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Abstract

In this paper, we study the (singular) universal cover of an affine hypertoric variety. We
show that it is given by another affine hypertoric variety, and taking the universal cover
corresponds to taking the simplification of the associated hyperplane arrangement. Also,
we describe the fundamental group of the regular locus of an affine hypertoric variety in
general. In the latter part, we show that the hamiltonian torus action is block indecomposable
if and only if C*-equivariant symplectic structures on the associated hypertoric variety are
unique up to scalar. In particular, we establish the analogue of Bogomolov’s decomposition
for hypertoric varieties, which is proposed by Namikawa for general conical symplectic
varieties. As a byproduct, we show that if two affine (or smooth) hypertoric varieties are C*-
equivariant isomorphic as varieties, then they are also the hamiltonian torus action equivariant
isomorphic as symplectic varieties. This implies that the combinatorial classification actually
gives the classification of these varieties up to C*-equivariant isomorphisms.
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1 Introduction

Hypertoric varieties (or toric hyperkéhler varieties) were introduced as a hyperkéhler ana-
logue of toric varieties by Bielawski and Dancer [3], and they have been extensively studied
by many authors ([13,16,17,28], etc). An (affine) hypertoric variety has a symplectic form
on its regular locus and admits a good C*-action as w is homogeneous with some weight ¢,
ie., s*o = stw. In general, such affine varieties (Y, w) are called conical symplectic vari-
eties, and its symplectic resolution 7 : (?, ) — (Y, w) (i.e., 7*w extends to a symplectic
form & on Y) has been extensively studied by many authors from the view point of not only
algebraic geometry but also geometric representation theory (cf. [7,8]).

In algebro-geomteric context, for conical symplectic varieties, their fundamental geo-
metric properties, deformation theory, birational geometry are extensively studied. On the
other hand, their finite coverings, in particular, the “universal coverings” which are also con-
ical symplectic varieties defined below have not been well-studied (recently, finite covers
of nilpotent orbit closures are studied in [26]). In [24], Namikawa proposed the following
problem.

Problem 1 (cf. [24, Problem 7.2]) For a conical symplectic variety (Y , w), is the fundamental
group w1 (Yreg) of the regular part of Y finite?

In [25], as a partial general answer, he proved the finiteness of the algebraic fundamental
group 71 (Yreg). If 711 (Yreg) is finite, one can consider the (singular) universal covering of ¥
as follows (for the detail, see Definition & Proposition 2.5).

Definition & Proposition 2.5 (The universal covers of conical symplectic varieties) Let (Y, @)
be a conical symplectic variety withm := |71 (Yreg)| < 00. Then, there exists a unique conical
symplectic variety (?, 5) and a finite C*-equivariant morphism ¢ : (?, 6) — (Y, w) such
that its restriction ¢| : ¢! (Yreg) = Yreg gives the universal cover of Yreg. In this paper, we
call Y the universal covering of Y.

By taking the universal cover, we can often obtain a new example of conical symplectic
varieties (cf. [26]). On the other hand, in general, for any conical symplectic variety (Y, w)
and a finite subgroup G of Aut® (v) preserving w, Y /G is also a conical symplectic variety
(cf. [2, Proposition 2.4]). This implies that the universal cover is important in classification
since any conical symplectic variety whose regular locus has a finite fundamental group is
obtained as a finite quotient of its universal cover. Anyway, it is natural to ask the following
question:

Problem 2 For a given conical symplectic variety (Y, ) with | (Yreg)| < 00, describe the
universal cover ¢ : (7, 5) — (Y, w) and w1 (Yreg).

Another motivation to study the universal cover is coming from the analogue of Bogomolov’s
decomposition as the following:

Problem 3 ([24, Problem 7.3], Bogomolov’s decomposition) For any conical symplectic
variety (Y, w) with |m1(Yreg)| < 00, is its universal cover (Y, w) decomposed into the
product

Y.o) =[] o)

of irreducible conical symplectic varieties (Y;, w;), that is w; is the unique conical symplectic
structure on Y; up to scalar?
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The universal covers of hypertoric varieties...

In this paper, we study the universal cover of affine hypertoric varieties. Our main theo-
rems give complete answers for the above problems for affine hypertoric varieties and give
an interpretation of taking the universal cover in terms of combinatorics of the associated
hyperplane arrangement (or matroid). Also, we will give an application to the classification
of hypertoric varieties as byproducts.

Now we set up notations to state our results precisely. Let A=[ay, . .., a,] be aunimodular
matrix of rank d and take BT =[by, ..., bn] so that the following is exact:

0 —sznd Bygn Ayzd o,

Then by using the natural Hamiltonian T%-action on C?" induced from A7 : Tﬁé — T¢, we
define ahypertoric variety Y4 (o) := c Y o,']I’ﬁé = u"10) /4 Tfé as the symplectic reduction,
where o € Z%isaGIT parameter,and . = 4 : C?" — C%isthe Tfé -invariant moment map.
By definition, we have a natural projective morphism 7y : Y4 () — Y4(0). Then, Y4(0) is
a conical symplectic variety, and for generic «, 7, gives a projective symplectic resolution.
For any projective toric variety, we can consider the associated polytope and read off many
geometric properties from this polytope. Similarly, for any hypertoric variety Y4 (c), one
can consider the associated hyperplane arrangement H% := { H; : (b;, —) = —; } where &
satisfies « = A (H$ is well-defined up to translations). We consider 7% as a multiset of
hyperplanes.
In Sect. 5, we consider the universal cover of an affine hypertoric variety Y4 (0).

¢ £
f—/L\ ——
First, we can assume BT = [b(l), 1O 10 S 10 ] , where if k; # k», then
bk #* +b%2) Then, we consider the simplification ET:: [b(l), R b(s)] of BT, and take
A =[ay,...,a,] satisfying the following exact sequence (cf. Sect. 5):

B A a d—(n—s)
0 gn—d B 78 2 7d—(n-s) s 0 Té: — TC n=s

I D R R

0 — Zn_d i> 7" A Zd 0 no A, Td

Then, we call Y4 (0) the simplification of Y 4(0). Actually, from the combinatorial point of
view, taking simplification corresponds to replacing all multiplicated hyperplanes of H% by
a single one and obtaining H% as the following.

o o
as=] 7y

Now, consider the following embeddings:

T=T]_ Z/67Z 5. AL pd-e-9)
=[lim1 Z/4UZ — Tp <— T¢ ;

where we consider I'" as a multiplicative subgroup of T¢. in the usual way. Then we have the
answers for Problem 1 and Problem 2 as the following.
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Theorem 5.1 & Proposition 6.1 In the above setting, for Y4(0) and its simplification Y 4 (0),
there exists the following C*-equivariant commutative diagram:

Y4(0) ———— ¥4(0)

[

Ya(0)/(I/ T NTE )
Moreover, ¢ preserves symplectic structures, and I'/ T" N T?ic_("_s) acts on ga’l (YA (0)reg)
freely. In particular, we have

11 (YA O)reg) = T/ T NTE D =14 (KerET) ,

where BT = [mlb(l), el mxb(s)], q:7° - T, and my .= ]_[i# 4.

This theorem says that the universal cover of an affine hypertoric variety Y4 (0) is obtained
by the simplification ¥4 (0). As a corollary, one can characterize when Y4 (0)eg is simply-
connected as the following.

Corollary 6.2 The following are equivaelnt:

(i) codimSing(Y4(0)) > 4.
(i) 71 (YA(O)reg) = 0.
(iii) Y4 (0)(or H%) is simple, i.e., £, = 1 for any k.

As we will note in Remark 6.3, the equivalence “(i) < (ii)” is very special, and it doesn’t
hold for general conical symplectic varieties.

In the latter part, we consider Bogomolov’s decomposition for (not necessarily simple)
affine hypertoric varieties. In general, we can assume that A is of the form A = [0, |A @
--- @ A,], where each A, is indecomposable and O, is the d x p-zero matrix. We say A is
block indecomposable if p = 0 and r = 1. Then, we have the following:

Theorem 7.4 (Bogomolov’s decomposition for affine hypertoric varieties) If A = [0, |A1 @
--- @ A;), then the following gives a decomposition into irreducible conical symplectic
varieties:
V4 r
(Y4(0), ) = [[(C* dz ndw) x [] (Ya, (0), om).

i=1 m=1

In particular, A is block indecomposable if and only if Y4(0) is an irreducible conical
symplectic variety. In this case, any (not necessarily symplectic) homogeneous 2-form on
Y 4(0)reg with weight 2 is unique up to scalar.

As we will note in Corollary 7.6, the same statement holds for any hypertoric varieties Y4 («).
The key steps of the proof of the uniqueness of conical symplectic structures are twofolds.
First, through the universal covering morphism ¢ : Y4(0) — Y4(0), we can reduce to the
case of Y4 (0). Next, we will show that Mgl (0) is a normal complete intersection and smooth

in codimension 3 (cf. Proposition 7.8). Then, by Vetter’s criterion on the reflexiveness of Qlé
for any normal complete intersection Z, we can conclude that any homogeneous 2-form on
Y 4(0)reg comes from a homogeneous 2-form on Mgl 0).

In the final section, we determine the space of homogeneous 2-forms on decomposable
hypertoric varieties (cf. Proposition 8.1). As an application, we show the following refined
version of the classification result in [22, Theorem 4.2].
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Corollary 8.5 (cf. Remark 8.4) For any two affine hypertoric varieties Y 4 (0) and Y 4/ (0), the
following are equivalent:
(1) Y4(0) and Y o/ (0) are C*-equivariant isomorphic as algebraic varieties.
(i1) (Y4(0), w) and (Y 4/(0), @) are C* x T%ﬁd—equivariam isomorphic as symplectic vari-
eties, where Tfé_d-action is the remaining Hamiltonian torus action.
(iii) A ~ A’ (c¢f. Definition 3.6). In other words, M(A) = M(A’) as matroids, where M (A)
is the associated vector matroid.

The same statement holds for smooth hypertoric varieties, where we replace (iii) by
(iii’) The zonotope tilings obtained from the hyperplane arrangements H and H%, are same
in the sense of [1].

This corollary can be seen as the (weaker) hypertoric analogue of Berchtold’s theorem [4]
on toric varieties, which says that for any two toric varieties, they are isomorphic as abstract
varieties if and only if they are isomorphic as toric varieties. In particular, this means that the
combinatorial classification (of the associated fans) actually gives the classification of toric
varieties as abstract varieties.

This paper is organized as follows. In Sect. 2, we review the definition of conical sym-
plectic varieties (Y, w), and we define the universal cover of them. We also give a sufficient
condition that Y is simply-connected (cf. Proposition 2.7). In Sect. 3, we review hypertoric
varieties and give some examples. In Sect. 4, for the later discussion, we recall a result on the
stratification of affine hypertoric varieties Y 4 (0). In Sect. 5, we prove that the universal cover
of Y4 (0) is given by simplification Y4 (0). Moreover, we describe 71 (¥ (0)eg). In Sect. 6,
we give a concrete computation of 71 (Y4(0)reg) and a necessary and sufficient condition
that 771 (Y4 (0)reg) is trivial. In Remark 6.6, we also note an alternative possible way to the
computation. In Sect. 7, we establish the Bogomolov’s decomposition for affine hypertoric
varieties Y4(0). In Sect. 8, we determine the space of homogeneous 2-forms on a general
Y4(0). Then, we give an application to the classification of hypertoric varieties.

