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Gevrey well-posedness and ill-posedness of
third-order nonlinear Schrodinger equations
on the torus

By

Nobu KISHIMOTO*

Abstract

Tsutsumi and the author recently proved unique existence of real analytic solutions and
non-existence of Gevrey solutions for certain nonlinear dispersive equations posed on the torus.
In this note, we revisit these results and prove them in a slightly more general setting.

§1. Introduction

In [6, 7], Tsutsumi and the author investigated the Cauchy problem associated with
the following third-order nonlinear Schrodinger equations:

(1.1) du = o 0ou + iaodzu + ivi |[ul*u 4 1205 (Jul*u) — iTud, (|ul?),
(t,x) € (-T,T) x T,
(1.2) u(0,x) = up(z), xeT,

where T := R/27Z is the one-dimensional torus, a;, v; (j = 1,2) are real constants, I'
is a complex constant and 7' is a positive constant. The equation (1.1), which formally
conserves the L?-norm, has a background in physics as a model for the signal propagation
in a crystal optical fiber; see, e.g., [1]. It was mentioned in [6] that for any real analytic
initial data ug the solution to (1.1)—(1.2) exists uniquely in a certain class of functions
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that are analytic in  and continuous in ¢. This existence result is classical and does
not require any further assumption on «;,~;, and I'. In fact, the main result in [6] was
non-existence of solutions with Sobolev initial data under the assumption

2&2
(1.3) a1 #0, Re(T') #0, 30 & 7.

It is then natural to ask whether the Cauchy problem (1.1)—(1.2) has a solution for
initial data in Gevrey classes, which are intermediate classes of Sobolev spaces and the
class of analytic functions. In [7], this problem was answered negatively, as naturally
expected from the observation made in [6] that the resonant nonlinear interactions in
(1.1) give rise to a Cauchy-Riemann type operator. However, the proof was far from
trivial because of the nonlinear setting, and moreover, the third-order dispersion was
needed to overcome the derivative loss in the nonlinearity.

The aim of this note is to revisit these existence and non-existence results in analytic
and Gevrey classes obtained in [0, 7] and prove them in a slightly more general setting
for future use. The results on the particular Cauchy problem (1.1)—(1.2) are stated as
Corollaries 3.2 and 4.3 below. In particular, for analytic initial data we prove local
well-posedness. Here, well-posedness in a space X means unique existence of a solution
in C; X, the space of continuous functions in ¢ with values in X, and continuity of the
data-to-solution mapping from X to C; X.

We will take analytic or Gevrey class as the data space X, but in practice we will
estimate the solutions in certain Banach spaces of analytic or Gevrey functions (which
are strictly smaller than the entire analytic or Gevrey classes). This is because Gevrey
class is defined by suitable limiting procedure with a sequence of such Banach spaces
and is not Banach nor even metrizable in itself. For instance, the space of all analytic
functions A can be defined as the inductive limit ligr 10A(r) of Banach spaces A(r),
each of which is a certain subspace of the class of all analytic functions with radius of
analyticity r.

Let us recall the existence result in [0], which asserts unique existence of solutions u
in C([-T,T]; A(r/2)) for initial data ug in A(r) with existence time T" = T'(|Juo|| a¢r)) >
0, for any » > 0. Due to the derivative loss in the nonlinearity, it is reasonable to
construct solutions in a space of reduced radius of analyticity as above. However, in
[6] it was not shown (in fact, not likely) that the solution remains in the same space
A(r) as the initial data, and hence the result was not referred to as well-posedness. In
this article, we see that the Cauchy problem is well-posed in A, that is, for any ug € A
the solution exists uniquely in C([-7,7T];.A) and depends continuously on initial data
in the A-topology. Note that this is different from well-posedness in A(r) for each
r > 0; indeed, it is possible that the solution immediately loses radius of analyticity but
remains analytic for a while, in which case the problem is ill-posed in each A(r) but can
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be well-posed in 4. Well-posedness in each A(r) basically implies that in .4, whereas
the converse is not true in general.

Clearly, the relation is opposite for non-existence (or ill-posedness) results; non-
existence in A implies that in each A(r) but the converse does not necessarily hold. In
fact, for a Gevrey class G and a suitable defining sequence {G(r)},0, non-existence in
each G(r) can be shown essentially in the same argument as for the Sobolev case [(],
whereas more elaborate analysis is required for proving non-existence in G, which was
the main contribution of [7].

