose y € A, N Bso(0,R/2)¢, and let 3’ be the first point
on v(y,x) which is in Bs(0,R). Since r < 1R < do(z,y') < dij(z,y), we must then have
s = dep(Ay) > dy(z,y") > min{A\"1R" A\71d) (2, y')"} > A\"147FR*, which is a contradiction.
Now, there exists y, € A, such that dy(z,y,) = s, and it must be the case that y, € B (0, R/2).
Thus the ball By(y,, s) is A-good, and we obtain

|Az| > |Bu(ya, s)| = A" tdep(A,)?/". (2.7)

Next, let s € NN [r*,2r%], and set H, = {x € Boo(0,7) : dep(A,) = s}. By (2.7), we then have
that

Lo Y [Ael = X715 Hl1g0,). (2.8)

J:Eﬁs

If 2 € Hy and y € A, then y € B+ (0,R/2) and dy(x,y) < s. Hence do(z,y)" < dg(m,y)”” <
max{\r, Ay (z,9)} < 2\%, and so y € B (0, (1 + (20)/%)r). Since the sets (Az) e, ave dis-
joint, it follows that 1g ) D e, [Az] < C)\Q/HT21G(>\7T), and combining this with the estimate
at (2.8) yields

|Hy| 10 < N5 160 . (2.9)
Finally, let A, = inf{\ > Ao : G(A,r) holds}, and note that P(A. > \) < P(G(\,r)¢) <
cl 6*02)‘1/40. Thus A, is almost-surely finite, and there exist finite constants ¢, such that E(Aff ) <

¢p; note that these constants can be chosen not to depend on r. Hence, from (2.9), we deduce
that, for s € NN [r*, 2r"%],

P(dep(Ag) = 5) < 12| Boo(0,7)[P(dep(Ag) = s) = r 2E(|H,|) < er 2E(ALT/") < es7 /%,
This gives the bound (2.5), and the bound (2.6) readily follows. O

Proof of the upper bound of Proposition 2.11. Again, suppose that the event G(A,r) defined in

AL/40

the proof of the lower bound holds, and A is chosen large enough so that 2 <e . Suppose
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that dy(0,e1) > 25c3A\/297% (where 3 is as in the definition of the aforementioned event). Note
that the dual vertices enclosed by the path (0, e;) (combined with the edge from 0 to e;) are all
elements of the finite component of U’ rooted at 0', which we denote Af,. On G(X\,r), we have
dyy(0,e1) > 2r, and so there exists a point z; € 7(0,e;1) such that doo(0,21) > 2r. Let 22 be a
point on (0, e1) adjacent to x1, and let {2/, 25} be the edge dual to {x1,22}. One of the points
), o is in Af),; we call this point 2’. Since d,(0',2") > r and G(),r) holds, we thus obtain that
dep(A}) > ¢z ' A7Y20r% Hence G(A,7) N {dy(0,e1) > 25csA/20r%} C G(A,r) N {dep(A4}) >
¢z 'TAT1/2005) "and so, setting 7 := 3 ']ATY/20r% and A = ¢ (log 7#)*,

P(dy(0,e1) >7) < P(G(log7,7)°) + P(dep(Af) > 2_"‘052(0')_1/10(10g 7))
< Cle—cgc’ log 7 + C,,:—(Q—n)/n(log f)4(2—m)/n,
which, taking ¢ suitably large, yields the desired result. ([l

Proof of Theorem 1.6(b). Suppose that the event G(\, r) defined in the proof of Proposition 2.11
holds, and write R := reM*/r We will assume that we also have a parameter t that satisfies
4res N0 < ¢ < 051)\71/206»/40. Let doo(0,2) = 7, and L be a shortest path in Z? between 0
and x. If dy(0,z) > tr", then d‘f{(O,x) > cgl/“)\*l/m“tl/””r, and so there exists a point y on
(0, z) with ds(0,y) > cgl/n)\_l/ZOKtl/“r. Let 3 be a dual point with ds(y,y’) = 1 which is
separated from infinity by v(0,2) U L. The path in the dual tree +/(y’, c0) must pass through L
at a point 2/, and the length of the section of 7/(y', 00) inside By, (2/,7) will be of length at least
c3 'ATY/20p5 . Moreover, for each vertex 2’ of v/(y/, 00) inside By (2',7), it must be the case that
A!, has d-diameter greater than dw(0,y") — 2r, and so dep(A4’,) > 2_"‘051)\_1/20257’“. Now, let
H = {dy(0,z) > tr*} and F(z') = {dep(A’,) > 27%¢c; "A~1/204r*}. We then have that

Lanconr Z 1peny > 1HOG(A,T)C§1)\—1/20TR‘

2/ €Boo (07,27)

So, by (2.6),

P(H N G()\, 7“)) < CgT'_K)\l/QOE 1HﬂG’()\,7") Z 1F(z/)
2/ €Boo (0/,27)
Segr AN P(R(Y)
2'€Boo (0/,27)
< CT2711>\1/20(27/£C§1)\71/20757,/@)7(2711)//@
— C)\l/lO/@t—(Q—n)//@.

Hence, taking A = (logt)*!, the result follows similarly to the end of the previous proof. O

3 Controlling paths

In this section, we provide a general technique for estimating from below the probability of
seeing a particular path configuration in the UST. This will enable us to estimate from below
the probability of seeing especially short paths between given points, and so prove the lower
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bound in Theorem 1.6(a). These estimates will also be a key ingredient in establishing volume
and heat kernel fluctuations for the UST, as we do in the subsequent section.

Let z € Z2, and m > 1. A scale m path from 0 to z, 7 say, is a sequence of distinct vertices
0 = zg,21,...,2y = x such that x; € (mZ)? and the Euclidean (i.e. £2) distance between x;_;
and z; is equal to m for each i =1,..., N — 1, and also x5 € B,,(xn_1), where we define

B, (x) := Boo(z,7/2).

We write || = N for the length of the path. Now, fix a path 7 of length N. The rest of this
section is devoted to defining an event F,(x,m) with P(F,,(z,7)) > e~N such that on this
event the path from 0 to z in the UST is contained in UY B, (z;) and (up to constants) has
length Nm*.

To complete the program described in the previous paragraph, we will again appeal to Wil-
son’s algorithm. As at the start of Section 2, let (S%),cz2 be a collection of independent simple
random walks on Z2, where S? is started from . Slightly modifying the algorithm at (2.1), we
use these to construct the part of the UST containing both 0 and x via an iterative procedure.
In particular, let k& be some integer that will be fixed later. We begin our construction by taking
Uy = 7o to be the loop-erasure of S(L™/kl) run until it first hits the origin zp = 0. We then
continue as at (2.1): for i > 1, let U; = U;—1 U~y;, where ~; is the loop-erasure of S** run until it
first hits U;_;. We will later use the notation z to represent the unique point in ¢4;_; N~;. From
Wilson’s algorithm, we obtain that the path from 0 to x in the graph tree Uy is distributed
identically to the path from 0 to x in U. For convenience, we will henceforth assume that U
has been constructed by continuing with Wilson’s algorithm from Uy, and so this equality is
almost-sure.

We next define a sequence of ‘good’ events G;. Given A > 2, which will also be chosen later,
set Go := {7 C Bn(0)} N {|jv| < Am"}, where || is the number of elements of the path
70. To define G; for i = 1,..., N — 1, first let R; be the mA=2 x 2mA~2 rectangle consisting
of B,,,—2(7;) and the adjacent square of side-length mA~2 that is closest to x;_1; this is the
rectangle about x; with a solid border shown in Figure 1. Moreover, let (); be the union of the
m X m(%m rectangle contained in B, (z;) that is closest to z;_1, the m X m(%m rectangle
contained in By, (z;—1) that is furthest from z;_o (if ¢ = 1, take this to be the rectangle closest
to xz;), and By, y-2(x;—1); this is the dotted region shown in Figure 1. Note in particular @); has
essentially two forms, depending on whether x; 2, 2;_1,x; are co-linear or not; these are the two
configurations are shown in Figure 1. For ¢ = 1,... N — 1, we then set G; = ﬂ;’zng, where:

° G% is the event that S%¢ exits R; on the side closest to x;_1 — call this exit time 7;, and
also 7?—1— hits ;1 before exiting Q;;

e (7 is the event that |vy;| € [\~1m"~, Am"];
° G? is the event that |y; N Byy-2()] < A(BmA™2)~ = N3/ 2mp
Finally, we take

GN = {7 C Bn(zn—1) U Bn(xn)} 0 {lyn] < Am"},
Fm(.%',ﬂ') = mi\;OGi'

To highlight the relevance of F,(x,7) = ﬂi]\;OGi to controlling path lengths, we note that on
this event we have that

N N
d(0,2) < (i1, i) <D il S AN + 1)m” < 2ANm”. (3.1)
=1 =0
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Bm (:L‘z;g) ‘__’YXI

Figure 1: Configuration within B, (z;—1) U By, (z;) on the event Go N --- N G;.

Moreover, from the construction it is possible to deduce that, on F,(x, ),

N—-1
du(0,z) > Z dy (5, T}y )

=
N-1

> (dug(xf, ) — dy (@i, 25yy))
=1
N-1

> (Ivi] = v N Bypua—2(24)1)
=1

> (N —1) <)ﬁ1 - 3“A*3/2> m*, (3.2)

where the bound dy (i, 2}, ;) < |vi N Bama—2(xi)| is a consequence of the fact that the random
walk S* does not backtrack to B,,y-2(x;) once it exits R; C Bs,,z—2(z;), which means that
neither does 7;, and so the path in U/ from z; to 2], ; must be contained within Bg,,y—2(z;). In
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particular, for N > 2 and X suitably large, this implies dy(0,z) > ﬁN m”, and so we have the
desired control over the lengths of paths.
The following is the key estimate of this section.

Proposition 3.1. If k and A are chosen large enough, then there exists a constant ¢ € (0,00)
and mg € N such that

P (Fp(z,m)) > e ™ (3.3)
whenever m > mg, © € Z2, and 7 is a scale m path © from 0 to x.

Proof. 1t is enough to show that if £ and A are chosen large enough, then there exists a constant
¢ > 0 such that
P(Gy) > ¢ (3.4)

and also, fori =1,..., N,
P(Gi|GO, ce ,Gi—l) >c (3.5)

uniformly over m, z and .
To establish (3.4), we first note that [9, Lemma 2.6 and Proposition 2.7] imply

P(Go) > P (70 C B (0)) — P (|y0] > Am®) > 1 — ck™1/3 — ¢(AK") 712,

whenever m > k > 1. Taking any A > 1 and k large yields a bound of the desired form.
For (3.5) when i =1,..., N — 1, we start by bounding P (G; |Gy, ...,G;—1) below by

P (G}|Go,...,Gio1) — P (GI N (GH)°|Go,...,Gim1) =P (Gl N (GP)°|Go,...,Gi1) .