2 Conical symplectic varieties and the universal coverings

In this section, we introduce conical symplectic varieties, and we note that for any conical
symplectic variety (Y, @) with |71 (Yreg)| < 00, its (possibly singular) universal cover is also
a conical symplectic variety. Second, we prove that if Y is smooth in codimension 3, i.e.,
codimSing(Y) > 4, and Y admits a symplectic resolution, then Yyeg is simply-connected (cf.
Corollary 4.6).

A pair (Y, w) of a normal algebraic variety ¥ and a 2-form w on the regular locus Yey
is called a symplectic variety if w is symplectic, and there exists (or equivalently, for any) a
resolution 7 : ¥ — Y such that the pull-back 7*w of w extends to an algebraic 2-form @
onY,ie., Y has only canonical singularities. Moreover, a resolution 7 : (17 , @) — (Y, w)is
called a symplectic resolution if @ is also symplectic. These definitions are due to Beauville
(2].

Now, we define conical symplectic varieties as the following:

Definition 2.1 (Conical symplectic variety) An affine symplectic variety (Y = SpecR, w)
with C*-action (called conical C*-action) is called a conical symplectic variety if it satisifies
the following:

(i) The grading induced from the C*-action to the coordinate ring R is positive, i.e., R =
D;>o Ri and Ry = C.
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(ii) w is homogeneous with respect to the C*-action, i.e., there exists £ € Z (the weight of
w) such that s*w = stw (s € C*).

For a given two conical symplectic varieties, we say that they are isomorphic as conical
symplectic varieties if there exists an C*-equivariant isomorphism between them preserving
symplectic structures.

Remark 2.2 As noted in [24, Lemma 2.2], the weight ¢ is always positive.

There are many examples of conical symplectic varieties, for example, the (normalization
of) nilpotent orbit closures in semisimple Lie algebras, the Slodowy slices, quiver varieties,
hypertoric varieties, symplectic quotient singularities, and so on. Next, we define Poisson
varieties which include symplectic varieties as special cases.

Definition 2.3 A pair (Y, {—, —}) of a variety and a skew-symmetric bilinear morphism
{—, =} : Oy x Oy — Oy is a Poisson variety if it satisfies the following:

L{f.gh} ={f.g}h+{f. hlg,
2. {f g, iy +{g. th, fH +{n. {f, g}} =0.

For a symplectic variety (Y, ), one can consider a natural Poisson structure on Yeg as
{f. g} = w(Hy, Hy), where H is the Hamiltonian vector (f € Oy, ), and by the normality
of Y, it uniquely extends to a Poisson structure on Y.

Below, for a conical symplectic variety (¥, ), we will consider the universal cover of Y.
To do this, it is natural to ask the following question.

Problem 1 ([24, Problem 7.2]) For a conical symplectic variety (Y, ), is the fundamental
group w1 (Yreg) of the regular part of Y finite ?

Namikawa gave a general partial answer for this problem as the following.
Theorem 2.4 [25] In the above setting, the algebraic fundamental group 71 (Yreg) is finite.

If we know the finiteness of the fundamental group of the regular locus of a given conical
symplectic variety Y, we can consider the (possibly singular) universal covering of Y as
follows. Although this construction has already appeared in [24, p. 512] and [26, p.4] briefly,
we will give a proof in detail.

Definition & Proposition 2.5 (The universal cover of conical symplectic varieties) Let (Y, @)
be a conical symplectic varietywithm := |71 (Yreg)| < 00. Then, there exists a unique conical
symplectic variety W, 6) and a finite C*-equivariant morphism ¢ : (Y, @) — (Y, w) (with
respect to oy and o', where the conical C*-action is denoted by oy (resp. oy)) such that its
restriction ¢| : go_l (Yreg) —> Yreg gives the universal cover of Yyeg:

Y., @) > @71 (Yreg)

I le

Y, w) > Yieg
In this paper;, we call Y the universal covering of Y.

Proof First, we can take the universal cover Zg — Yieg, then Z is a complex manifold. By the
finiteness of the fundamental group 771 (Yreg) and Riemann’s existence theorem [29, Théoréme
5.1], there exists an algebraic variety Y and a finite étale morphism ¢g : Yo — Yieg such
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that 78" = Zp and ¢ is the original universal cover. Then, by considering the spectrum
Y := SpecR of the integral closure of the coordinate ring R := C[Y] in the function field
C(Yy), go uniquely extends to a finite surjective morphism ¢ : ¥ — Y, in particular we have
the following diagram:

2 70 = wil(Yreg)

l‘ﬂ I=¢0

) Yieg

Next, we define a conical C*-action o : C* x Y — Y. Consider the following diagram:

(C* X ?0 ?0
lidxwo . l(/)o .

o
C* X Yreg — Yieg

Since the induced homomorphism (o' o (id X @)« : Z = 71 (C* x Yo) — m (Yreg) is azero
homomorphism, we can uniquely lift the morphism o' o (id x ¢p) to an analytic morphism
oy, - C*x Yo — Yo satisfying 070(1, y) = yforanyy € Y. Then, one can check that
oy, gives a C*-action on Y. Since for a C-scheme W, the category of étale finite coverings
over W is equivalent to the category of complex analytic finite coverings over W (cf. [29,
Théoréme 5.1]), we can easily show that oy, is an algebraic morphism. Then, we can uniquely
extend this C*-action oy to a C*-action oy on Y since we have codimy(Y — Y) > 2 by the
construction and the normality of Y. Moreover, one can easily check that this action oy is also
positive (cf. Definition 2.1). In fact, note that ¢ : ¥ — Y is C*-equivariant with respect to oy
and o}/'. Then, through the injective homomorphism ¢* : R = @,y R} <> R = @z Ri
as graded algebras, R is integral over R, where the gradings correspond to the action oy and
oy respectively. In this situation, if we have an element f € Ry of a negative degree d < 0,
then there exists arelation as fV +7r fN~! +... 4 ry = 0, where r; € R/}, Since we have
R}, = 0and R is domain, we obtain f = 0. In the similar way, one can easily show that
Ro = C since C is algebraically closed.

Finally, we will prove that Y is a conical symplectic variety. Since ¢y is an étale
C*-equivariant morphism, ¢ is a conical symplectic form on Yo. Moreover, from
codimy(Y — Yo) > 2, 9o will uniquely extend to a conical symplectic form @ on (¥ )reg (in
detail, for example see the proof of [22, Proposition 2.15]). Now, note that ¥ has symplectic
singularities, so Y has only canonical singularities. Then, by codimy(Y —Yo) =2, ¢is
étale in codimension 1, so Y has also only canonical singularities (cf. [19, Proposition 5.20]).
Thus, by definition of canonical singularities, we can conclude that (Y, @) is a symplectic
variety. It is clear that w is homogeneous of weight m£ with respect to the C*-action oy.
Thus, (Y, @) is a conical symplectic variety and satisfies the desired commutative diagram.

O

Since the universal cover often gives a new example of conical symplectic varieties, it is
natural to consider the following problem.

Problem 2 For a given conical symplectic variety (Y, w) with | (Yieg)| < 00, describe the
universal cover ¢ : (Y, ®) — (Y, w) and 71 (Yreg)-
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Below, we will show that if a conical symplectic variety ¥ with codimSing(Y) > 4
admits a symplectic resolution, then its regular locus is simply-connected, i.e., it is already
the universal covering. First, we note the following general result.

Theorem 2.6 ([30, Theorem 1.1]) Let Y be a normal chriety and assume that (Y, A) is a kit
pair for some divisor A. Then, for any resolution f : Y — Y, the induced homomorphism
fe :m1(Y) = w1 (Y) is an isomorphism.

Using this, we can show the following.

Proposition 2.7 Assume that a conical symplectic variety Y satisfies codimySing(Y) > 4
and admits a symplectic resolution f : Y — Y. Then, my(Yreg) = m1(Y) = m1(Y) =0, in
particular, Yyeg is simply-connected.

Proof Since f1] : f*l (Yreg) — Yreg is a crepant birational morphism, it is an isomorphism,
in particular, ) (Yreg) = m1(f~ (Yreg)) On the other hand, since any symplectic reso-
lution is semi-small (cf. [14, Lemma 2.7], [12, Theorem 3.2]), 2codimy f~ 1(Slng(Y)) >
codimySing(Y) > 4. Hence, codimy f~ 1(Slng(Y)) > 2. In particular, m(Y) = 71 (Yreg)-
Since a conical symplectic variety has canonical singularities, 771 (Yreg) = 71 (Y) =m((Y)by
the above general theorem. Also, a conical symplectic variety is contractible by the conical
action, so we complete the proof. O

Remark 2.8 By [23], for any symplectic variety (¥, w), Y is terminal if and only if
codimy Sing(Y) > 4.

3 Hypertoric varieties

In this section, we review the definition of hypertoric varieties and give some examples.
We basically use the same notation as [13] (except the notation of hypertoric varieties). Let
A:7" > N=7Zbea surjective linear map to a free abelian group N (in this paper,
we almost always fix a basis of N, identify N with 74 and consider A = a1, ...,a,] asa
d x n-matrix). Then, take BT = [by, ..., b,] € Mat,—q)xn (Z) as the following is exact:

00—z Bygn Ay N=zd — 0.
The configuration {by, ..., by} in 7"~ is called a Gale dual of {ay, ..., ay}.
Assumption 1 Throughout this paper, we assume that A is unimodular, i.e., any nonzero
d x d-minor is 1. Moreover, to consider only essential cases, we assume that for any j,

bj # 0. As we note in [22, Corollary 2.30], we can always replace general B by such ones
without changing the associated hypertoric variety.

By applying Hom(—, C*) to the above exact sequence, we obtain the following exact
sequence of algebraic tori.

T T
1 —T¢ A 2o Td — 1,

AT
where Tfé := (C*)*. Then, through the embedding ’JI‘% — T and the natural action
Tt ~ (T*C", wc) = (c?", Z’;:] dzj Adwj), we obtain a hamiltonian T%—action on
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((CZ”, wc) (for the definition of the hamiltonian action, we refer [15, Definition 9.43]). More
explicitly, this action is described as the following:

(21, Zn, W e Wh) t= (M zy, o Pz T g, L Ty,

where t% = tla” . tgdj . Since this action is hamiltonian, we have a Tfé-invariant moment
map 4 = j4 - Cc¥ - (tﬁé)* = C? (more strongly, u is T{-invariant) as follows:

n

w(z, w) = paz, w) = szwj“j~
Jj=1

Then, the hypertoric variety is defined as the GIT quotient of 1~ !(0) by T<, and actually we
can describe this explicitly as the following (cf. [13]). Fora € 7 = Hom(Td , C*) and the
coordinate ring Clu~1(0)] of u=1(0), we set

Clu™ O™ = (f € Clu~ O] | f(t - m) = a(t) f(m) ¥t € T

An element p € pu~'(0) is called a-semistable if there exists some k > 0 and f €

C[M’I(O)]T%*k“ such that f(p) # 0, and we denote the set of «-semistable elements by
w=1(0)2755. Also, an element p € u~1(0)*~ is called «-stable if the stabilizer group of
Tfé at p is finite and ']I‘% . p € =1 (0)*755 is closed. We denote the set of a-stable elements
by ! @)%,

Definition 3.1 (Hypertoric varieties, cf. [13]) For o € 74 = Hom(Td , C*), we consider a
graded algebra @k€Z>0 Clu~! (0)]%7"“. Then, we define Y4 («) as the following:

Ya(a) := Proj @ C[M_I(O)]T%’ka =u 1O TE,
kEZZ()

where / denotes the categorical quotient. We also often write Y4 () = C>" a’ﬂ“é. We call
Ya(a) a hypertoric variety. In particular, if « = 0, we simply denote Y4 (0) = c /A ’]I’fic and
call Y4(0) an affine hypertoric variety.