There are several papers which study the ill-posedness nature of other nonlinear
evolution equations within the framework of regular function spaces; e.g., the degenerate
Zakharov equations by Colin and Métivier [3], the Prandtl equations by Gérard-Varet
and Dormy [1], and the incompressible Hall- and electron-MHD equations by Jeong
and Oh [5]. These papers concern either Gevrey-ill-posedness for a linearized equation
around a specific solution or Sobolev-ill-posedness for the full nonlinear equation, leaving
Gevrey-ill-posedness of the full equation as challenging open problems.

The plan of this note is as follows. In the next preliminary section we intro-
duce Gevrey classes and give fundamental nonlinear estimates. In Section 3 we prove
local well-posedness in Gevrey classes for general equations with derivative-type non-
linearities. In Section 4 a Gevrey smoothing effect of certain elliptic-type equations is
established, and as a corollary, non-existence of solution in Gevrey classes is deduced.

§ 2. Preliminaries

§2.1. Gevrey classes on T

The standard definition of Gevrey class of order o, denoted by G, is the set of all
C* functions whose n-th derivative has magnitude of growth order at most C™(n!)? for
some C' > 0. Hence, it can be defined as the inductive limit (b — 0) of Banach spaces
Gy = {f € C%(TY) : | fllgy := supb” (n!) ™7 max |9%fllze= ey <00}, b>0,
n> al<n
that is, the union G = |J,- é‘g equipped with the inductive limit topology. See, e.g.,
[, Definition 1.4.1]. Note that G is the space of real analytic functions on T<.

Here, we use a different definition which is well suited for our analysis. It turns out
that our definition of G? gives the same topological space as that defined above.

Definition 2.1. For 0 > 1, a > 0, and s € R, define the Banach space G, ; by

o ) s _alk|* ¢
G ={f € C®(TM): ||flag, = :uZpd<k> e fi| < oo},
€



108 N. KISHIMOTO

where (k) := max{1, |k|}, and

r 1 —ik-x
fr ::W/Tdf(x)e Frde,  keZ®

Define G7, Gevrey class of order o, as the inductive limit (a — 0) of {G{ }a>o0-

It is easy to see the following inclusion relations:

oGlgGalgGU2g_UGgg_Coo (1<O’1<0'2)
o>1

OGolgmGazCGUQ C G° , C (G°2 (1§01<02,a1>a2>0)

a,0 = a1,0 = a2,0 =
a>0

« G1,C0 oSG, S UGL,CNGL,CGC. S0, CCho
s<0

ai, az,s -+ az,81 -+ az,S2 -+
s>0
(0'21,0,1>CL2>0,81>52>0)

We recall some fundamental properties of Gevrey classes. For the proof, see [7, Ap-
pendix| and references therein.

Lemma 2.2. Let o > 1. The following holds.

(i) G° is a complete Montel space (in particular, every bounded set is precompact).

(ii) The above embeddings are all continuous (in fact, compact).

(iii) A set A C G is bounded if and only if A C G§ o for some a > 0 and it is
bounded in Gg .

(iv) Let I C R be a compact interval. Then, uw € C(I;G?) if and only if u €
C(I;Gg o) for some a > 0.

§ 2.2. Multilinear estimates in Gevrey spaces

Definition 2.3. Let § € R. We say NJu] is a nonlinearity of S-derivative type
if it is of the form

1 ik-x 1) (2
(21) N[U] = W Z e k Z M(kl,kg,...,kp)w,(ﬂ)w,i; w,(f;)
kezd k1,ka,....kp,€Z¢
k=k1 +ha++hp
for some p > 1 (degree of nonlinearity, possibly linear), w) € {a, 4} (1 < j < p), and
a function M : (Z?)P — C satisfying

M )| < (BRI g kg e

for some C' > 0 and sy > 0, where kpax := max |kj|.
1<j<p
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Namely, a nonlinearity of S-derivative type is a power-type nonlinearity with loss
of at most [ derivatives. The following lemma is easily verified:

Lemma 2.4.  If N[u] is a nonlinearity of B-derivative type, then for any o > 1,
a >0 and s > 0 it holds that

s -1
(2.2) IN[u]lleg, < Cp°llull. lulla

N ’
a,sg+d+1 a,s+8

where C > 0 is a constant independent of s, a and o. Moreover, for any 5 € R,
(V)P Nlu] is of (8 + B')-derivative type.