Now, elementary random walk estimates yield that the first term here is bounded below by
cA~* whenever \? > k (this latter inequality is required for the case i = 1). Next, let 7; be the
loop-erased random walk from x; to the boundary of (B, (z;) U@;)\Yi—1. On G%, we have that
vi = 7;. Hence, by [8, Theorem 5.8 and 6.7],

p (Gll N (G?)C‘G0, vy Gi—l) < P (’:)/Z‘ ¢ [A*lmk7 )‘mk] G07 e 7Gi—1) < CleicQAS/E)-

Similarly, let 4; be the loop-erased random walk from z; to the boundary of (R; UQ;)\7Vi-1- On
G}, we have that v; = 7;. So, by applying [8, Theorem 5.8] again,

P (GI N (G)°|Go,...,Gim1) < P (|5 N Bapr—2(z:)| > ABmA2)*|Go, ..., Gi_1)

—ca\

IN

ci1e
Combining these estimates we obtain
P (Gi | Go, ... 7Gi—1) > S C1€702>‘3/5’

which is greater than %)\*4 > 0 for large .
The estimate (3.5) for i = N is obtained similarly. O

We can now conclude the proof of Theorem 1.6 — recall that (b) was proved at the end of
Section 2, and the upper bound in (a) follows from Theorem 2.7.

Proof of the lower bound in Theorem 1.6(a). Without loss of generality, we may assume y = 0.
Moreover, in view of Proposition 3.1, we can choose constants ci, g, c3, c4, c5, ¢cg such that if
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k = ¢1, A = cg, then the estimate (3.3) holds with ¢ = ¢35 and my = ¢4, and also on F,(z,7) we
have that
s Nm"™ < dy(0,z) < cg Nm”.

Now, for any m > 1 and x € Z? with d,(0,z) > m, one can choose a scale m path 7 from 0 to
x such that N < ¢7d(0,2)/m. On F,,(z,7), we therefore have that

dyy(0,2) < cerdog(0, 2)m~"L.

It readily follows that if duo(0,2) > c4(cgerA)* and we choose m = doo (0, ) /(cocrA)?, which
implies m > ¢4 and dwo(0,7) > m, then on Fy,(z,7) it holds that dy(0,7) < A" 1d(0,2)". So
we conclude that

P (du(oax) S Aildoo(o,.%')li) Z P (Fm(m’ﬂ-)) 2 e*CSN Z e*Cgcéc‘;)\‘l.

0

Remark 3.2. Whilst it would be straightforward to apply our approach to construct a corre-
sponding exponential estimate from below for the probability of seeing exceptionally long paths
in the UST, a stronger polynomial bound for such an event is already known. Indeed, by con-
sidering that with polynomially large probability the loop-erased random walk from z to y exits
Boo(z, Adoso(z,9)), it was established in [9, Proposition 2.7] that

P (dy(z,y) > Moo (z,y)") > eA™V/57¢

for x,y € Z%, X\ > X\ (cf. Proposition 2.11). The point of our approach is that it also gives
control of the macroscopic shape of the long path.

4 Volume fluctuations

In this section, we prove Theorem 1.1. The main ingredient in the proofs of these results is the
following lemma, which provides tail bounds for the volume of balls in the UST.

Lemma 4.1. There exist constants c1,co such that, for all .\ > 1,
P <|Bu(0,r)| > wﬂ) S (4.1)

and also , s
P <|Bu(0,r)| < )\_17"2/“) > oo o gmedE (4.2)

Remark 4.2. See [9, Theorem 1.2] for upper bounds of exp(—cA!/?) for the probability in (4.1)
and of exp(—cA'/?) for the probability in (4.2).

Proof. Consider a square of N x N boxes, each of size m x m, with the bottom left box centred
on the origin. Let 7 be the scale m horizontal path from 0 to the point z = (N — 1)m,0), and
suppose that the part of the UST containing 0 and z is constructed as in the event F,,(z,7)
of the previous section. Then, for each string of vertical boxes, assume that one has a similar
construction, where at the bottom level we assume that the algorithm attaches to the horizontal
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Figure 2: The tree Uy, on the event F'(IN,m).

part of the construction. If both such stages of this construction occur, we say that the event
F(N,m) holds. (See Figure 2.) Similarly to the proof of Proposition 3.1, we have that

P (F(N,m)) > e N’ (4.3)
for all N > 1, m > my. Moreover, similarly to (3.1), we deduce that, on F/(N,m),
dy(0,z) < eNm" (4.4)

for every « € Uy, where Un y, is the subset of ¢ built in defining the event F' (N, m). Now, on
F(N,m), we have that every vertex in the Nm x Nm region of boxes is within a d.-distance
of m from a vertex in Un,,. Thus, conditioning on Uy, and continuing to construct the
remainder of I/ from this tree as the root, by a minor adaptation of the ‘filling-in’ argument of
[9, Proposition 3.2], it is possible deduce that on an event of (conditional) probability greater

than 1 —cre~ 2N v every vertex x contained in the bottom Nm x N—2m squares that is inside the
outer paths (i.e. the shaded region of Figure 2) satisfies
dy (2, Un.m) < (NY2m)* < Nm*. (4.5)

In particular, putting the bounds at (4.4) and (4.5) together, we deduce that
P (|By(0,cNm*)| > ¢(Nm)?) > (1 - cle_C2N1/3) e NP 5 aemealN?,

Setting r = cNm* and A = c¢N2(:=1/% /2/% yields the result at (4.1).

For the result at (4.2), we argue similarly, though with a different initial tree configuration.
We again consider a square of N x N boxes, each of size m x m, centred on the origin. Let 7 be
the scale m path that starts at 0 and spirals outwards around the boxes. Denoting the centre
of the final box by z, we write G(N,m) = F,,(z,7). (See Figure 3.) From Proposition 3.1, we
have that

P (G(N,m)) > e V.
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Figure 3: The tree Uy, on the event G(N,m).

Furthermore, let y and 3’ be centres of two adjacent boxes at a Euclidean distance approximately
Nm/3 from the origin, but with y one circuit closer to the origin than y’. (See Figure 3.) By
arguing as at (3.2), we have on G(N,m) that dy/(0,y) > cN?m*~.

Next, denote by Z/NIN,m the tree constructed in the definition on G(N,m), and note that every
vertex in By, (0) is within dy-distance m of this set. Thus, similarly to the first part of the
proof, we can again apply the ‘filling-in” argument of [9, Proposition 3.2] to deduce that on an
event of (conditional on L~{N7m) probability greater than 1 — ¢je=2N e every vertex x contained
in By, 2(0) is within a dy-distance of Nm®. If this is the case and G(N,m) occurs, it further

holds that every point z on the straight line between y and 1/ satisfies
dig(0,2) > dy(0,9) — dy(y, z) > eN*m” — Nm" > eN*m*,

where we have applied the lower bound on di(0,y) from the previous paragraph. In particular,
since by construction any path in U from Bp,,(0)¢ to 0 must pass through the line between y
and o/, it follows that By, (0)¢ C By(0,cN?m*)¢, which implies in turn that

P (|By(0, eN*m")| < (Nm)?) > (1 - 616702N1/3) e N? > cgemeN?,

Setting r = ¢cN?m"™ and \ = N yields (4.2). O

Proof of Theorem 1.1. We start by showing large volumes occur almost-surely, i.e. (1.3). To this
end, we define a sequence of scales:

D; =¢", m; = eiQ/s(log )2,

We now run Wilson’s algorithm, using the family of independent SRW (S%,z € Z2). At stage i
we use all the vertices in Byp,(0) which have not already been explored, in an order described
in more detail below; write U; for the tree obtained. Let JF; be the o-field generated by the
construction at the end of stage 1.

By [9, Theorem 1.1], we have that

Bsp, (0) € By/(0,\*D¥) C Bysp, (0) (4.6)
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with probability greater than 1 — eA=17/16.

Hence, if we run Wilson’s algorithm from the vertices contained inside Bap,(0) (in any order),
taking 0 as the root, then the probability of seeing the part of the tree we generate, U; say, leaving
Bysp,(0) is less than eA~17/16 By applying a Borel-Cantelli argument we thus obtain that

ui - Bi5Di(0) - Bmi+1 (0) (4'7)

for large 4, almost-surely. Moreover, from (4.6), we see that we may also assume that the dy-
diameter of U; is bounded above by i4Df < mf,, for large i, almost-surely. Define the event
F(i) to be the event that (4.7) and the diameter estimate for ¢; both hold.

Next, we define an event G(i+1) as follows. In particular, we first suppose that it incorporates
the event F(7) holding. We then mimic the definition of the event

F(Diy1/mis1,mign) = F(c(log (i + 1))/2, myp1)

from the proof of (4.1). However, we run the first random walk in the box B, (0) until it hits
the root U; C By, (0), rather than the root 0. Let ¢/’'(i+ 1) be the part of the UST that is thus
constructed. Next, extend U’(i+1) to a tree U(i+ 1) by running loop-erased random walks from
each of the vertices contained in the bottom fn)z_—:: X QDmiﬁ squares that is inside the outer paths
until they hit the part of the tree already constructed as in Wilson’s algorithm (again, we refer
to the shaded region of Figure 2). We then complete the definition of G(i + 1) by supposing on
this event that the dy-diameter of U(i + 1) is bounded above by cDi+1me:11. (Since on F(i) we
also have an estimate for the dy-diameter of U(i) of mf, |, we can control the lengths of paths
in the appropriate way.) Similarly to (4.3), this construction yields that, for large 7,

P(G(i+1)|F) =P (Gl +1)|F) 1F(z‘) > e—C(Di+l/mi+1)2 > ¢

for some ¢ < 1. Since it is clear that G(7) is F;-measurable, then it follows from the conditional
Borel-Cantelli lemma that G(i) occurs infinitely often, almost-surely. Finally, we note that
on G(i) we have that |BM(O,CD¢+1mf_;11)| > ¢D? ;. From this, the reparameterisation r; =
cDimf_l yields the result.

To prove (1.4), we proceed in essentially in the same way. In particular, define an event
H(i+ 1) similarly to G(i + 1), but based on the event G(D;y1/mit+1,mi+1) from the proof of
(4.2) (i.e. using the spiral path of Figure 3, rather than the finger-like structure of Figure 2),
and then ‘filling-in’ from all vertices in Bp,,, /2(0). Arguing as in the proof of (4.2), we deduce
that P(H (i + 1) |F;) > i~ for some ¢ < 1, H(4) is F;-measurable, and moreover, on H (i) we
have that | By (0, cDymf2)| < D O

5 Volume and resistance estimates on the UST

The aim of this section is to derive estimates for ‘good events’, on which we have control on
the volume and resistance of the two-dimensional UST. These will be applied in the subsequent
sections to deduce the heat kernel estimates and other results stated in the introduction. Much
of what we do here will build on previous work from [4, 9]. As already noted, the main input
for the averaged heat kernel upper bound was the adaptation of [4, Proposition 2.10] that was
established in Proposition 2.9. A key difference in deriving the averaged heat kernel lower bound
is that we will be need to understand the structure of the UST conditional on the presence of
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a given path, and deriving the relevant estimates requires substantial effort; our main result is
Theorem 5.9.