Remark 3.2 By definition, Y4 («) admits the remaining hamiltonian torus action T('é_d =

© /Tﬁé ~  Ya(a). Also, we consider a natural C*-action on C2" such that s -
@y 2y Wy e s wy) = (5721, .o s 20, s wy, ..., s~ 1w,). Since this action com-
mutes with Té-action and p is C*-equivariant, a C*-action on Y4 () is induced. In particular,
for any «, the natural projective morphism 77, : Y4 () — Y4(0) is C* x ’]ngd-equivariant.

Remark 3.3 By definition, for any a € Z¢, u~1(0)*~% is covered by ’]I‘fé-invariant affine

open subsets. Moreover, one can explicitly describe 1~ !(0)*~** as the following (cf. [18,
Lemma 3.4]):

O =1 Gw en N 0) | e Y Quom+ Y Quol—a) . ()

i:z;#0 itw; #0

We recall some well-known basic properties of hypertoric varieties. Below, @ € Z< is
called generic if o is not contained in any proper subspace generated by some a;’s.
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Proposition 3.4 (for example, see [22, Theorem 2.16]) Assume that « € 74 is generic.
Then, u= 10 = pn=10)*~*" and the torus action ']I'ﬁé ~ w N 0)* 5 s free. Also,
the hypertoric variety (Y4 (), w) is a smooth symplectic variety, where w is the standard
symplectic structure which is induced from the standard symplectic structure (C*", we).
Moreover, the natural projective morphism wy : Ya(a) — Y4(0) gives a C* x ']T%_d-
equivariant symplectic resolution, and Y 4(0) is a conical symplectic variety with weight

2.

Remark 3.5 For any (not necessarily generic) o € 74, Y (a) is alsoa symplectic variety, and
the natural projective morphism 7y : Y4 (o) — Y4 (0) is an isomorphism on 7, Ly (O)reg)-
In fact, first, 7, is birational by the similar argument of [22, Proposition 2.13]. Next, we can
take a generic ogen € 7% such that ="' (0)%en =55 < =1 (0)2~55. Then, this inclusion gives
a natural birational morphism Togen,or © YA (@gen) = Ya (o) such that Totgen = Tatgen,ot © v
Moreover, by the argument in the proof of [22, Proposition 2.15], gy, (IeSp. Ty, o) i an
isomorphism on na_g :u (Y4(0)) (resp. rra_g in.a(YA (@)reg)), in particular, Y4 () is a symplectic
variety.

Definition 3.6 (An equivalence relation between A’s (resp. B’s)) For rank d matrices A,
A’ € Matyx,(Z), we say that A’ is equivalent to A if there exists a P € GLy(Z) and an
n x n signed permutation matrix D such that A’ = PAD, i.e., A’ is obtained from A by
a sequence of some elementary row operations over Z, interchanging some column vectors
a;’s, and multiplying some a;’s by —1. In this case, we denote A ~ A’. Similarly, we denote
B ~ B’ if there exists Q € GL,_4(Z) and a n x n signed permutation matrix D such that
B'= DBQ.

Through this paper, we freely use these transformations of A and B since we have the
following (this is essentially considered in [1, Proposition 3.2]).

Lemma 3.7 ([22, Lemma 2.25]) In the setting above, if A ~ A’ (more explicitly A’ = PAD),
then there exists a natural following C* x T%ﬁd-equivariant isomorphism as symplectic
varieties.

(Ya(@), ®) = Y (@), o),
where o’ := Pa.
Now, we give typical examples of hypertoric varieties.

Example 3.8 (A,_i-type surface singularities S4, ,) Consider the exact sequence.

1
1 1 0 -1
Be-1=| .
. A=
1 0 1 -1
0 Z zt Zt! 0

For a generic «, the corresponding symplectic resolution my : Y4 (o) — Y4(0) is given by
the following.

Yala) — gAg,l : the minimal resolution
-
Y4(0) — Sap, i == {det <§t] ugx,l> = 0} : the Ay—1 type surface singularity
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where the isomorphism Y4 (0) = Sy4,_, is given by the following:

CIC?/Z¢l = Clu, x, y1/{u’ — xy)
L ,

Cl¥a,_, O] = Cluy;| O = Clzywy. ... zewe. [Ty a0 [Tey wil/ rwy = -+~ = zewy)

where u — £z;w;, x > ]_[le Vezi, y ]_[f:1 V/€w;. One can easily check that this iso-
morphism ((C2 [Zg, wst) = (Ya,_,(0), ) is an isomorphism as conical symplectic varieties,
where C*-action on C?/Z, is induced from the natural scalar multiplication on C?, and wg
is induced from the standard symplectic form on C.

Example 3.9 (The minimal nilpotent orbit closure 521?11 of type A;_1) Consider the following
exact sequence.

0 — 75

For a generic ¢ > 0, one can prove directly that the corresponding symplectic resolution
7y : Ya(a) = Y4(0) is given by the following.

Ya@ = {@w e | z£0, ¥ zjw; =0} /TL 5 TP

|- [

—=min

Ya(0) = {C €sl(C) | All2x2-minorsof C =0} = O, __,

where 7’ is the Springer resolution. Concretely, 7, is given by the following.

1wy Z1w2 - 1 Wy
w12 22W2
7o (z, w) :=
Is—1Ws
Wils *++ Ws—1Zs ZsWs
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Example 3.10 ( A variant 6min (€1, €2, £3) of the minimal nilpotent closure 612;11) Consider

the following B:

1 0
: &

1 0

0 1
B=|: 5]

0 1

—1 -1
co 43

—1 -1

We denote by o™ (€1, €2, £3) the corresponding 4-dimensional affine hypertoric variety.
When ¢; = £, = {3 = 1, this is the same as 6‘:;“. The coordinate ring C [5“““(61, £, 63)]
can be computed as the following:

—=min o e 6o 6o Tt
C [O (1, L2, 63)} =C [zl‘, wi', ziwr, 20, wy, 22w, 23, Wy, Z3w3] /{ziw1 + zowz + z3w3).

In particular, we get the following description of 5min 1, €2, €3):

in ur X2 X3 uy' x12 x13
O (Uy,42,803) := yi2 uz x23 | €sl3(C) | All2 x 2 minors of | yjo uﬁz x3 | =0
Y13 y23 U3 Y3 ¥23 uﬁ-‘
In the similar way, one can consider the higher dimension analogue o™ “q,...,4) (cf.

[22, Remark 4.9]). By the classification [22, Theorem 4.8], it is known that 4-dimensional
affine hypertoric varieties are isomorphic to the product of two A-type surface singularities

or 0" (04, €2, £3).
Finally, we remark the following lemma.
Lemma 3.11 (Gale duality cf. [22, Lemma 5.7]) Assume A = [ay, ..., ay] € Mix,(R) and
B=1[by1,....,b,]" € M, x (n—a)(R) satisfy the exact sequence
0— R4 Bypn A, R0

Forapartition{1,2,...,n} = IUJ andr € Z>g satisfying0 < [I[|—r <n—d, 0 <r <d,
we have

dimp Spang (b; |i € I) = |I| —r < dimg Spang(a; | j € J) =d —r.

4 A stratification of affine hypertoric varieties

In this section, for the later discussion, we recall a result in [28] on the stratification of Y 4 (0)
and we describe the singular locus of Y4 (0).

To describe the singular locus Sing(Y4(0)) of an affine hypertoric variety Y4(0), we
consider the associated hyperplane arrangement as the following.
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Definition 4.1 (The associated hyperplane arrangement H% to Y4 (@)
In the above setting, for @ = A (@ € Z"), we define the associated hyperplane arrangement
H% to Ya(@) by

G =1{H: (bi,—)=—a; } CR".
If @ = 0, we will take o as 0.

Remark 4.2 (1) 'H$ is independent on the choice of @ up to translations. In fact, if Ao = Ao,
then @’ — & = Bv € ImB. Thus two arrangements are translated by v.
(2) We consider H% as a multi-arrangement, i.e., a multiset of hyperplanes.

Below, we will mainly consider H%. A subset F C {1,2,...,n} is called a flat if it
satisfies F = {i | ﬂjeF H; C H;}. For aflat F, we set Hp = ﬂjeF H; and define the
rank of F as rankF := codimHF. In particular, each rank 1 flat is an index set of parallel
hyperplanes in H%.

For a flat F, we -consider the following exact sequence induced from

0— 748 7" A 74 0 and the natural projection Z" — ZIF1:

0 — 2" Hp 25 2P A5 7)Y Ta — 0 (%)

In [28], for a general A, they give a stratification of Y4 (0) by smooth strata which indexed

by flats of H%. Also, they describe the slice of each stratum as the following. Below, we
consider Y4 (0) as the set of closed T%—orbits [z, w] := ']I‘ﬁic - (z, w) in = 1(0) as usual in
geometric invariant theory.

Theorem 4.3 ([28, Lemma 2.5)) In the setting above,
Ya0) = [ | ¥(4,00"

Fflat

is a stratification by 2(n — d — rank F') dimensional smooth strata ?(A, 0)F defined as the
following:

74,07 =1z, wl € Ya©) | Té- @ w) is closed in 13 (0), and (zj, w) =0 j € F |.

Moreover, the slice to each stratum lof(A, 0)F is given by Y(AFr,0), where Ar is defined at
(%).

From this theorem, there is a unique open smooth stratum Y (A, 0)Fin correspond-
ing to the full rank flat Fyy; = [n]. Thus, the singular locus Sing(Y4(0)) is included
in the union of ¥ (A, O)F , where F is not the full rank flat. Based on the description
of the slice to each stratum ¥ (A,0)F in the above theorem, we will study and deter-
mine the singular locus in detail. First, we consider the codimension 2 singular locus
Teodim2 = Sing(Y4(0)) N r-fatofranks ¥ (A, 0)F) and determine this (possibly empty) set.
To do so, by interchanging the row vectors b; of B, and multiplying b; by %1 if necessarily,
we can ass%rlne .

—_—— —_——
BT= [6® ...5M ... pO) ... p( ] . Since B is unimodular, if k| # ko, then bl £ gple)

forany ¢ € Z\{0}. We denote by [n] = |_[;_, Fi the corresponding decomposition of indices

set. This means that each rank 1 flat of H% is given by Fj’s. First, we define a condition that
Y4 (0) has no codimension 2 singular locus in terms of the hyperplane arrangement ’H%.
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Definition 4.4 (Simple hyperplane arrangements and simple hypertoric varieties) In the above
setting, we call B (or Y4(0)) simple if £, = 1 for any k, that is, the associated hyperplane
arrangement H% has no multiplicated hyperplanes.

Now we can describe the codimension 2 singular locus X¢ogim2 of Y4 (0) as the following.
We will use the second assertion later as well.