Proof. The estimate (2.2) follows from the elementary inequality

p
(ky - 4 Ky)Sealbutthnl/” sy I1 ek (50, a>0, 0> 1)
j=1

and the embedding (-)=9=1¢> < ¢!, The latter claim is trivial when 8’ > 0 or the
frequency interaction is restricted to the case (ki + -+ + kp) ~ (kmax). Otherwise, the

(k1) (k2) - - (kp) > 15
(kmax) .

claim follows from

(a1 < O
0

For N > 0, let P>y (resp. P<y) denote the Fourier projection onto the set {n €
7% : |n| > N} (resp. {n € Z% : |n| < N}).

The next lemma will play a crucial role in deriving a Gevrey smoothing effect
(Proposition 4.1). This is an improvement of the crude estimate (2.2) in the following
two respects: The constant can be made s-independent, and the index a can be replaced
by the strictly smaller one fa except for one function. Note also that the assumption
o > 1 is essentially used in the proof.

Lemma 2.5. Leto > 1 anda > 0. Assume that N[u] is a nonlinearity of degree
p > 2 and of B-derivative type for some § € R. Then, there exists C,Cy > 0 such that
for any s > 0 it holds

p—1
|Pocose Nulllog , < Cllullgz! . lullz..,,.

where 0 := (1 —1/p)'=17 € (0,1).

Proof. The claim is a consequence of the following inequality ([7, Lemma 2]):

1/o 1/o0 1/c
(ki 4 -+ k)t FR 7 < max (k,)ealkdl H efalksl"”
1<j<p
J#q
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which is valid if o > 1 and |k; + -+ + kp| > C(0,a,p)s°. O

§ 3. Local well-posedness in Gevrey classes

In this section we consider an abstract nonlinear evolution equation of the form
(3.1) Opu = ip(Dy)u + Nul, (t,z) € (=T,T) x T4,

where

$(Da) f = Fy b fil, ¥ = (Yr)reza 1 24 = R.

Proposition 3.1.  Assume that N[u] is a (sum of ) nonlinearity of (1/0)-derivative
type in the sense of Definition 2.3 for some o > 1.

Then, for any a > 0 and r > 0, there exists Ty = To(a,r) > 0 such that the following
holds: For any 0 <T < Ty and anyug € B(a,r) :={f € G , 141" ”f’|GZ,so+d+1 <r},
there exists a unique solution u € C([=T,T};GY 5 ,) to (3.1) on [=T,T] with initial
condition u(0,z) = uo(x) satisfying

s = o0 1z, s < 20l s

Moreover, the mapping B(a,r) 3 uy — u € C([-T,T]; Gg/g o) s Lipschitz continuous.

Proof. We only consider the case where N[u] consists of a single nonlinearity of
(1/0)-derivative type. We will show, for any ug € G , 4,1, that

t
\IIUQ [u](t) = eitw(Dz)uO _|_/ eZ(t—t/)w(Dx)N[u(t/)] dt/
0

is a contraction mapping on B := {u € C([-T,T];G7 ) : |lullx; < 2”“0”G3,30+d+1}
(which is a complete metric space with metric induced by the Xp-norm) if 7' is suffi-
ciently small according to a and |[ugl|go bt

For the linear part, we have

it (D . it (Dg —
Py € O(-T,T);GY yprarn)s 1€ P uollxy = lluolles .-

For the Duhamel integral, we first observe, using (2.2), that N[u] € L>°([-T,T]; GZ/Q o)

if u e C([-T,T];Gg 5 ¢) and |ullx, < oco. This implies that fg e~ WD) N'[uy(t')] dt’
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belongs to C([-T,T}; Gy 5 ), and so does the Duhamel integral. Moreover, we have

t
H / =002 Ny (1]
0 Gg(1—|t\/2T),so+d+1

t
_ H<k>so+d+1ea(1 L0y k| /U/ ot (t=t ), Z M(klv"~7kp)ﬁ/k1(t/)"'/&k;p(t/) dt’
0 k=ky+-+k,

a(1—4h) z Iy | =

< ngp Z <kmax>so+d+1e
k=k1 -tk . v
(k1) (k2) -+~ (kp) ) X
x /O ( {Emax) ) Finx) I;I B, ()]

