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Abstract

We prove Ibukiyama’s conjectures on Siegel modular forms of half-integral weight and of degree 2 by using Arthur’s
multiplicity formula on the split odd special orthogonal group SOs; and Gan-Ichino’s multiplicity formula on the
metaplectic group Mp,. In the proof, the representation theory of the Jacobi groups also plays an important role.



Contents

1 Introduction 1
2 Main theorem 4
3 Multiplicity formulae for split SO; and Mp, 9
4 Jacobi forms 12
5 Representation theory of the Jacobi groups 15
6 Adelic lifts of Siegel modular forms and Jacobi forms 26
A The adelic lift of F € 5'];"7%’].(110(4)7 (=H)H 36

1 Introduction

In a paper [25], Shimura revolutionized the study of half-integral weight modular forms by establishing a lifting
from Hecke eigenforms of half-integral weight to Hecke eigenforms of integral weight. Kohnen [18] introduced the
plus space to show that Shimura’s lifting gives an isomorphism

S;+%(F0(4)) & Sor(SLa(Z)).

Here the left hand side is Kohnen'’s plus space, which means a subspace of “level SLy(Z)”. Later, Ibukiyama [16, 17]
proposed conjectures on vector valued Siegel modular forms of degree 2 of half-integral weight. Some of them are
similar to Shimura’s isomorphism.

Our aim in this paper is to prove Ibukiyama’s conjectures by using Gan-Ichino’s multiplicity formula. The
conjectures are stated as follows. The first one is a Shimura type conjecture on vector valued Siegel modular forms
of degree 2 of half-integral weight with character (Neben type).

Theorem 1.1 ([16]). For any natural number k > 3 and any even integer j > 0, there is a linear isomorphism

-1
S+tk7% Sym., <F0(4)7 (7)) = Sdetj+3 Symg _¢ (Sp4(Z)) ’

de

which preserves L-functions.

Here the superscript + is a generalization of Kohnen’s plus space. This means a “level Sp,(Z)” part called the
plus space.

The next one is a lifting to vector valued Siegel modular forms of degree 2 of half-integral weight without
character (Haupt type).

Theorem 1.2 ([17, Conjecture 1.1]). For any integer k > 0 and any even integer j > 0, there exists an injective
linear map
L : S3p—4(SLa(Z)) ® Saky2j—2(SLa(Z) — ST, (To(4))

det

such that if f € Sox_a(SL2(Z)) and g € Sog+2j—2(SLa(Z)) are Hecke eigenforms, then so is L(f®g) € S: b s (To(4)),
e 2 ym;

and they satisfy
L(S,ﬁ(f ®g)) = L(S _j - 17f)L(579)-

We shall write S:’OF 1g (To(4)) for the orthogonal complement of the image of the injective map L.
et™ 2 Sym;



Theorem 1.3 ([17, Conjecture 1.2]). For any integer k > 3 and any even integer j > 0, there exists a linear
1somorphism
0
pH L5t (F0(4)) — Sgeti+s Symsy,_g (Sp4(Z))7

k-1
det”™ 2 Sym;

which preserves L-functions.

The details of the notation and the definitions of L-functions will be reviewed in §2 and §4, and we shall state
the conjecture again. In order to prove Ibukiyama’s conjectures, we will apply the multiplicity formulae of Arthur
and Gan-Ichino, and the representation theory of the Jacobi groups.

Let us recall the history and the statement of the multiplicity formulae briefly. After Shimura’s result [25],
Waldspurger [29, 30] studied Shimura’s correspondence in the framework of automorphic representations of the
metaplectic group Mpy, which is a nonlinear two-fold covering group of Sp, = SLo. Namely, he described the
automorphic discrete spectrum of Mp, in terms of that of SO3 = PGLy via the global theta lifts between Mp, and
(inner forms of) SO3. About 30 years after that, Gan-Ichino [10, 11] studied the automorphic discrete spectrum
LﬁiSC(Mp%) of the metaplectic group Mp,,,, which is a nonlinear two-fold covering group of the symplectic group

Sp,,, of rank n, and partially proved the following decomposition predicted by Gan [9]:

L(Qiisc (Mp2n) = @ @ MenTe,n, (11)
n

®

where ¢ and n run over elliptic A-parameters for SOq,11 and continuous characters of the adelic component group
Sg.a of ¢ respectively, and mgy , and 74, are the corresponding nonnegative integer and irreducible automorphic
representation, respectively. Strictly speaking, mgy , and 74, depend on an auxiliary choice of an additive character
of the ring of adeles. Their works can be considered as a generalization of the work of Waldspurger. In [10], they
partially proved the decomposition (1.1) for any rank n, and later, in the other paper [11], they completely proved
it in the case that the rank n is 2. Note that thus the decomposition (1.1) is still conjecture in general. In both
papers, they used the theta correspondence and Arthur’s result [5]. Here, the result of Arthur that Gan-Ichino used
is a decomposition

Li15c(SO2p41) = @ @ Nen0¢.n
¢ m

of the automorphic discrete spectrum L3, (SOs,+1) of the split odd special orthogonal group SOs,41, where

¢ and n run over elliptic A-parameters for SOg,11 and continuous characters of the adelic component group
Sg.a of ¢ respectively, and ng, and o4, are the corresponding nonnegative integer and irreducible automorphic
representation, respectively. We review the multiplicity formulae for the automorphic discrete spectrum of SOj
given by Arthur and of Mp, given by Gan-Ichino in §3 more precisely.

In §4, we complete the definition of the L-function of a Siegel modular form of half-integral weight in the plus

space Sd+ g (To(4), (_—)l) Since the elements in the plus space are of level T'g(4), the Euler factor of L-
et™ 2 Sym;

function at 2 can;aot be defined in the usual way involving Hecke operators. However, we can define the Euler

2-factor of L-function by using Hecke operators on the Jacobi forms of level Sp;f(Z), by virtue of the following

canonical isomorphism. Here Spi denote the Jacobi group of degree 2. In the beginning of the section, we define

holomorphic and skew-holomorphic Jacobi forms and recall from [16] a canonical isomorphism (Theorem 4.1)

grcusp = 57 (To(4), (fl)l), (1.2)

K 1
det” Sym;,1 et~ 2 Sym;

between a space of holomorphic or skew-holomorphic Jacobi cusp forms of level Spi(Z) and the plus space. Here,
* means “holomorphic” if k41 is even, and “skew-holomorphic” if it is odd. In the rest of the section, we state the
definition of the Hecke operators acting on Jacobi forms. Then we can define the Hecke operators at 2 on Siegel
modular forms in the plus space by the pullback of the Hecke operators on Jacobi forms.

The next section §5 plays the key role in this paper. In order to utilize the multiplicity formulae of Arthur
and Gan-Ichino for proving the main theorems (Theorems 1.1, 1.2, and 1.3), we should consider the adelic lifts of



Hecke eigenforms in Syeqi+s gym,, , (SP4(Z)) and Sd+ g <F0(4), (ll)l> to SO5(Ag) and Mp,(Ag), respectively.
: - et™ 2 Sym;

Nevertheless, it is difficult to study the adelic lifts of Hecke eigenforms in the plus space to Mp,(Ag). They are

expected to be unramified everywhere, but we cannot show that they are unramified at p = 2 in the usual way.

This is because the level is T'g(4) and there is no notion of spherical representations of Mp,,, (Q2). (The adelic

interpretation of the plus spaces is already known by [15, 26], but the author do not know how to apply it to our

aim.) However, we have the isomorphism (1.2) and we can also see that the adelic lifts of eigenforms in J;éi;‘?gym‘ L
i

is unramified everywhere by the usual argument, since the level is Spj (Z). Thus we need the representation theory
of the Jacobi group Sp;{. In §5, we introduce the representation theory of the Jacobi groups Spgn of general degree
over local fields and rings of adeles. Roughly speaking, we shall prove that there is a natural bijection between
representations of Spgn with a fixed nontrivial central character and genuine representations of Mp,,,, and this
bijective correspondence preserves some canonical properties, such as unramifiedness. Consequently, we can obtain
automorphic representations of Mp,(Ag) from Jacobi forms and utilize Gan-Ichino’s multiplicity formula. As for
the representation theory of the Jacobi groups, the case of degree 2 is enough for our aim, but the arguments hold
in general case and some of them are originated in this paper, so we shall do for general degree.

In §6, we consider the adelic lifts of Siegel modular forms and those of Jacobi forms, and prove Theorems 1.1,
1.2, and 1.3. On the one hand, we consider the adelic lift of each Hecke eigenform in Syepi+s gym,, , (SP4(Z)) to
GSp,(Ag) in the usual way. It can be seen that the adelic lift is an irreducible cuspidal automorphic representation
of GSp,(Ag) with trivial central character, and it is known that there is an accidental isomorphism PGSp, = SOs,
so we obtain an irreducible cuspidal automorphic representation of SO5(Ag). Thus by Arthur’s multiplicity formula,
we can attach an elliptic A-parameter for SO5 to any Hecke eigenform in Sqeqi+s gym,, , (Spa(Z)). Moreover, we
shall show in Lemmas 6.2 and 6.3 that the attached A-parameters are tempered and of the form

¢=1KS5, (1.3)

where 7 is an irreducible cuspidal symplectic automorphic representation of GL4(Ag) with certain conditions and S;
denotes the trivial representation of SLo(C), and this attachment is bijective in some sense. On the other hand, we

show that the adelic lift of a Hecke eigenform in J;;t“,jsspym' , 1s an irreducible cuspidal automorphic representation
ym;,

of the Jacobi group Spi(AQ). By the result of §5, we obtain an irreducible cuspidal automorphic representation

of the metaplectic group Mp,(Ag). In addition, by Gan-Ichino’s multiplicity formula, we can attach an elliptic

A-parameter for SO5 to a Hecke eigenform in J;é?,jsspym_ ;- Then in Lemmas 6.9 and 6.10 we shall show that the
’»

attached A-parameters are tempered and of the form (1.3) or

(b:O'&SlEBO'/@Sl, (14)

where o and ¢’ are irreducible cuspidal symplectic automorphic representations of GLa(Ag), and this attachment
is bijective in some sense. More precisely, combining this with the isomorphism (1.2), we shall see that the plus

space S: 1 (To(4), (=1)) of Neben type corresponds to the A-parameters of the form (1.3), and that the plus
et™ 2 Sym;

space Sd+ g (T'o(4)) of Haupt type corresponds to the both A-parameters of the forms (1.3) and (1.4). Since
et 2 Sym

Hecke eigenforfns f € Sok—4(SL2(Z)) and g € Sop42j—2(SLa(Z)) give irreducible cuspidal automorphic representa-
tions oy and o4 of GL2(Ag), the image of L is the subspace corresponding to the A-parameters of the form (1.4).
Then the subspace corresponding to the A-parameters of the form (1.3) is S;’OFL o (To(4)). Consequently, the

et” 2 Sym
main theorems are proved. As mentioned above, the reason why we have to consider the Jacobi forms and the
representations of the Jacobi groups is that it is difficult to actually see that the plus space is a level Sp,(Z) part

by studying only the plus space. In other words, it is difficult to show that the adelic lift of a Hecke eigenform in

the plus space S (1"0(4)7 (_—1)1) to Mp,(Ag) is unramified at a finite place 2. However, it is easier to

1
detF~ 2 Sym

j
show that the adelic lift of a Jacobi form of level Spy (Z) is unramified everywhere. Thus the theory of the relation
between representations of the Jacobi group and those of the metaplectic group is the key ingredient of this paper.



Although the arguments in appendix A are not needed to prove our main theorem, the result is so interesting
that it is contained in this paper. In the appendix, we describe the relation between the adelic lifts of Siegel modular
forms of half-integral weight and those of Jacobi forms corresponding to them by the canonical isomorphism (1.2).
Thanks to the multiplicity formula of Gan-Ichino and our results on the representations of the Jacobi groups given
in §5, we can show not only that the adelic lifts of Siegel modular forms in the plus space is unramified at a finite
place 2, but also Theorem A.3, which asserts that the canonical isomorphism (1.2) is compatible with a natural
bijection between representations of Mp, and those of Spi given in §5. Theorem A.3 seems not so natural but
canonical and interesting.

Notation. If F' is a number field, we write Ap for the ring of the adeles of F. In particular, if F' is the field Q
of rational numbers, let Ag be abbreviated as A. We write S(A’%) for the Schwartz space on A%. For a nontrivial
additive character ¢ of F\Ap, put ¢(z) = t(z) and we call the additive character 1 its complex conjugate.
Moreover, if v is a place of F', we write v, for the local component of ¢ at v.

If F is a local field, let Wg be the Weil group of F' and put

Lo— Wg x SLa(C), if F is nonarchimedean,
B Wg, if F'is archimedean.

We write S(F™) for the Schwartz space on F™.

We shall write e; for the column vector with entry 1 at i-th position and zeros elsewhere, and E; ; for the matrix
with entry 1 at (4, 5)-th position and zeros elsewhere. For any representation 7, let ¥ denote its contragredient
representation. For any finite abelian group S, let S denote the group of characters of S. For any positive
integer d > 1, we write Sy for the unique irreducible representation of dimension d of SLy(C). For z € C, we set
e(z) = exp(2miz). In this paper, trivial characters are included in quadratic characters.

Acknowledgment. The author thanks his supervisor Atsushi Ichino for suggesting the problem and for his helpful
advice, and Tamotsu Ikeda and Hiraku Atobe for sincere and useful comments. The author also thanks Hiraku
Atobe and Tomoyoshi Ibukiyama for bringing a book [8] and a paper [17], respectively, to the attention of the
author. This work was partially supported by JSPS Research Fellowships for Young Scientists KAKENHI Grant
Number 20J11779.

2 Main theorem

In this section, after reviewing the definitions of several types of cusp forms and their L-functions, we state
Ibukiyama’s conjectures.