Corollary 4.5 In the setting above, we have the following:

1. The codimension 2 singular locus codim2 of Ya(0) is

Ecodim2 = |_| YO'(A, O)Fk.
kilp>2

Additionally, the slice to I?(A, 0)Fx is the Ay, —1 type surface singularity SAZk—l (cf.
Example 3.8). In particular, B is simple if and only if

Teodim2 = @, i.e., codimy, )Sing(¥a(0)) > 4.

2. The regular locus Y 5 (0)eg is the subset of the following open set:

- T4 - (z, w) is closed in ,tf'(O) and
Y Seodim2 = Y c % a
A(O)\ codim?2 { [z, w] € Y4(0) ‘ G >2= 2 £ 0or w;, 4 0 (ajk € F)
¢ - (z, w) is closed in ,ufl(O) and }
=1 [z, w] € Y40 c_ A 5 .
i[ I A0 ‘ by >2=> Hjeszj#OorH_jekaj#o

Proof (1) See [22, Corollary 3.7].

(2) We only have to show the final equality. Assume that 'JI‘ﬁiC -(z,w) € ugl (0) is closed
and we have z;, # 0 or wj, # 0 for some j; € Fy such that |Fy| = £; > 2. Fix any k such
that £; > 2 and we can assume z;, 7 0 without loss of generality. In this setting, we will
show [];cp, zj # 0.1f not so, there exists a j; € Fi such that zj; = 0. In particular, we have

zjywj = 0. Note that (z, w) € w=1(0) means (zjwy, ..., zaw,)T € Im(BT), in particular,
we have 0 = LWy = Zjwj by bj, = bj;( = b®  Thus, we have w;, = 0. Now, consider
a one parameter subgroup p : C* — ’JT% defined by pj, (s) =5, pj; (s) =s~ ', and p;(s) = 1
for any i € [n]\ {ji, j;}. Since we have b;, = bJ}l = b®, p defines a one parameter
subgroup in Tﬁé = Ker(BT : Tt — ’JI‘E’:_‘I). Note that the ji-th and j;-th components of
p(s)(z, w) is

(szjk,silek,sflzj]i,swjlz) = (szjk,0,0,swjk/) io) 0,0,0,0).
However, this contradicts to the closedness of ’]1'% -(z,w) and z, # 0. O
By Corollary 4.5 (1) and Proposition 2.7, we have the following corollary.

Corollary 4.6 For any simple affine hypertoric variety Y4(0), the fundamental group
71(Ya(O)reg) is trivial.

Remark 4.7 1. Later, we will show that the converse of this corollary is also true (cf. Corol-
lary 6.2).

2. Although we showed the above corollary by applying Proposition 2.7 which is deduced
from a very general theorem by Takayama, we can avoid this theorem to prove the
above corollary. Actually, by the argument in Proposition 2.7, we only have to show
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w1(Ya(«)) = 0 for any hypertoric varieties with generic . To show this, we note that
any smooth hypertoric variety Y4 (o) is homotopy equivalent to a Lawrence toric variety
Xa(a) := (C2ye—st / Té which is a smooth toric variety whose fan is maximal dimension
(cf. [13, Corollary 2.7]). Since it is known that a toric variety whose fan is maximal
dimension is simply-connected (cf. [10, Theorem 12.1.10]), we deduce 71 (Y4 (x)) =
71(Xa(a)) =0.

Although we only need the above corollary for the later discussion essentially, to be
complete, we will describe the whole singular locus of Y4 (0) below.

Corollary 4.8 In the above setting,

1. Forany flat F, each (or equivalently, some) point in the stratum ?(A, 0)F is contained in
the singular locus Sing(Y 4 (0)) if and only if F is multiplicated, i.e., |FF| > rank F + 1. In
particular, Y 4 (0) is smooth if and only if B ~ I,, i.e., d = 0. In this case, Y 4(0) = c2n,

2. We have a stratification:

Sing(Ya(0)) = || Ya(0)F
Fiflat s.t. |F| > rankF + 1

The Tﬁé-orbit of (z, w) is closed, and }

- { [z, w] € Ya(0) {bj | (zj, wj) = 0} is linearly dependent

Proof (1) First, we prove that the latter part follows from the former part. Since the origin
0 which is the stratum corresponding to the flat [n] is contained in the closure of any strata,
Y 4(0) is singular if and only if O € Y4(0) is a singular point. Then, by applying the former
part, we conclude that this is equivalentton > (n —d) + 1,1i.e.,d > 1.

Next, we note that if ' = @, then F is not multiplicated by definition, and ?(A, O)F is
the open smooth stratum in Y4(0). So we only have to show the claim for nonempty flats.
We prove the claim by induction on dim Y4 (0) = 2(n — d). When 2(n — d) = 2, we can
assume that B is the n x 1-matrix (1,1, -, l)T (cf. Example 3.8). Then, there is the only
one nonempty flat F = [n] corresponding to the stratum 0 € Y4 (0) = S4,_,. Now, the claim
is clear.

When 2(n — d) > 4, for any nonempty flat F', we will show that the slice Y4, (0) to
Y4(0) is singular if and only if F is multiplicated. Note that Y4, (0) is the hypertoric
variety associated to the bottom horizontal exact sequence below:

0 A 0
: d !

0 — 2" 4/Hp 25 2 A5 7)Y e — 0

Now, one can easily check that Br doesn’t have any zero row vectors. By definition, we have
rank F = codimHy = rank(Z"~¢/HF). Then by the induction hypothesis and the latter part
of the claim, Y4, (0) is singular if and only if | F| > rank(Z"_d/HF) 4+ 1 =rank F + 1. This
completes the proof.

(2) This follows from (1) and Theorem 4.3. ]
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Remark 4.9 One can see that Y 4 (0) has only isolated singularities if and only if B is equivalent
to the one of the following matrices:

In these cases, Y4 (0) = (CZ", SA,_;»OrF 512'12 . respectively (cf. Example 3.8 and 3.9 ). Note

that S4,_, and 5211[ have an only one singular point 0.

(Proof : First, note that if there is a multiplicated flat F, then any subflat of F is also a
multiplicated flat. Thus, by Corollary 4.8 (2), Y4(0) has only isolated singularities if and
only if every flat of rank (n —d — 1) is not multiplicated, i.e., any n —d subset b;, ..., b;,_,
of row vectors of B will give a basis. In terms of matroids, this condition is equivalent to
the associated matroid M (BT) is isomorphic to the uniform matroid U, 4, (for the basics
of matroid theory, see [27]). Note that U,_4 , is realized as the associated matroid of a
unimodular matrix if and only if (n — d, n) = (0, n), (1,n), (n — 1, n), or (n, n) (cf. [27,
p-660]). When (n — d, n) = (0, n) or (n, n), we can take B as a zero matrix or an identity
matrix respectively. Since we don’t allow B to contain any zero column vectors, we can ignore
the first case. Also, if B is an identity matrix, then Y4 (0) = C?",in particular, smooth. When
(n—d,n) = (1,n)or (n—1, n), we can take B as the claim. In these cases, Y4 (0) = Sy4,_, or

Ya(0) = 521;?[ respectively (cf. Example 3.8 and 3.9 ), and these have an only one singular
point 0.)

5 The universal covers of hypertoric varieties

In this section, we consider the relation between a given hypertoric variety Y4(0) and the
hypertoric variety Y4 (0) associated to the simplification HY of the arrangement H%. More
precisely, we will prove that Y4 (0) gives the universal cover of Y4 (0) and Y4 (0) is a finite
group quotient of Y4(0) (cf. Theorem 5.1). In the next section, we will give a concrete

description of 771 (Y4 (0)reg) (cf. Proposition 6.1).
[/ L
z—/lﬁ ——

First, we can assume B! = [B® ...pM ... p®) ... p® ] , where if ki # ko, then
ALY #* +b®2) (cf. Definition 3.6). We denote by [n] = Fi U --- U Fy the correspond-
ing partition of indices of parallel row vectors of B. Then, we consider the simplification

ET =D, ..., b9 of BT (cf. Definition 4.4), and take A = [a,, ..., a,] satisfying the

_ A .
exact sequence 0 — gr—d By gs Ly gd--s) Then, we consider two
matrices Ag := Ag—1 @ - @ Ag,—1 and By := By, _1 ® - - - ® By, 1 such that

1 0 -1 i
Agr=| - |, Bua=|.],
0 1 —1 1

where Ay, _1isa (£; — 1) x £;-matrix, and By, _1 is a £; x 1-matrix (cf. Example 3.8). Then, we
can construct a unique commutative diagram and the diagram of the corresponding algebraic
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tori as the following:

_ AT (s
0 Zn—d B 78 A Zd—(n—s) 0 TE: — TC (n=s)

H [m [ 1 [
o

0 Zn—d B A Zd 0° ’]I‘E p AT 5 T% . (*)
l Jo P T4 T
00— 00— 7" =—=272"°—0 TES =—— T4 "

In particular, i(a;) = > jer, @j will hold. We called the affine hypertoric variety Y4 (0)
the simplification of Y 4 (0) (cf. Definition 4.4). To state the result, we consider the following
embeddings:

r=T1_.7/67 TS AT Td—(n—s)
=[hi=1 Z/tZ — T — T¢ ,

where we consider I" as a multiplicative subgroup of T in the usual way. Then, the next
theorem is the main result in this section.

Theorem 5.1 (The universal cover is given by the simplification) In the above setting, for
Y4(0) = (CZ"///’JI‘% and its simplification Y4(0) = (Czs///'JI‘éf("f‘?), we have the following
C*-equivariant commutative diagram:

Y4(0) ———— Y4(0)

[

Ya(0)/(T/ T NTE )

Moreover, ¢ preserves symplectic structures, and I'/ T" N ']I’?;("ﬂ) acts on go_l (YA (0)reg)

freely. In particular, we have
~ d—(n—
T (Ya(0)reg) = T/T NTE ",

This theorem gives complete answers for Problem 1 and Problem 2. Moreover, this theorem
says that taking the universal cover of Y4 (0) in the geometric side corresponds to taking the
simplification of the hyperplane arrangement H% in the combinatorial side as the following.

Simplification

Y HY

Remark 5.2 (1) In Definition & Proposition 2.5, we replace the original C*-action oy by o}
to lift this action to the universal cover ¥ . However, in the hypertoric setting, the C*-action
on Y4 (0) already lift to ¥4 (0), so we don’t have to replace by a new C*-action.

(2) In[22, Theorem 4.2], we showed that the isomorphism classes of affine hypertoric vari-
eties Y4 (0) as conical symplectic varieties are bijective to the isomorphism classes of the
associated matroids M (BT) (or M(A)). In particular, as conical symplectic varieties,

YAa(0) 2 Y4 (0) = YA(O) = YA7/(0)
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does hold since M (ET) is isomorphic to the simplification of M (BT) which is determined
uniquely up to isomorphisms (cf. [22, Corollary 4.5]). From this viewpoint, the above
theorem can be seen as a geometric interpretation of this combinatorial implication.