(k1) (ko) - - - (kp)y —(d+D)
< C'sup ) Z < . )

<.
Il
—

It =
< Ollull%, sup / G be 7 = <

Lok

(Note that some of #y,’s may be replaced with ﬁkj in the above computation.) The
integral in the last line is evaluated by

p
a
‘t‘ + sup max <_ E

(K1 ki) 2(0,...,0 ) 2T

Q\»—‘

(142 YT, |t|<T,

Q\»—t
\_/

so that we obtain

| [ eteorenuey

A similar argument shows the corresponding difference estimate. As a consequence, ¥,,,
is a contraction on B if (14a~")T'||uol[%" o € 1. By Banach’s fixed point theorem,
there is a unique solution of the Cauchy 0problem in B for such a T. The Lipschitz

<C(L+a T |ullk,

Xr

continuity of the data-to-solution mapping is an immediate consequence of the above
estimates. O

Corollary 3.2.  Assume that N[u] is a (sum of ) nonlinearity of (1/0)-derivative
type in the sense of Definition 2.3 for some o > 1. Then, the Cauchy problem associated
with (3.1) is locally well-posed in G° in the following sense.

(i) For any bounded set A C G7, there exists T = T(A) > 0 such that, for any
ug € A, there is a solution u € C([—T,T];G?) on the time interval [T, T satisfying
u(0) = ug.
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(ii) If ui,us € C(I;G?) are solutions on some time interval I containing 0 and
u1(0) = u2(0), then uy = ug on I.

(iii) The mapping A > ug — u € C([-T(A),T(A)]; G7) from the initial datum to
the unique solution given above is continuous. Here, A is given the relative topology as
a subset of G7 and C([-T,T);G?) is given the compact-open topology.

In particular, the Cauchy problem (1.1)—(1.2) is locally well-posed in G* for any
ay,az € R and 1,79, 1 € C.

Proof. (i) From Lemma 2.2 (iii) and (ii), a bounded subset A of G is a bounded
subset of G, o for some a > 0, and then of G7 . ,.4, i.e., A C B(a,r) for some
a,r > 0. Hence, we can take T'(A) to be Ty(a,r) given in Proposition 3.1 and obtain
a solution u € C([-T, T]5GZ/2,0) for any ug € A. Again by Lemma 2.2 (ii), we see
C(-T,T): G5 5.0) © CI-T, T} G°).

(ii) We may assume that I = [0,7"] for some 7" > 0. Let uy,us € C([0,T']; G7) be
two solutions with u1(0) = u2(0) =: ug. By Lemma 2.2 (iv) and (ii), there exists a > 0
such that ui,us € C([0,T'];GY . 4 411)- Choose r >0 and 0 < T" < min{7", Ty(a,r)}
such that

omax fus®llaz, o, < 2uollar L,y <200 G=12

Since we have u; € C([0,T"];G7 5 ) and |u;l[x,., < ZHUOHGZ,SOHH for j = 1,2, the
uniqueness assertion in Proposition 3.1 (suitably modified for solutions forward in time)
shows that uq(t) = ua(t) for t € [0,7"”]. Repeating this procedure (if necessary) gives
uniqueness on [0, 7"].

(iii) We first observe that a bounded set in G? is precompact, by Lemma 2.2
(i), and hence metrizable, since G is the inductive limit of an increasing sequence of
Banach spaces (see, e.g., [2, Theorem 2 and Examples 1.2]). It then suffices to show the
sequential continuity of the mapping.

Let A be a bounded set in G and, as in (i), choose a, > 0 such that A is a bounded
set in G, and A C B(a,r). Assume that a sequence {ugn},>1 C A converges to
ug € A. Then, since {ug,} is bounded in G§, ; and the embedding G5, o — G, | 441
is compact by Lemma 2.2 (ii), {uon} converges to ug in Gf . ;.. The continuity
assertion in Proposition 3.1 shows the convergence of the corresponding solutions u,, —
win C([=T(A), T(A)]; G 5 0)- Finally, we note that the inclusion C([-T,T]; G 5 ) C
C([-T,T]; G?) (the latter space given the compact-open topology) is continuous since
G790 C G7 is continuous. Therefore, uy, converges to u in C([-T,T];G7), and the
mapping has been shown to be sequentially continuous.