2.1 Review on elliptic cusp forms

In this subsection, we shall review the notation and the definition of elliptic cusp forms.
For an integer n > 1, let $,, denote the Siegel upper half space of degree n, i.e.,

9 ={Z=X+iY eMp(C) | X ="X,Y =Y e Mp(R), Y >0 }.

Here, Y > 0 means that Y is positive definite. We write X = Re(Z), and ¥ = Im(Z2), for Z = X +iY € $,,, and
call the imaginary part and the real part, respectively. By abuse of notation, we shall write ¢ for the scalar matrix
in $,, of the diagonal entries i. For any commutative ring R with unity 1, let Sp,,, (R) be the symplectic group over
R of degree n, and GSp,,, (R) the symplectic similitude group over R of degree n i.e.,

Span(R) = { g € GLan(R) | 'gJng = Ju },
GSpy,(R) = { g € GLan(R) | *gJng = v(g)Jn, (g) € GL1(R) },

0o 1,

where J,, = (_1 0

). Note that Sp, = SLy and GSp, = GLo.



The group GSp4.. (R) = {g € GSp,, (R)|v(g) > 0} acts on §,, in the following way:

9Z = (AZ + B)(CZ + D)™, g= (é g) € GSp;,(R), Z € H,.

We set a factor of automorphy J(g,2) = CZ + D.

Elliptic cusp forms are defined as follows.

Definition 2.1. Let f(z) be a C-valued function on z € 1. When [ satisfies the next conditions (0)-(2), we say
that f is an elliptic cusp form of weight k.

(0) f is holomorphic;
(1) J(v,2)"" f(yz) = f(2) for all v € SL2(Z);

(2) f has a Fourier expansion of the following form:

where Z~q denotes the set of all positive integers.
We write Sy (SL2(Z)) for the space of such functions.

The Hecke operator T'(p) on Si(SL2(Z)) at a prime number p is defined by

FIWT®)](2) =" T (g, 2) " f(92),

where g runs over a complete representative system of SLo(Z)\ SL2(Z) <(1) 2) SLo(Z).

For a Hecke eigenform f € S;(SL2(Z)), let ¢, denotes the eigenvalue of T'(p) associated with f. Then the
L-function of f is defined as an Euler product

L(s, ) = [T = epp™ +pF 17270

p

Finally, let us recall the Petersson inner product on Si(SLa(Z)). For fi, fo € Sk(SLa(Z)), it is defined by

(f1, f2) =/ f1(2) f2(2)y* 2 dzdy,
SL2(Z2)\$1

where x and y are the real and imaginary part of z, respectively.
It is known that the Hecke operators are Hermite with respect to the Petersson inner product, and the C-vector
space S;(SL2(Z)) has an orthonormal basis consisting of Hecke eigenforms.

2.2 Vector valued Siegel cusp forms of integral weight

In order to state the definition of vector valued Siegel modular forms of degree 2, we recall rational irreducible
representations of GLy(C) here. For any integer j > 0, we write (Sym,, V;) for the symmetric tensor representation
of degree j (i.e., dimension j + 1) of GLy(C). Any rational irreducible representation of GLy(C) can be written
as det* @ Sym; by using an integer k and a nonnegative integer j. For any Vj-valued function F(Z) on $2 and

g € GSpf (R), we define the slash operator of weight (k, j) by

Flis0) (Z) = v(g)**% det(J(g, Z))~* Sym, (J(g, 2)) "' F(gZ).



Definition 2.2. Let F(Z) be a Vj-valued function on Z € 5. When F' satisfies the next conditions (0)-(2), we
say that F is a Siegel cusp form of weight (k,j).

(0) F is holomorphic;
(1) Flrjy=F for all v € Spy(Z);
(2) F has a Fourier expansion of the following form:
F(Z)= > AT)e(tx(TZ)),
TelL;
T>0
where L% denotes the set of all half-integral symmetric matrices of size 2 x 2.
We write Sy, j(Sp4(Z)) for the space of such functions.
Now we define Hecke operators T'(m) and the spinor L-functions. For a natural number m, put
FlogT(m) =m" 575 37 Flig,
gESPL(Z)\X (m)

where
X(m) = {x € My(Z) N GSpf (R) | v(z) =m},

and for a Hecke eigenform F' € Sy ;(Spy(Z)), let A(m) denotes the eigenvalue of T'(m) associated with F. Note
that T(mn) = T(m)T(n) if m,n € Zso are coprime. The spinor L-function L(s, F,spin) of a Hecke eigenform
F € 5 ;(Sp4(Z)) is defined as an Euler product

L(s, F,spin) = HL(S’F’ spin),,
p
where the product runs over all prime numbers p,

3 -5 — — — _ -1
L(s, F,spin), = (1= A(p)p™ + (Mp)* = A(p?) — p" 1 )p~ 2 = A(p)p" ™ +p™ %),

and p=2k+j— 3.
As in the case of elliptic cusp forms, it is known that the Petersson inner product can be defined on Sy, ;(Sp,(Z)),
and the C-vector space S ;(Sp4(Z)) has an orthonormal basis consisting of Hecke eigenforms.

2.3 Vector valued Siegel cusp forms of half-integral weight

Now we come to vector valued Siegel cusp forms of half-integral weight. Put

To(4) = {fy: (é g) ESp4(Z)‘C'EO mod4}7

and
0(2) =" e('wZx), Z€ .

r€Z?

Let us define a character (=) of T'o(4) by




In order to state the definition of vector valued Siegel modular forms of half-integral weight, we recall the

slash operator of half-integral weight. First we define a covering group of GSp, (R). Let GSpj (R) denote the
set of pairs (g, ¢(Z)), where g is in GSpJ (R) and ¢(Z) is a C-valued holomorphic function in Z € $9 such that

H(2)t = % The set GSp; (R) is a group under the multiplication defined by

(91,01(2))(92, $2(2)) = (9192, $1(922) P2(Z)).

The group GSp; (R) can be regarded as a 4-fold covering group of GSp} (R) by (g, ¢(Z)) — g. We can embed I'y(4)
in GSp; (R) by

o (202

and we write L'o(4) for the image of Tg(4). In this way, we shall identify I'o(4) with the subgroup Io(4) of GSp; (R).

Let j > 0 be an integer. Then for any Vj-valued function F(Z) on $2 and (g, ¢(Z)) € GSp; (R), we define the slash
operator of weight (k — %,j) by

J

[Fli_15(9,0(2))] (2) = v(9)6(2)~ 2+ Sym, (J (g, 2)) ' F(92).

Definition 2.3. Let F(Z) be a Vj-valued function on Z € $)o. When F satisﬁes the next conditions (0)-(2), we
say that F is a Siegel cusp form of weight (k — %, j), level To(4), character (= ) (1e(Z/27)).

(0) F is holomorphic;

!
(1) Flyp_1 7= (%) F for all v € Ty(4);

(2) F has a Fourier expansion of the following form:

= Y A(D)e(t2(T2)),

TeL;
T>0

The space of such functions will be denoted by Sy,_1 ;(T'o(4), (= 1)1). Moreover, we write S;‘_ ,(Fo( ), (= ) ) for
the subspace consisting of those F € Sy_1 ;(To(4), (—1) ) such that A(T) = 0 unless T = (—1)k+l Lrtr mod 4L}
for some r € Z2. The subspace S,j_l j(Fo(4), (ll)l) is called the plus space.

3

When [ is even, we often write S’j_%,j (To(4)) for S]j_%J (To(4), (;1)1)
Now we define Hecke operators T(p) and the L-functions of Hecke eigenforms of half-integral weight. For any
prime number p, we put

1s
Ks(pz) = P p21275 5 s = Oa 17 2.

pls

Let F' € Si_1 ;(To(4), (ll)l) Then for any odd prime p, we define the Hecke operators

-1
Pl 20 =3 (5 ) Py s=0.1,

Js,t



by using the right coset decompositions

To(4)(K(p),p"~*)To(4) = | |To(4)gs.s

t

of the double cosets of y(4) containing K, (p?). Note that although gy, is not an element of T'g(4) for some ¢, we

can define (g—l) in the natural way. When p = 2, if F is in the plus space S;_, ;(To(4), (i)l), we can also define
s,t PR
the Hecke operators T4(2) on F' by using those of holomorphic or skew-holomorphic Jacobi forms. The precise
definition will be given later in §4. For a Hecke eigenform F' € S;ﬁl j(I‘O(4), (_—l)l), let n(p) and w(p) denote the
3

eigenvalues of T7(p) and Ty(p) associated with F'| respectively. The Euler p-factor of L-function of such F for a
prime p is given by

* —s * v— —2s * v—3s v—4s -1
L(s, F)p = (L=n*(p)p™% + (pw*(p) + p* 2(1+p*))p~ > — n*(p)p” > + p* =) ",

I ,
where n*(p) = (‘71) PP En(p), w*(p) = p* T2 Tw(p), and v = 2k + 2j — 3. The L-function L(s, F) of F is

defined as an Euler product
L(s,F) = [[ L(s. F),,

P
where the product runs over all prime numbers p.
As in the case of elliptic cusp forms, the Petersson inner product can be defined on S;_ 1 j(FO (4), (—71)l)7 and it
25

is known that S; 1 ;(To(4), (ll)l) has an orthonormal basis consisting of Hecke eigenforms.

2.4 Ibukiyama’s conjectures
Now we can state Ibukiyama’s conjectures, our main theorems.

Theorem 2.1 (Shimura type isomorphism on the Neben type). For any integer k > 3 and any even integer j > 0,
there exists a linear isomorphism

oM S;_%’j(FO(Zl), (_—1)) — Sj13,26-6(Sp4(Z))

such that if F € ST | (To(4), (=) is a Hecke eigenform, then so is pN (F) € S;i3.26—6(Sp4(Z)), and they satisfy
k=1 343, 4
3

L(s,F) = L(s, p" (F), spin).

Theorem 2.2 (Lifting to the Haupt type). For any integer k > 0 and any even integer j > 0, there exists an
injective linear map

L : So-4(SL2(Z)) ® Sak+2j-2(SLa(Z)) — S,j,%’j(lﬂo(‘l))
such that if f € Sor_4(SLa(Z)) and g € Sax+2;—2(SLa(Z)) are Hecke eigenforms, then so is L(f®g) € S;;t; j(I‘o(4)),
and they satisfy

Note that if & < 7, then 2k —4 < 10, and Sog_4(SLa(Z)) = 0. Thus the lifting theorem holds trivially with
L=0when k <7.

Let S;_’Ol j(I‘O(4)) denote the orthogonal complement of the image of the injective map L.
3>

Theorem 2.3 (Shimura type isomorphism on the Haupt type). For any integer k > 3 and any even integer j > 0,
there exists a linear isomorphism

pH S’j_’oé,j (To(4)) — Sji3,26-6(Sp4(Z))



such that if F € S,:,’Ol j(Fo(4)) is a Hecke eigenform, then so is p™ (F) € S;i3.2k—6(Spa(Z)), and they satisfy
3

L(s, F) = L(s,pH(F),spin).
Our main aim in this paper is to prove them. By these theorems, we obtain the following corollaries.

Corollary 2.4. For any integer k > 3 and any even integer j > 0, there exists a linear isomorphism

S0 (To(4)) = S;j,%,j(ro(zl)’ (;1>)

k*jd
which preserves the L-functions.

Corollary 2.5. For any integer k > 3 and any even integer j > 0, we have

dim S]:%J (To(4)) — dim Sz —4(SL2(Z)) x dim Spxq05-2(SLa(Z)) = dim S, (To(4), (;1) ).

35

3 Multiplicity formulae for split SO5; and Mp,

In this section, we recall the multiplicity formulae for split SO5 [5] and Mp, [10, 11]. They play important roles
in this paper.

3.1 Orthogonal and metaplectic groups

First, we fix some notations for orthogonal and metaplectic groups.
We shall write SOg2y,41 and Sp,,, for the split odd special orthogonal group and the symplectic group of rank n,

which are defined by
t 1n+1 ) _ ( ]-nJrl ) }
h ( _1n h N _1n ’

t ln ln
g\ _ 1, g=\ _ 1, )
respectively.

Let F be a local field of characteristic 0. The 2-cocycle c¢g(—, —) : Spa, (F) X Spa, (F) — {£1} given by Ranga
Rao [23, §5] defines a double cover

SOZn+1 = { h e SLQr,L_;’_l

1— {£1} — Mp,,(F) — Spy,,(F) — 1,

which is nonlinear unless F' = C. The group Mp,,, (F) is called the metaplectic group over F. We shall identify
Mp,,,(F) = Sp,,,(F) x {£1} as sets, and then the multiplication law is given by

(9,€)-(g',€') = (99", e’ cr(g,9)).

Moreover, if F' is a nonarchimedean local field of residual characteristic other than 2, with the ring of integers O,
then the covering splits over Sp,,, (O). Let us write sp for this splitting:

Let F be a number field. For any place v of F', we shall write ¢, = cp, and s, = sp,, for simplicity. For a finite
set & of places of F' that contains all places above co and 2, put

Sp2n(AF)G = H Sp2n(Fv) X H Sp2n(O’U)7

vES v S



where O, denotes the ring of integers of F,,. Then we define the double covering Mp,,,(Ar)s, — Spa,(Ar)s, by

the 2-cocycle [],ce co(—, —). In other words, we set

Mpy, (Ar)e = Spy,(Ar)e x {1}

as sets, and define the multiplication by

((90)0:) - ((gh)wr €') = ((9u90)or €’ T colgus g0)-

veES

For two such finite sets &1 C &3, we define the embedding Mp,,,(Ar)s, < Mp,,, (Ar)s, by

((go)or€) = ((go)wre [T sulow).

’U€62\61

The global metaplectic group Mp,,, (Ar) is defined by the inductive limit

Mp,,(Ar) = %}Mpzn (Ar)s,

where & extends over all such finite sets of places of F. This is a double cover of Sp,,, (Ar):
1— {£1} — Mpy,(Ar) — Sp,y,,(Ar) — 1,

but note that in the expression (g,€) € Mp,,,(Ar)s, the second component € = £1 depends on the choice of &.
Thus, we cannot identify Mp,,, (Ar) with Sp,,, (Ar) x {1} as sets. The covering splits over Sp,,, (F'), and the image
of v € Sp,,, (F) is given by (v,1) € Mp,,,(Ar)s, for sufficiently large & depending on ~. In this paper, we regard
Sps,, (F) as a subgroup of Mp,,,(Ar) in this way.