The idea of the proof. Y4 (0) is defined as the symplectic reduction C*" J/T< of C** by
C

AT
a torus embedding ’JI‘% < Tf. On the other hand, one can take a “symplectic reduction by
two stages” (for the detail, see Definition & Lemma 5.6) as the following:

Y4(0) = C*" T = (C* jyTE) ///T([dj_(n_S),

where Td (n=s).— 14 ©/T¢ °, and the action T *=[T;_, ’]I‘[" b~ =[], C* is the
same as the product of the one of Example 3. 8 (A-type surface singularity). Next, one can
show that

CH)TE S =C*/T

is a “torus” equivariant isomorphism as conical symplectic varieties with respective to the
torus identification ’Jl‘d (=) ~ ']I‘d (n—= A)/ rn 'JI‘d ("=$) _. T+ which is induced from

AT —(n— —(n—
TS ¢ TE "™ — T =TE “/rnTd Y

lw e / :
d—(n—s)

TS, < T

where ¢ : T, — Tg is defined as (71, ..., t;) = (tfl, e, tff). Hence, we have natural
isomorphisms

YaQ) = (€ Ti) T = (€ 1)y (T m A TE ) = (€)1

Finally, we can show the following natural isomorphism which also can be interpreted as the
special case of a symplectic reduction by two stages:

(/1) e = (> 1) / (r/rnTé ) = vz (r/rnTE ).

By combining these isomorphisms, we obtain the desired isomorphism.

Example 5.3 (The case of O (El {5, ¢3) cf. Example 3. 10) We demonstrate the above

idea in the case of O™ (81, £2, £3). First, we note that @IX? = C? x C* x C?*JT}, and
I' = 7Zy¢, X Zg, x Zy,. Then, we have the following isomorphisms.

6min(€1, Ez, E3) — (CZZI % C2€2 % C2€3///T€ +l+03-2
= (€ x € x 6T x TE < TE) Tt
= (C2x C?2xC?/ D)y (TL/TENT)
= (C*x C*x C? 1)/ (T/T NTE)

—min

=0,, /(r/rmrc)
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t
t

t
where [' — 'JT% > Té: . We can actually see these isomorphisms through the follow-

ing natural embedding of coordinate rings.

Tl
mm V4 12 123 1% {3 c
C[ (€1, 62,23)] [z]',w] 21w, 252, W2, 22w, 25, W ,zsws]

[{ziwy + z2w2 + z3w3)

{

min 1
C [OAz ] = Clz1, w1, 22, w2, 23, w31 7¢ /(z1w) + 22w2 + z3W3)

where ']I‘(lc-action isz; > rz;, and w; — ¢ lw;.
Now, we give a more precise statement of the above idea and observation.

Proposition 5.4 In the above setting, there exists the following natural commutative diagram
of conical symplectic varieties, and f; (i = 1,2, 3) are isomorphisms as conical symplectic
varieties.

Y4(0) = C* ///Tfé’(”*s)

!

Ya(©)/(/T ATy @ my e L @ i) grd= =9 Ly v400) -

— (CZn ///T%

d—(n— d—(n—
where Tr := T @ S)/l" NTe (n=9)

To prove this, we should give a precise definition of the symplectic reduction by two
stages. First, we fix a vector space V and a maximal torus T C GL(V), then we define a
symplectic reduction of V by a closed subgroup H C T in general as follows. We define a
moment map as the following:

wy :T*V — b* :=Lie(H)* : (z, w) — (a — w(a - 2)).

Since ,u g is T-invariant, in particular H -invariant, we define the symplectic reduction V jJ H
by uy (O)// H = Spec(C[p, (0)]H . This has a natural Poisson structure induced from the
standard one of T*V

Remark 5.5 By definition, for any linear representation of a finite group I' € GL(V), the
symplectic reduction is the same as the usual quotient, i.e., T*V /T =T*V/T.

Next, we define the symplectic reduction by two stages as the following. In real symplectic
case, such operation is well studied (cf. [21]), but we cannot find a reference for holomorphic
(algebraic) symplectic case.

Definition & Lemma 5.6 (Symplectic reduction by two stages in GIT setting) In the above
setting, we consider a closed subgroup K of H C T C GL(V). Then, the moment map
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Wy induces a H /K-invariant morphism ®y,x : T*V K — h*, and ®y/k induces a
H /K -invariant morphism

wH/K g 0K — (5/0)*

such that the following is commutative:

T*V K +— pg (0)/K
ld)H/K \LMH/K : *)
h* —— (h/O*

Then, we define (T*V JJK)JJ(H/K) = /L;/K 0)/(H/K), and we call this a symplectic
reduction by two stages (with respectto H and K ). In this case, we have a natural C* x (T / H)-
equivariant isomorphism as Poisson varieties:

T*VJH = (T*V)K)JJ(H/K).

Proof Since uy : T*V — b* is K-invariant, uy induces a H /K -invariant morphism
Oy 2 TV /K — b*. Moreover, by definition, we have the following commutative
diagram:

TV
H -
MK

E*«Tb*

In particular, © g induces a morphism ,u}l (0) — (h/®)*, and this is H /K -invariant. Thus,
we obtain a morphism g g : /LEl(O)//K — (h/®)* satisfying the diagram (*). Since we
have a natural isomorphism T*V JH = (T*V /K)/(H/K) and (*) is commutative, we
obtain the following diagram anci(T* VIK)J(H/K) = “EI/K 0)/(H/K) is identified
with the central fiber of iy, and @py/k, g

T*V)/H ———————— (T*V//K) [/(H/K) +— (ug' ©)//K)//(H/K)

7 — =

v 2 TV K "> ug O))K :

T* RH/K
uﬁl \/ ':I)H/Kl A/K ll‘H/K
b

- b* (b/®)*

where [ty , and EH/Ka My are the induced morphism from g, and g,k , g,k TESpec-
tively. This gives an isomorphism T*V j/H = (T*V J/K)/J(H/K). Also, one can easily
check that this is C*-equivariant and preserves the Poisson structures. O

Corollary 5.7 Let T € GL(V) be a maximal torus and consider the natural Hamiltonian
action T ~ T*V. Then for any closed (possibly non-connected) algebraic subgroup K, H C
T, there exists natural C* x (T /{H, K))-equivariant isomorphisms as Poisson varieties:

T*V))(H,K) = (T*VJH) J)(K/KNH)Z(T*VJ/K) j/(H/H N K),
where (H, K) C T is the subgroup generated by H and K.

Proof Since (H,K)/H = K/K N H and (H,K)/K = H/H N K, we obtain the desired
isomorphism from the above Definition & Lemma. O
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Proof of Proposition 5.4 To prove that fi (resp. f3) is an isomorphism, we apply the above
corollaryas 7 =T, K =T',and H = ']I‘fé_("_s) (resp. T =TH, K = T%, and H = T ).
Thus, we only have to show that f; is an C*-equivariant isomorphism as Poisson varieties.
To prove this, we show that the following natural vertical isomorphism as conical symplectic
varieties (cf. Example 3.8)

A7 s - 2s
[ — Cc¥/T
? )
—~ \L
r]rdf(nfs‘)_Td TS AT T, /TS (C2n TS
c =Te/Te ™ < Tc/Tc e

is equivariant with respect to the natural identification Tt 5 ’]I‘éf("fs) induced from:
s AT 4 (n—s) md—(n—s) d—(n—s)
Tt +— T — Tr =T /T NTe

where vy : ']I“(YC — T(YC isdefined as (t1, ..., ;) — (tf' e tfs). More precisely, we should
show that the center positioned subdiagram of the following diagram is commutative:

d—(n—s) . AT ) ™ 5
T(C T?C (o

! ol

—(n— —(n—s AT
Tr :=T& " rn1d ™ <= 13/T Cc»/T

/

d—(n—s)
Te 2

T/ = T4 ) Ay T =TT 2T

§ o
lqj; c A7 01]‘: T e
C C

To do so, we describe how an element r € Té_("_s) will go through in the above diagram,

and we express the coordinate rings of the varieties and isomorphisms among them below
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(cf. Example 3.8), where we take a t € Tfé such that i*(¢) = ¥, (r). Note that (Cz"///Tfé_s =
[T C% T and C2/ T = [Ti_; C2/Z,.

— A u, e CIC*] ——— @}, Clz,, wy]

k

£
I T Jumzm, w=gt. weu

r
l A’ —a —a 2s s Lk
r——— (M, rs) CIC¥/T] == Q=1 Cluk, Xk, yil/{ut — xiyx)
/ Lug=trziw; (i€Fy),
? %=[lier, Vlzi.
e w=Tlicr, Vow
w=Ilicr, i
\ PR NN

Cliziwiier, 'H'GFk Zi*ntst w;]

Ye(r) & 1 CIC*"ITE ] = Qpy Ll
(tZ'GFl @ tZ,.eF‘ a) C (iwi=zjwj)i jer
i BOTI T
= T
Py ¢ 1on) CIC*"] =——= ®j_; Cl{z. wi}ieR]

Since i(ay) = }_ ;cp, a; by definition, we can easily check the equivariance of (*) from the
above diagram.

Next, we show that (C>*/T") /T = (C*" NTE D) 'JI‘?:_ (=), By definition, we only have
to show the commutativity of the middle square in the diagram below, that is, the compatibility
of the moment maps:

C2n (C2n //T?C_S 5 C2n ///T%_S ~ CZ_\‘/ r (CZs

iﬂA i“'ﬂ‘ﬁé /TS lﬂ Tr

() ’G@%WNMW1\\ ua
1//;\) (té_(n_s))*

This can be easily checked. Finally, we note that ¢ preserves the standard symplectic structure.
In fact, f1 and f3 are naturally isomorphic as Poisson varieties by Corollary 5.7, and f> also
preserves the symplectic structure since the isomorphism C2” NTE S = C?/T preserves
symplectic structures as we have seen in Example 3.8. O

Proof of Theorem 5.1 From Proposition 5.4, we get a finite morphism ¢ : Y4(0) — Y4(0)
which preserves the symplectic structures. So, we only have to show that "/ T’ ﬂ’ﬂ‘é_ =9 acts

on (,0_1 (Y4 (0)reg) freely. As seen in the proof of Proposition 5.4, ¢ is induced from the com-

position C** — C*/T =S /T which corresponds to the following homomorphism
of coordinate rings:

N

® Cliziwitier, [lier, zis [licp, wil

257 2n n—sq __
CIC*] = ) Clzy. wy] < CIC* T = -

k=1 k=1

’

where € ziw; = zowy (0 € Fr), [icp, Sz gﬁ", [Ticr, Jw; = gﬁk. In particular,
if p([z, w]) = [z, w] € Y4(0) satisfies ]_[ieFk zi # 0or ]_[ieFk w; # 0 for some k, then
z;, # 0 or wy # 0. Thus, by Corollary 4.5 (2), we have

w%ﬂ%@c{@ﬂem©

Tféf("ﬂ) - (z, w) is closed in Mgl (0), and
b22= z, #O0orw, #0
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This implies that I'/ T N 'T% ™ acts on ¢! (Y4 (0)yeg) freely. o

Remark 5.8 Note that codimy,0)(Y4(0) — o (Y4 (O)reg)) > 2, in particular,
codimy, (0),eg(YA(0)reg — <p_] (YA(Q)reg)) > 2. In fact, we only have to show
codimy;(o)Sing(YA (0)) > 2 since g is a finite surjective morphism. However, this follows
from Theorem 4.3. We will use this property in the proof of Lemma 7.7.

6 A computation of the fundamental group

In the previous section, we described the fundamental group 771 (Y4 (0)eg) =T’/ T ﬂ']I‘ﬁé_ ("_S),
where the intersection is considered as

[ =T Z/0Z 5. AL pd-e-9)
= [io 2/6Z — Tg <— T .

