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Abstract

The Standard Model of particles physics is an experimentally well-tested theory and
has succeeded in explaining many experimental data with a very high accuracy. However,
there have been reported results of experiments and observations that cannot be explained
by the Standard Model alone, such as the existence of dark matter, the origin of the baryon
asymmetry and so on, which suggests the existence of physics beyond the Standard Model.
In addition, in recent years, the importance of the consistency between phenomenology
and quantum gravity theory has become well appreciated. Revealing the connection
between physics beyond the Standard Model and the ultimate theory is one of the most
important and fundamental problems left in particle physics.

One attractive and powerful direction for investigating models of physics beyond the
Standard Model is to extend the scalar sector. Such extensions occur naturally in models
beyond the Standard Model, and it is important to clarify how the new scalar interactions,
their scalar potentials, and vacuum expectation values are determined in order to give a
constraint on the model from experiments and observations. In particular, a (pseudo-)
Nambu-Goldstone boson is a particle that appears universally in various models, reflecting
the symmetry of the theory. It plays an important role not only in understanding the
theoretical aspects but also in studying phenomenology. This new scalar field could also
be an attractive candidate for dark matter that naturally escapes the severe constraints
of current experiments. In addition to new particle contents, non-perturbative objects in
field theories, such as topological solitons, can also appear in the model of the beyond
Standard Model, which brings richer physics not only to particle physics but also to
cosmology.

In this thesis, we consider a scalar sector extension based on the singlet scalar and
study the physics beyond the Standard Model that results from it, focusing on the dy-
namics of pseudo-Nambu-Goldstone bosons. First, we consider the case where the scalar
sector extension produces a pseudo-Nambu-Goldstone boson dark matter, which can be a
natural scalar dark matter candidate consistent with the current experiments. We inves-
tigate its ultraviolet completion, the relation between this model and inflation, neutrino
oscillations, and other related physics. In proposing of the ultraviolet completed model,
we take into account the conditions obtained from the consistency with quantum gravity
theory, and study the effects on the dark matter physics and the relationship with the
grand unification. For the case of a singlet scalar having a very large vacuum expectation
value. We study the production mechanism of the pseudo-Nambu-Goldstone dark mat-
ter, and discuss the possibility of compatibility with inflation and neutrino oscillations.
Lastly, we investigate the case where the additional scalar field becomes an axion, and
construct an axion string solution with a novel structure. This string is different from the

known axion string, and we discuss its implications to cosmology.
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Chapter 1

Introduction

The Standard Model (SM) of particle physics is a well-tested theory. It is formulated
as a chiral gauge theory based on the SM gauge group

GSM = SU(3)C X SU(Q)L X U(l)y,

and the Higgs mechanism via a Higgs doublet, which was observed in the ATLAS [AT12]
and CMS [CT12] experiments at the Large Hadron Collider (LHC). All the chiral fermions,
quarks and leptons, and the massive vector bosons acquire their mass from the vacuum
expectation value (VEV) of the Higgs boson. The SM have achieved a successful outcome
to explain experimental and observational facts.

However, the SM is not ultimate theory of our universe from the following theoret-
ical and observational reasons, and it may be a low-energy effective field theory of an
ultraviolet (UV) completed theory such as quantum gravity theory/string theory. In the
theoretical aspects, for example, the following puzzles have been left in the SM:

e The absence of the quantum theory of the gravity and the the selection rule of our

universe being unknown

e The initial value problems of our universe

e The origin of the SM gauge group Gsm

e Why there is a hierarchy between the electroweak scale and the Planck scale

e The origin of the three generations of quarks and leptons

e The hierarchical structure among Yukawa couplings

e The reason why the charge of the matter field is quantized
In addition to these theoretical mysteries, the following observational results imply the
physics beyond the Standard Model (BSM):

e The source of matter-antimatter asymmetry [A*20a]

e The origin of the neutrino masses and neutrino oscillations

e The #-parameter in SU(3)¢ sector being highly suppressed [Bor00, BT06] (Strong

CP problem)

e Unidentified dark sector: 26.8 % and 68.3 % of the total energy density of our

universe being dark matter and dark energy, respectively [AT20a]

1



e The anomalies between the SM predictions and experimental results such as the
muon g — 2 [A721], and flavor anomalies

The construction of a UV completed theory from the SM solving these theoretical and
experimental problems and describing the phenomenology of the BSM is the most impor-
tant task left for particle physics. This task is important not only for the phenomenology
but also for the construction of quantum gravity theory and the revelation of the selec-
tion rule of the vacuum in quantum gravity theory as pointed out in Ref. [Vaf05], where
the consistency conditions of quantum gravity theory gives constraints on the low-energy
effective theory. The classification of the constraints is discussed in the context of the
Swampland Programs. This may bridge the phenomenology to the theory of everything.

In addition to the collider physics, the cosmology and astrophysics give us new hints
to both the bottom-up and top-down approaches. In particular, dark matter is one of
big probes to investigate the BSM. The existence of dark matter has been confirmed
by several astronomical observations such as spiral galaxies [CS00, SRO1], gravitational
lensing [MKR10], cosmic microwave background [AT20b], and collision of bullet clus-
ter [RMCT08]. However, the nature of dark matter is still unknown and any standard
model particles cannot play a role of dark matter. Then, identification of dark matter is
important not only for cosmology but also for particle physics. One of the prominent can-
didate is so-called Weakly Interacting Massive Particle (WIMP). The attractive feature of
WIMPs is that the relic abundance is thermally determined through the interactions with
the SM thermal bath in the early universe. The WIMP mass whose interaction is close
the electroweak interaction is predicted in the range of 10 GeV — 100 TeV. Such WIMPs
are basically detectable through non-gravitational interactions. Although WIMPs are
being searched through direct detection, indirect detection and collider production, no
clear signals of WIMPs have been confirmed yet. In particular, recent direct detection
experiments provide a strong upper bound on the elastic scattering cross section between
dark matter and nucleon [AT17a,C*T17, AT18, AT20d].

One of powerful approaches investigating the BSM theory is the extension of the scalar
sector. Depending on the charges of additional scalar fields, the dynamics of these scalars
can describe the phenomenology of the BSM and give us interesting probes. In particular,
the Nambu-Goldstone boson (NGB) can generally appear in the low energy region, reflect-
ing the symmetry of the theory. However, since the existence of the massless scalar field is
constrained by experiments and observations such as the fifth force bound and a massive
particle is desirable, we are interested in a pseudo-Nambu-Goldstone boson (pNGB)?,
which is stabilized and has non-vanishing mass by introducing an explicit breaking term,
background fluxes or non-perturbative effects such as the instanton effects.? As we dis-

IThis kind of scalar also appears in the higher dimensional theory with a higher form field, such as
string theory [ADDT10, CGR12]. The extra dimensional components of the higher form fields plays the
role of the NGB-like scalar via compactification and the Chern-Simons term between the higher form

field and the gauge field strength leads the axion interaction in four dimension.
2Tt is known that a lot of scalar fields appear in the low energy effective field theory through the com-



cuss in the following chapters, this kind of pNGB can be a natural candidate of WIMPs
escaping the constraints by the direct detections via the nature of its interaction. The
additional scalar field not only provides candidates for new particles such as dark matter,
but also can be a new source of non-perturbative objects in field theories such as topolog-
ical solitons. The existence and dynamics of these solitons and the interactions between
the solitons or those between the solitons and the elementary particles can have new ef-
fects on the cosmological observations and they can make the BSM model detectable by
the current or future experiments.

In this thesis, We consider a scalar sector extension by a SM singlet scalar field,
which can carry other charges such as U(1)g_ or U(1),. We study the dynamics and
phenomenology of pNGB arising from the spontaneous symmetry breaking of the scalar
potential. First, we investigate the possibilities that this pNGB can be a natural can-
didate of dark matter and propose a UV completed model from the viewpoint of the
consistency with quantum gravity theory. We also study the related topics depending on
the symmetry associated with this new scalar field, for example inflationary scenario in
the scalar extension model and the neutrino oscillations. Then, the construction and the
phenomenology of the topological solition, which is a new type of axion string dressed by
the SM gauge flux, is discussed by introducing an SM singlet scalar field and the second
Higgs doublet to the SM.

Organization of the thesis

The main part of this thesis is based on my five papers [ATT20, ATTY21, ATY21,
AHO™'20, AHY21]. The rest parts are organized as follows.

We propose the UV completion of the simple pNGB dark matter model based on a
gauged U(1)p_;, symmetry in Chapter 2. This model is motivated by the consistency of
quantum gravity theory and the symmetry of that model is realized as a discrete gauge
symmetry. The pNGB is stabilized by the cubic coupling to another SM singlet scalar
field spontaneously breaking the U(1)p_; symmetry. In return for this UV completion
motivated by the swampland conditions, the pNGB dark matter candidate is not stable
due to the new interactions with the B — L gauge boson and the scalar mass mixing, while
the original simple pNGB dark matter is stabilized by the Zs sign flip symmetry associated
with the CP-symmetry of the scalar sector. This result means that this pNGB is the
decaying dark matter and the long-livednes gives a strong constraint on the model through
the U(1)p_1 breaking scale. We evaluate the life-time of the dark matter candidate and
show the parameter space realizing the current dark matter relic as a thermal relic avoiding

the several experimental constraints.

pactification, which is so called moduli fields. In general, these scalars have a flat direction corresponding
to the continum deformation of the background. In order to stabilize them, higher form background
fluxes [DKO07] or non-perturbative effects play the important role to generate the scalar potential.



In Chapter 3, we further advance the possibility of a connection between the pNGB
dark matter and UV physics that we considered in the previous chapter, and investi-
gate whether the existence of dark matter and the swampland conjecture imply a grand
unification. If the pNGB dark matter model based on the gauged U(1)p_; symmetry
is embedded to the grand unified theory (GUT) with SO(10) gauge group, it is found
that the symmetry breaking pattern via the Pati-Salam gauge group is favored. Some
free parameters in the previous model, U(1)p_, gauge coupling, the gauge kinetic mixing
between U(1)y and U(1)p-r and the intermediate scale at the U(1)p_. being broken,
are fixed by the unification condition. We discuss that this determined intermediate scale
predicts the pNGB dark matter mass less than O(100) GeV.

In Chapter 4, we study another possibility to the WIMP pNGB dark matter model
in the previous chapters, where the VEV of the symmetry breaking is much larger than
the electroweak scale. In this situation, the interaction of the pNGB is highly suppressed
by the huge VEV due to its derivative coupling, and the pNGB does not realize the dark
matter relic by the freeze-out mechanism. However, it can be a dark matter candidate by
the freeze-in production through the VEV suppressed interaction and we show that the
pNGB with the huge VEV can be a typical candidate of the Feebly Interacting Massive
Paricle (FIMP). In addition to this, we also investigate the possibility that the symmetry
breaking scalar field which mediates the interactions between the pNGB and SM particles
plays the role of the inflaton via using the non-minimal coupling. We discuss the dark
matter relic by taking the direct production from the inflaton decay to the pNGB and
the ordinary freeze-in production into account.

We consider a special type of the pNGB, called Majoron which arises from the spon-
taneous symmetry breaking of the lepton number, and study whether Majoron with TeV-
scale soft breaking mass can be the dark matter candidate in Chapter 5. The VEV of the
SM singlet scalar of the TeV-scale Majoron is highly constrained by the life-time of the
Majoron decaying to two left-handed neutrinos. In addition to this, the Yukawa coupling
between the right-handed neutrinos and this scalar is also restricted by the cosmic-ray
observations via the Majoron decay channel to top quarks. These results show the inter-
actions in the right-handed neutrino sector of the TeV-scale Majoron dark matter scenario
is very feeble and the production of this dark matter candidate seems hard. We discuss
three possible scenarios for the creation of the TeV-scale Majoron dark matter. This
analysis is related to the FIMP pNGB dark matter scenario in Chapter 4.

In Chapter 6, we consider another interesting pNGB appearing in the scalar sector
extension, which is the QCD axion solving the strong CP problem by the Peccei-Quinn
mechanism. We study the topological string in the DFSZ axion model [Zhi80, DFS81]
and construct a new type of soliton solution which has a thin axion string core and the
SM gauge flux surrounds this. Then we also find that the electromagnetic symmetry
can be broken around the string core, and the axion string can be superconducting in
some parameter space. If the axion string becomes superconducting string, the zero mode



current associated with the breaking of the electromagnetic gauge symmetry travels along
this string. It can be the source of a long-range attractive force between the strings while
the axion exchange force is repulsive. This new attractive force can lead to a string
bound state called Y-shaped junction, and we discuss the possibility of the formation of
this Y-junction in the DFSZ axion model and its cosmological impacts.

Chapter 7 is devoted to the conclusion of this thesis. We summarize our notation and
convention in Appendix A. In Appendix B, we give a brief review of (scalar-) weak gravity
conjecture, which is one of the swampland conjectures. We consider the application to
the anomalous quiver gauge theories and discuss the constraints on the gauge groups. In
Appendix C, we discuss the lepton asymmetry production via the right-handed neutrino
decay with a light flavored scalar. This is a complementary study to the Majoron dark
matter creation in Chapter 5.



Chapter 2

Pseudo-Nambu-Goldstone dark
matter from gauged U(1)g_; model

2.1 Pseudo-Nambu-Goldstone dark matter model and
UV completion

The direct detection experiments [A*17a, CT17, AT18 AT20d] give the strong con-
straint on the mass and interactins of WIMPs. In order to pursue WIMPs further in the
current situation, we have to consider mechanisms to avoid this severe constraint from
the direct detection experiments. One option is to consider a pseudo-Nambu-Goldstone
boson (pNGB) as dark matter [BMS10, GLT17]. Since all the interactions are written by
derivative couplings in non-linear representation, the scattering amplitude for direct de-
tection vanishes in non-relativistic limit.! The leading contribution comes from one-loop
level, and the order of the elastic cross section has been evaluated as O(107*®) cm? at
most [ADG"19,IT18]. Since this magnitude of the elastic cross section is considerably
small, probing pNGB dark matter by future direct detection experiments may be difficult.
However, indirect detection and collider searches are more promising, and there are some
works in this direction [HKL*19,CT19]. In addition, global fitting of the pNGB dark
matter with comprehensive analysis has been done in Ref. [ABD*20)].

A pNGB dark matter is an attractive candidate of WIMP, but there are some ques-
tions, such as the origin of the soft breaking mass or the stabilization of this scalar and
the UV completion of this model. From the point of view of consistency with quantum
gravity theory, gauge symmetries are motivated by the conjecture that there is no global
symmetry in quantum gravity [BD88 BS11]. This conjecture implies that the discrete
symmetry Zy of the pNGB dark matter model should be realized as the gauged discrete

symmetry.

LA pNGB dark matter also appears in the composite Higgs models. In this context, the suppression
of the elastic scattering amplitude has been studied in Refs. [FZFLLH15, BGM*16,BBD*17, BRSW17,
BRSW18, RSW20, Ram20].



In this chapter, we propose a model of the pNGB dark matter from a gauged U(1)g_p,
symmetry, which is motivated by the quantum gravity consistency. We introduce two
complex scalars with Qp_;, = +1 and +2, and three right-handed neutrinos for gauge
anomaly cancellation. The pNGB dark matter scenario in Ref. [GLT17] is realized in
the decoupling limit, where the U(1)p_;, symmetry breaking scale is taken to be infinity.
In contrast to the original pNGB dark matter scenario, the pNGB decays due to the
new interactions through the heavy particles. This is a result with a scalar sector with
a discrete gauge symmetry. The stability of the pNGB is determined by the breaking
scale of the U(1)p_; symmetry. We show that the pNGB can be long-lived over the
current upper bound of the lifetime from the cosmic-ray observations. We also study the
consistencies with the relic abundance of dark matter, and low energy phenomenology.

The rest of this chapter is organized as follows. We give a brief review of the simple
pNGB dark matter model and show the suppression mechanism of the scattering ampli-
tude in Section 2.2. In Section 2.3, a pNGB is introduced from the U(1)p_, symmetry
breaking. In Section 2.4, the longevity of the pNGB as dark matter is investigated. We
also study the relevant constraints on our pNGB dark matter such as the relic abun-
dance of dark matter, the perturbative unitarity, and the Higgs invisible decay and signal

strength. Section 2.5 is devoted to our summary.

2.2 Brief review of simple pNGB dark matter model

The simple pNGB dark matter model is given by the SM singlet complex scalar ex-
tension [GLT17]. The scalar potential is given by

N%{ 2 N?@ 2, Am 4, S g4 21 Q|2
V(H, 8) = ~LR | — B3| 1 22 | 4 Z21S) 4 Aps| HP)S)

2
_ %(52 +5°2), (2.2.1)

where the second line is the soft breaking mass term, which is introduced so that the pNGB
is stabilized as shown in the following part. This soft term breaks explicitly the U(1)g
phase rotational symmetry of S to Z, associated with the sign flip of S: Zy : S +— —S.
These scalars are parametrized by

1 0 vs + 5+
H=— , S=——--—7-, 2.2.2
\/§<v+h> V2 (22.2)

and the following stationary conditions are satisfied:
Wi = Agv® + Agsv?, ps 4+ m? = Agv? + Agsv®. (2.2.3)

Using these equations, the mass matrix of the CP-even scalars is given by

2
M? = ( Aurv AHS“”3> , (2.2.4)

¢ AHSUUs  Agv?



and the CP-odd scalar, which is the pNGB, obtains the mass mi = m?2. The mass
eigenstates of the CP-even scalars (hy, hy) are introduced by

h _ co§9 sin 0 hq 7 (2.2.5)
s —sinf cosf ho

and the mixing angle is given by

2)\Hgvvs
tan20 = ——————. 2.2.6
o Asv2 — Agv? ( )
The mass eigenvalues are given by

1
M = 3 {AHUQ + st = V/(Asv2 = Ag?)? + 4AHsv2v§} , (2.2.7)

1
Mpy = 5 |:)\HU2 + Asv? + /(A2 — Ayo?)2 + 4/\H5v2v§] : (2.2.8)

Using these physical parameters, mass eigenvalues and mixing angle, the scalar quartic

couplings are written as

2 0,2 20,02 - 2 2 22 2 0,2

_cos®Omy, + sin” Omy,, _ sinfcosf(my, —my, ) ), Sin Omy, + cos® Omy,,

H — 2 ) HS — ) S — 2 .
v VU V2

(2.2.9)

Let us consider the interaction Lagrangian. The y-x-h; interactions dominant to the
dark matter-SM particle scattering are given by

1
£35 Z Forchs X2 i (2.2.10)
=1,2
m?2 sinf m2_ cosf
Rxxhi = _hlv—a Ryxha = h2v— (2211)

The interactions among CP-even scalars are given by [AT21]

in® 0 30
ki = 3m2, <—Sm + = ) (2.2.12)
Us v
9 9\ . sinf  cosd
Ki2 = (2my, +mj,)sinf cos 0 . + ) (2.2.13)
9 9\ . cosf sind
Kize = (my, +2mj,)sinfcos 6| — ” + ) (2.2.14)
3 .3
5 (cos’0  sin’0
K999 = 3mh2< i + " >, (2215)
with the convention
K111 K112 K122 K222
—L>V > ?h:{' + Th%hg + Thlh% + Thg (2.2.16)



Figure 2.1: Feynman diagram for the tree-level dark matter scattering with the SM matter.

The interactions among the CP-even scalars and SM fermions become

L>— Z %hff = —(hycos @ + hysinf) Z %Tf (2.2.17)
f f

Fig. 2.1 shows the scattering process between the pNGB dark matter y and SM
fermions f, with the momentum transfer q. Using Eqgs. (2.2.11) and (2.2.17), the scatter-
ing amplitude of this process is given by

m3 ma t(mi —m3
tM o sinf cos 6 h22 — h12 ~ sin 6 cos 0 ( h22 5 ) >0, (2.2.18)
t—my,  t—my, mj My, t—0

where the Mandelstam variable is defined by ¢t = ¢2. Due to the momentum dependence of
the amplitude, the pNGB dark matter escape the severe direct detection constraint.? This
behavior can be understood by the soft pion theorem, which implies the NGB becomes
free particle in the infrared (IR) limit due to the derivative couplings.

The scatterin amplitude (2.2.18) is proportional to ¢t(mj, —mj ), which is character of
the introduction quadratic breaking term. Let me put it another way, the soft breaking
mass term does not change the interactions of the pNGB. If one introduce another type of
breaking term, the amplitude includes the additional term proportional to the breaking
term and it is not possible to say in general that the amplitude vanishs in ¢ — 0 limit.

The authors of Ref. [GLT17] show the parameter space where the current dark matter

relic is realized as the thermal relic via the freeze-out mechanism.



Qr, s, 5 L || H [|[v§| S| @
SUB)e | 3 | 3 | 3 1 | 1] 1 1] 1
SU@). | 2 1 1 2 |1 2 | 1]1]1
U1y +1/6 | =2/3 | +1/3 | —=1/2 | +1 | +1/2 0 0

UNlp_p | +1/3 | =1/3 | =1/3| =1 | 4+1| 0 | +1|+1]| +2

Table 2.1: Particle contents and quantum charges.

2.3 Model

The particle contents and the charge assignments under the gauge group Ggy X
U(1)p_r are shown in Table 2.1. We note that the model is consist of particles in the
ordinary U(1)p_; model and an additional scalar singlet S with Qp_; = +1. The gauge
kinetic terms of the new particles charged under U(1)p_j, are written as

. 1 sin €

Lx = (D,S)(D"S) + (D, ®)"(D"®) + Ui Pvg — ZXWXW — TXWB’“’ (2.3.1)
where D, = 0, +igp-1Qp-1X, is the covariant derivative with the new gauge boson X,
associated with the U(1)g_; symmetry. The field strengths for U(1)p_;, and U(1)y are
denoted by X, and B, respectively. The last term is the gauge kinetic mixing between
X, and B,. An extra mass eigenstate Z’' of neutral gauge bosons is mainly composed
by the new gauge boson X,. The detailed calculations of diagonalization of the kinetic
mixing and mass matrix is summarized in Appendix 2.A.

The scalar potential is written as
2 2 2
P 2 M a2 Hoyg2 , M e AS qpa , A g
V(H,S, &)= — —=|H|" — =|S5|* — —=|® —|H —|S — |

 AuslHPISP + dmal HPIOP + AsalSPlof — (LE@s? 4 cc.) (232

The CP phase of the cubic term is eliminated by the field redefinition of ®. All the scalar
fields develop VEVs, and they are parametrized by

o 0 _Us+8+i7]s _U¢+¢+i7]¢
((U+h)/\/§>, S-St e= e (2.3.3)

In the limit pg. — 0, the scalar potential has two independent global U(1) symmetries
associated with the phase rotation of S and @, respectively. When pu. # 0, these U(1)

2Another way is to consider a fermionic dark matter with pseudo-scalar interactions [FL11]. In
this case, since the scattering amplitude at tree level is suppressed by the momentum transfer in non-
relativistic limit due to the spin structure, the leading contribution to the amplitude appears at loop
level [IMN14, ALQ*18, BBS18, AFH19, AFHS20]. This behavior of the amplitude is similar to the pion
exchange potential.
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symmetries are merged to the U(1)p_r symmetry. Therefore, one of NGBs is absorbed
by X,, while the other appears as a physical pNGB with the mass proportional to .
We note that p. is naturally small in 't Hooft sense because of the enhanced symmetry
argument. One can intuitively understand that if the scalar ® gets the VEV v, , the last
term gives effective mass term p.v452/2 for the pNGB.

By solving stationary conditions for p?%, u%,p2, the mass matrix for the CP-even
scalars in the (h, s, ¢) basis is

)\HU2 )\HSUUS AH¢vv¢
M2 = )\Hsv’Us )\SUE )\S<1>USU¢ — MUcUs (234)

even

2
AHOUVy  AgapUsUp — [heUs )\qﬂ)z + “;Tf:

This mass matrix is approximately diagonalized by the matrix

1 0 /}\Z_f;} cos sinf 0

U~ 0 1 % —sinf cosf 0 (2.3.5)
AHHU ASdUs
Sjum dme 00 1

where U(1)p_, symmetry breaking is assumed mainly by v,. The gauge eigenstates
(h, s, ®) are expressed by the mass eigenstates (hy, ho, h3) as

h hy
¢ hs

where the mixing angle  is given by

200s(AgsAe — AgoAse)

tan f ~ . 2.3.7
R0, — Ahe) — 2N — Ashe) (23.)
The corresponding mass eigenvalues for h; are approximately evaluated as

Aoeds — 2 gsAge Ap A2
m2, ~ Ag? — HoAS HSAH® 25«1) + As HS 2 (2.3.8)

AsAg — A2 Ao s — Agadse)?
m,%z ~ L2570 T 750 5 2 (Aedus HCPQS@) v, (2.3.9)

Ao Ao(AsAo — Alg)

mis ~ )\@’Ui. (2.3.10)

We identify hy as the SM-like Higgs boson with the mass my, = 125 GeV.
The mass matrix of the CP-odd scalars in the gauge eigenstates (1, 7,) is written as

c 4 2 -2 s
Migq = s ( 's U%) (2.3.11)

20y \ =250, v2

11



This mass matrix can be diagonalized as

2 (V2 4+ 402
VMV = (T’Z)X 8) , mi = Hel®s T *e) s o) (2.3.12)

where the unitary matrix V' is given by

yo_ 1 (2% ”s> . (2.3.13)

\JV2 A+ 4vs \TYs 2ug

The gauge eigenstates (7, 7,) are rewritten by the mass eigenstates (x, X) as

1
)L (%o us ) (X)) (2.3.14)
ur 2+ v \ T 205 | \ X

where x is the NGB absorbed by X,, and x corresponds to the pNGB which will be
identified as dark matter.

The following Yukawa interactions are also invariant under the imposed symmetry

g
%@V}%VRJ‘ +h.c, (2.3.15)

Ly = _yiVjVRi]:ITLj -

where H = io> H* with the second component of the Pauli matrices 2. After the U(1)5_p,
symmetry breaking, the right-handed neutrinos obtain the Majorana mass My = ygvs/ V2.
Thus, the small masses for active neutrinos are generated by the type-I seesaw mechanism
as m, ~ —mDM]\’,1 ‘'mp with the Dirac mass mp = y,,’u/ﬂ. Since the heaviest neutrino
mass is roughly fixed by the neutrino oscillation data as m, ~ 0.1 eV, the required scale

of the VEV v, is estimated as
yVQ,UQ

V2y2u4

The scale v, is large enough as compared to the electroweak scale unless the Dirac Yukawa

m, ~

v2
~0leV — wv,~43x10" ev(y(b) (2.3.16)
y

coupling " is considerably small.

2.4 Long-lived dark matter

First of all, we check the cancellation of the scattering amplitude for direct detection
in this model. When vy4 is much larger than v and v, the three-point interactions among
the pNGB and CP-even scalars are expressed as

Loy =— Y 0hiy2p, (2.4.1)

, 2
=1,2,3

12



where each coupling coefficient k., is given by

m;, sin 6 m;,, cos m;p, AsoUs
Ry = = o Rxxhy B F " ook T Nols
S S S

(2.4.2)

We note that these couplings are proportional to the corresponding scalar masses. The
CP-even scalar exchanging scattering amplitudes of the pNGB and SM particles are ex-

pressed as
: 9 9 m2 m2
Vs @ —my g —mj,

where ¢ is the momentum transfer. Due to this structure, the elastic scattering cross
section of dark matter and nucleon is suppressed in the non-relativistic limit. This is
nothing less than the same cancellation mechanism of the pNGB dark matter for the
direct detection [GLT17].> Therefore, the pNGB derived from the gauged U(1)5_, model
can be a good candidate for dark matter.

It is necessary to examine the longevity of the pNGB to be dark matter, because our
pNGB is unstable. The SM particles are produced by the decays of the pNGB dark matter
candidate, and these particles further decay into the stable particles such as e*, v, v, p,
p. These cosmic-rays can be signals of dark matter or constrained by observations. In
this paper, following the analysis of gamma rays coming from dwarf spheroidal galaxies
using Fermi-LAT data [BGQS16], we study constraints of our model from a conservative
limit of the dark matter lifetime 7y > 1027 s, or equivalently I'py < 6.6 x 10752 GeV in
terms of decay width.

One of possible two body decay channels is Yy — vv through the scalar mixing and the
neutrino heavy-light mixing. The partial decay width is roughly estimated as I'y_,,, <
10757 GeV. This is small enough to guarantee the dark matter (meta-)stability thanks to
the strong suppression by the small neutrino masses. In addition, the current experimental
upper bound for this channel is much weaker than our estimate, since the observation of
the produced neutrino cosmic-rays is much more difficult than those of charged particles
such as e*, p, p. Thus, this decay channel can be safely ignored.

Another two body decay mode x — h;Z, depicted in the left panel of Fig. 2.2, becomes
important if it is kinematically allowed for m, > my, + mz. The total decay width for
this channel is computed as

gB*L 2 2 . 9 .9

Iobody = g 'y ohz &~ momZ sin® Oy sin” €
Y — X 167rm‘§, Z7x

3

3 15 2 15 2 : 2
10" GeV 10" GeV sin €
=58 x 10772 GeV [ —X 2.4.4
- ) (0-5 TeV) ( mz ) ( Vs ) (1/\/5) (244)

where the mass hierarchy my,,,mp,, mz < m, < my,, my is applied for this approxi-

mated formula. This two body decay becomes important if there is a large gauge kinetic

3This cancellation mechanism works if and only if the U(1)p_1 charge of S is unity.
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Z f

Figure 2.2: Feynman diagrams of the dark matter decay [ATT20].

mixing sine,? and is irrelevant for the vanishing gauge-kinetic mixing. Since y is n,-like,
the main contribution to this decay channel comes from y — hoZ where hy is s-like.
Further suppression due to the scalar mixing is expected for other decay channels, e.g.,
X — h1Z. A decay process emitting a photon such as y — h;v is forbidden due to the
helicity conservation.

One can naively expect that three body decay processes are subdominant if the above
two body decay processes are kinematically allowed. However, three body decays could be
dominant depending on parameters, in particular when the gauge kinetic mixing is small.
There are two possible three body decay processes Y — Zff and x — h;ff. The former
is mediated by the heavy CP-even scalar hz, and is possible only when the gauge kinetic
mixing is non-zero as same as the above two body decay process. The decay width is
extremely suppressed by the heavy h3 mass and small scalar mixing, thus this is ignored.
The latter process is mediated by the heavy Z’ gauge boson as depicted in the right panel
of Fig. 3.3. In the case that m; < my,, m, < my/, the decay width is computed as

2 2,5 2
_ 9p-rUsiM, cos Cr g2 f2 3 4 2
x—hiff — 7687T3m%, cos? ¢ (9V + 9a ) 1 =88 485 — & — 12¢ log&; (2.4.5)

where & = mj /m} and Uy (i = 1,2) is the element of the CP-even scalar mixing
matrix in Eq. (2.3.5). The mixing matrix elements are explicitly given by Us ~ —sin6,
Uss = cosf. The coefficients g{; /4 are the coupling constants between the heavy gauge
boson Z’ and vector or axial vector current, which are defined by

Logs = =20 {95 + gfm] f. (2.4.6)
Their expressions in myz < my limit are given by

9B-L
Q\J; ~ =0 (Q]J;M - T:{) tan € + cos € Lo (2.4.7)

4A bound on the kinetic mixing sine is obtained from the perturbative unitarity if the new gauge
boson mass is lighter than TeV scale [BBDR18]. However this bound is irrelevant to our case since the
new gauge mass is assumed to be much heavier than TeV scale.

14



gh =0, (2.4.8)

where QéM, T:,fc and Qé_ ; corresponds to the electromagnetic charge, the third component
of weak isospin and B — L charge of the fermion f, respectively. The mixing angle ( is
introduced to diagonalize the gauge boson mass matrix as summarized in Appendix 2.A.

It is useful to take some specific values of the parameters to understand the behavior
of the three body decay width. Here, we consider the two cases, sine = 0 and 1/v/2.
First, when there is vanishing gauge kinetic mixing (sin e = 0), the total three body decay

width can simply be computed as

r = E g r fsg—g%_L —mi
W nesn 4 — 16 15367° m,
5 15 4
1
= 5.3 x 10772 GeV(O 57”% V) ( 0 Gev) (2.4.9)
. € Vg

where we used the relation m3, ~ 493 _;v3.
The second case is a typical value of non-zero gauge kinetic mixing (sine = 1/v/2).
Then, the total decay width can be evaluated as

2 5
B 9 My 2 2
I3 body dnes1/vE zl: Zf: D oniff ™ e _m‘é, (1Og1 — 8V2g195-1, + 2693_/;)

5 15 2 15 2
10*° GeV 10*° GeV
— 4.1 x 10752 M
<10 GeV(O.5 TeV) ( My ) ( Vg )

< 2V2my 13 m2,
5} 91Uy 209%1)3)

(2.4.10)

From the above calculations, one can find that the two body decay width in Eq. (2.4.4)

is proportional to mf’(, while the three body decay widths in Eq. (2.4.9), (2.4.10) are

5
X

the dark matter mass m, is large. Another important point is that the two body decay

proportional to m?. Therefore the three body decay width tends to be dominant when
width vanishes when there is no gauge kinetic mixing while the three body decay occurs
even in the case.

In our model, there are 10 independent parameters in total, which are relevant to the
decaying pNGB dark matter. These may be chosen to as m,, mp,, mp,, mz,sint, vs, vg,
Ao ,Ase and sine. The Yukawa couplings y, and y¢ are irrelevant for the pNGB sector,
and one can always take appropriate Yukawa couplings and right-handed neutrino masses
consistently with the neutrino oscillation data. Only 4 parameters (m,,sin @, vy, my,) are
important for the phenomena of the stable dark matter, which are used in the discussion
in the next section. The other parameters are relevant to the dark matter decay. In our

numerical calculations, we choose the following parameter sets as examples:
mp, = 300 or 1000 GeV, my, = 10 GeV, my = 10" or 10" GeV,
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Figure 2.3: Allowed regions in the (m,,v,) plane [ATT20]. The scalar mass is fixed as
mp, = 300 GeV for the left panels and my, = 1000 GeV for the right panels. The new
gauge boson mass is fixed as my = 104 GeV in the upper panels and my = 10'° GeV
in the lower panels. The orange regions are excluded by the conservative bound of the
dark matter lifetime (7py = 10%7 s). The gray region is disfavored by the perturbative

unitarity bound of the gauge coupling gg_r. The upper light blue region denotes the
parameter space that the VEV v, becomes larger than the Planck mass Mp.

. 6 ) 1

sinf = 0.1, Age = Age = 107", sine=0 or E (2.4.11)
The gauge coupling gp_, and the quartic coupling \g are fixed by gp_1 ~ m%,/ (4@2) and
Ag R mzs / vi for a given VEV v,4. The mixing angle sin 6 is constrained as siné < 0.3 for
mp, 2 100 GeV by the electroweak precision measurements and the direct search of the
second Higgs boson [MLMP15,FGL15]. This constraint can also be applied for our model.
The quartic couplings A\ge and Age are taken small such that the approximate formulae
Eq. (2.3.8) and (2.3.9) are valid. If these couplings are large, the negative contributions
to the CP-even scalar masses in Eq. (2.3.8) and (2.3.9) become significant and make them
tachyonic. Note that one can take these quartic couplings larger than Eq. (2.4.11) for
smaller VEV v,. However, we choose as Eq. (2.4.11) for simplicity so that the quartic

couplings retain constant in our numerical calculations.
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In Fig. 2.3, we show the allowed parameter region from the (meta-)stability constraint
of dark matter in the plane (m,,vs). The orange region is ruled out by the cosmic-ray
observation. The perturbative unitarity bound of the U(1)p_, gauge coupling exclude the
lower gray region. The VEV v, becomes larger than the Planck scale Mp = 1.2x 10" GeV
in the upper light blue region.” One can find from the plots that when the dark matter
mass m, becomes larger than the threshold of the decay channel x — hyf f (my 2 My ),
the total decay width is enhanced and the bound of the cosmic-ray observations becomes
stronger. The scaling behavior of the orange region is observed as vy o mi/ * for no kinetic
mixing and vy o mi/ ® for a large kinetic mixing in heavier dark matter mass region. This
follows from the analytic formulae of the total three body decay width in Eqs. (2.4.9)
and (2.4.10). Characteristic threshold behaviors are also seen at m, ~ my, + mz, where
mp, = 300 (1000) GeV is taken in the left (right) panels.

We here comment on the possible four body decay channel. If the dark matter mass
is too small to decay through the above two or three body decay process, the four body
decay process x — hiZ* — fff'f would be the main decay channel of dark matter.
However, the decay width is too small to be constrained or be signals of dark matter at
present.

Finally, we confirm the consistency of our model with the observed dark matter relic
abundance. For calculations of the dark matter relic abundance, the model is imple-
mented in CalcHEP [BCP13] by using LanHEP [Sem16]. The physical quantities relevant
to dark matter such as thermal relic abundance, all the decay widths, spin-independent
cross section for direct detection are computed by using MicrOMEGAs [BBG'18a]. In
Fig. 2.4, we show the consistency of our pNGB dark matter model with the observed
relic abundance in the plane (m,,v/vs). The red line represents the parameter space
reproducing the observed thermal relic abundance within 3o range of the PLANCK data
Qpavh? = 0.120 £ 0.001 [AT20b]. One can see the two resonances in Fig. 2.4 due to
the two Higgs bosons h; and hy,. The purple region is excluded by the measurements
of the Higgs invisible decay [ST19, AT19a] and the signal strength [AT16] and the up-
per gray region is ruled out by the perturbative unitarity bound of the quartic coupling
As < 8m/3 [CDLI15]. The green region is excluded by the gamma-ray observation com-
ing from dwarf spheroidal galaxies where the effective annihilation cross section into bb
defined by (0egvra) = (opvra) (QpMmh?/ 0.12())2 with the dark matter relative velocity v,e
becomes larger than the current upper bound given by Fermi-LAT [AT17b)].°

SIf we consider a cosmic string creation after the inflation, the VEV breaking U(1)p_7 symmetry is
restricted as v, < 4 x 101 GeV from the CMB observation, which is discussed in Ref. [CACM16].

6Note that the parameter space excluded by the gamma-ray observation shown in Fig. 2.4 is different
from the previous work [HKL*19]. This is because in the previous work the dark matter abundance
in our galaxy has been assumed to be the observed value (Qpamh? =~ 0.120) regardless of the thermal
abundance computed at each parameter space. This can occur after thermal production of dark matter
via additional non-thermal dark matter production or entropy production, for instance. On the other
hand in our case, thermal dark matter production is only assumed.
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Figure 2.4: Allowed regions in the (m,,v/vs) plane [ATT20]. The scalar mass is fixed
as mp, = 300 GeV for the left panels and myp, = 1000 GeV for the right panels. The
gauge kinetic mixing is chosen as sine = 0 (no kinetic mixing) in the upper panels and
sine = 1/4/2 (maximal mixing) in the lower panels. The red line corresponds to the
thermal dark matter relic abundance consistent with the PLANCK Collaboration [AT20b].
The purple, gray, orange and green regions are excluded by the constraints of the Higgs
invisible decays [ST19, AT19a] and the Higgs signal strength [AT16], the perturbative
unitarity bound on \g [CDL15], the cosmic-ray constraint (mpy = 10?7 s) [BGQS16] and
the gamma-ray observation [AT17b], respectively.

These behavior is basically same with the previous work as expected [GLT17]. The
orange region is excluded by the upper bound on the dark matter lifetime mpy = 10?7 s
where the VEV is fixed as vy = 10" GeV, 10 GeV, 10" GeV. One can observe from the
plots that the bound becomes stronger for small v, and non-zero gauge kinetic mixing
sin e.
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2.5 Summary

We have studied the pNGB dark matter scenario derived from the gauged U(1)p_p
symmetry. The model is consist of particles in the ordinary U(1)p_; model with an
additional scalar singlet with ()p_;, = +1. The small neutrino masses have also been
generated via type-I seesaw mechanism as usual. In this model, the pPNGB associated with
U(1)p_1 symmetry breaking is identified as a dark matter candidate. The interactions of
the new U(1)p_1, gauge boson and the scalar mixing have led the decays of the pNGB.
We have shown that the lifetime of the pNGB is long enough to be dark matter. We have
also found the parameter space, which are consistent with the relevant constraints such
as observed relic abundance of dark matter, Higgs invisible decay, Higgs signal strength,
and perturbative unitarity bound of the couplings.

For future prospects, the planned gamma-ray observations such as Cherenkov Tele-
scope Array (CTA) [CT16] and Large High Altitude Air Shower Observatory (LHAASO)
[BT19] can explore the dark matter mass over 100 GeV. In particular, the LHAASO
experiment is already being operated, and can search the dark matter mass region be-
tween 1 TeV and 100 TeV. The upper bound on the dark matter lifetime is expected to
be updated by one order of magnitude as discussed in Ref. [HBL*20]. These upcoming
experiments will be able to explore full parameter space of our gauged U(1)p_; pNGB
dark matter.

Appendix 2.A (Gauge kinetic mixing

When the kinetic terms of the U(1)y and U(1)p_. gauge fields are given by

1 1 i
Lok = ——B,uyB/W - 7 MVXMV - SIDEBAWXMV’ (2'A'1)
4 4 2
these can be diagonalized as
Loy aw 1o ow
£GK == _ZBMVB - ZXMVX 5 (2A2)

by the linear transformation

B} _ (1 —tane) (Bu ) o B (2.A.3)
X 0 1/cose X X,

On the other hand, the mass matrix of the neutral gauge bosons is given by

. sin? QWmQZ — sin Qyy cos HWmQZ 0 BH
Ly = 3 (B# wp Xu) — sin Oy cos yym?, cos® Oym? 0 w3k |,
0 0 m% ) \ x»
(2.A.4)

19



where the following parameters are defined:

. 91 g2
sinfy = ————, cosby = ———, (2.A.5)
Vgi + g5 Vi + 93
2 9itg 2 . 2 2 2
L 9p_r(v5 +4vy). (2.A.6)

In the kinetic term diagonalized base, the mass matrix of the neutral gauge boson Mé is

written as
sin? me% — sin By cos Oyym Z 0
Mé = t‘~/GK — sin Oy cos HWmQZ cos QWmZ 0 | Vax, (2.A.7)
0 0 mA
where Vg is given by
1 0 —tane
Vek =10 1 0 . (2.A.8)
0 0 1/cose

The mass matrix M(Q; can be diagonalized by the unitary matrix

cosby —sinfy 0O 1 0 0
Ug = | sinfy cosfy 0O 0 cos¢ —sin( |, (2.A.9)
0 0 1 0 sin¢ cos(

where the mixing angle ( is expressed by

—mQZ sin Oy sin 2¢

2 2 (02 e — <in’ RS
m5 — mZ(cos? € — sin” fyy sin” €)

tan 2¢ = (2.A.10)

In the limit of m? < m% as in our case, we can find that tan2¢ ~

1. As a result, the gauge eigenstates can be written in terms of the ‘mass eigenstates

(Aw, Zu, Z,,) as

B, A,
W2 | =VaxUc | Z, | (2.A.11)
X, z,

where the gauge bosons A4, Z, and Z;L correspond to the photon, the SM-like Z boson
and the new massive gauge boson. The mass eigenvalues are given by

_ _ 4m m2 1 [— _ Am2Zm?

2 2 4 X 2 2 4 "X
= — = == |M - 2.A.12
Mz \/ cos2 ’ Mz =5 i \/ cos?e |’ ( )
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where M~ is defined by M~ = m?% (1 + sin® Oy tan® €) + m3/ cos”e. In the limit e — 0,
these mass eigenvalues are reduced to the usual expressions

2 2 91 + 9 02
myz — mZ 4 y

One can see that Eq. (2.A.13) corresponds to the SM Z boson mass.
Finally, we will derive the interactions of these gauge bosons, which are used to evaluate
the decay widths of the pPNGB dark matter. The interactions with the dark matter come

from the covariant derivative of S, and its expressions are given by

my — mi = gg_ (v +403). (2.A.13)

v2
4v

sin(¢ Ug
Loy = _ h;0"x — xO0"h;), 2.A.14
Zhix XZ:QB L u( X=X ) ( )

Loy = ZgB 36 Uizt (hdvy — x0"h). (2.A.15)

COS € /1+4

The couplings between the heavy gauge boson Z’ and the (axial) vector currents of the
SM fermion f is defined by

Lo = =2, gl + g . (2.A.16)
and the explicit expression of the coefficients are given by

g{; g22 Tg sin ¢ cos Oy + g1(QF  — Tg)(sin(’sin Oy — cos( tane)

cos (
2.A17
+ 98- LQB Lcose’ ( )
gh = 2 sin € cos by (2.A.18)

Appendix 2.B Discrete gauge symmetry

In this appendix, we will give a brief summary of the discrete gauge symmetry. For
simplicity, we use the differential forms for the p-form field. The notation is summarized

in Appendix A.3 and the asymmetric tensor is normalized as €"'23 = +1.

2.B.1 7, gauge theory

The Z, discrete gauge theory is realized by restricting the gauge configuration as
1
Ay = —db, (2.B.1)
k
with a compact scalar field b ~ b 4 27 satisfying

/ db € 217 (2.B.2)
C
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In this configuration, the Wilson loop is given by

w(C) = exp(i/CAl) - exp(i /D:ac FQ) - exp(z%/cdb) - exp(zlm), (2.B.3)

db
C 2m

Zy. Then 7Z; gauge theory is given by the set of the gauge field and the compact scalar

where n = € Z. This equation shows w(C') becomes the unitary representation of

satisfying Eq. (2.B.1).” Eq. (2.B.1) is invariant under the gauge transformation
Ay = A+ db, b b+ k0. (2.B.4)

The action describing the above system is given by

2
S— /%(db CRAY A sa(db — kA, (2.B.5)

which is invariant under the gauge transformation (2.B.4). This is nothing but the
Stiickerlberg action of A; and b.%

2.B.2 Dual picture

In this subsection, we give the dual picture of the Z; gauge theory by using a higher
form field. Let us consider the following 4D action:
1
S = /[@H3/\*4H3+gFg/\*4FQ+kJB2/\FQ . (2B7)

where the field strengths are given by Fy = dA;, H3 = dB;. The last term of this action
is called as BF coupling and the coefficient is k. The EOMs are obtained as

1
t_2d *yq H3 = qFQ, sd *y F2 = —qu, ng = dF2 =0. (2B8)

On the other hand, the following action with arbitrary 3-form field hsy and Lagrange
multiplier b are considered:

1
5 / [ﬁhg Nwahy  SEs AsaFy + g A (db— kA (2.8.9)

“The existence of a particle of the unit charge is assumed so that k is not absorbed in the redefinition
of the coupling.