Our first two lemmas relate to the following situation. Suppose we have begun the con-
struction of the UST using Wilson’s algorithm, and have constructed a tree Uy. Write P for
the law of U conditional on the event {fy = T}. We wish to adapt the unconditioned results
of [4, 9] to the law P7. We begin with the following ‘filling-in’ lemma, based on [4, Lemma
2.3] and [9, Proposition 3.2]. If T is a tree contained in U, then for each x € Z? there exists
a unique self-avoiding path in U connecting x and 7; we denote this by ~(z, 7). We write
dy(z,T) = min{dy(z,y),y € T} for the length of this path.

Lemma 5.1. Let r > 1, and T be a finite connected tree. There exist constants ¢; € (0,00) not
depending on v and T such that for each § < % the following holds. Let A1 C As be subsets of
72, with the property that any path in Z* \ T between Ay and AS is of length greater than r.
Suppose that doo(z,T) < 0r for all x € Ay. Then there exists an event G such that

P7(G°) < 177 2| Ag| exp(—cyd/?),
and on G we have that, for all x € Ay:

dy(z, T) < (6Y2r)%  do(x, T) <6Y%r;  ~(z,T) C As.

Proof. If Ay is a Euclidean ball of radius r/2, and Aj is a Euclidean ball of radius r centred on
the same point, then this is immediate from the proof of [4, Lemma 2.3]. (Checking the proof
in [9] one sees that one can take the power of § to be /2 rather than 6~/3.) The proof for
more general sets A; is similar. O

Lemma 5.2 (Cf. [4, Lemma 2.5)). Let x € Z?, r > 1, k > 2, and Dy C Z? satisfy By, 3(z) C
Uyepo By j1sk(y). Let T be a finite connected tree such that T C Ba ()¢, and write v = ~(x,T).
There exists an event Fy = Fy(x,r, k) which satisfies

Py (Ff) < e etk

)

and on Fy(x,r k) there exists T < 1, ,(y) such that, writing Wy, = ~[T):

(a) k71/474n <T< k1/474/£;.

(b) ar < doo (2, W) <15

(c) there exists Y, € Do such that doo(Yy,Wy) < 7/3k, d5(Yy,W,) < 2r/3k and also
dy (Yo, W) < c1(r/k)".

Proof. This follows as in [4]. The most delicate part of the argument is to verify that [4, Lemma

2.4] holds in this context. For this, we need to show that if v = v(x,T), then v does not make
too many close returns to the segment ~y[z, 7, ,] after time oo (14k—1/8)r- The argument in [4,
Lemma 2.4] is for y(z, 00), and the proof for «(z,T) is very similar. O

Towards stating Theorem 5.9, we now introduce an event similar to those of the kind con-
sidered in Sections 3 and 4, but incorporating the regularity of Definition 2.2. We now choose
N € N to be suitably large; in particular N > 128. Let (ii)ﬁilo be the path with an ‘S shape’
given by

((=N,—=1),(=N +1,-1),...,(N,-1),
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Figure 4: The part of U constructed on the event Hy, (with Nj = 3).

(N,0), (N —1,0),...,(=N,0),
(=N,1), (=N +1,1),...,(N,1));
note that Ny = 3(2N41)—1. Let m € N with m > 256, we then let (z;)~, be the corresponding
scale m path given by setting x; = mZ;. (Ultimately we will only be interested in the situation

when both N and m are very large.) Let I'(0) be the path in R? which is the union of the line
segments [z;_1,z;] for i =1,..., Ny. For t > 0 we write

[(t) = {z € R? : doo(x,T(0)) < mt}.

We now use Wilson’s algorithm to construct i, and begin the construction using the points x;,
0 < i < N;. We wish the tree constructed to be inside I'(1/8) — see Figure 4, and also to have
some additional regularity properties given below. As above, let (S}),>0, € 72, be independent
SRW in Z?2, where S® is started from x. Fori = 1,..., Ny let R, be the rectangle, with sides m /4
and 5m/4 which contains both Bu(z;—1,m/8) and By (xi,m/8). Let R; C R, be the rectangle
with sides m/4 and m/2 which contains Bs(z;,m/8), and let Q; = R! \ Boo(z;,m/8). Let
Uy = v0 = {0}, and for ¢ > 1 let

Yi :E(Euifl(S””)), Uy = U;—1 Uy, fori=1,...,Ny.
Define events Gg, 1=1,...,N1, j = 1,2, as follows.

) G} is the event that S% first exits R; on the side closest to z;_1, within a ds.-distance
m/16 of the line segment between x;_; and z; — call this exit time 7;, and also Sf; . hits
~;—1 before exiting Q;;

e G7 is the event that ~; is (A, (3/2)me*cl’\l/2,3m/2)—regular.
Let G; = Gf N G2, and

)
H=(\G;, i=1,...,N.
j=1

Similarly to Proposition 3.1, we then have the following.
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Proposition 5.3. There exist constants ¢; € (0,00) and Ao, mo > 2 such that if X > Ao and
m > mg, then
P(Hy,) > e N, (5.1)

Proof. Set Hy = Q. Arguing as in the proof of Lemma 2.6, we have that P(H;) = P(G1) >
¢y > 0 for m sufficiently large. From this, the result at (5.1) will follow if we can prove that for

some cg that
P(HZ|HZ,1) Z 6_63, 1= 2,...,N1. (52)

We use induction. Suppose that (5.2) holds for ¢ — 1 for some ¢ > 2. Since ;1 contains a path
from z;_1 to the boundary of Boo(x;—1,m/8), standard properties of the simple random walk
S%i give us that

P(G}H;_1) > 2e™%, (5.3)

Now, let 7; be the path in U; from x; to U;_o. Note that, if we condition on U;_o, then 7; is
equal in law to L(&ye ,(5%)). Thus, if we set

G? = {Ep,, (w0 (i) is (N, (3/2)me A 3m/2)-regular},

then Lemma 2.5 yields that
P ((G2)|Hiz) < ce™ M, (5.4)

It is also straightforward to verify that G} N CNJ? NH,;,_1 C G} N G? N H;_1, and it therefore follows
that

Using (5.4) and the inductive hypothesis we have that

L P <(ég)cmﬂi_1]Hi_2> e
P((G) 1) =—"% (ol ) O e = (55)
11— 11—

where the final inequality holds by taking A\ suitably large. Combining (5.3) and (5.5), we thus
obtain that (5.2) holds for i. O

We now fix A > Ag, where A\g > 2 is as in the previous proposition, and consider the uniform
spanning tree obtained by conditioning on the event Hy,. Let 7 be a fixed tree such that
PUn, = T | Hn,) > 0, and, as above, write Py (-) = P(:|Un, = T). We will derive volume
and resistance bounds for balls By(x,r) where z is close to the middle section of 7 and r is of
order m”™ that will hold with P+ probability close to 1. To this end, we introduce some more
notation. The tree 7 contains a path from zy to Zy,; denote this by Tirunk. For a > 0, let

To:=TN([—(N—=1)m,(N —1)m| x [-m/8,m/8]),
To+ =T N (=N —1)m, (N —1)m] x [Tm/8,9m/8]) .

The following lemma, relating to distances on 7, follows easily from the definition of the event
Hy,.

Lemma 5.4. Let z1,29 € Ty with doo(21,22) > 3m. Then

cl)\_lm“_ldoo(zl,zg) < dy(z1,22) < CQ)\mH_ldoo(Zl,ZQ).
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Now, for a € (0,1), let
D(a) := [-aNm,aNm] x [-9m/8,9m/8]. (5.6)

We wish to define the region in D(a) which lies ‘between’ 7o N Tpynk and To + N Terunk. To do
this precisely, write ﬁ[Eunk for the continuous piecewise linear self-avoiding path in R? obtained
by connecting neighbouring points in 7;-nk by a line segment. Let Dﬁg (a) be the closure of the
connected component of D(a) \ T, . which contains the point (0,m/2), and define D*(a) =
Dy (a) N Z2%. To simplify our notation we will concentrate on the regions D (a); exactly the
same arguments apply to the corresponding region D~ (a) lying ‘below’ To N Terunk-

Let k € N satisfy k > A* and k < m. We now choose a grid A; C D*(7/8) of points with

separation of order %kfl/ 4m such that

D¥(3/4) € |J Bw <z, ikﬂ/‘*m) .
z€A

Since |D(3/4)| < cNm?2, we can choose this set so that |A1| < cNk?. Let z € Ay and set
G11(z) = {S7 hits T before it leaves Boo(z, kY "m)},
Gra(z) = {1z T < K/ Tm"
Grs(2) = {5 T)| = k™ Tdoc (2, T)" .
Lemma 5.5. If \* <k <m A (N/8)" and z € Ay then
P7(Gi;(2)) < ce~ k! forj=1,2,3.

Proof. Note that S* can only leave By (z, K/ "m) without hitting 7 if it leaves horizontally at
a distance of order k'/"m from z. Since every point in D*(3/4) is within a d, distance 5m,/8
of T we obtain the bound on P(G11(2)¢). The bound for G2 follows by part 1 of [9, Theorem
2.2] (with D = D" = D(1) and n = m), and the bound for G13 follows by part 2 of the same

theorem. O
Now let
Fy(k) = [ (G11(2) N Gra(2) N Gi3(2)) ;
z€MA
by Lemma 5.5 we have
P(Fy(k)°) < eNk2e """ < eNem k™, (5.7)

Proposition 5.6. There exists 61 > 0 such that the following holds. Suppose that \7 < k <
m A (61N)7. There exists an event F3 = F3(k) with

P (F¢) < cNe k" (5.8)

such that on Fs(k) the following properties hold.
(a) If y € DT (5/8), then there exists x € T with

Ay, x) < 5KYTm,  dyly,x) < 2KMTm".
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(b) If y € D*(5/8) and 1 < s < 51\"IN, then
Buy(y, sm™) C Bao(y, ¢(As + kY Tym) N D(3/4), (5.9)

and thus
| Bu(y, sm®)| < ¢/ (As + kY7)*m?. (5.10)

Proof. We continue the construction of the UST from Uy, by adding in the points in the grid
Ay N D™ (3/4); write U for the tree thus obtained. We then complete the uniform spanning tree
inside D*(5/8). We use the filling-in of Lemma 5.1 with § = k=1/2, r = m/8, A, = D*(5/8),
Ay = D*(3/4), and write F3(k) for the ‘good event’ given by Lemma 5.1. Then
P(Fy(k)°) < eNe ™.