In this section, we compute this more concretely. In particular, we will show that an
affine hypertoric variety Y4(0) satisfies 71(¥4(0)reg) = 0 if and only if Y4 (0) is simple
(Corollary 6.2). In the latter part, we also mention an (possible) alternative way to compute
71(Y4(0)reg) more efficiently (cf. Remark 6.6).

For ET 75 — 7" we consider a map BT .75 — 7.

B = b0 p® ... p® | BT = | m1b® myb® ... mgb®

where my = ]_[i#k ¢;. Then, for the natural surjection ¢ : Z° — T := [[j_ Z/lZ, by

the surjectivity of B and the definition of B T we have BT (Kerq) = £y --- £,Z"“. This
induces the following commutative diagram:

B g
lo |
Lo, z/6z L 270, - 627
Then we have the following description of 771 (Y 4 (0)eg).
Proposition 6.1 In the above notation, we have
rNTE "™ = g(KerBT)
In particular, we have
T1(YAO)reg) ZT/T NTE "™ = Imh = ImB7 /¢, - - 4,277,

As an easy corollary, we can give the desired converse of Corollary 4.6 as the following.
Corollary 6.2 The following are equivalent:

(1) codimSing(Y4(0)) > 4.
(i) 71 (¥YA(0)reg) = 0.
(i) Y4(0)(or HY,) is simple, i.e., €, = 1 for any k.
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Proof (i) < (iii) was proven in Corollary 4.5 (1). (ii) <= (iii) was already done in Corollary 4.6.
We prove (ii) = (iii). Since the fundamental group 71 (Y4 (0)reg) = ImET/Zl N /AT
trivial, we have ImBT ¢ £y -ZSZ”_d. If there exists k such that £ > 1, then mpb® €
21+ £,2" % 50 b® ¢ £, 7" However this contradicts to the unimodularity of B unless
b® = 0. This completes the proof (cf. Assumption 1). O

Remark 6.3 (“(i) = (ii)” is nontrivial among general conical symplectic varieties) By the
above corollary, if Y4 (0) has codimension 2 singular locus, then the fundamental group of
the regular locus is nontrivial. This is a very special property of affine hypertoric varieties
among conical symplectic varieties. In fact, for example, the nilpotent orbit closure Of4 1 in
sl5(C) of type [4, 1] has A,-singularity S4, along the codimension 2 singular locus O[3 2]
(for example, see the proof of [20, Proposition 3.2]), however its regular locus O4,1; is
simply-connected (cf. [11, Corollary 6.1.6]).

Proof of Proposition 6.1 (Cé‘]‘ e ! ) is in Téf(”*s) = Ker (ET (TG — T%‘d) if and
only if
T
B k—l,...,k—s ez,
Kl Es
where ¢ = eznfl . This is equivalent to the existence of pi, ..., py—g € Z such that

ET(kl, k)T =0t (P1s---s [Ln—d)T~ One can easily show that this holds if and only
if there exists g1, . . ., ¢s € Z such that BT (ki — liq1, ... ks — EsqS)T = 0. In fact, the “if”
part is trivial. To prove the “only if” part, by interchanging column vectors of B” and multi-

plying BT by some C € GL,_4(Z) from left, one can assume that 5D = ey, ..., p"=D =
€,—d4,where e; is the i-th unit vector. Then, (g1, ..., gs) = (p1,---, Pn—d, 1, ..., 1) satisfies
the condition. This completes the proof. O

We give a nontrivial example.

Example 6.4 | The case of 5mm(ﬂl, £y, £3) cf. Example 3.10) In this case, by some easy

computations, we have

- _ ~ 6 6 ¢
BT = <£2z3 0 Mz), Ker(BT) = <i, =, i) A
0 1435 —£14p g g g

where g := gcd(£q, €2, £3). Thus, by the Proposition 6.1, we have
—mi 0 0 €3
™ (Om”‘(zl, 0. 63) ) = (ZJOZ x T x Z/€3Z)/ (1, 2, 3) z
reg g8 8 8

In particular, we have

—mi 014203
7Ty (Omm(ﬁl, 123 €3)reg) | = .
8
More generally, we can compute 7 (@min ..., Ks)reg) as the following:
i il 2 ¢
. (Omln(glv,..,es)reg) ~ ]_[Z/ekz/ (J f>
el g g

where g := ged({q, ..., £)
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Remark 6.5 Unfortunately, the concrete expression of 71 (Y4 (0)reg) in Proposition 6.1 is not
practical to compute efficiently since we should solve some Diophantine equations B v = 0.

Remark 6.6 (Another description of 771 (Y4 (0)reg) as a cokernel) By considering Y 4 (0) as the
hyperkihler quotient of H" := (R @& C)" by the real torus ’H'ﬁiR (cf. [3]), we can describe the
fundamental group 71 (Y4 (0)reg) in a different way. First, by the remaining T?R_d-action on
Y4(0), we can consider the hyperkédhler moment map

D :Y4(0) > RIQR = R3D

(for the detail, see [3, Theorem 3.1]). Then, for the associated hyperplane arrangement H%
(see Definition 4.1), it is known that ®| : ®~1(U) — U := ]R‘%(”_d)\<UH€H?g H®R3>
is a Ti’{d—bundle. Moreover, by Corollary 4.8 (2) and the correspondence between GIT
construction of Y4(0) and the hyperkihler quotient construction of Y4 (0), one can easily
check that Y4 (O)reg = & (Uo), where U = R\ (U pag s orankrs1 HF @ RY).
Then, the R-codimension codimg y, Oreg &~ 1(U) > 3 since the fiber @1 (x) of any generic

element x € H ® R? for any H € H% is Tﬁ‘{d_l (cf. [3, Theorem 3.1.(2)]). In particular,
we have 11 (Y4 (0)reg) = 71 (®~1(U)). Hence, we get a description of 771 (Y4 (0)reg) through
the homotopy long exact sequence:

) S m (T) =271 - 1@ (V) = (VA O)reg) = T (V).

Since we have 71 (U) = 0 and m(U) = Z° by [5, Theorem 7.2.1], we get the following
exact sequence:

755 7 s g (YA(0))reg) — O

Although we should describe the boundary map 9 in terms of matrices A or B, we don’t
know the answer.

7 The uniqueness of symplectic structures and Bogomolov’s
decomposition

A conical symplectic variety Y with a symplectic 2-form w with weight ¢ is called irreducible
if any symplectic 2-form o with weight £ satisfies 0 = cw (¢ € C*). In [24], Namikawa
proposed the following problem which can be seen as the conical symplectic analogue of the
Bogomolov’s decomposition theorem.

Problem 3 ([24, Problem 7.3], Bogomolov’s decomposition) For any conical symplectic
variety (Y, w) with m = |m1(Yreg)l < 00, its universal cover (Y, ) (cf. Definition &
Proposition 2.5) is decomposed into the product

Y. @) =[] o)

l

of irreducible conical symplectic varieties (Y;, ;) with weight m¥.

In this section, we solve this problem for affine hypertoric varieties. Since we have already
seen that the universal cover of Y4 (0) is given by another (simple) hypertoric variety Y4 (0),
we only have to consider such ones. However, we will show that not necessarily simple
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affine hypertoric varieties also admit a decomposition into some irreducible ones (also see
Remark 5.2 (1)).
First, we consider a sufficient condition for Y4 (0) to decompose into smaller ones.

Definition 7.1 A d x n-matrix A (or Y4(«)) is decomposable if one of the following holds:

(i) There exists i such that a; = 0.

(i) A ~ Ay ® Ay, i.e., there exists P € GL4(Z) and Q € GL,(Z), such that PAQ =
A; @ A, where Q is a composition of two operations: interchanging some column
vectors and multiplying some column vectors by —1 (cf. Definition 3.6).

We call A (or Y4 () indecomposable if A is not decomposable.

Remark 7.2 To consider C? as an indecomposable hypertoric variety, we also formally think
that the 1 x 1 zero matrix is indecomposable. This definition is natural since A is indecom-
posable in this sense if and only if the associated vector matroid M (A) is (2-)connected (for
the detail, see [27, Exercise 4.1.7]).

Remark 7.3 Actually, if (i) (resp. (ii)) satisfies, there exists a natural isomorphism Y4 (0) =
Y o 0) x C? (resp. Y4 (0) = Y4, (0) x Y4,(0)), where A' is the matrix obtained from A by
deleting the i-th column vector (cf. [22, Lemma 2.27]). In particular, since we can assume
that A is equivalent to a matrix of the form

Ay 0
A

0 A,

where each A, is indecomposable and O, denotes the d x p-zero matrix, we have a
decomposition (Y4 (), w) = (C?P x [Tei Ya, (em), @0 + Y1y @m), Where @ = a1 @
Do € 7% and wpy, is the standard symplectic form on Y4, (et )reg-

. )

O

The main theorem in this section is the following.

Theorem 7.4 (Bogomolov’s decomposition for affine hypertoric varieties) If A is equivalent
to (*), then the following gives a decomposition into irreducible conical symplectic varieties

P r
(Ya(0), ) = [[(C*. dz Adw) x [] (¥a,, (0), o).

i=1 m=1

In particular, A is block indecomposable if and only if Y4(0) is an irreducible conical
symplectic variety. In this case, any (not necessarily symplectic) homogeneous 2-form on
Y 4(0)reg with weight 2 is unique up to scalar.

Remark 7.5 Let (Y, w) be a conical symplectic variety with weight £. Then, for any other
conical symplectic form «/, its weight is also automatically £ (cf. [24, Lemma 2.1]). Thus, the
above theorem says that if A is block indecomposable, then any conical symplectic structure
with any weight is only w up to scalar.
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Recall for any «, there is a natural (projective) birational morphism 7, : Y4(a) — Y4(0)
which is an isomorphism on 7, Ly, (O)reg) (cf. Remark 3.5). Thus, we have the following.

Corollary 7.6 Fix any o € Z¢. If A is equivalent to (*), then the following gives a decompo-
sition into irreducible conical symplectic varieties

P r
(Ya(e), ) = [[(C* dz ndw) x [T (Ya, @n), on).

i=1 m=1

In particular, A is block indecomposable if and only if Y («) is an irreducible symplectic
variety. In this case, any (not necessarily symplectic) homogeneous 2-form on Y o (a)reg with
weight 2 is unique up to scalar.

In the subsequent subsections, we will study the space of 2-forms on Y4 (0)eg and give a
proof of the above theorem. For the later convenience, we don’t assume that A is indecom-
posable until the latter part of Sect. 7.3.

7.1 Reduction to simple and smooth cases

In this subsection, we compare the space of 2-forms on Y4 (0).ee and the space of 2-forms
on the simplification Y4 (0).eg. More precisely, we have the following:

Lemma 7.7 Let a be generic and my : Ya(a) — Y4(0) be the resolution morphism. Then,
7y and the universal covering morphism ¢ : Yo(0) — YA (0) (¢f. Theorem 5.1) induce the
following diagram:

P (Ya(@), €2

K

Fz(YA(O)regv Q%/A(O)reg) |

P2(e™ (YaOreg)s 21y, 1) 457 T2YaOreg, 95 g),,,)

2
YA@)

where I'2(Z, sz) denotes the space of homogeneous 2-forms on Z with weight 2. Similarly,
if we replace Ty by ', the same conclusion will hold.