81n the field theory context, this kind of action is realized by the higgsing in the abelian-Higgs model
via U(1) gauge charge k:

2
(@ — kAP (Db~ kAL, (2.B.6)

where ¢ = %e“’ is assumed. This is regarde as the decaoupling limit of the massive scalar field, which

arises from the radial direction of ®.
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The EOMs of this action are given by

1 1
t_2 *y hg = —<db — qA1> = t_2d *gq hg = qFQ, (2B10)
sd x4 Fy = —qhs, (2.B.11)

From the EOM of ¢, hs is given as hy = dBs = Hj by introducing the 2-form field B,
and the action becomes

1
S = /[Q—ﬁH3/\*4H3+ng/\*F2+kiB2/\F2}, (2.B.13)

which implies the two actions are equivalent. By using the EOM of hs, *4hs = —t(db —

kAj), we can integrate out hz and the action reduces to
t2 S
From these equations, we can find that the string object characterized by the holonomy

(2.B.3), so called Aharonov-Bohm string, couples electrically to By as fz By with the string
world-sheet 3.
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Chapter 3

Pseudo-Nambu-Goldstone dark
matter model inspired by grand
unification

3.1 Gauged U(1)p_; pNGB dark matter model and
SO(10) grand unification

In Chapter 2, a pNGB dark matter model is proposed based on Ggy x U(1)p—1, gauge
groups. Two complex scalars with Qp_; = +1 and +2, denoted as S and ®, and three
right-handed neutrinos due to the gauge anomaly cancellation are introduced. The gauge
symmetry is spontaneously broken via the non-vanishing VEV of the scalar fields S, ®
and the SM Higgs boson as

GSM X U(l)B_L — GSM — SU(3)C X U(l)EM (3.1.1)

The dark matter direct detection cross section is naturally suppressed as the same as other
pNGB dark matter models. The pNGB can decay through the new high scale suppressed
operators, but the pNGB has a lifetime long enough to be a dark matter in the wide range
of the parameter space of the model. The thermal relic abundance of pNGB dark matter
can be fit with the observed value against the constraints on the dark matter decays from
the cosmic-ray observations.

From other viewpoints, the charge quantization of U(1)y, the gauge anomaly cancel-
lation of G'gp, and the almost SM gauge coupling unification even in non-supersymmetric
SM seem to imply the existence of grand unification [GG74]. The unification scale is
expected to be O(10'° — 10'®) GeV, where the lower bound comes from the current non-
observation of the nucleon decay [HT20] and the upper bound comes from the Planck
scale. Also, the tiny neutrino masses from the neutrino oscillation data seem to suggest
an intermediate scale O(10'°-10') GeV through a see-saw mechanism [Min77].
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A,u wlﬁ ¢10 ¢16 (bm ¢210
S0O(10) 45 16 10 | 16 | 126 | 210
SL(2,C) | (1/2,1/2) || (1/2,0) [ (0,0) | (0,0) | (0,0) | (0,0)

Table 3.1: The matter content in the SO(10) model is shown.

In this chapter, we propose an SO(10) pNGB dark matter model in the framework
of grand unified theories (GUTs). Each Weyl fermion in 16 of SO(10) contains one
generation of quarks and leptons, which includes a right-handed neutrino [FM75]. The
SM Higgs and two complex scalar fields S and ¢ in Refs. [ATT20, ORS21] are assigned
to a scalar field in 10, 16, and 126 of SO(10), respectively. There are several symmetry
breaking patterns of SO(10) to Gsy X U(1)p—1 as below,

SO(lO) — G[ — GSM X U(l)BfL- (312)

where (7 stands for the intermediate gauge group such as the Pati-Salam gauge group
Gps = SU(4)e x SU(2), x SU(2)g [PS74] and a left-right gauge group Grr := SU(3)¢ X
SU(2)p x SU(2)gr x U(1)p—r [PSS75,MS78]. We mainly focus on the case of G; = Gbps,
but we also consider the possibility for such as G; = Gpr, where the cases are not favored
for a pPNGB DM model under our assumption and experimental constraints. (For more
information about GUT model building in general, see, e.g., Refs. [Sla81, Yam15].)

We discuss the following three things. First, the value of the gauge kinetic mixing
between U(1)y and U(1)p_y, is a free parameter in e.g., the non-GUT pNGB DM models
[ATT20, ORS21], while that is determined mainly by the GUT gauge group in SO(10)
models. Second, gauge coupling unification can be achieved due to the contribution from
the additional scalar fields that contain a DM candidate. Then the intermediate scale
My, the unification scale My, and the gauge coupling constant of U(1)p_j, are fixed by
using the renormalization group equations (RGEs) for gauge coupling constants. Third,
the mass of the pNGB in the SO(10) pNGB DM model is limited to be O(10 — 100) GeV
from experimental constraints.

This chapter is organized as follows. In Section 3.2, we introduce the SO(10) pNGB
DM model. In Section 3.3, we find gauge coupling unification determines mass scales and
gauge coupling constants of the model. In Section 3.4, the constraints from experiments
are discussed. Section 3.5 is devoted to summary and discussions.

3.2 The model

The model consists of an SO(10) gauge field A,, fermions in 16 of SO(10), a real
scalar field in 210 of SO(10), and complex scalar fields in 10, 16 and 126 of SO(10).
The SO(10) gauge field contains Gisyy and U(1)p_; gauge fields. Each fermion in 16 of
SO(10) corresponds to quarks and leptons. Scalar fields in 10, 16, and 126 of SO(10)
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Vi

S0O(10) 16

YP(a,2,1) Yaa2)
Gpg (4, 2, 1) (Z, 1, 2)

Qr L L ug L dg Leg Lug
SU3)c 3 1 3 3 1
SUQ), | 2 2 1 1 |1
Uy || +1/6 | —1/2| —2/3 | +1/3 | +1
U)pr | +1/3| —1 | —1/3| —1/3 | +1]| +1

Table 3.2: The content of the fermions in the SO(10) model is shown in the Gps =
SU(4)c x SU(2), x SU(2)g basis, where the fermions belong to (1/2,0) under SL(2,C).
The U(1)p_r charge Qp_y, is given by U(1)(D SU(4)/SU(3)) [Yam15].

include the Higgs H, S and ®, respectively. A scalar field in 210 of SO(10) is responsible
for breaking the SO(10) symmetry to Gps. The matter content in the SO(10) model is
summarized in Table 3.1.!

The Lagrangian is given by

3
1 o 1 .
L= Y (Duy) (D) + 5 (Dy210) (D" Pa0) + D _ WGBS — o trlF P

y=10,16,126 a=1

- Y ey (wg‘gw%) Fhe | - V{0 (3.2.1)
y=10,126 a,b Y
where D, == 0, + igA,, F,., = 0,A, — 0,A, +ig[A,,A)]. The scalar potential V ({®«})
contains quadratic, cubic, and quartic coupling terms, where x = 10, 16,126, 210.

We consider the following symmetry breaking patterns of SO(10) broken to Gpg at
the unification scale My by the non-vanishing VEV of the scalar field in 210 in SO(10),
further to Ggy at the intermediate scale M; by the VEV of the scalar field in 126 in
SO(10), where the My and M; will be determined by gauge coupling unification using
the renormalization group equations (RGEs) for the gauge coupling constants in the next

section.

(P210

#0 (®136)#0 (®10)#
(021020 s (O Gew x U(1)p_p) 2070, ), (0100

% SU3)e x U(1)gn,
(3.2.2)

SO(10)

where the dominant contribution for the symmetry breaking from the VEVs are shown.
The type of symmetry breaking has been already discussed in e.g., Refs. [FM75, AM83,

In this paper, we introduced a scalar in 10 of SO(10) as a complex scalar. To reproduce the observed
mass spectra of quarks and leptons, it is discussed in e.g., Ref. [BMSV06] that only the real scalar in 10
of SO(10) has some tensions.
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(DlO ¢16 (Dm
SO(10) 10 16 126
P(1,2,2) ¢(Z,1,2) /(ﬁ,l,s)
Gps (1,2,2) | (4,1,2) | (10,1,3)
H S )
SU(3)¢ 1 1 1
SU(2); 2 1 1
Ul)y +1/2 0 0
Ul)p_1 0 +1 +2

Table 3.3: The content of scalar fields in the SO(10) model is shown, where the scalars
belong to (0,0) under SL(2,C); ®19, P16 and Pz are complex scalar fields. Here we
assume all unlisted components of Gpg have O(My) masses adn also all unlisted compo-
nents of Gsy X U(1)g—r, have O(M;) and O(M;) masses, respectively. Other information

is the same as in Table 3.2.

Ay

SO(10) 45
@, W, W

GPS (157171) (17371) (17173)

G.| C, | W, 7
SUB) | 8 | 1 1 1
su@), | 1] 1 3 1
Uly || 0] 0 0 0
UDlpr || 0] 0 0 0

Table 3.4: The content of gauge fields in the SO(10) model is shown, where the gauge
fields belong to (1/2,1/2) under SL(2,C); Other information is the same as in Tables 3.2
and 3.3.

BMO93, ABM*04, BMSV06, FIK+05, BDLM09, AM13, Fuk13, MNO*+15, EGKO18, FHHT19,
CMK19,CPS20]. The field content of fermion, scalar, and gauge bosons are shown in
Tables 3.2, 3.3, and 3.4. (The potential analysis of 210 in SO(10) has already discussed
in e.g., Ref. [CK86]; SO(10) is broken to Gpg for appropriate parameter sets.)

3.2.1 Scalar sector

Here we focus on the scalar potential of SM Higgs and pNGB relevant part that
contains scalar fields H, S, ® belonging to 10, 16, and 126 of SO(10), respectively.
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We assume that the other components of ®19, ®16 and P55 shown in Table 3.3 have
the intermediate scale or larger masses and they do not contribute SU(2), x U(1)y and
U(1)p_y, breakings.

From the scalar potential V ({®4}) in Eq. (3.2.1), we extract the terms that contain
only H, S, ®:

2 2 2
He o HS a2 Hbix2 , MH 4, AS g4, A ria
V(H,S &) =—"=|H|"— = ——|® —I|H — — |
( 75;7 ) 2 | | 2 ‘é;| 2 ‘ | +_ 2 | | +_ 2 |é;‘ +_ 2 | |

+ s H 2SI + Ao H2 D + AsolS|2|@|2 — (%@*52 + c.c.> . (3.2.3)

The quadratic terms | H |?, [S]?, and |®|* come from (®19P10)1, (P16Pi6)1, and (PizePisg)1,
respectively; the quartic terms |H|[*, |S|*, and |®|* come from (($19P10)1)? and |(P10P10)s54]°
|(P16%16)136]%, and |(PizePizg)z773|°, respectively; the quartic terms |H|?|S|?, |H|?|®|?,
and |S|?|®]* come from (P10P10)1(P16P16)1, (P10P10)1(PizePigg) 1, and (P16P16)1(PraePigg)1,
respectively; the cubic term ®*S? comes from q”{%((bw‘bw)m, 2 where the above sub-
script such as 1 and 54 stands for the product representation of SO(10). This potential
is exactly the same as that in Refs. [ATT20,0RS21]. See Appendix 3.A for details.

We assume that the scalar fields H, S, and ¢ develop the VEVs, which are parame-

terized by

0 Vs + S+ ins Vy + @+ ing
H = O S L T 3.2.4

where h, s, and ¢ are CP-even modes, 7, and 7, are CP-odd modes, and v, v,, and vy
are the VEVs of H, S, and ®, respectively. The CP phase of the cubic term ®*S? is
eliminated by the field redefinition of ®. In the limit p. — 0, there are two independent
global U(1) symmetries associated with the phase rotation of S and ®. For . # 0, the
U(1) symmetries are merged to the U(1)p_ (or U(1l)x) symmetry. Once U(1)p_p is
broken, one of two CP-odd modes is absorbed by the U(1)5_;, gauge field denoted as C,,,
while the other appears as a physical pPNGB whose mass is proportional to p..

The scalar fields H, S, ® have five modes; three of them are CP-even scalar modes
and the other two are CP-odd modes. The mass matrix for the CP-even scalars in the
(h, s, ¢) basis is given by

)\HU2

M2 = | Aggvus Asv? AsoUsUp — fheUs | . (3.2.5)

even

)\Hgvvs )\H@UU¢

2
AHOVVy  A5pUsUp — [heUs >\<1>v§ + %

2When we take into account the nonvanishing VEV of ®319, quadratic terms |H|?, |S|?, and
|®]? and the cubic term ®*S? also come from (®10P10)1(P210P210)1, (P16Pig)1(P210P210)1,
(Cbmcb*l‘Tﬁ)l(d)mod)glo)l, ®16P16P136P210, respectively. Therefore, each coefficient such as p. in
Eq. (3.2.3) should be regarded as the total value including all the corresponding terms such as $16P16P13g

and ¢16¢16 q)m(bz]_() .
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Since the matrix is real and symmetric, it can be diagonalized by a real orthogonal
matrix. As discussed in Chapter 2, the gauge eigenstates (h, s, ¢) are related with the
mass eigenstates (hy, ha, h3) as

h hy
S = Ue hg 5 (326)
¢ hs

where the approximate form of the real orthogonal matrix and its mixing angle are given
by
1 0 AiigY

Ao cosf sinf 0
U, ~ 0 1 % —sinf cosf 0], (3.2.7)
—JHev  _Asev 0 0 1
Apvg Apvg

200,(AgsAe — AgoAss)

tan 20 ~ . 3.2.8
" v (Mo — Arde) — v3(A5e — AsAa) (323)
The masses of (hy, ha, h3) are given by

A aAs — 2Ags Ao Ap A2

m2, ~ Ago? — ZH278 S HAS fifq) T A0S 2 (3.2.9)
SAD SP
AsAap — A2 (AeArs — Amadss)?
2 SA> — Age 9 PAHS — AHOASD)” 9

my N ———— V7, 3.2.10
e Ao 1 Ae(Ashe — Alg) ( )
mi, = Apv]. (3.2.11)

The mass eigenstate h; is identified as the SM-like Higgs boson with the mass m;,, ~
125 GeV, hy is a light CP-even scalar, and hs is a heavy CP-even scalar.
The mass matrix of the CP-odd scalars in the gauge eigenstates (7s,7) is given by

W2 —2u,
M2, = e ( Yo ! %) . (3.2.12)

20y \ —205v, v?

The gauge eigenstates (1, 7,) are related with the mass eigenstates (x, x) as

(773> ~ U, <X> , (3.2.13)
o X

where the real orthogonal matrix is given by

R — (2% v ) . (3.2.14)

/v + 41}2 —Us 20y

By using the 2 x 2 real orthogonal matrix U,, the mass eigenvalues of (x, x) are given by

v2 4+ 402 1,
m? = %7 (3.2.15)

— 0. (3.2.16)

> N

m

The x is the NGB absorbed by the U
as dark matter in the paper.

>N

—~

1)p_r, gauge boson C,,, and x is the pNGB identified
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3.2.2 Gauge sector

The gauge kinetic term of the SO(10) can be canonically normalized at the unification
scale My asin Eq. (3.2.1). In general, the kinetic-mixing term of multiple U(1) symmetries
are allowed for the case of at least two abelian groups because a field strength itself
is gauge-invariant for abelian groups, while that is not gauge-invariant for non-abelian
groups. So, in the energy scale M; < p < My, there is the gauge kinetic mixing of Gps.
At the scale u = My, there are two U(1)s, i.e. U(1)y and U(1)p_r although one of the
U(1)s, which is the U(1)p_p, is broken at the scale. It is generated by threshold corrections
or via RGE flows. In SO(10) models, SO(10)/(SU(3)c x SU(2)r) contains U(1)y and
U(1)p_r as two independent U(1)s, while they are not orthogonal. In fact, U(1)y is
orthogonal to U(1)x(C SO(10)/SU(5)); U(1)p_y is orthogonal to U(1)gr(C SU(2)g).
Therefore, it is expected that the kinetic mixing parameter between U(1)y and U(1)p_L
denoted as € is non-zero at classical level.

To determine the value of the kinetic mixing parameter between U(1)y and U(1)g_y,
we focus on the kinetic terms of the gauge fields. First, from Eq. (3.2.1), the gauge kinetic
term of SO(10) is given by

1
£gauge = _5 tr I:F,LLVFIJ'V} . (3217)

Next, the gauge kinetic terms of Gpg are given by

1 17 1 a auv 1 a auv
Lgange 2 —étr |GG ] — ZWWW w_ ZW,’WW’ . (3.2.18)
where G,,, W5, and W7 stand for the field strengths of SU(4)c, SU(2)r, and SU(2)r,

respectively; the gauge kinetic terms and mass terms of SO(10)/Gpg are omitted at My .
The gauge coupling constants are running from My to M;. Third, the SU(3)¢ x SU(2) 1, ¥
U(l)g x U(1)p_y, are given by

1 1 1
W W — 2B, B — 2C, 0 (3.2.19)

where G, B, and C}, stand for the field strength of SU(3)c(C SU(4)c), U(1)r(C
SU(2)g), and U(1)p_(C SU(4)c/SU(3)¢), respectively; the gauge kinetic terms and
mass terms of SU(4)¢/(SU(3)c x U(1)p_1) and SU(2)g/U(1)g are omitted at M;. Fur-
ther, by using the following GL(2,R) transformation

U(l)y (Bu) (1 —tane)\ (B,\ | B, CU(1)g
U(l)BfL ' (C#) B (O COISE ) (CL) = Usk (C//L> : U(1>BfL ) (3.2.20)

we can change the basis of U(1)s from U(1)g x U(1)p_r to U(1)y x U(1)p_r;

1
Loauge 2 —3 tr [G, G| —

1 1 1 1 i
— BB = 101, O = =B B = 10" %CM,,BW, (3.2.21)
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where B, and C,, stand for the field strength of U(1)y and U(1)p_r, respectively; € is
the kinetic mixing parameter between U(1)y and U(1)p_r. In the case, since the U(1)y
generator is given by the following linear combination of U(1)g and U(1)p_r,

3 >
Iy — \[513,% + \/g[BL. (3.2.22)

Due to the orthogonality, the kinetic mixing parameter € at ;4 = M is given by

2
€= —tan™"' \/; (3.2.23)

The Lagrangian for the electro-magnetic neutral part of the SU(2), xU(1)y xU(1)p_1
gauge fields including mass terms generated by the VEVs of the spontaneous SU(2), X
U(1)y and U(1)p_y breaking scalar fields is given by

1 o1 o1
L=—1BuB" - ZW,?VW?W + §m2ZZMZ“
1 1 i
= 20O + SmiC,C" - SI—SE(JWB‘“’, (3.2.24)

where Z,, = cos HWWE—Sin 0w B,, is the usual Z boson, Oy is the Weinberg angle tan 0y :=
91/92; g1 and go stand for the U(1)y and SU(2), coupling constants, respectively. The
mass parameters are given by

2 2
2 91 +921}2

N W) (3.2.25)
where gp_1 is the gauge coupling constant of U(1)p_r.

To discuss the physical implications of U(1)p_1, gauge boson, we requires both diago-
nalizing the field strength terms and the mass terms. The following discussion is done in
the same manner as Section 2.A. First, we diagonalize the kinetic term in Eq. (3.2.24) by

using the following GL(2,R) transformation:

U(l)y B, 1 —tane) (B, B,
: _ ) = Ugk [ 2 3.2.26
U()p_s (c“) (o L )(C# “*\c. ) (3.2.26)

where Bu and éu stand for the gauge fields of the U(1)y and “U(1)p_1” in the phys-
ical basis. The transformation is exactly the same as that in Eq. (3.2.20). That is,
“U(1)p-1” can be identified as U(1)x(C SO(10)/SU(5)). Then, the gauge kinetic terms
in Eq. (3.2.24) become

Iy A v J 3 1173uv Lo - v
Lok = _ZLB/WBM - ZWuuW - ZLC,WCM : (3.2.27)

Next, we consider the physical eigenstate via an O(3) rotation by diagonalizing the mass
terms that arise after both U(1)p_r and SU(2), x U(1)y breaking. One mass eigenstate
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is massless corresponding to the photon A,,, while the other two denoted Z and Z’ receive
masses. The mass terms of the neutral gauge boson in terms of (B, Wj, C,) is given by

] sin® «9Wm22 — sin Ay cos HWm% 0 B#
Linass = 3 (Bu wp Cu) — sin Oy cos Oyym? cos® Oym? 0 W3k
0 0 M)\ cr
(3.2.28)

By using GL(2,R) transformation in Eq. (3.2.26), we change the basis whose kinetic term

is diagonalized as below:

] sin? «9Wm22 — sin Ay cos QWm% 0
Loinass = 3 <l-:)’“ Wj éu) tUGK — sin Oy cos Oyym?, cos® Oyym?, 0
0 0 M
B
x Ugx | W3 |, (3.2.29)
Ce
where
1 0 —tane
Uk =01 0 . (3.2.30)
00 1

The above mass matrix is a real symmetric matrix. In fact, it can be diagonalized by

using a real orthogonal matrix:

cosbfy —sinfy 0 1 0 0
Ug=|sinfy cosby 0 0 cos¢ —sin( |, (3.2.31)
0 0 1 0 sin( cos(

where the mixing angle ( is given by

—2m2 sin Oy sin € cos €

tan 2¢ = . 3.2.32
¢ m2, — m%(cos? e — sin? Oy sin® ¢) ( )
From the above, we find the masses of A,, Z,, and ZL as
m?% =0, (3.2.33)
1|2 |- 4mimg
2 z"c
=—|M — — 3.2.34
Mz =3 \/ cos?e |’ ( )
1 |—2 —a AmZim}
2 == |M M - —Z2¢ 3.2.35
Mz =5 + \/ cos?e |’ ( )




where M is given by

2

—9 m
M~ :=m2 (1 + sin Oy tan® ¢ 3.2.36
m% (1 + sin fy tan €)+cos% ( )

In this section, we find that the gauge kinetic mixing € in Refs. [ATT20, ORS21] is
regarded as the mixing angle. In Appendix 3.B, we will show this more explicitly.

3.3 Gauge coupling constants

To determine such as the U(1)p_; breaking scale, i.e., intermediate scale M;, and
magnitude of the gauge coupling constant of the U(1)p_p, we discuss the RGEs for gauge
coupling constants running among the electroweak scale m, the intermediate scale M7,
and the unification scale M.

The RGE for the gauge coupling constant a;(p) == g2(u) /47 at one-loop level is given
in e.g., Refs. [Sla81, Yam15] by

d
dlog(n)

where ¢ stands for a gauge group G; e.g., 4C' stands for the gauge coupling constant of

o7 () = — 2 (33.1)

—5

SU(4)c, and the beta function coefficient is given by

b = —% T(Ry) + § > T(Rp)+ % > T(Rs), (3.3.2)

Vector Weyl Real

where Vector, Weyl, and Real stand for real vector, Weyl fermion, and real scalar fields,
respectively. Since the vector bosons are gauge bosons, they belong to the adjoint repre-
sentation of the Lie group G: T'(Ry) = C3(G). C3(G) is the quadratic Casimir invariant of
the adjoint representation of G, and T'(R;) is a Dynkin index of the irreducible representa-
tion R; of G. Note that when the Lie group G is spontaneously broken into its Lie subgroup
(', it is convenient to use the irreducible representations of G’. (For the Dynkin index and
the branching rules, see e.g., Refs. [Yam15,MP81] or calculated by using appropriate com-
puter programs such as Susyno [Fonl2], LieART [FK15, FKS20], and GroupMath [Fon21].
For the RGEs at the two-loop level, see, e.g., Refs. [MV83, MV84, MV8&5].)

Let us consider the RGEs for gauge coupling constants in the pNGB dark matter
model shown in Tables 3.2, 3.3, and 3.4. For the energy scale between My < pu < M
and M; < u < My, we use the RGEs for the gauge coupling constants of Ggy and Gps,
respectively. In the following calculation, we assume that there is only one intermediate
scale M; and one unification scale M;, which should be recognized as effective scales.

We can obtain the beta function coefficients of the gauge coupling constants of Ggu
and Gps by using the generic RGE in Eq. (3.3.2) and the matter content of the model
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given in Tables 3.2, 3.3, and 3.4. The beta function coefficients of Ggy in My < u < My
are given by

bsc —7
bor | = | —19/6 |, (3.3.3)
by +41/10

where i = 3C,2L, 1Y stand for SU(3)q, SU(2)., U(1)y, respectively, and we took the
SU(5) normalization for U(1)y. (The values of b; are the same as the ordinary SM.) The
beta function coefficients of Gpg in M; < u < My are given by

bac —22/3
v, | =1 -3 |, (3.3.4)
bar +13/3

where i = 4C,2L,2R stand for SU(4)c, SU(2)r, SU(2)g, respectively. To distinguish
the beta function coefficient of the SU(2),, in Ggy and that in Gpg, we use unprimed and
primed, and the same notation is used below.

To solve the above RGEs, we need to set the initial conditions at ; = mz. The gauge
coupling constants must satisfy the matching conditions between Gg\ and Gpg at = M
and also the matching condition between Gpg and SO(10) at u = M. They are listed
below.

e The input parameters for the three SM gauge coupling constants at © = my =
91.1876 £ 0.0021 GeV are given in Ref. [Z720]:

o (M. Sapn (M.
asc(my) = 0.1181 £ 0.0011, anr(my) = %, cny (mg) = 30081%;(:1)2)7
(3.3.5)

where the experimental values of the EM gauge coupling constant agy and the
Weinberg angle are given as

agi(My) = 127.955 +0.010, sin® 6y (mz) = 0.23122 4 0.00003. (3.3.6)

e The matching conditions between Ggy and Gpg at u = M are given by
_ 3 _ 2
asc(M;) = auc(My), agr(Mp) = b (My), ary(M;) = g%é(MI) + 504401(]\41):
(3.3.7)

where they are determined by the normalization conditions of the generators of Gpg
and Ggy. (See e.g., Ref. [Moh02] at one-loop level; Refs. [DKP93a, DKP93b] at
two-loop level.)
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e The matching condition at the unification scale My is given by
054C(MU) = O/QL(MU) = CYQR(MU). (338)

By using the RGEs of Gy and Gpg and the matching conditions at u = M; and My,
we can obtain M; and My as

A{Bs — AsB
Mlzmzexp{ 153 3 1]

Ang — A3B2 7

AlBg — AgBl AlBQ — AgBl
My — i gt s e 3.
y =z exp KAQBg “4,B,) T\ 4B, ~ 4,8, (3.39)
where
_ _ bsc — bar, byc — b
A= agcl(mz) - ale(mZ), Ay = T ox Az = TZL,
5, _ 5bsc — by by — bar

Bl = g (ozgcl(mz) — Oén}<mz)) s BQ = gT, Bg = T (3310)

The gauge coupling constants such as aye(My) and o, (My) are also expressed by the Z
boson mass myz, the gauge coupling constants at u = my and the beta function coefficients
of Gsm and Gpg b;s. (The detail analysis is given in Appendix 3.C.)

By substituting b; in Egs. (3.3.3) and (3.3.4) and the parameters at © = my in
Egs. (3.3.5) and (3.3.6) into the expressions of M; and My in Eq. (3.3.9), we find the
values of the M7 and My as

M; = (1.261 £ 0.242) x 10" GeV, My = (2.057 & 0.688) x 10'® GeV. (3.3.11)

Note that we ignore such as mass splitting at the intermediate and unification scales, so

the uncertainty must be larger. The values of the model parameters at ;1 = M; are given
by

agh(My) = 31.92 £ 0.23, a7 (M;) = 40.19 £ 0.10, agh(M;) = 54.20 £ 0.26. (3.3.12)
We also find the gauge coupling constants of U(1)g_r and U(1)g at p = M;

g1 (M;) = 0.3843 £ 0.0009, gr(M;) = 0.4815 =+ 0.0011, (3.3.13)

by using gg_r(M;) = ./37“0440(M1) and gg(Mjy) \/m Since the standard
normalization of U(1)p_y is not the same as that of “U(1)p_."(C SU(4)c/SU(3)c), the
modified normalization factor is used. The unified gauge coupling constants at u = My
is given by

ap' = 45.92 £ 0.50. (3.3.14)

The energy dependence of the gauge coupling constants a; () in the SO(10) pNGB model
is plotted in Fig. 3.1.
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Figure 3.1: The gauge coupling constants «; vs the energy scale p for the SM (the left
figure) and the SO(10) pNGB model (the right figure) are shown [ATTY21]. The left
figure shows the energy dependence of three gauge coupling constants of SU(3)¢, SU(2),
and U(1l)y, asc, asr, and ajy in all the energy ranges p = [myz, My|, where My =
10 GeV. The right figure shows asc, asr, and apy in the energy ranges p = [myz, Ml;
ayc, Qor, (iog in the energy ranges = [M, My], where the value of asc is fixed as the
central value azc(my) = 0.1181 [Z720].

As the same as the usual GUT models, nucleon can decay via the so-called lepto-
quark gauge bosons. The proton lifetime via the gauge bosons is roughly estimated as
TR Mé/a%mg [NFP07,Moh02,Z"20], where m,, is the proton mass and the gauge boson
masses are assumed to be My. From the values of My and oy given in Egs. (3.3.11) and
(3.3.14), the proton lifetime 7 &~ 1.1 x 1037 years is predicted. It is far from the current
constraint 7(p — e*7%) > 2.4 x 103! years at 90% CL [T+20]; My > (4.3—4.8) x 10 GeV
for 40 < a;' < 50. There is contribution for the proton decay modes via colored scalar
fields shown in Table 3.3. The color triplet component of @14 has assumed to have O(My),
so the contribution for the proton decay via the Yukawa coupling constant yg%b) of the
term ®q¢ <\U(1‘2\U(1l2> in Eq. (3.2.1) is small. Color non-singlet components of ®155 have
assumed to O(M 1), 130 the contribution for the proton decay via the Yukawa coupling

constant y126 of the term 2 (W(l% \Ulg) in Eq. (3.2.1) can be larger than the current

126

experimental bounds. This leads to an upper bound of the values of y126 in the model.
We comment on proton decay via a colored Higgs scalar or lepto-quark scalar denoted
as 51 in Ref. [DFGT16], which belongs to (3,1,1/3) under Ggy. In the following, we
omit Clebsch-Gordan coefficients for simplicity. When the lepto-quark scalar S; has di-
quark and quark-lepton couplings, there are proton decay modes such as p — e*7%, and
the proton lifetime is roughly estimated as 7 = mj,/(|y|*|z[*m?), where myq is a lepto-
quark mass, y and z represent generic values of relevant Yukawa coupling constants of the
lepto-quark with the quark-lepton and quark-quark pairs, respectively. For example, for
the lepto-quark with the intermediate scale mass mrg = M; and the universal Yukawa
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1 M/1|GeV
Group Gy | Scalars at u = M b; Aofw( /]\[4 ev)) o@l
1 U
(1,2,2)10 bac -z
Gps (4,1,2)16 by, | =1 -3 11.10 £ 0.08 16.31 +0.15 | 45.92 4+ 0.50
(10,1, 3)75 bar +3
(17272)10
(4727 1)16 b4C —4
Gps X D (4,1,2)16 by, | = —|—1,—§’ 13.71+0.03 15.2240.04 | 40.82 +0.13
(10,1, 3) 135 bar +3
(10,3,1)135
b, -7
(1,2,2,0)10 b 3
GLr (1,1,2,1)16 b2L = 5 8.57+0.06 16.64+0.13 | 46.13 £0.41
2R -5
1,1,3,2)35¢ 6
( )76 bp_1 Jr%
(1723 2»0)10 b/c _7
(171a271)16 b;‘)’ 13
GLr X D 1,2,1,1)16 2L = 6 10.11 +0.04 15.574+0.09 | 43.38 +0.30
b 13
2R i
(1717372)m 165
b 15
(17371772)m o i 2

Table 3.5: The values of M;, My, and a(}l for several matter contents and symmetry
breaking patterns are summarized. The top of the table corresponds to the present SO(10)
pNGB model. The first, second, and third columns represent the intermediate scale group
G'r, the matter content for scalar sector at u = My, the beta function coefficients b; of
G, respectively. The fourth and fifth columns show the values of My, My, and a(}l. The

subscript in the second column stands for each SO(10) representation.

coupling constants |y| = |z|, we obtain a constraint for the Yukawa coupling constants
ly| = |z < 4.2 x 107¢ from the current constraint 7(p — et7%) > 2.4 x 103 years at
90% CL. To apply this for the current model, for the scalar field S; in 10 of SO(10),
which belongs to (6,1,1) under Gpg, the mass of the lepto-quark scalar is the unification
scale mass mrg = My and the Yukawa coupling constants are roughly expected as |y| =
2| ~ |y{t”]. The current constraint T(p — e*7°) > 2.4 x 103 years at 90% CL leads to
146" ] < 0.68. To realize the mass of up quark, y(ltl) is roughly O(107°), so it is consistent
with the current constraint, where the actual values of the Yukawa coupling constants
depend on how to realized the observed quark and lepton masses. Next, for the scalar
fields Sy1g.13) and Sy(1,1,3) in 126 of SO(10), which belongs to (10,1,3) and (6,1,1)
under Gps. The lepto-quark scalar Sl(fo7173) and Si(g,1,1) have the intermediate scale mass
M and the unification scale mass My, respectively. For Sy 1g1 3y, the Yukawa coupling
couplings are given by |y| = 0 and |z| & |y1zg], so the proton decay mediated by 5151 3
does not occur. Therefore, this does not lead to any constraint for y%bé. For Si6,1,1)
the Yukawa coupling couplings are given by |y| = |z| & |yizg|- the current constraint
7(p — et7%) > 2.4 x 103 years at 90% CL leads to |y%| < 0.68 as the same as S in
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10 of SO(10). In the above discussion, we assumed S g ¢ 3y does not mix with Sy 1,1,
but they have the same quantum numbers, so it depends on the structure of the scalar
potential, they can be mixed in general. Even when the mixing parameter denoted as ¢
between S1(T0,1,3) and Sy(e,1,1) is about the ratio of the masses € ~ M; /My =~ 6.1 x 107°,
the current constraint 7(p — e*7%) > 2.4 x 103! years at 90% CL leads to the constraint
for the first generation Yukawa coupling constant |y1 \ < 1.7 x 1073, (For e = 1,
\yl \ <4.2x107%)
Further, we comment on the relation between neutrino masses and the Yukawa cou-
(ab)

pling constants y;5o of the cubic term ®16P16P135. Since the right-handed neutrino

masses are given by M](\?b) = y%v(ﬁ, we obtain 2.1 x 10® GeV < M](Vll) yi%) <
1.4 x 101 GeV for 1.7 x 1073 < y@ < 0.68 and vgs = M;. From the Type-I see-saw
mechanism, the light neutrino mass is roughly mi |y1 v|? /M Nl ) when we ignore

the off-diagonal part of MN Y, Therefore, 4.4 x 1078eV < mty < 2.9 x 107°eV for
1.7x 1073 < yin) < 0.68, |y%1)| ~ 107° and v &~ 246 GeV. The proton decay constraints
only a part of the Yukawa coupling constants y%,

neutrino masses can be reproduced, but to perform it properly, we need to investigate

so it is expected that the observed

how to reproduce the observed quark and charged lepton masses. We leave it for a future
study.

Up to this point, we only consider the specific symmetry breaking pattern, SO(10)
broken to G; = Gpg at u = My in Eq. (3.1.2). We comment on other cases G = Gpg X D,
GLr, Grr X D discussed in e.g., Refs. [DKP93a, DKP93b, BK15, FHHT19], where D stands
for a discrete Z, left-right exchange symmetry [CMP84b, CMP84al. (Note that the same
analysis in SO(10) GUT models whose matter content is slightly different from the present
model has been already discussed in e.g., Refs. [DKP93a, DKP93b] by using two-loop
RGEs [Jon82] and the corresponding matching condition [Hal81, CMG*85].) To realize
the appropriate symmetry breaking patterns, we need different SO(10) breaking Higgs
fields; each G; = Gpg, Gps X D, Gpr, GLr X D is realized by the VEV of a scalar field in
e.g., 210, 54, 45, 210 of SO(10), respectively.

The values of My, My, and a{,l for several matter contents and symmetry breaking
patterns are summarized in Table 3.5, which are estimated by using each analytical solu-
tion shown in Appendix 3.C. Substituting the values of My and ozljl for the Gpg x D and
GLr X D cases into 7 =~ M{}/oz%]mg, rapid proton decay is expected. For the Gy case,
the proton decay via lept-quark gauge bosons is consistent with the current experimental
constraints, but the pNGB cannot be identified as dark matter because pNGB decays too
rapidly or the observed relic abundance cannot be reproduced.
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3.4 Long-lived pNGB as dark matter candidate

The dark matter lifetime should be longer than the age of the universe, 10'7s at least.
The bound on dark matter lifetime becomes stronger depending on dark matter decay
channels due to the constraint of cosmic-ray observations. In particular, the bound from
gamma-ray observations is strong as roughly 7, > 10°"s for two body decays [BGQS16].
Since the dark matter lifetime is proportional to the power of the VEV vy, it becomes
longer for larger vs. The evaluation of dark matter lifetime without GUT has been
studied in Refs. [ATT20,ORS21], and it has turned out that the VEV should roughly be
vy 2 1012 GeV in order to be consistent with the gamma-ray observations if three body
decays x — h;ff and Zf f can occur. Since in the current GUT pNGB model the kinetic
mixing sine and the VEV v, are fixed to be sine = —4/2/5 and vgs &~ 10'* GeV by the
requirement of the gauge coupling unification, the three body decays should kinematically
be forbidden. Therefore we consider the mass region m, < O(100) GeV and estimate
dominant four body decay channels.

Before proceeding to four body decays, we comment on the two body decay channel
X — vv, which is possible even in the case m, < O(100) GeV. Similarly to the U(1)p_1,
model in the previous paper [ATT20], this process occurs via the scalar mixing given by
Eq. (3.2.14) and the mixing between the left-handed and right-handed neutrinos after the
electroweak symmetry breaking. The decay width for this channel is calculated as

2
. = my U_S m2
v — ”
6dm vy —~

(2

“s o (i) (o) (M) S o

%

where m,, is the small neutrino mass eigenvalues. Eq. (3.4.1) roughly corresponds to
the lifetime 7,,, = O(10%*)s, which is too small to be observed in neutrino cosmic-rays
[PRO8, CGIT10] because of the suppression by the small neutrino mass squared mz
Note that since the scale of the VEV in the GUT pNGB model is vg & 10'! GeV which
is much smaller than the previous analysis [ATT20], the order of the lifetime for this
channel is much shorter. However it is still too long to be detectable by experiments and
observations.

The four body decay processes x — fff'f’ mediated by h;, Z, Z' can occur as shown
in Fig. 3.2. Note that if f and f’ are identical particles, additional diagrams exist due
to interference. We numerically evaluated the decay width for all the four body decay
processes using CalcHEP [BCP13], and furthermore we took into account three body decay
processes when these are kinematically possible. The results are shown in Fig. 3.3 in (m,,
vs) plane where the second Higgs mass is fixed to be my, = 70GeV (left) and 130 GeV
(right). The orange region below the solid, dashed and dot-dashed lines are the region

where the dark matter lifetime is shorter than the conservative bound 7, = 10%7 s for the
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Figure 3.2: The Feynman diagrams for the four body decays x — fff'f' are
shown [ATTY?21].
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Figure 3.3: Parameter space in the (m,, v,) plane where the second Higgs mass is fixed
to be my, = 70 GeV in the left and 130 GeV in the right [ATTY21]. The orange region is
excluded by the bound of the gamma-ray observations (7, = 10?7 s) for sinf = 10~*, 1072
and 1073,

Higgs mixing angle sinf = 107!,1072,1073, respectively.® The horizontal black dotted
line denotes vy, = M; = 101 GeV. The most part of the region in the plots is dominated
by the four body decays except for the region m, 2 60 GeV in the left panel where the
three body decay x — hoff can open up. One can read off the upper bound of the dark
matter mass m, for a given mixing angle sin 0.

Fig. 3.4 shows the parameter space in (m,, my,) plane for the Higgs mixing angle
sin = 107!,1072 and 102 where vy = M;. The region m, = my, is strongly constrained
by three body decay x — hof f while the other region is constrained by four body decays.
In particular, if the second Higgs mass is degenerate with the SM-like Higgs boson (my,, ~

mp, ), the four body decay width can be small and the constraint is weaken. This is because

3The actual bound on the dark matter lifetime for four body decays is weaker than 7, > 1027 s since

the energy of the emitted gamma rays is softer than two body decays.
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Figure 3.4: Parameter space in (m,, hp,) plane, where the VEV is fixed to be vy =
M; [ATTY21]. The orange region is excluded by the bound of the gamma-ray observations
(1, = 10?"s) for sinf = 107',1072 and 107.
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Figure 3.5: Parameter space thermally reproducing the observed relic abundance consis-
tent with some other observations [ATTY21]. The red line represents the parameter space
reproducing the correct thermal relic abundance ,h? ~ 0.12. The orange and green re-
gion are excluded by gamma-ray observations coming from the dark matter decay and
annihilations, respectively. The purple region are excluded by the constraints of the Higgs
invisible decay h; — xx and the Higgs signal strength. The gray region is perturbative
unitarity bound A\g > 87/3.

the effective coupling x-f-f" mediated by h; and hy becomes small when my, = my,.
Thermal relic abundance of dark matter is calculated using MicrOMEGAs [BBGT18b].
The results are shown in Fig. 3.5, where the other parameters are fixed to be m;, =
70 GeV, sinf = 0.05 in the left panel and m;, = 130GeV and sinf = 0.05 the right
panel. The red line denotes the parameter space which can reproduce the observed relic
abundance of dark matter Q,h? ~ 0.12 [A*20b]. The purple region is excluded by the
constraints of the Higgs invisible decay and Higgs signal strength [ST19, A" 19a], and the
gray region is excluded by the perturbative unitarity bound Ag < 87/3 [CDL15]. The

41



green and orange region are ruled out by the constraints of the gamma-ray observations for
dark matter annihilations [AT17b] and four body decays [BGQS16], respectively. One can
see that the thermal relic abundance can be consistent with all the constraints when the
dark matter mass is rather close to the resonances m, < my,/2. This is the characteristic
due to the requirement from the gauge coupling unification in the current GUT pNGB
model.

We comment on the allowed parameter space m, < my, /2. For the second Higgs mass
rather heavier than the SM-like Higgs mass, the constraint of the gamma-ray observations
can be avoided only if the dark matter mass is light enough m, < 35GeV as can be seen
from Fig. 3.4. On the other hand, this mass region cannot be consistent with the thermal
relic abundance of dark matter since it is far from the Higgs resonances. Therefore the
mass region mp, 2 my, is completely excluded as long as thermal production mechanism
of dark matter is assumed. For more precise calculations in the region m, < my,/2, the
effect of the early kinetic decoupling from the SM thermal bath should be taken into
account [BBGH17, Abe20]. If this effect is included, one can expect that the red line in
Fig. 3.3 is shifted slightly upward.

3.5 Summary

In this chapter, we proposed an SO(10) pNGB dark matter model in the framework of
GUTs. Each Weyl fermion in 16 of SO(10) contains one generation of quark and leptons.
The SM Higgs and two complex scalar fields H, S and & in the previous gauged U(1)p_,
pNGB dark matter model are embedded into scalar fields in 10, 16, and 126 of SO(10).
Assuming a symmetry breaking pattern of SO(10) to Gps at u = My, and further to
Gsy at p = My, the intermediate and unified scales M; and My, the gauge coupling
constants of U(1)p_, and the kinetic mixing parameter of between U(1)y and U(1)p-_
are determined by solving the RGEs with appropriate matching conditions such as gauge
coupling unification at u = My.

The dark matter lifetime without GUT has analyzed in Refs. [ATT20, ORS21]. It
suggests that the VEV should roughly be the VEV of ® v, > 10" GeV in order to be
consistent with the gamma-ray observations if three body decays xy — h;ff and Zff are
possible. In the current GUT pNGB model, the kinetic mixing and the VEV are fixed
to be sine = —/2/5 and vy &~ 10" GeV, respectively. To satisfy the constraint from
the gamma-ray observations, the pNGB dark matter mass must be m, < O(100) GeV to
forbid the three body decays kinematically. In the mass region, the dominant contribution
for dark matter decay channels comes from four body decay channels x — fff'f. We
find that the thermal relic abundance can be consistent with all the constraints when the

dark matter mass is rather close to the resonances m, < my,/2.
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Appendix 3.A Scalar potential of pNGB dark matter
model from SO(10) GUT

First, let us devote the scalar potential in the gauged U(1)p_r model (3.2.3) to four

parts as follows:

2 2 2
V<H7 S7(I)> = _NTH|H|2 - ﬂ_2§|S|2 o “7@|@|2
+L|H|* 4 32|S]* + 22| ®[*
+Aus|H?[S|2 + Aga| HI? P2 + Asa|S|?| P

— (\’”/—%CI)*S2 + c.c.) ) (3.A.1)

The first lightgreen line is quadratic couplings, the second lightskyblue line is scalar self
couplings, the third lightsalmon line is scalar mixing couplings and the fourth lightgold-
enrod line is qubic couplings of ® and S generating the effective soft breaking mass term
S in the low-energy region.