Now let F3(k) = Fy(k) N F3(k); the bound (5.8) follows from (5.7) and the bound on P(E§(k))
given above.

In the remaining part of the proof, we assume F3(k) holds. Let y; € DT (5/8). Then the event
F; implies that there exists wy € Uy with dz‘j(yl,wl) < k= Y4m and dy(y1,wy) < (k*1/4m)””.
By the construction of U; there exists a point z; € A; such that wy € v(z1,7T), and (z1,7) C
Boo(21,kY"m). Let x1 be the point where v(z1,T) meets 7. The events Gy;(21) imply that
g (wy, 1) < 4kYTm, and dyy(z1,w1) < kY"m*, and the bounds in (a) follow immediately.

For part (b), let y1,y2 € DT (5/8) with dyy(y1,y2) < sm”. Let x5 be the point where y(y2, T)
meets 7 — we may have x1 = x9. As U is a tree, we have dy(x1,x2) < diy(y1,y2) < sm”. Using
Lemma 5.4, and taking A\g large enough so that cl_l)\s > 3, we obtain

doo (21, 22) < cl_l)\ms.

Since doo (Y, 25) < 5k'/Tm, it follows that duo(y1,v2) < cAms + 10mk'/7. This proves (5.9) and
the volume upper bound (5.10) is then immediate. O

We now consider resistance bounds.

Proposition 5.7. There exist 53 > 0 and ¢, such that the following holds. Suppose that A7 <
k< mA (52N)7, and c kY7 < s < §oN. Let F5(k) be as in the previous proposition. On the
event F3(k), we have

sm"™ > Reg(x, By(z, sm™)) > 2sm” for y € DY (9/16). (5.11)

Proof. The upper bound is immediate. For the lower bound let y € D™ (5/8), and write
B, = By(y, %sm“), By = By/(y,sm”). It is sufficient to prove that there are exactly two points
in 0B; which are connected to B2 by a path outside Bj; a cut set argument then gives the
bound (5.11).

Note first that by the construction of 7 there exists ¢ such that each component 7' of
T\ Terunk satisfies

dy(z,2') < exm®,  dyy(z,2') < em, for 2,2 € T'.

By Proposition 5.6 and the observation above there is a point & € Tpynk with dy(z,y) <
c1kYTms and d;j(x,y) < ¢1kY"m; we used here the fact that k¥ > \7. Note that = € B;.
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Let w1, wo be the two points in Tiunk NOBi; it is clear that each of these is connected to 9Bs
by a path outside B;. Now let z € By and suppose there exists w € 3By with w # w1, ws such
that v(w, z) is disjoint from B;. By Proposition 5.6 we have duo(y,2) < c¢(As + kYT)m < ¢ sm,
so choosing d2 small enough we have that z € D*(5/8). Let 2’ be the closest point in 7 to z. By
Proposition 5.6 we have dy(z, z') < 2k*7m*, and it follows that the path ~(z,y) must intersect
T. Let 2" be the closest point in T;uni to 2’. The definition of z implies that 2” must lie on
Tirunk between wy and wsy, and hence dy(y, 2") < %sm””. Thus

du(y,z) < du(y,2") +dy(2",2') + du(?', z) < 2sm” + cAm” + 2k Tm",

which contradicts the fact that z € 0B5 if ¢y is large enough. O

Proposition 5.8. There exist 63 > 0 and c1 such that the following holds. Suppose that A <
kYT < 63N and k < m'/2. There is an event Fy(k) with P7(FS) < eNe=“*"*" such that on
Fy(k), if c1k'/* < s < 63N, then

|Bu(z,s)| > ATk 2sm?  for all x € D¥(3).

Proof. We follow the general lines of [9, Theorem 3.4], but note that the event Hy, means that
the path 7 cannot loop back on itself too much. This means that the hardest part of the proof
in [9], which uses [9, Lemma 3.7] is not needed.

We choose points z; € T, 1 < i < Ny, such that B (z;,m/2) are disjoint and T C
UiBoo(zi,m). We have ¢N < Ny < ¢N. Write my = k~Y4m. For each i choose points
wij € T N Boo(2i,m/2) with 1 < j < N3 such that B (w;;, m1) are disjoint and N3 > ckl/4,

The event Hy, implies that if y1,y2 € T N Boo(2i,m1), then diy(y1,y2) < cAmf. Choose also
a,b> 0. Let Q1(w;;) = Boo(wij, k~%m1) and Q2(w;j) = Boo(wij, 2k~%mq). We cover Q2 (wj;) by
a grid A3z of points with separation k~°k~%m;, so that |Az| = 4k%*. We run Wilson’s algorithm
for the points in A3, and declare this stage of the construction a success for w;; if for all y € As,
the random walk SY hits T before it leaves B (wij,m1). By the discrete Beurling estimate,
[27], the probability of failure p; satisfies

1 < |A3|Ck7a/4 < Ck2bfa/4.

We choose a = 1,b = 1/12 and k large enough so that p; < %

Using the ‘stacks’ construction in Wilson’s algorithm, we can successively explore the UST in
each box Bo(w;j,m1), for j = 1,..., N3, and continue until we get a success. (See the argument
in Theorem 5.4 of [5] for more details.) Conditional on previous failures, the probability of a
failure at stage j is still bounded by p1, and so since we have N3 tries, the overall probability of
failure is less than ce—k"/*,

If this stage is a success for some j, we write j; = j and w; = w;;,. We then fill in the UST
inside Q2 (w}). By the filling-in result of Lemma 5.1 (with A; = Q;(w}), j = 1,2 and r = k™ !my,
§ = k~1/12) the ‘good’ event G' = G(w)}) given there satisfies P7(G¢) < ce=*'"*"  Moreover, if G
holds, then every path from a point in By (w}, k~1my) to T is contained in Boo(w}, m1). Write
G for the event that both stages of the construction are successful.

Now set

N2
Fy =G
i=1

27



so that
_JE1/24

_opl/24 _p1/4
ck e ck < ¢Ne ,

Pr(Ff) < cNe

and define Fy := Fy N F3, where Fj is the event defined in Proposition 5.6.

Suppose now that Fy holds. Let y € By (w!, k~'m). The event F3 implies that dy(y, T)
ck'*m*, and the event G} implies that v(y,T) C Boo(w},m1). It follows that dy(y,z:)
co(kY* 4 \)m”, and thus we obtain that

| By (25, co (kY% + N)m")| > | Boo(wh, k™ my)| > m?k™%/2.

Next let z € D (1/2), and set J = {2; : dyy(z;, ) < 1sm”}. By Lemma 5.4 we have |.J| > cA™1s.
Taking ¢; large enough we have Byy(z;, ca(kY/* + X\)ym*) C By/(x, sm"*), and so

By(xz,sm") > [Jm?k5/% = eA~Lem?k5/2,

We summarize the estimates of this section in the following theorem.

Theorem 5.9. There exist constants ¢; such that the following holds. Suppose that X7 < k <
m'Y2 AeiN*. There exists an event F, = F,(k) with P7(F¢) < coNe k" " such that on F,.(k)
if & € DY(1/2), and c4k'/* < s < ¢5N then

AT m2s < | By(x, sm®)| < ehm?s, (5.12)
2sm" < Reg(z, By(z, sm")°) < sm”. (5.13)

Finally, we give a local version of the previous result. For x € T, and s € [C4k1/ 4 esN | define
Fy(z,k,s) to be the event that the estimates at (5.12) and (5.13) hold. By only considering
boxes of size m within a distance csm of z, rather than the order N boxes considered in the
previous result, one readily obtains the following.

Corollary 5.10. Let \7 < k < mY2 A ey N* and c,k'/* < s < ¢5sN. Then if v € ToN DT (1/2),

o k1/24

Pr(Fi(x,k,s)°) < chse

6 Heat kernel bounds

In this section, we will obtain heat kernel bounds using the estimates given in the previous
section, starting with the quenched fluctuations.

Proof of Corollary 1.2. By [7, Theorem 4.1], for any realisation of U we have that
U
0,0) < ——. 6.1
p2r|Bu(0,r)|( ) ) = ’BM(O,T)’ ( )
Let a, = |By(0,n)|n"%, and t,, = n|By/(0,n)|. Plugging these into (6.1), we have
2

pzéltn (O, 0) S m — 2t;df/dwa;(l+2/li) — 2t;dw/dfa;5/13_
u\Y, n
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By (1.3), a, > (loglogn)'/® infinitely often, almost-surely, giving the liminf statement.

We next prove the limsup statement. We use the construction of I/ given after the proof of
Lemma 5.2 with a 3(2N +1) array of boxes of side m. As in Proposition 5.3, this has probability
—N_ Given m, we define R, = m”, N = % loglog R, R = %Nm"‘, and

tds | if t<R,,
u(t) = dy—1

tRYTif t> R,

of success of at least e

define

Let T be the tree given right after Proposition 5.3. Then by Theorem 5.9, there is an event
F, (k) with P7(F,(k)°) < eNe~%""*" such that the following hold on F, (k):

c15v(Ro) < |Bu(0, Ry)| < e2,v(Ro),
3k Ro < Re (0, By (0, Ro)©) < R,

where Ry := ckm” and ¢;, := k%, where ¢; € R. We now follow [22]. Let 7(t) = t and let Z(t)
be the inverse function of r(t) - v(t). After some calculations we get, noting d,, = 1 + dy,

() = tl/dw if t< R%w,
T 2RI e > R,
and the function k(t) = v(Z(t)) is

B tds/(+dy) = yds/dw  §f ¢ < R,
k() = /2 gldr=1/2 it ¢ > R

We can rewrite the final line as

- R&\“ dr—1
k(t) = ¢4 /dw (T*> , where a= gdw > 0.
One then finds from [22, Proposition 3.3] that
% (0,0) > Sk g 2k pdu <n<cypRM,

k(n) 2

for some ¢; ), = ¢;k7%, i = 1,2, where ¢;,¢; > 0. (Note that [22, Proposition 3.3] holds for
R > R, if the assumption of the proposition holds for R > R,.) So taking T = ¢y, AR /2 =
_E1/24

2(465%(}%* loglog R, )%, it holds that, given T, with probability greater than 1 — cNe ,

we have
T%/% 5#(0,0) > ¢35 (loglog R,)*™ > ¢y ;. (loglog T) %

In order to have 1 — eNe=¢#"/*" > 1/2, it is enough to take k < (log N)?* which is comparable

to (logloglog R,)?*. (Note that this choice of k enjoys k < \/m A (N/8cA\)'/? that is required in
Theorem 5.9.) Hence we have

T%/% 5#(0,0) > cg(log log T)** ¢,

for some cg > 0 and € > 0 which is small.