Finally, we notice that the equation (1.1) is of the form (3.1) with ¢ = —a1k3 —
azk? and a sum of cubic nonlinearities of 1-derivative type, so that the above result can

be applied. Ol
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§4. Smoothing effect and non-existence of solutions in Gevrey classes

In this section, we shall prove a Gevrey smoothing effect on a function u satisfying
an equation of the following type:

(4.1) O (u— Nilu]) = ¥(t, Dy)u + Naul, (t,x) € [-T,T] x Z°.

We assume that

W(t, Dy) = F () F,  with {tg}reze C O[T, T);R) satisfying

4.2

(42) A:= inf |k]_% min |y (t)| >0 for some K >0 and p > 1,
|k|> K [t|I<T

(43) Ni[u] is a (sum of) nonlinearity of (8 — %)—derivative type and

4.3

Ns[u] is a (sum of) nonlinearity of S-derivative type, for some 3 € [0, %)
The assumption (4.2) means that the differential operator (¢, D,,) is of elliptic type of
order 1/p uniformly in ¢.

Proposition 4.1.  Let p > 1, and assume (4.2)—(4.3). Let u be a function in
C([-T,T];Gg o) for someT >0, o > p, a > 0 and satisfy the equation (4.1) on the
time interval [=T,T). Then, there exists € > 0 depending on o,a,p, A, K, N1, N2, and
HUHC([—TT};GZG,SOMH)’ but not on T, ||ullc(-1,);65 ), such that ue C((=T,T); Gg . 0)-
Here, 0 € (0,1) is the mazimum of the constants given in Lemma 2.5 for Nilu|, Na[u].

Proof. For tg,t € [-T,T], we integrate the equation (4.1) in the Fourier side to
have

anto) = e Mo i (t) + (N fulto))s — e oo N fu(t)}

_ / e Jig (zpk(t’)z\?l[u(t’)]k+N2[u(t’)]k) d', kel

to

By the assumption (4.2), for each k € Z¢ with |k| > K it holds

: 1
either |H|li{}¢k(t) > Alk|» (= o Jove < At-P ¢ to)
t|<
¢ 1
or |r1|1;<1>jgwk(t) < —A|k|% (= e Jeo ¥ < e~ Alto=t)Ikl? =y < to).
t|<

Let to and (1 >) 6 > 0 satisfy tg 6 € [-T,T]. For k satisfying the former,
l A A
(ko) | < e g (b + 8)| + (|8 [ulto)s] + | W [ulto + 6] )

to+4 w . , % .
[ (I Ol ]+ e A fue ] ) a

to
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while for the latter,
(ko) | < €A1 g (g — 8)| + (10 [ulto)]il + | W [u(to — 6]l

to to ~ , % N
[ (e B R ]+ A (el
0—

In both cases, we have

1
1 1 Py
k>~ lag(to)| < [k[»"e " max i ()

+ 3k max [Ny[u()]] + A7k max | Nofu(t)]l.

[t—to]| <6 [t—to] <6

Now, we observe that

1 i\1-pB
sgp|k‘|%_ﬁe*’45|k|p :(—1255)1*pﬁsup< A0 |k:| fgﬁ"“'p)

< C(p, B, A)s~(1=rP)

and that (Vﬁ_ﬁ Ni[u] and (V)~PNy[u] are nonlinearities of 0-derivative type, by the
assumption (4.3) and Lemma 2.4. Applying Lemma 2.5, for any s > 0 we have

||P>maX{CoS" K}u(tO)HGU at (1) < Cld_(lﬂ)ﬂ)||u”0([to—5,to+5];GZ,s)7

where (and hereafter) C; denotes any positive constant depending on p, o, a, A, K, Ny,

Ny, and |lullc—7,1); Ggusrass)’ but not on s and §. On the other hand,
1
P > t - < t . (1—9)@‘]'6'; k S
|| <max{Cos K}u( O)HG +(1 -8) ||U< O)HG"“ 1 -8 |/<3|<mail{lgosf7 K} < >
S 01(015 ) .
Hence, we have
[u(to)llag ,,, < max {Cl (C157)°, 015_pnHUHC([to—S,toM];Gg,S)}7 s >0,

where we have set 1 := % — p € (0,1]. This estimate shows a Sobolev (i.e., polynomial
order) smoothing effect in the interior of the time interval.