A representation of the metaplectic group over a local field or a ring of adeles is said to be genuine if it does
not factor through the covering map. A function on the metaplectic group is also said to be genuine if it satisfies
the same condition. Let L?(Mp,,,) be the subspace of L?(Sp,,,(F)\ Mps,, (Ar)) consisting of the genuine functions,
that is to say, the maximum subspace on which {41} acts as the nontrivial character.

3.2 Elliptic A-parameters

Let F' be a number field, A ring of adeles of F', and ¢ a nontrivial additive character of F\Ap. The notion of
elliptic A-parameters for SO5 and for Mp, are the same. Recall from [5, 10, 11] that an elliptic A-parameter for
SO5 or Mp, is a formal unordered finite direct sum

¢:®¢Z®Sdm

where

e each ¢; is an irreducible self-dual cuspidal automorphic representation of GL,,, (Af);

Sy denotes the unique irreducible d-dimensional representation of SLs(C);

if d; is odd, then ¢; is symplectic;

if d; is even, then ¢; is orthogonal;
if (¢5,d;) = (¢,d;), then i = j;
[ ] Zz nidi =4.
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Moreover, if d; = 1 for all 7, then we say that ¢ is tempered.
The global component group S, of an elliptic A-parameter ¢ = €@, ¢; K Sy, is defined as a free Z/2Z-module

Sy = @(Z/2Z)ai

with a formal basis {a;} such that a; corresponds to ¢; K .Sy,. Recall also that Arthur [5] associated a character €,
of Sy with ¢, and Gan-Ichino [11] did another character €.

3.3 Local A-packets

For an elliptic A-parameter ¢ = @, ¢; X Sy, for SO5 or Mp, and a place v of F, the localization ¢, : Lp, X
SL2(C) — Spy(C) is defined by

¢ = EP ¢ B Sa,.

Here, the irreducible representation ¢; ,, of GL,,, (F)) is identified with an L-parameter L, — GL,, (C) via the local
Langlands correspondence [19, 13, 14]. For such ¢,, the associated L-parameter ¢4, : Ly, — Sp,(C) is defined by

o () = o, ('“"5 1>>.
ol ®

We let Sy, and S, ~denote the component groups of the centralizers Cent(im(¢, ), Sp,(C)) and Cent(im(ypy, ), Sp4(C)),
respectively. Note that there exists a natural map Sy — Sy, .

Let us write Iy, (SO5) and IIg, 4, (Mp,) for the local A-packets associated to ¢,. Recall that II,, (SO5), given
by Arthur [5], is a finite set

Iy, (S05) = { 0, | 1 € Sy, |

of semisimple representations of SO5(F,) of finite length indexed by characters of Sy, , and Iy, 4, (Mpy), given by
Gan-Ichino [10, 11], is a finite set

Iy, .y, (Mpy) = {7%, =Ty, | Mo € Sg, }

of semisimple genuine representations of Mp, (F,) of finite length indexed by characters of S, . Note that the latter
packet I, ., (Mp,) depends on the additive character 1, of F;. Recall also that

e if v is a finite place and oy, (resp. m, y,) has an unramified constituent, then ¢;, are unramified and 7,
(resp. n,) is a trivial character;

e if ¢ is tempered, then the local A-packets II4, (SOs) and I, 4, (Mp,) coincide with L-packets associated to
the L-parameter @4, = ¢, given by [5, 2, 3, 12].

3.4 Multiplicity formulae
Let us write L3, (Mp,) for the discrete spectrum of the genuine unitary representation L?(Mp,) of Mp,(Ar),

and L3, (SOs) for the discrete spectrum of the unitary representation L?(SO5(F)\SO5(Ar)) of SO5(Ap). The
multiplicity formulae describe the decomposition of L3, (Mp,) and L3, (SOs) into near equivalence classes of

irreducible representations, and the multiplicity of any irreducible representation in each near equivalence classes.
Here we say that two irreducible representations 7 = ®,m, and 7’ = ®,7, of Mp,(Ar) or SO5(Afr) are nearly
equivalent if 7, and 7} are equivalent for almost all places v of F'.

11



The adelic component group Sy a of an elliptic A-parameter ¢ for SO5 or Mp, is defined by the infinite direct
product

Son =[] o

and we shall write A for the diagonal map Sy — S4 4. Let S¢ 4 be the group of continuous characters of Sy 4.
Note that S¢, L=, S¢v. For any n = Q), 7w € S¢ A, let o, and m, = m,  denote semisimple representations

On = ® Ony» Ty = ® e/ IR
v v

of SO5(Ar) and Mp,(AF), respectively. Then the multiplicity formulae for SO5 and Mp, are stated as follows.

Theorem 3.1 ([5, Theorem 1.5.2]). For every elliptic A-parameter ¢ for SOs, put

L3(S0s5) = P nyon,

7]€§¢,A
]-7 an oA = €,
N, =
K 0, otherwise.

Then each Li(SO5) 1s a full near equivalence class of irreducible representations in the discrete spectrum LﬁiSC(SO5),
and L2, .(SO5) can be decomposed into a direct sum

L2,..(SO5) @LQ (SO5).

Theorem 3.2 ([11, Theorem 2.1]). For every elliptic A-parameter ¢ for Mp,, put

L(M, Mp4 @ My Ty,
nES(p,A

17 Zf no A= Edﬁ
my, = )
0, otherwise.

Then each Li,w(Mle) s a full near equivalence class of irreducible representations in the discrete spectrum LﬁiSC(Mp4),

and L3, .(Mp,) can be decomposed into a direct sum

disc

LdlSC Mp4 @ L¢ P Mp4

4 Jacobi forms

In this section, we shall recall the general definitions of holomorphic and skew-holomorphic Jacobi forms, and a
correspondence between half-integral weight modular forms and holomorphic or skew-holomorphic Jacobi forms of
degree 2.

4.1 Holomorphic and skew holomorphic Jacobi forms of index 1

For any commutative ring R with unity 1, let #,,(R) be the Heisenberg group of degree n, i.e.,

HH(R) :{([Avﬂ]v"{) | )‘nuean KER}v
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with

([A1, tals k1) - ([Ae, 2], k2) = ([A1 + A2, o1 + pa], k1 + Ko + t>\1/~L2 - tul)\z)'

By using embeddings

1
A B A B
Sp2n(R) — Sp2(n+1)(R)7 (C D) = 1 ’
C D
1 A &ty
In
Ha(R) < Py (R), (A u], 1) = " :

we can regard the Jacobi group over R of degree n as a subgroup Spj,, (R) = Spy,,(R) X H,(R) of SPa(n41) (). The

center of Spy, (R) is {([0,0], x)|x € R}. We shall write Z(R) for this subgroup. For future references we note an
equation here:

(& 5)onn(d ) = curora—min.

Let (p,V) be an irreducible finite dimensional polynomial representation of GL, (C). For any function F :
Hn x C* =V, we define a group action of Spy, (R) (of index 1):

[FIR (N 1], 5)] (Z,w) = e("AZX+ 2" w + A+ K)F(Z,0 + ZX + p),
[Flpig] (Z,w) = e(="‘w](9,2) " Cw)p(J(9,2)) " F(9Z," I (9. Z) ' w),

where g = (é I) € Sp,y, (R).

Definition 4.1. Let F(Z,w) be a V-valued function on (Z,w) € $, x C". When F satisfies the next conditions
(0)-(2), we say that F' is a holomorphic Jacobi form of weight p with index 1.

(0) F is holomorphic on $, x C";
(1) F|bolg = F for all g € Spy,(Z);
(2) F has a Fourier expansion of the following form:
F(Zuw)= > AN,re(tr(NZ)+ ‘rw),
(N, r)eL xL"
AN—rtr>0
where L} denotes the set of all half-integral symmetric matrices.
Moreover, if F' satisfies the next condition, we say that F' is a holomorphic Jacobi cusp form.
(3) A(N,r) =0 unless 4N —r*r > 0.

The space of holomorphic Jacobi forms (resp. holomorphic Jacobi cusp forms) of weight p with index 1 is denoted
hol hol,cusp
by J,S (resp. J,4 ).

Next, let us recall the definition of skew-holomorphic Jacobi forms. For any function F : , x C" — V, we
define a group action of Spy, (R) (of index 1):

FESY (A ), ) = FE(A, 1], ),
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| det J (g, Z)|

STl 2, T FleZ (g, 2) " w)

[FSY9)(Z,w) = e(~‘wl (g, Z)Cw)

where g = <é i) € Sp,y, (R).

Definition 4.2. Let F(Z,w) be a V-valued function on (Z,w) € $, x C". When F satisfies the next conditions
(0)-(2), we say that F is a skew-holomorphic Jacobi form of weight p with index 1.

(0) F is holomorphic in w € C" and real analytic in the real part and imaginary part of Z € $y;
(1) FS§g = F for all g € Sps,,(Z);
(2) F has a Fourier expansion of the following form:
L. t t
F(Zw)= > AN,r)e(tr(NZ - AN —r'r)Y))e(‘rw),
(N,r)eL: xz"™
AN—r*r<0
where Y 1is the imaginary part of Z.
Moreover, if F' satisfies the next condition, we say that F is a skew-holomorphic Jacobi cusp form.
(8) A(N,7) =0 unless 4N —r'r < 0.

The space of skew-holomorphic Jacobi forms (resp. skew-holomorphic Jacobi cusp forms) of weight p with index 1
is denoted by JX™ (resp. J. SkeW’CUSp),

4.2 Hecke operators and the relation to modular forms of half-integral weight

In this subsection, we define Hecke operators T3 (p) (s = 0,1,2) of holomorphic or skew-holomorphic Jacobi
forms of degree 2. In this case, (p, V) is an irreducible finite dimensional polynomial representation of GLy(C), and
any such representation is isomorphic to (det ® Sym;, V;) for some k and j. Let us write (k,j) for the representa-

tion (det” ® Sym m;, V;).

To define Hecke operators, let us first extend the slash operators ["°! and [***V from Sp,(R) to GSp; (R) so that
the actions of scalar matrices are trivial, i.e.,

[FIieL) 9] (Z.w) = v(g)*FFe(—twl(g, 2) "' Cw)
x det(J (g, Z)) " Sym;(J (9, Z)) "' F(9Z,v(9)% " (g, Z) " w),
[Pk 19] (Z,w) = v(g)"be(—"wi(g, 2) " Cw)

Wdet J(g.2)FSym;(J(g,2)) " 1F(gZ,v(9)% " T (g, Z) " 'w),

for g € GSp; (R) and F : § x C* — V.
Let s = 0,1,2. Then for any prime number p, the Hecke operator T/ (p) is defined by

Sp4(Z) K Sp4 |_|Sp4 )9t

and

F|fk,j),1TsJ(P) = Z Zch

A pE(Z/pL)> t

k)2 (A 11, 0),
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for F' € J(*k PRE where * € {hol, skew}. One can also define Hecke operators in the higher degree case in the similar
way. Here we remark that g, ; is the Sp,(R) component of g, if p # 2.

As explained in [16], there exists a canonical isomorphism between J(hko,lj")cfp or J(S};?)V’f“p and S];%’j (To(4), (_—1)[)

Theorem 4.1. There exist linear isomorphisms

ol,cusp =~ 1 k
J(hk’lj’)’l ’ - S]:_*%J(FO(Z‘L)’ <7> ),

, o~ —1\F!
skew,cus ~ +
T s, @, (Z) ),

for which we shall write ¥, such that

E e [—1 (k+8)s
¥ (Flipa T 0) = (1) ey, 1)

*,Cusp

for any odd prime p and F € J(k R where 6 = 0 if x = hol, and 6 = 1 if x = skew.

The isomorphism ¥ is defined explicitly. See [16, Theorem5.1] for detail.
Now we state the definition of the Hecke operator T5(2) on S(J;_l j)(F0(4)7 (_—1)1) for p = 2 by
PR

U (Flf a7 (2) = 2505 0(F) |1 T4(2),

for I € J and % € {hol, skew}.

5 Representation theory of the Jacobi groups

In this section, following [7], we recall the general theory of representations of the Jacobi groups. Although [7]
treats only the case of n = 1, a lot of arguments in the book also go when n > 1.

5.1 The p-adic case

First we shall consider representations of the Jacobi group over a p-adic field. Let F' be a p-adic field, i.e., F' is
a finite extension of QQ, for some p. Let @ € F' be a uniformizer, O the maximal compact subring of F', ¢ = gr the
number of elements in the residual field O/(w), | — | the normalized absolute value on F so that |o|r = ¢~*. Let
1 : F — C! be a nontrivial additive character of order zero, i.e., ¢ is trivial on O and nontrivial on w='@. The
Schrodinger representation g of H, (F') on the Schwartz space S(F™) is defined by

(s ((\ s #) F] () = Y+ Qe+ Np) fz+X),  feSE"), (A ul,k) € HalF).
The following fact is known as the Stone-von Neumann theorem.

Theorem 5.1. (1) The Schridinger representation s,y is the unique irreducible smooth representation of Hn(F)
with central character 1.

(2) Any smooth representation of H(F') with central character 1 is isomorphic to a direct sum of Tg .

The Stone-von Neumann theorem gives us the Weil representation wy of the metaplectic group Mp,,, (F') on
S(F™). Combining the Schrodinger representation mg 4 and the Weil representation wy,, we obtain the Schrédinger-
Weil representation mgyw o of Mpy, (F) = Mp,, (F) x H,(F), the metaplectic double covering group of Spy, (F).
Note that the Schrodinger-Weil representation gy  is a genuine representation, i.e., it does not factor through
Mp3, (F) = Spi, (F).