The rest of the argument goes through similarly to the proof of Theorem 1.1 in Section 4. We
choose m(i) = /%, so R, (i) = ¢, N(i) = (2¢1) ! loglog R, (i), and Siem N =37 = 0.
Similarly to (4.7), we have good separation of scales. Using the conditional Borel-Cantelli lemma,
we obtain the desired lower bound. O
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6.1 Averaged heat kernel upper bound

To establish the upper bound of Theorem 1.4, we start by deducing upper estimates for the
transition density that hold on the event F (A, n), which was defined at (2.4). In this subsection,
we fix €9 = 1/40. Moreover, throughout this and the next subsection, we will write

rdw > 1/(dw—1)

O(t,r) = <T

where d,, = 13/5 was introduced at (1.5). We also set
Jx,r:inf{nZO:du(x,Xg):r}, Tm:inf{nZO:XZﬁ{:x}. (6.2)

Lemma 6.1 ([22, Proposition 3.3]). There exist constants ¢; and q; such that if By(z,r) and
By(z,c1 A" r) are A-good, then

P (2, ) < cpA2t— /o, if 5 Lrde <t <pdv gnd t e N,

Pu <O'J;r > cgA” a3 > > a7
Lemma 6.2. There ezists \g such that if X > Ao then on the event Fy(\,n) it holds that

Pz, ) < o N2t/ de  for gl 2 € B (0,n), ntwhre=20/2 <t < nder gndt € N,
Pu(agC . > ey AT Bl w) > AT for all x € Boo(0,n) and nre AC/2 < p < pt, (6.3)

Proof. This follows immediately from Lemma 6.1 and the definition of Fj (A, n). O

Lemma 6.3. There exist \g, ¢ > 0 such that the follows holds. Suppose Fy(\,n) holds with
A> XN Ifn/8 < dus(0,2) < Tn/8, then

P (T, < t) < 2exp(—cA™1®(t,n"))  for t > nfdwe ?0/2, (6.4)

Proof. Let y be the first point on the path v(0,z) with ds(0,y) > n/9. By Lemma 2.10 we
have di(0,y) > cA™"n", and it is clear that T;, <T},. Let m > 1, and set

R=c\""n, r=—, s=—.
Moreover, let z; be points on v(0,x) such that 29 = 0 and dy(z;—1,2;) = r, and & be the

duration from T, until XY leaves By (x;,7). Using this notation, we have that

m

T, Z Ligi>s)
0 =0

1=
We next choose m € N so that m € [my,m; + 1] where
B 3 nndw
mie = AT

and b > 0 will be chosen later. We set ¢ = (dwqs + b)/(dw — 1). If t > A7Pnfdw then
®(t,n") < \¥/(@w=1) "and so our choice of ¢ ensures that the probability bound in (6.4) holds.
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Thus we will assume that m; > 1, so that m; < m < 2m; and »r = R/m > R/2m;. Now, the
condition on r in (6.3) holds if R/2m; = cA™"n*/2m; > e¢~*°/2n*. This is equivalent to

oty b7 —K A0 /2\d—1
20w\ Tg(c)\ e )T,

e t > e\ildw—1)=bo=A% (dw_l)/Qn"‘dw, and we observe that this holds if ¢ > nfdwe=3A0/5 and A
is large enough. To apply (6.3), we will also need that s = t/m satisfies s < cgA™®r% . After
some algebra we find this requires A\=? < egA"® 4w So, taking b > ¢3 + rd, and \g large
enough, this condition is also satisfied.

With the choice of m in the previous paragraph, we can apply the bounds in (6.3) to deduce
that z;”:_ol 1i¢,>4) stochastically dominates a binomial random variable with parameters m and
p = c4A"%. Applying the following general bound for a binomial random variable 7,

P (In — En| > t) < 2exp(—t*/(2En + 2t/3)),
we thus deduce that
PY(T, < FCATHE) = PY(T, < $smp) < 2e”™ = 2exp(—cA”%m),
and the result follows by a reparameterisation of . O

The following result improves upon the corresponding bound in [9, Proposition 4.15] by
obtaining an upper bound for p%(x, y) on a set for which the probability has a uniform (in n)
lower bound. Whilst the estimate holds for a more limited range of times, it is enough for our
purposes. We take g1 < g9 = 1/40.

Proposition 6.4. Suppose Fi(\,n) holds with X\ > Ao, then
P00, z) < AB /b oxp (=A"5d(t,n"))
whenever & € Bsy, 4(0) \ By, j2(0), e X nfdv <t <ndv and ¢ € N.

Proof. Let z; be the first point on the path v(0,z) with d(0,21) > n/8, and 2o be the first
point on the path v(z,0) with du(z, 20) > n/8. Let Ay be the set of points y in Z? such that
the path v(0,%) does not contain 21, and A, = Z2?\ Ag. Then, as in the proof of [7, Theorem
4.9],

FU(XY =) = B (X[ =, X{{ )y € Ao) + PY(X{ = o, X[ g € Au)
<APY(XY =0, X{{ )y € Ao) + P/ (X' = 2, X[{ )y € Ay)
<APY(XY =0,T,, <t/2) + P(XY = z,T,, <t/2). (6.5)
For the second term above,
PYXY = 0,7, < t/2) = BY (L, copm P (XH g, = )

< Pé’{(TZ1 < t/2) sup PZ(X?;’ =)
t/2<s<t,s€N

<APH(T, <t/2)  sup \/p?(Zth)p?(%x)

t/2<s<t,sEN
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< eXexp (—dA710(t,n")) Mg dr/dw

Here we used the Cauchy-Schwarz for the penultimate bound, and Lemmas 6.2 and 6.3 to obtain
the final one. The first term of (6.5) is bounded in the same way. g

We now have all the pieces in place, and the one remaining lemma we give provides the means
to put these together.

Lemma 6.5. Let Gy, k > 1, be a sequence of sets with P(Gy) — 1 and let T € N. If we have
P%4(0,2) < ax on Gy for each k, then

Epf(0,2) < a1+ arP(GE_y). (6.6)
k=2

Proof. Set Ay = G1 and Ay, = G \Gg_1 for k > 2. Since P(UyGy) = 1, we have P(UpAx) = 1,
and thus

oo oo
=Y E@H(0,2)14,) <> axP(Ar) < a1P(4y) —i—ZakP (GS_)).
k=1 k=1 k=2

0

Proof of the upper bound of Theorem 1.4. By [9, Theorem 4.4], we have that Ep4,(0,0) <
¢I'—%/dw  Hence, applying the Cauchy-Schwarz as in the proof of Proposition 6.4, we further
have that, for all z € Z?2,

Ep%(0,2) < E[p%,(0,0)pf(z, 2)"*] < E(7(0,0)) /P E(py (2, 2))/? < T~/ % . (6.7)

Hence if do(0,2) < 16, then the result follows.
Now let d(0,2) > 16. Choose n such that x € Bs,;,/4(0)\By,2(0), and set ® = ®(T,n"). Set

for k > 1,
e = k/eopl/(cotas),

Choose ¢1 so that ® > ¢; implies that )\,;(d’”_l)(gﬁ%) > e N IFD < ¢1, then the estimate again
follows from (6.7), so we assume that ® > ¢;. We now use Lemma 6.5 with G = Fi(Ag,n).

The definition of A, gives that T' > ndw )\;(d“’_l)(aﬁ%) > nrdwe=N! 5o Proposition 6.4 allows
us to take

aj, = T~/ dw AP exp ( — )\;%‘1)).
Thus the first term in the sum (6.6) is given by

a; = T—ds/dw s/ (g5+20) exp(_(I)EO/(q5+€O)).

Appealing to Proposition 2.9, and for convenience replacing exp(—c)\l/ 16) with the weaker bound
exp(—cA®0), we see the kth term for k£ > 2 is bounded above by

s/ o95/20 5/ (@5+20) gy (- Pe0/(as+e0) (;=a5/20 4 (f — 1))).

Summing this series, the bound follows with 62 = £ /(g5 + €0). O
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6.2 Averaged heat kernel lower bound

In this subsection, we will use Theorem 5.9 to establish the averaged heat kernel lower bound
from Theorem 1.4. The ideas of the following arguments are from [7, Section 4]. We first
obtain deterministic diagonal and near-diagonal lower bounds that hold on realisations of U
that occur with suitably high probability. We recall the notation D¥(a) from 4 lines below
(5.6), define D~ (a) analogously for the corresponding part of the UST below 7o N Tgrunk, and
set DF(a) := D (a) U D™ (a).

Lemma 6.6. Let A\ > \g, m > mg and X" < k < mi/2 A c1N*. Moreover, let F*(k:) be an event
with the properties described in the statement of Theorem 5.9 for both D (1/2) and D~ (1/2),

and in particular satisfies Pr(F,(k)°) < cNe=¢*"*"  Then there exist constants ¢;,q; such that
on Fu(k), if © € D*(3/8) and cok'/* < s < c3N, then

Yz, x) > e A3k 257 im ™ > e A0y dw (6.8)
for g\~ k52 2mprdw < < e AT ET5/2 g2 pdw
Proof. This can be obtained by modifying standard arguments. By a line-by-line modification
of the proof of [21, Proposition 4.4.1, 4.4.3], for example, we have on F, (k) that

C/)\—lk:—S/QSZdew < Eg (O-m,sm’i) < C)\Smeidw

for all € D*(3/8) and s in the given range. The above estimates and the Markov property

(see [21, Proposition 4.4.3]) imply that the following holds on Fj(k),

C/)\flkf5/282m/idw —-n
cAs?msdw

for all z € D*(3/8) and n > 0. Given this and the upper volume estimate that holds on F(k),
(6.8) can be proved as in [21, Proposition 4.4.4]. O

Py (02,5, > )

)

Lemma 6.7. (a) Let A\ > Ao, m > mg, A7 < k <m'?Ac;N* and o € (0,1). Moreover, let F, (k)
be an event as in Lemma 6.6 that satisfies Pr(F,(k)°) < cNe=F'"*" " Then there exist constants
cl,qi such that on F,(k), we have for x € D*(3/8) and y € U satisfying dy(x,y) < 2s*m” for
some c’l)\4/(1*°‘)/<:5/(1*0‘) <s<dN,

P, y) > AR 2~ e for AT ET5252mrde < p < AT RO/ 252w (6.9)

(b) If zo € D(3/8)NTo and x,y € By(wo, s'/*m"), then the same lower bound holds on an event
Fy(z0,k,s) that satisfies P1(F(zo,k,s)S) < R

Proof. By the discrete-time adaptation of [7, Lemma 4.3] (which can be obtained by applying
estimates in [15, Section 4]) and Lemma 6.6, we have

1
< -.
ol (z,x) T st T 4

x,x)/2, so we obtain

U U U 11—z, —df [dw
— 4 (z,y) — (2, 2)| > (2, 2)/2 > A" Dk 2ndr/de

2 /\41.5
_1' < cdy(z,y) < Nk

Hence |5} (2, y) — & (z, >

- —

M(z,y) > Y (2, x

where we used Lemma 6.6 in the last inequality. This establishes part (a), and part (b) is
obtained in the same way, but using Corollary 5.10 in place of Theorem 5.9. ([l
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Definition 6.8. Let M, N € N, a = %, A > Ao, m > mg, T be a fixed tree as described after
Proposition 5.3, and = € Ty with = # 0. Set r = dy(0,z)/N and let z9 = 0,21, -+ ,2y = z be
points on the path between 0 and x with |dy(z;—1, z;) —r| < 1 that are chosen in some fixed way.
For i =1,...,N, let & be the smallest integer k such that Fy(z;, k, k'2), {|By(zi_1, 1k5m”)| >
m?} and {|By(z;, $k®m~)| > m?} hold. (Set & = oo if the requirements are not satisfied.) We
then say that G(q,x, N, M) holds if Zfil flq < MN.