On the other hand, he scalar potential V(®1q, P16, P135) is given as’

2

V(®10, P16, Pizs) = — %(q)loq)lo)l MIG (¢16¢ ) Ml% (¢126¢i26)
Mo A%’
+— (P10%10), (P10P10), + == (P10P10) 5, (P10P10)

A 2) .
+7(¢16¢16) (¢16¢16)126 ;(q)lﬁq)lﬁ) (¢16¢16)10

A3 )\(3)* . i}
+ % (¢16¢16)10 (¢16¢16> 10" T (¢16¢16)10 <¢16¢16) 10

1) )\(2)

(¢126¢126) 2772 (¢126¢126) 5773 IQTG (q)ﬁ(bm) 4125 (¢126¢126) 4125

/\( ) AW
126 *
1
(¢126¢16) 050 (¢126¢126)1020 2 (¢126¢126)54 (¢126¢126)54

-~ 126

2

(5) hYli .
12 (P126P126) 4105 (P126P136) 4105 T 12 (¢126¢126)4125(¢126¢126)4125
©) Ao

=5 (P125%126) 54 (a6 Pr36) 50 + =5 (P16 P136) 54 (P126P126) 54

+ A10,16 (P10P10) , (P16P6),

+ >\10 56(®10P10), (Piz6Pig)

+ Aorizs(P10910) 54 (P126%136) 5 + Ao 15 (P1010) 5 (Pr26P126)
+ /\167m(¢16¢ 6)1(P126%126),

4The singlet of the tensor product is able to be read from Ref. [Yam15].

_l_

+
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(4 0 (010010) 5+ 5 (Orm) (@10010) )

— (% (¢10) (cblﬁq)lﬁ) 10T f;:; (¢10) (¢16¢16)10) . (3.A.2)

The scalar potential of the guaged U(1)p_r model (3.2.3) or (3.A.1) is embeded in the
following parts:

V<¢10>¢16>¢126) _i(q)loq)lo) 16 (¢16dy{6) (¢126¢;26>

1)
48 (010010), (910010), + 248 (P10010) 5, (P10010) 5,
(1)

+)\%(¢16¢16)T(¢16¢16)
)\Q *

+ 1226 (¢126¢ )7 (¢126¢126)2772

+A10 16(¢10¢10) (¢16¢16)
>‘(110)126(¢10¢1 ) (¢126¢;26)

+X16126 (P16Pi6) | (P126Ping) 4

126

B (\NT (¢126) (¢16¢16)m + “7 (¢126) (¢16¢16)

5)

,U :uc
—( L (010) (P16010) 9+ 15 (010) (Paa®ua)yy ). (G:AD

We note that ®19, ®16 and P15 are complex scalar fields.

Appendix 3.B Kinetic mixing as mass mixing

As discussed in the main part of this chapter, the gauge kinetic mixing in Refs. [ATT20,
ORS21] is regarded as the mixing angle. In this appendix, we will show this explicitly.
The scalar fields in Refs. [ATT20,0RS521] are embedded into the scalars of SO(10) shown
in Table 3.3 as

D10 D P22 D Pa,21/2) = H, (3.B.1)
®16 D ¢ 11,2) 2 Pa(+3),1,-1/2) = 9, (3.B.2)
136 O PA0,1,3) 2 Pa(+6)1,-1) = P (3.B.3)

Here we will consider the following two symmetry breaking pattern:

GPS — GSM, GPS — GLR — GSM- (3B4)
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3.B.1 GPS — GSM

First, let us consider the following symmetry breaking pattern

(PF0,1,3)) 70, (D(3,1,2))70

SU(4)C X SU(Z)R 7 SU(S)C X U(l)y, (385)

using minimal scalar fields Eqgs. (3.B.1)—(3.B.3). This breaking pattern is suitable for the
pNGB dark matter model embedding into an SO(10) GUT model because the interme-
diate scale can be large enough to make the dark matter candidate long-lived.

The covariant derivative of Gpg gauge group acts on S and P as

D,S = 0,5 + 2946”3 a[SU yaS T igB- LE.Qp S +i W:FIEU(Z)RS + Z'QRW;ILSI;;SU@)RS

"7

= 8,8 + igsG> “ISU<44)28 +i \/_WﬁISU "S +igp_rE.S —

D,® = 9,® + iG> “ISZ)(?CCP +igp_1E.Qp P +i

ZgR Yhyisg,  (3.B.6)

\/§W'+ISU(2)R<I>+29 AWEL PR

= 0,® +igu G2 Iy 0 D + z’g—\/f‘%wﬁfm)ﬂ@ +2igp_ E,® — igreW0,  (3.B.7)

where E,, is the gauge field associated with U(1)p_;, C SU(4)c and gp_r, is the gauge

coupling constant given by gg_ = \/§g4. The B — L charge comes from the diagonal
component of SU(4) denoted by

8 3
Op_p = \/;[SU(4) 7 If5U(4)C — \/gdiag(1/3,1/3,1/3,—1). (3.B.8)

G2 and vaa are color charged vector boson with the representation 3(4) and 3(—4)
of SU(3)c x U(1)p—_r belonging to 15 of SU(4)¢ respectively. (For the details of the
branching rules and the tensor products, see Ref. [Yam15].) These scalars are assumed
to develop the following VEVs,

(D) = 2 (3.B.9)

and these gives the mass terms of the gauge fields

2
a 3,a 3 g _
‘CSU(4)C><SU(2)R,mass :G;;& TM;iabG/S’bM + G:?’ J[A]\4§27abG/37bM + _f ('Ug + 21}35)Wl; W'tH
1 U? 2 13) 2
+ 5 Z + Vg (2gB—LEM - gRWM ) ) (3B10)

where the mass matrices for the color charged vector bosons Gf”“ and Gf’a are defined
by

2,2 2,2
2 Y4Yy SUA)e\T 1SU(4) 2 gyUg SUMA)e\T 1SU(4)
M3 o, = Ttr[(13(4),ao> 13(4),50}7 Mg ab — 9 tr[(%(_@,i) Iﬁ(_4),§]' (3.B.11)
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The last term of Eq. (3.B.10) leads the mass mixing between U(1)g_;, C SU(4)c and
U(l)r € SU(2)g, and the massless direction becomes U(1)y in the SM gauge group.
From this term, the massive vector boson €}, and the orthogonal massless gauge boson

! : 3
B, _ [ cose sine W, ’ (3.B.12)
C, —sine cose E,

where the mixing angle is defined by
291

9= _ 49B-L
\/ 9% 4951 \/ 9% T 4951

and the mass of C}, becomes m¢, = (93 +493_)(v:/4+v3). In this basis, the Lagrangian

, .
Bj, are introduced by

sine = Cos € = (3.B.13)

18
1 1 1

1
4I/V/f,,W‘““’ - -B, B"™ —-C C" + —mé,CLC”“ (3.B.14)

£ _
> 1w 1w 5

If the color charged vector bosons are dropped, the covariant derivative is rewritten by

using these bosons as

D, 3 ig B, +igcC, <% — sin?e Qy), (3.B.15)
where the hypercharge is defined by
_ su@r  @B-L
Qv =13 + =, (3.B.16)

2

and the couplings are given by
29r9B-L
g = I o= \Joh Ak (3:B17)
\VIr t+ 4951

Correspondence between the pNGB model [ATT20, ORS21] and the SO(10)
pNGB model

We will discuss the kinetic mixing in the GUT model. First, from Eq. (3.B.12), B}, is
written by using (W/?, E,,) as B), = W,/ cose 4 sineE), / cose¢, and the field redefinition
by cose leads the canonically normalized gauge kinetic terms. The massive direction of
broken U(1) symmetry does not change in this rewriting. Then Let us introduce new
fields after the rescaling by

/ : . ’
Bl; _ 1 sine) (B, , B, _ 1 tane 37 ’ (3.B.18)
C, 0 cose) \C, C, 0 1/cose) \C,
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Gauged U(1)p_ model [ATT20] pNGB in SO(10) GUT
Gsm x U(1)p-1, Grps
Qy Qy ]’SU(2)R 4+ Q51 QB L
@B-L (p-L = \/>ISU(4
B, B, in Eq. (3.B.18)
B, B, in Eq. (3.B.12)
X, C, in Eq. (3.B.18)
X, C!, in Eq. (3.B.12)
g1 g1 = 29R9B—L/\/g%{ +4g%_,
9B-L 9B-L = \/%94
92
D, =0, +ig.Gl; "V wigyWel; "Dt | D, =8, +ig,Ge1s"O g wer;" P
+ig1Qy By + igp-1Qp-1X, +ig1Qy By, + igp-1Qp-1.Cy
kinetic mixing
gauge kinetic mixing of B, and X: € gauge kinetic mixing of B, and C);: €
= free parameter = mixing angle € of (W}?, E,) — (B, C},)
in Eq. (3.B.14)

Table 3.6: The correspondence table of the kinetic mixing and the gauge fields between
the gauged U(1)p_1, model [ATT20,0ORS21] and SO(10) GUT model.

so that the massive direction does not change but the massless component is replaced.
The relation between (W, E,) and (B, C,) is given by

3
W\ _ [cose 0) (B, ' (3.B.19)
E, sine 1) \C,

The U(1)p_1, x U(1)g gauge sector in the Lagrangian (3.B.14) is rewritten by using these
fields as

1 1 sin e

1 a auv v v v 1
L3 = Wa W™ — 1B, B — 1CuC — 5B, % + S C,CF, (3.B.20)
with Mg = g3 (v} 4 4v3), and the covariant derivative is given by
D, >igp-1E.Qp-1 + igRW,/f’[gSU(Q)R = 19-1.CuQp-1 + 191 B,Qy, (3.B.21)

where Eqgs. (3.B.16) and (3.B.17) are used. Egs. (3.B.20) and (3.B.21) are parts of the
Lagrangian of the gauged U(1)z_;, pNGB model, and the gauge kinetic mixing is naturally
regarded as the mixing angle coming from the GUT inspired symmetry breaking. The
correspondence is summarized in Table 3.6.

47



3.B.2 Gps — Gir — Gsm

If the adjoint Higgs bosons ¢(15.1,1) and ¢(1 1,3y are introduced in addition to the scalars
Egs. (3.B.1)=(3.B.3), these VEVs break the Pati-Salam gauge symmetry as

(b@15,1,1))#0 (b1,1,3))70
U, — 2,

SU(4)e SUB)e x U)p_r, SU(2)x Ul (3B.22)

By this breaking pattern, the covariant derivative of Gpg reduces to that of SU(3)c X
SU(2)L X U(l)Rg X U(l)B,L as

D, = 0, +ig,GuIV®C igp 1 B,Qp_p +igWeISU@r 1 igpwI7VOR - (3.B.23)

where the B — L charge is defined by Eq. (3.B.8) and the gauge couplings are introduced

by gs = 94, gc = \/§g4. The VEVs of S and ¢ (3.B.9) break the residual gauge symmetry
as

SUB)e x SU2), xU(1)gr x U(1)p_1, — Gsm, (3.B.24)

and lead the mass term for the gauge bosons

1 [ v? 9
Lu)paxt()p_pmass = 5 (— + vi) (295-LE, — grW,})", (3.B.25)

2\ 4
which is same to the last term of Eq. (3.B.10). In this breaking pattern, the charged
gauge bosons become massive via the VEV of the adjoint Higgs fields.
The mixing angle € and correspondence between the mixing angle and kinetic mixing

are same in the previous discussions.

Appendix 3.C RGEs for gauge coupling constants

Here we analyze the RGEs for gauge coupling constants of Ggm and Gy = Gps, Grr,
and SO(10) in the pNGB dark matter model. (For the RGE analysis, see e.g., Ref. [Moh02].)
The RGE for the gauge coupling constants given in Eq. (3.3.1) can be solve as

o ) = o o) = g 1o () B.C1)
when the beta function coefficients b; are constant in the energy range po < p < p1. In
the following, we apply the solution for Ggy, and Gy = Gpg, GLr cases.

In the following, we find the intermediate scale M; and My can be described by using
the gauge coupling constants of Gsy at © = my and the beta function coefficients of
Gsu and G7(= Gps, GLr). Therefore, all the gauge coupling constants such as the unified
gauge coupling constant ay can be analytically solved if they exist.
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3.C.1 Gy = Gpg case

We list up the RGEs of Gy and Gpg inmy < u < My and M; < pu < My, respectively,
and the matching conditions at yu = My, My.

my < pu < My

For my < p < Mj, the RGEs of the gauge coupling constants of Ggyy = SU(3)¢ X
SU(2), x U(1)y are given by

2 my
_ _ b ]
gt ) = aztmz) — g (1)
_ _ b 1
0 () = o mz) — 2 g (m—) | (3.02)

p= M

The matching conditions between Ggy and Gps = SU(4)c x SU(2), x SU(2)r at
i = My are given as

ay (M) = azd(My),
ol (M) = g (M),

_ 5 2
ayp(M;) = g&&(MI) - g%cl(MI)- (3.C.3)

M[<,U<MU

For M; < u < My, the RGEs of the gauge coupling constants of Gpg are given by

b b M b

—1 -1 4C H 1 3C I 4C M

— M) — =22 L — 29 ) 29y -~
O‘4C(ﬂ) O‘4C( I) 9 log ( ] {1) 0430(7”2) 9 og (m > 9 0og < ] [1) )

—_ —_ 1% _ bgL M[ bl )
ol 1) = o} (041) — Lo () =zt m) — Poog (30)  Prog (),
- - bar H
b = agh() — 2o (1)

5 _ 2 _ 5b 2b M b
= ot mz) — 2azd(mz) - (_ﬂ _ _3_0) log (_f) by (i) _

p= My
For p = My, the matching condition between Gpg and SO(10) at p = My is given by
ayo(My) = ab (My) = agp(My), (3.C.5)
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mz
b M\ b M,
1Mo = s —LLI T 2L | U
osh(M) = Joit me) = Joidlma) = (357 = 55 o (2] — s (7

M[ and MU

From the matching condition in Eq. (3.C.5), we can analytically solve the intermediate

scale M; and unification scale M as

M, — AlBg — AgBl
1 = Mgz €Xp AQB3_ABBQ s
AlBg — AgBl AlBQ — AQBl
M pr— _— -_— . .
U =mz exp KA233 - A332> + (A332 - AQBg)} ) (3.C.7)

where

bsc — b byc — V!
Ay = agd(mz) — agt(my), Ay = =5, Ay = =2

27 - 27 ’
5, _ _ 5bsc — by bic — bar
Bi = 3 (age(mz) —ay(myz)), By = 3=5—, By=———. (3.C.8)

3.C.2 G =GR case

We list up the RGEs of Ggy and G; = Gr in my < p < My and My < p < My,
respectively, and the matching conditions at u = M, My.

mz</L<M[

For my < p < My, the RGEs of the gauge coupling constants of Ggy = SU(3)¢ X
SU(2), x U(1)y are given by

mgz
_ _ b L4
gt ) = aztmz) — 2hog (1)
_ _ b 1
o) = agtmz) — 2 tog (). (3.0.9)
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p= M;

The matching conditions between Ggy and Gir = SU(3)¢ x SU(2), x SU(2)r X
U(l)p_p at p = M are given as

O‘écl(M ) = agc(MI)

Oy, (MI) = Qyp, (MI)

5 2
azz%t(M ) = 3051y(M1) - gOégl_L(MI)- (3.C.10)

Note that unlike the above G = Gpg case, the gauge coupling constants of Gpr at u = M;
cannot be determined only by using those of Ggy at = M;. To fix them, we need to
use the matching conditions of the gauge coupling constants at u = My.

M[<,U<MU

For M; < u < My, the RGEs of the gauge coupling constants of G1r are given by
_ b, 12 _ b C M[ b. ,u

Ozgcl(ﬂ) = @30 (M]) 2375 log (MI) = agé(mz) — 23—1 (m_Z 230 1 MI
_ b 1% _ b I M] b. 2

ap (1) = ol (M) — 2: log (M) = agy, (mz) — ;—W log (m_z> - ;L log (Mz

_ _ b i
b = azh(r) — 2 1og ().

- _ bp_
agh (1) = agh (M) - gﬂL log <i) . (3.C.11)

p= My

For = My, the matching condition between Grr and SO(10) at u = My is given by

0430 (MU) =y (MU) = a2R<MU) =ap_ L(MU) (3.C.12)
where
ol () = agdlmz) - 210 (31 ) - B hog (1)),
0l (M) = agd (mz) ~ ’;7 g (51 = 210 (3.
azh(My) = Jarttmz) ~ Sagt (1)~ J 9% log (21) - 2 og (1)),
gty (1) = gt (1) — 2t 1og (51 (3.0.13)
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MI and MU

From the matching condition in Eq. (3.C.12), we can analytically solve the interme-
diate scale M and unification scale My as

M;=myz ex M
e P C’21)3 - CgDQ ’
C1Ds — CsD, C.Dy — CyDy
Mo = CoDs — C3Dy Pl SN ol 3.C.14
U mz exXp |:<C2D3_03D2>+<03D2—02D3>:|, ( )
where
b2 — b b — b
C1 = age(my) — ag(myz), Cy = % Cy = %
bar, — b1y bIZL _ 3bart2bp-p
Dy = ay} (myz) — ajp(my), Dy = —5 Dy = o 5 . (3.C.15)
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Chapter 4

Non-thermal production of
pseudo-Nambu-Goldstone dark
matter and inflation

4.1 Feeble interaction in pNGB dark matter model

and inflationary scenario

As we discussed in Chapters 2 and 3, one of the ways naturally evading the severe
constraints from direct detection is to identify a pNGB as dark matter. In these cases, it is
found due to the nature of NGB that all couplings of dark matter are inversely proportional
to the VEV associated with the symmetry breaking, and then highly suppressed if the
VEV is large enough.

Such a large VEV may in fact be connected to generate the small neutrino masses in
the framework of Majoron models where the right-handed neutrino Majorana masses are
induced by the large VEV [CMP80,CMP81,GR81,GMS10,MY10,QS14]. In this case, the
pNGB is identified as Majoron. In order to make the canonical seesaw mechanism work
with O(1) Yukawa couplings, the VEV should be as large as O(10'*) GeV. Therefore
from this viewpoint, it is motivated to consider the pNGB as FIMPs (Feebly Interacting
Massive Particles) produced by freeze-in mechanism [AIMO06, AIM07, HIMRW10] with
extremely suppressed interactions, e.g., due to a large VEV. In the framework of freeze-in
mechanism, dark matter is assumed to be never thermalized with the SM particles. A
typical magnitude of FIMP coupling for reproducing the relic abundance observed by the
PLANCK Collaboration [A*20b] is O(10~!) for dimensionless couplings [HIMRW10].

In this chapter, we calculate the dark matter relic abundance via Higgs portal in the
pNGB dark matter model [GLT17] with large symmetry breaking scale, and study in
detail the freeze-in parameter space consistent with the observations. In addition, we
examine if successful inflation can occur through the non-minimal coupling to gravity
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where the field associated with the symmetry breaking is identified as the inflaton. That
implies the inflaton also necessarily induces the pNGB dark matter relic, which would
significantly modify the relevant parameter space.

The rest part is organized as follows. In Section 4.2, we briefly review the pNGB
model in this chapter’s notation in the non-linear representation. In Section 4.3, the relic
abundance of pNGB dark matter via the Higgs portal freeze-in is calculated, including
the thermal mass of the Higgs boson which is important to evaluate the reaction rates of
relevant processes. We also derive the Boltzmann equations for the pNGB FIMP, evaluate
the time evolution of the dark matter yield, and show some parameter sets consistent
with the present relic abundance observed by experiments. In Section 4.4, we examine
the possibility that the radial component of symmetry breaking scalar plays an role of
the inflaton. The allowed parameter space is identified taking into account the direct
production of the pNGB dark matter from the inflaton decay. Section 4.5 is devoted to

our suminary.

4.2 Simple pNGB dark matter model

In the simple pNGB model, the SM is extended with a complex singlet scalar ®', and
the Lagrangian is given by

L= Lsy+10,9* — V(H,®), (4.2.1)
where the scalar potential including the SM Higgs doublet H is given by
2 A 2 A
V(H,®) = — ELHP + SHH| = EOP + 20| + Aol |0

2
m

_ M 82 4 3*2). 4.9.2

(@7 1 0 (122)

The last term is the soft-breaking mass term which is introduced in order to generate the
mass of pPNGB. We do not consider the origin of this term (UV completion of the model).
The Higgs doublet H and the singlet scalar ® are assumed to develop non-vanishing VEVs

and are parametrized as

1 0 Vo + @
H=— , P =2~ iX/ve, 4.2.3
\/§<v+h> V2 ¢ (4.2.3)

where we have dropped the would-be NG modes in H (the unitary gauge). Note that
the pNGB y is stable due to a remnant Z, symmetry after the spontaneous symmetry
breaking, thus it can be a dark matter candidate. The stationary conditions of the VEVs

v and vg impose the following relations between the parameters in the scalar potential

:U’%I = /\HU2 -+ >\H<I>U357 ,ué = )@vi + /\H<1>U2 —m?. (424)

Tn this chapter, ® denotes the singlet scalar producing the pNGB, which is written as S in the
previous chapters.
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Using these relations, the masses of the scalar fields are evaluated in the following two
phases:

e The electroweak symmetry is unbroken, (H) = (0,0) and (®) = vs/v/2. In this
phase, only the components of ® acquire the masses as

mi = Aevj, mi = m”. (4.2.5)

e The clectroweak symmetry is spontaneously broken, (H) = (0,v//2) and (®) =
vg/ v/2. In this phase, the physical component of H is massive and the mass eigen-
values of the scalar fields are given by

1
mil =5 [)\HU2 + )\<1>U§, — \/()\@'Ui — Agv?)? 4+ 4)\%@1}21};_ , (4.2.6)
1
mp, = 3 [)\HU2 + AoV + \/()\qwi — Agv?)? + 4)@”1}21};_ , (4.2.7)
m} =m?. (4.2.8)

The lighter CP-even scalar h; is identified as the SM-like Higgs boson with the mass

125 GeV. The mass eigenstates are introduce as

) Z(cosO sin0) i) 0y = M (4.2.9)
) —sin® cos@ ho /\¢U¢ — Agv?
Note that the mixing can safely be ignored in our setup with a large hierarchy
between the VEVs (v < vy).

These are the same to results in the linear representation shown in Section 2.2. The
difference of the representation appears in the interaction Lagrangian shown below.

In this chapter, we mainly use the non-linear representation for the fluctuations of ®
field as given in Eq. (4.2.3). The same physics is obtained also in the linear representation.
The Lagrangian in the broken phase of ® contains

L> %[(@@)2 — miéz] + %( + %) {(8@02 — m3 v} sin’ (1)]

Yg
A Apv A
T P o) (4210)

The interaction terms of pNGB dark matter x are originated from the scalar kinetic term
and the U(1) soft-breaking mass term in this representation.?

2The contact interaction of the pNGB in the scalar potential appears in the linear representation.
However, the contribution is cancelled by the tree-level scattering mediated by the massive mode ¢ in the
IR limit and gives the same amplitude to that in the non-linear representation. The explicit calculation
is shown in Chapter 5.
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4.3 PNGB Production via Freeze-in

In this section, we discuss how the pNGB dark matter relics are produced via the
freeze-in mechanism and the parameter set consistent with the observations. We assume
that the relic abundance of dark matter is determined in the radiation dominant era of
the universe, in which the Hubble parameter H and entropy density s are given as the
functions of the temperature 1" as

w2 T2 272
H=1/Zg— = 2 g5 131
909 Mp’ 5 45 st ( )

where g, and ¢° denote the total numbers of effective massless degrees of freedom con-
tributing to the energy and entropy densities, respectively [KT90], and Mp is the reduced
Planck mass Mp = 1/4/87Gy = 2.4 x 10'® GeV (Gy is the gravitational constant).

4.3.1 Boltzmann equations

We are interested in the case that both of dark matter x and the CP-even scalar ¢
(~ hs) are never thermalized with the SM particles. This is achieved by tiny values of
quartic couplings Age and A, roughly speaking, Aye, Ao < 107, From the theoretical
side, a radiative correction to the |®|* term would imply its lower bound, A\g = A\%4/1672.
With these feeble couplings, both of ¢ and x become the FIMPs, and the Boltzmann
equations for the number densities ng and n, are given by

dn
dn
dtx +3Hny = Coperxx + CHTHHXX + Cooxxs (4.3.3)

where C'4.. g in the right-hand side denotes the collision term corresponding to the process
A < B. Here the broken phase of ® is assumed and the scalars in the dark sector interact
with the SM only through the Higgs doublet. The explicit form of collision terms is

Cij..sab.. /HdHfZHdH (1+ fa) (27) 454(2102 Zpa) Mij. —ab. |
- / [T dmafe [Tttt + i) (2m)*" (Z Pa — Zp) Mab..i5..1%

(4.3.4)

where f, is the distribution function of particle x, dIl, is the Lorentz-invariant phase

d3
space expressed as dIl, = —(QW)JQ”CE ;
Px

Since dark matter is produced by the freeze-in mechanism from the SM thermal bath,

and M x denotes the amplitude of the process X.

the magnitude of distribution functions is tiny for ¢ and x. Thus the O( qux) terms can
be dropped in the above equations. This approximation is valid as long as the distribution
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functions fy, are not close to the equilibrium one before the abundance is frozen. The
Boltzmann equations are thus reduced to

dn

7 — 24 3Hng = Cpigos + Critnisg — /dH¢ fo(Pg) 2mg (Tymrm + Toonn)s  (4.3.5)
dn
d—x + ?)an CHTH—WX + 2 / dH¢ f¢(p¢) 2m¢F¢_>XX, (436)

where the decay widths are given by

Y m¢ 4m? Ao 4m?
F(b—)HTH - H(I) mgj ¢_>XX - W - mQX. (437)

Note that we have used the relation mi = )\@1)35 in the above equations and the SM Higgs
doublet contains real four components, leading to the difference of numerical factors. The
mass parameter mpy for the H field will be discussed in the next section. Introducing the
net dark matter number density np = n, + 2Br¢_’xxn¢, the Boltzmann equation for np

18 recast as

dn
d_D + SH’I'LD = OHTH_)XX + 2BI’¢ XX (CHTLH—WSQS + CHTH—>¢)7 (438)

where Br® XX is the branching ratio defined by Br®* =T, /(Ty_ i+ sy ). The
collision terms are written by using the thermally averaged cross sections and the number
density of the SM Higgs doublet in thermal bath, nj. Then we obtain

dn o
—2 3Hnp =2 [<0HTHHXXUrel> + 2Br¢ <O—HTHﬁ¢>¢>Urel> + Bré <O—HTHﬁ¢Urel>} (n;?)Q-

dt
(4.3.9)

The first term in the right-hand side denotes the dark matter production directly from
the thermal bath, and the second and third terms are the contributions from the decays
of ¢ produced from the thermal bath. The thermally averaged cross sections are explicitly
calculated as

/\2 T4 4K
Vret) (n)? = “H2 / dz )22 —4a24 /2> 1 , (4.3.10
<O’HTH—>XX 1> ( H 2567‘(5 ) _ x(b + x¢72 ( )

Tx

A2 T (22 +2x >+ 2373
nSd) 2 _ \H® d [52 _ 402, /52 _ 4y 2 ¢> ¢ ¢>K

(4.3.11)
e /\12‘I<I>m3>T 4m2
(ThtHoeUre) (N5)? = mm(%) 1— m—if (4.3.12)

where we have defined the integral variable z = /s/T for the Mandelstam s variable,
the dimensionless parameters x; := m;/T and ~; = I';/T for a particle i with the mass
m; and the total decay width I';. v, denotes the relative velocity of the initial states
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A(s,;m%,m2))

with the kinematic function \(z,y, 2) = 2% +y*+ 2% — 22y —
2yz — 2zx. In the integrals, the lower limits are given by 7, , = max[z, 4, zy] and K;(z)
is the modified Bessel function of second kind of order 1. Here thermal bath particles
are assumed to obey the Maxwell-Boltzmann distribution.® Note that the integrand in
Eq. (4.3.10) contains the factor z* due to the derivative coupling of pPNGB dark matter.
This behavior implies that even if the portal coupling Aye is large, the dark matter
reaction rate with the SM is suppressed in lower energy than mg and the usual freeze-out
does not work in the case of the hierarchical VEV v, > v (my > my,).

4.3.2 Thermal mass of the Higgs boson

The one-loop effect of bath particles leads to the mass corrections quadratically scaling
by the temperature, which are called thermal masses. Including thermal mass corrections
gives important effects for collision terms (reaction rates) and hence for the evaluation of
relic abundance of dark matter. The detailed calculation of thermal mass for the SM Higgs
boson is summarized in Appendix 4.A. The electroweak gauge bosons, all SM fermions,
and all components of H including the NGBs eaten by the gauge bosons contribute to

the thermal mass, which is given by

2 2 2
91 39 Y A\
Ap==+"Z3+=+—|T 4.3.1
" (16+16+4+4>’ (4.3.13)
where gy and go are the gauge couplings of U(1)y and SU(2)., and y; is the top Yukawa
coupling which is dominant over the other Yukawa couplings. Including this thermal
contribution, the mass of the SM Higgs boson is given by

mi; = mj, + Ay, (4.3.14)

which plays a role of regulator in the reaction rates in the Boltzmann equations.

4.3.3 IR freeze-in (T > my)

When the reheating temperature of the universe, Tk, is higher than the heavy mediator
mass mg, the final abundance of dark matter is determined independently of the reheating
temperature. This is so-called the IR freeze-in [HJMRW10]. The analytic formula of the
dark matter yield Yp = np/s derived from Eq. (4.3.9) is approximately given by

405y/10 BroXX)\2, M 4m?
YIR ~ e 1= (4.3.15)
(2m) 929" " Aemy g

The result is found to be independent of the dark matter mass because the dominant

production process comes from the ¢ decay around 17" ~ m,, as shown in the following

3Quantum statistical distributions may give a small factor difference in numerical calculations [LT19].
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Figure 4.1: (Left): Evolution of the reaction rates for three processes Egs. (4.3.10)-
(4.3.12). (Right): Evolution of the dark matter yield determined by solving the Boltzmann
equation. The red solid, dot-dashed dark blue and dashed brown lines denote the results
using our formula (4.3.9), the public code MicrOMEGAs with and without the thermal mass
effect for the SM Higgs boson, respectively. The black horizontal line corresponds to the
correct dark matter abundance for m, =1 MeV. These figures are from Ref. [ATY21].

part. In the limit where the scalar VEV and the mass of ¢ are much larger than the masses
of the SM Higgs boson and dark matter, the factor of quartic couplings Br‘b_”‘X)\qu<I> reduces
to

)‘<21>)‘%{<I> )\%Iq) fOI‘ )\cp > )\Hcp

Broont o~ PCHS
)‘é + 4/\%@ % for Ao € Ao

(4.3.16)

Thus combining the IR freeze-in relic Eq. (4.3.15) and the yield corresponding to the
observed value Y5™ = 4.4 x 1077 (m,/MeV) ™" [AT20b] with g, ~ g% ~ 100, we obtain
the following relations

)\Hd>

)\cb 2 mX 1010 Ge\/
~ for A A 4.3.1
<10‘8) (2 x 10—9) (1 MeV> < - or Ao > Ape,  (4.3.17)

/\q;. - 1 MeV me
7x10°1) My 1019 GeV

The evolution of the reaction rates including the thermal mass effects is shown in the

for A < A\pgo. (4318)

left panel of Fig. 4.1 where we choose the following parameter set

Ao =Tx 107" Agp =107, my, =1MeV, my=10" GeV, (4.3.19)

as a benchmark. This is chosen so that the parameter relation Eq. (4.3.18) is realized.
Note that the portal coupling should satisfy Age < 107% in order for the dark sector
particles not to enter into the thermal bath. When the temperature cools down to the
mediator mass scale T ~ m,, a number of on-shell ¢ are resonantly produced. As a result
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Figure 4.2: (Left): Contours reproducing the observed relic abundance in the (m,, Ap)
plane where the mediator mass is fixed to be mg = 10* GeV (10'® GeV) in the purple
(red) line. The solid, dashed and dotted lines correspond to Age = 10719 107 and
107'2, respectively. The gray parts of the red lines are excluded by the criterion vy > Mp.
(Right): The purple region can realize the observed relic abundance via the UV freeze-in
in the (mgy, Age) plane. Each contour reproduces the abundance for a specific parameter
set. The solid, dashed and dot-dashed red lines correspond to Tk = 10'2 GeV, 108 GeV
and 10* GeV, respectively. The green region, my > 1073Mp, is excluded (see the text).
These figures are from Ref. [ATY21].

the magnitude of the reaction rate for the process HTH — yx rapidly increases as can be
seen in Fig. 4.1.

For the same benchmark parameter set, the evolution of the dark matter yield is shown
in the right panel of Fig. 4.1, assuming the vanishing initial conditions of the dark sector

Y (T = Tg) = Yy(T = Tg) = 0. (4.3.20)

We also show for comparison the results calculated by the public code MicrOMEGAs [BBGT18b)]
with and without the thermal mass effect for the SM Higgs boson.* As obvious from the
plot, the thermal mass effect gives an impact on the evolution of the dark matter yield,
in particular when the temperature is 7' 2 m,. Including thermal mass also affects the
final dark matter abundance, while its impact is not so large and only gives a few factor
difference. One can see from the plot that the yield of dark matter rapidly grows at
T ~ mg due to the resonant production of ¢, and then the evolution is almost frozen
afterwards.

The purple and red lines in the left panel of Fig. 4.2 show the contours in the (m,,
A¢) plane reproducing the dark matter relic abundance observed by the PLANCK Col-
laboration [AT20b]. The reheating temperature is assumed to be much higher than the

mediator mass scale (T > my). As can be seen in the plots, for a larger m,, the lines

4Tn the current version of MicrOMEGAs, full thermal mass effects are not implemented. However it is
possible to include the thermal mass only for the Higgs boson by hand without difficulty.
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simply shift to the right (purple to red), namely the direction of heavier dark matter
mass which compensates a smaller yield Y ®. The behavior of the lines change around
Ao ~ Ago as explained in Eqs. (4.3.17) and (4.3.18). While one can take a heavier dark
matter mass m, if a larger mediator mass my is chosen, there is an upper bound on m,, if
the criterion for the VEV v, < Mp is taken into account. As we will discuss in the next
section, a feeble value of the scalar self-coupling, typically e = O(107'?) is suitable for
¢ being the inflaton.

4.3.4 UV freeze-in (Tr < my)

When my is much larger than the reheating temperature, the dark matter relic abun-
dance is determined by the portal coupling Aye and the reheating temperature Tk. This
is so called the UV freeze-in discussed in Refs. [HIMRW10,EKU15]. For T' < Tr < my,
only the H'H — xx process is effective for the dark matter production (see the left
panel of Fig. 4.1). In the H'H — xx reaction rate (4.3.10), we can safely assume
My > /s > my, m, since the modified Bessel function regarded as the window function
with a cut-off T and the large s contribution is dominant due to the s°/? behavior of the
integrand. Thus the reaction rate is approximated by

N2 T8

( o) (n2 e al (7 S g ey = BT (43.21)
=0T 51005 Jy O it SV T s e

By integrating the Boltzmann equations for the dark sector using this approximation, the
pNGB dark matter yield is evaluated as

135v/ 1072, MpT3

4mgS gy m

VEAES (4.3.22)

Combining with the observed value Y5 = 4.4 x 1077 (m,/MeV) ™" with g, ~ g% ~ 100,
we obtain the following relation®

Mo \? (1 MeV my  \" /10* GeV\® (4.3.23)
10°6) ~\ my 105 GeV Tr ' -

The right panel of Fig. 4.2 shows the parameter space where the dark matter relic

can be realized by the UV freeze-in, which is denoted by the purple region. The purple
solid, dashed and dot-dashed lines denote mg = 100Tg, 107k and Tk (the UV freeze-in
(4.3.22) is valid for my > Tg). The red lines show the contours in the (m,, Aye) plane
reproducing the dark matter relic for various given reheating temperatures. Note that the
green colored region my > 1073 Mp is excluded by the conditions vy < Mpand A\p < 1076,
the latter of which is required for the dark sector not being thermalized.

°For a heavier pNGB dark matter case, the broader parameter space in the (mg, Age) plane has been
discussed in Ref. [AHOT20].
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4.4 Inflation

In the previous section, we have seen the pNGB dark matter relic abundance realized
via feeble scalar couplings, where the radial component ¢ of the symmetry breaking
scalar plays a role of the mediator of pNGB production. In this section, we investigate
the possibility that ¢ also plays another important role, namely, the inflaton.’

4.4.1 Inflation dynamics and constraints

The inflation gives a plausible solution for the flatness and horizon problems in the
universe. A successful inflation scenario can occur in our model if a non-minimal coupling
between the complex scalar & and gravity is introduced. Then the Lagrangian relevant
for the inflation dynamics is given by

L M3

Vo

where R is the Ricci scalar and £ is the so-called non-minimal coupling constant. During

R — £|O*R + g (9,®)*(0,®) — V(P), (4.4.1)

the inflation era, the scalar potential is assumed to be dominated by the field value of ®,
thus V(®) ~ \g|®[?/2 &~ \s¢"/8, and the |®|? part can be written as |®|* ~ ¢?/2 with
the non-linear representation ® = (v, + ¢) eX/¥¢ /1/2.

The non-minimal coupling is removed by the conformal transformation,

2
Guv = G = Qnguu with Q= 1+ %, (442)
\ "2

where g, corresponds to the metric in the Einstein frame. As a result of this transfor-
mation’, the Lagrangian becomes

AUV AUV
" I

(0u0) (Dp) + &

L M2 . R
= = —5 R+ (0u%) (Du%) = V() (4.4.4)

where ¢ and y are the canonically normalized fields satisfying the differential equations

dp _ \/M]%QZ RSO QS (4.4.5)

do MEOA dx

6Some different types of models are studied in the literature, e.g. [BMSV14, ENTT14] about possible

common origins of the inflaton and dark matter.
“In D-dimentional spacetime, the Ricci scalar is transformed under the Weyl rescaling gan = € dun

as

(D-1)(D-2)

1 (Oarw)? |, (4.4.3)

Rp=e ™ [sz —(D-1)V3uw—

where V32, = = 0nvV=95" N O
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Figure 4.3: Inflation potential with the non-minimal coupling & = 1072 107!, and
1 [ATY21].

If &€ > 1, which is similar to the case of the Higgs inflation [BS08b|, the differential
equation is simplified and the explicit expressions of ¢ and ])(gp) are obtained. However
in the present pNGB model with feeble couplings, we will show later that a smaller £ is
favored for successful inflation. The shape of the scalar potential is numerically evaluated
and shown in Fig. 4.3 where the non-minimal coupling is fixed to be & = 1072107, 1.
The flat part of the potential gets longer for a smaller value of &.

While one cannot write down the explicit form of the scalar potential f}(np), the slow-

roll parameters are expressed in terms of ¢,

~ 2
_ MR (Ve _ 8M4
R (V> QMR+ E(1468) @2 (4.4.6)
~ 2 4 2 5 9 A
po il AMBIME+ MBE(L+ 1206~ 20040008y,
v @2 [M3 + & (1 + 6€) ¢?]

where V, .= 9V /0y and V,, = 9*V/dp?. Using the slow-roll approximation, the spectral
index ns and the tensor-to-scalar ratio r are given by

ns = 1 — 6ey + 2ny, r = 16ey. (4.4.8)
The e-folding number N, between the time of horizon exit (¢,) and the end of inflation

(tena) is given by

tena 1 [ (1466) (¢ — o%) 3. [ Mi+E¢

N, = Hdt ~ do = end ——1 -  >>'*
. Aﬂ/*dm)¢ 82 4%<W+wm)
(4.4.9)

where ¢, and ¢.,q are the field values at t, and te,q, respectively. Defining t..q as the
time giving the slow-roll parameter € = 1 in Eq. (4.4.6), ¢enq satisfies

o M} /14326419282 — 1
Fond = 5 F0 60 : (4.4.10)
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Figure 4.4: (Left): Contours in the (£, Ag) plane for successful inflation where N, is fixed
as V., = 50 and 60. (Right): Predictions for the spectral index (ns) and the tensor-to-
scalar ratio (r) where the non-minimal coupling & is taken as & = 1, 0.1, 0.03, 0.01 and
0.005. The blue and light blue regions are allowed by the PLANCK observation at 1o
and 20 confidence level, respectively. These figures are from Ref. [ATY21].

On the other hand, ¢, is numerically evaluated, giving the amplitude of the scalar
power spectrum at the horizon exit observed by the Planck Collaboration [AT20c]: Ay =
V(e(¢.))/ (2472 M ey (4,)) = 2.10 x 1072, From these relations, the non-minimal cou-
pling ¢ and the scalar self-coupling Ag for successful inflation can be read. The contour
of the e-folding number N, on the (£, Ag) plane is shown in the left panel of Fig. 4.4
where N, = 50 and 60. When the non-minimal coupling £ is small enough (¢ < 1073),
the dependence on \g disappears. This region has the same behavior as the ¢* chaotic
inflation.

The predictions for the spectral index ng and the tensor-to-scalar ratio r at the pivot
scale k, = 0.002 Mpc’1 are shown in the right panel of Fig. 4.4 where N, is taken to be
between 50 and 60. The blue and light blue regions represent the 1o and 20 confidence
levels observed by the Planck Collaboration [AT20c]. It can be found that the lower
bounds for the non-minimal coupling are required

€>002 (N,=50), £20.0055 (N,=060), (4.4.11)

for the scenario consistent with the observation.

In the left panel of Fig. 4.4, the solid (dotted) part of each contour represents the
parameter region consistent (inconsistent) with the PLANCK observation at 20 confidence
level, when combined with the lower bounds of ¢ obtained in the right panel. We find
that the self-coupling \g should be in the range Ay > 107! in the pNGB dark matter

model with large symmetry breaking, if the inflation is induced by the coupling &.
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4.4.2 pNGB production from inflaton

There is another important physical implication of the possibility that the radial scalar
component ¢ plays the role of inflaton in the pNGB dark matter model. That is the
direct production process of dark matter y from the inflaton decay, which is inevitable
because of the interaction between ¢ and y. In this section, we investigate the parameter
space consistent with the inflationary scenario discussed above and the dark matter relic
abundance taking into account both the freeze-in and inflaton-induced dark matter.

As discussed in Refs. [Tak08, GP11], the number density of the inflaton induced x
particle is estimated as

mf _ P Doy (
N — 4.4.12)
Y my /3H(Tg)

where py, and H(TRg) are the energy density of radiation and the Hubble rate at the
reheating temperature Tr. We here define the reheating temperature Tk at which the
Hubble rate is equal to the decay width of the inflaton to the SM sector (H(Tr) ~

Ly pmig), and then
3v10 N2 Am?
Th ~ =5 S Mpmyy [1- 5 (4.4.13)
8mgy” e My

Note that the effective degrees of freedom g, in the right-hand side also depends on the

temperature in general. Using the explicit form of the decay widths and the reheating
temperature (4.4.13), we obtain the pNGB dark matter yield directly produced from the

inflaton as
inf 9v/10 1/2 3/4 3/2M11;,/2 4mi 3 Am2 ~3
YX ~ 204872 s 1/2 l=— 1 ——F . (4.4.14)
T 9k )‘H@ m(z) m¢) m¢

As previously, we impose the portal coupling satisfies Ayye < 107° such that dark matter
does not get into the SM thermal bath.

We here comment on the comparison between the three contributions of pNGB dark
matter yields, YR, YV and Y;nf. Typical behaviors are shown in Fig. 4.5 as the functions
of the mediator mass mg, which behaviors are evaluated by MicrOMEGAs for Age = 1077
and 107!, The reheating temperature is given by Eq. (4.4.13) in the left panel, while it
is treated as a free parameter in the right panel (see the detail in the next subsection).
The IR and UV freeze-in productions are effective in the smaller and larger m, regions,
respectively. These freeze-in yields are smoothly connected in the gray region where
Tr < my S 100 Tx, which is denoted by the purple dashed line. Since Y o m;l and
ViRt o m;/ ? the IR freeze-in is dominant for a lighter mediator. Further, Y& becomes
equal to V"' at my = meq. It is easy to find from Egs. (4.3.15), (4.4.13) and (4.4.14)

that meq ,S 1072 Tk, and then the inflaton-induced yield necessarily becomes dominant
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Figure 4.5: Comparisons of the pNGB dark matter yields, Y} (red), YV (green) and
V't (blue) for Age = 1077 and A = 107" [ATY21]. The reheating temperature is
given by Eq. (4.4.13) in the left panel and a free parameter in the right panel, chosen as
Tr = 10 GeV. The IR and UV freeze-in are smoothly connected in the gray region,
typically Tr S my < 100 Tg.

in the left side of the gray band. On the other hand, the UV freeze-in abundance takes
the value Y5V /Y™ ~ 10733, /Ae around my = Tx. This ratio is much smaller than 1
due to the constraints Age < 107% and A\ > 10712 as we explained from the cosmological
arguments. Since Y3V o m;S/ 2, the UV freeze-in contribution is always subdominant

compared to the inflaton decay.

4.4.3 Dark matter abundance

Fig. 4.6 shows the parameter space realizing the correct dark matter relic abundance
in the (m,, A\¢) plane taking into account the pNGB production from the freeze-in and
inflaton decay. The portal coupling is chosen as Age = 1077, 107® and 10~ and the
mediator mass is my = 10* GeV, 10° GeV and 10® GeV. The purple line represents the
parameters reproducing the dark matter abundance only by the freeze-in contribution.
The gray region represents the parameter space where the inflaton induced dark matter
abundance is larger than 10 % of the observed value. In order to be consistent with the
inflation observables at 20 confidence level as discussed in the previous subsection, the
scalar self-coupling has to satisfy A\ = 1072 and the lower orange region is excluded by
this condition.

The behavior of the purple lines in the most of panels can be understood by the IR
freeze-in as discussed in Section 4.3.3, except the right-bottom one. The region Ap = 1079
of that plot corresponds to the intermediate state between the IR and UV freeze-in,
namely Tr ~ mg, while the contribution to the relic from the inflaton decay is eventually
dominant in this region. In case that the reheating temperature determined by the inflaton
decay is much lower than the mediator mass my, since the reheating temperature scales
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Figure 4.6: Parameter space in the (m,, A¢) plane where the reheating of the universe is
assumed to occur via the perturbative inflaton decay into the SM sector [ATY21]. The
purple lines reproduce the correct relic abundance of dark matter only by the freeze-
in production. The gray regions represent the parameter space that the dark matter
abundance created by the inflaton decay is larger than 10 % of the observed value. The
lower orange region cannot be consistent with the inflation observables at 20 confidence
level.
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Figure 4.7: Parameter space in the (m,, Ag) plane where the correct relic abundance
of dark matter is realized by the non-thermal production (the freeze-in and the inflaton
decay). The portal coupling is chosen as Agp = 1077 (left) and Age = 1079 (right). The
freeze-in production is dominant in the red region and the inflaton decay dominant in the
blue region. The lower orange region is not consistent with the inflation observables as in
Fig. 4.6. In the green region, the scalar VEV becomes trans-Planckian.

as Tp )\Hq,/\;l/zm(l/2 which can be seen in Eq. (4.4.13), it finds that the self-coupling

goes as \g X mi/ ? to reproduce the correct relic abundance from Eq. (4.3.23) for the UV
freeze-in. This behavior has been numerically checked in our computation.