If 7’ is a genuine representation of Mp,,, (F'), then a representation m = 7’ ® mgw 4 is not genuine and can be

regarded as a representation of Spé’n(F ). Also, we have the following fact. (The proof is the same as [7, Theorem
2.6.2 and Proposition 5.1.2].)
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Theorem 5.2. The correspondence n’ — m:= 7' @ mgw . gives a bijection between the irreducible genuine smooth
representations of Mps,, (F) and the irreducible smooth representations of Spay, (F) with central character . More-
over, T is admissible if and only if ™' is admissible.

Next, we shall consider principal series representations. Let T’ be the standard maximal torus in Sp,,, consisting of

the diagonal matrices, and B the standard Borel subgroup of Sp,,, (F') consisting of matrices of the form (13 tji) ,

with A € GL,(F) upper triangular and S symmetric. Let B’ be a subgroup of Spy, (F) generated by B and
{([0, ], k)|x € F™, k € F}. For characters xi,...,xn : F* — C*, following [12], we write Ip 4(x1,-..,Xn) for
the principal series representation of Mp,, (F). Let Igs(x1,...,Xn;t%) be a space of functions ® : Spy, (F) — C
satisfying the following conditions:

o there exists an open subgroup H C Spgn(F ) such that ® is right H-invariant;

e for any g € Spy, (F), k € F, i € F™, a symmetric matrix S € M, (F), and an upper triangular matrix
A € GL,(F) with diagonal elements (aq,...,a,),

n

o (0 2 ) @ mg) =T xto) -viento)

i=1

The Jacobi group Spi, (F) acts on Igs(x1,-..,Xn;¥) by right translation. This is called a principal series repre-
sentation with central character ¢, and we have the following theorem. (The proof is the same as [7, Theorem
5.4.2].)

Theorem 5.3. The principal series representations of Spgn and Mp,,, are corresponding in a canonical way:

IB,E(Xl’ T 7XTL) @ TSW ) = IBJ(X17 . 7Xn7w)7
2 Y f = ‘I)ip®f7

where @y (gh) = @(g)[rsw y(gh) f1(0) for g € Mpy,(F) and h € Hn(F).

Assume that y; (i = 1,...,n) are unramified, and put o; = x;(w) € C*. Then the representations Igs (X1, .. -, Xn;¥)
and I y(x1,---,Xn) are called unramified principal series representations. A representation of SpQJn(F ) is called
Sp3, (O)-spherical if it contains a nonzero vector fixed by Spy, (0). By a straightforward calculation, one can see that
Igs(x1,---yXn; %) has a sz‘]n((’))-ﬁxed nonzero vector ® such that ®4([A,0],0) = 1o (A), and any Spgn((’))—ﬁxed
vector is a scalar multiple of ®q. Since any principal series representation of Mp,,, (F') has finite length, Theorems
5.2 and 5.3 imply that I5s(X1,. .., Xn;¥) has a unique irreducible Spj, (O)-spherical constituent 7 (as, .. ., ;1))
with central character ¥ coming from ®3. We shall call such a representation an unramified representation.

Theorem 5.4. Any irreducible Spy,, (O)-spherical representation @ of Spy,, (F) with central character v is isomor-
phic to w(aq, ..., an;t) for some ay,...,a, € C*, and w(ay,...,an;¢) 2 w(a] ..., al;0) if and only if there exist
0 €6, andey, ... en € {£1} such that oy = o,.

Proof. Following [7, Definition 6.1.2], we define the Hecke algebra H(Spa, (F), Spa,, (O))y with character ¥ to be
the space of functions f : Spy, (F') — C which are compactly supported modulo Z(F), and satisfy

f(kgk'z) = ¢(k) f(9),
for any g € Spy,, (F), k, k' € Spy,,(0), and z = ([0, 0], k) € Z(F). The product is defined by the convolution product

fi % fola) = / Fi(ay™) faly)dy.
Spy, (F)/Z(F)
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Then, as in [7, (6.3)], we have an injective mapping

Irreducible admissible Irreducible finite dimensional
Spy.. (O)-spherical representations <+ { smooth representations . (5.1)
of Spy,, (F) with central character ¢ Jo of H(Spa, (F), Spa,,(O))y /o

By [22, §4], we have a canonical isomorphism H(Sps,, (F), Spy,(O))y = C[XT!, ..., XS x{F " and all irre-
ducible finite dimensional smooth representations of H(Spy,, (F), Spa,,(O)), are one dimensional. Therefore the

right hand side of (5.1) can be regarded as

Home (H(Spy, (F), Spa,(O))y, C) = Home (C[X{Y, ..., XF S {E" €) = (C)"/6,, x {£1}7, (5.2)

The composition of (5.1) and (5.2) sends (v, ..., an; %) to (a1,...,a,). Now the assertion follows. O

Note that the mapping (5.1) is bijective. We shall call (aq, ..., an;9) or (aq,...,a,) the Satake parameter of
w(@. . ani ).

On the other hand, we shall call an irreducible genuine representation of Mp,,, (F') corresponding to an unramified
L-parameter via the LLC [12] with respect to 1 an irreducible ¢-unramified representation, or simply an unramified
representation. Let again x; (¢ = 1,...,n) be unramified characters of F*, and put «; = x;(w) € C*. Then
we shall write my (o, ..., a,) for the irreducible -unramified representation of Mp,, (F') with the L-parameter
X1 D Dxn ®XY D D x, with respect to 1, where y; is identified with a character of the Weil group of F'
through the local class field theory. The tuple (aq,...,a,) € C*/&,, x {£1}" is called its Satake parameter.

If p # 2, the metaplectic covering Mp,,, (F)) — Sp,,, (F') splits uniquely over Sp,, (O), and a representation of
Mp,,, (F') is called Sp,,, (O)-spherical if it contains a nonzero vector fixed by Sp,,, (O). Since ¥ has order zero, when
p # 2, it is known that an irreducible genuine representation of Mp,,, (F') is unramified if and only if it is Sp,,, (O)-
spherical. Moreover, by the higher degree generalization of [7, Proposition 6.3.5] it can be seen that Theorem 5.2
associates a spherical representation 7@((11, ..., ap) of Mp,, (F) with a spherical representation m(ay, ..., a,; 1) of

Spgn(F ). When p = 2, however, there is no notion of spherical representations of Mp,,, (F'). Nevertheless, Theorem
5.2 associates an unramified representation of Mp,,, (F) with that of Spy, (F):

Theorem 5.5. Let the residue characteristic p of F be any prime number including 2. For any (a1,...,q,) €
(C*)"/6,, x {£1}™, we have
7T(O[1, ceey Oing 1/’) = 71'@(0[1, ceey O[n) & TTSW -

Remark. If p is odd, this has been already seen, but the following argument goes regardless of the parity of p.
Remark. Our argument is completely different from that of [24].

Proof. Let x; be the unramified character of F* such that x;(w) = «;, and s; a real number such that |y;| =
| — |%. We may assume s; > --- > s, > 0. Thanks to the preceding theorems, it suffices to show that
ﬂa(al, ..., 0p) @ Tgw 4 has a nonzero vector fixed by Sp{n(F).

First, we treat the case of n = 1. In this case, put s = s1, x = x1, and a = 7. Let us divide the problem into
two cases: I) s =0 and II) s > 0.

I) s = 0. Then the unramified principal series representation I ng(x) is irreducible, so the assertion follows from
Theorem 5.3.

II)s > 0. Then |x(ww)| < 1. It is known that the unramified representation m(c) is the image of an intertwining
operator 7 from I 7(x) to I 5(x") that is defined by

o) = [ 5) (6 1) Do geMpr).

F
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Note that since s > 0 the integral converges absolutely and the intertwining operator T is well-defined and nonzero.
As in [7, p.123], we obtain an intertwining operator

T! =T @1 Ips(x;¥) — Ips(x"; ).
Then the image of 77 is m5(a) @ Tsw . Hence, it suffices to show that T/ ®o # 0, where ® is the Sp (O)-fixed

nonzero vector in Igs(x; ) such that ®o([A,0],0) = 1o(N).
By [7, Proposition 5.6.3], (77 ®,)(1) is equal, up to a nonzero scalar multiple, to

/F/F%((—Ol (1)> ((1) x) ([0, 1, 0)) dpd,

which is convergent, but not absolutely convergent. In particular, note that the order of integration must not be
changed. Now we shall calculate it carefully.

[l DG Do

AR IO W R G B e T
LG DS L D6 Do -
+Z/ { (5 o) =+ i/ o DG w?v)([O,W_mu],o))qmdu}qldv. (5.4)

By the definition of ®¢, the first term is

(5.3) = Po(1) + Z q" /OX Do (([cw™™u, 0], 0))du = Po(1) = 1.

Since we have

GG ™) =07 ) (en ) 55)

and

(L ) et (oot ()

the second term is

s0=> ) [ {1 e oY) ([o,w-mul,o»du} e

=1 o m=1 ox
) l
:Zq—%x(w)l/ {1+ d>ogm | (== 2)du} dv
=1 ox m=1 ox
0o l
:Zq—éx(w)l{l q 1+qu/ Y(—w 2y )dvdu} (5.6)
=1 m=1 Ox JOx
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By [28, Lemma 1.9], we have

(1—q 12, l—2m >0,
/ - Y(—@' " uu)dvdu = { —qg (1 —q7Y), 1 —2m = —1,
oxJo 0, [—2m < —2.
Thus, (5.6) is equal to
0o 2k . l
S Y i) {1 -+ ) qm/ w(—wl_zmuzv)dvdu}
k=11=2k—1 m=1 ox Jox

M

k—1 k
T x(w) ! {1 —q '+ M —q) =g (1 - q‘l)} +q " x (@) {1 —q '+ D> (- q‘1)2}
m=1 m=1

_ 1 _ — _
=Y a7 x(@) P x 0+ g Fx(@)F x (11— )g"

Therefore we obtain

/F/F(I)O((_Ol (1)> (é 916) ([0, 1], 0))dpdz = 1 + i(l — ¢ Hx(w)?*

k=1
11— ¢ y(w)?
1 x(w)?

Next, we treat the case of n = 2. There are four cases to consider: i)s; = so = 0, ii)s1 = s9 > 0, iii)s; > s = 0,
and iv)s; > s9 > 0.

i)s; = s2 = 0. Then the unramified principal series representation I B,E(le X2) is irreducible, so the assertion
follows from Theorem 5.3.

ii)s; = s2 > 0, iii)s; > s2 = 0, and iv)s; > s3 > 0. We treat these cases at the same time. Let My and M be
subgroups of Sp,(F') consisting of matrices of the form

£0

A 0
(4.0, A€ GLu(R)
and
t
a b a b
t_l ) teFX, (C d)ESPQ(F)7
c d

respectively. Note that My = GLo(F) and M; = GL1(F') X Spy(F'). For j = 1,2, let P; be a parabolic subgroup of
Sp4(F') such that P; contains the Borel subgroup B and that M; is a Levi subgroup of P;. Then the unramified
principal series representation [ E(Xl’ X2) is a standard module because of isomorphisms

Ip, 5 (IndGL2(F)(X/1 X x5) @ | det |}1> i),

Bgi,
Tp0ax2) = § Tp, g (5l = 1 15 50) i),
Ip 5 04l =17 xal = 17 iv),
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in the notation of [12, §2.5], where Bgr, denotes the Borel subgroup of GLo(F') consisting of upper triangular

matrices, and x} and x4 are unitary unramified characters such that x;| — |7 = x1, x5 — | = x2. Put
(PQ, Mg) ll)7
(P, M) =< (P, M) iii),
(B, T)  iv).

Let U be the unipotent radical of P, and w € Sp,(F') a representative of the longest element in the relative Weyl
group W(M,Sp,) = Nsp,(M)/M for M C Sp,(F). Here, NgL,(M) denotes the normalizer of M in GLy. It is
known that the unramified representation Ty (a1, az) is the image of an intertwining operator 7T, from I, ¢(X1’ X2)
to Ip7(xy,x3) defined by

(Tug)(g) = /U o((wu, )g)du, g € Mp,(F),

so it suffices to show that 7,7 ®¢ # 0, where 7,7 = T, ® Lrgy.,- Here, @9 € Igs(x1,X2;%) is the spherical vector
defined before Theorem 5.4.
Put

-1 . . . .
and wy = <1 2). Then w; and ws are representatives of simple reflections in the Weyl group W(T,Sp,) =
2

Nsp, (T')/T, and wy is a representative of the longest element in it. Moreover, wy is also a representative of the
longest element in W (Ms, Sp,) and W (M, Sp,). Note that wy € Ma and we € M;.
Since the image of 7, does not depend on the choice of w, we may take
-1

—1
= Waw1 W1, (5.7)

in the case iv). Moreover, because we have wy € My and wy € M;, we may take

1

w = wowl_1 = 1 -1 = WawiWo, (5.8)

in the case ii), and

w = w;lwo = = wiwowi, (5.9)

-1
in the case iii). The equations (5.7), (5.8), and (5.9) give the reduced expressions of each of the elements w. Then
by the multiplicative property of the intertwining operators in w, the intertwining operator 7, is equal, up to sign,
to a composition
TooTioTs: Ipg(xixe) = Ipp(xixy) = Ty (x¥oxa) = Ty (o xy) (21 w(xl ) i),
TioTaoTi: Ing(xi,x2) = Ipp(xaxa) = Ipp(xa xY) = Inz (Y x2) (2500, x¥)) i),
TooTioTa0T:: Bw(Xl,XQ)4>I]3¢(X27X1)‘>IB¢(X27X1)HIBw(Xl,XQ)‘)IBQp(Xl,XE/) iV),
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where 77 and Ty are given by

1 =z
M) = el | g,
—x 1
1
T = el | 1T ) e 9 € Mp, (F).
1

Now, 77 (resp. 7T2) in the composition operates on a certain unramified principal series representation [ B,E(X/ » X)
such that |x'x " (w@)| < 1 (resp. |x(w@)| < 1). Thus it suffices to show that T;”®¢ # 0 (i = 1,2) for the spherical
vector ® € Igs (X', x;¢), where T/ = T, ® B

We shall regard Spy (F) as a subgroup of Sp; (F) by the injection given by

1

el ) e ()]

c d

and consider the restriction ®o[g,s(p). Then the assertion T3’ ®g # 0 follows from the case II) above.
The other assertion can be verified as follows. By virtue of Theorem 5.3, for any ® € Igs(x’, x;%) we have

mom=[o 0 b e

F
Therefore, by the equation (5.5), we have
(7—1‘]@0)(1) = (1) + Z / X/X—l(w)mq—%m+%mq)0(l)qmdt
m=170%

=14+ > (1—¢H'x (=)"

g x Hw)

= 0.
1=x'x"*(w) 7
Finally, we treat the case of n > 3. Since s;1 > --- > s, > 0, there are nonnegative integers m,ng,n1,...,nm
such that n =ny + -+ +n,, +ng and
§1 = = Spy > Spybl == Snadng > = Snydebng, > Snydednn+1 = 0= Sy, tng = 0-
Ifs; =---=s, =0o0r s, >0, we understand m or ng to be 0, respectively. When m = 0, the unramified principal
series representation I, E(Xl’ ..., Xn) Is irreducible, so the assertion follows from Theorem 5.3.