Proposition 6.9. It holds that
Pr(G(qg,z,N,M)) > 1— CMq —cNA (m6 A N) eiCImIMSA(CNl/QSS),
where cq is a constant that depends on q.
Proof. By Corollary 5.10 and a simple union bound, it holds that
Pr <§,~ > m!2 A (eNY12) for some z) < N x cA(m° AN) = ¢/m!/ NN/

Moreover, Corollary 5.10 and the Markov inequality yield that

N
C
Pr <Z§iq1{£¢ﬁml/2A(cN1/12)} > MN) <3

i=1

Putting these estimates together completes the proof. O

Proof of the lower bound of Theorem 1.4. For simplicity, we only consider the case when z =
(R,0), where R € Z; see Remark 6.10 for the modifications necessary for the general case. Let
T > R, and set y = R*% /T. We need to consider several cases. These will depend on constants
b,b’ > 8, which will be chosen below.

Case 1: R<T <bR. Let F be the event that the UST U contains the straight path along the
x1-axis between 0 and z. By considering the construction of U which starts by running S* until it
hits 0, we have P(F) > 4~ . Let z be the point adjacent to = on the path (0, x). If the event F
holds, then PY (X1 € {z,2}) > 47T, and it follows immediately that Eg4(0,z) > 4= 8T > =T
which yields the desired lower bound for these values of R and T'.

Case 2: T > b'R*% . To begin with, suppose that R > 1. We use Lemma 6.7, and take A\ = Ao.
Given k we set ¢;N* = k, and choose k = ko > )g large enough so that P7(F,(k)¢) < % We
take s = c’l)\gkéo. As the constants A, k, s do not depend on R or T, we can absorb them into
constants ¢;. The bound (6.9) holds for T € [c;m" %, com”™@«], so we choose m so that T is
in this range; this gives that m > c¢R. (NB. By increasing the value of b’ if necessary, we can
further ensure that m > mg and m'/2 > kg.) The construction of F(kg) in Section 5 implies
that on this event dy(0,z) < cs'/2m*, and thus we have the lower bound

A0, ) > T4/

Since P(Hy,) > exp(—cN) > exp(—c'ky) and P (F.(kg)) > 1, the averaged lower bound
Ep4(0,z) > cT=4 /4w follows. If R = 0, then one can use the same event as for R = 1 to deduce
the result, since one also has that ]5%(0, 0) > cT—% /dw on that event.
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Case 3: bR < T < V' R**. Choose N,m € N to satisfy

rdao ‘x’”d“’ 1/(kdw—1)
NS(b/)ﬂdw—l <T> <N+1, m<R/N<m+1.

Note that N +1 > (b')ﬁyl/(“dw*) > 8, and R/N > b"/(dw=1)  Hence choosing b large
enough we can ensure that m > mg and also that if 7 is a tree selected in the way described
after Proposition 5.3, then Pr(G(43/2,2, N,M)) > % The reason we take ¢ = 43/2 is that
this is the power of §; that arises in the time range for the estimate (6.9). More precisely on

G(q,z,N,M), for each i = 1,..., N, it holds that

B (z,y) = el A€, 2, /0 (6.10)

)

for cz)\*lfl-_5/2(§}2)2m“dw <n; < 03A*1§i_5/2(§i12)2m””dw and 2,y € By(z;,&m"”). Since 24 —
5/2 = 43/2, in the argument below, we will need to sum over the quantities 5;13/ 2; restricting to
the event G(43/2, 2, N, M) ensures that we can control this sum.

Now, since it holds that diy(zi—1,2;) < cAm”, the estimate (6.10) includes the case when
z € Bu(zi_l,iffm“) and y € Bu(zi,%ffm“). Setting T := Z@]L n;, where n;, i = 1,..., N,
satisfy the previous constraints, we then have that

o\t Z 5?3/2m“d“’ < T <esht Z §f3/2m“d“’. (6.11)

Moreover, writing B; := By(z;, 1(£ A €8, ,)m”), we have that

740, )
1
2 ) e Z p% (0,91) - 'p%N (yn—1, x)l{ni—du(yi,l,yi) is even for each i}
y€BL YyN-1€BN-1
N-1
> (‘Bj‘ cl)\_m{j_”n;df/d“’>cl)\_Q1§&Q2n;\[df/d“’
j=1
_ N d N
> el o <—c;N = (2 + (43/2)dy /du) Y log & — S log (Z 5;13/2»
i=1 w i=1

> e T4/ % exp(—\N),

where in the last inequality we used Zfil log¢; < Zf\il ¢%3/2 < MN. Note that in (6.11), we
may take cz > 0 as small as we like. (This is because 7% (z, ) is monotone decreasing, which
means we can take ¢ in Lemma 6.6 as small as desired. Moreover, we can take ¢ in Lemma
6.7 to match this). In particular, taking co < 8 "% M ~! we obtain

oAt Z 5?3/2m“d“’ < 8 Hdw Nypide < T,

(2

Hence we may take T~§ T.IfT < cg\™! > {fg/zm””dw, then we can choose n; so that T' = T.
If not, let 7/ = T — T < Nr% . Let jy be such that &j, is minimal, and add N’ extra steps
between Bj,_1 and Bj, in the chaining argument above, each with time length satisfying the
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constraint of n;, and the total time of the additional steps is equal to 7”. The latter constraints
readily imply that N/ < ¢N, and we further observe that each extra step contributes a factor

—(g2+(43/2)dy /dw) N

of )¢ o to the lower bound. Thus the total contribution is no less than e~

Taking the average over G(43/2,z, N, M) and T, we obtain the result. O

Remark 6.10. For a general z = (21, 22) € Z? we need to replace the tree T defined in Section
5 by a tree which connects 0 and z. We replace the ‘S-shaped’ path (ii)f\;lo defined just after
Lemma 5.2 with a path for the which the central section has ‘L’ shape which connects 0 and
(21/m, z2/m), and the rest of the path shields the central section from the remainder of Z2.
The estimates of Section 5 and 6 all work for this path, and the proof of the lower bound on
Ef% (0, 2) then follows.

7 Failure of the elliptic Harnack inequalities

The aim of this section is to make precise and prove Corollary 1.3. We start by giving the
definition of the elliptic Harnack inequality that we consider, as well as a related metric doubling

property.

Definition 7.1. Let (X, d,, itw) be a weighted random graph.

(i) We say that the large scale elliptic Harnack inequalities (LS-EHI) hold (for the random
walk associated with (X, d., pu,)) if there exists a deterministic constant C' > 1 and, for each
zo € X, there exists an Rj ;,(w) > 0 such that the following inequality is satisfied

sup u<C inf .
By, (z0,R) By, (z0,R)

for any zp € X,, R > Ri(w) and any non-negative bounded harmonic function u on
B, (z0,2R).

(ii) We say that the large scale metric doubling property (LS-MD) holds if there exists a deter-
ministic constant M € N and, for each zy € X,,, there exists Ry ;,(w) > 0 such that, for any
zo € X, and R > Ry 5, (w), Bq, (0, R) can be covered by M balls of radius R/2.

The main result in this section is the following.
Theorem 7.2. (LS-EHI) does not hold for the random walk on U.
For the proof, we use the following proposition.
Proposition 7.3. (LS-EHI) implies (LS-MD).
Proof. The proof is a line-by-line modification of [10, Theorem 3.11]. Hence we omit it. O

The following lemma will be used to check that (LS-MD) is violated for U.

Lemma 7.4. There exists a constant § > 0 such that, P-a.s., one can find a divergent sequence
(Rp)n>1 for which there exist at least n disjoint diy-balls of radius IR, contained in By(0, Ry,).

Proof. Let (G(i))i>1 be the events described in the proof of Theorem 1.1, where it was shown

i)/
that G(7) holds infinitely often, P-a.s. Now, let (zj)j(:kigl)l * be the vertices at the centres of the
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top row of boxes in the configuration shown in Figure 2 for N = D;/m; and m = m;. On G(i),
we have that

du(0,2) < C <2> mE, Vj=12,....e(logi)"?,

m; !

and also 5
du(z, Li) > ¢ <_i - 2) my,  Vi=1,2,...,e(logi)"?,

m;

where L; is the bottom row of boxes in the configuration shown in Figure 2. It readily fol-

lows that there exist at least e(logi)'/? disjoint dy-balls of radius 3 (% - 2) my contained in

By (0,C <%) m/’). Hence taking

where i = e(/¢)? yields the result. O

Proof of Theorem 7.2. Let 6 > 0, and suppose that LS-MD holds. Then there exists a constant
M'" = M'(M, ) such that: for each 2 € X,,, there exists R, , < oo, such that if R > R/, ,, then

the ball By(x, R) can be covered by M’ balls of radius §R. However, Lemma 7.4 shows that
this fails for #. Hence Proposition 7.3 yields the result. O

8 Scaling limits

In this section, we prove the results stated in the introduction concerning scaling limits of the
random walk, namely Theorems 1.7 and 1.8, and Corollaries 1.10 and 1.12.