Fig. 4.7 shows the parameter space in the (m,, Ap) plane realizing the correct dark
matter relic abundance via both contributions from the freeze-in and inflaton induced
productions. The red and blue regions mean the abundance is dominated by the freeze-
in and the inflaton, respectively. The red dot-dashed line denotes mgy = Tx. In the
green region, the singlet scalar VEV (v,) becomes trans-Planckian, where the low-energy
field description is not valid.®* When the dark sector scalars ¢ and/or x are heavy, the
inflaton decay tends to be the dominant process for the dark matter creation. A physical
implication of Fig. 4.7 is that in the pNGB dark matter model with large symmetry
breaking, the dark matter should be lighter than MeV-GeV if the freeze-in production
is assumed to be dominant. A heavier dark matter is also possible if taking the inflaton
induced contribution into account.

In the above analysis, we have assumed that the reheating of the universe simply
occurs via the inflaton perturbative decay to the Higgs field. However if there exists some
other decay modes of the inflaton, the reheating temperature generally takes a different

value. In this situation, the inflaton induced dark matter is estimated by

i, 3V/30 9 Ao Mp L Am3
X 12872 g9 Tg mg’

(4.4.15)

8When one considers graviton loop effect, its form may be ﬁ where m is a typical scale in low-
P
energy theory. Therefore the low-energy perturbative description is violated above mp ~ 47 Mp. If one
imposes the condition vg < mp in Fig. 4.7, the green excluded region is relaxed by 4.
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Figure 4.8: Same plots as Fig. 4.7 while the reheating temperature is taken to be a free
parameter [ATY21]. The portal coupling is chosen as A = 1077 (left) and 1079 (right),
and the reheating temperature is T = 10'° GeV (above) and 10 GeV (below).
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which is independent of the Higgs portal coupling Ag¢ and almost independent of mg for a
relatively heavy ¢. The pNGB abundance from the UV freeze-in is also implicitly changed
since the parameter dependence of T is modified from Eq. (4.4.13) to a free parameter,
though the formula of Y3V is still valid. In the same fashion in Fig. 4.7, we draw the
parameter space realizing the correct dark matter abundance via both of freeze-in and
inflaton decay (Fig. 4.8). We find in almost all allowed regions the freeze-in production is
dominant. This comes from the fact that the inflaton induced abundance Eq. (4.4.15) is
almost insensitive to my. Compared with Fig. 4.7, a heavier dark matter is possible up
to O(10 — 100) GeV with a higher reheating temperature.

4.5 Summary

The pNGB dark matter model has been originally motivated from the fact that the
strong constraint of direct detection can naturally be evaded even when it is a WIMP with
sufficiently large couplings with the SM particles. On the other hand, the pNGB dark
matter can also be regarded as a natural FIMP candidate if the VEV of the symmetry-
breaking scalar is large enough. That is because all couplings of the pNGB are suppressed
by the large VEV due to its NG property.

We have studied the model parameters for which the dark matter relic is reproduced
by the feeble couplings of pNGB, taking into account the effect of thermal mass of the
Higgs field. The dark matter relic abundance is mainly determined by the mediator mass
and a smaller coupling of A\ and Age when the reheating temperature of the universe is
larger than the mediator mass. On the contrary, the abundance depends on the reheating
temperature if it is not large as the mediator mass. These feature are similar to typical
FIMPs.

We have also investigated the possibility that the radial component of the symmetry-
breaking scalar ® plays a role of the inflaton. Introducing the non-minimal coupling of
® to gravity, the flat potential is understood by the rescaling, and the parameter space
consistent with the observations has been explored. We have found that the scalar self
coupling is tiny A\¢ = 107!2 and the non-minimal coupling should be & > 1072, which
are rather different from the Higgs inflation scenario. Furthermore, it is important the
inflaton decay into the pNGB is unavoidable. We have examined the allowed parameter
regions taking into account both of the freeze-in and the inflaton decay. Combining these
requirements for the dark matter relic and the successful inflation, it is found that the
pNGB FIMP dark matter should be lighter than a few GeV when the freeze-in contribution
is assumed to be dominant. A heavier pNGB dark matter with O(10'7?) GeV mass is
possible if the inflaton-induced contribution comes to be effective and/or the reheating
process depends on some other dynamics.

In the present model, since the pNGB dark matter is stable due to the Z, symmetry:
X +— —x coming from the CP invariance of the scalar potential, one may feel there
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is no detectable signals from the pNGB dark matter with feeble couplings. However
if the remnant symmetry is not exact as easily expected in a UV completion of the
model [ATT20], the pNGB can decay into lighter SM particles. Even if its couplings
are highly suppressed by the large VEV, some signals may be detectable in cosmic-ray

observations. That is left for future study.

Appendix 4.A Thermal mass contribution

Referring to [KP14], we summarize the derivation of thermal mass and its formula in
the high temperature era.

We consider a field variable decomposed to the background configuration ¢ and its
fluctuation p, and integrate out the latter. Then the one-loop effective potential for the
background o is given by

VE(0) = V(o) + V(o) + V] (0;T), (4.A.1)

where V(o) is the classical potential for o, and V(c), VI (o) are the one-loop contribu-
tions. According to Refs. [DJ74, Wei74], the effective potential is evaluated on R3 x S*
with the radius 1/7T in order to take the thermal effect into account.

The effective potential for a real scalar is expressed as

Vig(o) = / %% VI (0;T) = %JB(M/T), (4.A.2)

where Ej = k* + M?, and M denotes the p mass in the o background. The mass M is
typically given by M? = M(c)* = m} + %02 for the p mass m;, and the scalar self quartic
coupling A. The function Jg(y) is given by

Jp(y) = / dx z* log(l — e’(‘”2+y2)1/2>. (4.A.3)
0

In the high-temperature region corresponding to y < 1, the function Jg(y) is approxi-

mately written as

ot a2 - y y?
Jp(y) = =T E?f - gy?’ — 35108 (@)7 (4.A.4)
with ag = 72€%2727% and ~g is the Euler constant. The y? term contributes to the

thermal mass.
For a Dirac fermion, the one-loop effective potential is given by

&k E 2T
Vip(o) = —4/ (2%)37,6’ Vi(o:T) = —?JF(M/T), (4.A.5)
with
Jr(y) = —/ dx x* log(l + e(x2+y2)1/2>. (4.A.6)
0
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The mass in the o background is typically given by using a Yukawa coupling g as M =
M(o) =ms+ g\%, for the fermion mass my. As in the bosonic case, the function Jp(y)
is approximately written as

2 4 4
Tr(y) ~ oo — oy? — 2= log (y—> (4.A.7)

with ap = 16m2¢3/2727 in the high-temperature region corresponding to y < 1.

The thermal mass is defined from the one-loop effective potential VI (o;T) as

_ ot
A= 507

(4.A.8)

o=0

Using the above formulae, the thermal mass contributions of particle i are given by

4 2 \f2 " T2\ 2 ”
AB =g 5T F _ & () for bosons
F_ _, T (=a?\M2(0)" _ giT2M?(0)"” : o
A" = —g; 27r2( o ) Tz = 5 for fermions

where g; is the degrees of freedom of the particle ¢ and the prime means the derivative
with respect to o.

For the SM Higgs boson, there are three sources of thermal mass; electroweak gauge
bosons, quarks and leptons, and Higgs scalar. Applying the above result to the SM, the
thermal mass contributions are found

2 3 2
A%Lauge — %TZ—F 19627'Q7 (4A10)
Afermion_T_2 2+ 2+ 2+3( 2+ 2+ 2+ 2+ 2+ 2) Ny_t2T2 <4A11)
h - 12 ye yy, yT yu yd yc ys yt yb ~ 4 ) o4
A
A?Lcalar — fT2 (4A12)
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Chapter 5

TeV-scale majorogenesis

5.1 Tev-scale Majoron dark matter and feeble inter-

actions

Some cosmic-ray observations are known to suggest the existence of leptophilic TeV-
scale dark matter. That motivates us to consider a TeV-scale Majoron dark matter,
whose mass scale is heavier than those in previous works. The heavy Majoron can decay
to neutrinos, which requires the SM singlet scalar VEV is around the unification scale.
It can also decay to heavy quarks such as the top quark, and that imposes strong upper
bound on the Yukawa couplings between the Majoron and the right-handed neutrinos.
The Majoron interactions are too small to realize the dark matter relic abundance via
the thermal freeze-out mechanism [ABD*20]. Hence the creation of Majoron dark matter
(dubbed as Majorogenesis) at TeV scale should be realized in a way other than the freeze-
out mechanism, such as the freeze-in production [HJMRW10].

In this chapter, we investigate the Majorogenesis for TeV-scale Majoron. We then
consider the following three scenarios; (A) introducing explicit Majoron masses, (B) using
the interaction with the SM Higgs doublet (C) using the resonant production from non-
thermal right-handed neutrinos. All of these scenarios are found to have the parameter
space compatible with the tiny Yukawa coupling and the dark matter relic abundance.

This chapter is organized as follows. In Section 5.2, we discuss the Majoron model and
its phenomenological constraints from heavy Majoron dark matter decays. In Section 5.3,
we show the difficulty of creating the heavy Majoron in the reference model, and then
consider three ways to realize the TeV-scale Majorogenesis. In each case, we will evalu-
ate the Majoron relic abundance and show the parameter space realizing the TeV-scale
Majorogenesis. Section 5.4 is devoted to summarizing our results and discussing future

work.
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5.2 Majoron dark matter

5.2.1 The model

First of all, we consider the reference Majoron model for the following discussion. We
introduce a new SM-singlet complex scalar which has the Yukawa coupling to right-handed

neutrinos. The Lagrangian for the right-handed neutrinos vg; are written as
£N = U/_Rzasz - %CDVTRZ‘VRJ' - y;;r L_QI{IVRi + h.c. (521)

where the right-handed neutrinos and the new scalar ® have the lepton number 41 and
—2, respectively.! The neutrino Yukawa coupling 4%, gives the Dirac mass mp = y*v/v/2
after the electroweak symmetry breaking, where v is the electroweak VEV v ~ 246 GeV.
In addition, the new Yukawa coupling with ® gives the Majorana mass My = fv,/ V2.
Thus, the small masses for active neutrinos are generated by the type-I seesaw mechanism
as (my)ap ~ —(mp)ai(My")i;('mp),s. We use Geek indices «, 3, ... for the generation of
the SM leptons and Latin indices ¢, j, ... for the generation of the right-handed neutrinos
here.

The scalar potential in the model is written as

m2

(@74 27), (5.2.2)

M<21> 2 Ao 4
V(H, ®) = Vig(H) - B2 |0 + 2o -

where Vy is the Higgs potential in the SM (shonw in Eq. (A.2.2)) and the coupling between
® and H will be taken into account in Section 5.3.3. The last quadratic term proportional
to m? is the soft-breaking term to generate the pNGB mass. This term breaks the U(1)y,
symmetry of the scalar potential into Zs, which corresponds to ® — —®.2 For the
potential stability, the quartic coupling satisfies Ag > 0. The scalar field develops a VEV

vy, and is parametrized as

_ vgt+ @ty

V2

The stationary conditions are solved as pg = A\gv; — m

) (5.2.3)

2 and the scalar masses in the

U(1), breaking vacuum are given by
mi = Aov, mi=m. (5.2.4)

The CP-odd component y is a pNGB called as the Majoron, whose mass is given by the
soft-breaking parameter m. In the following parts of this chapter, we will see that this
Majoron can be a dark matter candidate.

!The NGB from this complex scalar field is eaten if the symmetry is gauged such as the gauged

U(l)B—L-
2The total Lagrangian with this soft-breaking term is invariant under the Z4 symmetry, which is the
residual discrete symmetry of the global U(1)y.
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Vo t

V3 t
Figure 5.1: The Feynman diagrams for the dark matter decay processes [AHO'20]. (left):

X — Valp. (right): x — ¢t. The internal lines in the loop represent the active and heavy
neutrinos.

In general, the Yukawa matrix f;; in Eq. (5.2.1) can be diagonalized into f;d;; by the
redefinition of the right-handed neutrinos and the diagonal couplings f; are taken to be
real. The Majorana fermion in this mass basis is denoted by N; = vg; + vg;, in which
we denote the redefined right-handed neutrino as vgz;. The Lagrangian is rewritten using

these Majorana fermions as

fi
2\/' 2\/_
- YOZTLQHPRNi +h.c., (5.2.5)

- e B
L :%Ni@Ni TNNN, — L oNiN, — L\ NN,

where Y is the neutrino Yukawa matrix in the right-handed neutrino mass basis and
Pryr, is the chirality projection. An important point is that the flavor changing off-
diagonal interaction between the Majoron and the right-handed neutrinos such as yN; N,
disappears in the mass diagonal basis.

5.2.2 Decaying dark matter

In this subsection, we see features of the TeV-scale Majoron and the phenomenological
constraints as the dark matter candidate. The Majoron is assumed to be lighter than the
lightest right-handed neutrino to prevent it from decaying into the right-handed neutrinos.
Otherwise, the Yukawa coupling f is required to be highly suppressed and/or the VEV
vy must be huge due to astrophysical constraints.

The massive Majoron is unstable due to its interaction with right-handed neutrinos and
the neutrino Yukawa couplings. The main decay channels are expressed by the Feynman
diagrams of Fig. 5.1. The decay width to the neutrinos is given by
FX—H/QVB = 16m—7:;35‘ ml/)aﬁ‘27

(5.2.6)

where (m,)ap is the neutrino mass matrix. To realize the long-lived dark matter, the VEV
vy has a lower bound for a fixed value of the dark matter mass m,. The constraints on
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the dark matter mass and lifetime for this decay mode are discussed e.g., in Refs. [PROS,
CGIT10]. For example, the VEV v, is found to satisfy v, = 10" GeV for TeV-scale dark
matter. In the following parts, we assume vg &~ 10’ GeV. In addition, the Majoron is
so heavy that it can decay to (the top) quark pair through the one-loop diagram shown
Fig. 5.1. As the width is generally proportional to the quark mass, the dominant radiative
decay is given by y — tt, if possible, and its width is evaluated as

2 2 2
SawCz mym; Amj

1—

2.2.7
8cos? Oy m, m2’ (5:2.7)

Fx—>tf =
where m; and m  are the masses of the top quark and the Z boson, respectively, and oy
is the fine structure constant of SU(2), gauge coupling. The overall factor 3 comes from
the summation of color indices of the final states. The neutrino loop factor connecting y
and Z is given by

g‘ mD i 1-zx /1 z— y 2m2/M2 )
= d d 2.
G Z 16720, cos QW/ x/ 4 mQ/M2 )2’ (5:2.8)

where F(w) = (z+y)+ (y + 2)(y + 2 — 1)w. The main decay modes of the Majoron are
these x — vavs, x — tt, and the model parameters are constrained by the cosmic-ray

observations such as anti-protons and gamma-rays. The decay widths of the Majoron
to other SM particles are much smaller, then the constraints are irrelevant.® In general,
analyzing the constraints on the model parameters are very complicated due to many
degrees of freedom and indeterminacy [[YY], which is beyond the scope of this chapter. In
this chapter, we impose a conservative upper bound on the Yukawa coupling f; < 10~(10-11)
with reference to the past analysis, but the precise value of f; is irrelevant to the Majoron
creation.

From these results and analysis, we find the following three statements are inseparable

in the TeV-scale Majoron dark matter model:
1. Light right-handed neutrinos with TeV-PeV-scale masses
2. Heavy Majoron feebly interacting with right-handed neutrinos

3. Large VEV of @ around the unification scale

5.3 Dark matter creation: majorogenesis

In this section, we will show the difficulty to realize the dark matter relic abundance,
and discuss some improved scenarios for the Majorogenesis to take place.

3In the case of the Majoron being light, see a previous work [GCH17] for the constraints from the
Majoron decay.
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5.3.1 Flaw and improvements of the model
As we have seen in the last section, the three conditions,

1. light right-handed neutrinos,
2. heavy Majoron,

3. large vy,

are inseparable when we consider a TeV-scale Majoron dark matter. In the model in Sec-
tion 2, the Majoron couples to the SM particles only through the right-handed neutrinos
and the coupling is too small to realize the freeze-out mechanism. Even if we introduce the
mixing coupling such as Age|H|?|®|?, it is hard for pNGB dark matter with the large VEV
to realize the relic abundance as by the freeze-out mechanism [ABD*20]. Then another op-
tion to create the Majoron is the freeze-in mechanism discussed in Ref. [HJIMRW10]. The
magnitude of the coupling that is necessary for the freeze-in to work is typically O(107),
and thus the tiny Yukawa couplings in the model of Section 2, f;; < O(10~101)) seem
useful for the Majoron creation via the freeze-in. However, the Yukawa interaction be-
tween the Majoron and the right-handed neutrinos is flavor diagonal in the right-handed
neutrino mass basis, and flavor changing off-diagonal interactions such as yN; N, are ab-
sent in the Lagrangian (see Eq. (5.2.5)). The other processes are too tiny to explain the
relic abundance by the freeze-in mechanism. The scattering amplitude of the annihilation
NN — xx via t-channel is proportional to f?. In addition, the decay N — yv is highly
suppressed by the neutrino mass on top of f. Therefore, it is impossible to realize the
dark matter relic abundance by the freeze-in mechanism using the right-handed neutrino
decay in that model. Here let us consider the following three scenarios to avoid this flaw.

(A): The first is to modify the universality of mass/coupling ratios for the pNGB Ma-
joron. A simple way for this is to introduce Majorana masses for right-handed
neutrinos, which break the U(1), symmetry similarly to the soft breaking term for
®. Then flavor changing couplings of the Majoron generally appear in the right-

handed neutrino mass basis, and could lead to the freeze-in production of Majoron.

(B): The second is adding the mixing coupling between the SM Higgs H and the SM
singlet scalar ® such as Ay |H|?|®|? to the scalar potential (5.2.2). The Majoron
can interact with the SM Higgs via this coupling on top of neutrinos, but the typical
magnitude of the interaction is also too small to realize the thermal relic because
of the nature of NGB [RSW20] as we stated above. As an alternative option, we

consider the freeze-in mechanism through this portal coupling.

(C): The third option is using a non-thermal creation of the right-handed neutrinos dur-
ing the reheating after the cosmological inflation. The scattering process mediated
by the CP-even scalar particle arising from @ is essential to explain the dark matter
relic abundance.
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Figure 5.2: The Feynman diagram for Majorogenesis in the scenario (A) [AHO"20].

In the rest part of this section, we discuss the above three scenarios (A)—(C) and
investigate the parameter space realizing the TeV-scale Majorogenesis for each case.

5.3.2 (A): Heavy right-handed neutrino decay

Let us consider the scenario (A), in which Majorana mass terms for the right-handed

neutrinos are introduced:

1

which enables the flavor changing interactions in the mass-diagonal basis. In this subsec-

A‘CMaLjoranaL =

tion, we consider only two right-handed neutrinos (i = 1,2), or equivalently, we assume
that one of the three is sufficiently heavy. Hereafter, we use g for the off-diagonal Yukawa
interaction giving Y N; N, vertex, which is assumed to have the constraint,

g <1071 (5.3.2)

as in the Majoron model.
The dark matter creation process is No 2 Nyx (My, > My, + m, ), which is shown
in Fig. 5.2, and the decay width is given by

g MN2 ]WN1 mX
T I 5.3.3
Na=Nix = T35 <MN2 My, (5.3.3)

where the function I(x,y) is defined by I(z,y) == [(1 — z)? — y2]3/2 [(1+z)* - ]1/2 On
the other hand, the thermal creation process of the right-handed neutrinos are given by
N; < Lo H (LS HT), and the decay width is expressed as

|Vl 2 My,
8

The Boltzmann equations for the right-handed neutrinos and the Majoron are given

by

Ty, = (5.3.4)

dyY; r K
V(@) Tapoviy Ki(raz) Yo (2)
d:[,‘ Hzx KQ(TQ.CE)
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- Ty IG (rox)

e Ro(rge) 1@ ~ YR (ra)], (535)

) - B
T R el 639
%fc) . FNnglx g;g:zi;YNQ(x)’ (5.3.7)

where K, is the modified Bessel function of the second kind. We introduce the di-
mensionless parameter = by x = m, /T for the temperature 7' and the mass ratios by
r; == My, /m,. The Hubble parameter and the entropy density are defined by Eq. (4.3.1)
and T ~ —HT is used. The yield of a particle a is defined by Y, = n, /s with the number
density n,. The function form of Yx in the thermal equilibrium is given by

o 45
Yi'(2) = gx (W) ZQKz(Z), (5.3.8)

with gx being the number of the degrees of freedom for the particle X. We assume that
the SM particles are always in the thermal bath and neglect the inverse decay N1y — Ns
because the contribution from this process is small.

Using Egs. (5.3.5)—(5.3.7), we obtain

(o) - /°° LAY ()

dx
I'ny— Ny Ny—B /oo 1 Ki(rox)
= dr — Y (rox), 5.3.9
Fnysmy + s Ja, Hax Ky(rax) v, (r22) ( )

where we have assumed Yy, (z7) = Y, (0c0) = 0. The integral Eq. (5.3.9) can be carried
out approximately and the Majoron relic abundance is evaluated as

Y. (00) ~ I'nponvind'veon 4055 mp (5.3.10)
X I'nysniy + Tnvo—B 87r9/2g§gi/2 ]\4]2\/2 o
405vV5  m
~ Ty Ny rl (5.3.11)

87T9/29§g}</2 M]%[2 )

where we have used I'y,— v, < I'nv,—B and the explicit expressions of the Hubble param-
eter and the entropy density.

The time evolution of the yields are shown in Fig. 5.3. The masses for the particle
contents are fixed as My, = 5 TeV, My, = 20 TeV and m, = 1 TeV, and the off-diagonal
Yukawa coupling is chosen as g = 107!, The decay parameter D; is defined by the ratio
of the decay width of N; — SM to the Hubble parameter H as D; = 'y, ,g/H(T = My;,)
and is related to the neutrino Yukawa couplings Y, (see Eq. (5.3.4)). In the left panel,

the two decay parameters are unity, and then the right-handed neutrinos go into the
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Figure 5.3: The solutions of the Boltzmann equations with the masses My, = 5 TeV,
My, =20 TeV, m, = 1 TeV and the Yukawa coupling g = 10! [AHO"20]. The black
solid lines indicate the yields in the thermal equilibrium, Yf,?. The decay parameters
D; =Ty,5/H(T = My,) are changed. In the left panel, the decay parameters are unity.
In the right panel, the decay parameters are hierarchical and tiny values.

thermal bath and the yields follow the thermal equilibrium distribution (black solid lines
in the figure). In the right panel, the two decay parameters are too small to put Yy,
into the thermal bath. It is interesting that the final result Y, (co) converges to the same
value independently of the magnitudes of the neutrino Yukawa couplings Y, which is
clear from Eq. (5.3.11). This is because, for small Y,

., the thermally induced amount of
the right-handed neutrinos around their mass scale becomes small while the branching
ratio decaying into the Majoron becomes large and these two effects are canceled out.
In the thermal historical point of view, the independence of neutrino Yukawa couplings
is understood by the fact that thermally induced N is proportional to Dy and the time
interval where the decay Ny — Ny is effective is inversely proportional to Ds.

Then the relic abundance of the Majoron is given by

Y, (00)sg
Q h2 :mX X
X €c7o/h2

2 1/2
1 1 20 T M
~0.1075 x <—g11> (—OSO) <—00> ( Mx ) ( 0 eV)I( N17 Tx >7
10— g: Jx 1 TeV My, My, My,

(5.3.12)

where so = 2891 cm™ is the today entropy density, and .o = 5.16(h/0.7)?> GeV m~—3
is the today critical energy density. The current observed value of dark matter abun-
dance is Qqarkmatter?? = 0.1200(12) [AT20b]. As we stated above, the relic abundance is
independent of the neutrino Yukawa couplings Y.

In Fig. 5.4, we show the allowed parameter regions in (m,, g) and (My,, My,) planes.

In the left panel, each line represents the parameter space realizing the dark matter relic
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Figure 5.4: The allowed region to realize the dark matter relic abundance in (m,, g)- and
(My,, My,)-planes [AHOT20]. See the text for details.

abundance for several choices of My, with My, fixed as 5 TeV. Note that the stronger
Yukawa coupling g is required for the smaller Majorana mass My, since the phase factor
I(Mn, /My,, m,/My,) becomes smaller. On the other hand, large ¢ is also required for
larger My, because I ~ 1 and the relic abundance is inversely proportional to My,. The
allowed region regarding My, as a free parameter is bounded from below by the critical
line corresponding to My, ~ 20 TeV. Thus the lower bound for ¢ is around g ~ 107'*. In
the right panel, we show the allowed region with the dark matter mass m, = 3 TeV and
the Yukawa coupling g < 107104, 107107 107!!. If we take a severer bound for the off-
diagonal Yukawa coupling g < 107 (red region in the figure), the lightest right-handed
neutrino mass has to be in 3 TeV < My, < 7 TeV, and the mass My, has to be larger
than 10 TeV.

Interestingly, the bound on ¢ for this scenario to work is marginally comparable with
the experimentally constrained upper bound Eq. (5.3.2). Therefore, the scenario (A) can
be proved or excluded in the near future observations.

5.3.3 (B): Scalar potential interaction

Let us move to another scenario, in which we introduce the mixing coupling Ao | H |*|®|*.
We consider the freeze-in creation of the Majoron in this model. The scalar potential is

written as
#gb 9, Ao 1 20412 m? 2 *2
V(H,P) :VH(H)—7|(I>| —|—7|<I>| + Ago| H|?|®| _T((D + & ), (5.3.13)

and the conditions for the quartic couplings such that the potential is bounded from below
are Ag > 0, Ae > 0, V/Agde + Ago > 0. In addition, the quartic coupling A has the
upper bound 87/3 from the perturbative unitarity as discussed in Ref. [CDL15]. The

81



H,+ X H X

Figure 5.5: The Feynman diagrams for the Majorogenesis in the scenario (B) [AHO"20].
The contact type interaction in the left panel is canceled by the low-energy contribution
from the scalar mediated interaction in the right panel.

quartic coupling Age is also constrained by the bound of the mixing angle between the
CP-even components [FGL15].

One important feature of the Majoron is a cancellation due to the nature of NGB in
two-body scattering processes such as Fig. 5.5. The contribution from the contact type
four-point interaction (left panel) is canceled by the one from the ¢-mediated interaction
(right panel) in the soft limit, and the remaining value is suppressed by the large decay
constant. Indeed, the leading contribution after the cancellation comes from the portal
energy in the propagator, which is written as

A
iM(HYH = xx)(s) = —i——22 55, (5.3.14)
s —mg
where s is the Mandelstam’s s variable and mi = )\qﬂ)i is the mass of ¢. This is consistent
with the result implied by the soft-pion theorem, and is easily understood in the non-linear

representation:

o = o0 insu, (5.3.15)
V2
The phase field 7 is the Majoron in this representation and is the same as y to the leading

order of 1/vs. We have the following interaction vertices in the Lagrangian:

Ling D % (0,m) = mim?| — Agaved|H |, (5.3.16)
where the derivative coupling between the (p)NGB 7 and the CP-even scalar particle ¢
has come from the kinetic term of ®. The scattering amplitude for HH — 77 evaluated
from this interaction Lagrangian Eq. (5.3.16) is the same as Eq. (5.3.14), which is now
given by a single diagram like the right-panel of Fig. 5.5 and the energy (s) dependence
originates from the derivative coupling.

The Boltzmann equation for the Majoron dark matter is given by

dYy(z) 2 o
dx _SHIfY HUH

(5.3.17)
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Figure 5.6: The parameter space in the (mg, Age) plane explaining the dark matter relic
by the TeV scale Majoron [AHO20]. See the text for details.

where YXX 1 ;7 is the interaction density defined by

R /Oo ds \/s — Am2 K, (\/3/T) i (5.3.18)
g = — 1 —_— 0.
10 2975 [, X (s —m2)?

The prefactor 4 comes from the degrees of freedom of the Higgs doublet in the symmetric
phase. We integrate the Boltzmann equation with the initial condition Y, (zg) = 0, then

the Majoron abundance can be analytically evaluated as

100\ / 100\ 2 A2, T
Qxh2 ~1.5 x 10® GeV (g_S> (Z) <1”%;<V) f;% R (5.3.19)

where Ty is the reheating temperature satisfying xg = m, /Tg. In Eq. (5.3.19), we have
assumed that my is larger than the reheating temperature. Due to the energy dependence
of the amplitude (5.3.14) and the heavy portal scalar, the relic abundance is dominated
by the contribution from the UV-region unlike the previous case (A) and depends on the
reheating temperature Tk, which arises from the UV physics. A similar type of freeze-in
effect is discussed in the context of higher dimensional operators [HJMRW10].

In Fig. 5.6, we show the allowed region in the (mg, Aye) plane. Each solid line repre-
sents the parameter space realizing the dark matter relic abundance and the region above
each line for Tk being fixed is excluded by the over creation. The dashed line means
the case mg = Tg, and the region below this line is not valid because we assumed that
the mass of ¢ is larger than the reheating temperature such that ¢ is inactive in thermal
evolution after the reheating. The shaded region shows the parameter space in which
the dark matter relic abundance is realized regarding the reheating temperature as a free
parameter. The region of my is taken as 10* GeV < my < 10 GeV. We note the
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Figure 5.7: The Feynman diagrams for the Majorogenesis in the scenario (C) [AHOT20].

VEV w, is large for the TeV-scale Majoron and the constraint from the mixing among
the CP-even components is negligible due to the suppression by vy.

We here give a comment on other previous work. The portal-like coupling of pNGB
has also been discussed in various contexts, e.g., Refs. [GMS10,QS14]. The existence of
the contact type interaction by the quartic coupling Age is usually assumed, but that is
canceled by heavy scalar mediated contribution, as stated above. Consequently, it seems
that the thermal freeze-out creation and collider search of the pNGB dark matter are

inaccessible in case of the large decay constant.

5.3.4 (C): Resonant creation from non-thermal source

Let us consider the third scenario that the Majoron dark matter is created by the right-
handed neutrino annihilation process mediated by the heavy CP-even scalar ¢. We here
assume that the mass mg is smaller than the reheating temperature Tx so that ¢ plays
an important role in the thermal history of the universe. In this subsection, we consider
the case of one generation right-handed neutrino for simplicity, but the generalization to
three generations right-handed neutrino is straightforward.

We further assume that the right-handed neutrino has a Yukawa coupling to the
inflaton field ¢ with mass m,. This coupling generates the right-handed neutrinos non-
thermally during the reheating, and the yield at Tx is evaluated as

Yy = §EBr(<p — NN). (5.3.20)
2my,
Here Br(¢ — NN) is the branching ratio of ¢ — NN process, which is given by
I'ysnn/T, with T', being the total decay width of the inflaton. The reheating tem-
perature Ty is defined by H(T = Tg) = T',.

The right-handed neutrinos created by the inflaton can annihilate into the Majoron
through the scattering process mediated by ¢: NN PN xX as shown by Fig. 5.7. The
Yukawa coupling f corresponding to ¢ N N should be small from astrophysical constraints,
and the three point coupling ¢xx is also suppressed. As we will see in the following, even
for these tiny couplings, a sufficient amount of the Majoron dark matter can be generated
with the resonant contribution of ¢. The partial decay widths of ¢ to right-handed
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Figure 5.8: The solution of the Boltzmann equations with my4 = 10° GeV, m, = 10 GeV
and the initial value of the right-handed neutrino yield Yy (zg) = 1072 [AHO20]. The
right-handed neutrino mass is fixed as My = 10* GeV, but the dark matter abundance
Y, (00) does not depend on it.

neutrinos and Majoron

g [ 4M3 8/2 Aoy [ Am?2 71?2 (5321
27 | omi | W T B [T om2 | 321)

Lynn =

The contribution to the Boltzmann equations from the ¢ portal annihilation process,

NN % XX, is evaluated as

NN Ao f2T /°° (s — 4MZ)*2(s — 4m2)1/?
4

XX 91115 ds Kl(\/E/T)

M2 s1/2(s — mi)2

_ftmir [1 a4

2673 m>2

3/2

where we use the narrow width approximation.

The Boltzmann equations for the Majorogenesis in this system are expressed as

dYn(2) _ Toonn Ki(r62) yeq . | Yol@) [ Yn(2) ’
b 2 He KQ(T¢$)Y¢<¢ )[Yﬁq(%ﬂ?) (Yﬁq(m)>}

2 NNXX( Yy () ) ~ I'aos Ki(rz) [YN(:L“) B Y]f,q(rx)}, (5.3.23)

" Hsz! Yo (ra) Hr Ky(rz) 2
S = e T e~ (o) |

- F?j; - ffégzgyaﬁ(x% (5.3.24)
S e () s
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Figure 5.9: The allowed region in (m,, mg) plane when the initial yield of the right-handed
neutrino is given [AHO"20]. The initial yield is fixed as fYy(zg) > 10713, 10712 107,
and the small ¢ mass is favored.

where we have assumed that the SM particles are in the thermal bath. 74 and r are
defined as ry = my/m, and r = My /m,, respectively. The relic density of the Majoron
dark matter is found by solving these equations and evaluated approximately as

2y ( 4M?v)3/2 / 2 Ki(ryn) ( Y (z) )
Y, (00) ~ 1-— dr —— -V —a— | 5.3.26
x(oe) 167 my Ha Ky(rgx) @ (roz) Yii(rz) ( )
where we have used the boundary conditions Yy(zg) = Y, (zr) = Yn(00) = Y,(00) = 0.
The final result is given by

75/2S
128+/5¢./% My

The relic abundance of the Majoron dark matter is evaluated as

100\ /100 "/
O h? 402 x 107 ( ) < ) " 12y (2g)?. (5.3.28)
9 )\ g.) my

Y,

(00) ~

f2YN(IR)2. (5327)

This result depends on the Yukawa coupling f, the scalar mass m, and the initial amount
of right-handed neutrinos, but is independent of the right-handed neutrino mass.

The time evolution of the yields are shown in Fig. 5.8, in which the masses are fixed
as my = 10% GeV, m, = 10®> GeV and My = 10* GeV. The yield Yy initially created
by the inflaton decay is large and remains the constant for 7' 2 m,, during which ¢ and
Majoron are generated through the decay and scattering processes. After the creation of
Majoron dark matter by this process, the relic abundance is frozen-in at the temperature
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just below my.* On the other hand, the heavy scalar ¢ similarly created by the N decay
finally disappears after the ¢ — xx process becomes effective in the thermal history.

In Fig. 5.9, we show the allowed region in (m,,my) plane with the initial yield
[Yy(zg) > 1071 10712 10713, A smaller ¢ mass is favored to realize the dark matter
relic abundance. The figure shows that a tiny value of the coupling f is compatible with

the observations, while that depends on the other parameters.

5.4 Summary

We have studied the scenarios where the Majoron, a pNGB of lepton number symmetry
with TeV-scale mass, can be the dark matter of the universe. Since the decay constant
of the Majoron is large and the coupling to the SM is tiny, it is nontrivial how to create
the Majoron in the early universe, called Majorogenesis. The Majoron model can realize
neither freeze-out nor freeze-in production of the Majoron dark matter with the large VEV
because the Majoron couplings to the SM particles are tiny and the Yukawa couplings
to the right-handed neutrinos are flavor-diagonal in the mass basis of the right-handed
neutrinos. To avoid this flaw, we have discussed three scenarios (A)—(C) for Majorogenesis
via the freeze-in mechanism; (A) introducing explicit Majorana masses, (B) using the
interaction with the SM Higgs doublet, (C) using the resonant production from the non-
thermally induced right-handed neutrinos.

In (A), we find the lower bound on the Majoron Yukawa coupling for the freeze-
in Majorogenesis to work, and the bound is roughly comparable with the tiny value
of Yukawa coupling constrained from astrophysics. Therefore, this scenario could be
proved or excluded in the near future observations such as Cherenkov Telescope Array
(CTA) [CT16] and IceCube Neutrino Observatory [AT19b].

In (B), the toal coupling between the Majoron and the SM Higgs is found to be
canceled and suppressed by the large mass scale, and is useful to create the Majoron via
the freeze-in mechanism. Note that this scenario is quite general because we have used
only the fact that y is the pNGB having the large VEV and the mixing coupling to the
SM Higgs.

In (C), the sufficient amount of right-handed neutrinos are produced by the decay of
the inflaton during the reheating. After that, the ¢-mediated N Nyy interaction, whose
magnitude is constrained by cosmic-ray observations, can be used to realize the freeze-in
production.

In all the scenarios (A)—(C), there are the parameter regions realizing the dark matter
relic abundance and avoiding the astrophysical constraints. Therefore, the Majoron with
the TeV-scale mass (or heavier) can play the role of dark matter in the universe.

4The relic abundance of the Majoron could be slightly changed by thermalized right-handed neutrinos.
However, it is not large effect unless m, is close to My.
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For further study, it may be intersting to examine the leptogenesis [FY86] in these
scenarios. A straightforward way is using resonances between the right-handed neutri-
nos [PU0O4]. A more challenging is introducing other particles whose masses are at an in-
termediate scale between v and v4. One can use radiative decay processes of right-handed
neutrinos where the new particles appear in the loop to generate lepton asymmetry. This
motivates us to consider an extension in which one more SM-singlet U(1)-charged scalar
is added. Whether such type of leptogenesis can be compatible with the TeV-scale Ma-
jorogeneis is left for future work.
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Chapter 6

Electroweak axion string and
superconductivity

6.1 Strong CP problem, axions and axion strings

In the Quantum Chromodynamics (QCD) sector, the general Lagrangian is given by

1
2g2

S

16 ~
—2tr(GWG“V) + 'Cmattera (611)

tr(GW)2 + o

Locp = —
where G, denotes the field strength of the Gluon field and G = %E“VPUG w- The second
term is the CP violating term, which is called #-term and 0 € [0, 27|. The non-vanishing 0
value leads the non-trivial electric dipole moment of the neutron, but the observed value
is highly suppressed |d,| < 2.9 x 10726 ¢ cm [BT06] and the constraint on the § parameter
is typically given by |0] < 10710 [HT99]. While there is no reason in QCD, the the value
of theta is fine tunned, this is known as the strong CP problem.

This strong CP problem is one of the unresolved mysteries in SM. The problem can
be naturally solved by the Peccei-Quinn (PQ) mechanism, in which a global symmetry
denoted by U(1)pq is assumed to be spontaneously broken and provides a pNGB, the
axion [PQ77a,PQ77b, Wei78, Wil78]. In other words, the PQ mechanism solves the strong
CP problem dynamically by promoting the parameter 6 to a scalar field. The axion is a
promising candidate for a viable cold dark matter [PWW83, AS83, DF83].

Among various models bringing the axion (for recent reviews, see, e.g., Refs. [Sik08,
Mar16,Rin12,WS10,KC10]), the DFSZ model [Zhi80,DFS81] has been studied extensively,
as well as the KSVZ model [Kim79,SVZ80]. In the DFSZ model, the scalar sector of the
SM is extended to have two Higgs doublets and one SM-singlet complex scalar. The
scalar fields and the SM fermions are assumed to be charged under the U(1)pq symmetry,
which is spontaneously broken by a VEV of the complex scalar. The axion is a linear
combination of imaginary components of the doublets and the complex scalar.

The U(1)pq symmetry in the DFSZ model is anomalous due to one-loop contributions
from the SM fermions and is broken down to a discrete subgroup Zs (or Zg), which
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produces a domain wall at the QCD phase transition. The energy density of the domain
walls dominate soon that of the universe, leading to the domain wall problem. One
possible scenario to solve the problem is to assume that the U(1)pq symmetry is broken
during or before the cosmological inflation. There exists, however, a stringent constraint
on isocurvature perturbation produced by the axion during the inflation [A"20c]. Another
simple way is introducing a tiny term breaking the symmetry explicitly, called the bias
[GGK89,L.SWI7], which resolves the vacuum degeneracy [Sik82, CHS99, Vil81]. For other
scenarios and their studies, see, e.g., Refs. [PWY86, KW86,L.582 CHN20, KTY16,STY18].

As well as most axion models enjoying the U(1)pq symmetry, the DFSZ model predicts
the axion string [Dav86], which is a global cosmic string. The axion string is created by the
Kibble-Zurek mechanism [Kib80,Zur85] (see also Ref. [MS10]) when the U(1)pq symmetry
is spontaneously broken. For the scenario that the domain wall problem is avoided by
the inflation, the axion strings are diluted away and seem to play no role in cosmology.
But for the other scenarios, they become interesting ingredients in the universe and have
been studied in various contexts (see Ref. [VS00]). We assume the latter scenarios in
this chapter. After the creation, the strings form a network whose energy density has a
scaling property. To understand the evolution of the network, it is important to study
the interaction between the axion strings. The interaction is thought to be dominated by
exchange of the (massless) axion as a long-range force.

On the other hand, cosmic strings sometimes can be superconducting strings [Wit85]
when the electromagnetic gauge symmetry is spontaneously broken inside the strings. It
is known that the axion strings necessarily become superconducting states [LS85, ITwa97,
GL89,LPS88] because they must have fermionic zero modes traveling on the string [JR81,
CHS85]. The maximum amount of the supercurrent is determined by the (bulk) mass of the
fermions. In the DFSZ model, however, the axion string cannot carry significant amount
of the current because the model has no heavy fermion. Thus, the superconductivity
seems to play no crucial role for cosmological properties.

In this chapter, we show that the axion string in the DFSZ model becomes the elec-
troweak string after the breaking of the electroweak symmetry. The electroweak string
is a string containing flux tubes of the SU(2);, x U(1)y gauge fields like the Abrikosov-
Nielsen-Olesen vortex [Abr57, NOT73] and has been studied in the SM [Nam77, Vac93,
Vac92,JPV92,JPV93,VF9I4, BVB94, Bar95, EKNO13] (see Ref. [AV00] for review), and in
two Higgs doublet models (2HDM) [Per93, La93, D593, D594, BL.94, BRT99,Iva08, BBP11,
EHKN20b, EHKN20a] (for recent comprehensive studies, see Refs. [EKN18a, EKN18b]).
An essence is that the two Higgs doublets in the DFSZ model also acquire the VEVs
after the electroweak phase transition and they must have winding in the SU(2), x U(1)y
gauge orbits for the single-valuedness, as well as the winding for U(1)pg. We call such
strings the electroweak axion strings. In particular, we show that there are at least three
types of the electroweak axion string in the DFSZ model. Interestingly, some of them
have very similar properties to those of the electroweak string in 2HDM.
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Ul)pg || X1 | X5 | X,

Ol =1 W

Table 6.1: The scalar field contents and their quantum charges.

Furthermore, we show that one of the electroweak axion strings (dubbed the type-
C string) can be a superconducting string without fermionic fields. This is because the
charged fields, the charged Higgs and W bosons, acquire non-zero values inside the string
and the U(1)gy symmetry is spontaneously broken there. This is a similar situation to
superconductivity of non-Abelian vortices [ABCT90, ABC*91] and of the U(1) x U(1)
model considered by Witten [Wit85]. Remarkably, due to the coupling between the Higgs
doublets and the complex scalar, the amount of the supercurrent can be of order of the
U(1)pq breaking scale resulting in large magnetic energy even in the DFSZ model. As
a consequence, the strings feel a large magnetic interaction, which can overcome the
one from the axion exchange. Therefore, superconductivity could drastically change the
cosmological scenario of the axion strings after the electroweak phase transition in the
DFSZ model.

The rest of this chapter is organized as follows. In Section 6.2, the DFSZ axion model
is reviewed and our notation is introduced. For later use, we present a definition of
the U(1)gm in general soliton backgrounds. In Section 6.3, after a brief review of the
conventional axion string, we discuss the electroweak axion strings. There are at least
three types of the electroweak axion strings (type-A, B and C). We compare the tensions
of the strings. In Section 6.4, we show that the type-C string can be superconducting. A
linearized equation of motion for massless zero modes traveling on the string is presented.
In addition, we estimate the maximum amount of the supercurrent flowing on the string
to be of order of the U(1)pq breaking scale. Section 6.5 is devoted to the summary. In
Appendix. 6.B, we present the derivation of the linearized equation used in Section 6.4.

6.2 The model

6.2.1 DFSZ axion model

The particle contents and the charge assignments under the SM gauge group and the
U(1)pq are shown in Tab. 6.1. We introduce a SM-singlet complex scalar S and two
SU(2);, doublets, H; and Hj, both with the hypercharge )y = 1/2. The Lagrangian

which describes the electroweak and scalar sectors is written as
1 1
L= (Bu)' =7 W) + D IDH +10,5 — V(H, Hy, 5). (6.2.1)

4 .
1=1,2
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Here, B, and W, describe field strength tensors of the hypercharge and weak gauge
interactions, respectively, with u () and a being Lorentz and weak iso-spin indices,
respectively. D, represents the covariant derivative acting on the Higgs fields, and the
index ¢ runs ¢ = 1,2. The scalar potential V' (H;, Hy, S) being invariant under the charge
assignments of Tab. 6.1 is

V(Hlﬂ HQ’ S) = VH + VS + Vmixa (622)

where each part is given by

Vir =m?, H{H, + m2, HyH, + % <H1TH1)2 n % (1{;1{2)2
+Bs (H}Hl) (HgHQ) + B <H1TH2> (H;Hl) , (6.2.3)
Vs = — m3|S[? + As|S|", (6.2.4)
Vinixe = (/{SQHIHQ + h.c.> + k15| SI2 Hy |2 + kos|SI2 Ho 2, (6.2.5)

with m% > 0 which admits S to acquire a non-zero VEV: (S) = v,. Without loss of
generality, we can suppose that the Higgs fields develop VEVs as (Hy) = (0,v1), (Hs) =
(0,v) with vy, vy € R.! Then the electroweak scale, vgw (=~ 246 GeV), can be expressed
by these VEVs as viy = 2(v}+v2). We also define tan 3 := vy /v;. In order for Vi, to be
invariant under the U(1)pq symmetry, the U(1)pq charges in Tab. 6.1 should satisfy the
relation 2X, — X; + X, = 0. If the first term in Eq. (6.2.5) has a structure like SH] H,
instead of 52H1T H,, the assignment of the U(1)pq charges should change, but qualitative
properties of the axion strings we discuss below are almost same. In particular, the string
becomes superconducting also in such a case.