Now assume that m > 0. As in the case of n = 2, let M be a subgroup of Sp,,,(F') consisting of matrices of the
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form

Ay
Am
a b a b
tAlfl ) AZ € GLni(F)7 ( c d ) € szno(F).
tAm—l

c d
Note that M = GL,, (F) x -+ x GLy,, (F) X Spy,,, (F)). Let P be a proper standard parabolic subgroup of Sp,,, (F')
such that M is a Levi subgroup of P. Then the unramified principal series representation [ B,E(Xh ceeyXn) IS A

standard module because it is isomorphic to

GLy, (F) .
Ipy (IHdBGL;1 (i X B x), ) @ |det [ ..

GLn,, (F) /1 ’
e ’IndBGL”m (Xn1+,,_+n7n71+1 X...X X’I’L1+"'+n7n71+nnL) ® | det

Snm

Fo IB,E(XW1+"'+TLm+1>'"7Xn))7

in the notation of [12, §2.5], where Bgr,, denotes the Borel subgroup of GLx(F') consisting of upper triangular
matrices, and X} is the unitary unramified character such that x}| — |% = x;. Let U be the unipotent radical of P,
and w € Spy, (F) a representative of the longest element in the relative Weyl group W (M, Sp,,,) = Nsp, (M)/M
for M and Sp,,,(F'). Then the unramified representation 7@(041, ..., Qp) is the image of an intertwining operator
Tw from I 5(x1,- -+, Xn) to Ip 5(xY, .., Xy ) defined by

(Twg)(g) = /U o((wu, 1)g)du, g € Mpy, (F),

and it suffices to show that 7./®y # 0, where 7,/ = T, ® Lrsy .- Here, @9 € Igs(X1,--.,Xn;¥) is the spherical
vector defined before Theorem 5.4. As in the case n = 2, we may assume that w is a product of a finite number of
elements in {wy,...,w,}, where

1
0 1
-1 0 1n—1
_ In—ic1 _ B 0 1
w; = 11_71 I (’L - 17 7n 1)7 Wy, = 1n71
0 1 -1 0
-1 0
1n—z—1
For z € F, put
1i1
1 =z
1 1n71
lnica 1 x
ul(x) = 1,1 ) (Z =1, y— 1)7 'U,n(IL') = 11
1 1
z 1
lnica

Then, as in the case of n = 2, the intertwining operator 7, is equal, up to sign, to a composition of a finite number
of corresponding operators 71, ..., 7T, defined by

(Teo)(g) = / o((wiui(z), 1)g)dz, g € Mpy,(F).

F
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Here, each 7; in the composition operates on a certain unramified principal series representation [ B’E()@, cey Xn)
such that |)€¢)2i_+11(w)| <1if1<i<n-1,and |¥,(w)| < 1ifi=n. Thus, it suffices to show that 7.7 ®y # 0
(i =1,...,n) for the spherical vector ®¢ € Igs(X1,---,Xn; V), where T,/ = T; @ Lrsw -

As in the case of n = 2, we shall regard Spj (F) as a subgroup of Spgn(F) by the injection ¢,, given by

1n—l

Coa)={ s T e ()0 )] )

c d

Moreover, for i = 1,...,n — 1, we shall regard Spj (F) as a subgroup of Spy, (F') by an injection ¢; given by

1,1

A B 0;—1 0;—1

A B In—ic1
— (Il k) = A ; % K

C D 11—1

C D On—i—1 Op—i—1

| P
Let us consider the restriction ®¢|yy,,. Now the assertion 7;‘] ®q # 0 follows from the case n = 2 or 1. O

5.2 The real case

Next we consider representations of the Jacobi group over R. Let ¢ : R — C! be a nontrivial additive character
defined by 1 (x) = e(z) or e(—z). The Schrédinger representation g, of H,(R) on the Hilbert space L?(R") is
defined by

[, (s 1], ) f] (2) = (s + 22+ Np) fl@ +A),  f € SR, (A ul,5) € Ha(R),

where S(R") is the Schwartz space. The following fact is known as the Stone-von Neumann theorem.

Theorem 5.6. (1) The Schridinger representation ms,qy is the unique irreducible unitary representation of H,(R)
with central character 1.

(2) Any unitary representation of Hyn(R) with central character ¢ is isomorphic to a direct sum of g y.

The Stone-von Neumann theorem gives us the Weil representation w, of the metaplectic group Mp,,, (R) on
L?(R"). Combining the Schrédinger representation 73,4 and the Weil representation wy,, we obtain the Schrodinger-
Weil representation msw o of Mpj, (R) = Mp,, (R) x H,(R), the metaplectic double covering group of Spj,, (R).
Note that the Schrodinger-Weil representation mgw 4 is a genuine representation, i.e., it does not factor through
Mpj, (R) — Spj, (R).

If 7’ is a genuine unitary representation of Mp,,, (R), then a representation 7 = 7’ ® Tgw y is not genuine and
can be regarded as a representation of Spy, (R). Also, we have the following theorem from [27].

Theorem 5.7 ([27, Proposition 4.2]). The correspondence n’ — m = 7' ® mgw  gives a bijection between the
irreducible genuine unitary representations of Mp,,, (R) and the irreducible unitary representations of Spgn (R) with
central character 1.

Let us write sp,,, for the Lie algebra of Sp,,,, or equivalently of Mp,,,, and put
_J(A B _t _t }
pc_{(B _A)€5p2n((c)“’4_ AvB_B )

i_{( A iiA)e
Pe= 1\ 4ia —a ) CFc
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The standard maximal compact subgroup K of Sp,, (R) is
_ a p t tpa t _t
KOO*{ 6 a €GL2n(R)‘ oo+ Bﬂ*ln, O‘ﬂ* 6&},
and the complexification ¢ of the Lie algebra € of K, is
_ A B ot _t }
EC_{(_B A)esan(C)’A_—A,B_B .

For a = (a1,...,a,) € (1 + Z)" with a1 > -+ > a,, let us write (pa, Va) for the finite dimensional irreducible

—

representation of U(n) of highest weight a. Here, U(n) denotes the det? cover defined in [1, p.7], and we choose
a root system as follows. Let T" be a maximal compact torus of U(n) consisting of the diagonal matrices of the
form diag(e?1,...,e), (§; € R), and take an R-basis {H; = iE; ;}; of the Lie algebra t = Lie(T"). Let f; be the
linear form on t¢ which sends H; to 4d,,;. Then {f;}; is an R-basis of it*, so it* can be identified with R™ by an
isomorphism »°, a;f; — (a1, ...,ay), and the root system is given by A(u(n),t) = {£(f; — fi) hi<j<i<n. We shall
fix a system of positive roots At (u(n),t) = {f; — fi}j<i-

Following [1, p.19], fix an identification Ko, 2 U(n) (and Ko, = 6(\7”5) by
( o B ) — a+ 267 ¢ =e,
6 @ o — 7'67 ¢ = éa

and we regard p, as a representation of K. Since [Ec,p(jc[] - pfct, the differential dp, : ¢c — Endc(Va) of the
representation p, can be extended to a representation of ¢ @ pg by setting dpa(p(%) = 0. Put

M*(Va) = (59, (C)) Oy (eoepy Vas

where 4 denotes the functor of universal enveloping algebras. We fix a positive roots system AT (sp,,,(C),tc) =
{f; = fi}i<tU{fj+ fi};<i, which is compatible with A*(u(n),t) above. Put e = 4, = —it)(1/4). Then pg is spanned
by the root spaces for {f; + fi};<;, and the module M ~¢(V,) has a unique irreducible quotient, for which we shall
write L~°(V,). The (5p2n(C),E;)—module L=¢(V,) globalizes to an irreducible genuine unitary representation of
Mp,,,(R), for which we shall write 7, . The representation m, 4 is a discrete series representation if a,, > n. Also
note that the module L*(V,) is characterized by the property that it contains Vj, as a i(tc @ pZ)-submodule with
multiplicity one.

In addition, for k = (ki,...,ky,) € Z"™ with ky > -+ > k,,, we write (px, Vi) for the finite dimensional irreducible
representation of U(n) of highest weight k, and via the identification we shall regard py as a representation of K .

Let us write h,, for the Lie algebra of #,, so that the Lie algebra spy,, of Spy,, is given by a direct sum sp,,, @ b,,.
Put

qc = { ([A, M],0) € b, (C) [A, M € C" },
qé:{([/\,ii/\],()) 6qc|A€Cn}~

Let F = C[z1, ..., 2] be the Fock model of the Schrédinger-Weil representation msw . Recall that b, (C), pc, and
tc C ¢ act on F by

_ . d
dc > ([ej7 _Zej]vo) = _Sﬂdizjv
a¢ > (lej,ies],0) 2,
Lie(Z)e 3 ([0,0], ») s e(50),
_ Fip —iFj, ) &
R ’ 16
Pc 2 ( =il —Fjk ~ ﬂdzjdzk



F; iF; ) 1
+ J.k J.k
S5 — — ks
Pc ( 1By —Fjg 47rzjzk

0 —iEj,j) l( 4 . d )
JL(CB(ZI?]'J' 0 '_>2 Zdej—’_deZJ ’

where Fng = Ej,k + Ek,j.

Lemma 5.8. Let ' be an irreducible genuine unitary representation of Mp,,, (R), k = (k1,...,k,) an element of

7" with k1 > -+ > ky, andputa:(kl—%”’,...,kn—%‘”).

(1) Assume that ¢ = e. If the unitary representation @’ ® Tsw e has a nonzero subspace W # 0 such that
qc - W =pc - W =0 and W = Vi as a representation of K, then 7' = 74 4.

ssume that ¢ = €. e unitary representation ™’ @msw o has a nonzero subspace such that qz-W =0,
2) A that If th it tat ! e h b W # 0 such that g -W =0

(XT+YYP + Y'Y ) - W =0 for any X+ = (z.i i‘i) € pd, VT = ([A},iA;),0) € af (5 = 1,2) with

A =8m(Ay "Ny + Ay *Ay), and W = Vi as a representation of K., then m' = Tap-

Proof. In both cases, we may assume W C 7’ ® F, and since q; - W = 0 we have W = W' ® 1, where W’ is a
subspace of 7.

(1) Since pe - W = 0, we have pi - W’ = 0. The assumption that W = Vi and the fact that the weight of the
action of Ko on 1 € F is (1,...,%) imply that W’ = V,. Therefore, we obtain that 7’ = 7, 4.

(2) Let Xt € pd and Y™ € qff (j = 1,2) be as in the assertion. Since (X++Y"Y;" +¥;"Y[")-1 =0 in the Fock
model F, we have (Xt +Y;"Y," + Y;'Y;h) - W’ = 0. Because qc acts on W’ by 0, this means that X - W’ = 0.
The assumption that W = Vi and the fact that the weight of the action of /Ia.: onle Fis (f%, RN f%) imply
that W' = V,. Therefore, we obtain that 7’ = 7, 4. O

5.3 The global case

In this subsection, we shall consider representations of the adelic Jacobi group. Let F' be a number field, Ag
the ring of adeles of F', and ¢ an additive character of F\Ar. The Schrédinger representation mg 4 of H,(Ar) on
the Hilbert space L?(A%) is defined by

(s, (0 ], ) F] (2) = (s + "2z + Ap) fl@+X), € SAR), (A ulx) € Ha(Ar),
where S(A%) denotes the Schwartz space. The following fact is known as the Stone-von Neumann theorem.

Theorem 5.9. (1) The Schridinger representation mg,y is the unique irreducible smooth unitary representation of
Hn(Ap) with central character 1.

(2) Any smooth unitary representation of H,(Ar) with central character v is isomorphic to a direct sum of Tg .

The Stone-von Neumann theorem gives us the Weil representation wy, of the metaplectic group Mp,,, (Ar) on
L?(A%). Combining the Schrédinger representation s,y and the Weil representation w,,, we obtain the Schrodinger-
Weil representation 7y o of Mpy,, (Ag) = Mpy, (Ar)xH, (Ar), the metaplectic double covering group of Spy,, (Ax).
Note that the Schrodinger-Weil representation mgw 4 is a genuine representation, i.e., it does not factor through
Mp3,, (Ar) = Spa, (Ar).