To obtain Gevrey (i.e., exponential order) smoothing, we iterate the above estimate,
paying particular attention to the s-dependence. For any sufficiently large positive
integer N (satisfying N > T and TPN?~Pn° > 1), we apply the above estimate with
d =T/N(< 1) repeatedly. Noticing 6~ * < (Nn)?, we obtain

[u(0)llag

gmax{ max (C;677") N Oy (Cy(nn)?)™, (C6 Y ulleerae )

0<n<N—1 A a,O}
<cy (Nn)”N”maX{l ullcq—1,m; Gao)}
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Since m"™ < e™m/! for m € N, this estimate roughly means that the m-th derivative of
the function ealV1? u(0) has growth of order at most C7"(m!)? when m — oo, and hence
e“|v|%u(0) € GZ,, or equivalently u(0) € Gg . o, for some € > 0 depending on C;. For
a precise argument, see the last part of the proof of [7, Lemma 3|.

We remark that the increment € does not depend on the size of interval 7', nor the
C([-T,T); Gg y)-norm of u. In particular, the above argument implies u(t) € Gg, .  for
any t € (=T, T). While [[u(t)| g, , may blow up as t — +T, we see that it is bounded
on any compact subinterval of (7', T). In fact, T-dependence of the norm [[u(0)| a7, _
evaluated above comes from the contribution of [[u(0)|lgs  ~for N relatively small
(depending on T'), which we have neglected. Hence, [[u(0)cs, _ , stays bounded as long
as T does not approach to zero. Finally, we reduce ¢ by half and obtain the continuity
of the mapping t — u(t) € G, _ /2,0 O any compact subinterval of (=T,T) using the

continuity in G ; and the interpolation inequality HfHGZJrE/z , < HleG/fJr . HleG/UQO. O

Corollary 4.2. Let p > 1, and assume (4.2)—(4.3). Let v € C([-T,T);G°),
with o > p and T > 0, be a solution to (4.1) on the time interval [—T,T]. Then,
ue () C(=T,T);Gg ).

a>0

Proof. The claim follows from the preceding proposition and the argument in the
proof of [7, Theorem 1], so we give only an outline of the proof. By Lemma 2.2 (iv), u
belongs to C([-T,T]; Gg, ) for some ag > 0. Define the function a : (0,7] — [ag, o]
by

a(t) :==sup {a>0:ue C([—t,t;G] ) }.

On one hand, a is monotone decreasing by definition. On the other hand, Proposition 4.1
implies that a has to be discontinuous at any point where it is finite. Since the cardinality
of discontinuous points of a monotone function with finite values is at most countable,
we conclude that @ = oo on (0,7). O

Corollary 4.3.  Let 0 > 1, and assume that the condition (1.3) holds. Let u €
C([-T,T);G?) be a non-trivial solution to (1.1) on [=T,T] for some T > 0. Then,
u(t) € Nyso0Ga o for allt € (=T,T).

In particular, for any uo € G\ [\,50Ga,o there exists no T > 0 for which the
Cauchy problem (1.1)—(1.2) has a solution in C([-T,T]; G?).

Proof. Let u € C([-T,T];G°) be a non-trivial solution to (1.1). Since the L?
norm is conserved (see [0, Lemma 2.5]), we see that ||u(t)| 2 = ||u(0)||z2 > 0.

Let us recall how to deduce an equation of the form (4.1) from (1.1) (see [0,
pp. 10008-10010] for details). We begin with converting the linear dispersive terms
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(103 + ied?)u into time oscillation in the nonlinear terms by the transformation
u = o(t):= e_t(o‘la:“”ai)u(t).