Proof The vertical inclusion induced from the isomorphism 7y| -1 (YA O)ree) is an isomor-
= la AUreg

phism. In fact, 7y, is a symplectic resolution, so it is semi-small ([14, Lemma 2.7]).
In particular, codimyA(g)na_l(Sing(YA(O))) > %codimyA(g)Sing(YA(O)). Since Y4 (a) is
simple, we have codimy,)Sing(Y4(0)) > 4 (cf. Corollary 4.5 (1)). Thus, we have
codimy, )7, 1(Sing(Y '4(0))) > 2. This proves that the vertical inclusion is an isomor-
phism. The vertical equality follows from codimyA«))reg (YA(0)ree — 0 (Y, (O)reg)) = 2 (cf.
Remark 5.8). The horizontal injection is obvious since the right hand side is identified with
the invariant part of the left hand side under the fundamental group action since ¢| is a
quotient map by the free action. O

In the next subsection, we will show that any 2-form on Y4 («) is induced from some
2-form on ,ugl 0).
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7.2 Extension of a 2-form on Y; (@) to a 2-form on 1~ (0)

In this subsection, for a given homogeneous 2-form o on Y4 («), we consider when we can
extend (uniquely) its pull-back p*o on w N0 to a homogeneous 2-form on w10,
where p : =1 (0)*™5" — Y4 (a) is the free Té—quotient morphism. One can see that p and
the natural inclusion =1 (0)2~** 1 ~1(0) induces the following diagram:

F(Ya@). 9, 0) = T (171 @ ", p*23, ) = T (k'O 22, )
1
-1 2
r (“ ©, le(O)) '
)
Actually, the first horizontal homomorphism is injective since Q%,A @) is locally free. The

second horizontal homomorphism is injective since the smoothness of p implies that the
natural exact sequence

— Q! — 0

*Ol 1
P > &2 PO /Y4 (@)

Ya(e) - L(0ye—st

is also left exact, in particular, its wedge also is injective. Moreover, these natural homomor-
phisms are commutative with conical C*-action, so the degree 2 part of this diagram satisfies
the same properties:

P (Ya@), 93, )) < T2 (07O pr3 o)) = T2 (071 O, 22, 0m)

il
P2 (170, 22 ) -
(%)

In this setting, the following is the main result in this subsection.

Proposition 7.8 1. In the above diagrams (*) and (**), r and ry are injective.
2. Moreover, if YA(0) is simple, then r and ry are isomorphisms.
3. We can describe T2 (= 1(0), Qi,l (0)) as the following:

Fz(u_l(O),Qi_I«»): P Ciundue @ Cdwirdwd E Cdzjrdw).

1<k<f<n 1<k<t<n 1<j,j'<n

To prove this Proposition, we need some lemmas. In [22, Lemma 2.12, the proof of Propo-
sition 2.13], we noted ,u_l (0) is a normal irreducible complete intersection, in particular, the
codimension of the singular locus of M’l (0) is at least 2 (also, see [13, section 6], [6, Lemma
4.7]). We can prove a more refined version as the following. Recall we assume that b; # 0
forany j =1, ..., n (cf. Assumption 1)

Proposition 7.9 (1) u~'(0) is a normal irreducible complete intersection of dim 2n — d.
(2) We have codimSing(~1(0)) > 3. Moreover, if B is simple, then we have codimSing

(W '(0) = 4.

Proof (1) This is already proved in, for example, [13, section 6], [6, Lemma 4.7], and [22,
Lemma 2.12, the proof of Proposition 2.13].

Q) If(p,q) € Sing(p,_l(O)),thenthetangentmapdu(p,q) = (q1a1, ..., qnay, p1a, ...,
DPn@y) is not surjective. However A is surjective, so there exists some ig such that p;, = g;, =
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0. By the assumption b;, # 0 and Gale duality (cf. Lemma 3.11), A0 - 7n=1 _ 7d i5 also
surjective, where A0 is the submatrix of A obtained by deleting the io-th columns. Thus,
by the same argument, there exists i| 7 io such that p;, = ¢;, = 0. In other words,

N |
(P, @) € (') N {ziy = wig = 01N {2, = wy, =0} = (@) (0),

where we identify as C2"~2 = C>' N {ziy = wi, = 0} N {z;; = w;, = 0}, and pl0:) :
22 V(é""”) := V-1) @7 C is the moment map associated to the surjection A1)
2"~ — Vi) := Span (a; | j # io, i1). Then, by (1), we have

dim(p ) 1(0) = 2(n — 2) — dim VO™,

Since we have dim V(éio‘i') > d — 1, we deduce that codimSing(~'(0)) > 3. Moreover if
B is simple, then b;, and b;, are not parallel vectors, i.e., dim Span(b;,, b;;) = 2. By Gale
duality (cf. Lemma 3.11), this implies that dim V" = dim Span(a; | j # io, i1) = d,
ie., Véio’i') =9, Then, by the same argument above, we have codimSing(pL’1 0) =4.0

To prove Proposition 7.8 (1) and (2), the following criterion due to Vetter will be the key
tool.

Theorem 7.10 [31] Let Z be a normal irreducible local complete intersection. Then,

1. Q’% : torsion free < min{codimzSing(Z), dim Z} > p.
2. QIZI : reflexive < min{codimzSing(Z),dim Z} > p + 1.

Finally, we need the following lemma.

Lemma 7.11 When Y 4(0) is simple, for any o € 74 (not necessarily generic), the o-unstable
locus =104 := p=1(0) — =1 (0)*=ss satisfies

codim 1 )n " (0)* ™ > 2.

Proof The idea is similar to the proof of the above Proposition. We use the same notation as
that proof except the coordinates of C?" denoted by (ziﬂ, e z,(f), = s z,(f) ) First,
recall the description of the unstable locus

O™ =1 @2 epnO) | a¢ Y Reoai+ Y Reo(—a)
i:z}“;ﬁO i:sz) #0

In particular, if (p™, p() e (u='(0))**, then
a¢ Y Ra; @R
jpiPpi7#0

Then, by the similar argument as the proof of the above Proposition, simpleness of B implies
the surjectivity of Alo-i1) for any different ig, i;. Hence, there exists ip # i1 and &g, &1 €
{+, —} such that

(p(+)’ p(_)) c //L_l (0) n {Zl(g()) — ZEfl) — 0} = ILLZ(IIOJI)(O) X (CZE(;S()) X CZ;;SIM
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where C ( ¢ and (C Lo are the one dimensional vector space corresponding to the coordi-

nates. Slnce the rlght hand side is of dimension 2n —4 —d 4+ 2 = 2n — d — 2, this shows
that codim,—1 ) u™ Loyr—us > 2. m]

Remark 7.12 (1) The above Proposition and Lemma also hold for ;= !(&) for any & € c
by the same argument.

(2) If Y4(0) is not simple, the codimension of the unstable locus can be one. For example,
consider when Y4 (0) is the Aj-type surface singularity (cf. Example 3.8). If we take
o > 0, then,

w0 = {zyw) + z2w2 =0} N {21 = 20 = 0} = {z1 = 22 = O}.

Proof of Proposition 7.8 (1) Since 1~ 1(0) is a normal complete intersection irreducible vari-
ety with codimSing (™! (O)) > 3 by Proposition 7.9, the injectivity of r and r, follows from
the torsion-freeness of 22 10) which is a consequence of Theorem 7.10 (1).

(2) By the assumptlon and Proposition 7.9, ;£ ~1(0) is a normal complete intersec-
tion irreducible variety with codimSing(pﬁ1 (0)) > 4. Then by the Vetter’s theorem 7.10
2), 2 -1(0) is a reflexive sheaf. On the other hand, the simpleness of Y4 (0) implies that

codlm 4-1(0) w1 (0)*™# > 2 by the above lemma. Then, by the property of reflexive sheaves,
r and rp are isomorphisms.
(3) This is just a computation. Actually, we have

. . N @’}:1 Clz, wldz; & @7:1 Clz, wldw;
F(M (O), Q —1(0)) = n n
" o zjwjaijli=t,..d + (Xjoy wjaijdzj + zjajjdw;)i=

Then, by the weight 2 condition, the relation ideal above cannot contribute to 'y (M_l 0),

Q? p (0)) Thus, we have the claim. O

7.3 The horizontal condition on 2-forms on 1£~1(0)

In this subsection, we will show the following theorem.

Theorem 7.13 Let o be generic. If YA (@) is simple, and A is block indecomposable, then we
have

M (Ya@), 93, ) = Co,
where w is the standard conical symplectic form on Y (o).

Using this theorem, we can show Theorem 7.4 as the following.

Proof of Theorem 7.4 We only have to show that if A is block indecomposable, then
2 (YA (0)reg, %A Oree ) = Cw, where o is the standard symplectic 2-form on Y4 (0)yeg.

By Lemma 7.7 and ¢*w = w, we only have to show that I'2 (Y4 (@), Q2 )) = Cw, where

YA (Oé
w is the standard symplectic 2-form. This follows from the above theorem. O

First, we consider which 2-form w on =1 (0)*~5" descends to a 2-form on Y4 («) in
general. Now, we note the following well-known fact.
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Theorem 7.14 ([9, Theorem 1]) Let Z be a smooth affine variety with an action of some
reductive group G, andlet p : Z — Z |G be the quotient morphism. If Z || G is smooth, then
p*:QIUZ)G) — QZW(Z)G is an isomorphism for any q, where QZW(Z)G is the space of
G-invariant horizontal q-forms, that is, their interior product with any vector field induced

by the G-action is zero.

Note that we have the same conclusion for p : w0y = Y, () since p =1 (0)* ! =
w=1(0)*=55 is covered by ’]I‘fé-invariant affine open subsets (cf. Remark 3.3). By Proposi-
tion 7.8 (3) in the previous subsection, we should only consider a 2-form ¢ on T () Seimtld
of the form

o= Zﬁkédzk ANdzg + Zﬂl/cédwk Adwy + Z yjpdzj ANdwj.
k<t k<t jsJ’

Below, by interchanging column vectors of A and multiplying them by +1, we can assume
and define that

A=la® ... g0 .. ... a® g™ | A= a® g@ ... 40

where a) and aU") are not parallel vectors if j # j/, and a® = 0. We denote by [n] =
Jou Jy U-- - Jg the corresponding partition of indices set of column vectors of A (note that
Jo might be empty).

At first, a necessary condition on o to descend to a 2-form on Y4 (@) is T%—invariance
by Theorem 7.14. Since a t € ’H‘% acts on dzj and dw; as t*dz; = t%dz; and t*dw; =
t~%dw I3 ']I‘%—invariance of o implies that

o= Y Pudunrdu+ Y. BudwiAdwe+ Y yjpdz Adw;

aip=—ay ap=—ay aj=a

=00+ Z vj,jrdzj Adwj

aj=a

i’

J

i’

J

,
=00+, . vz Adwg,

m=1(j,j")eJmxJIm

where o € T (C2Mol| Qézuol) and the second equality holds since there doesn’t exist 1 <
k, £ < s such that a = —ay by the form of A.

Next, we consider the horizontal condition when A is indecomposable. In particular,
op = 0. Below, to be concise, we assume that « € sz:l R>oa; (the general case is done
similarly). The following lemma gives a proof of Theorem 7.13.