We can realize the Schrédinger-Weil representation on a space of functions on the group Mpgn (AF), by using
theta functions. For any f € S(A%), the theta function © is defined by

@f(g) = Z[ﬂsw,w(g)f](f)a g€ Mp.QIn(AF)'
(EF

It converges absolutely and satisfies that Oy, , (g s(z) = ©f(zg). The assignment can be extended to L*(Ap).
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Let L?(Spjy,(F)\ Spa,(Ar))y be a Hilbert space consisting of measurable functions ® : Spy, (Ar) — C which
satisfy

D(ygz) = ¥(k)P(g), v €Sps,(F), g€Spy,(Ar), z=([0,0],x) € Z(Ap),

and

/ [B()dg < oc.
Sy, (F)Z(Ar)\ Spy,, (Ar)

and L2, (Spa,(F)\Sps,(Ar))y its subspace consisting of cuspidal functions. Here, a function ® on Spy, (Ar) is

cusp

said to be cuspidal if

/ (ng)dn = 0, g € Sp3,(Ar),
NI (EIWN (hr)

for the unipotent radical N of any proper standard parabolic subgroup of Sp,,,, where N denotes the subgroup of
Spy,, generated by N and elements of the form ([0, z],0). Then we have the following fact. (The proof is the same
as [7, Theorem 7.3.3].)

Theorem 5.10. There is a natural isomorphism of Hilbert spaces

L*(Mp,,,) ® L*(A%) — L*(Spy,,(F)\ Spa, (AF))y,
e ® frrlgh— ((9,1))0(gh)], g € Spa,(Ar), h € Hn(AF).

This is also an isomorphism of unitary representations. Moreover, the restriction to cuspidal functions gives another
isomorphism

Lgusp(MPQn) ® LZ(A?‘) i> Lgusp(spgn(F)\ Spgn(AF))dJ
Here, L2,,,(Mp,,,) denotes the cuspidal part of L*(Mps,,,).

As stated in [7, p. 182], the preceding theorem implies the following corollary.

Corollary 5.11. The map 7' — m = ' ® mgw ¢ gives a bijective correspondence between genuine automorphic
(resp. cuspidal) representations of Mpy, (Ar) and automorphic (resp. cuspidal) representation of Spy, (Ar) with
central character v, and if

r_ /
™ = Ty
v
then

=T, @ Tsw )

v

6 Adelic lifts of Siegel modular forms and Jacobi forms

In this section, we review the adelic lifts of Siegel cusp forms and holomorphic or skew-holomorphic Jacobi cusp
forms, and then prove the main theorems.

6.1 The adelic lift of f € Sj+372k76(8p4(Z))

Before considering the adelic lift, we fix an identification PGSp, = SOs given in the proof of the following
lemma.
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Lemma 6.1. We have an isomorphism PGSp, = SOs over any field F' of characteristic not 2.

Proof. Define a 5-dimensional symmetric bilinear space (X, b(—, —)) by
X ={z € Myxs(F) |*zJy — Jox =0, tr(z) =0}, b(z,y) = tr(xy).
Then, GSp,(F) acts on the space by
GSp,(F) x X 2 (g,x) = grg™' € X,

This gives an isomorphism PGSp,(F) = SO(X). Finally, we identify SO(X) with SO5(F) by using a basis
{z2,21,20,2_1,2_2} of X, where

1 1 1
_ -1 _ 1 - -1
T2 = -1 ) 1 = 1 ’ To = 1 )
1 1 -1
1 1
_ -1 _ -1
O -1 ) T2 = 1
1 -1
We obtain an isomorphism from PGSp, to SO5 as algebraic groups over F. O

Let j > 0 be an even integer and k > 3 a positive integer. Let f € Sj;321—6(Sp4(Z)) be a Hecke eigenform. As
in [8, §4.5 and §6.3.4], we construct an irreducible cuspidal automorphic representation 7, of SO5(A), and let ¢
be its A-parameter. Note that by Theorem 3.1, there exists one and only one elliptic A-parameter of 7.

One can determine the form of the A-parameter ¢¢. For any a € %Z, we shall write D, for the representation
of Wg induced from the character z = e’ — €2**% of W = C*. Then we have the following lemma.

Lemma 6.2. There is a unique irreducible everywhere unramified cuspidal symplectic automorphic representation
75 of GL4(A) such that

L(s, f,spin) = L(s — j — k + 5,7¢),

6.1
Tf,00 :Dk+j_g @Dk_g. (6.1)

Proof. Our assertion is almost the same as that of [8, Proposition 9.1.4] but slightly different, since we treat the
case of k > 3 and assume that j is even. Note that our j and k are different from j and % in [8, Proposition 9.1.4].
Define a maximal compact torus S of SO5(R) by

cosf; sinb;
—sinf#; cosb;
S = 8(01,92) = 1 € SO5(R) 01,02 eR ,
cosfy sinfy
—sinfy; cos 6Oy

and fix a basis {b1, b2} of the group X*(S) of characters given by
bi(s(61,62)) = €.

The irreducible representation 7 o, of SO5(R) is a discrete series representation with the Blattner parameter
(k—3,k+j), and its L-parameter is Dkﬂ;% @ Dkfg. By [20, 21], if k > 4 the only local A-parameter such that
its local A-packet contains 7y o is

'DkJrjf% X S EB'D]C7% X S;.
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On the other hand, if £ = 3, the local A-parameters of which the local A-packets contain ¢, are

D+%&S1@D%®Sh D+%®Sl@xa®52, (62)

J J

where x, is a quadratic character of Wg. In the packet HD_+3 8, @y XS, (SOs5), the representation 7f o, corresponds
ity

to the character

S, 3 Bsi@x.Bs; = (Z)27)? > (c,d) = (1)t (6.3)

The A-parameter ¢ for SOs is one of the following forms:

1) ¢y = x W Sy, where x is a quadratic character of Q*\A*;

(1)
(2)
3)
(4)

¢ =xH® Sy @ x' XSy, where x and x’ are distinct quadratic characters of Q™ \A*;
3) ¢y = 0 ® Sy, where o is an irreducible cuspidal orthogonal automorphic representation of GLa(A);

4) ¢y = xRSy @ o XS, where x is a quadratic character of Q“\A*, and ¢ is an irreducible cuspidal symplectic
automorphic representation of GLa(A);

(5) ¢y =0 XS @0’ XS, where o and ¢’ are distinct irreducible cuspidal symplectic automorphic representations

(6) ¢y = 7K Sy, where 7 is an irreducible cuspidal symplectic automorphic representation of GL4(A).

Since 7y is unramified everywhere, x, X', o, ¢/, 7, and 7’ are also unramified everywhere. Moreover, x must be
trivial since AX = QXREOZX. When k > 3, by [8, Proposition 9.1.4], we have ¢y = 7 K Sy as in the case (6). Let
us consider the case that k is 3. Since the localization ¢ o at the real place must be one of the forms (6.2), the
cases (1), (2), and (3) cannot occur. By the proof of [8, Proposition 9.1.4], neither do the case (5).

Now consider the case (4). The localization of ¢ at the real place must be ¢f o = 1 X Sy & Dj+% X Sy. Then

Arthur’s character €4, of Sy, = (Z/27Z)? is given by

ctd _ 6(1

1 ctd _ ;(2j+3+1)(c+d)
27 - :

6¢f(cvd) :G(%,UXX) Dj+%,e)

Since j is even, this implies that €, is trivial. However, 7y is unramified at every finite place and 7y «, corresponds
to the character given by (6.3). The case (4) is impossible since this contradicts the multiplicity formula for SOs.

In conclusion, we have ¢y = 7; X Sy, where 77 is an irreducible cuspidal symplectic automorphic representation
of GL4(A) such that
Tfoo = Diyj3 @Dy 5.

By using a similar argument to the proof of [6, Theorem 3], one can check that
L(s, fyspin) = L(s —j — k+ %,Tf).

Conversely, an irreducible everywhere unramified cuspidal symplectic automorphic representation 7; of GL4(A)
satisfying the equation (6.1) gives the A-parameter of 7. The uniqueness follows from that of the A-parameter. [

Since 7¢ is uniquely determined by f, we obtain an assignment f +— 7¢. We have the following lemma.

Lemma 6.3. Let 7 be an irreducible cuspidal symplectic automorphic representation of GL4(A) that is unramified
everywhere and satisfies Too = Dy, 3 @ Dy,_s5. Then there exists a Hecke eigenform f € Sit3,2k—6(Spa(Z)) such
that ¢ = 7, and it is unique up to a scalar multiple.

Proof. The proof is the same as [8, Proposition 9.1.4 (i) and (iii)]. O
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6.2 The adelic lifts of Jacobi forms of general degree

In this subsection, we consider the adelic lifts of holomorphic or skew-holomorphic Jacobi cusp forms of general
degree.
Let F € J)1"" be a Hecke eigenform, where x € {hol,skew} and (p,V) is an irreducible finite dimensional

polynomial representation of GL,,(C). The strong approximation theorem for Sp,,, induces that for SpQJn:
SPa,(A) = Spy,(Q) Spy, (R) Spy, (Z).
Now the adelic lift @z of F' is defined by
®r(g) = [F|}195](i,0), 9= V9gsck € P, (A) = Sp3,(Q) Spy,(R) Spy,, (Z).
Lemma 6.4. The function ®p : Spgn(A) — V satisfies the following:
(1) ®p is left Spy, (Q)-invariant;
(2) ®p is right Spy, (Z)-invariant;
(5) @r(grs) = | CWTT el * = hob
e(k)det(a+iB)p(a+iB) 'Pr(g), * = skew,

for any g € 503, (®), r = % ) € K 2= (0,0],0) € 2(R);

(4) For any g € Spy,,(A), the mapping Spy, (R) 3 z — ®p(zg) € V is C°;
- . F= - . =0, * = Nno B
(5) X -0 Y- @ 0 hol
(Xt + Y Y+ YY) @p =Y~ Bp =0, %=skew,
for any X~ € pc, Y~ € qg, and XT = (zﬁl iﬁ) € pt. Yj+ = ([A;,iA;],0) € qf (5 = 1,2) such that
A= 87T(A1 tAQ + A2 tAl);
(6) ®p is cuspidal.

Proof. (1)-(4) follow immediately from the definitions, and the proof of assertion (6) is similar to that of [6, Lemma
5].

Let us prove (5). If x = hol, then F(Z,w) is holomorphic in (Z,w) € $,, x C", and if x = skew, then F(Z, w) is
holomorphic in w € C" for any Z € ),,. Thus by a similar argument to [6, Lemma 7], one can see

X" ®p=Y"-®r =0, x=hol,
Y™ - ®r =0, * = skew,

for any X~ € ps, Y~ € qc.

Now we assume x = skew and show that (X+ + Y,;7Y," + V;7Y[") - &p = 0 for X = (;144 iﬁ) S pC,Y+
([A;,iA;],0) € qf (j = 1,2) such that A = 87(A1"As + As*Aq). We may assume that A; € R", (j=1,2) and
A € Sym,, (R). For any g € Spy,(R), we have

d d d
Xt .o = —|  ®p(ge™ —| Dp (gets —| Dp (gets
[ F}(g) dt o ( ) +7’ dt o ( ) +7’ dt —o (ge )
where & = (61 _OA), §o = (8 61), and &3 = (191 8) Put H = F|f)kewg. Then the first term is equal to
i tA . 2tA _ (BH >
dil,_ p(e")H (ie"*,0) = dp(A)H (3,0) + tr 8Y( 0)-24),
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and the second is

1

H(i +tA,0) —ztr<g§(i,0)-A),

dt

t=0
where we write
0 ( 5. .1 O ) 0 < 5. .1 O ) )
= [ 9% — = 2% — =X Y.
X dxij/), .~ Y Y/ o

Here note that X and Y are symmetric. The third term is equal to

. d | det(1 4 itA)|

(1 —itA) T H(i(itA + 1)1, 0). 6.4
i e 0 A HGGA ) T0) (6.9
To calculate this, let aq,...,a, € C be the eigenvalues of A. Then we have
d |det(1+dtA)] d H |1+ztoz]|
dt|,_, det(l+itA) — dt|, 1+ ita

(1+a2t?) 3 (1 +itay) ™! = —itr(A).

Therefore (6.4) is equal to
‘ . (0H
tr(A)H (,0) — dp(A)H (i,0) + i tr (8X (2,0) - A)
Thus, we obtain that
+ . .. (0H
[XT-®p](g) = tr(A)H(i,0) + 4i tr 57 —(i,0)A4 ),

where % 1 (aax 285;)

Next, we calculate (YJFY+ + Y2+Y1+) - ®p. By definition, we have

d d
Y Y5 @p)(g) = o7 Y55 @] (gelPh:0000) o [Y5" @] (ge0M10))
t=0 t=0
= iz B (ge[tA1:010) o ([sA2,01.00y 4 d & o (ge[t41:01:0) o (10,521,0)y
dtds|,_._g dtds|,_,—g
d ([0,6A11,0) ([sA2.01,0)y _ & ([0,6A11,0),,([0,52],0)
y [0)) sUAL], s 2,U], _ ) ST, ySA2], .
1 G|, el ¢ )~ s |, Brloe ¢ )
The first term is
& ([tA1,01,0) ([sA5,0],0) & 2t
— P Btk SA20L0N = —— it“ "AA 2ist AL A ASA isA\ it A
dids|,_,—g r(ge € ) dtds |, e(i 1+ 218 2)e(is® ' AoMo) H (i,isAg + itAs)
0*°H
= —47 "Ny A2 H (3,0) + tr ( 50 (zyo)AQtAl) ,
where we write
0? 0?

a2 = G, o w=u+iveC
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Similarly, we can calculate the other terms, and thus we obtain

’H
VY5 @r)(g) = 87 M AR HG,0) — o (6,000 A )
w

where
0? 0?
ow? (8wi8wj Jia-
Therefore
(Xt + Y'Y + Y5 i) @p)(g) = (tr(A) — 8m(*ArAs + *AxAy)) H(i,0)
) 0H . 0?°H
+ 47 tr (87(1, O)A) —4tr (WH(Z’ 0)(1\2 tAl + A1 tA2)>
1 0 0? >
=—t i— — —)H(i,0)A ).
or ((87”82 8w2) (i, 0)
Now it is enough to show that (8m‘a% - %)H(i, 0) is zero for any g € Spy, (R). We shall show this in Lemma
6.6 below. O
We fix a nondegenerate bilinear form (—, —) on V x V such that
<p($)U1,ﬁ(I)U2> = <U1,’Ug>, V1,02 € ‘/7 T e U(n)a

where p(z) = p(T), and set pr,(9) = (v,Pr(g)), for each v € V. By Lemma 6.4 (1), (2), and (6), the functions
©Fw : Spa,(A) = C, (v € V) are left Spy,, (Q)-invariant, right Spy, (Z)-invariant, and cuspidal. Let 71 be a cuspidal
automorphic representation of Spy,(A) generated by ¢g,. By Lemma 6.4 (3), the central character of 7 is the
nontrivial additive character ¥ of Q\A such that 1, = e. Thus,

T C Lzusp(spgn((@)\ Sp2Jn (A))l/)

Moreover, Lemma 6.4 (3) shows that

PF,p(r)vs with respect to the additive character e, if x = hol,
r-QYrv = . . — .
PFo OFdet—1 @p(ryv: With respect to the additive character €, if x = skew,

for any r € K. Here, recall that the identification K., = U(n) depends on the choice of the additive character of
R.
As [7, Theorem 7.5.5], we have the following lemma.