The Yukawa interaction terms are given by
Lyuawa =~y TrIQ — y drH>Q — yerHL + hic., (6.2.6)

and the SM fermions carry the U(1)pq charge so that this Lagrangian is invariant under
U(1)pg. The new singlet scalar S couples to the SM fermions via Higgs sector. In the
following parts of this chapter, we leave aside the Yukawa terms.
For later use, we rewrite the Higgs fields in a two-by-two matrix form [GMWT11], H,
defined by
H = (io*H;, M) = (M, Hy) (6.2.7)

The matrix field H transforms under the electroweak SU(2), x U(1)y symmetry as

H s exp [%Ha(x)aa] H exp {—%ey(;ﬁ)oﬁ] , (6.2.8)

I'Note that we drop “1 / v/2” in our notation for the VEVs.

92



where the group element acting from the left belongs to SU(2), and the other element
acting from the right belongs to U(1)y. Therefore the covariant derivative on H can be

expressed as

.92 avrra .01
D.H = 0,H —iZo"WiH + ZEHO'BBM. (6.2.9)

The VEV of H is expressed by a diagonal matrix (H) = diag(vy,vs), and the Higgs
potential Vy can be written by using H as follows:

Vi = —mitr|H> = m3 tr (|H’0®) + ay tr |H[*

+ vy (tr[H]?)® + agtr (HP0?|H?0®) + ay tr (JH[?0®[H[?) (6.2.10)

where the relations between the parameters in Eq. (6.2.3) and in Eq. (6.2.10) are given
by

m%l = _m% - m%a mg2 = _m% + m%v (6211)
B =2(0q + ag + oz + au), Ba =2(0q + g + a3 — ), (6.2.12)
63 = 2(0&1 + Qg — 053), 54 = 2(6(3 — Oél). (6213)

The formulae in the bilinear formalism is summarized in Appendix 6.A.2. The mixing
term Vi, is also rewritten by H as

1
Vinix = (RSQdetH + h.c.) + 5(&5 + Kag)|S|? tr|H|?

1
+ 5 (ks = mas)ISI? tx(H*0%). (6.2.14)

The custodial transformation SU(2)¢ in the two Higgs doublet model [GMW11,PV94]
is identified as the global unitary transformation of the Higgs matrix H as

H— UHU, U e SU(2)c. (6.2.15)

If m2 = a3 = a4 =0, and K15 = Kag, the scalar potential is invariant under the custodial
transformation. This symmetry makes the two VEVs be equal, tan g = 1.

6.2.2 Mass spectra and PQ) transformation

The scalar fields develop the following VEVs

(H) = (Ul 0) ,(S) = .. (6.2.16)

01)2

The stationary conditions are solved with the mass parameters m?, m3, m% as
m% = (061 + 20&2 —+ (0% + 044)1}% + (oq + 20&2 + 3 — 044)1)5
1

v U
LL H_l N _2> S @S] o2, (6.2.17)
2 (%) (%1
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1 v v
mg = (061 + (6% + CY4)U% — (061 + a3 — CM)U; + 5 |:I<d (U_2 — U_l) + R1s — KQS] U?,v (6218)
1 2

mz = 2X\sV2 + K15V; + KosVs + 2KV V. (6.2.19)
After the symmetry breaking, the gauge bosons and scalars become massive due to the
above VEVs. The masses of the weak gauge bosons are given by

S J2VEW o J2VEW
w = Z=5 5
2 2 cos Oy’

(6.2.20)

with the standard definitions of the weak mixing angle cosfy = g¢o/ \/m, the Z
boson Z,, = W3 cos y — By, sin By, and the photon A, = W} sin fy + B, cos fyy.

In the scalar sector, we have three scalars, three pseudo scalars, and two charged
scalars. Among these, one massless pseudo scalar and one massless charged scalar are
eaten by the weak gauge bosons, and the other massless pseudo scalar becomes the axion,
which obtains a mass from the non-perturbative QCD effect. There remain five physical
scalar bosons after the symmetry breaking. For example, the lightest real scalar has the

mass eigenvalue

2 U% + U% 2 2 2 2
my, ~ 4(oq + ag)m + dag(v] + v3) + day(v] — v3)

2
B (/ﬁgvf + KogVs + 2/@1}1122) (6.2.21)
As(vf + v3) ’ o

up to O(viy /v?), and we identify it as the SM Higgs boson. The mass squared matrix
for three pseudo scalars is expressed as

_ ’U2’U§ 2

o v 20904
rlo0? R o | (6.2.22)

2090 —201vs —4V10

This matrix has one massive and two exact zero modes. The non-vanishing mass eigen-
value is
2,2 2,2 2,2
9 4dvivy + vjvs + V30

my, = —K 2. (6.2.23)

V102

In order to avoid the tachyonic mass, the portal coupling « should be negative. One of the
massless eigenvector is (cos 3, sin 4, 0) which corresponds to the longitudinal mode of the Z
boson. Another zero eigenvector is given by (Xjv1, Xovs, Xv,) as long as 2X,— X1+ X =
0 is satisfied. This flat direction corresponds to the axion. Imposing these two massless
modes are orthogonal, we find

X1 =2sin?8, X,=—2cos’B, X,=1, (6.2.24)
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where X, determines the normalization. Then the U(1)pq transformation acts on the
scalars as

H1 — €2iaSin26H1, H2 — 6_%&008251{2, S — GiaS. (6225)

The same result is obtained by defining the U(1)pq current not to couple to the Z boson.
For the matrix field H, the U(1)pq transformation becomes

H— efiaHemai‘ cosQB. (6.2.26)

6.2.3 Definition of unbroken U(1)g\ group

Unlike in the vacuum, in the presence of a soliton background, the definition of the
unbroken U(1)gy generator is non-trivial. In this chapter, it is defined as
a 3

R o o
H—= -n°"H-H— 6.2.27
OH = —n*TH KT (6.227)
where 5 |Hi[2ng
i=1,2 17|71
a._ , 6.2.28
n - : ( )
HIO'GHl H;FUGHQ
ny = ——, ng = ——=, 6.2.29
1 ’H1’2 2 |H2|2 ( )

The positive normalization factor C' is determined to satisfy n*n® = 1. Correspondingly,
the U(1)z subgroup in the SU(2); x U(1)y group is defined as

TyH = —na%aH — sin® 0y QH. (6.2.30)

Also, the U(1)z and U(1)gm gauge fields are defined as
Z, = —n*Wicos Oy — By, sin by, (6.2.31)
Ay = —n*Wisin by + B, cos by . (6.2.32)

In addition, the charged components of SU(2);, gauge group is defined as orthogonal com-
ponents to n%c®. In the vacuum, the Higgs field takes a constant VEV (H) = diag(v, vg),
and n%® = —o3. The above definitions reduce to the conventional ones. The VEV is

invariant under U(1)gwm,

Q (H) =0, (6.2.33)

which means that the U(1)gy symmetry is not spontaneously broken in the vacuum.

It may be useful to rewrite the above expressions for the two doublets H; and Hs,

~ a 1
QH; = (_na% + 51) H;, (6.2.34)
T,H; = (—na% — sin? GWQ) H;, (6.2.35)

fori=1,2.

2The vector n® corresponds to 1% in Ref. [EHN20].
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6.3 Electroweak axion strings

Similarly to other axion models, the DFSZ axion model provides a vortex string so-
lution known as the axion string corresponding to the breaking of U(1)pg. On the other
hand, after the electroweak phase transition, the axion string can contain flux tubes of
the SU(2), x U(1)y gauge fields like the Abrikosov-Nielsen-Olesen vortex [Abr57, NOT73]
since the two Higgs doublets also acquire the VEVs. We call such vortex strings the elec-
troweak axion strings. In this section, we show that there are (at least) three types of the
electroweak axion strings in the DFSZ model. Interestingly, some of them have similar
properties to those of (non-Abelian) vortices in two Higgs doublet models, in which there
is a global symmetry for a relative rotation of the two Higgs doublets. In particular, some
part of our argument in this section refers to that in Refs. [EKN18a, EKN18b].

6.3.1 Axion string in DFSZ model

We first review the conventional axion string in this subsection. Let us consider a
case that the U(1)pq symmetry is spontaneously broken by (S) # 0 but the electroweak
symmetry remains, (Hy) = (Hy) = (0,0). This situation realized in the early universe
when the temperature T satisfies vpw < T < v,. In this case, as is well-known, a vortex-
string configuration associated with the global U(1)pq symmetry exists as a solution to
the equation of motion (EOM), which is called the axion string in the literature. The

configuration located on the z-axis is described by the following ansatz

S = vsewgzﬁ(r), H, =H, = (8) , (6.3.1)

where r and 6 are the distance from the z-axis and the rotational angle, respectively.
Namely, z + iy = re?. The profile function ¢(r) satisfies the boundary conditions

6(0) =0,  ¢(c0) = L. (6.3.2)

The detailed form of ¢(r) is determined by solving the EOM. This string has a winding
number associated with the U(1)pq symmetry, and hence is topologically stable. The
U(1)pq symmetry is restored on the string core because of ¢(0) = 0.

It is known that such strings are necessarily produced during the phase transition
of the U(1)pq symmetry breaking by the Kibble-Zurek mechanism. In the viewpoint of
phenomenology, one of the important aspects of cosmic strings is the interaction between
a pair of the cosmic strings having the same topological charge. For axion strings, the
interaction is dominated by exchange of massless axion particles, resulting in the long-
range repulsive force. The potential of the interaction V. is approximately given as Vi ~
—v?log R with R being the distance between the pair. Due to the repulsive interaction,

a pair of the strings reconnects with probability of the order of unity when they collide
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to each other and does not form a bound state of the strings (such as the Y-junction
[BLM97,BK94,CKS06,CKS07,SACT08,BS08a,BCM ™09, HEK" 14, HST*13]). As a result,
the strings form a stationary network whose typical length scale remains to be the Hubble
horizon scale (scaling regime). Such a scale-invariant evolution of the network prevents
the energy density of the strings from dominating that of the universe, and thus axion
models producing the axion strings are cosmologically viable as far as concerning the
strings.

6.3.2 Vortex string with Z-flux (type-A string)

Next, we discuss the electroweak axion strings. Let us consider a string configuration
after the electroweak phase transition Ty, < vgw. The two doublets also acquire the VEVs
and their phases must also wind because they also have the U(1)pqg charges, otherwise
divergent energy arises from Vy.> From the single-valuedness of the doublets, the string

configuration has the form
(

S = ve?p(r)
, 0
H1 = U1€7'6
f(r) , (6.3.3)
. 0
Hy = 1)267@9
h(r)
2cos 2P €;x;

and W = A; = 0. gy is the coupling of Z-boson given by gz = /g% + ¢3. €; is the
anti-symmetric tensor satisfying e;o = —eg; = 1. We call this string configuration the

type-A electroweak axion string.

The last two configurations in Eq. (6.3.3) are equivalent to

" v f(r) 0
H=e ( 0 vgh(r)>' (6.3.5)

The profile functions f(r), h(r) satisfy the same boundary conditions as that of ¢(r), i.e.,

¢(0) = f(0) = h(0) =0,  ¢(o0) = f(o0) = h(o0) = L. (6.3.6)

2(0) =1, 2z(oc0)=0. (6.3.7)

2

Zv1v9 cos 20 at large distances,

31f the two doublets had no windings, the mixing term provides sv
which means a divergent potential energy after the spatial integration.
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Region 11

Figure 6.1: Schematic picture of the energy density profile of the electroweak axion strings
(type-A, B and C) [AHY21]. The energy density consists of three parts. There is a
one-dimensional thin object consisting of the radial component of the complex scalar
#(r) in Region I: » < v;l. We call this region the core of the string. In Region II:
v;t <r < (vgw) ! (red region), the energy density is dominated by the Higgs fields and
the electroweak gauge fields. This region is much fatter than Region I. In addition, there is
the fattest part made from the gradient energy of the axion, leading to the logarithmically
divergent tension. This is denoted by Region III: 7 > (vgw)~' (blue cloud). Note that
the type-A string with tan § = 1 is a special case since it has only the global winding and
its energy density does not have the Region II.

Eq. (6.3.6) indicates that the electroweak symmetry is restored inside the string as well
as U(1)pq.

Noting that the two doublets have U(1)pq charges as given in Eq. (6.2.25), it is
convenient to decompose the winding phases as

Hl — U1€2195%671903623 <f<r>> , (638)
H2 — U2672100%671903625 (h(r)> , (639)

with cx = cos(X) and sx = sin(X). Egs. (6.3.8) and (6.3.9) mean that the configurations
of the doublets have the winding number unity for the global U(1)pq symmetry and the
fractional winding number — cos 23 for the U(1) subgroup of the SU(2), x U(1)y gauge
symmetry. Therefore, the gradient energy from the U(1), windings is canceled by the Z
gauge field (6.3.4) with Eq. (6.3.7) at large distances r — oo. It follows from Eq. (6.3.4)
that the string configuration has the Z-flux,

— 47 cos 2
by = }’{ du; 7 — T2 (6.3.10)
=00 9z

which is fractionally quantized because of the fractional winding number.
We discuss a qualitative property of the profile functions. The typical length scale for
o(r) is vy ! while those of f(r),h(r) and z(r) are given as (vgw) '. Thus the string is a
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“multi-scale solution”. Fig. 6.1 shows a schematic picture of the energy density profile of
the electroweak axion strings. The energy density has three structures. One is that from
the radial component of the complex scalar, ¢(r), whose typical scale is v;!. This part
looks as a thin object (Region I: r < v;1). Another is from those of the two Higgs doublets
and the gauge fields, whose typical scale is the EW-scale (vgw)~'. This region, which we
call Region II, is much fatter than Region I and is shown as the red region. The third
part is the fattest part from the gradient energy of the axion. This is denoted by Region
I r 2 (vgw) ' (blue cloud in the figure). When one calculates the tension of the string
(energy per unit length) by integrating the energy density on the zy plane, the third part
leads to the log-divergent tension ~ 2mv?log L where L is the IR-cutoff and is usually
taken as the distance between neighbor two strings. The coefficient of the log divergence
is the same as that of the conventional axion string shown in the last subsection because
it depends only on the winding number of the global U(1)pq symmetry.

Let us obtain the profile functions and calculate the string tension for the type-A
string in a numerical way. For simplicity, we take m3 = ay = 0 and k15 = Kag, leading to
tan § =1 (see the stationary condition (6.2.18)). The VEVs are denoted as v; = vy = v.
We should note that in this case, the Higgs doublets do not have winding number for the
U(1)z gauge subgroup, and thus the right hand side of Eq. (6.3.4) vanishes. The Z-flux
is constantly zero. After substituting the ansatz, the energy density is given by

1 1
i 7
12 (£ W) + £ 4+ b))

+v? [—m%(f(r)2 + h(1)?) + 2000% f (1)?R(r)? 4 v 03 (f (r)* + h(r)4)]
+ %07 [26f (r)h(r)(r)? + ras(f(r)? + h(r)?)e(r)?]

+ 02 (—mEe(r)? + Asvio(r)?) + :f—Q (20 (r)? + ¢(r)?) , (6.3.12)

E = |6’ZS\2 + tr |l)1H|2 + (VVZ)2 + Bij>2 + ‘/(H7 S) (6311)

02
2

with aq93 = a3 + as + a3 and ’ denoting the derivative with respect to r.
The EOMs are obtained as

i+ 2100 1)

. (2a123 V2 F(1)? + 20002 h(r)? + K1s02b(r)? — m‘;’) F(r) — wo2h(F)o(r)? = 0, (6.3.13)
- (2a123 V2h(r)? + 2000 F(r)? + Kgv2d(r)? — mf)h(r) — k2 f(r)(r)2 =0, (6.3.14)
o)+ 472

- (2)\Sv§¢(r)2 + 201502 (F(r)? + h(r)?) + 2602 f(r)(r) — mg)gb(r) —0. (6.3.15)
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Figure 6.2: Numerical solution for the type-A string [AHY21]. We take benchmark pa-
rameters as Eq. (6.3.16) and vy = 10v. Also we adopt a length unit as v;! = 0.5. (left):
Plots of profile functions. Note f(r) (blue line) is equal to h(r) (dotted orange line) ev-
erywhere. ¢(r) increases as ¢ ~ vgr for r ~ 0 while f = h ~ vr. All of them approach
to unity for r — oco. (right): Plot of energy density £ (Eq. (6.3.11)) divided by v2/r2.
Clearly, the energy density has a polynomial tail like r~2, instead of an exponential one.
This leads to the logarithmically divergent tension. The integrated value of the tension
over 0 < r < 120v; ! is 140.321.

We adopt the so-called relaxation method to solve the EOMs. As a benchmark case, we
take the parameters as

(%

2
a1 =1, a;=-03348, a3=0, Ig=1, k=-2 ( ) , kis =04, (6.3.16)

Us
such that the lightest scalar mass m,zl1 reproduces the SM Higgs mass (125 GeV)2. In
addition, we set the VEV for S as vy = 10 v. Although this is too small and not viable in
the phenomenological viewpoint, it does not matter because the qualitative picture of the
type-A string does not change. If one takes them more hierarchical, huge numerical costs
arise in the calculation. The obtained numerical solutions are shown in Fig. 6.2. In the
left panel, f(r) (blue line) is equal to h(r) (dotted orange line) everywhere. ¢(r) increases
as ¢ ~ vgr for r ~ 0 while f = h ~ vr. All of them approach to unity for r — oco. The
right panel shows the energy density £ (Eq. (6.3.11)) divided by v?/r?. The divided value
approaches to unity, which means that the energy density has a polynomial tail like r~2,

instead of an exponential one. This leads to the logarithmically divergent tension.

6.3.3 Type-B string with Z-flux

We have shown that the phases of the two Higgs doublets must wind after the elec-
troweak phase transition T}, < vgw. Actually, there is another type of vortex string that
is consistent with the single-valuedness and the potential minimum. This is obtained by
giving an additional winding in the U(1)z gauge orbit to the type-A string. We call this
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string the type-B electroweak axion string. The ansatz describing the string is given as

S = v.ep(r)
Hl — Ul€2i0 ( 0
f(r) (6.3.17)
0
H2 = V2
h(r)
Lcos® B ey
7 = %6;? (1—2(r)). (6.3.18)

The last two configurations in Eq. (6.3.17) are equivalent to

H — i it <U1J;(7") W}?@)) . (6.3.19)

The profile functions f(r) and ¢(r) satisfy the same boundary conditions,
¢(0) = f(0) =0, ¢(o0) = f(o0) =1, (6.3.20)
but h(r) should satisfy the following boundary conditions:
Ohly—o =0, h(cc) = 1. (6.3.21)
The profile function for the gauge field z(r) satisfies
2(0) =1, 2z(oc0)=0. (6.3.22)

Note that h(r) is not fixed to zero on the center of the string because it does not have
a winding phase. Therefore, the electroweak symmetry is not restored inside the string
core (see Fig. 6.3.)

Again, we decompose the winding phases as

Hl — U1€2195%6_226036% <f(r)> , (6323)
H2 — U2€72190%€72190’3C% (h(,r)> , (6324)

which mean that the configurations of the doublets have the winding number unity for
the global U(1)pq symmetry and the fractional winding number —2 cos? 8 for the U(1)
subgroup. The difference between the winding number of the type-A and type-B strings
is unity. Similarly to the previous case, the Z gauge field (6.3.18) cancels the gradient
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Figure 6.3: Numerical solution for the type-B string [AHY21]. We take the same param-
eters as ones in Fig. 6.2. Also we adopt a length unit as v;' = 0.5. (left): Plots of profile
functions. ¢(r) increases as ¢ ~ vyr for r ~ 0 while f(r) behaves as a quadratic function
with respect to r. The three profile functions f, h and ¢ approach to unity for r — oc.
The profile function of the Z field, z(r), approaches to zero as r — oo starting from unity
at r = 0. (right): Plots of energy density (6.3.26) divided by v?/r? and the Z-flux density
multiplied by —10. The energy density has a polynomial tail like r=2 like the type-A
string. The tension T integrated over 0 < r < 120v; ! is 140.524. The Z-flux density
decays exponentially for r — oo like the usual Abrikosov-Nielsen-Olesen vortex. The total
value of the Z-flux is calculated to —16.9539, which is consistent with Eq. (6.3.25).

energy from the U(1)z windings. It follows from Eq. (6.3.4) that the string configuration
has the Z-flux, which is calculated as

—8m cos? 3

D, _j{ da; Z; = ——— = (6.3.25)
r=00 9z

Interestingly, this string configuration is quite similar to the topologically stable Z-string
(topological vortex with the Z-flux) in 2HDM [DS93,D594, EKN18a, EKN18b]. In addition
to the winding number of U(1)z, the difference from the 2HDM is the existence of the
singlet complex scalar carrying the U(1)pq charge, which is replaced by the relative phase
rotation of the two doublets in the 2HDM.
Let us obtain the profile functions and calculate the string tension for the type-B string
in a numerical way. Again, we take m3 = ay = 0 and k15 = kag, leading to tan 8 = 1.
The VEVs are denoted as v; = vy = v. Unlike the type-A string, the Higgs doublets
have winding numbers for the U(1), gauge subgroup even for tan 5 = 1. Consequently,
the Z-flux is non-zero and confined inside the string. The energy density is
2
v
E=—5 [P (J'r)* + W(r)?) + F(r)* (1 + 2(r))* + h(r)* (1 = 2(r))’]
+v [ i(f ( F)? + h(r)?) + 2000° f(r)?h(r)* + vPanzs (f(r)* + h(r)")]
+ 0707 [26f(r)h(r)o(r)* + ris(f(r)* + h(r)*)o(r)?]
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2
05 (=m(r)” + Asvo(r)?) + 75 (9 (n)” +6(r)7) +2-5 5
Z

(6.3.26)

v 2 (r)?
r

Then, the EOMs are obtained as

i+ 20 Q02

— (2&123 V2 f(r)? + 20002 (r)? + k15020 (1r)? — m%)f(r) — kV2h(r)p(r)* =0, (6.3.27)

Wiy o M) (CL =0

r r2

h(r)

- (2(1123 V2h(r)? + 20007 f(r)? + K152 0(1)? — m%)h(r) —kV2f(r)o(r)* =0, (6.3.28)

o)+ 47 2
— (2)\31)3@25(7")2 + kg (f(r)2 + h(r)?) + 2602 f (r)h(r) — m%) o(r) =0, (6.3.29)
() — @ - gZTUf(r)Q(l +2(r)) — %hw(q +2(r)) = 0. (6.3.30)

We take the same parameter choice as Eq. (6.3.16). In addition, we set the VEV for S as
vs = 10v. The obtained numerical solutions are shown in Fig. 6.3. In the left panel, f(r)
(¢(r)) behaves like v r (vr?) at the origin because the phases of ¢(r) and f(r) wind once
and twice, respectively. h(r) does not start from zero at the origin due to the Neumann
condition at the origin. All of the scalar profile functions approach to unity for r — oo.
The profile function for the gauge field z(r) approaches to zero starting from unity. The
right panel shows the energy density £ (Eq. (6.3.11)) divided by v?/r? and the Z-flux
density multiplied by —10. Similarly to the previous case, the type-A string, the energy

density has a polynomial tail like 72

, instead of an exponential one. This leads to the
logarithmically divergent tension. The schematic picture of the energy density profile is
the same as Fig. 6.1. On the other hand, the Z-flux has an exponential tail.

In the above ansatz for the type-B string, only the one doublet H; has the winding
number. There may be also an alternative string in which only H, has the winding phase.
Roughly speaking, they are related by exchange of the two doublets H; and Hs. Since
the property is similar to the former, we do not study the latter one in this chapter and

also categorize the latter one as the type-B string.

6.3.4 Type-C string with W-flux

Finally, we consider the third type of the vortex string, called the type-C electroweak
axion string. While the type-B string has been obtained by performing an additional
rotation of U(1)z on the type-A one, the type-C string has a winding in the U(1)yn
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subgroup of the SU(2), x U(1)y symmetry. The ansatz for the scalar fields is given as

(S = v,e?¢(r)

Hy = v f(r)e? — h(r)e
T\ (e (6.3.31)
Hy = e | MO I
2 V2 h(?“)6w+f(r)e—i9

\

The profile functions f(r), h(r), ¢(r) satisfy similar boundary conditions to those of the
type-B string, (6.3.20) and (6.3.21), i.e.,

f(0)=0(0) =0, Orhlr—0=0, f(oo)=h(c0) = ¢(c0) = 1. (6.3.32)

Due to the non-zero value of h(0), the electroweak symmetry is not restored inside the
string as the type-B string.

Unlike the type-A and type-B strings, in the background of the type-C string, the
U(l)gm and U(1)z generators depend on the positions. As explained in Section 6.2,
the U(1)gm generator is defined by Eq. (6.2.27) or Eq. (6.2.34). Substituting the ansatz
Eq. (6.3.31), we obtain

. Hlo"H 2 S ,
n{ = VA = [EEwE ((f* = h*)/2,—fhsin20, — fhcos26), (6.3.33)
. Hio"H, 2

= ((h* = f?)/2,—fhsin 260, — fhcos26) (6.3.34)

ng = 2 2+ h

and . ) 5
n% - —% sin 20 — % cos 2. (6.3.35)
Then the U(1)gm and U(1)z generators are given by
R 2 3 1
OH, = (‘% sin 260 + % cos 20 + 51) H,, (6.3.36)
T,H; = (02 sin 20 + ¢ cos 20 — sin? OWQ> H;, (6.3.37)

which depend on 6.
Let us see the asymptotic behaviors of the two doublets at large distances r — oo.
From Eq. (6.3.32), we obtain

Hl ~ ,Uleie <Z Sin 9) — Ule2i98%67i9023026i901 <O> , (6338)

cos 6 1
H2 ~ ,026729 (@ SIH9> _ U2e—219c%6719025026190' (1) ’ (6339)
COS
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where 0% := 2T, (note QH; = 0 for r — 00). It is clear that these configurations have a
winding number unity for U(1)pq, — cos 23 for U(1)z and unity for the U(1)y subgroup

1

(o' rotation) of the gauge symmetry. Therefore, to cancel the gradient energy from the

windings for U(1)z and U(1)y, the ansatz for the gauge fields are given as

2cos2f €;5x;

Z; = p— (1 —2(r)), (6.3.40)
Wl = ;—261'7{;”’]‘ (1 — w(r)), (6.3.41)

and A; = 0, where we have used the definitions of the gauge fields Egs. (6.2.31) and
(6.2.32). The profile functions for the gauge fields w(r) and z(r) satisfy

w(0) = 2(0) =1, w(oo) = z(c0) = 0. (6.3.42)

Interestingly, the type-C string has both of the Z and W-fluxes for tan 5 # 1. It
follows from the ansatz (6.3.40) and (6.3.41) that

—4 2
O, = j'{ dw; 7; = WQLM, (6.3.43)
r=00 Z
4
Py = f dx; W} = 5, (6.3.44)

where the latter flux is independent of tan 5.

The most important difference from the type-A and type-B strings is that the U(1)gm
symmetry is broken inside the type-C string. This can be seen by using the concrete
expression, Eq. (6.3.31), as QH; # 0 (1 = 1,2). Actually, that is generally inevitable
for a configuration with a non-vanishing winding number for charged components, i.e., a
configuration whose asymptotic form is exp[iT(8)] H(f = 0) with a non-Abelian generator
T(6) satisfying [T(0), Q] # 0 [ABCT90, ABC*91]. (T = ¢'6 in our case.) Due to the
winding, the charged components cannot remain zero, and they acquire non-zero values
inside the string, leading to the breaking of U(1)gm. We should note that U(1)gm is
restored at large distances from the string, r — oo.

Let us solve the EOMs with respect to the profile functions and calculate the string
tension for the type-C string. Again, we take m3 = a4 = 0 and k15 = kag, leading to
tan = 1. The VEVs are denoted as v; = vy = v. The Higgs doublets have winding
numbers for the U(1)y1 gauge subgroup but not for U(1)z. Consequently, only the W!-

flux is non-zero and confined inside the string. Substituting the ansatz, the energy density

is given by
& = [ (0P + 1) + £l + 1 + b)) — 1]
_BR(F() 4+ () + ot [2(a + ag) F(rPR()E + (1 + an) (F0) + h(r)D)]
+ 007 [26f (r)h(r)(r)? + kis(f(r)? + h(r)*)o(r)?]
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Figure 6.4: Numerical solution for the type-C string [AHY21]. We take the same bench-
mark parameters as Fig. 6.2. Also we adopt a length unit as v;! = 0.5. (left): Plots
of profile functions. The behavior of the scalar profile functions are the same as one in
Fig. 6.3. The profile function of the W field, w(r), approaches to zero as r — oo start-
ing from unity at r = 0. (right): Plots of energy density (6.3.45) divided by v?/r? and
the W!'-flux density multiplied by 10. The tension integrated over 0 < r < 120v; ! is
140.604. The total value of the W!-flux is calculated to 19.3208, which is consistent with
Eq. (6.3.44).

2@;’;52)2 + 02 (~m3o(r)? + Asv?e(r)") + :f—z (r2¢/(r)” + 6(r)?) (6.3.45)
and, the EOMs are given as follows:
i+ 210 Qe
= (21 + a2)v? (1) + 20z + a3)*h(r)? + mase20(r)? — m3) £(r) = muZh(r)(r)* =0,
(6.3.46)
() + 0 O ey
= (21 + 2)0?h(r)? + 20z + ag) 2 f(r)? + masv20(r)? — md ) h(r) — ko f()(r)* =0,
(6.3.47)
g+ 2020
— (205026(r)? + kasv®(F ()2 + A{r)?) + 2602 (1)A(r) ) 6(r) = 0, (6.3.48)
w'(r) - @ - @ PP+ w(r) - @hm?(q +w(r) = 0. (6.3.49)

The obtained numerical solutions are shown in Fig. 6.4. We take the same parameter
choice as Eq. (6.3.16) and set the VEV for S as v; = 10v. The shapes of the profile
functions, the energy density and the flux density are almost similar to those of the type-
B string (Fig. 6.3). This can be understood by the argument on non-Abelian moduli in
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2HDM in Ref. [EKN18b]. That is, when tan 5 = 1, the two ansatz for the Higgs fields
(Egs. (6.3.17) and (6.3.31)) are related by the SU(2)¢ custodial transformation:

H — UTHU (6.3.50)

with U = exp [z’%aQ]. This symmetry is respected in the potential V(H,S) when m3 =
as = ag = 0 and k15 = Kag, but is explicitly broken in the gauge sector because of g; # 0.
Thus the shapes and hence the string tension are slightly different between them.

While the above ansatz has the Z- and W!-fluxes in the string, there is also a string in
which the TW?-flux (and also mixtures of them in general) is confined. Due to the U(1)gym
symmetry in the Lagrangian, they have the degenerated tension. Since the property is
almost the same as the one we studied above, we do not consider them in this chapter.

6.3.5 String tensions

The vortex strings we have considered above have the same winding number (unity)
associated with the U(1)pq symmetry. Because all possible configurations in the theory
are classified into topological sectors characterized by the non-trivial first homotopy group
m(U(1)pq) = Z, the above fact means that they are in the same topological sector with
the topological charge 1 € m;(U(1)pq) = Z and that they can continuously deform to each
others. Since their string tensions (energy per length unit) are generically not degenerated,
heavier strings decay into the lightest one, which does not decay any further and is a stable
solution to the EOMs.We here study the string tensions, i.e., stability of the strings.

For simplicity, we focus on a case with tan 8 = 1. This is realized when m3 = a4 = 0
in the Higgs potential (6.2.10) and k15 = Kag in the mixing term (6.2.14). In this case,
as stated above, the type-A string does not have the Z-flux and the type-B one has the
winding number unity for U(1)z. In addition, the type-C string does not have the U(1)
winding but does for U(1)y1. It may seem that the type-A one is lighter than type-B
and type-C ones since the latter two have the Z and W-fluxes. However, this is not the
case when the potential energy is more dominant than that of the gauge sector. Indeed,
both the profile functions for the doublets in the type-A string vanish on the core, and
thus that leads to a larger amount of the potential energy than those of the type-B and
type-C.

On the other hand, the difference of the tensions between the type-B and type-C
strings is controlled by the parameter a3. As explained in the last subsection, in the case
tan 3 = 1, the type-C string has only the W!-flux, and the two strings are related by the
custodial SU(2)¢ transformation. If az = 0 (and m2 = oy = 0), the Higgs potential Vg
respects this symmetry but the gauge sector does not due to the U(1)y coupling constant
g1 # 0. This slightly lifts up the tension of the type-C because of gz = \/m > g.
The non-zero value of ag can change this relation. In Refs. [EKN18b, EHKN20a], it is
shown that, in 2HDM, the smaller (larger) value of a3 tends to make the tension of the
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Figure 6.5: String tensions of the type-A, type-B and type-C strings [AHY21]. The
parameters are taken as Eq. (6.3.51) and the tension is calculated by integration over
0 <r <120 v;t (left): az is fixed as 0 and kg is taken as a free parameter. The
tension of the type-A string increases as k15 becomes larger, but those of the type-B and
type-C ones change to decrease for k15 2 0.5. (right): kg is fixed as 1.0 and ag is taken
as a free parameter. As is expected, the tension of the type-B (type-C) strings decreases
(increases) as a3 becomes larger. The type-C string becomes the lightest one for ag 2 0.

string with the W-flux heavier (lighter) than that of the string with the Z-flux. Thus,
in our case, we expect that the type-C string is lighter than the type-A and type-B ones
when gz is larger than a critical value depending on other parameters.

Keeping k15 = kag, we take the benchmark parameters as

v

2
ar=1, lg=1, 52—2( ) vy =10v, m3=ay =0, (6.3.51)

Vs

and take ap such that the lightest scalar mass mil is equal to the SM Higgs mass
(125GeV)?%. We use a length unit v;' = 0.5. The remaining two parameters o and
k1g are taken as free parameters. The tensions T are calculated over 0 < r < L with
the IR cutoff L = 120v;!. Note that, although each tension depends on the IR cutoff as
~ log L, the differences do not, so that we can compare them as far as L is fixed.

Fig. 6.5 shows the relation of the string tensions between the three strings. In the left
panel, we fix a3 = 0 and scan k5 in the range —1 < k15 < 1. The tension of the type-A
string increases as k15 becomes larger, but those of the type-B and type-C ones change to
decrease for k15 = 0.5. It can be seen that the difference of the tensions between type-B
and type-C is independent of k15, which is reasonable because it is controlled only by the
SU(2)¢ breaking parameters g; and ag as stated above.

In the right panel, we fix k15 = 1.0 and scan ag in the range —1 < a3 < 1. As is
expected, the tension of the type-C (type-B) strings increases (decreases) as a3 increases.
In this parameter choice, that of the type-A string is almost constant, but this tendency
depends on the parameters in general. The type-C string becomes the lightest one for
ag 2 0.
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Before closing this section, we stress that the type-C string can be the lightest and
stable string for rather wide parameter space. Although we have concentrated on the case
of tan 8 = 1, it would not be crucial. Therefore, the axion string produced by the breaking
of U(1)pq in the early universe necessarily becomes the type-C electroweak axion string
after the electroweak phase transition, depending on the parameters in the DFSZ model.
In the string, the U(1)gy symmetry is spontaneously broken. This property causes an
interesting phenomenon on the string, superconductivity of vortex strings, as we see in

the next section.

6.4 Superconducting DFSZ string

It is known [Wit85] that cosmic strings can be superconductors, i.e., the electric cur-
rent can flow along a string without resistance, when the electromagnetic gauge symmetry
is broken inside the string core. Superconducting strings are often realized by using scalar
fields that develop non-zero VEVs only inside the strings or fermionic fields whose gapless
modes are confined on the string. Further, non-Abelian vortex strings, in which charged
particles such as charged vector bosons are condensed, can also support superconduc-
tivity [ABCT91, ABCT90]. In this section, we show that the type-C string discussed in
Section 6.3 can be a superconducting string.

In the type-C string, the W!-flux is confined, and the U(1)gy symmetry is broken by
the charged Higgs components and the W' gauge field. Corresponding to the breaking
of U(1)gm, the string has a U(1)gy moduli parameter, which is a flat direction around
the string configuration. The existence of the moduli ensures that a (z,t)-dependent
fluctuation in the direction of the moduli is a zero mode (massless excitation) in the
string background and can travel on the string with the speed of light. It can carry
an electric current without resistance, resulting in a supercurrent. We can rephrase this
explanation into a more concrete one. The breaking of U(1)gy means that the charged
components of the Higgs field gets the non-zero VEV inside the string, QH # 0, and that
they can play a similar role to the charged scalar field in Ref. [Wit85].

In addition, the string can carry large electric current which induces a large magnetic
interaction between the strings. That may affect the cosmological evolution of the string
in the DFSZ axion model. In the following analysis, we assume tan 8 = 1 for simplicity,

but it is irrelevant to the argument on superconductivity.

6.4.1 Zero modes along the string

Let S, H, Wu and Fu be the background configuration for the type-C string given
by Eqgs. (6.3.31) and (6.3.41). Note that Z, = 0 due to tan 8 = 1. To find a zero mode
excitation, we consider the (z,t)-modulated “gauge transformation” around the type-C
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string:

S=3, (6.4.1)
H = exp [in(z, £)x(r, 0)] H exp {in(z,t)f(r, 9)";] , (6.4.2)
W, = explin(z, O)x(r. 0)] (WM - gag;aj) expl—in(z, £)x(r, 0)], (6.4.3)
B,= B, + ié‘{ n(z,t)9;¢(r, 0) (6.4.4)

where x = x%0*/2 and j = r,0. This is not a mere gauge transformation unless 7 is
independent of z and t, but is a (z,t)-dependent physical excitation described by 7(z,t),
&(r,0) and x*(r,0).

Instead of the above expressions, for later use, we analyze an alternative ansatz that
is obtained by performing the SU(2);, x U(1)y gauge transformation with the gauge
parameters (ny, n¢). The transformed ansatz is given by

S =3, (6.4.5)

H=H, (6.4.6)

W, =W, +W,, (6.4.7)

B, =B, + B, (6.4.8)

with
oW, = lcﬁ‘ XO0a1, (6.4.9)
g2
6B, = —iag £0am, (6.4.10)

where oo = t, z. For these ansatz (6.4.5)—(6.4.8), the field strength tensors are given by

Wy =W, + D,,6W, — D,6W,, (6.4.11)
B, = B, + 0,0B, — 8,0B,, (6.4.12)

where WW, EW and Eu are the field strengths and the covariant derivative consisting of
the background gauge configurations Wu and 7#.

The linearized EOMs for the excitation 7, x* and £ are obtained by substituting the
ansatz into the full EOMs,

(D,W¥H)* = —jha (6.4.13)
8,B" = —jk, (6.4.14)

SV (H,S)

1] [ S
O T (6.4.15)
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where jii* and ji- are the SU(2);, and U(1)y currents:

j{j‘}a _ %,92 tr [HTO.OLDMH _ (D“H)TUQH} , (6416)
= _%gl tr [J3HTD“H _ (D“H)THU?’] ) (6.4.17)

Then we obtain the following equations from Egs. (6.4.13) and (6.4.14) (see Appendix
6.B for the derivation),

. a _ 2 _ - _
0% <Ejbjx> = %8“77 (Xa tr[H|? + & tr [HTUQHJ?’]) , (6.4.18)
E— 2 —_— — JR—
0n0, € = %aan (g tr[H|? + 2 tr [H*XHU3D , (6.4.19)
D’y 8%0,m = 0, (6.4.20)
dE 00 = 0, (6.4.21)

and from the EOM for H (6.4.15)
8%0,m (2xH + ¢Ho®) = 0. (6.4.22)

We have used the fact that the background configurations H, W, and Y, solve the EOMs.
The above equations (6.4.20), (6.4.21) and (6.4.22) are satisfied with

0%0am = (0} — 0%)n =0, (6.4.23)

which is a (141)-dimensional wave equation. This has the zero mode solutions 7 =
nt(z +t) and n = (2 — t) with some functions n*, and the general solution can be
written by a linear combination of these modes. When one is particularly interested in
the static case, the t-independent solution is given by

n(z) = wz, (w : const.) (6.4.24)

implying the constant current along the z direction. On the other hand, the radial and
angular dependence of the excitations is determined by Eqs. (6.4.18) and (6.4.19). We can
see that there are four independent zero modes corresponding to the solutions x* (a =
1,2,3) and £. This is understood from the fact that the whole symmetry of SU(2), xU(1)y
(even U(1)gy) is broken inside the string. In other words, four zero modes can induce
the SU(2), and U(1)y currents on the string.

However, only one of them induces the U(1)gy current, which generates two-dimensional
Coulomb (magnetic) potential far from the string. To illustrate this, let us consider the
asymptotic behavior of x and £ at r — oco. At infinity, the U(1)gy is restored, in which
the background configuration H satisfies [EHN20]

L ~ tr(o*HoH)
Ho® 4+ n%0"H = 0, n = —W, (6.4.25)
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and (D,n)® = 0 and tr [H> = 202, Using these conditions, the Poisson-like equations
(6.4.18) and (6.4.19) become

(DD'x)" = —g3o? (x* = n%), (6.4.26)
0;,0°¢ = —giv® (€ — x*n?), (6.4.27)

which describe the long-range behavior on the zy plane only when x* — &n® = 0. Thus,
we have the two-dimensional Laplace equation:

%ar(rarf) =0 (6.4.28)

with x* = &n® for £ being rotationally invariant (9§ = 0). The asymptotic solution of
Eq. (6.4.28) behaves as £ ~ logr. Substituting this into the expressions of gauge fields
gives

W ~ Y e log r, 0B, ~ il log r, (6.4.29)
92 g1

where we have taken the normalization of £ such that & — logr for r — co. We find the
form of the U(1)gm field strength

FEM — —sin QW2 + cos Oy Y., (6.4.30)
= —sinOyn0,0W; + cos Oy 0,0Y, (6.4.31)
W
~—— — . 6.4.32
2 (r o) (6432

This is nothing but the magnetic long-range force on the two-dimensional zy plane. Cor-
respondingly, the total amount of U(1)gy current Jgy along the string is estimated from

Eq. (6.4.32) as

2
Jpnt = —2mr FEM o 272 (6.4.33)
e

6.4.2 Current quenching and string interaction

In the above argument, it may seem that the magnitude of the current is given by the
parameter w and can be taken arbitrarily large. However this is not the case since we
have ignored the backreaction from the zero modes to the background fields S, H, Wﬂ
and ?u by linearizing the EOMs. To examine the backreaction, we look at the following

term in the Lagrangian:

2

Lo —tr ‘—¢925WZH+ i%ﬁagéBz (6.4.34)

2

: (6.4.35)

3

o
H+ ¢H—
X+§2

= —w?tr

which is obtained by substituting the string ansatz and the solution for n(z). This term
induces a positive squared mass for the SU(2);, x U(1)y charged components of H. For

112



w — 00, the charged components vanish, Xﬁ+§ﬁ§ — 0, which decreases the SU(2) and
U(1)y currents from the Higgs field, j;;* and j¢ ((6.4.16) and (6.4.17)). Correspondingly,
the right hand sides of Eqs. (6.4.18) and (6.4.19) vanish everywhere, and they have only
a trivial solution & = x® = 0.* Thus, the backreaction from an extremely large w reduces
the amount of the current. Such behavior is known as the current quenching [Wit85].

Now, let us estimate the maximum value of the current. For the U(1)gy zero mode,
X* = &n®, the mass term (6.4.35) reads

- () QP = (O (f ), (6.4.30

where @ is the U(1)gy generator defined in Eq. (6.2.27), and we have used the concrete
expression of H for the type-C string, Eq. (6.3.31). On the other hand, using k15 = kag
for v1 = vy = v, the mass terms for f and h that are originally present in the Lagrangian
are

—L> ";—z [(1+w)2f% + (1 — w)?h?] + (=mi + k15020 (f* + h2). (6.4.37)

Due to the backreaction term Eq. (6.4.36), the two-by-two mass matrix M? for (f,h)
is changed and not diagonal. It is sufficient to consider the signs of the eigenvalues
of M?. If they are positive inside the string, then f and h tend to vanish, and hence
(f = h)? o tr |QH|? = 0, which means that the U(1)gy symmetry is restored even inside
the string. On the other hand, if one of them is negative, the quenching is not significant
and the U(1)gy symmetry is still broken. Then the current can be increased with |w|.

Inside the string, » < v~!, the determinant of the matrix M? is calculated as
4
det M? ~ m] + = (W€ — m} + k159”) + (—m] + K1gv2¢”) WE, (6.4.38)

where we have used w(r) ~ 1 there. Note that the mass matrix and hence the determinant
vary with the radius r in and out the string core as

vl 4 5 (WP — %) — W forr 2 vt

vl 4 5 (w2 —v?) — vk forr Sugt

det M? ~ (6.4.39)

Clearly, there is a critical value of |w&|, for which the sign of the term proportional to =2

changes from negative to positive. For a value smaller than the critical one, there exists
a region where the determinant is negative, avoiding the current quenching. The critical
value of |wé| is ~ v, around the core. Then the current magnitude becomes maximum for
this value. Note that £ is of order unity inside the core to be connected with the asymptotic
form & — logr. Thus, |w| ~ v, in this case. Note that the definition of the U(1)gy moduli
may be different a bit from y* = {n® inside the string [EHN20]. The difference is however

subleading and negligible for the maximum amount of the supercurrent.

4A solution behaving like ~ logr for all r is singular at r = 0.
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Finally, we consider the tension of the string (energy per unit length). When w = 0,
the string reduces to the type-C string and the tension 7" is dominated by the gradient
energy from the axion:

L
T(w=0)~ 27?/ rdr|0;S|* ~ 2mvllog L, (6.4.40)

with L being an IR cutoff. The logarithmic divergence is natural because U(1)pq is a
global symmetry. On the other hand, for w # 0, there should be an additional contribution
to the tension from the magnetic field induced by the U(1)gy current:

where )

L
2
Tt ~ 27 / rdr (FEM)? ~ = Jog L. (6.4.42)

o2
Thus the current also induces a logarithmically divergent energy, which is comparable to
that from the gradient term, for the maximal current |w| ~ v, discussed above.