Proof of Theorem 1.7. By the separability of the Gromov-Hausdorff-vague topology (see, for
example, [1, Proposition 5.12]), it is possible to suppose that we have a sequence (Up)n>1 of
copies of U, all built on the same probability space, so that

(Z/{n, nindun ) n72,u'un7 O) — (T7 dT7 U7, pT)

holds P-a.s. (Note that for this part of the article, we do not need the spatial embeddings into
R2.) Tt follows from [1, Proposition 5.9] that, P-a.s., there exists a metric space (M, dys) so that
the spaces (U, n""dy, ), n > 1, and (T, dy) can be isometrically embedded into (M, dys) in such
a way that: 0 and p7 are mapped to a common point, 0y; say; the embedded measures 72y,
converge vaguely to the embedded version of u; and, for all but countably many r, the sets
U, N Bag(0pr,7), where Byg(0p,7) is the closed ball in M of radius r centred at 0p7, converge
to T N By (0pr,7) with respect to the Hausdorff distance between compact subsets of (M, dyy).
As a consequence (see, [13, Theorem 7.1]), we moreover have that the laws of the random walks
(Xg;; +2)t>0 converge weakly to the law of (XtT )t>0, when these are considered as measures on
D(Ry, M). Consequently, we have that the Assumptions 1 and 5 of [14] are satisfied (actually
Assumption 1 requires the convergence of measures of balls under the various laws, but this
condition is readily relaxed to the requirement that the balls in question are continuity sets for
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the limiting measure), and hence we can apply [14, Theorem 1 and Proposition 14] to deduce
that the associated transition densities satisfy, P-a.s.,

(n8lf3200 0.0)) = (T (p7,07)) 1 (8.1)

Reparameterising this, the first part of the theorem follows.

In view of the distributional limit we have just proved, to prove the scaling limit at (1.12) it
will suffice to check the following integrability condition: for any p > 1, there exists a constant
C € (0,00) such that
sup n/dw Hﬁ% (0,0)Hp <C, (8.2)
n>1
where || - ||, is the L, norm with respect to P. Now, by Lemma 6.2, on the event Fy(\,n!/dw),
it holds that pY(0,0) < cAin~% /% Hence, if A, := inf{\ > 1: Fy()\,n'/%"*) holds}, then

n/ e ||5(0,0)]] ) < e ||AGl, - (8.3)

Since Proposition 2.9 yields that the right-hand side above is uniformly bounded in n, this
completes the proof. O

In preparation for the proof of Theorem 1.8, we verify the equicontinuity of the averaged heat
kernel under scaling.

Proposition 8.1. There exists a constant C € (0,00) such that

sup nds/dw

n>1

Bty (0, lenin]) = Batl, (0, lyneia])| < Cr-ts/ojy — g2

for all z,y € R%, ¢ > 0.

Proof. From [14, Lemmas 9 and 10], we have for every x,y € Z? and n > 1 that

2dy(, y)ﬁg{m/g] (0,0)

(7 (0,) = 7 (0,)” < - . (8.4)

Hence Jensen’s and Holder’s inequalities yield that, for any € > 0,

‘Eﬁzj (0,z) — EpY 0,9)] < \/g Hdu(l’,y)l/2H1+€

ﬁg{[n/ﬂ (07 0)1/2

14e ’
€

where we again write || - ||, for the L, norm with respect to P. Now, by Theorem 1.6, it holds
that, for suitably small e,

|t | < Cla— g2, (8.5)
1+e
Moreover, from (8.3) (and Proposition 2.9), we have that

< On~ /2
1te =
=

Hﬁéﬂ/m (0,0)'/?

1
Since nd/dw x p=1/2 x (n@)"‘/2 x n~% /24w — 1 combining these estimates readily yields the
result. O

We moreover note the following rerooting invariance property of the limiting tree.
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Proposition 8.2. (a) For any v € R?,

P (o7 (z)| > 1) =0.

(b) For any = € R?,

(T, dr, o7, 67 — 2,67 (2)) £ (T, dr, 17, b7, p7) (8.6)

Proof. We first prove the result of part (a) for z € R?\{0}. In particular, by the scale and
rotational invariance properties of (1.9) and (1.10), respectively, we have that P(|¢;—1 (x)] > 1)
is a constant for x € R?\{0}. Moreover, as was noted in the proof of [4, Theorem 1.3], we know
that the Lebesgue measure of {x : |¢7r1 ()| > 1} is zero, P-a.s. Hence, it follows from Fubini’s
theorem that P(]qﬁ}l (z)] > 1) = 0 for all z € R?\{0}.

We next prove part (b) for z € R?\{0}. To begin with, we note from part (a) that the
left-hand side of (8.6) is a well-defined measured, rooted spatial tree, P-a.s. Moreover, by the
separability of the Gromov-Hausdorff-type topology that we are considering (see [4, Proposition
3.4]), it is possible to suppose that we have realisations of the relevant random objects built on
a common probability space so that

(Z/[, 5ZdU7 5721/1'1/17 5n¢1/17 O) — (T7 dT? BT, (bTa PT) ’

almost-surely as n — oo (cf. the proof of Theorem 1.7). It follows that it is almost-surely
possible to choose a (random) zf € 6,72 such that

(u’(sﬁdu’&?wu@{a 5n¢u - 275,235) - (T’ dT’,U'Ta ¢7— -, ¢’;’1(x)) :

In particular, this implies that |z® — 2| — 0, almost-surely. Moreover, let z,, € §,Z% be a
deterministic sequence such that |z, — x| — 0. One can then deduce from [9, Theorem 1.1]
(and the Borel-Cantelli lemma) that there exists a deterministic subsequence n; along which
on duy (T, xi) — 0, almost-surely. Hence we find that, almost-surely,

(u’ 5l1iid2/l? 612%:“2/1, 6nl¢u = Tnys xnl) - (T’ dT’ KT, o1 — =z, gb’;‘l(x)) :

By the translation invariance of U (see [34, Theorem 2.3]), the left-hand side here has the
same distribution as (U,égidu,égipu,émqﬁu,O), which we know converges in distribution to
(T,d7, w1, d1,p7), and so the result follows.

Finally, let z € R?\{0}. Then, from part (b) (for such z), we know that |¢}1 (0)| is equal in
distribution to ](ﬁ}l (x)]. And, from part (a) (again, for such x), we know the latter is P-a.s.
equal to 1. In particular, we find that gb}l (0) = {p7}, P-a.s. Hence both part (a) and part (b)
are readily extended to include the point x = 0. O

Proof of Theorem 1.8. From [4, Theorem 1.4], we know that, under the averaged law
| RY ()P,
—1/dy d
(e Xg,g)m 4 (67 (XT)) 1n0 - (8.7)
Applying this in conjunction with Theorem 1.7 (specifically (1.12)) and Proposition 8.1, ele-
mentary analysis arguments yield that, for each fixed t € (0,00), ¢7(X/) admits a density

q:(z) € C(R? R) satisfying the convergence result of part (c). From this, part (a) of the theo-
rem is a simple consequence of Proposition 8.1. Moreover, given the continuity of the density
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¢ in the spatial variable, part (b) follows from the scale and rotational invariance properties at
(1.9) (1.10).

For part (d), we again recall from the proof of [4, Theorem 1.3] that the Lebesgue measure
of {z : |gz§7i1 (z)| > 1} is zero, and also from the latter result that pur = L o ¢, where L is
two-dimensional Lebesgue measure. Putting these observations together yields

/B w@)dr = B(PUXT € ¢71(B)))

= E </¢;1(B) ptT(PTﬂ)MT(dﬂU))

= E (/B ! (7. ¢}1($))1{¢T1(m):1}d$>
- /B E (p] (o7, 67 (2))) do.

for all Borel B C R?, where we have applied Fubini’s theorem and Proposition 8.2(a) to obtain
the final equality. It follows that the desired equality holds for Lebesgue almost-every x, and so
to complete the proof, it will suffice to show that, for each fixed ¢, p;(2) := E(p] (pT, qﬁ}l (z))) is
continuous in x. Now, from the rotational invariance of (1.10), we have that p;(z) is constant on
circles centred at the origin. And thus, to check continuity at = # 0, it will suffice to show that
pe(Az) — pi(x) as A — 1. Moreover, by the scale invariance property (1.9), this is equivalent to
checking that pyi(z) — pi(x) as A — 1, and doing this is our next aim. Arguing as in the proof
of [20, Theorem 10.4], for example, and applying the monotonicity of the on-diagonal part of
the heat kernel, one can deduce that, for s,t > r,

T (o7 67 (@) = o] (o, 67" (@))] < 207 |t = 81\ /BT o o7 pTIPT o067 (), 67 ().

From this, the Cauchy-Schwarz inequality, the rerooting invariance of Proposition 8.2(b), and
(1.12), we see that

[ps(@) = pe(2)| < 207t = slp,j2(0) = Or 1A/t — ],

which implies that py;(z) — pi(z) as A — 1, as desired. To deal with the case z = 0, we again
argue as in the proof of [20, Theorem 10.4], for example (cf. (8.4)), to deduce that

0! (o7 p7) — I (o1, 07" (2))] < t_l\/dT(PTa o7 (2)p] (o1, P7).
This implies

1/2

pu(0) = pu(@)| < ¢ ||dr(or, 07 @) o] (o)

1t+e *
1+e TE

From (8.1) and (8.2), we have that the term ||p] (p7, p7)"/?| 1= is finite for any ¢ > 0. Moreover,

arguing as in the proof of Proposition 8.2, for each x, one has that there exists a sequence (z,,)
such that |z, —z| — 0 and, along a subsequence (n;),

n "y (0,20,) S dr(pr, 67 (x)).
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Hence from (8.5) we obtain that ||d7(p7, ¢~ (2))Y/?||14e < C|z|*/2, where the constant does not
depend on z. In particular, these estimates imply that p.(z) — p¢(0) as |z| — 0, and so the
proof is complete. 0

Proof of Corollary 1.10. This is an easy application of Theorems 1.4 and 1.8(c). U

Proof of Corollary 1.11. We begin with the bounds for | X¥|. Integrating the upper bound of
Theorem 1.4, we find that

Kdw \ do—1
n P/ BRE(E| X ) < 0Py en T |l exp § —e (m ) T
€72 "
as required. The lower bound follows in a similar fashion.

For the upper bound on d (0, X¥) set Rj, = [eFnl/dw], By = By(0,Ry,) for k>0, B = 0,
and Dy = By \ Bi_1 for k > 0. Let kg = ((dy —1)/dyw) log n. Note that if k& > ko then Ry > n, so
that PY{(XY € D) = 0. (Recall we are looking at the discrete time walk.) Write o = 00 g, +1,
where 0, , was defined at (6.2). We then have

ko
EEY dy (0, XY < B 2rerbnr/® P(XY € Dy)
k=0

ko
< 9Ppp/dw Z eP*EPY (o), < n). (8.8)
k=0
Now, by an almost identical argument to Lemma 6.3, it is possible to check that on the event

Fi(Ag, )\lelﬁ/F") with A, := (4k)*° we have

P (op < n) < Cexp(—ch, M my) = Cexp(—ch;, Iekdw/(dw=1)y,
here, my := (03)\,;%)1/(‘1““_1)(1)(}2%1” /n) represents the number of steps into which the stopping
time is decomposed, where c3, g3, g4 are as in (6.3). Hence, by Proposition 2.9,

%40/16

EPY (o, <n) <P (Fl()\k, )\lelﬁ/F")c> + Cexp(—c)\,;qekd“’/(d“ﬁl)) < Ce ¢ ,

which implies that the sum in (8.8) is finite, and so establishes the upper bound. The lower
bound is proved by the same argument as is used in [9, Theorem 4.4]. U

Proof of Corollary 1.12. From (8.7) we have under the averaged law that

(/e | XH]) S (o (7)) g
Part (a) now follows using the uniform integrability given by Corollary 1.11.