Lemma 6.5. Let F' € J°V" be a Hecke eigenform, where » € {hol,skew}. Then the cuspidal automorphic

representation mp C qusp(Sngn((@)\Spgn(A))w is irreducible. Let us write 1p = @), T, for the decomposition of

it into local components. Then we have
o Ty 15 unramified for all prime numbers p;

® Troo 1S i1somorphic to

ka%,e®7TSW,e7 Z‘f*ZhOl7
T 16 ®Tsw e, if x = skew,

1 1 1
where 5 denotes (5,...,5).
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Proof. We shall prove it following the idea of Berndt-Schmidt [7, Theorem 7.5.5]. Since 7p is cuspidal, it is a direct
sum @;m; of finite numbers of irreducible cuspidal automorphic representations m; = ®;m; . As in the proof of [7,
Theorem 7.5.5], we can specify the local components 7; , at the real place by using Lemma 5.8. In particular, all
Ti,co are isomorphic. At any finite place p, by Theorem 5.4, the local components 7; ;, are unramified. As in the
proof of [7, Theorem 7.5.5], their Satake parameters are completely determined by the Hecke eigenvalues of F. In
particular, m; ; are isomorphic for all 7. Thus 7F is isotypic.

The Spgn(Z)—ﬁxed part of 7p is an isotypic (spg,,, Ke)-module generated by ¢p,. Hence it is irreducible, and
SO 1S Tp. O

Here we finish the proof of Lemma 6.4.

Lemma 6.6. Let F € J;IffW’CUSp, g € Spy,(R), and put H = F|$*¥g. Then we have

0 0? .
(8’”—287 - W)H(Z,O) =0

Proof. By the Iwasawa decomposition of Sp,,, (R), we may assume that ¢ has a form (gl t£1) ([A, p], k). Since
any skew-holomorphic Jacobi form F(Z,w) can be written as

F(Z,w) = Z F.(Z) Z e(*zZx + 2 rw),

ve(Z/2Z)" wE€LN+E
where F,(Z) are anti-holomorphic functions, we have
|det A=Y
det*A-!
=e("AZX + 2" 2w + A\ + x) sgn(det A)p(*A)
x > F,((AZ+B)'A) Y e('w(AZ+ B)"'Az+2'zA(w + Z\ + p))

_1
H(Z,w) = e(*AZX + 2 w + A\ + k) p(*A=1) F((AZ+ B)'A, A(w + ZX\ + p))

ve(Z)27)™ zelr+3
= > sgn(det Ae("Au+ r)p(*A)F, ((AZ + B) " A)
ve(Z/22)™
X Z e(*zB Az + 2tz Ap)e("(*Ax + N Z("Az + N) + 2°(*Az + Nw)
TEL"+%
= Z H,(2) Z cee(*zZz + 2 zw),
€(z/22)n z€ A(ZM+5)+A

where H,(Z) = sgn(det A)e(*Au + k)p(*A)F,((AZ + B)*A) are anti-holomorphic functions, and ¢, = e(‘(z —
MNATIB(z — \) 4+ 2" (z — A\)p) are coefficients. Then, relations

otazs) otaw) _,
oz " ow
imply that y 5
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6.3 The adelic lift of F' € Jj P or Ji ™

As in §6.1, let j > 0 be an even integer, k > 3 a positive integer. As in the last subsection, let ¢ : Q\A — C! be

the nontrivial character such that 1o, = e. Let F' € J *kcju)“l’ be a Hecke eigenform, where x = hol if I = k (mod 2)

and x =skew if | = k—1 (mod 2). Put F = ¥(F’) € S;:;J( 0(4), (i)l), which is the corresponding half-integral
weight cusp form via the isomorphism ¥ of Theorem 471, Of course F' is also a Hecke eigenform. Let mp/ be
the irreducible cuspidal automorphic representation of Spi(A) with central character ¢ constructed in §6.2, and
' =@, m, the irreducible cuspidal automorphic representation of Mp,(A) such that mp = 7’ ® Tgw 4 (Corollary
5.11). Then we have the following lemmas.

Lemma 6.7. We have
L(s,F)=L(s—k—j+ 3,7 ,9).
Proof. Let p be a prime number. It suffices to show that
L(s,F)y=L(s —k—j+%,m,1,).

By Lemma 6.5 and Theorem 5.5, the representation 7r;, is unramified with respect to Ep. Let (a1, o) be the Satake
parameter of 7, i.e.,

T, = g (a1, 02), T = (o, ;).
Since a complete system of representatives {gs}+ of

Sp4(Z) K (1) Spa(Z |_|Sp4 )gst (5=1,2),

is explicitly given in [4, p.143] and @z gives the spherical vector of 7 ,, the eigenvalues of T (p) (s = 0,1,2)
associated with F’ can be expressed explicitly in terms of a; and as. We shall write w”(p) and 77 (p) for the
eigenvalues of T (p) and Ty (p), respectively. Then it can be shown by straightforward calculation that

wJ(p) = p6(a1a2 + alagl + al_lag + al_logl +1-— p*2),
11

' (p) =p= (1 +ag+ a7t +azh).

Here, note that the calculations are algebraic, and hence independent of whether F” is holomorphic or not. Com-
bining this with Theorem 4.1, we obtain

3 3 3 3. !
AM&F%==&1—aw*“*ﬂ+ﬁﬂl—aw*“*ﬂ+?ﬂl—af%***”+?ﬂl—a5%*“*ﬁ+?ﬁ

:L(S—k—]+ %77.[-1/)7%1))'

Lemma 6.8. The representation 7l is discrete series, and its L-parameter ¢l is
Poo = Dk+j*% ® Dk7%7
with respect to both s, and .. Moreover, the corresponding character of S = (Z.)27,)?

mmm2s@@p%{§4f»*=hm

—1)4, % = skew,

with respect to 1
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Proof. Since det® Sym; = p(k+4jk), by Lemma 6.5 we have

Too —

o~ {”(kﬂ'—;,k—;),m if % = hol,
T(hti-}k-3)e I x = skew.

Then the assertion follows from [11, §C.2.1]. O

Lemma 6.9. If [ = 1, then there is a unique irreducible everywhere unramified cuspidal symplectic automorphic
representation Tp of GLg(A) such that

L(s,F)=L(s—j—k+ %,TF),

TF,OO = Dk—‘,—j—% ) Dk—%'

On the other hand, if | = 0, then there exists one and only one of such a Tp or a pair (oF,0%) of irreducible
cuspidal symplectic automorphic representations o and o of GLa(A) such that
L('S?F) = L(S 7j - k+ %7UF)L(S 7]‘ - k+ %70%‘)7
O'F,oo:Dk+j_%; 0%’,0027)]@—%'

Proof. Let ¢ be the A-parameter of 7’ relative to ). The A-parameter ¢ for Mp, is one of the following forms:
(1) ¢r = x X Sy, where x is a quadratic character of Q*\A*;

)

(2) ¢r = x XSy ® x’' XSy, where x and x’ are distinct quadratic characters of Q\A*;

(3) ¢ = 0 ® Sy, where o is an irreducible cuspidal orthogonal automorphic representation of GLo(A);

(4) ¢ = xX Sy ® o K Sy, where y is a quadratic character of Q*\A*, and o is an irreducible cuspidal symplectic
automorphic representation of GLa(A);

(5) ¢p =X S @0’ K Sy, where o and ¢’ are distinct irreducible cuspidal symplectic automorphic representations

(6) ¢ =7 X S1, where 7 is an irreducible cuspidal symplectic automorphic representation of GL4(A).

If the case is (1) or (2), then by [11], the local A-packet I, & (Mp4(RR)) does not contain any discrete series
representation. This contradicts Lemma 6.8, and thus the cases (1) and (2) cannot occur.

If the case is (3), the local component o, of o at the real place must be irreducible by the same reason why the
case (2) cannot occur. Then by the table in [11, §C.2.2], the discrete series representation ml, € Il (Mp,(R))
corresponds to the nontrivial character of Sy, = Z/2Z. On the other hand, local components 7, at the finite
places are unramified. These contradict the fact that Gan-Ichino’s character [11, §2.1] €, is trivial, so the case (3)
is impossible.

Assume that ¢p is of the form (4). If the local component o, of o at the real place is reducible, then the
nonzero elements of the A-packet I, 7 (Mpy(R)) associated to ¢r,c (relative to ¥y) are 7% and 77~ in
the notation of [11, §8.1]. However, by [11, §8.1, Lemma C8], neither one is a discrete series representation. Thus
Ooo 18 irreducible. Since 7’ is unramified at every finite place, so is x. Therefore x is the trivial character of A%,
and Gan-Ichino’s character €, is trivial on {0} & (Z/2Z) C Sy, = (Z/2Z)?. Combining this with the table in
[11, §C.2.2], we can see that k = 3, 0 = Dj,s, and the A-packet Hcﬁp,oo@x (Mp,(R)) contains only one discrete
series representation that is an element of the L-packet IT o (Mp,4(R)) and corresponds to the trivial character
of S,_. This contradicts Lemma 6.8.

Assume that ¢ is of the form (5). Then by the disjointness of L-packets, we have ¢r o = .. We may assume
that

goo:Dk;+j7%7 ag :Dkfg‘
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Since 7’ is unramified at every finite place, so are o and ¢’. Thus we have
1 2k+25—3+1 k-1
6(570)26(%vpk+j—%7woo)zz At :(_1) )
ok — k
€(,0') = (3, Dy g thoe) = P4 = (-1,
since j is even. Therefore, by Gan-Ichino’s multiplicity formula, the corresponding character of 7, must be

(-1), if k is odd,

S, 2 (Z)2Z)?% 3 (¢,d) —
o, =(Z2/22)° > (c,d) {(1)67 if k is even.

If [ = 1, this contradicts Lemma 6.8.

Consequently, when [ = 1, the A-parameter ¢ of 7’ relative to 1 is of the form 7 X S; as in the case (6). On
the other hand, it is of the form op K S; @ 0% K S; or 7 K 57 as in the cases (5) and (6). Then by Lemmas 6.7
and 6.8, 7p satisfies the conditions.

As Lemma 6.2, the uniqueness follows from that of the A-parameter. O

Since 7F or (op,0%) is uniquely determined by F', we obtain an assignment F — 7p or (0p,0%). Asin §6.1, we
have the following lemma.

Lemma 6.10. Let 7 be an irreducible cuspidal symplectic automorphic representation of GL4(A) that is unramified
everywhere and satisfies Too = Dyyj-3 @Dy s Then there exists a Hecke eigenform F € S;;%’j (To(4), (;1)1)
such that Tp = T, and it is unique up to a scalar multiple.

Moreover, when I = 0, let (o,0") be a pair of irreducible cuspidal symplectic automorphic representations of
GL2(A) that are unramified everywhere and satisfy oo = Dyyj-s and ol = Dy,_s. Then there exists a Hecke

eigenform F € S’;_l j(F0(4)) such that (op, o) = (0,0"), and it is unique up to a scalar multiple.
3

Proof. We have Gan-Ichino’s multiplicity formula (Theorem 3.2) for L3, (Mp,) and canonical bijective correspon-

dences (Theorems 5.2, 5.7, and 5.10) between representations of the metaplectic groups and the Jacobi groups. Also,

in Lemma 6.9, we have already found the A-parameter corresponding to any Hecke eigenform in .J (* ,;Cju)sll’. Combining

this with Theorem 4.1, we can prove the lemma in a similar way to [8, Proposition 9.1.4, (i) and (iii)]. O

6.4 Proofs of Ibukiyama’s conjectures

In this subsection, we finally give proofs of Ibukiyama’s conjectures (Theorem 2.1, 2.2, and 2.3).

First, we shall prove the Shimura type isomorphism on the Neben type (Theorem 2.1). Since the spaces
S;_%J (To(4), (;1)) and Sj43,2k—6(Sps(Z)) have bases consisting of Hecke eigenforms, the assertion follows from

Lemmas 6.2, 6.3, 6.9, and 6.10.

Remark. As pointed out by Ibukiyama [16], the Shimura type conjecture on the Neben type is false when j is
odd. This can be confirmed by the multiplicity formulae. By the proof of Lemma 6.2, Arthur’s multiplicity formula
shows the existence of Hecke eigenform in Sj32r—6(Sp4(Z)) even if j is odd. However, the proof of Lemma 6.9
implies that Gan-Ichino’s multiplicity formula shows that there is no automorphic representation corresponding to
a Hecke eigenform in S;r_%,j(l"o(él), (=1)), i.e., the plus space is zero.

Next, let us give a proof of Theorem 2.2. As we have remarked after stating Theorem 2.2, we may assume that
k is greater than 7. For any Hecke eigenforms f € Sop_4(SL2(Z)) and g € Sopt2j—2(SLa(Z)), let 74 and 74 be
the corresponding automorphic representation of GLy(A), respectively. Then it is well known that the following
properties hold:

e 77 and 7,4 are cuspidal;

® Tf oo :Dk—g and Tg :'Dk+j7%;
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e 7, and 74, are unramified for all prime number p;
e L(s—j—1,1) :L(sfjfk+%,7'f) and L(s, g) :L(Sfjfk+%,7'g).