Lemma 7.15 Inthe above setting, a Té—invariantZ—form o= DGy edmxdm VinirdZ
ANdwj on w102~ is horizontal if and only if the following 2 conditions hold:

L. Yi,1 =" "= Vnn-
2.y =0ifj #j"

In other words, 0 =y Z;zl dzj Adw; for some y € C.
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Proof Tt is enough to show the “only if” part. To show (1) and (2), we apply the horizontal
condition to a suitable point (p, g) € w1 (0)* =", Recall the description of the «-stable
locus:

pHOTT =1 @w) en ' O) | ae Y Regaj+ Y Reo(-a))
Jizj#0 Jiw;#0
Then, by the assumption o € Z'}Zl Rxoaj, for any j; € Ji,...,js € Js, (p.q) =
(ej, +---+ej,,0)is contained in w1 (0)*=5" . Then, by the definition, we have

r r
g — . am)
Z Ujm a]m - Z v./ma =0 ’
m=1 m=1

Ty (T - (p. ) = span[ @i e+ +ai e 07 ‘ i=1.....d ]

Tp.gn™ (0 = { (. v) € T(p.yC*"

oo (@, v), EN) =Y Yy g —viE).

m=1(j,j")&Jm X I

Thus, o is horizontal at (p,gq), ie., op,q (@, v),(§, 1) = 0 for any (u,v) €
T(p’q)u’l(O)“’” and (§,9) € T(,,,q)(']I‘jé - (p, ¢)) if and only if for any v/ (" e Tn \ Um))
and any v;, s such that 3/ _ v; a™ =0, we have

0==2 | 22 Visvir | @™ *)

m=1 \j'e€Jy

(1) In particular, if we take as vy = O for any j' € J, \ {j}, then for any element

j, ..., vjr)T € KerA, we have
r r
0 = Z yjmvjm Ujmajm = Z ijsjm vjma(m)'
m=1 m=1

Then, by the indecomposability of A and two lemmas below, we have y;, j =---=y; ;.

(2) Forany j # j € Jy, wetake j1 € Ji,..., jr € J- as j = ju. If we consider tlE
horizontal condition (*) for v;» = 0 (Vj" € [n]\ {j'}), then (v}, ..., v;)T =0 € KerA
and

0= —yjmh,-/vﬂ,‘/a(m).

This implies that y; ;» = 0. This completes the proof. O

Below, we will show two lemmas which are used in the proof of the above Proposition.

Lemma 7.16 (A special case of [27, Exercise 4.1.5]) Let A be ad x n-matrix (d <n). A is
indecomposable if and only if n = 1 or its simplification A is indecomposable and A has no
zero column vectors (Don’t confuse A with A).

Lemma 7.17 The following are equivalent.

(1) A is decomposable (cf. Definition 7.1)
(i) There exists a partition 1 LU J = [n] of the indices of column vectors of A such that
Span(a; | i € I) N Span(a; | j € J) =0.
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(iii) There exists y = (Y1,..., ) # C(1,1,...,1) (yi # 0 Vi) such that if Av = 0 then
A(yrvr, ..., vou)T = 0.

Proof 1t is easy to show that (i) and (ii) are equivalent (For example, see [27, Exercise
4.1.7]). Thus, we only have to show that those two conditions are equivalent to (iii). ()=
(iii) is easy. We prove (iii)=-(ii). By interchanging the coordinates, we can assume that
Yy =Wl s V1, Vs+ls -+, Yn) (s < n), where for any i > s, y; # y1. Then, we show
that the partition I := {1, ...,s}and J := {s + 1, ..., n} satisfies W; N W; = 0, where
Wi := Span(a; | i € I) and Wy is similar. Assume that there exists 0 # w € W; N W;.

Then, we can express w as
w = E cia; = E cjaj,

iel jeJ’
where J' C J is a fixed subset of J such that {a; | j € J'} are linearly independent. In
particular, v :== (¢1, ..., Cs, —Cs41, .- -, —cn)T satisfies Av = 0. By the assumption of (iii),
we have A(y1¢1, .-, V1Csy —Vs41Cs41s - - - » —y,,c,,)T = 0. Then,
0#yw=Y yca =y yjcjaj.
iel jel’

However, this is a contradiction since {a; | j € J'} are linearly independent and y; # y; for
any j € J' C J. This completes the proof. O

8 All symplectic structures on hypertoric varieties and its application to
classification

In the previous section, for indecomposable hypertoric varieties Y4 («), we showed that they
admit only one homogeneous 2-form on them up to scalar (cf. Corollary 7.6). In this section,
we describe the space of homogeneous 2-forms on general decomposable hypertoric varieties
(cf. Proposition 8.1). As a corollary, we can show that for any conical symplectic 2-form ¢ on
Y4 (), there exists a ¥ € Aut® (Y4 (o)) such that *o = w. In particular, as a byproduct,
we will show that if two affine or smooth hypertoric varieties are C*-equivariant isomorphic
as algebraic varieties, then they are C* x T("C_d-equivariant isomorphic as symplectic varieties
(cf. Corollary 8.5). This gives a refinement of the result in [22, Theorem 4.2].
For a given matrix A, we can assume that A is of the form

Ajq 0
A= A2

0,
Pl A

where each A, is indecomposable and O, denotes the d x p-zero matrix. In what follows,
[n] = Ipu I; u--- U I, denotes the corresponding decomposition of indices set of column
vectors. Then, as we have seen in Remark 7.3, we had a natural isomorphism Y4 () =
C* x 1= Ya, (@), where « = @) @ - - - @, € Z%. Then, we can describe the space of
C*-equivariant 2-forms on Y4 (@)reg-
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Proposition 8.1 In the above setting, for any (not necessarily generic) o = o1 @ --- D oy €
7%, we can describe the space of C*-equivariant 2-forms with weight 2 as the following:

.
P2 (Ya@regs 7y (@) = T2(C*7, 200,) ® D) Coom,

m=1

where wyy, is the standard conical symplectic form on Y a,, (0 )reg. In particular, any conical
symplectic form on Y 4 () is of the form

r
g w0+ Y Ymom (g€ GL(C™), y, € CY),

m=1

where wy is the standard symplectic structure on c?r.

Proof First, we assume that Y4 (o) is simple and « is generic. As noted in Proposition 7.8
2), by the simpleness, any 2-form in I'2(Ya (@), Qy,(«)) is induced from a 2-form in

Fo(uy, (O) Q2 P ). Since MZI (0) is an affine variety, we have

©)

P2y 0, 25 @FZ(M 0,21 ()& P iy, O, szl_l

m#m’

)

(0) (V) 20

e (uy' (0), Q!
m My

m’ (O))

Now, by the similar argument as the proof of Proposition 7.8 (3), we have

Ti(13 0), szl_l o) = P cdz; & P Cdw,.

J€lm J€ln

However, since We have aj # *aj forany j € I, j' € I,y (n # m'), any nonzero 2-form

in @m;ﬁm’ 1ﬂl(luA (0) S-21—1 (0)) & FI(MX;, (0)7 QL; ©)

such a 2-form will not de@cend to a 2-form on Y4 (o) (see the argument after Theorem 7.14).

Thus, we only have to consider when a 2-form in €5}, _ —o M2y A (0) Q;ZFI (O)) descends to
A"‘l

a 2-form on Y4 () = C2r x I—[m:] Ya,, (o). Then, by Theorem 7.13, for 1 <m < r, we
have

) is not ']I‘ﬁé -invariant. In particular,

T2(Ya, @), 5, (o) = Coom.

Next, we consider the general case, i.e., Y4 () is not necessarily simple or « is not generic.
By comparing with the simplification, we have the following diagram:

Ya(a) Ya(a)

| lna .

Ya(0) —2= Y4(0)
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where we take a generic «. Then, by the argument in Sect. 7.1, we have the following
diagram:

N(C, 22,,) ® @, Co, r(C, Q2,,) ® @),y Com

T(Ya(w), Q3

A(@) )
\Ez

F2(Ya(O)reg, 27, (9., P2 (YA (@reg: 27, (2).e,)

H {

I (w—l (Ya (O)reg)» Qi_l (YA(O)reg)) T [2(Ya (O)reg, Q%/A (o)reg)

Now, note that ¢* is an identity on I'» (C?P, Qé2p) and sends the standard symplectic 2-
form w;;, to the standard symplectic 2-form w,,. Consequently, in the above diagram, each
homomorphism is an isomorphism. This completes the proof of the first part of the statement.
For the latter part, we only have to show that any (conical) symplectic 2-form on C2? is given
by g*wo for some g € G L(C?P). This follows from the Darboux’s theorem. O

Remark 8.2 For any conical symplectic 2-form @ = g*wo + Y | Ym®m ON a hypertoric
variety Y4 (o) = C?? x [T, Ya, (ctm), we can take a C*-equivariant automorphism

Y= (8 VTs - 70) P Ya(@) = Ya(a),

where /v € Aut® (Y4,, (ar,)) is the automorphism induced from the scalar multiplication
by /¥m. By general results [24, Theorem 3.1], for a conical symplectic variety (¥, @) and
any conical symplectic form o on Y, there exists a C*-equivariant automorphism ¢ : ¥ — Y
such that ¥ *o = o. The above ¥ gives a such automorphism concretely for affine hypertoric
varieties.

From now on, we consider an application of Proposition 8.1 to the classification of affine
(or smooth) hypertoric varieties. In [22, Theorem 4.2], we proved the following.

Theorem 8.3 ([22, Theorem 4.2, Remark 4.3]) For any two affine hypertoric varieties Y 4 (0)
and Y 4(0), the following are equivalent:

1. Y4(0) and Y 4:(0) are C*-equivariant isomorphic as symplectic varieties.
2. (Y4(0), o) and (Y 4/(0), o) are C* x ']I‘%_d—equivariant isomorphic as symplectic vari-
eties, where T%_d-action is the remaining Hamiltonian torus action.

The same statement holds for any two smooth hypertoric varieties.

Remark 8.4 (Combinatorial classification) For two affine hypertoric varieties Y4(0) and
Y4/ (0), the above conditions are equivalent to A ~ A’ (cf. [22, Theorem 4.2]). In other
words, M(A) = M(A’), where M(A) is the associated vector matroid. Similarly, for two
smooth ones Y4 () and Y4/ (o), the above conditions are equivalent to that the hyperplane
arrangements H% and Hoé/, define the same zonotope tiling in the sense of [1].

Now, by Remark 8.2, if two affine (resp. smooth) hypertoric varieties are C*-equivariant
isomorphic to each other, then the isomorphism can be replaced by an C*-equivariant iso-
morphism as symplectic varieties. Thus, we have the following refined version of the above
theorem.
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Corollary 8.5 For any two affine hypertoric varieties Y 4(0) and Y 4 (0), the following are
equivalent:

1. Y4(0) and Y 4 (0) are C*-equivariant isomorphic as algebraic varieties.
2. (Y4(0), ) and (Y4 (0), ') are C* x T("C_d-equivariant isomorphic as symplectic vari-
eties, where ng-action is the remaining Hamiltonian torus action.

The same statement holds for any two smooth hypertoric varieties.

Remark 8.6 This corollary can be seen as the hypertoric analogue of Berchtold’s theorem [4]
on toric varieties, which says that for any two toric varieties, they are isomorphic as abstract
varieties if and only if they are isomorphic as toric varieties.

By Remark 8.4, this corollary says that the classification of the associated combinatorial
objects A (resp. H%) give the classification of hypertoric varieties Y4 (0) (resp. Y4 («)) up to
C*-equivariant isomorphisms as (abstract) algebraic varieties.
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