For part (b), we start by noting that the convergence at (1.8) implies that the same result
holds if ¢y is replaced by the map x — ¢"dy(0,x), and ¢ is replaced by the map x —
dr(pr,x). As a consequence, in place of the random walk convergence result of (8.7), one
obtains that

_ d
(n a0, X10)) _ - (@ror. XT)) 0

(Concretely, apply [13, Theorem 7.2].) Part (b) then also follows from Corollary 1.11. O
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Remark 8.3. Let R := {z : ](]57_-1({95})] = 1}. With P-probability one, we have that L(R) = 0,
where we again use £ to denote Lebesgue measure on R?, and moreover 0 € R (see Proposition
8.2 and its proof). Since ,uT((b}l(Rc)) = L(R¢) (by [4, Theorem 1.3]), it follows that, P-a.s.,
for any x € R and ¢ > 0,

PLay (ortxl) em) = | P67 @) D) =1,

where P(;r_l () is the quenched law of X7 started from (b?rl (z). It readily follows that, when
T

started from 2 € R (including from z = 0), ¢7(X7) is a Markov process, and moreover

has transition density that is determined by (p/ (¢7'(y), ¢7' (2)))y,2er (and which is defined

arbitrarily elsewhere). On the other hand, if 7 is a stopping time for ¢7(X7) such that

P(;r_l(x)((bT(X;r) € R°) > 0, then it is clear that the quenched law of (¢7(X,))i>0 does
T

not only depend on ¢7(X7), and so ¢7(X7) is not strong Markov. Indeed, the situation is
somewhat similar to that of reflecting Brownian motion in a planar domain with a slit removed
(cf. comments in [12, Section 3]), though the slit is replaced in our case by the dense set R¢ C R2,
which we note coincides with the ‘dual trunk’ studied in [35, Section 10].

A Appendix: Short LERW paths

In this section we improve the estimates in [8] to prove Theorem 2.7. We begin by considering
the following situation, which is described in terms of parameters m,n, N € N satisfying 4 <
n<m<m+2n < N, cf. [8 Definition 1.4]. Let B, = Bs(0,m), By = Bx(0,N), and
x € Or B, where for a square B we write Or B for the right-hand side of the interior boundary
of B. Moreover, let 1 = x + (§,0), and define A, (x) = By (x,n/4). Finally, we also suppose
we are given a subset K C B,, that contains a path in B, from 0 to . Importantly, we note
that the latter assumption was not made in [8]; it is the key to removing the terms in log(N/n)
in [8, Lemmas 4.6 and 6.1, and Propositions 6.2 and 6.3]. We also remark that in [8] the balls
B,, and By were in the ¢5 norm on Z? rather than the £, norm, but this makes no essential
difference to the arguments.

The first result of the section concerns the Green’s function G of a simple random walk S on
7Z2. Given a subset A C Z2, we write G4(y, z) for the expected number of visits that S makes
to z when it starts at y up until it exits A. In the proof, we write P, for the law of the random
walk started from z, and E, for the corresponding expectation.

Lemma A.1. There exist constants ¢; such that, fory,z € A,(x),

n n
— | < < —_— . .
c1 log <1\/ |y—z|> < Gpy\k(Y,2) < czlog <1\/|y—z|> (A1)

Proof. Set A1 = Bsy,16(21) and Az = By, 5(21). We note that

n n
1 — | < < < ¢l — .
01 og<1v|y_z|> <Ga(y,2) £ Gay(y,2) < e 0g<1v|y_z|>

(Cf. The applications of results from [28, Chapter 6] that appear as [8, Proposition 2.4].) Hence,
since GBN\K(y,z) > Ga,(y,2), the lower bound is immediate. For the upper bound, writing
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T4 and 74 for the hitting and exit time of a subset A C Z? by the simple random walk S,
respectively, we have

Crak:2) = Gay(0,2) + By (Gpy i (Sray )

n
< ol - P,(Ty, <T, G ' 2).

By the discrete Harnack inequality (see [28, Theorem 6.3.9], for example) and the fact that K
contains a path from z to 0, we have that P,,(T4, < Tx) < 1 —c3 for all w € dA,. Further, for

w' € OA; we have
(&

Pw’(TZ < TAQ) <1A logn

(Again, cf. [8, Proposition 2.4].) Combining these estimates gives G \x(2,2) < c2log(n) +
(1 —c3)Gpy\k(2,2), and thus Gpy\r(2,2) < Zlog(n). Hence

n
Gpy\k (Y, 2) < calog <m> + cs,
which yields the bound (A.1). O

Next, let S be a random walk started at x and conditioned to leave By before its first return
to K. We write G(-,-) for the Green’s function of S.

Lemma A.2 (Cf. [8, Lemma 4.6]). There exist constants ¢; such that, for z € Ap(z) we have
g <G(z,z) <.

Proof. We follow the proof in [8]. Taking y = z in (A.1) we can improve the upper bound
on Gp\k(z,2) in [8, (4.10)] to clogn. Using Lemma A.1 again, we can improve the upper
bound in the equation above [8, (4.11)], and hence improve the upper bound in [8, (4.11)] from
clog(N/n)/log N to ¢/logn. With these new bounds the argument of [8, Lemma 4.6] gives that
G(z,2) < co. O

The following two results refine some conditional hitting time estimates from [8].

Lemma A.3 (cf. [8, (6.1)]). There exists a constant c¢; such that if D; = OrBoo(x,n/16) and
K' = K\{z}, then, for v € Dy,

P, (Tx < TBoo(,n/8) | T, < Txr A TBN) >c; > 0.
Proof. Write B' = B, j3(x). The second displayed equation on [8, p. 2409] gives

~ Gpng(v,v)  Pu(T, <7p ATH)
GBN\K(Uav) PJ:(TU < TBy /\T[—(’—y

P, <Tx < TB,,s(x) ’ T, < Ty N TBN> (AQ)

where TI}" =min{j > 1:5; € K}. Asin Lemma A.1 we have that G\ g (v,v) < clogn, and so
the ratio of Green’s functions in (A.2) is bounded below by a constant ¢ > 0. Using the strong
Markov property at 7z, we obtain

P, (T, <y NTHE) < P(T, < 75 AT5) 4+ Py(rp < Tf) max P, (T, < gy NT}).
yeoB’
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The argument at the top of [8, p. 2410] gives that
Px(TB’ < T;(_) < c(logn) Px(Tv <71 N T[—(’—)

Moreover, for y € 0B/,

GZ?\K(Z/,U)
P, (T, TH) < =227 2
y(To <7y AT) < GZQ\K(U,U)

and as in Lemma A.1 we have G2\ g (y,v) < ¢, G2\ (v,v) > clogn. Combining these estimates
concludes the proof. O

Lemma A.4 (cf. [8, (6.2)]). There exists a constant ¢ > 0 such that if w € OrBoo(x,n), then

Py (TBy < Th. (z;n/8) | 7By < Tk) > c. (A.3)

Proof. As on [8, p. 2410], we let yo be the point in B, (x) that maximises P, (75, < Tk).
Writing By = Boo (2, 7n/8), T7 = Tp., we have

Pyo (TBN < TK) = Pyo (TBN < TK A T7) + Eyo(l{T7<TBN/\TK}PST7 (TBN < TK))

< Py (tBy < Tk AT7) + max Py(15, < Tk).
vEOBy

Since K contains a path from 0 to z, the discrete Harnack inequality (again, see [28, Theorem
6.3.9], for example) gives us that there exists a constant p; > 0 such that

Py(TBu(@mn) <Tk) <1—p1, for all v € 0B7.

Thus
Py (tBy <Tk) < Py(tBy < Tk NT7) + (1 — p1)Py(7By < Tk),

which proves (A.3) in the case w = yy. We can now use a reflection argument as on [8, p. 2410-
2411] to obtain the general case. 0

These estimates now lead to an improved lower bound on the length of a LERW. Recall the
definition of the conditioned r.w. S, and set L1 = L(Epy(S)), L2 = €, (2)(L1)-

Lemma A.5 (cf. [8, Lemma 6.1]). There ezists a constant ¢ > 0 such that, for any z € A,(z),

P(z € Ly) > en" 2.

Proof. Using Lemmas A.4 and A.3 to replace [8, (6.1),(6.2)], this follows as in [8]. O

Proposition A.6 (cf. [8, Proposition 6.2 and 6.3]). There exist constants c1,ca and p > 0 such
that

cin® <EM < eon”,
E(M?) < cyn*,
P(M <e3n™) <1—p. (A4)
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Proof. Given Lemmas A.5 and A.2 the bounds on E(M) and E(M?) follow as in [8]. The final
inequality is then immediate from a second moment bound. O

Proof of Theorem 2.7. We follow the proof of [8, Proposition 6.6], first proving the result in
the case when D = By(0), where N/2 < nk < 3N/4 for some k > 4. Set L = E(EBN(O)(SO)),
and, for j = 1,...k, let v; = €p, (0)(L). Let x; be the point where L first exits Bj,(0), and
Bj = By(xj). Let a; be the path L from z;_; to its first exit from B;_;, and V; be the number
of hits by a; on the set B;_;. Let F; be the o-field generated by ;. Using the domain Markov
property for the LERW (see [24]) and then (A.4), we have

P (V; < en®|F1) =P (M7}, v, Sen®) <1-p. (A.5)
Let 1; = 1{v,<esnny- By (A5), 25:1 n; stochastically dominates a binomial random variable
with parameters k and p, and so there exists a constant ¢ > 0 such that

k
P an < %pkz < ek,
j=1

Setting L' = Ep,, (0)(L), we have |L'| > c3n” 2?21 nj, and thus as N/2 < nk < 3N/4 we obtain
P <]L’\ < ck:_l/A‘N“) < e~k

taking k£ = e\~ = ¢)\* this gives the result when D = By. Note that the proof above
actually gives the lower bound for the length of L’ rather than L, so we can use Lemma 2.1 with
Dy = By, D2 = D to obtain a lower bound of the same form for [€g (o) (L(Ep(S)))]. O
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