Therefore, by Lemma 6.10, there exists a Hecke eigenform F € S;:_l j(F0(4)) such that L(s,F) = L(s — j —
3

1, f)L(s, g). This gives us an injective linear map

J

L : Soi—4(SL2(Z)) ® Sokt2j—2(SLa(Z)) — S,;% (To(4))

such that if f € Sor_4(SL2(Z)) and g € Saky2j—2(SL2(Z)) are Hecke eigenforms, then sois L(f®g) € S;ﬁl j(I‘o(4)),
5
and they satisfy

Now we come to the Shimura type isomorphism on Haupt type (Theorem 2.3). If (0,0’) is a pair of irre-
ducible cuspidal symplectic automorphic representations of GLg(A) that are unramified everywhere and satisfy
0o = Dyyj_3 and o, = Dj_s, then it is known that there exist Hecke eigenforms f € Sy;—4(SL2(Z)) and
g € Saky2j—2(SLa(Z)) such that the corresponding automorphic representations of GL2(A) are ¢’ and o, respec-
tively. Thus by the proof of Theorem 2.2, it follows from Lemmas 6.9 and 6.10 that the image of L is spanned

by the Hecke eigenforms F' € 5'2'_ N j(Fo (4)) corresponding to the pairs (op, o) of irreducible cuspidal symplectic
R

automorphic representations of GLz(A), and its orthogonal complement S]:Ol j(F0(4)) is spanned by those cor-
3
responding to irreducible cuspidal symplectic automorphic representations 77 of GL4(A). Combining this with

Lemmas 6.2 and 6.3, we obtain Theorem 2.3.

A The adelic lift of F € S, (Ty(4), (2)))

In this appendix, we consider the adelic lifts of Siegel cusp forms of half-integral weight. Note that any argument
here is not needed to prove Theorem 2.1. Let j > 0 and k > 3 be integers, | € Z/2Z, and 1 the nontrivial additive

character of Q\A such that 1o, = e. If j is odd, then the plus space S;j,; j(F0(4), (ll)l) is zero, and the arguments
3

in this section are trivially true. Hence we assume that j is even.
For any prime number p, the restriction of the Weil representation wy,, of Mp,(Q,) to the metaplectic covering

f0(4)p over

A B
Lo(4)p = { (C D) € Spy(Zy) | C € 4Zy }
defines a genuine character ¢, of To(4), by
wy, (V)1zz2 = ep(7) 123, v € To(4),.

Note that if p # 2, &, is quadratic and defines the splitting (3.1) over I'g(4), = Sp4(Z,). Then, these characters
define a genuine character 5, = Hp ep of a subgroup

To(4)in = Do(4)2 x H Lo(4)p
pF#2

of Mp,(A). At the real place, the Weil representation defines the factor of automorphy j(g, Z) by

Wy (9)pz = Joo(9, 2) gz,

for g € Mp,(R) and Z € $,, where
oz(z) = e(*2Zx) € S(R?).
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Note that the weight of the character joo(—,1%) : K., — C* relative to the additive character Voo = €18 (%, R
Then it is known that for any v € I'g(4), we have

QG(ZZZ)) = Jjoo (7, 1), Z)aﬁ"((’y’ 1)

N[
~—

The strong approximation theorem for Sp, induces that for Mp,, hence we have
Mp, (A) = Sps(Q) Mpy(R)Lo(4) fin-

Let F € Sktl j(F0(4), (ll)l) be a Siegel modular form. Now the adelic lift @z of F' is defined by
3

—1

l
2r(9) = () oo (oo Don ()}~ Sym, (7920, 8)~F (g0

where g = vgsoti € Mp,(A) = Sp,(Q) Mp,(R)To(4)fn. Here, note that (=) = (;—21), (k = (Kp)p). The function
® 5 is well-defined.

Proposition A.1. The function ®r : Mp,(A) — V; satisfies the following:

(1) ®F is left Sp,(Q)-invariant;

(2) ®p is right Spy(Zy)-invariant for p # 2;

(3) ®r(ge) = joo(w, i)~ 1 Sym; (J (2,4)) "' @r(g), for any g € Mp,(R), = € Koo

(4) pc - Pr=0;

(5) @ is cuspidal.

Proof. The proof is similar to that of [6, Theorem 1]. O

Since the complex conjugate Sym; is isomorphic to the contragredient representation of Sym,, by a similar
argument to [8, §4.5 and §6.3.4], we can construct an automorphic cuspidal representation

TR = ®7TF,1; C Lise(Mpy).
v

and check that it is a direct sum @;m; of a finite number of irreducible automorphic cuspidal representations
m; = @y, such that

e T;p are unramified and isomorphic to each other for any odd prime p;

® Tioco = W(k«%jf%,kf%),e = F(—k+%,—j—k+%),€ for any 7.
In particular, 7; are nearly equivalent. Moreover, we have the following lemma.
Lemma A.2. Let p be an odd prime.

(1) Assume that | =k (mod 2), and let (a1, az) be the Satake parameter of m;, with respect to ¥,,. Then we have

—1\* - B
1) = (21) s +as+art +at)

w(p) = p?’(alag + 041042_1 + 041_1052 + 041_1061 +1 7p72)’
and hence

L(st)p = L(S_ k _]+ %7771',}77@;9)'
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(2) Assume that | = k — 1 (mod 2), and let (o, ) be the Satake parameter of m; , with respect to v,. Then we
have

1\ k1
n(p) = <?) pP(ar+as+ai' +a3h),
w(p) = p3(a1a2 + alagl + a;lag + aflagl +1 —p_2),
and hence

L(s,F)p=L(s—k—j+ %,m—,p,wp).

Proof. Complete systems {gs ¢ }+ of representatives of the right coset decompositions

f0 (4) (Ks (p2)7p17§ )f0(4) = |_| fO(Zjl)gs,t
t
are explicitly given by Zhuravlev [31]. Thus the assertions are proved by straightforward calculation. O

Let us recall from Theorem 4.1 that we have an isomorphism V. Put

hol,cus o
Fl =0 '(F) e e n P whenl=k (mod 2),
whenl=k—1 (mod 2),

skew,cusp
O I

and write

Tpr = QTSW p = ® (W;/) ® WSW,%) :

v
Then 7 and 7’ are related as follows.

Theorem A.3. The automorphic representation wg is irreducible, and if we write
TR = ® TFw,
v

then we have the following.
(1) Assume that | = k (mod 2). Then we have wp,, = . for every place v, i.e., mp = 7'

(2) Assume that Il =k —1 (mod 2). Then the L-parameter and the character of its component group associated to

TEy relative to 1, coincide with those associated to w. relative to 1, .

Proof. (1) At the real place, by (6.5) we have

~ ~ /
Tioo = T(ktj—1k—1)e = Moo

At every finite place p except 2, by Lemmas 6.7 and A.2 we have
L(S -k 7‘7‘ + %77Ti,paap) = L(SaF)p = L(S —k 7‘7‘ + %,W;,@p).

Since both of 7; , and 71';J are unramified representation of Mp,(Q,), they are isomorphic. In particular, 7; and =’

are nearly equivalent, and hence the A-parameter of m; relative to v is that of 7’ relative to ). By the proof of

Lemma 6.9, the A-parameter of 7’ relative to v is tempered. (Note that the case (5) may occur.) Since the local
L-packet of an unramified L-parameter for Mp, is a singleton, this implies that

~ !
T2 = Tg.
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Hence g is isomorphic to a direct sum of 7/. Since Gan-Ichino’s multiplicity formula tells us that 7’ appears in
L3,..(Mp,) with multiplicity one, the assertion follows.

(2) At the real place, since

1

~ /
Moo = Mktj—g,h=$).e Moo = M(ktj—3.h—$)@

the L-parameter and the character of its component group associated to 7; o relative to 1o coincide with those
associated to 7/ relative to ¢,. At every finite place p except 2, by Lemmas 6.7 and A.2 we have

L(s—k—j+ %77ri,p7¢p) = L(‘S?F)p =Ls—k—j+ %’ﬂ-;”ap)'

Since the local L-packet of an unramified L-parameter for Mp, is a singleton, there is a similar relation between
mip and m,. Hence the A-parameter of 7; relative to ¢ is that of 7’ relative to ¢, which is tempered. Then the
assertion follows from the same argument as the proof of (1). O

References

[1] J. Adams, The theta correspondence over R, Harmonic analysis, group representations, automorphic forms
and invariant theory, pp. 1-39, Lect. Notes Ser. Inst. Math. Sci. Natl. Univ. Singap. 12, World Sci. Publ.,
Hackensack, NJ, (2007).

[2] J. Adams, D. Barbasch, Reductive dual pair correspondence for complex groups, J. Funct. Anal. 132 | no. 1,
pp. 1-42, (1995).

[3] J. Adams, D. Barbasch, Genuine representations of the metaplectic group, Compos. Math. 113, no. 1, pp.
23-66, (1998).

[4] A. N. Andrianov, V. G. Zhuravlev, Modular forms and Hecke operators, Translations of Mathematical Mono-
graphs, vol. 145, Amer. Math. Soc., Providence, RI, (1995).

[5] J. Arthur, The endoscopic classification of representations: orthogonal and symplectic groups, American Math-
ematical Society Colloquium Publications, 61, (2013).

[6] M. Asgari, R. Schmidt, Siegel modular forms and representations, Manuscripta Math. 104, no. 2, pp. 173-200,
(2001).

[7] R. Berndt, R. Schmidt, Elements of the representation theory of the Jacobi group, Birkhduser, (1998).

[8] G. Chenevier, J. Lannes, Automorphic forms and even unimodular lattices, Ergeb. Math. Grenz. (3), 69,
Springer Verlag, (2019).

[9] W. T. Gan, A Langlands Program for Covering Groups?, Proceedings of the Sixth International Congress of
Chinese Mathematicians, vol. I, pp. 57-78. Adv. Lect. Math. 36. Somerville, MA: Int. Press, (2017).

[10] W. T. Gan, A. Ichino, The Shimura—Waldspurger correspondence for Mp,,,, Ann. Math. (2) 188, no. 3, pp.
965-1016, (2018).

[11] W. T. Gan, A. Ichino, The automorphic discrete spectrum of Mp,, Int. Math. Res. Not., rnaa 121, (2020).

[12] W. T. Gan, G. Savin, Representations of metaplectic groups I: epsilon dichotomy and local Langlands corre-
spondence, Compos. Math. 148, no. 6, pp. 1655-1694, (2012).

[13] M. Harris, R. Taylor, On the Geometry and Cohomology of Some Simple Shimura Varieties, Ann. of Math.
Studies 151, Princeton Univ. Press, Princeton, N.J., (2001).

39



[14]

[15]

[16]

[17]

[18]
[19]

[22]

23]

[24]

[25]
[26]
[27]
[28]

[29]
[30]
[31]

G. Henniart, Une preuve simple des conjectures de Langlands de GL(n) sur un corps p-adique, Invent. Math.
139, pp. 439-455, (2000).

K. Hiraga, T. Tkeda, On the Kohnen plus space for Hilbert modular forms of half-integral weight I, Compos.
Math. 149, pp. 1963-2010, (2013).

T. Ibukiyama, A conjecture on a Shimura type correspondence for Siegel modular forms, and Harder’s conjecture
on congruences, Modular Forms on Schiermonnikoog Edited by Bas Edixhoven, Gerard van der Geer and Ben
Moonen, Cambridge University Press, pp. 107-144, (2008).

T. Ibukiyama, Conjectures of Shimura type and of Harder type revisited, Comment. Math. Univ. St. Paul. 41
pp. 79-103, (2014).

W. Kohnen, Modular forms of half integral weight on T'g(4), Math. Ann., 248, pp. 249-266, (1980).

R. P. Langlands, On the classification of irreducible representations of real algebraic groups, Representation
theory and harmonic analysis on semisimple Lie groups, Math. Surveys Monogr. 31, Amer. Math. Soc., Prov-
idence, RI, pp. 101-170, (1989).

C. Mceglin, D. Renard, Sur les paquets d’Arthur des groupes classiques réels, J. Eur. Math. Soc., vol. 22, Issue
6, pp. 1827-1892, (2020).

C. Moeglin, D. Renard, Sur les paquets d’Arthur auz places réelles, translation, Geometric Aspects of the Trace
Formula, Edited by W. Miiller, S.-W. Shin, N. Templier, Simons Symposia, Springer, Cham., pp.299-320,
(2018).

A. Murase, L-functions attached to Jacobi forms of degree n. Part I: The basic identity, J. reine ang. Math.
401, pp. 122-156, (1989).

R. Ranga Rao, On some explicit formulas in the theory of Weil representation, Pacific Journal of Math., 157,
no. 2, pp. 335-371, (1993).

R. Schmidt, Spherical representations of the Jacobi group, Abh. Math. Sem. Univ. Hamburg 68, pp. 273-296,
(1998).

G. Shimura, On modular forms of half integral weight, Ann. of Math. (2) 97, pp. 440-481, (1973).
R. H. Su, The Kohnen plus space for Hilbert-Siegel modular forms, J. Number Theory, 163, pp. 267-295, (2016).
B. Sun, On representations of real Jacobi groups, Sci. China Math. 55 (3), pp.541-555, (2012).

D. Szpruch, Computation of the local coefficients for principal series representations of the metaplectic double
cover of SLa(FF), Journal of Number Theory 129, no. 9, pp. 2180-2213, (2009).

J.-L. Waldspurger, Correspondance de Shimura, J. Math. Pures Appl. (9) 59, no. 1, pp. 1-132, (1980).
J.-L. Waldspurger, Correspondances de Shimura et quaternions, Forum Math. 3, no. 3, pp. 219-307, (1991).

V. G. Zhuravlev, Hecke rings for a covering of the symplectic group, Math. Sbornik. 121(163) No.3 pp.381-402,
(1983).

40



	空白ページ