This result provides an interesting sight for the interaction between the strings. Let
us consider two superconducting strings that are well separated in the zy plane. They
are assumed to have the same winding for U(1)pq and U(1)y1, and contain the supercon-
ducting currents with the same sign. As is well-known, the gradient energy of S gives a
repulsive force ~ v2/ Ry with Ry being the distance between them. However, the magnetic
interaction induced from the supercurrent provides an attractive force,

(JEM)2 271'&)2

F=— ~
27TRO €2R0

(6.4.43)

Therefore, the superconducting strings can receive the attractive force overcoming the
repulsive one with |w| ~ .

6.4.3 Y-junction formation

In usual cases, a pair of axion strings reconnects with a probability of the order
of unity when they collide. Thanks to this reconnection process, a network of strings
in the early universe produces small string loops, which soon shrink and disappear by
emitting radiations, and sufficiently looses the energy if the network is dense. The time
evolution of the energy density approaches the so-called scaling behavior, and the total
energy density of the universe is not dominated by the string network. However, the
attractive interaction discussed above, which is induced by superconducting current, can
change this picture drastically. In particular, it is known that an attractive interaction
between strings could form the Y-junction [BLM97,BK94, CKS06,CKS07,SACT08,BS08a,
BCM ™09, HEK" 14, HST*13], which is a bound state of two strings (see Fig. 6.6). If Y-
junctions are formed frequently, that reduces the effective reconnection probability and
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Figure 6.6: Reconnection process and formation of a Y-junction [AHY?21].

makes non-trivial whether the string network evolves to the scaling solution. As the first
step to study the Y-junctions of the axion strings, we present a rough estimation of the
formation probability of Y-junctions in this section.

Firstly, let us assume the presence of a primordial magnetic field (PMF) after the
electroweak phase transition. PMF is well motivated as an origin of intergalactic magnetic
fields in order to explain the galactic magnetic fields observed today via the dinamo
mechanism [Par55]. (For a review, see, e.g., Ref. [DN13].) There are the observational
lower and upper bounds on the present strength of intergalactic magnetic fields for a
coherent length A > 0.1Mpc as 3 x 107G < By < 1071 G, where the lower one is
set by the non-observation of secondary photons from the emission of highly collimated
gamma rays by blazars [NV10] and the upper one is from the CMB observations [JS19].
For simplicity, we further assume that the power spectrum of PMF is scale invariant and
almost coherent over the entire Hubble horizon, which could be realized for the inflationary
magnetogenesis [DN13].

We then show that PMF can induce large superconducting currents on the strings.
Such large currents are sufficient to form the Y-junctions. The scale invariant PMF evolves
as

B(t) o< a(t)2, (6.4.44)

where B(t) and a(t) are the magnetic field strength and the scale factor at the cosmological
time ¢, respectively. It is convenient to define a ratio of the energy density of PMF (pp)
to that of photon (p,),

e =8 B2 Gut?, (6.4.45)
P~

with Gy being the Newton constant. The ratio € is a constant as the universe expands.
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The black arrows indicate the directions of the topological winding number of U(1)pq.
The red and blue arrows indicate the directions of the flowing electric currents, which are
parallel for &« = 0. The green and purple planes are orthogonal and include the collision
point.

If we take the upper limit on By, we have ¢ ~ 1071,

In the early universe, the superconducting strings (Type-C EW axion strings) move
with velocity vs, (~ O(1)) in the presence of PMF and hence feel the electric fields
E ~ B(t)vs;, which induce the superconducting current,

JPMF ~ €2B(t)£1)str, (6446)

with ¢ being a string typical length. Since there are no superconducting strings before
the electroweak phase transition, we can assume that the scaling property & ~ t holds at

least just after the phase transition, and obtain

12 € \!/2 12 By
Jonte ~ 107 (257) T GeV e~ 10 <10_11 G) GeV . (6.4.47)
Note that this is independent of ¢. For the upper limit of By, yielding ¢ ~ 107!, the
induced current (6.4.47) is larger than the maximum current estimated in the last sub-
section, Jey ~ 27w, /e, with vy & 109712 GeV. Therefore, the current is saturated to the
maximum value by PMF. In the following argument, we use this maximum current as
those the strings carry in the early universe.

Let us discuss the formation of Y-junctions. They can be formed by collisions of
two superconducting strings when they feel an attractive force and are trapped in the
potential. We suppose that the two strings collide with the crossing angle a and that
they are identical and parallel for & = 0. The superconducting currents are assumed to
flow in the same direction for o = 0 (the opposite case will be considered later). The three-
dimensional dynamics of the collision event is rather complicated and difficult to analyze.
However a qualitative picture can be understood by reducing it on two orthogonal planes
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including the colliding point [CT86, She87,She88] (see Fig. 6.7). On one of them (purple
plane in Fig. 6.7), the situation is regarded as a collision (scattering) event of two point-
like vortices in two dimensions while, on the other plane (green plane in Fig. 6.7), as a
vortex-antivortex collision resulting in the annihilation in two dimensions. Note that this
picture reproduces the reconnection process shown in the upper-right picture in Fig. 6.6
when the strings have no superconducting current; two scattered vortices on the purple
plane and nothing on the green one.

We concentrate on the two-dimensional analysis of the superconducting vortex-vortex
collision since the current does not change the annihilation. Unlike the non-superconducting
case leading to the 90° scattering, the long-range magnetic interaction plays a crucial role
in our case. On the reduced plane, the vortex-vortex pair feel a net interaction potential,

2

V3 a
Vo~ 2085 logr, (6.4.48)

where 7 is the distance between the two vortices and we have ignored the axion-mediated
repulsive interaction, which should be subleading by a factor e? compared to Eq. (6.4.48).
If the vortices do not have sufficient kinetic energy to escape to infinity, they become
trapped by the potential. Thus we obtain a condition to form a bound state,

02

L
e—‘; cos% log 3 > (v—1)p, (6.4.49)

where v and p are the Lorentz factor and the tension of the colliding vortices. L and ¢ are
the IR and UV cutoff for the potential, which we take as the Hubble radius and the width
of the strings, respectively. As considering just after the electroweak phase transition, the
logarithmic factor gives log(10'7 x v, /vgw) ~ 50. In addition, we take a mildly relativistic
velocity ~ 0.6 for the vortices, yielding v ~ 1.25, and thus Eq. (6.4.49) gives

cos% > 1072, (6.4.50)

which means that they almost always form the bound state except for a = 7.

On the other hand, they cannot form such a bound state in the case that the currents
flow in the opposite directions (anti-parallel) on the vortex-vortex plane because they
always feel a repulsive force. Therefore, we obtain a rough estimation for the formation
probability of the bound state,

Y-junction formed (current in the same directions) . 1
= probability ~ —.
not formed (current in the opposite directions) 2
(6.4.51)
Note that this is based on the two-dimensional analysis focusing on the collision point.
This picture may break down for the case that the dynamics after colliding is dominated
by other parts of the strings than the collision point. Furthermore, the formed Y-junction

could be peeled off, depending on the velocities and the crossing angle of the strings. For a
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Figure 6.8: Self-intersection of a superconducting string [AHY21]. The Y-junction (green
1
5.
loop (blue line) or passes through. The reconnection probability is p ~ 1.

doubled line) is formed with probability Otherwise, it reconnects producing a small

more detailed study including these effects, it is necessary to perform a three-dimensional
simulation, which is beyond the scope of the present paper.

Finally, we discuss a consequence of the formation of Y-junctions. When a super-
conducting string intersects with itself, it forms the Y-junction with probability 1/2,
produces a small loop with probability p/2, or passes through with probability (1 — p)/2
(see Fig. 6.8), where p is the reconnection probability without the current (p ~ 1). If
such a Y-junction-connected loop (upper one in Fig. 6.8) is produced, it is not obvious
whether the strings sufficiently loose their energy, and the scaling behavior of the energy
density of strings is not ensured. Once the energy density of the universe is dominated
by such superconducting strings, it causes large impacts on cosmology, and hence some
parameter region in the DFSZ axion model may be constrained.

6.5 Summary

We have studied the axion strings with the electroweak gauge flux, and their supercon-
ductivity in the DFSZ model. We constructed three types of the electroweak axion string
solutions, which have similar properties to those of (non-Abelian) vortices in two Higgs
doublet model. We also showed that in some parameter space, the string with W-flux,
we called the type-C string, can be lighter than those with Z-flux. The type-C string
exhibits superconductivity and a large electric current can flow along the string. This
large current may realize a net attractive force between the axion strings, which could
form the so-called Y-junctions in the early universe. By considering the string collision
reduced onto two-dimensional planes, the probability of the formation of the Y-junctions
is estimated to be ~ 1/2.
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Type Comments up-type quarks | donw-type quark | charge lepton
Type I | Fermiophilic H, Hy H,
Type 11 MSSM-like H, H, H,
X lepton-specific H, H, H;
Y Filipped H, H, H,

Table 6.2: Classification of THDM

Once such Y-junctions are formed, they can affect the evolution of the string network
and make non-trivial whether the network evolves to the scaling solution. If no obeying
the scaling behavior, the string network could dominate the energy density of the the
universe and the model is severely constrained. To conclude whether this is true or
not, we need detailed numerical simulations on the time evolution of the network taking
into account both the axionic and magnetic interactions. In addition, the Y-junction
provides characteristic signals in astrophysical observations. It is worthwhile to study
the Y-junction dynamics of the DFSZ axion strings® within a phenomenologically allowed
parameter space.

In this chapter, we focus on the U(1)gy symmetry breaking through the W-flux and
the charged Higgs components. On the other hand, the type-A and type-B strings also
could be superconducting. The Z-flux give a negative mass contribution to the W-boson
as

ig cos Oy Z , W HW T, (6.5.1)

which leads the instability called the W-condensate [AO92, AO90b, AO90a]. This can be
another possible mechanism realizing superconductivity. If the magnitude of the back-
ground flux is sufficiently large, the type-A and type-B strings also can be superconduct-

ing.

Appendix 6.A Memo for Two Higgs doublet model

In this section, we show brief summary of the Two Higgs doublet model (THDM) and
its bilinear formalism.

6.A.1 Two Higgs doublet model

In THDM, we have two Higgs doublets and the general scalar potential is given by

Vi =m? | Hy |*m2y| Ha|* — (mi,H{Hy + h.c.)

Y-junctions could also be formed in the KSVZ model when heavy extra fermions are U(1)gy charged
and the strings are superconducting.
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where m?, is a Zy soft breaking parameter. Depending on the Yukawa couplings between
two Higgs doublets and SM fermions, some types are able to be considered (shown in
Table 6.2).

6.A.2 Higgs bilinear formlism in THDM

According to Ref. [GMW11], we introduce the Higgs bilinear H by using the Higgs
doublets as,

H= (WQHfaHQ) (H1>H2) (6.A.2)

which transforms under the SU(2), x U(1)y gauge transformation as
3

H o exp (iaa(x)%a) Hexp (—w(x)%). (6.A.3)

The trace and determinant of H’s polynomials are expressed as [EKN18b]

tr(H'H) = HH, + HIH,, (6.A.4)

tr(H'Ho®) = H H, — HiH,, (6.A.5)

detH = H{H,, detH' = HIH,, (6.A.6)

tr[(HTH) (H } —(H{H, + HIH,)? — 2(HI H,)(H} H,), (6.A.7)

tr[(H'H)o®(H'H)| = (H{H:)* — (H}H,)?, (6.A.8)

Wmﬁmm>}<mm—%mWMWWMwm» (6.A.9)

det H2 = (H[H,)?, detH™ = (HIH,)2, (6.A.10)

det H'H = (HIH,)(H] H,). (6.A.11)

From these equations, we can express products of H; by the bilinear Higgs matrix H as
1

HIH, = 3 [tr(HTH) + tr(HTHo™)], (6.A.12)
1

HIH, = 3 [tr(HTH) — tr(HTHo®)], (6.A.13)

HH, = detH, H}H, = detHf, (6.A.14)

(H{H,)? = %{tr[(HTH)(H*H)} + 2tr[(H'H)o®(H'H)] + tr[(H'H)o® (HTH)o?] }
(6.A.15)

(HiH,)? = i{tr[(HTH)(H*H)} — 2tr[(H'H)o?(H'H)] + tr[(H'H)o® (HTH)o?] }
(6.A.16)
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(HH,)(H}H,) = %{tr[(HTH)(H*H)} — tr[(HTH)a3(HTH)a3}} + det HTH, (6.A.17)
(HIH,)? = det H?, (HIH,)? = detH!”, (HIH,)(HJH,) = det(H'H). (6.A.18)

Using these equations, the scalar potential (6.A.1) is rewritten as

Vi = Lt "2“"32 tr(HH) — M tr(H Ho®) — m2,(det H + h.c.)
R Rl 5; 205 (MR (HH)) Dt P2 = 20 5; — 205 L [(HIH)o (HTH) o)
+ b ; b tr[(H'H)o*(HTH)] + (85 + B1) det(H'H)
+ {% det H* + h.c.} (6.A.19)
- M tr [H|* — iy — My tr(|H[*0®) — m2y(det H + h.c.)

— 2B — 4 -2
+51+52 Bs Ba tr|H|4+ﬁ3;B4(tr|H|2)2+51+6§ B3 tr[|H|2a3|H|203]

8
e N RO

+ {%det H? —I—h.c.} (6.A.20)
= m? tr [H> — m3 tr(|H|?0®) — m3(detH + h.c.)
+ ay tr [H|* + o (tr |H|2)2 + ag tr([H[?0®[H|?0?) + aq tr(|H]?0®H]?)

+

+ {% det H? + h.c.}, (6.A.21)

where we used the Cayley-Hamilotn identity
tr[A%] — (tr A)* +2det A = 0,

and we can obtain the following coupling of the scalar potential relations:

i = My TR g,
— 285 —4
. b1+ B2 . B3 547 y = M’ (6.A.22)
P+ B2 — 203 P B -
a3 =——"—""", uy=——, oa5=/[;,
8 4

m%l = m% + mgv mg2 = m% - m%, m%Q = mg,
ﬁl = 2(041 -+ (6] + Q3 —+ 064), ﬁg = 2(041 -+ (6] + 3 — 044), (6A23)

B3 =2(1 + s —asz), B=-2(—a3), B5=as
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Appendix 6.B Derivation of the linearized EOMs
By substituting the string ansatz into the EOM (6.4.13) for u = «, we have
(ﬁjﬁawa)a _ _7192 tr [ﬁ o (-zgawaﬁ n i%dB“ﬁa3> _ h.c.} , (6.B.1)

where we have used the fact that the background configurations H, Wu and Eu solve the

EOMs. The equation is explicitly written by the functions n, x and ¢ :

1 — —j \¢
(ths) = -0 (Dijx> , (6.B.2)
_ - /. 3 3
(r.h.s) = %80‘77 tr {HT {o% x} H+ (HTUQH% + %HTU‘IH) 5} (6.B.3)
= _7928"‘7] (X“ tr [H|? + & tr [HTU“HJZJ‘D : (6.B.4)

which implies the linearized EOM (6.4.18). A similar procedure for the EOM of B,
(6.4.14) leads to the linearized one (6.4.19). On the other hand, for the EOM (6.4.13) for
= j, we have

(D, W) = —%gQ tr [ﬁ%aﬁﬁ - (ﬁﬁ)wﬁ} . (6.B.5)
The Lh.s. is divided into two pieces
(D,W)* = (DWH)" + (D W)* (6.B.6)

with k = r, 0. The first term in the r.h.s. of Eq. (6.B.6) is found to be equal to the r.h.s.
of Eq. (6.B.5), and they are cancelled out from the EOM. The remaining second term is
given at the leading order of dW as
) . . 1
D W = —9, D W +igs [5Wa, D%swa] ~ D'y 0°0,m, (6.B.7)
92

which implies the linearized EOM (6.4.20). The similar derivation holds for the gauge
field B,,.

Appendix 6.C Aharonov-Bohm string, axion string

and anomaly inflow

Let us consider the system of two gauge fields Fy = dA, Fy = dA;, two form field B,
and the axion a:

1 1~ - 1 1
S = / —F2 AN *4F2 + —F A *4F2 + —ng N *4dBQ + —da A *4dCL
u\2 2 2 2
+B2/\FQ+K/6LF2/\FQ), (601)

where M denotes the total spacetime. We assume that a has 27 periodicity a ~ a + 27.
In this system, there exist two-types of string objects.
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Figure 6.9: Schematic picture of string objects.

6.C.1 Aharonov-Bohm string

The first one is a string charactrized by the holonomy around the string

hol(~) = expi/fll = expi/ Fy = expi®, (6.C.2)

ol D
which has non-trivial gauge flux. The string electrically interacts with the two form field
and the gauge field has the following Lagrangian:

/ BQAF2+/B2, (6.C.3)
M S

which dual picture is discussed in Section 2.B.

6.C.2 Axion string and anomaly inflow

Another string is a so called axion string, which is characterized by the monodromy

of the axion field around the string

/ da = 2, (6.C.4)

,7/

which implies that this is a magnetic object for the axion field. The EOM of the axion is
d*4 da = HFQ/\FQ, (6C5)

the right-handed side comes from the Chern-Simons coupling kaFs A F5. This equation

18 rewritten as

—d *yq dCL+I€F2/\F2 = d(— *y da—i—nAl /\dAl) =0. (606)
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If we consider the following large grauge transformation
Al — Al + Bl? dﬁl =0, 61 7é dO{, (607)

the second term in Eq. (6.C.6) is transformed as
/ 5A (/ﬂ?Al A dAl) = / (Hﬂl A dAl) = —/ Hﬁl A\ Al, (6C8)
M M oM

and this implies that the object should have localized anomalous degree of freedom such
that it can cancel this contribution. This is an anomaly inflow.

This can be seen in the Lagrangian level. We introduce the Chern-Simons form by
Fy N Fy = dws, wy = A1dAq, then the Chern-Simons term is rewritten as

/ CLF2 N FQ = —/ da N ws. (609)
M M

From the descent equation, we assume that the trasformation of the Chern-Simons form
is given by dws = dG5, and the transformation of the above Chern-Simons term becomes

5(—/ da/\wg) :—/ da/\ngz/ dda N Gs. (6.C.10)
M M M

If a has a non-trivial monodromy, dda # 0 and this implies the existence of the delta
function source

dda ~ Sy (6.C.11)

Then the localized degree of freedom on the object dy, produces the new contribution to
cancel the anomaly of G5 such as

/ S A Go. (6.C.12)
M

124



Chapter 7

Conclusion

In this thesis, we consider a scalar sector extension by an SM singlet scalar field, which
can carry other charges such as U(1)g_y, or U(1),, and the dynamics and phenomenology
of pNGB arising from the spontaneous symmetry breaking of the scalar potential.

In Chapter 2 and Chapter 3, we investigate the UV completion of the pNGB dark mat-
ter model motivated by the swampland conjecture of no-global symmetry. The pNGB is
an attractive candidate of WIMPs and avoid the severe constraints of the direct detection
experiments thanks to the its derivative couplings which is typically evaluated by the ratio
of the electroweak scale and the VEV of the singlet scalar. In Chapter 2, we propose the
pNGB dark matter model based on the gauged U(1)p_; symmetry where the symmetry
of the scalar sector is realized as the discrete gauge symmetry. The soft breaking mass
term of the pNGB arises from the cubic coupling such as ®*S?. However, this pNGB is
not a stable dark matter candidate due to the interaction with the B — L gauge boson
and the scalar mixing, and becomes a decaying dark matter. We evaluate the life-time of
the pNGB and show the parameter space realizing the current dark matter relic as the
thermal relic consistently with the experimental and observational results. In Chapter 3,
we consider the embedding of the U(1) -, pNGB dark matter model to the SO(10) GUT.
In order to realize this model in the low energy region, the symmetry breaking pattern of
SO(10) — Gps — Gy X U(1)p_ is favored. It is found that the B — L gauge coupling,
the gauge kinetic mixing € and the B — L breaking intermediate scale M; ~ v, are deter-
mined by the grand unification. The intermediate scale is lower than that in Chapter 2,
which implies that the lighter dark matter mass is required in order to make the life-time
long. We find that the thermal relic abundance can be consistent with all the constraints
when the dark matter mass is rather close to the resonances m, < my, /2.

In Chapter 4 and Chapter 5, we consider the phenomenology in other aspects of
the simple singlet scalar extension, where the VEV of the singlet scalar is much larger
than the electroweak scale. In such situation, the interaction of the pNGB is highly
suppressed by the huge VEV. This kind of invisible pNGB is discussed in some BSM
models. In Chapter 4, we show that the pNGB with large VEV becomes a typical FIMP
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candidate and the dark matter relic is realized by the freeze-in production through the
portal interactions between the singlet scalar and the SM Higgs boson. In addition to
this FIMP pNGB, the possibility is pursued that the symmetry breaking scalar causes
the inflationary expansion, reheats the SM thermal bath and directly produce the pNGB.
We show the allowed region in the (m,, Ap) plane. In Chapter 5, we consider the case
that the singlet scalar field carries the lepton number and becomes Majoron with the
TeV-scale mass. The life-time constraint and the cosmic-ray observations give a strong
constraint on the interactions of the TeV-scale Majoron via the VEV and neutrino sector
Yukawa couplings, which implies that the TeV-scale Majoron is also FIMP dark matter
candidate. We propose three production scenarios and show the parameter space realizing
the current dark matter relic.

We study the situation that the pNGB becomes another type scalar field, called axion
in Chapter 6. We consider the DF'SZ axion model and find that the axion string in this
model has novel structure, named as an electroweak axion string: it has a thin axion
string core and the SM gauge flux surrounds this. We construct the solution describing
this string object, and discuss that the electromagnetic symmetry can be broken around
the string core, and the axion string can be superconducting in some parameter space.
If the electromagnetic symmetry is broken, the zero mode current can travel along the
string and gives the long-range attractive force between these strings. We discuss the
possibility that this attractive force can form a bound state of the axion string called
Y-shaped junction and its cosmological impacts.

These days, it is pointed out that the consistency conditions of quantum gravity
theory gives constraints on the low-energy effective theory. The classification of the
constraints is discussed in the context of the Swampland Programs [Vaf05] (and re-
views [Pall9, vBCIMV21, GnH21]). In this thesis, the BSM model motivated by the
swampland conjectures was proposed and we discussed the possibility that the existence
of dark matter and the quantum gravity consistency may imply the grand unification of
the fundamental forces. The soliton in such models and the interactions between them
can be suitable for testing the swampland conjectures in the phenomenology. In addition
to these, the scalar potential plays the crucial role for the phenomenology and it can be di-
rectly connected to the dynamics of quantum gravity. Thus, the author thinks that it will
be important to develop quantum gravity theory and phenomenology in a complementary

manner in order to reveal the theory of everything.
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Appendix A

Notation and convention

A.1 Notation

In the main part of this thesis, we use the notation of Ref. [PS95]. The signature of

Minkowski metric is the almost minus one,
Nap = ™ = diag(+1, -1, -1, —1), (A.1.1)

and the Clifford algebra is given by

{(v*,7"} =20 (A.1.2)
The hermitian conjugate of the gamma matrices is expressed as
(V) =72 = 7" (A.1.3)

The Weyl representation of the gamma matrices is

0 1 0 &
0 _ 7 = Al4
gl (1 0)’ gl (_5 0>7 (A.1.4)

with the Pauli matrices . For the four component Dirac fermion v, the Dirac conjugate
is defined by

P =0, (A.1.5)

The chirality operator is defined by
4 -1 0
7P = iy 23 = < > , (A.1.6)

which satisfies the following normalization,

tr ’7a’7b’76’7d’75 _ _4@“5abcd7 (A.1.7)
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with €"'?3 = +1. The left-handed and right-handed projection operator is given by

1—+5 1 5
PL = v s PR = +’}/ s (Alg)
2 2
and they satisfy v°P;, = —Pp, and v°Pr = +Pg.!
In the curved background, the vielbein field is defined by
G = Nap€" €, (A.1.13)

and the volume element becomes

VvV—g =+/—detg, =dete", = e. (A.1.14)

The Levi-Civita connection and curvatures are introduced by

1 {o}
vy = 59" (Oudov + 0v9us = Doy ), (A.1.15)
Ru'o =010, =010, + 10 I —T7 17, (A.1.16)
Rul/ = Rpupya (All?)
R =9¢"R,.. (A.1.18)
In the convention of Eq. (A.1.1), the Einstein-Hilbert action becomes
1
Ky

In the almost plus signature of the Minkowski metric 7, = diag(—1, +1, +1, +1) notation, the Clifford
algebra

{7*,7"} = 21, (A.1.9)

leads the anti-hermite ()" = —+° and the hermite (¥)7 = +7. The representation of these gamma
matrices is given by the replacement with v* — —iv® in Eq. (A.1.4) [Wei05, Weil3a, Weil3b]. The Dirac
conjugate of the Dirac fermion 1 is given by 1 := i)T4%, and the canonically normalized kinetic term for
the massive free Dirac fermion is

L=—-y)(*0, +m). (A.1.10)

In this convention, the chirality operator is defined by

. 1 0
7 = =i’y = (0 _1> : (A.1.11)

and the left, right-handed projection operators are given by

C1+4°

Py 2 2

(A.1.12)
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Name Field SU@3). | SU2)L | U(1)y
SU(3). gauge boson (Gluon) | G4='~* | 8 (adj) 1 0
SU(2), gauge boson We=t=3 1 3 (adj) 0
U(1)y gauge boson B, 1 1 ad]
Quark doublet (left) =123 3 2 +1/6
Up quark (right) (uf)=123 3 1 —2/3
Down quark (right) (d%)i=123 3 1 +1/3
Lepton (right) L= 1 2 —1/2
Electron (right) (e§)i=123 1 1 -1
Higgs doublet H 1 2 +1/2

Table A.1: Particle contents and their quantum charges of the SM.

where k3 = 1/M3 with the reduced Planck mass Mp. We expand the graviton around
the flat Minkowski background as ¢,, = 1, + h,., this action reduces to

1 1 1 1 1
= — [ d'z | 20,hap?"h*® — Z0,hag0 "’ + =0uhdsh®” — ~0,hdh|, (A.1.20
Sen 2,{2/ xLuB 5Ouhas + 50ah03 1 ,( )
with h := n*"h,,,, which leads the canonical kinetic term of the graviton fluctuation.

A.2 Standard Model Lagrangian

The particle contents and their quantum charges of the SM are summarized in Ta-
ble A.1 and the Lagrangian is given by

8 3
1 1 o, 1
ESM - = Z Z(GZV)2 - Z Z(Wuu)Q - Z(BHV)z
a=1

a=1
+iQ:PQ; + it Dup; + idp; Pdp; + i LD L; + ieg; Der;
— (yBdrH'Q; + ylyum ' Q; + yerH L + hc.)
+ (D H) (D"H) — Vi (H), (A.2.1)

Vi(H) = — M g2 A (A.2.2)
HAE) = 2 2 ’ -

with H = ic2H*. The covariant derivative of the SM gauge boson is

D L
D,u = 8ﬂ + ngGM? + ZgQW#? + ZngyBM (A23)
D Sy — 19> 3 in2 '
=0, + zgSGN? + \/§(Wu 5+ W, T7)+ p—— Z,(T7 — sin® 0w Qrm) + 1A, Qrm,

(A.2.4)
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where A\* and ¢® denote the Gell-Mann matrices and the Pauli matrices, respectively.
T* :=T'+4T? and T? denotes the i th component of weak isospin. The electromagnetic

charge and the coupling constant are defined by Qry == T3+ Qy and e == g2g1/1/ 92 + g3.
The gauge bosons are introduced by

—— W!} T iWi, Z, _ C?S Oy —sin Oy Wj’ ’ (A.2.5)
H V2 A, sinfy  cos By B,
wheresin Oy = g1/+/9% + g3, cosbw = ga/\/ g} + g5.

A.3 Differential forms

In this section, we will summarize the notation of the differential forms.
Let us consider the D-dimensional space-time with the following Minkowski metric for
simplicity of the signature?

nap = diag(—1,+1,...,+1). (A.3.1)
The infinitesimal distance ds? is given by
ds® = gyndz™daz™, (A.3.2)
and the vielberin e?); is defined by
gun = nape’ aen. (A.3.3)

The determinant is
V=g =+/—detgyny =detedy = ¢ (A.3.4)

Differential forms

p-fomrs is introduced by

1
Wy = Hle“‘MdeMl A Adar (A.3.5)

The exterior product of p-forms and ¢-forms satisfy

wp Ay = (—1)Pn, A wp. (A.3.6)

2If we use the almost minus notation nap = diag(+1,—1,...,—1), the signature of €p;...p_1 is depend
on the number of the space dimensions. In the case of four-dimensional spacetime, the we can discuss
in the similar manner. The difference is the overall signature of the canonically normalized kinetic
terms (A.3.45).
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The exterior derivative d acts the p-form as

1
dw, = HaMle.‘.Mp deM AN dz™ Ao A daMe, (A.3.7)

which is d : p-forms — (p + 1)-forms as

1
dA, zaaNAMl..,Mpde Adx™ N da™Mr = Fy (A.3.8)
1
Fp+1 :ZWFMI“'M;H-ldCEMI VANEEIVA dl’Mp+1, (A39)
F}\/jl..,]\/jpJrl :(p+ 1)a[M1AM2...Mp+1]. (A?)]_O)

The exterior derivative of the exterior product is defined as
d(wp Ang) = (dwy) A g+ (—1)Pw, A (dny). (A.3.11)
d is a nilpotent operator d* = 0:
d*w, = —d*w, = 0. (A.3.12)

The interrior product of the p-form w, and the vector field V' is defined by

1
(p—1)!
Iy maps p-forms to (p — 1)-forms.

The Lie derivative is defined by

Iy, = VMriatyn,, de™ Ao A daer (A.3.13)

Ly =dly + Iy d, (A.3.14)

which maps p-forms to p-forms.

Invariant tensor and volume form in Lorentz signature

We choose the following normalization of the invariant tensors
EOlm(D_l) = +«a, €01--(D—-1) = —Q. (A315)

In this normalization, the anti-symmetric symbols (Levi-Civita symbols) are defined by

MiMs---Mp —e 6A1AQ"'AD€A My Mo Mp (A 3 16)
. ) .O.

5 €A2 ...eAD

APy (A.3.17)

-1 A Ao
EMiMsMp —€ ~€A1A5--Ap€ 1M16 My "€

We note that e41424p is a tensor, but e M2Mp ig not a tensor but an anti-symmetric
symbol.
eArdzAp and eMMaMp gatisfy the following relations:

(D) — 4y (A.3.18)
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€01--(D-1) =— —Q,

gMiMz--Mp . 66141142"'14D6AlM1€AZM2 .. eADMD
EM i Ma--Mp = eil 6141142-"ADeAIMl 6A2M2 T eADMpa
(AtAzAp _ =1 MiMyMp AL Ao

£ M€ Mz"'eADMD’
€A1 AgAp = 65M1]\42~~-MD6Al]\4161421\42 U eADMD’
€M1M2“'MD5M1M2,,,MD = —D!Oéz
6A1'"A“’ClmCD_pﬁBl---BpCr--CD—p = —p'(D — p)‘a25141 gpa
MMl Ly Npienn, = —PH(D = p)laay T

1
€A1 A Ap €A1 VAN 6A2 VANCIVAN €AD = —€A1A2 ADdVD,

o
1
dPx = de® Ndzt A - AN daP = “Dia 5M1M2...MDdxM1 AdzM2 AN dxMD,
de™ A daM2 Ao A daMP = = MM Mp gDy
Q
where 521_’_':2; is given by
Aq-e- _ A A
Syl = Z sen(0)0 g+ Ouls -
' oc€Sp
The volume form dVp, is defined by
1 1

dVp =" Ne' Ao neP T = —— e a e A A AP

Dl
:60M1€1M2 s eD_lMDdle ANdx™2 Ao ANdaMP = edPa.

Hodge duality

The Hodge duality for the frame fields e/t is defined by

1
*D(eAl/\~~/\eAP = APBl... N ePUA A eBrr,

) (D —p)!
The Hodge dual of the unity is

1

D'€A1A2 Ap eAl A\ 6A2 VANRERWAN eAD - —O{dVD

*Dl =

and that of the volume form is given by

1
*DdVD = *p (_D' €A1 As-- ADGAl A €A2 VAR GAD
gy apeAAD =
D‘a 1A2°ApD
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(A.3.33)

(A.3.34)

(A.3.35)

(A.3.36)



Let us evaluate the operations of acting on the Hodge dual in twice:

#p(*pl) =*p (—adVp) = —a?, (A.3.37)
#p(*pdVp) = *p a = —a*dVp (A.3.38)

From these, we can get the following relations
*p *p 1= —042, *p Xp dVD = —Oé2 dVD <A339)
The Hodge dual of the basis of the curved space-time is defined as

e
*D (dI‘Ml VANRREIVAY dpr) = m ngKl s gMpr EKy--KpNi-Np_, dl’Nl VANERIIVAY dLCND_p.

(A.3.40)
Then, the Hodge dual of the p-form field is given by

1
A1 Az A

p!(D — p)!
(&

“pi(D —p)!

and the operations of acting on the Hodge dual of the p-forms in twice satisfy

B B Bp_
*pWp = P€AyAy--AyB1BsBp_, € PAEeT2AN--- NetDop

CUNl.”NpgNyuNpMLnMDfp dle /\ et /\ dxMD7p7 (A341)

xp *p wp = a(—1)PPPIHL, (A.3.42)
*pl is also written as
xpl = —9p entynp AT N - A da™MP = —ay/—gp dPx = —adVp. (A.3.43)

D!
Using the Hodge dual, the kinetic term of F,;; = dC), is written in the differential

form as

/Fp+1 N *pFpiq

1 (&
= [ ——Fasons, ™ Ao Ad™M ) A Ni-Npt1
/((p+1>! e ’ ) ((p+1)!(D—p—1)!“’

K Kp_p—
X €N1...NP+IK1...KD7P71d£L’ LA AdatPor 1)

:/ (p + 1)!(p+ 1)!(D —p— 1)!FM1‘“Mp+1

% lEMl'“MP+1K1'“KD—p—1dD$

FN1Npa

5N1“'NpK1“'KD—p—1

e 1 NN
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where |F,;1]* = (pil)!FMl"'MP+1FM1...Mp+1. Then the kinetic term of C), in the Minkowski

metric (A.3.1) is written as

1 1 1
Liin. o ¢, = 5 /dDJEV —QHFMl Mot gy by = 3 /dD?CV —g|Fpa[?

1

= % /Fp+1 VAN *DFp+1' <A345)

In the same way, the Einstein-Hilbert action is written as

M? M?
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Appendix B

Implications of the weak gravity
conjecture in anomalous quiver

gauge theories

B.1 Swampland conjecture and weak gravity conjec-

ture

Swampland conjectures attract much attention recently in various aspects [Vaf05,
OVO07, AHMNV07, O0SV18, GK19, OPSV19, Pall19]. The conjectures are expected to
constrain effective field theories to be consistent with quantum gravity, and give us new
insights into not only the string theory as a candidate of quantum gravity but also physics
of BSM.

Among them, the weak gravity conjecture (WGC) requires theories consistent with
quantum gravity to include a charged state with a charge ¢ and a mass m satisfying the

weak gravity bound [AHMNV07],
m

eq> ——,
1= VM,
so that an extremal black holes can have a decay channel. The WGC briefly states

(B.1.1)

that the gravity is the weakest force. Here, e is an anomaly-free gauge coupling and
Mp is the reduced Planck mass. The WGC can be extended to theories with multi-
ple U(1) groups [CR14] and also to a scalar exchange force such as a Yukawa interac-
tion [Pall7,LP18,GIn19,ACE20,BBLM20]. The latter extension is called the scalar weak
gravity conjecture (SWGC) . These conjectures also have been checked in several as-
pects [LLW19a, LLW19b], and indicate that repulsive forces of gauge interactions among
the same species of particles are stronger than attractive forces of gravity and Yukawa
interactions among them [HRR19].

The situation may not be so simple in chiral gauge theories. IR symmetries are often
obtained through the breaking of UV symmetries, and an IR gauge coupling is given by
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a linear combination of UV gauge couplings as in the SM. The linear combinations are
determined by the Stiickelberg couplings among the gauge bosons and would-be NGB (or
axions) associated with the symmetry breaking. This is applicable not only to anomaly-
free gauge theories but also to consistent theories possessing anomalous U(1) gauge groups.
In theories with an anomalous U(1), an axion field plays an important role to cancel
the gauge anomalies: the gauge invariance is (non-linearly) restored owing to the axion
coupling to topological terms of the gauge fields on top of the Stiickelberg couplings.! As
in the ordinary spontaneous symmetry breaking, these Stiickelberg couplings lead to the
gauge boson mass and determine the eigenstate of massless gauge boson. Thus the gauge
boson of anomalous U(1) symmetry is decoupled in the low energy limit.> In the string
theory, this anomaly cancellation is realized by the Green-Schwarz mechanism [GS84]
involving string theoretic axions. 4D string models with anomalous U(1)’s have been well-
discussed for realizing the SM [AIQUO00, AFTT01b, AFT"01a, BLS03, BHW05, BKLS07].

In this chapter, we will focus on models with multiple U(1) symmetries and chiral
fermions. For models with U(1)*, an anomaly-free U(1) is given by a linear combination
of the original symmetries:

U(]- anomaly-free — Z Cz z (B]_Q)

where k is the number of U(1) symmetries, ¢; (i = 1,2,...,k) is a model-dependent
O(1) coefficient and U(1); is the i-th gauge group. We will discuss some examples in the
following section. Then, the corresponding anomaly-free gauge coupling e is given by

Xd

where g; is the gauge coupling of the U(1); symmetry. The gauge coupling e will become

(B.1.3)

~M|SM

necessarily very weak and smaller than the original coupling g; as the number of U(1)
gauge groups increases in the large k limit.* Thus, the WGC condition in Eq. (B.1.1) looks
hard to be satisfied with an assumption that chiral anomlies can be canceled. In other
words, the repulsive force among particles will then become very weak. It is conjectured
that a certain class of chiral gauge theories with too many U(1) symmetries can be in the
swampland.* It is noted that the gauge groups in 10D superstring theories are restricted
[Pol07], while those in 4D brane models seem less-constrained in the view point of tadpole

condition.” When magnitude of all the gauge couplings is comparable to each other, the

1See also a recent work [CGGK20).

2Some of gauge bosons in the anomaly-free gauge groups can also become massive through the
Stiickelberg couplings.

3The WGC with a similar gauge coupling is discussed in Ref. [Sar17].

4This will generally be applicable to theories with a semi-simple gauge group of G = Hle G; in the
large k limit, when G is spontaneously broken to a simple group. Here G; is a simple group.

5Tn the heterotic string, the rank of the gauge group is sixteen.
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Eq. (B.1.3) is rewitten as

o9 s m B.1.4

where g ~ g; for V 7 is the average of the gauge couplings. We find that the gauge coupling
is scaling as e ~ k~'/2 for a large k and there exists an upper bound on k, k < (qg22)?,
if the WGC is correct and the mass m remains non-zero in the large k limit. This upper
bound on k is similar to the species bound [DROS8], but k is not the number of species
but the number of U(1) gauge groups in our case.’ Similar conditions for theories with a
discrete Zy, (gauge) symmetry are also discussed in Refs. [CGGK19,BCMU20|. Eq. (B.1.4)
could be regarded as an example of the weak coupling conjecture [BCMU20).

A notion of quiver gauge theory is often used for theories in the presence of multiple
gauge groups and bi-fundamental chiral fermions, and matches model building involving
D-branes well [IMR01, CIM02b, CIM02a, VW07, CHR09, KDMQ10, DKQ11,DM96, Ura00,
BLPZ06,Yam08]. Instead of concrete string models, in this chapter we will consider quiver
gauge theories with U(1)* gauge groups and focus on the anomaly-free gauge groups
and the (S)YWGC in a bottom-up approach, supposing that the remaining anomalies are
canceled and then the anomalous gauge bosons get massive. In general, computation of
anomalies depends on the matter content in models. In order to check anomaly-free U(1)’s
systematically and study concretely the (S)WGC constraints on the gauge couplings, we
restrict ourselves to several types of models controlled by discrete symmetries. However,
a behavior of the anomaly-free gauge coupling in Eq. (B.1.3) does not change in general
models with anomalous U(1)’s. The (S)WGC can constrain range of free parameters
in low energy theories and show what parameter values are favored by UV theory in
the view point of IR physics. In some quiver gauge theories of our interest, there exist
a discrete symmetry associated with cyclic permutations between the gauge groups in
certain quiver gauge theories, and the symmetry can generally be broken in anomaly-free
U(1) theories by a linear combination of U(1)’s as in Eq. (B.1.3). Some of quiver gauge
theories remind us of deconstructed extra dimension [AHCGO1, AKMYO03], which could
relate our approach to the weak coupling conjecture in holography [BCMU20]. Also new
insights can be given to chiral abelian gauge theories which may be a candidate of hidden
sectors of dark matter models in particle physics [CDEF20].

This appendix is based on Ref. [AHT20] and organized as follows. In Section B.2,
we give a brief review of the (S)WGC and anomalous U(1) symmetries. In Section B.3,
we will discuss concrete quiver gauge theories with U(1)*, then identify the anomaly-free
U(1) symmetries. In Section B.4, we numerically show the SWGC constraint on the gauge
couplings and Yukawa couplings in a U(1)? quiver gauge theory. We discuss also a toy
model from 5D orbifold compactification similarly. Section B.5 is devoted to summary

1f we have too large ¢;’s, the theory would be in the swampland owing to the appearance of very
weak coupling.
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and conclusion. In this chapter, we will discuss the above arguments with the tree level
parameters.

B.2 Brief reviews of the (S)WGC and anomalous U(1)’s

B.2.1 The WGC and the SWGC

In this subsection, we give a brief review of the WGC and the SWGC in four dimension.
The WGC claims that there exists a state with a charge ¢ and a mass m satisfying the
inequality

eq > (B.2.1)

m
V2Mp
in a theory consistent with quantum gravity [AHMNV07]. The factor of 1/v/2 comes
from the relative normalization of the Newton force against the Coulomb one, and a gen-
eralization to an arbitrary dimension is straightforward [Rob06]. This conjecture makes
(super)extremal black holes decay into lighter ones.

The WGC can be extended to theories including a scalar exchange force such as a
Yukawa interaction. This is called the SWGC [Pall7,LP18,LLW19a]. Let us consider a
theory with multiple U(1) gauge groups:

2 1 1 B .
Snt = / d' m{_%n + 3 S Kudus 0 = 1Y mwﬁ?ﬂﬂ (B2.2)
a,b 4,J

where R is a Ricci scalar, ¢* is a real scalar field, F;(L?/) is a field strength of U(1);, K
is a scalar kinetic matrix, f;; is a gauge kinetic function, and i, j (= 1,2,...,k) and
a, b denote the labels of U(1) gauge groups and those of scalar fields respectively. The
diagonal parts of f;; give the gauge couplings of U(1);’s and the off-diagonal components
are kinetic mixings. The matter part action is given by

1 — . - —
Smatter = /d4£I§' VvV —4g |i§ Z Kaba,uq)aauq)b + w,w (Vﬂ +1 Z q]A}(L])>w - m(q))w?ﬂ}
a,b 7

(B.2.3)

where 1 is a Dirac spinor of a test particle for the SWGC and has a charge ¢; under the
gauge group U(1); and a mass m(®), and ®* is a real scalar field which may be different
from ¢* in general. Here, the covariant derivative V, includes the spin connection. The
®* is decomposed as

DO =3 4 o, (B.2.4)

where ©* is the background configuration of ®* and ¢ denotes a fluctuation around the
background. With these, the mass m(®) is rewritten as

Ty (B.2.5)



m(®) is the mass of the ¥ in the background ®%, and the higher order terms of p* give
the interaction terms between ¢®’s and 1. Thus the Yukawa coupling reads:

Smatter /d4$ \/_ Z ya aw¢7 (B26)

_ om
Ya(P) = 90 —(?) = 0am(®). (B.2.7)
Then the SWGC for 4 is given by
2
ij m ab
Eij fYaq; = 202 + agb K yays, (B.2.8)

where [ and K are the inverse matrix of the f;; and K, respectively. This inequality
can be interpreted as the total gauge repulsive force is stronger than the sum of the
attractive forces of the gravity and the total Yukawa interactions when we focus on forces
acting between the test particle v: ‘ﬁCoulomb’ > ]ﬁgravity] + ’ﬁyukawa|. The absolute value
of long-range force mediated by massless fields in four dimension is expressed as

A
F B.2.9
A= (B.29)
where a numerator A is the factor corresponding to each force:
2
ACoulomb = Z flj 4.4y, Agravity ) AYukawa = Z Kabyayb (B210)

M2’

.3
If the scalars ¢® are heavy, Yukawa interactions are short-range forces and neglected.
Then the SWGC gets back to the WGC.

B.2.2 Anomalous U(l) symmetries

In this subsection, we review cancellation of chiral U(1) gauge anomalies by axion
fields. In 4D effective field theories, gauge transformation of the axions can cancel the
chiral anomalies produced by light chiral fermions in the presence of topological terms
of the gauge fields and the Stiickelberg couplings. In field theories with an anomaly-
free U(1) gauge symmetry, such axions are would-be Nambu-Goldstone bosons associ-
ated with the spontaneous breaking of the U(1) symmetry. After integrating out heavy
fermions with chiral U(1) charges, we can obtain anomalous U(1) in the low energy
limit [ABDKO06, CGGK20]. In 4D string models, anomalies can be canceled by the Green-
Schwarz mechanism involving string theoretic axions that originate from tensor fields,
when tadpoles of brane charges are canceled [DSW87, JLO5].

We shall consider the 4D action involving axions in addition to chiral fermions leading
to chiral anomalies:

m? 2 Cirf
o 4 7 VI jwpo i 7
Saxion - Z /d |:2 g2 ( Z lea 0] +A ) + Z m etrP F/EV)F;SO') .