The Fourier coefficients 0 (t) then satisfy the following equation:

o iv1 +ivek + (k1 +k2) e -~ .
Oy 0y = Z - 3y B D
k1,k2,k3€Z
k=ki+ka+ks
2c
O = D(ky, ko, k) := 3aq (k1 + ko) (ka2 + k:3)<k:1 + ks + ﬁ)
1

The first term in the sum (with coefficient 7;) is a cubic nonlinearity of 0O-derivative
type with sg = 0. (Although the multiplier M depends also on ¢, the bound on |M] is
uniform in ¢ and thus the argument so far can be applied.)

We next divide the remaining part of the sum into the resonant and the non-

resonant terms:

Z 172k + F(k’1 + k’2) it~ 2

(& Uk Vky Vs

2T
k=FEki1+k2+k3
vk + I'(k1 + ko P DU
-y sy | e b,
k=Fki1+k2+ks3 k=Fki1+ka+k3
(k1+k2)(ka+k3)=0 PH#0
2Z72+F 2 5~ Z'YQ ~ 12 A T ~ 12\
= THU(O)HLkak — gk\vﬂ Ve — %( Z k3|vk3| >Uk
ks€Z
Z’YQ]C+F(]€1+]€2) itd ~ 2 A
+ Z o et Dy, Ugy s -
k=ki+ko+ks
A0

—e

Note that the assumption % ¢ Z (i.e., the fact & = 0 < (k1 + ko) (k2 + k3) = 0) is
essentially used here. We have also applied the L? conservation |[v(t)|r2 = |[u(t)||zz =
|u(0)||L2. Observe that the second and the third terms on the right-hand side are
cubic nonlinearities of 0-derivative type with sy = 1/2 and 1, respectively, since the
corresponding multipliers are M (k1, ko, k3) = c1k3Xk,=ko=ks and Cok3Xky—ks -

The last term, which corresponds to the non-resonant part, is in itself a nonlinearity
of 1-derivative type, which however can be dealt with by the third-order dispersion of
the equation. We make a further decomposition into two sums over (k1, ko, k3) € D :=
{|k1] ~ |ka| ~ |ks|} and D¢, then the former is a cubic nonlinearity of O-derivative type

with sg = 1/2. For the latter, we apply differentiation by parts in ¢ and substitute the
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(original) equation for o:

ivok +1T'(k1 + k R
Z - 25.(. - 2) eth)vkl Uky Uks
k=ki+ka+ks
40, D°
Z")/2]€—|—F k1 + ko eit<I>A A .
— 815 Z 25_‘_ ) Z'(P UklkaUkS
k=ki1+ka+k3
®-£0, D°
_ Z Z’YQIC + P(kl + ]{72) Gitq) Z Z’Yl + ’ék172 + F(kll + klg)
21 1P 21
k=k1+ko+ks ki1=ki11+ki2+ki3
®40, D°

L X Vkyy Ukey kg3 Uk Ok
— (two similar terms). e

Here, all the formal calculations are easily justified, because we consider a smooth

solution. Noticing |®| > ck2, in D¢ (here we essentially use the third-order dispersion;

max
i.e., the assumption «; # 0), the first sum is the time derivative of a cubic nonlinearity
of (—1)-derivative type with sg = 0, while we see (|7, Lemma 1]) that the other sums
are quintic nonlinearities of 0-derivative type with so = 1.

To treat the remaining term

Re(T")

2ty + T . 275 4+ Im(T) X
—Hu(O)!\%zkvk—z(—H (0 )Hsz) O+ = |1 (0)]22 ki,

27

we apply the second transformation

22 I ) 2.kt )

O Wi(t) = eXp<

to eliminate the first term on the right-hand side. The second term will be the one that
is responsible for Gevrey smoothing effect.
We have so far obtained the equation for w of the form (4.1):
Re(T")

Opw = == [u(0) 72 (=0 )w + 0Ny [w] + Nafuw),

where N;|w] is a cubic nonlinearity of (—1)-derivative type and Ny[w] is a sum of cubic
and quintic nonlinearities of 0-derivative type, and hence (4.3) is satisfied with p = 1
and 3 = 0. Finally, by the assumptions Re(T') # 0 and ||u(0)||zz > 0, the condition
(4.2) is also satisfied with p =1, K = 1 and A = (2r) '|Re(T)|||u(0)||3.. Applying
Corollary 4.2 (with o > 1 = p) to w and noticing |t (t)| = |wk(t)|, we have the desired
Gevrey smoothing property for u, concluding the proof of Corollary 4.3. O
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