1€U(1)anomaly ?  \Jcaxions I€axions

(B.2.11)
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Here, 0; is an axion, B;; and C}; are constants, m; is the gauge boson mass. For the
anomalous U(1) symmetries, the fields transform as

0r — 0 — DA, A — AD + 9,1, (B.2.12)

where A; is the transformation parameter, and we assume that Dy; satisfies ), BijDy; =
d;j. The theory is invariant in the presence of chiral anomalies produced by gauge trans-

formations against chiral fermions:

D
Sanomaly = Y _ /d4 { > A Car L FO PG (B.2.13)

i€U (1) anomaly I€axions

such that dASiotal = Sanomaly + 0ASaxion = 0. Thus, in terms of axions the anomaly-free
U(1)’s are determined such that the coefficients of C;;’s are vanishing”. 4D effective action
from 5D theory is also discussed, for instance, in Refs. [LOSW99,CGN20]. The anomalous
gauge bosons become massive as

2 . 1m2 -
—% (Bird,0; + AD)* = §m—; (AD)?, (B.2.14)

after €’s are eaten by them as in spontaneous gauge symmetry breaking. Further, for
some non-anomalous gauge bosons, there can exist Stiickelberg couplings

2

2
Saxion = > /d4 {2 ;( > B a,ﬁﬁA}“) } (B.2.15)

g
ZGU(l)non anomalous ¢ Icaxions

The non-anomalous gauge bosons can become massive as the anomalous ones. Then, the
repulsive forces mediated by such massive gauge bosons will not contribute to the WGC.
Hereafter, we suppose that this mechanism works in the quiver gauge theories studied

in this chapter, and these terms are ignored otherwise stated.

B.3 Quiver gauge theories and the WGC

In this section, we discuss quiver theories with U(1)* gauge symmetry and identify
anomaly-free gauge groups. In general, computation of anomalies depends on the matter
content in models. To check anomaly-free U(1)’s systematically and identify the gauge
couplings concretely, we focus on several types of models controlled by discrete symme-
tries. However, an anomaly-free gauge coupling will be given by Eq. (B.1.3) in general
cases. As for a quiver diagram in this chapter, each node implies a gauge group whereas

each arrow among two nodes shows a left-handed chiral fermion charged under two gauge

"Once anomalous gauge fields are written as Aanomalous = >, b A(Z) b;’s would be related to ¢;’s
in Eq. (B 1 3) through the orthogonality among U( )’s. If there exists a large hierarchy among b;’s in
b; (8“9) L , some ¢;’s would become very large.
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Figure B.1: A quiver diagram with k& nodes [AHT20)].

groups. The number of arrows shows that of matters and a direction of an arrow is cor-
responding to the representation against two gauge groups. An arrowhead corresponds
to anti-fundamental representation while its opposite side means fundamental one. For
theories only with multiple U(1) groups, (anti-)fundamental representation is supposed
to have a charge +1 (—1). A solid line shows a chiral (left-handed) fermion whereas a
dashed line shows a complex scalar.

At first, we shall focus on non-supersymmetric gauge theories with bi-fundamental
chiral fermions of (IN, N) representation under U(N;) x U(Ny) x - - - gauge group, which
is inspired by D-brane models. Although there exist many types of quiver diagrams
corresponding to gauge theories, for simplicity we focus on theories including only U(1)
groups in the diagrams such as Fig. B.1. Since there exist chiral fermions, chiral gauge
anomalies can generally be produced as a consequence. We study cancellation condition
of chiral anomalies to identify anomaly-free gauge couplings at the tree level, and apply
the couplings to the WGC. Anomaly-free conditions for U(N)? and U(N)? are discussed
in Appendix B.A. For instance, in SU(N)* theories with a general N, non-abelian gauge
anomaly cancellations require that the number of incoming arrows is equal to that of
outgoing ones at each node. In U(1)* theories we will simply mimic SU(N)¥ cases because
in D-brane models a gauge group can be given by U(N) = U(1) x SU(N) rather than
just SU(N), hence U(1) and SU(N) are considered simultaneously. We suppose that
the anomalies are canceled as in Section B.2.2 and then (non-)anomalous gauge fields get
massive in a gauge invariant form. Quiver gauge theories associated with deconstructed
extra dimension [AHCGO01, AKMYO03] could relate our approach to the weak coupling
conjecture [BCMU20].
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In quiver gauge theories with U(1)* of our interest, the action is written by

S = Z/d4 { i FOFOm 3. i (0, + iAD — i AT )y 0 + -+ |, (B.3.1)

where ellipsis shows gravity and interaction terms among fermions which we have ne-
glected. We assume that kinetic mixings among gauge fields are absent at the tree level for
simplicity, and will ignore them in this chapter. The gauge field of U(1); is denoted by AEZ)
and 1; ;41 is a left-handed spinor with a charge of (+1, —1) against the (U(1);, U(1);41)
gauge group as noted above. The index runs as j = 1,2,...,k and satisfies k + 1 = 1.
There will exist a symmetry® that shifts labels simultaneously as j — j + 1:

9i = 9j+1, Aff) — ALjH)a Vjit1 = Vjt1j+2, (B.3.2)

when we treat the gauge couplings as spurion fields, which are expected to be moduli
fields in the string theory. This can be regarded as a Z; symmetry acting on k& nodes with
a element of

0100 0
0010 0
0001 -0}, (B.3.3)
1000 --- 0

We can study anomalies and identify anomaly-free U(1)’s systematically owing to this
symmetry as seen below. This symmetry will be broken in the low energies when an
anomaly-free gauge group is given by a linear combination of UV U(1)’s. So, interactions
of axions to gauge fields are expected to violate this discrete symmetry.

In terms of particle phenomenology, this theory may be the hidden sector for dark
matter apart from the visible sector [CDF20]. In Appendix B.B, we discussed also several

quiver models not shown in this section.

B.3.1 U(1)*!

We consider quiver gauge theories with U(1)%~!

groups as shown in Fig. B.1. These
types of (supersymmetric) models have often been studied in D-brane models on orb-
ifolds or intersecting/magnetized D-brane models. They are used also to realize realistic
Yukawa couplings or higher order couplings. We hereafter focus just on fermions produc-

ing anomalies. As seen below, these theories can have an unique anomaly-free U(1).
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Figure B.2: Three nodes quiver diagram [AHT20].

U(1)?

One of the simplest case is the quiver gauge theory with U(1)? = U(1); xU(1)yx U(1)3
groups’ in Fig. B.2. Asin Eq. (B.3.1), there exist three left-handed chiral fermions 1z, (i =
1,2,3), which have charges of (1, —1,0), (0,1,—1) and (—1,0, 1) against (U (1)1, U(1)2, U(1)3)
respectively.!’ This model will have a Zs symmetry as noted above, and there is no other

choices to connect each node. The divergences of U(1)? chiral currents ;% (i = 1,2, 3) are

given by
97" = Q2 — Q3
9-j>=Q3— (B.3.4)
0 - j3 = Ql - QZ)
where 8- j* = 9,7 and Q; is the topological charge density, Q; = 57=€"""F, WFY. Thus
we define the anomaly-free U(1) by
U(l)X = ClU(l)l +C2U(1)2 +63U<1)3, (B35)

and impose the divergence of its current to vanish

0 - jX = Z c0-j = (—co+c3)Q1+ (1 —c3)Q2+ (—c1 + ¢2)Q3 = 0. (B.3.6)

i=1,2,3

Then the solution is

U(l)x = U(1)y + U(1)2 + U(1)s. (B.3.7)

8See also Refs. [GRW98, BLPZ06, GVMU19].

9In a supersymmetric case, we have a Yukawa coupling.

0These charge vectors will not satisfy the convex-hull condition if the same masses are given to the
matters by hand. This is seen on the two dimensional section with two charge vectors whose magnitudes
are v/2 and between which the angle is 27/3.
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In this model, the anomaly-free gauge group is determined uniquely (up to overall nor-
malization of the charges), and its gauge coupling is given by

1 1 1 1
- =35 t=+ 5 (B.3.8)
€ 91 92 93
Here, the anomaly-free gauge coupling ey is written so that the gauge kinetic term be-
comes the canonical form:

1
— Z 10 2FIE,J/ FOmv EFIE?F(X)W + (anomalous gauge fields). (B.3.9)

Thus, the anomaly-free gauge coupling ex can be smaller than the original U(1) gauge
couplings g¢;’s.
It is noted that all the matters are then neutral under this anomaly-free U(1)x, i.e.,

V gx = 0. It seems that this model may not be naively applied to the WGC, but the
presence of global symmetries is important. The low energy Lagrangian will be given by

L= Z Wriri —

1€ matter

1
E(F<X>)2 T (B.3.10)

1%

if anomaly-free gauge boson AELX) survives in low energy limit. Ellipsis includes inter-
actions among fermions and anomaly-free gauge boson and there will additionally exist
kinetic mixings such as Kijﬁawj 1 and Majorana mass terms of —Mijw_l%wj L in low en-
ergy limit after anomalous massive bosons are integrated out. These terms will violate
invariance under phase rotations of fermions. Now the original Zs symmetry acts as
ex — ex, ALX) — ALX) and ©¥p; — Yr;i1, but whether this low energy theory has the
Zs symmetry depends on parameters for fermions. Since all fermions are neutral under
U(1)x, global symmetries will be hard to survive in the low energy limit while discrete
gauge symmetries originating from the anomalous U(1)’s can survive if any. If global
symmetries survive, this model is in the swampland. It will be necessary to embed this
model into string theory in order to know what kind of symmetries survives. This is
beyond the scope of this work and left for future work.

U(1)2k—1

We consider quiver gauge theories with more general U(1)2*~1

groups. Fig. B.3 shows
quiver diagrams with the five nodes, and it is noted that the number of incoming arrows is
equal to that of outgoing ones at each node and both diagrams have a Zs cyclic symmetry
among each node. As in Eq. (B.3.1) and in the left diagram of Fig. B.3, we have five

left-handed fermions charged against (U(1)y,U(1)2,U(1)3,U(1)4, U(1)5). The divergences
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Figure B.3: Quiver diagrams with five nodes [AHT20]. Both diagrams have a Zs cyclic
symmetry among each node. In the right diagram, all nodes are connected with arrows.

of U(1)® chiral currents are given by

1 o 1 0 0 -1\ /O
72 10 1 0 0]
o-[#]l=10 -1 0 1 olf]q]. (B.3.11)
* 0 0 -1 0 1]
5 1 0 0 -1 0/ \Q;

The number of anomaly-free U(1)’s is given by that of zero eigenvalues of this coefficient
matrix, and we find only one zero eigenvalue in this model. The anomaly-free U(1) is

given by the corresponding eigenvector
U(1)anomaly-ree = U (1)1 + U(1)2 +U(1)3 + U(1)s + U(1)s5. (B.3.12)

Thus all matters are again neutral under this anomaly-free U(1) and this system will not
simply be applied to the WGC. The situation is similar to the three quivers model in
Section B.3.1.

The result is not changed by adding five chiral fermions to this model as in the right
diagram of Fig. B.3. Then their action is additionally given by

5
j=1

The anomaly coefficient matrix reads

o 1 1 -1 -1
-1 0 1 1 -1

-1 -1 0 1 1]. (B.3.14)
-1 -1 0 1
1 -1 -1 0
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U(1)y < U(1)4

Figure B.4: A quiver diagram of three nodes connected with five nodes by a pair of two
arrows of vector-like matters [AHT20].

Thus, the anomaly-free U(1) is similary given by Eq. (B.3.12).

So far we have discussed specific quiver models with three and five nodes, but the
result can be simply extended to general models with odd number nodes as shown in
Fig. B.1. Since the entries of the anomaly coefficient matrix are composed of the same

number of 1 and —1 as above, the anomaly-free U(1) is uniquely determined as

2k—1

U(l anomaly-free — Z U (B315)

and the gauge coupling is given by

=1
Z 7 (B.3.16)

In concrete models, these are easily verified and it is checked also that the result does
not change for models with odd nodes and full diagonal lines that are similar to the right
diagram of Fig. B.3. As noted previously, however, there exist no charged chiral matters
for this anomaly-free U(1).

U(1)?*=! x U(1)*~! with vector-like matters

We shall consider quiver gauge theories with U(1)**~1 x U(1)?~! in the presence
of vector-like matters. As in Fig. B.4, the correspoinding diagram is composed of two
diagrams with odd nodes which are connected by a pair of two arrows of vector-like
matters. Action is given by two kinds of Eq. (B.3.1) showing U (1)~ xU(1)%~! symmetry
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and vector-like part of
S = /d4x {El,%iPw (au + Z'Al(}) _ Z‘Agk))?ﬂl,% + EQk,li’W (aﬂ _ Z'Al(}) + iA£2k))w2k,1
— mG 1ok + hc. |, (B.3.17)

where we assume that the bi-fundamental vector-like matters are charged under the gauge
groups of U(1); xU (1) and that the mass m remains non-zero in the weak gauge coupling
limit. In this case, the discrete symmetry is explicitly broken since 1 o1 is transformed
to 199111 that is originally absent. For instance, we focus on U(1)* x U(1)® theory with
vector-like matter, which is the case of £k = 2 and [ = 3. Since vector-like matter does not
contribute to the chiral anomalies, we have two anomaly-free U(1)’s as mentioned above:
one denotes U(1)x from U(1)* and another denotes U(1)xs from U(1)®. Here,

Uy =S UM, UM =S U, (B.3.18)

hence charges of vector-like matters are (41, —1) and (—1,+1) for (U(1)x,U(1)x/) and
other chiral matters are neutral for them. The respective gauge couplings are given by

3 8
% =3 l2 i => % (B.3.19)

These can be weaker than the original gauge couplings of ¢;’s. Then the WGC for the

vector-like matter reads!!
2

ex + e > AL (B.3.20)
In the large limit of £ and [ with a given m and g;’s, we find
2 2
€2 + ek, ~ % + 971 0, (B.3.21)

and then the WGC can be violated since the couplings becomes very weak as long as the
mass m remains non-zero in the limit of ex — 0 and exr — 0. Note that we now fix
gi’s but change only k and [. This indicates that there exists an upper bounds on the
numbers of U(1) gauge groups, k and [ as k + 1 < (g;22)? if the WGC is correct.

B.3.2 U(1)*

We consider quiver gauge theories with U(1)%* symmetry as shown in Fig. B.1. These

types of models are also studied in D-brane models similarly to U(1)?*~! cases. As the

UTn the (U(1)x,U(1)x) theory, we need also additional (+1,+1) and (-1, —1) vector-like matters to
satisfy the convex-hull condition so that extremal black holes with (@, @) charge can decay. This would
imply that orientifold planes are required to cancel D-brane charges in the string theory. However, our
conclusion does not change.
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Figure B.5: The Z, symmetric quiver diagram with four nodes [AHT20].

simplest model with chiral anomalies, we focus on U(1)* symmetry and this model has

four left-handed fermions as in Fig. B.5. Divergences of each chiral current are given by

5! 0 1 0 -1\ [Q
2 10 1 0
o-17, 1= @z | (B.3.22)
5t 10 -1 0/ \o

Since the anomaly coefficient matrix have two zero eigenstate, this model has two inde-
pendent anomaly-free U(1)’s, which are represented by the eigenvectors (1,0, 1,0) and
(0,1,0,1). The former relates first node to third one, whereas the latter does second node

to fourth one. The independent anomaly-free U(1)’s are generally given by

U(1)y = _%Uu)l FU(1)s — %Uu)g UM, (B.3.24)

where ¢ is a free parameter that depends on the D-brane configuration in concrete UV
string models [AIQUO0, AFTT01b, AFTT01a]'?, and will be a rational number. Otherwise,
there exists a global symmetry [BD88,BS11,HO21]. The result does not change even if we
add bi-fundamental vector-like matters that are charged under only U(1); x U(1)3 or only
U(l)y x U(1)y. For ¢ =0, we find U(1)x = U(1l)e+U(1)y and U(1)x = U(1); + U(1)3.
It is noted that for a general ¢ a linear combination can violate the Z, to Z2 exchanging
1 <> 3 and 2 <> 4. The gauge couplings relevant to the anomaly-free U(1)’s read
1 c? 1 c? 1

ST (B.3.25)
& @ 9B @ g9

12 gauge boson in one of the two U(1)’s could be massive in UV models. But, the behavior of gauge
coupling will not change in the large k limit.
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Figure B.6: A quiver diagram of U(1)* model including a complex scalar [AHT20].

1 1/ 1 1/ 1
2 T T T T T
Cxr 91 92 93 94

In this model, the chiral fermions have non-trivial charges under these anomaly-free U(1)’s

(B.3.26)

as shown in Table B.1. In the next section, we will numerically study the SWGC in this
model by adding a complex scalar.

Extending this model to general theories with U(1)% is simple, and we can verify that
there exists at least two anomaly-free U(1)’s in a concrete model. So it is expected that in
the large k limit with a given ¢ and a fixed g¢;, anomaly-free gauge couplings become very
small as in cases of U(1)?*~! x U(1)*~!. Then there exists an upper bound on the number
of abelian gauge groups if the WGC is correct and a fermion mass remains non-zero in
the large £ limit.

B.4 A U(1)! model and the SWGC

In this section, we discuss the detail of U(1)* quiver gauge theory shown in the pre-
vious section and its application to the SWGC at the tree level in the presence of a
complex scalar field. The motivation for this is to study SWGC in a more realistic (or
string-inspired) model with a scalar field. The SWGC shows numerically constraints of a

smallness of gauge couplings against Yukawa couplings. We also study a UV completion
of 5D orbifold model for it.

B.4.1 Constraints of the SWGC

Fig. B.6 shows a quiver diagram of U(1)* model in the presence of a complex scalar
¢, whose charge is (+1, —1) for (U(1), U(1)4)."® Due to this scalar field, we have Yukawa

13The direction of the dashed arrow shows the scalar charge same as chiral fermions. We changed
the names of gauge groups from U(1); x U(1)g x U(1)s x U(1)s to U(1)q x U(1)p x U(1). x U(1)4 and
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Fields qx qx
Yap —1l+c| -1-1/c
Yda 1—c 1+1/c
Ype 1—c 1+1/c
Yeq —14c| —-1-1/c
%) 0 0

Table B.1: The charges of fields for the anomaly-free U(1)x x U(1)x group.

couplings of

Lyiava = —YUG 00 — Y 00ea + hic. (B.A.1)

This model is inspired by intersecting brane models [IMRO1, CIM02a]. No Z, symmetry
exists. This is because ¢ can be written as ¢y in the view point of the U(1) charges
and hence @y, is transformed to ., that is originally absent. There could exist Z, that
simultaneously exchanges the labels as a <> ¢ and b <> d for y = ¢/, if we can identify

Obd = goilb. As seen in the previous section, two anomaly-free U(1)’s are given by

Ul)x =cU(1)q +U(1)y + cU(1)c + U(1)a, (B.4.2)
1 1
U = =0 + UMy~ U+ UL (B.43)
where a free parameter c is a rational number and can be fixed in concrete models by
the brane configuration in the string theory. The charges of the fields are summarized in

Table B.1.
The effective Lagrangian showing two anomaly-free U(1)’s may read

1

T 1 X)) 2 X'\ 2
L= > il +10u9* — 1 (FY) — 5 (FY)
I=ab,bc,cd,da X X!
— [yevSaa + ¥/ V5 bea + ] + - (B.4.4)

where D, = 0, + inA,gX) + in/ALXI), gauge bosons relevant to two anomalous U(1)’s
are neglected since they become massive if the Green-Schwarz mechanism works. Yukawa
couplings between the complex scalar and chiral fermions are denoted by y and 3, which
are not the same in general. It is noted that vector-like pairs of 1., + Yge and Yy + Vg
will constitute the Dirac spinors.'* Now scalar ¢ is neutral under anomaly-free U(1)’s

accordingly those of left-handed fermions from (12, Y23, ¥34, ¥a1) t0 (Yab, Ve, Yed, Yda) for the
latter convenience.

“4From the view point of the anomaly-free U(1)’s, there may exist Yukawa couplings including wiﬁ)wbc
and Ewda, but they are supposed to be much smaller than y and y’ here. Similarly, there may exist
Dirac masses to these fermions because ¢ is singlet for the anomaly-free U(1)’s in the low energy, but
the masses would be negligibly small against the Planck scale.
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and will not be considered for the SWGC. The scalar potential will be neglected hereafter
with an assumption that ¢ is sufficiently light at energy scales of our interest since the
scalar potential will be model-dependent. To check strong SWGC [GInl19] for ¢ is an
interesting issue, but this is left for future work and we focus on the SWGC for fermions
with non-trivial anomaly-free gauge charges. Here the anomaly-free gauge couplings are

given by
1 c? 1 c? 1

-—=—4+ =+ =+ —, B.4.5
e 92 g9 9 9 (B45)
1 1/¢? 1 1/c? 1

L L e 1 o
eX’ ga gb gc gd
In the presence of a very light ¢, the SWGC can be expressed as
1\° M2 Y2
2 2 2
(—1+C) ex + <1—|—E) Exr > m—i—?, (B47)

for a test fermion. Here, Y = y and M = yRe(p) for a Dirac fermion of ©4, + g,
whereas Y = ¢’ and M = y'Re(p) for ¢y + teq. A factor Y?2/2 is obtained because
of the canonical normalization of Re(y), and Im(y) contributes to the spin-dependent
interaction that is not 1/r*-force. If the scalar is sufficiently heavy, Y does not contribute
to the SWGC conditon owing to exponentially damping force and hence the WGC can
be easily satisfied. To reduce the number of parameters, we will set g, = g4 = g for
simplicity. In the next subsection, we will study this situation realized in the 5D orbifold

model. Thus this equation can be rewritten as

(1—c)? (1+1/c)? 1 Z 2
E PR PIE 12 T WA PR+ 52 1 2 Z 2(9) : (B.4.8)

Here, the masses are neglected because M /Mp; < 1 is numerically expected in the effective

field theory. Indeed, there is almost no change in appearance of the plots for M/gMp, <
0.1, where gMp, is expected as a cutoff scale [AHMNVO07], when the scalar is massless. It
is noted also that a gauge boson in either U(1)x or U(1)xs may be massive owing to the
Stiickelberg coupling and then either ey or ex: vanishes in Eq. (B.4.8).

In the top panels of Fig. B.7, we show the plots of the SWGC (B.4.8) in the (X,Y/g)-,
(¢,Y/g)- and (¢, X)-planes, where X = g*/g2+g*/g?. The each line saturates Eq. (B.4.8),
hence the allowed region exists below them. In the presence of the mass, the SWGC
is violated on each line. Note that these plots are symmetric under ¢ — —1/c owing
to the definition of the anomaly-free U(1)’s. A region for a large Yukawa coupling is
excluded by the SWGC. For a large X, the constraint becomes tighter. In other words,
a big discrepancy between gauge couplings is disfavored. It turns out that the constraint
becomes stronger near ¢ = 1 because either ey or eys vanishes then. We find also that
the constraint is independent of ¢ for special values of X = 2 and Y/g = V2. This is
because for X = 2 the left hand side of Eq. (B.4.8) becomes unity and hence for Y/g > /2
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Plots of the SWGC constraints in (X,Y/g)-, (¢,Y/g)- and (c, X)-

planes [AHT20]. The top panels plot the constraints of Eq. (B.4.8). The middle (bottom)
figures show the similar plots with exs = 0 (ex = 0), when U(1)x (U(1)x/) gauge group

survives in low energy limit. The condition is saturated on each lines, below which there

exist an allowed region. In the presence of mass, the SWGC is violated on each line.

the SWGC is then violated in the presence of the mass term. We can find also that the
constraint becomes weaker as the ¢ > 0 increases in the top-left panel for X > 2, because

either ex or exs gets stronger then whereas the constraint does not depend on ¢ for

X < 1. It is noted that in the string theory ¢ depends on the D-brane configuration and

the couplings depend on moduli fields with the fixed configuration. The middle (bottom)

figures show the similar plots with ex = 0 (ex = 0), when only a gauge boson of U(1)x

(U(1)x/) remains massless and mediates the long-range repulsive force. In these cases,
the condition of the SWGC tends to give tighter constraints.
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Fields | U(2) | U(1), | U(1).
A adj 0
U, [ 2| -1
U, 2 4 0 +1
AL 0 | adj 0
AL 0 0 | adj

Table B.2: Table of the field contents and their charges in 5D model for realizing U(1)*
gauge theory in 4D. Subscripts of U(2) representation for fermions are U(1) charges
against the overall U(1) € U(2).

B.4.2 A U(1)! model from S'/Z, orbifold and the SWGC

We consider a 5D gauge theory with U(2) x U(1), x U(1). on the S'/Z, orbifold for
realizing chiral fermions. The purpose of this subsection is to give a concrete Yukawa
coupling associated with the gauge coupling and a relation between gauge couplings as in
the previous subsection via the symmetry breaking of U(2) — U(1), xU(1)4 by an orbifold
projection. The fields contents and their representations are exhibited in Table B.2. The
5D action is given by

1 1 1 2 1 2
Ssp = d'zdy /=G5 | — —Rs — — tr(Fan)? — — (F9)* = — (F\9)
5D /J\/[4><5’1/Zg ray 5 2r2 5 262 r(Fun) 4@3( MN) 4@3( MN)
+ W (i) — My) Wy + W (i) — M) ¥.|, (B.4.9)

where M =0,1,2,3,y, Dy =V +iAy + iquﬁ\‘;) + Z'QCAS\Z) and ¢, and ¢. are the charges
of U(1), and U(1). respectively. 5D Chern Simons terms associated with 4D Green-
Schwarz mechanism is neglected as already noted. The field strengths are given by Fiy/n =
O AN —ONApy+i[Ay, Ay] and FJE;]\C,) = 8MA§$’C) —8NAS\Z’C) for the non-abelian gauge field
and abelian gauge fields respectively. The normalization of generator of U(2) is chosen
as tr(71,T,) = dap/2, hence the U(2) gauge field is expanded as Ay = %AS&) + "—;AS\‘}),
where 15 is 2 X 2 identity matrix and ¢%’s (a = 1,2, 3) are the Pauli matrices. Since the
covariant derivative is acting on ¥, as Dy V¥V, 2 iAy V¥, = i%AE&)\PQ + -+, U, has 1/2
charge against the overall U(1). This is similar to ., which has the opposite U(1) charge.
Here, U, . = (Y41, Ya,2) are doublets for the SU(2) and 1), are the 4D Dirac spinors.
The metric of My x S*/Z, is written by ds? = e g, dx"dz” +e** dy?, where o is the radion
field, and gives 4D Einstein frame. The size of S'/Z, is assumed to be 7L and we take
(o) = 0 without loss of generality. The graviphoton g, is dropped since it is parity odd
while the 4D graviton g, remains massless. Then, the massive graviphoton mediates the
short-range force among particles which have the Kaluza-Klein (KK) charges, and does
not contribute to the SWGC condition. On top of the usual periodic boundary condition
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of S, the orbifold boundary conditon is given by

PAM<x7 _y>P71 = nAAM(x7 y)7 AE\Z’C) <x7 _y) = UAAE\[/IJ’C) ('I? y)7 (B410>
qua,d(xa _y) = 75\I]a,d($7 9)7 (B411)

where P = diag(+1,—1) € U(2), na =1for M = p=10,1,2,3 and na = —1 for M = y.
Thus 4D massless modes read

A ip/V2 @ 40
AM:< a0 ) A=y AW A, (B.4.12)
77D¢11R7 waQIM ¢01R7 ¢02L- (B413)

where A == 1A + AP, ALY = 1AL — AD), o = —(GAY + AP)) /v/2 is the complex
scalar originating from the W-boson of y-direction'®, and the v, (¢r) is the left-handed
(right-handed) chiral fermion in 4D. It turns out that there exists the gauge symmetry of
U(1)gxU(1)yxU(1).xU(1)g. As seen from the zero mode basis in the U(2) gauge bosons,
we find matter charges for the gauge symmetry: As for (U(1)y, U(1)y, U(1)., U(1)q),
Cr = Ya @ (+1,-1,0,0), ¥Sr = e : (0,+1,-1,0), Yeor = e : (0,0,1,-1),
Yaor, = Yaa ¢ (—1,0,0,1) and ¢ : (0,1,0,—1). This is the same field content as in
the previous subsection, hence ¢ is a neutral scalar under anomaly-free U(1)’s and will
not be considered for the SWGC. The scalar potential will be neglected as previously
noted since the scalar potential including radion will depend on the model and the radion
stabilization. Deriving the scalar potential and checking the strong SWGC for this is left
for future work.
The 4D parameters are given by the 5D parameters with an assumption of (o) = 0. For
the details, see Appendix B.C. The 4D Planck mass is associated with the 5D gravitational
coupling k5 as

M3 == (B.4.14)

2 1 1 2L 1 7L 1 L
22 2 a2 2T 2T (B.4.15)
92 gb gd 92 ga ga gc gc

This is because we have the gauge kinetic term £ = —2/4g2 (Fﬁ,))2 —2/4g3 (Fﬂ))2 via the
symmetry breaking of U(2) — U(1), x U(1)4. With these, the anomaly-free couplings are
defined as previously:

1 c? 2 2 2

=t 2 B.4.16
& 92 @ @ @ ( )

5Here we define the complex scalar by multiplying the ordinary W+-boson by —i so that the effective
Lagrangian of the zero modes reproduces Eq. (B.4.4) after this orbifold projection.
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2 1/ 2

1 1/c?
e,

— , B.4.17
996 9 g ( )
where a free parameter c is a rational number.
The Yukawa couplings between ¢ and v’s are given by
/ g? g2
N > RN ( )

Here, y and 3’ are the same definition as in the previous subsection. This equation relates
the Yukawa coupling to the gauge coupling. In the presence of a light Re(¢) and the
radion, the SWGC inequality for zero mode fermions reads
2 2 2

(1— )% + (1 + %) €2, > % + (% + é) % (B.4.19)
where M has the same definition as in the previous subsection'® and 1/6 comes from
the radion exchange via ye 7/ ‘/EMP'Re(go)Ew with the canonically normalized radion
o, = \/B_/QMP]O'. We have neglected momentum-dependent terms induced by the radion
exchange with terms of 1¥y#93d,0. If Re(y) is sufficiently heavy, the yukawa interaction
in this equation can be neglected and the WGC can be then easily satisfied. Gravita-
tional interactions including radion exchange will be numerically neglected below as in
the previous subsection owing to the Planck-suppressed interaction within the effective
field theory. For M /g Mp; < 0.1 and p/goMp; < 0.1, where p is the momentum of a test
fermion, there are not significant differences compared to the plots shown below. Substi-
tuting the above couplings given by Egs.(B.4.16)—(B.4.18) to Eq. (B.4.19), we then find
the SWGC condition

(1—c)? N (1+1/c)?
(/2)(g3/92 + 95/92) + 2 (1/2c*)(93/ 92 + 93/92) + 2
This is also obtained when the parameters in Eq. (B.4.8) are replaced as g*> — g3/2 and

(Y/g)* — 1/2. This gives a constraint between ¢ and X = g3/92 + g3/g°.
As for the KK modes or the massive parity odd ones, a similar equation to Eq. (B.4.19)

> (B.4.20)

1
1

will be hold. It is noted that massive gauge bosons do not contribute to long-range forces
and all bosons including scalar zero mode are neutral under anomaly-free U(1)’s and
fermions with non-trivial gauge charges are considered for the SWGC. Parity odd fermions
of Yu11, Yaor, Ver and 1,0 have opposite charges to zero mode fermions. KK modes
of a field have the same charge as that of the lightest mode. Yukawa couplings that are
invariant under Z, projection are given by @eventeven@even, Peventodd®odd, PodatoddPeven,
where @oyen (odq) is an even (odd) parity scalar and ©eyen (¥0aqa) is an even (odd) parity
fermion. As massive scalars do not contribute to a long-range force, Yukawa couplings
relevant to the SWGC are associated with ©: ©evenWeven; PVoddWodda- After integration

16We have factored out the common radion dependence e~°.
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Figure B.8: The left panel: Plots of the SWGC conditons (B.4.20) in the (¢, X)-planes.
The condition is saturated on each lines, below which there exist an allowed region. In the
presence of mass, the SWGC is violated on each line. The right panel: A similar plot with
only U(1)x (red) and one with only U(1)xs (blue). These figures are from Ref. [AHT20].

over the extra dimension, we will find Yukawa couplings of ypi 1, in addition to KK
mass terms (n/L), ¥, + (n/L)Y’ 1! for n-th KK modes with the canonically normalized
kinetic terms (up to the radion dependence). Then n-th KK mass eigenstates will have
mass M? = (n/L £+ yRe(p))?. As the SWGC could be violated by heavy KK modes, it is
necessary to check whether lighter modes including the zero modes satisfy the SWGC.
Fig. B.8 shows the plots of the SWGC (B.4.20) in the (¢, X) plane. The each line
saturates Eq. (B.4.20), hence the allowed region exists below them. In the presence of
mass, the SWGC is violated on each line. The these plots are symmetric under ¢ — —1/c.
The left panel shows the constraint when there exists two anomaly-free U(1)’s. This is
very similar to the top-right one of Fig. B.7 for a small value of Yukawa. For a large
X, not only U(1), x U(1), gauge coupling but also Yukawa coupling o g, become much
stronger than g, or g., and hence there exist an upper bound on X. It is noted that in the
context of the string theory a large X may imply a big discrepancy among moduli VEVs.
In the vincity of ¢ = £1, matter becomes neutral against either one of the anomaly-free
U(1)’s, then the constraint becomes tighter. In the right panel, plots show the SWGC
constraint with ex = 0 or ex, = 0, when only the gauge boson of either U(1)x or U(1)x/
remains massless owing to a Stiickelberg coupling as often seen in concrete string models.

B.5 Summary

We have studied the (S)WGC in several types of quiver gauge theories with U(1)*
gauge symmetry in the presence of bi-fundamental chiral fermions leading to the chiral
anomalies, which is supposed to be canceled by the Green-Schwarz mechanism. The

theories which we consider possesses a cyclic Z;, symmetry associated with a shift of
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the label of the gauge groups. As a consequence of this, we can study anomalies in
the models systematically and the (S)WGC constraints on the gauge couplings. We
identified concretely the anomaly-free U(1)’s and their gauge couplings obtained via linear
combinations of the original U(1)’s. Then, Z; symmetry can be broken in general. In
the large k limit, an anomaly-free gauge coupling becomes very weak as e ~ k~/2, and
there exists an upper bound on k if the WGC is correct and the mass for a test particle
remains in the large k£ limit. This may be regarded as an example of the weak coupling
conjecture. For quiver theories with U(1)%~!, an unique anomaly-free U(1) is proportional
to Z?ﬁ;l U(1); and all matters are neutral under the anomaly-free U(1). There exist
charged matters in the presence of vector-like pairs, and Zg,_1 symmetry is broken then.
For quiver theories with U(1)* gauge symmetry, there exist two anomaly-free U(1)’s and
charged matters under these gauge groups, and Zs, symmetry is broken in general. Even
if the gauge couplings of the the anomaly-free U(1)’s receive quantum corrections, the IR
couplings will remain very weak in the large %k limit since U(1) couplings are generally
asymptotic non-free as far as the pertubation theory is valid.

We have numerically studied also the SWGC in U(1)* theory in the presence of a
complex scalar field, and construct a similar model based on a 5D orbifold. It turns out
that a much larger Yukawa coupling than gauge couplings is forbidden and also that a
big discrepancy among gauge couplings is disfavored. A special linear combination for
realizing the anomaly-free U(1)’s can be also be disfavored, since matter charge becomes
small then.

So far, we neglected kinetic mixings x;; F ;qu Jnv among gauge fields. If we have such
terms, we may have a kinetic mixing of yF iiF X'w where y ~ Zf i Xijcicj, for anomaly-
free U(1)x = Y, ¢U(1); and U(1)x: = ). ;U(1); with ¢;'s = O(1). If the mixing x is
at most of O(k*27) (a > 0) in the large k limit, the WGC can still be violated as in
Section B.3. This is because the canonically normalized mixing is given by eyxex:x and
hence an induced coupling of a fermion to an anomay-free gauge field is proportional to
edexrx or exei x that are scaling as k= then. However, if x = O(k?) in the large k
limit, the WGC can be satisfied.

In the Section B.4, the scalar ¢ is a singlet under the anomaly-free gauge groups, and
we did not discuss the detail of the scalar potential in addition to the radion. Hence it
may be an interesting challenge to check the strong SWGC within a fixed model. This is
left for future work.

It will be worth to investigate the (S)WGC in theories with more general gauge groups.
In actual string compactifications, the number of closed string axions is known to be finite
and depends on the Hodge number of compactification manifold. Some of the axions play
an important role to cancel anomalies through the Green-Schwarz mechanism. Hence,
the number of anomalous U(1) gauge theories, which is k£ —1 or k£ — 2 in our cases, should
be constrained by the number of such axions. If the anomalies are independent among
the anomalous theories, the number of anomalous U(1)’s can be less than that of axions
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for anomaly cancellation. Also in the string theory, the conjecture would constrain brane
configuration and moduli values. If one starts with 10D super Yang-Mills theory, 4D
effective action including an anomaly-free U(1) may be given by [CIM03, CIMO04]

S 0o
L= =g (Bl =~ 60+ (B.5.1)

where S is the 4D dilaton, 7 is a complex structure modulus, and a rational number
¢ originates from a linear combination of U(1)’s depends on brane configuration of the
number of branes and magnetic fluxes. The SWGC of ¢* > 4? (up to mass term) for

matter fermion may read

1
() *
However, it will be required a deep understanding of the string theory or concrete effective

field theories including (non-abelian) Dirac-Born-Infeld action to study the SWGC con-
straints on moduli space for consistent gauge theories in the presence of the Green-Schwarz

S

(B.5.2)

mechanism. This is also left for future works.

Appendix B.A Anomalies in string-inspired (SUSY)

gauge theories

We discuss anomaly-free U(1)’s in U(N)* quiver gauge theories inspired by the string
theory. We focus only on certain types of quiver theories considered in Section B.3 in this
section. Hereafter, N, denotes the rank of the gauge group of U(N,) at the a-node, and
nga, shows the number of bi-fundamental matter fields which correspond to that of arrows

connecting between a-node and b-node in the quiver diagram.

B.A.1 U(N)3

We consider a U(N)? quiver gauge theory as shown in Fig. B.9, and identify an
anomaly-free U(1). To this end, we calculate chiral anomalies and mixed anomalies. Then,
we find the constraints on the ranks of gauge groups and the numbers of generations.
For a consistent theory, the non-abelian cubic anomalies Agsy(x,, ) give the following

constraints,
Asun.ys <(MapNy — neaNe) = 0, (B.A.1)
ASU(Nb)3 Oc(anNC - nabNa) = 0, (BAQ)
Asun.yz X(neaNa — npeNy) = 0. (B.A.3)
With these equations, the ranks of the gauge groups are related as
N,="N,eN, N,=_“N,eN. (B.A.4)
Nab Nab
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Figure B.9: A quiver diagram of U(N)? gauge theory [AHT20].

Thus, we find N, = N, = N, for ng = npe = neq. The divergences of the chiral currents
3¢ for U(1),p. are given by

d- ja = Na(anabe - Ncnach) + Na(”abNb - ncaNc)Qa + AU(l)aG27 (BA5)
0- jb = Nb(Ncnchc - Nanaan) + Nb(nchc - nabNa)Qb + AU(l)bG27 (BAG)
0 - jc = N0<NancaQa - anchb) + Nc(ncaNa - nchb)Qc + AU(1)5G27 (BA7)

where Q, = QU(1)1+N%QSU(NI), Q% = #e““patr(Fﬁﬁ)Féi)) forz = a,b,c, and tr(T"T7) =
6% /2 for U(N) generators T"’s. These include anomalies of U(1)3, U(1)SU(N)? and the
mixed anomalies between the gravity and U(1)’s, which are denoted by Avy,.c2- We

impose that they are vanishing:

‘AU(l)aG2 X Na(nabNb - ncaNc> = O, (BAS)
AU(l)bG2 & Nb(nchc - nabNa) =0, (B.A.g)
AU(I)CGQ X Nc(”caNa - nchb) = 0. (BAlO)

This is the same condition as in the non-abelian anomalies. There are not exist charged
fields under all (U(1),, U(1), U(1).), then the anomaly between U(1),U(1),U(1). vanishes
automatically. Then we find

a : ja = a(anabe - NcnacQC)a (BAll)
a : jb ENb(Ncnchc - Nanaan), (BA]_Q)
- jc ENC(NancaQa - anchb)- (BA].S)

To identify the anomaly-free U(1) we define it as

U(l)x = ;—‘;U(na +

Cp Ce
N U+ U (B.A.14)
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Figure B.10: U(N)* quiver diagram [AHT20].

and we impose that the divergence of the current associated with U(1)x vanishes

9% = Z cia.jx

Ny
r=a,b,c
= Na(ccnca - Cbnab)Qa + Nb<canab - Cc”bc)Qb + Nc<cbnbc - Canca)Qc =0.
(B.A.15)
From this equation, the coefficients satisfy the following conditions
Ca = %cc, cp = ncacc. (B.A.16)
ab Nab

We take c. = 1 and use Eqs. (B.A.4) and (B.A.16), then the anomaly-free U(1) is given
by

Ul)x = —(U1)a+UQQ),+ U(1).). (B.A.17)
It is noted that all fields are neutral matter under this anomaly-free U(1). The anomaly-
free gauge coupling is given by
1 1 1 1

2 _2+

- — —. B.A.18
e 92 9 92 ( )

B.A.2 U(N)

In this case, we impose that the anomaly coefficients of non-abelian cubic anomaly are

vanishing:
Asv v,y <(napNo — naaNg) = 0, (B.A.19)
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Asu gy X (=napNg + e N + npaNg) = 0, (B.A.20)

Asvnys o<(—=1weNp + nealNa) = 0, (B.A.21)

Asungys <(ngaNa — 1Ny — neaNe) = 0. (B.A.22)
Solving these equations, we find that the ranks of gauge groups and the numbers of
generations have the following relations,

Nq
N, = e

N,eN, N,=_d {Na - (nbd)Nd} N, _do_ led (B.A.23)

Nab Ned Tab Uz Tpe

The cancellation of the mixed anomaly between the gravity and U(1)’s imposes the same

constraints as above:

Av).c2 <Na(napNy — ngaNa) = 0, (B.A.24)
.A 1),G2 O(Nb( nabN + nch + nbde) = O (BA25)
Avy.cz <Ne(—=npe Ny + neaNg) = 0, (B.A.26)

( ( )

.A U(1)4G? O(Nd nda a = nbdNb — nchc) =0.
The divergences of the U(1) currents are expressed as

Q- ] =No(NpnapQs — NangaQa), ( )
=Ny(—NanapQa + NynpeQe + NanpaQa), (B.A.29)

d- JC :N( Nynpe@Qp + NaneaQa), ( )
=Na(NandaQa — Ny1paQp — NeneaQe), ( )

where we used vanishing conditions of non-abelian anomalies. We define the anomaly-free

U(1) by the following equation as in the previous subsection

Ce
U(l), + EUG)C +

Cd

UM (B.A.32)

and impose the current divergence associated with this U(1)x is vanishing

Co o
Z F@ - J* = No(—cpnap + nanda)Qa + No(Caltap — clipe — Canipa) Qo

T
r=a,b,c,d

+ Ne(epnpe — Canea) Qe + Na(—CaNda + cobd + CcNea) Qua
=0. (B.A.33)

Solving these equations for the coefficients c¢,, we get the following relations

cp = ndacd, Co = flda [ca — (%) cd}, flda _ Tled (B.A.34)

Nab Ned Nap Nab Npe

From Egs. (B.A.23) and (B.A.34), the coefficient ¢, (or ¢;) is a free parameter. In oder to
solve these equations, we shall impose some assumptions. Here we will list some examples
satisfying these equations.
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e VN=1

— Npg = 0
A solution is

Na = Nb = NC = Nd = 1, Nab = Npe = Ned = Nda, Npg = 0. (BA35)

This is similar to the quiver gauge theory shown in Fig. B.5. The two indepen-

dent anomaly-free U(1)’s are generally given by Eqgs. (B.3.23) and (B.3.24), and

the corresponding gauge couplings are expressed as Eq. (B.3.25) and (B.3.26).
— Npg = 2

A solutions is given by

No=Ny=N.=Ng=1, ng =ngg = —Npe = —Neqg =1, mMpq = 2.
(B.A.36)

The minus sign represents the opposite arrow of Fig. B.10. The independent
anomaly-free U(1)’s are defined by

U)x =cU(1)y +UL)y+ (2= )U(1)e + U(1)a, (B.A.37)
Ul)x = Z — ?U(l)a +U(1), + i—iU(UC +U(1)q. (B.A.38)

For these anomaly-free U(1)’s, bd matters are neutral. The anomaly-free gauge
couplings are given by

1 2 1 2 —¢)? 1

== _2+( 2‘3> + 5 (B.A.39)
€ Y2 9 [7 94

1 c—3\>1 1 c+1\*1 1

T:( >—2+—2+( )—2+—2. (B.A.40)
X c—1) gz g c—1) g2 g

o Vin|=1
A solution is given by

Nb = Nd = 2, Na = Nc = 1, Nagp = Ngg = Npd = —Npe = —Ned = 1. (BA41)

The independent anomaly-free U(1)’s for this solution is defined as

1 1
Ul)x =cU(1), + §U(1)b +(1-cU(1).+ §U(1)d, (B.A.42)
2c—3 1 2c+1 1
Dx = Do+ =U(1 De+=U(1)g4. B.A4
U(1)x = U1+ 5U (W + s U (D + 50 (D (B.A.43)
bd matter is neutral for these anomaly-free gauge groups. The gauge couplings are
given by
1 AA1/2  (1—c¢)? 1/2
o = 5yttt 5, (B.A.44)
eX ga gb gc d
1 2c-3\’1 1/2  [2c+1\’1 1/2
. :<C )—2+LQ+<C >—2+L2. (B.A 45)
exr \4c—=2/) g, g 4e=2) g2 9ga

It is noted that a coefficient of 1/g; , is given by 1/2 = Ny 4 - (1/2)? for Ny q = 2.
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U(1)4 U3

Figure B.11: The left panel: U(2) x U(1); x U(1)y quiver diagram. The right panel:
U(1); x U(1)y x U(1)3 x U(1)4 quiver diagram obtained from U(2) — U(1); x U(1)s by
the Higgs mechanism. The dashed quiver shows bi-fundamental scalars arising from this
symmetry breaking. These figures are from Ref. [AHT20].

Figure B.12: A quiver diagram of left-right symmetric Pati-Salam model [AHT20].

Appendix B.B Models inspired by the SM

We consider two quiver models with U(1)? and U(1)® symmetries inspired by the SM.
These are different from the models exhibited in the Section B.3 in terms of chiral fermions.
We show just that the anomaly-free gauge couplings are still given by a linear combination
of the original couplings. The SM might not originate from a gauge symmetry that has
too many U(1)’s.

B.B.1 A model inspired by Pati-Salam

We shall consider the U(1)* gauge theory shown in the right panel of Fig. B.11. Tt
is noted that we have two left-handed fermions charged only under U(1); x U(1)4, and
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there exist six chiral fermions and two complex scalars. This model is obtained from
three nodes model of U(2) x U(1); x U(1), in the left panel of Fig. B.11 by the Higgs
mechanism of U(2) complex adjoint scalar whose VEV is given by (®) = diag(v, —v). This
can be regard as a toy model of left-right symmetric theory obtained from the Pati-Salam
model [PS74, MP75,SM75] as in Fig. B.12.

The U(1)* model has two anomaly-free U(1)’s and non-trivial charged matter fields,
but we focus only on the relevant gauge couplings. The detail of the anomaly cancellation
is discussed in Appendix B.A. The divergences of U(1) currents are given by

41 0o o0 1 -1\ /O
) o
o A I R N A (B.B.1)
3 1 -1 0 2|
4 1 1 -2 0/ \Q
and we define two independent anomaly-free U(1)’s with a free parameter ¢ as

Ul)x = cU()1+ (2= cU(1) + U(1)s + U(1)s, (B.B.2)
3—c 1+c¢

V() = 3= S0 ()~ 1250 + U+ U(1)s (B.B.3)

Two chiral fermions charged only under U(1)s x U(1), is still neutral but other fermions

have non-trivial charges under these anomaly-free U(1) gauge groups. The corresponding
anomaly-free gauge couplings read

1 A& (2-¢* 1 1

= =+

& @ g3 95 93

1 3-¢c\%1 1+e\?1 1 1
X 1—c/) gi I—¢c/) 95 95 i

These gauge couplings are given by linear combinations of the original ones, and when
U(1); x U(1)q is unified to U(2) we find g, = go.

(B.B.4)

B.B.2 A model inspired by the SM

Another example is a model in Fig. B.13 that is inspired by the SM-like model in
Fig. B.14.'" The divergences of chiral currents are given by

gt 0 -2 1 0 1 o
52 2 0 -2 2 =2|1®,
o-|#l=1-1 2 0 -1 0 Qs | . (B.B.6)
g 0 -2 1 0 1 Q.
5° -1 2 0 -1 0 Qs

1"The authors of Ref. [VWO07] discussed the world-volume theory on a stack of D3-branes reproducing
the field content of the minimal supersymmetric standard model with extended Higgs sector in a quiver
extension.
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Figure B.13: A diagram of quiver gauge theory inspired by the SM [AHT20].

Figure B.14: A quiver diagram of the SM-like model [VWO07]. This figure is from
Ref. [AHT20].

We find three anomaly-free U(1)’s and they can generally be written as
U(l)X == ClU(1>1 + U(l)g + CQU(1)3 + (2 — Cl)U(1)4 + (2 - CQ)U(1)5, (BB?)

with two free parameters of ¢; and ¢y which will be a rational numbers. The parameters
of ¢;’s are taken as a gauge group is orthognal to each other. Then the fermions have
non-trivial charge in this anomaly-free U(1)’s, but we focus only on the gauge couplings.
The relavant gauge coupling is given by

i ﬁ 1 C_% (2 — Cl>2 I (2 — 02)2

T
e 91 9 93 93 g2

(B.B.8)

As mentioned earlier, an anomaly-free coupling can contain more of the original couplings

as the number of U(1)’s in a theory increases.
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Appendix B.C Orbifold compactification

Let us dimensionally reduce the 5D action in Eq. (B.4.9) and show the gauge couplings
and Yukawa couplings in 4D. The metric of My x St /Z, is written by ds? = e~ g, dz*dz” +
e2?dy?. Thus, the vielbein is given as

—0/2,a
B4y = (6 < g) : (B.C.1)
e

where A and a represent 5D and 4D local Lorentz indices respectively, and e®, is the
4D vielbein. The off-diagonal element of the vielbein is absent because the orbifold pro-
jection prohibits the graviphoton. It is noted that 5D fermion kinetic term is given by
UTAELMD,y U, where E4™ is the inverse matrix of E4,,. Using these equations, we
obtain 4D action for massless modes in Egs. (B.4.12) and (B.4.13):

L 3
S4D:/d4xv—g4 [—F dre 2(8 U)
5

17wLe’ 17Le’ 17wLe’ 17wLe’ 7TL6_2"
— = N2 - (F)2 FOy — 2 ——(Fld)2 D, l?

4 gg ( ,ul/) 4 g% ( uu) 4 g ( ,ul/) 4 g2 ( ;,Ll/) + 2 ‘ M('p’
+ 7TL6_U/2i%lD77/)ab + WL@‘U/Qi%lDI/Jda + WLe_”/Zi@lﬁ@/ch + WLe_”/%%lowc

wLe 2% — N wLie % — —
- TSDR(wgﬂﬁda + wdawﬁ,) - T@I(?ﬁgﬂﬂda - ¢da¢,§,)

7rLe_2" wLie %0 c

\/i @R(wbcde + dewbc) \/5 (pf(wbcwtld dewbc) - V<U7 ()0) ) (BC2)

where D), = 0, + 1 5 0pea quELj) is the covariant derivative associated with the gauge
group U(1), x U(1)y x U(1). x U(1)g, and the chiral fermions v;; are defined in Sec-
tion B.4.2. The four dimensional Ricci scalar is denoted by R4, and ¢ = @g + ip; is the

complex scalar. We introduce the scalar potential V (o, ) formally.'®

Thus, the gauge
couplings are given as in Eq. (B.4.15).
In order to find the relation between the Yukawa coupling and the gauge coupling, we

canonically normalize the fermion and the complex scalar as

60/4 9260
Vi — ﬁ%p » — \/W_LSO' (B.C.3)
Then, the kinetic term is rewritten as
/2T —_— 11—
Le™Pitpig Dig — ithi; Py — 507" 401,00 (B.C.4)

18 At the classical level, the scalars o and ¢ do not have potential due to the gauge symmetries, but the
potential can be generated by the radiative corrections. In addition, we assume the radion field develops
the VEV of (o) = 0 around the radius L.
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Hereafter, we will ignore the derivative coupling of the radion to the fermions. The Yukawa

interactions are expressed as

Lt = ~ 2 (T + Tt ) — 2 oy (UG Gant)
4D,Yukawa — R\%¥qp¥da da%ab) — I\¥ap¥Pda — ¥daW¥Wa
V2L b ’ V2rL b ’
B goe™/? ot /2

PRV e + Deathl) + 01 (OCea — Deatl)-

V2rL V2rL

(B.C.5)

We introduce the Dirac fermions as

Vo = (%) e = (ch) . (B.C.6)
ab be

With these Dirac fermions, the kinetic terms of the anomaly-free sector read

1 1 /
Lipxr = _E( ,Si{))z - @(Fﬁ( ))2 + (8M90R)2 + (8u901)2
+ i%ﬁ% + Z%@wca (BC7)

where we neglected gauge bosons in anomalous U(1)’s, the anomaly-free gauge couplings
are defined by Egs. (B.4.16) and (B.4.17). As shown in Table B.1, the covariant derivatives

of the Dirac fermions associated with anomaly-free U(1)’s are expressed as
1 /
Dytha = {@L +i(—=1+ A — z'(l + E) AX >] Pas (B.C.8)
1 /
Dytpe = [a# —i(=1+c)AY) +¢(1 - E> AX >] e (B.C.9)

The charges of 1, and . under U(1)x and U(1)x are opposite to each other due to the
4D anomaly-free conditions. With the Dirac spinor, the Yukawa terms in this Lagrangian

are rewritten as below:

LD vukawa = —Y€ " 20rUatba — iye " 20 11av51a
— ye~ 2 optbe + iye™ " 0105 e, (B.C.10)

where the 4D Yukawa coupling is defined as

g2
= ) B.C.11
V= ( )

168



Appendix C

Leptonic CP asymmetry and Light
flavored scalar

C.1 Matter-antimatter asymmetry and type-I see-

saw model with flavored scalar

The Standard Model of particle physics and cosmology still have some mysteries,
e.g., the nature of dark matter, the source of matter-antimatter asymmetry, the origin
of neutrino masses, and so on. An attractive idea to realize tiny neutrino masses is
the seesaw mechanism with Majorana right-handed neutrinos [Min77, Yan79, GMRST79],
called the type I seesaw. The additional Majorana fermions can also be the origin of
matter-antimatter asymmetry via their decay, the scenario called leptogenesis [F'Y86].

The baryon asymmetry in the present universe is measured by the cosmic microwave
background observation [A*20a] as

Yap = —— = (0.852 — 0.888) x 10717, (C.1.1)

with the number density nap and the entropy density s. In the leptogenesis scenario,
the right-handed neutrinos generate the lepton asymmetry, which is then converted to
the baryon asymmetry [KRS85] via the sphaleron process [KM84]. In the simplest lepto-
genesis, the interference between the tree-level and one-loop level right-handed neutrino
two-body decays gives a source of the asymmetry, which is determined by neutrino Yukawa
couplings. On the other hand, Refs. [AS98, Ham02, DBDKZ20, AKS20, BDM20, LDR14]
also discuss possibilities of tree-level leptogenesis by considering various extensions of the
neutrino sector.

In this chapter, we focus on a possibility of flavorful light scalar for the lepton asym-
metry generation. This is a minimal scalar extension of the type-I seesaw model by
introducing a SM singlet scalar interacting with the right-handed neutrinos. This kind of
scalar may be motivated by some dynamical origin of Majorana neutrino mass scale, but
in this work we do not specify it and investigate the general form of scalar interaction
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to the right-handed neutrinos. In this setup, we study the tree-level leptogenesis via the
right-handed neutrino three-body decays with this flavorful scalar field.

This chapter is based on Ref. [ATY21] and the rest parts are organized as follows.
In Section C.2, the model we focus on is introduced and we derive the decay widths
and the asymmetry parameters of the two-body decay processes. In Section C.3, the
three-body decay widths and the asymmetry parameter are evaluated and we give their
approximation formulae. In Section C.4, we discuss the behaviors of the lepton asymme-
try and its approximated relic value by solving the Boltzmann equations, and show the
allowed parameter spaces of this model. We also give some comments on the dynamics
of the additional singlet scalar field and its realization in some phenomenological models.
Section C.5 is devoted to the summary of this chapter.

C.2 Lagrangian and two-body decay

In this work, we denote the right-handed neutrinos as /N; in the mass diagonal basis.
They are the Majorana fermions with the Majorana masses my,. An SM gauge singlet
scalar x is introduced and assumed to have the coupling to the right-handed neutrinos.
The lagrangian we consider is

I B 1 )

The coupling constants ;; are 7, j symmetric and generally complex-valued. They can be
decomposed into the scalar (real part) and pseudo-scalar (imaginary part) couplings to
N;. As discussed in Ref. [CI01], with the seesaw relation, the neutrino Yukawa coupling
y” can be generally parameterized as

V2i
Y’ = Vv My Ry/m, U s, (C.2.2)

with the Majorana mass matrix My = diag(my,, mu,, my,) and the neutrino mass matrix
m,, = diag(my,, my,, m,,), and the neutrino flavor mixing matrix Uyns. v =~ 246 GeV is
the electroweak scale. For the neutrino masses and mixing angles, we use the experimen-
tally observed values summarized in Ref. [Z720]. R is an arbitrary complex orthogonal
matrix describing the degrees of freedom of neutrino Yukawa couplings which cannot be
reached with the seesaw relation. We parameterize R as

1 0 0 coswiz 0 sinwis coSwia Sinwig 0
R=10 -coswy sinwss 0 1 0 —sinwyy coswiz 01,
0 —sinwsgs COSwa3 —sinwiz 0 coswis 0 0 1

(C.2.3)

introducing the complex angles w;; (called the Casas-Ibarra (CI) parameters in the fol-
lowing).
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Through the neutrino Yukawa coupling, the right-handed neutrinos interact with the
SM thermal bath. For the two-body decay of N; to the SM particles, the partial widths
at tree level are given by

v, vl

yz] y]z

. 2.4
167 — .~ Mn;, (C )

UNisrm =Unisr,m =

where L, H means the corresponding anti-particles. We denote the total width of the
two-body decay via neutrino Yukawa coupling as

T = Z(FNﬁLjH + FNi—>EjH)- (C.2.5)
J
When my, > my, +m,, a heavier mode N, can also decay to N; and x via the off-diagonal
coupling &15 and its width is evaluated as

5 ](Im§12)2

FN2—>N1X =

mpy, \/)‘(m?\fwm?vlvmi) { [(1 B le)Q _ my
N-

167 my, MmN, ,
2
M, 2 _ N 2
+ [(1 + mN2> m?vj (Re 1) } (C.2.6)

with the kinematic function \(z,y, z) = 22 + y* + 2% — 22y — 2yz — 2zx.

As we will see in the following, the decay of the lightest N; is dominated by the
two-body decay, but for a heavier mode the resonant contribution of three-body decay is
comparable to that of Ny — Njx. Then the total decay widths I'y, of the lightest and
heavier right-handed neutrinos are generally written by

Iy, ~ T4, Tn, = Do 4 Ty + Ta, (C.2.7)

where I'; are the three-body decay widths of N; and will be described in the next section.
The CP asymmetry in the ordinary leptogenesis comes from the interference of the
right-handed neutrino’s two-body decays (the tree-level and the right two diagrams in

Fig. C.1), where the phases of neutrino Yukawa couplings play an important role. The

asymmetry parameters €§LH) associated with this interference is evaluated as (for a review
[DNNO8]),
I'y. — Ty
gZ(LH) _ N;,—LH N,—LH Zlm v VT g(m?vj/m?\fz)a (628)

I'n,—rm + FNZ-—>EH m(y ?JVT

where g(z) in the SM is given by g(z) = v/z[2=2 — (14 z)log (££)]. It is noticed that,

. . ~(LH)
when w;; are real or pure imaginary, €;

vanish and the two-body decay via the neutrino
Yukawa loop does not generate the CP asymmetry.
In addition to the SM particle loops, lighter right-handed neutrinos and the scalar field

X give an additional asymmetry in the two-body decay of heavier right-handed neutrinos.
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Figure C.1: The one-loop two-body decays of a right-handed neutrino N; to the SM fields.
(Left) from lighter right-handed neutrinos and the scalar x. (Middle and Right) from the
SM loops.

The left diagram in Fig. C.1 shows the relevant one-loop contribution to the N; decay.
The asymmetry reads from the difference between the decay widths to particles and anti-
particles,

ATy = | Mo+ M| = |MS +

(C.2.9)

where ./\/l(()c) denotes the amplitude of the tree-level decay to the (anti-)particles and Mﬁc)
that of the one-loop diagram including y, respectively. This is evaluated as

4
my. 1
ATy, = — dr Im(log A% ) Im|[ fy Yyl C.2.10
" 4#2;,1%1—%/0 v Im(log A, Inlfu(x) 'y ), (C210)
where
Ay = w(x = Dm, + (1 — 2)m}, +am3, (C.2.11)
m
fu(z) = <§zk§m+€lk§m >x+§lk§kz +§lk§k1—Nl. (C.2.12)
Ni Nz mNi

In order to produce non-trivial asymmetry, the conditions ¢ # k for the interference and
A?ka < 0 are needed. The latter condition is satisfied if the internal loop particles N, and
x are lighter than the parent particle N;, and then only the case of it = 2, k =1 =1 gives
a non-vanishing asymmetry parameter. As a result, we obtain the N-x loop contribution
to asymmetry parameter

1

—I * v, vf
167 (5 y" )2z m €€y y e,

(C.2.13)

~(NX) —mN2 / v VT ~
€ dr Im ~
2 642D [JlZ( )Yy )21}

where x4 are the solutions for A?le = 0. In the latter approximation, we have assumed
the hierarchy my, < my,. The total CP asymmetry from two-body decay of the lightest
and heavier right-handed neutrinos are given by

g =&t g = &M L V0, (C.2.14)

With general complex phases of neutrino Yukawa couplings, €§LH)

are not necessarily van-
ishing simultaneously. In the following analysis, we simply assume that the CI parameters

are real or pure imaginary to examine the CP asymmetry effect of the flavorful scalar x.
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Figure C.2: The three-body decay of a right-handed neutrino N; at tree level including
the scalar .

C.3 Three-body decay for asymmetry

When there exist a scalar y and its (pseudo-) scalar coupling to the right-handed
neutrinos N, non-trivial CP asymmetry can be generated at the three-body decay N —
LHy (Fig. C.2). Its amplitude is

v 1 *
My pmy = — g, (k)Y Pr g—m(&iPR + & Pr)un; (p), (C.3.1)
% - PNk
where my, = my, — il'n, /2. The initial and final state momenta p, k; are shown in the
figure (¢ = k1 + k3). The renormalized mass parameters are mj’ = m3, — I'} /4 for

I'y, being the width of the resonance N;, but we quantitatively drop any difference of
O((T'/my)?) throughout this chapter. Summing up the final charged-lepton flavor and
gauge charge, the three-body decay width becomes

2 2
(yry Dy o)™ plmale 1
Unispmy = E T dm dm — -
o k1 256#3m?\7i 0 . [m3,]- * (miy — m]\%)(m%Z - m?vk)

2/ 2 2 2 _ _ 9
X [&zézimu(mu + Mo3 — mX) + (Curima, + f:szim}FVl)mNimw

i, (M, — m3y)] (C.3.2)

The invariant mass parameters are defined by m?2, = (ki + ko)?, m2; = (ko + k3)?, and

the maximum and minimum values of m3, with a fixed s are given by [Kum69,Z"20]

M = 5 [mk, + m2 —my & JAmE, m2,my) | (C.3.3)

2
The three-body decay to the anti-particles I'y,_ iz, is evaluated in the same manner.
The total decay width and the CP asymmetry parameter for the three-body decay are

defined by

. FNi—>LHX - Fm-@ﬁx

F'i = FNi%LHx + FN¢—>EHx7 €; (C34)

 Tnsray + Uiy
In the following, we will discuss dominant contributions to the widths and asymmetry
parameters and their approximate forms.
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C.3.1 The lightest mode

Among the intermediate states N, the lightest one Ny generally gives the dominant
contribution to the Nj three-body decay, i.e., the i = k = [ = 1 part in (C.3.2). For a

typical hierarchy of mass parameters, m, < my, < my,, the Ny decay width reduces to

1 le vV UV le

Fg Dy @(y Y T)11 [|§11|2 + Re(&%)] 10g< My >> (C.3.5)
which is mainly determined by the diagonal coupling &;;. Compared with the two-body
decay Ny — LH, the width is multiplied by a factor ~ (&1)?/4m log(my,/m,), which
can be of order one. If &7 is negligibly small, the width is instead given by the k =1 = 2
part,

3
i ~ ﬁ%(yyy”bﬂ&zﬁ (C.3.6)
The CP asymmetry, the difference between the decay widths to particles and anti-
particles, is usually described by the quantum interference of processes with different
intermediate states. For the current three-body decay, such interference occurs from the
diagrams with different intermediate neutrinos Ny, (k # 1), that is, the cross terms in
the amplitude squared. It is important that, in addition to this usual asymmetry, the
present model induces CP asymmetry from a single diagram with one intermediate state.
For example, we find the N; three-body decay with virtual N; generates a nonzero CP
asymmetry parameter

(1) Im(&3)) 'y,
&11|2 4+ Re(&)) 2my,

(C.3.7)

which is irrelevant to the Ny physics at the leading order. (This is the approximate
formula for m, < my, < muy,. The exact form of asymmetry parameter is found in
Appendix C.B.)

The non-vanishing “interference” from a single diagram (C.3.7) is a characteristic
feature of the present decay mode and its origin is understood by the amplitude form.
The three-body decay amplitude (C.3.1) contains the factor Pr(¢ + mn)({Pr + £ Pp)
between the initial and final spinor wavefunctions. The first projection Pr comes from
the Yukawa (chirality-violating) vertex, the second factor (¢ + my) the propagator of
heavy unstable fermion, and the third one ((Pgr + £*Pr) means the Majorana fermion
vertex. The chirality structure implies this factor is divided into two pieces my¢& and
¢&*, and hence the squared amplitude generally contains a cross term of these two pieces
(Fig. C.3). Further the corresponding decay width to anti-particles is obtained by the
replacement of couplings £ <> £* (and y” <> y**, Pr <> Pp). In the end, the interference
of these two pieces leads to the CP asymmetry proportional to Im(£?) Im(m), appearing
in the numerator of (C.3.7). We thus find that this CP asymmetry from a single decay
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Figure C.3: CP asymmetry (cross term) from a single amplitude squared.

process is generated in the presence of a chiral vertex, a unstable intermediate state, and
a complex decay coupling. The three-body decay of a right-handed neutrino to the SM
particles plus scalar is an interesting realization of all these criteria satisfied.

The interference of different intermediate states also contributes to the CP asymmetry

as usual, and its approximate form is found
L2 mn, L' n, Im[(yyny)l2€12(2€11 + 35?1)]
' 8mR, (v [|€nl? + Re(&))] log(Tt)
Which contribution (C.3.7) or (C.3.8) is the dominant CP asymmetry depends on the
model parameters.

(C.3.8)

The k = [ = 2 part in the N; decay width only gives a subdominant CP asymmetry
in almost case due to the large my, suppression.

C.3.2 Heavier modes

A heavier right-handed neutrino than N; can also generate CP asymmetry at its
three-body decay. A lighter intermediate state, e.g., N7 meets the resonance around its
mass m2, ~ m?vl and then the amplitude is largely enhanced. There are two types of
enhancement in the decay width (C.3.2), the k = [ = 1 and cross terms. The enhanced
contributions to the decay width are evaluated with the narrow width approximation. For
the £k = [ =1 part, we obtain

F(ll) _ MmN, v, vt \/)\ 2 2 2
2 12873m3, Tn, (7Y Dy My, mig, m3)
X [[€12*(mRy, +m3, —m?) + 2Re(&F,)my,my, ], (C.3.9)

where we have neglected O((FNl)Q) terms. In the limit m, < my, < my, and 'y, = Iy,
) 5

the Ny resonant contribution (C.3.9) is equal to 1I'n,—n;y. (The prefactor 3 implies I'y
contains the decays both to particles and anti-particles.) We also find the cross-term
contribution is relatively suppressed than the £ = [ = 1 one. The enhanced on-shell decay
(C.3.9) is controlled by the off-diagonal coupling £12. When &5 is negligibly small, the Ny
three-body decay width is dominantly given by the non-resonant £ = [ = 2 part and its
approximate form is

(22)  MN2 mn,
Ly = @@ (] T)22[|f22!2 + Re(£§2)] log( - > (C.3.10)
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The CP asymmetry of N, three-body decay is also generated by the resonant and
non-resonant parts. The asymmetry from the N; resonant part comes from the last term
in (C.3.9) and reads

(11) my v vt 5 5 )

& = o T W iy AR s ) (o) (©311)
The usual interference of different diagrams also contributes to the asymmetry and is
approximately found

—my vov *
e ~ mlm (Y"1 21630610] (C.3.12)

in the limit my, < my,. This usual cross-term part gives a tiny contribution to the decay
width as mentioned above, but a possibly large one to the CP asymmetry parameter. The
exact form of asymmetry parameters from the resonant contribution is found in Appendix
C.B.

Similar to the N; decay, there is the CP asymmetry from a single diagram where the
unstable Ny is the intermediate state. In this case, the difference of the decay widths
to particles and anti-particles is the same form as in the N; decay, but the total three-
body decay width has several possibilities as described above. The resultant asymmetry

parameter from the Ns-intermediate diagram becomes

(2 o L0 vty ez () C.3.13
Among the above 3 types of €5, the leading contribution is generally given by the non-
resonant part (C.3.13) except for a tiny & (see Fig. C.4). We thus find for the N
three-body decay that the width is determined by the diagonal k =1l =1or k =1 =2
part, and the CP asymmetry is governed by the non-resonant k = [ = 2 part.

C.4 Lepton asymmetry with y scalar

C.4.1 Boltzmann equations

In this section, solving the Boltzmann equations in the present system, we discuss the
time evolution of yields and the washout effect of asymmetry.

In the following analysis, we apply for simplicity the single flavor approximation to
the lepton asymmetry, and write the yields of leptons and anti-leptons as

1 1
Yo=Yild gYan,  Yi=Y[' - Van, (C.4.1)

where Y7, denotes the yield of the lepton asymmetry. If one would like to include flavor-
dependent effects, a further detailed analysis with, e.g., the density matrix formalism, is
needed [GMP21], but that is beyond the purpose of this work. The SM particles including
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Figure C.4: A typical comparison of various asymmetry parameters. The approximate
formulae of these parameters are given in the text. (Left) |&1] = |€a2] = 107°. (Right)
|€11| = [€22] = 1. In these figures, the neutrino Yukawa couplings are roughly replaced by
the mass eigenvalues of neutrinos as (y”y"");; ~ (my,my,my,m,;)"/?/v*, and the complex
phases of couplings are assumed such that the asymmetry parameters take their maximal

values.

the leptons and the Higgs field are assumed to be in the thermal bath. In this setup, the
Boltzmann equations needed for the lepton asymmetry are given by

dYy, K T . Y, 1. _ Y, Yv, Y
B0, Kalmw /1) r1(1— Nl)——rlel AL+F1( L X)

H

eq
YNl

e~ Kolmw, T) ve) T2y Ty T
TR * T e (T Vi) (€42
dezl;\@ - ﬁmﬁ YTy (1 — iié) — %fm% + D(—% + %)
#Tie (73 - ) — Ty | (C49

where the dimensionless parameter z is introduced by z = my, /T, K,(z) denotes the
modified Bessel function of second kind, and off-shell scattering contributions are dropped
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N5 decay dominant | N; decay dominant

weak washout VR (1) Y (o0)
strong washout — YXYP (o)

Table C.1: Four possible patterns of dominant contributions to the lepton asymmetry.

for simplifying the analysis. For the three-body decay process, the on-shell contributions of
right-handed neutrinos are deducted in order to avoid the double counting when deriving
the Boltzmann equations (C.4.2)—(C.4.5).

The right-handed neutrinos are first generated by their interactions to the thermal
bath, and the lepton asymmetry and the scalar y are produced via the right-handed
neutrino decays. While the total amounts of the lepton asymmetry and y are related,
the washout (inverse decay) effect via the neutrino Yukawa couplings deduces only the

asymmetry. The Boltzmann equation for the lepton asymmetry approximately becomes

dy, 1 K , Y, 1/= Yy \ Yo,
ap N~ L Ea(myx/my;) Loy (Vi — 20} _L(p L p YAL |
dx — Hz Ky(my,z/my,) D & 2 Yy

where the €; terms have been dropped since we are interested in the asymmetry produced
by the three-body decay process. The first term of rhs produces the asymmetry via the
N; decay and the second term denotes the washout term. Depending on the N; or N,
decay process being dominant to the production and the washout effect being strong or
weak, there are four possibilities of the main lepton asymmetry as listed in Table C.1. We
also show in Fig. C.5 the typical time evolution of the yields corresponding to these four
patterns, respectively. The top panels in Fig. C.5 are the results for the weak washout,
and the bottom panels are for the strong one. Further, the Ny decay process is the
main contribution to the asymmetry in the left panels in Fig. C.5 and the Ny process is
dominant in the right panels. Roughly speaking, the relic of lepton asymmetry in the
bottom line is given by that in the top line times the washout suppression factor.

In the case that the freeze-in production from N, is dominant (top-left panel), we have
to take the washout effect into account (for the detail, see Appendix C.C.2). The lepton
asymmetry of this case is evaluated by

Z1 zZ1
YRE (1) :/ dx' Fo(x') exp {—/ da:"Wg(a:")], (C.4.6)
0 x’
where
1 Ki(my,x/my,) Y, \ YA, 1 Ki(z) Y, \ Y,
= Ty+T 2 Ty 4 It ) 22
We 2z Ko, /mn) \ 2T Qqu Yo i Kam) U 1qu 2

(C.4.7)

1 Ki(my,z/my,) Yy, 1 Ki(x) Y
Fp=— IS 2Y, — I'e | Y i Yy
2 Hx Ky(mpy,x/my,) 22| Fe T Yyt +H:BK2([L') e v Yyt

(C.4.8)

178



Yy
[Yarl >~ [Yarl

----- - RG]
------ YAL()]

----- - PRl

----- - AL
------ ALl

""" = IAP(e0)]

Y

—_— Yy,

Yy
[Yacl >

----- - YRG! i v Voo b e R

....................... FINCNI s T e
------ VL (o)l 5 . smemes V(oo
----- - AP0 |/ cmee | VNO(o0)]
n n n A L L L L
0.01 10°¢ 1074 0.01 1 100
my, /T my, /T

Figure C.5: The time evolution of the yields. In the top panels, the washout effect is
weak and the asymmetry is produced by the freeze-in mechanism of the right-handed
neutrino decays. The washout works well in the bottom panels. In the left panels, the
N, decay is the dominant production channels and N; dominant in the right panels. The
solid lines are numerical solutions of the Boltzmann equations [Eqs. (C.4.2)—-(C.4.5)]. The
orange dashed line is evaluated by solving the Boltzmann equations of Ny, x and AL
with Yy, = Yy,. The dot-dashed dark red, dark green and dark blue lines are given by
Egs. (C.4.6), (C.4.13) and (C.4.14), respectively.

45v10 Mpmp,Ty 4
x

Yy, = C4.9
Na 2W5gi/29§ m?\fl ) ( )
135 M2Zm%, Ty(T +T
= P, L e 2) 46, (C.4.10)
276, g% mg,
45v/10 Mpl'y 135 MEm3,To(Dnyosniy + o)
Y= — -+ 55— 3 28, (C.4.11)
2mhg, 2gS My, 2m8g. g2 my,
21 is given by using these Yy, and Y, as
_ 45 45
z1 = min(zn,, 2y ), Yn,(2n,) = Tigs Y, (z) = 915 (C.4.12)

S
9«

*

and zy, (2y) is regarded as the time of Ny () being close to the thermal equilibrium. The
washout gives the exponential suppression through e~/ W2(*) " On the other hand, if
the N7 process is dominant, the asymmetry is mainly produced by the ordinary freeze-in
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mechanism via NV decay such as the FIMP dark matter [HIMRW10] (top-right panel in
Fig. C.5). The relic of the lepton asymmetry is written as

135v10 MpI’ >
rli€ / dx IgKl (x) —
0

2759»1/29*5 m?\ﬁ

40510 Mplyie

1/2

Yl (00) a2
o drig gl m?\fl

(C.4.13)

If the washout is strong and dilutes the relic from the N; decay (bottom right panel
in Fig. C.5), the lepton asymmetry is evaluated as

NP (00) = /0 " i Fi(z') exp {— / " i Wl(:v”)], (C.4.14)

/

where the washout function of this case is given by

1 Ki(my,z/mp,) = Yo 1 Ki(z),= Yy,
Wi = 2 (T r 2 r )= C.4.15
DY KQ(mNQx/le)( 2t 2)Y§q+2HxK2(:c)( L 1)qu’ ( )

and we introduce the following function

1 Ki(mn,z/mp,) | P O 1 Ki(x) r+ I
F=— 2 LT Yil4+ — r Yyl (C4.16
YT Hr Ko(mp,x/myy,) 262 mn, N T Hzx Ky(x) U\ T me )

C.4.2 Parameter space

Based on the analysis of the Boltzmann equations in the previous subsection, we
discuss the parameter spaces of the model where the lepton asymmetry is properly gener-
ated. The Majorana masses of the right-handed neutrinos are fixed to my, = 10 GeV,
mpy, = 10" GeV, and my, = 10" GeV. Nj is heavy so that it is assumed not to join the
initial and final states of our considering processes. The scalar y is light and its mass is
assumed in this work to be m, = 1072 GeV, but its detailed value does not largely affect
the asymmetry. As for the CI parameters (the degrees of freedom of neutrino Yukawa
couplings), we consider the following two typical patterns of parameters:

(I) Real CI parameters
1 3

W12 = Z, W3 = ?, W13z = 0 (C417)
(II) Pure imaginary CI parameters
W12 = 2Z, Wo3 = i, W1z = 0. (C418)

With these parameter sets, the asymmetry from the SM particle loops vanish, €§LH) =0,
found from Eq. (C.2.8).
Fig. C.6 shows the relic of the lepton asymmetry Yay(oo) for

Re£:( 2 Ref”>, Imgz( : Im&?)- (C.4.19)

Re 512 10 Im 512 1
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Figure C.6: The density plots of the lepton asymmetry in the (Re &2, Im &;5) plane. The
left panel is the parameter space for the normal mass hierarchy and all the CI parameters
real-valued. In other two panels, the inverted mass hierarchy is assumed and the middle
(right) panel shows the parameter space with all the CI parameters being real (pure
imaginary). The light blue regions properly produce the observed baryon asymmetry in

the universe.

The light blue regions properly produce the observed baryon asymmetry. The CP asym-
metry parameters Eqgs. (C.3.7), (C.3.8) and (C.3.11)—(C.3.13) are roughly determined by
the large values in &2, which then lead to the contours seen in Fig. C.6.

The left panel of Fig. C.6 is the parameter space for the normal mass hierarchy of
neutrinos and real CI parameters, where the washout effect is less dominant. In this
case, larger values of couplings lead larger lepton asymmetry through the freeze-in like
production of N;. Then the lepton asymmetry reduces due to weaker couplings, but the
asymmetry becomes large again when &;5 is small enough. This is because the freeze-in
like production of Nj is dominant. If the washout effect works well as in the inverted mass
hierarchy, the lepton asymmetry is suppressed as shown in the middle and right panels
of Fig. C.6. When the CI parameters are real, the final value of the lepton asymmetry
tends to converge to a value slightly smaller than 10719 if ¢ are feeble couplings, which
means the relic asymmetry is determined by the neutrino Yukawa couplings. However
the washout is relatively stronger if £ is larger, and the relic is more suppressed. On the
other hand, the washout effect of neutrino Yukawa couplings works well and the lepton
asymmetry can only take a tiny value. In this case, an enough large coupling is needed for
a large amount of YAy produced in the early universe to explain the observed asymmetry
even when it is washed out. From these observations, the tree-level leptogenesis from
the three-body decay of right-handed neutrinos with a flavorful scalar does not favor the
inverted mass hierarchy of neutrinos.

We now discuss a singlet scalar x and its general form of couplings to the right-handed
neutrinos. If x is something like a pNGB associated with the lepton number symmetry,
the imaginary parts of the diagonal couplings &;; tend to be dominant. Keeping in mind
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Figure C.7: The density plots of the lepton asymmetry in the (Im&q,Re&y),
(Im &2, Re&sn) and (Re &1, Re&sn) planes with the parameterization (C.4.20). The nor-
mal mass hierarchy and real CI parameters are adopted for realizing Yarz(o0) ~ 10710

this fact, we take the coupling & as

B Refu 0 o 10_2 Imng
e (0 mes (10 m9).

The parameter spaces are shown in Fig. C.7 when Re &1, Re &y and Im &5 are assumed
to be the modifications to the imaginary diagonal elements. In this situation, the lepton
asymmetry is produced by the freeze-in mechanism of Ny or N5 as shown in the top panels
of Fig. C.5, and there exist the allowed regions between the parameter spaces of over- and
under-productions of the asymmetry.

On the other hand, the parameter spaces of the imaginary diagonal elements are shown
in Fig. C.8. For evaluating the lepton asymmetry in these planes, Im &;5 and one of Im &5
or Re &y, are fixed to 107! or 107°, and the normal mass hierarchy for the neutrino masses
is assumed. As seen from these figures, larger couplings lead to larger relic asymmetry,
similar to the above cases of the normal mass hierarchy, and Im &1, Im &y ~ 10~(2) are
favored.

C.4.3 Property of x scalar

In the present work, the scalar field y has two important property that (i) it has
the complex coupling &;; to the parent decay particles and (ii) its remnant Y, in the
present universe is large. That is a general result to have an appropriate order of baryon
asymmetry generated from the three-body decay including .

Let us first discuss about the coupling §;;. The analysis in the above shows that
&i; should be complex-valued so that the CP asymmetry is properly produced through
the three-body decay. Further the flavor-changing components &;; (i # j) can play an
important role for the leptogenesis. These nature of couplings put some constraint on the
property of the field x, for example, a dynamical completion in high-energy regime.
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Figure C.8: The density plots of the lepton asymmetry in the (Im&;;,Im &) plane for
the normal mass hierarchy. (Left) Im &, = 1071, Re&p = 1071, (Middle) Tm &5 = 1075,
Re§12 = 10_1. (R,lght) Im{lg = 10_5, Re 522 = ].0_1.

NGB :

A simple example for scalar couplings to neutrinos is the one whose VEV gives the
masses of right-handed neutrinos N;. If such a scalar is complex, the coupling has
the lepton number symmetry (the chiral rotation of ;) and the scalar VEV breaks
it. As a result of symmetry breaking, a NGB appears [CMP80, CMP81, GR81],
which couples to N; and can be identified to x. This is a typical and the simplest
dynamical realization of the present model. It is however noticed that, if the NGB
nature is exact, x is massless and its couplings to /N; are real and flavor diagonal,
ie., &; = ¢y, ¢ € R As mentioned above, such a too simple form of scalar
couplings is not suitable for generating the asymmetry.

Flavor-dependent interaction :

There are several ways to ameliorate the NGB problem, too simple &;;, found in
the above simplest setup. The first is to introduce multi scalars which couple to the
right-handed neutrinos N;. These scalars generally couple to each other and develop
nonzero VEVs. The resultant NGB, which is identified to y, is a linear combination
of (the phases of) these scalars. As a result, the flavor structure becomes different
between the masses and the scalar couplings of right-handed neutrinos.

A more interesting realization is to assign generation-dependent charges to lep-
tons under some flavor symmetry. The assignment is chosen so that the masses (and
Yukawa couplings) are forbidden and then induced by some VEV of complex scalar,
charged under the same flavor symmetry [FN79]. In this case, x is possibly the NGB
of flavor symmetry and its coupling to leptons is determined by the flavor structure
of lepton masses and symmetry charges. Unless the masses and charges have exactly
the same structure, the y couplings are generally flavor dependent [DW82, Wil82]
(and complex valued). Typical examples may be constructed with flavor U(1) sym-
metry for fermion mass hierarchy, and non-universal anomaly-free lepton numbers
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such as L, — L, and others [BV91, MS15].

e Radiative corrections :

The NGB property is not exactly hold if the original symmetry is somehow
violated via explicit breaking terms. A well-known example is the scalar mass term
which does not respect (global) symmetry, and hence the NGB acuires its nonzero
mass (the “pion” mass) at classical level. With such explicit breaking, one generally
expects to have non-vanishing radiative corrections to unusual NGB couplings and
resolve the NGB problem mentioned above. There are phenomenological analysis for
large breaking, e.g., a heavy NGB of the lepton number symmetry [AHO"20,MY10],
where suitably size of corrections might be obtained.

The large remnant of x is another characteristic result of the model. We here discuss
two approaches to this issue: (i) additional scalar interactions. (ii) a very light x. The
first resolution is to introduce additional interaction such that it suppresses the scalar
abundance somewhere in the thermal history. However, when x is the NGB of high-scale
symmetry, its large decay constant generally suppresses the x couplings to the SM fields
and cannot give an enough suppression to the xy abundance. For example, when y is
the NGB of lepton number symmetry which couples to the right-handed neutrinos, a
typical ratio I'/H(T = m,) is 1072 £2(m, /GeV). We are therefore lead to the situation
that the scalar including three-body decay is not a NGB-like pseudo-scalar y but some
heavy real scalar p (heavier than the electroweak scale). As long as p is rather lighter
than N;, the analysis of leptogenesis from three-body decay discussed in this chapter is
unchanged even for N; — L;Hp. Dynamical examples of p are a partner of NGB (a radial
fluctuation around a VEV), a massive scalar in the multi scalar scenario, and so on. A
main difference between y and p is the interaction to other (SM) fields. In particular,
for the Higgs portal interaction, p interacts with the portal quartic coupling A, but x has
a suppressed amplitude given by AE?/(VEV)? where E is the energy scale considered.
Upon the decoupling £ ~ m, or m,, the latter interaction (for x) is too tiny to reduce
the abundance, and the former one (for p) can be used for the suppression. Whether p
is the dark matter component in the universe or not depends on the model parameters,
though both are possible to realize.

The second option is to assume that y is very light and does not contribute much to
the mass density of the present universe. The relic abundance of x is given by Q,h* =
My S0Yy.0/(Eco/h?) with the today entropy and critical energy densities, sy = 2891 cm™?
and £.9 = 5.16(h/0.7)2 GeV/m?. If this abundance is required to be less than the observed
dark matter density times a small ratio 9, that implies the upper bound on m,,

5 QDMé?c,o
50Y;q

=1.89 x 10776 [GeV] (C.4.21)

my, <

where we have assumed Y, o is equal to the equilibrium value Y. For example, x has a
sub-eV mass for § = 1073 but weighs more than the current temperature. Furthermore
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the interaction of x to the SM sector is generally suppressed by O(m,,). Such a very light
and feebly-interacting scalar may be harmlessly floating in the present universe.

C.5 Summary

We have studied the lepton asymmetry produced by the tree-level right-handed neu-
trino three-body decays with a singlet scalar field. In order to cover the general case,
we considered the scalar and pseudo-scalar couplings between the scalar field and right-
handed neutrinos. We evaluated the right-handed neutrino two-body and three-body
decay widths with the scalar field and the asymmetry parameters. For the decay widths,
the k = [ = 1 contribution tends to be dominant in the lightest N; decay, and the contri-
bution of the resonant £k = [ = 1 or the non-resonant k = [ = 2 is dominant depending
on ¢ in the heavier Ny decay. For the asymmetry parameters, not only usual cross terms
but also the £k = [ = 1 can be dominant to ¢;, and the £ = [ = 2 term is the leading
contribution to e;. In the latter two contributions, the CP asymmetry comes from a
single decay process, which is characteristic of the existence of the flavorful scalar. We
derived the Boltzmann equations and discussed there are four typical patterns of the lep-
ton asymmetry production depending on the N; or Ny decay process being dominant to
the production and the washout effect being strong or weak. Based on these analyses,
we show the parameter space of the model where the lepton asymmetry is properly gen-
erated. For example, we find the tree-level leptogenesis via the three-body decay with
the flavorful scalar does not favor the inverted mass hierarchy due to the strong washout
suppression, without a help of the two-body decay asymmetry.

In this chapter, we consider a simplified model with a single flavorful scalar coupling to
the right-handed neutrinos and investigate the possibility of the leptogenesis via the three-
body decay with specific values of couplings. Pursuing the UV origin of this additional
scalar such as a pPNGB and a more detailed analysis of flavor dynamics are important and
left for future study.

Appendix C.A Three-body decay widths

We consider for simplicity the two-generation case ;. The generalization to more
generations is straightforward. We assume m, < my, and no large hierarchy among my;.
The masses of charged leptons and Higgs boson are dropped in the following formulae.
The three-body decay width of the lightest right-handed neturino N; is found from the
full form (C.3.2) after the phase space integral as

12N 72 * * * %k kl
Unisrymy = Z Yi;Yk; (fuflkGﬁz + fllflsz + flzflkaCz + fuflkGZ> = Z Fg )a
k,l k,l

(C.A.1)
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where k, [ indicate the contributions to the amplitudes which contain the intermediate
states are Ny, respectively. For example, & # [ means the cross term in the amplitude

squared. Each piece GAPCP reads from the full form (C.3.2) and not explicitly given

kl)

here. We instead show the exact form of I‘g , corresponding Mj; M;, where M,, is the

N three-body decay amplitude with the intermediate state N,,. The result is found in
the limit of light m, as

1 5 _ m
P = — bty [len P, + Re(@m,)] log (52 ), (C.A2)
1287 My

2

(12) _ 1 2 2 My, 2
I W?/Qﬂm |:£11§12mN1mN2 [(le + mN2> log (m> - le}

2

~ * ok = % 2 mN2 2
+ 2my, (§niamn, + &85 MNy,) |:mN2 log (ﬁ) N le}
mN2 - le
* 2 2 2 m?vz 9 9 3 A
+ 511512 |:mN2 (le + mN2> log ( 2 2 > - lemN2 - §le] y (CA?))
mN2 - le
=, (C.A4)

1 ma 5
(22 _ v [54_ 4] < Ny )_5 2 2 9 4}
1 B12mmy, yzﬂ/zg ISP my, — my, ) log m?vz _m?\h MMy = 5N
m2
+ 4 Re(E4mn, )ma, [(2m§V m%, ) log (m—N) - 2m§vl} ] . (C.A5)

Ny — le

When N, is much heavier than Nj, the expressions are reduced to

12 21)% M, M) v
" =" ~ W Y5;y1; S12(3&umn, + 28m,), (C.A.6)
3
22 my.
Fg )N 768 3 y2jy2j|€12|2' (CA7)

The last equation implies that the £ = [ = 2 mode does not induce CP asymmetry at the
leading order and then highly suppressed for the N; decay.

For a heavier right-handed neutrino, its three-body decay can meet the resonance
around the mass of a lighter intermediate state, and then the width is largely enhanced.
In the present case, the N, decay width T'y, 1, iy has the enhancement both for k =1 =1
and the sum of cross terms, namely, an) and F§12)+F§21) in the similar notation as (C.A.1).
These on-shell contributions to the decay width are evaluated from the full form (C.3.2)

with the narrow width approximation. For the k = [ = 1 part, we obtain

2 2
F(11) My, My, —

2256w m3, I,

S YL [’512| (mN1 + mN2> + 2Re (MmN, )M, | (C.A8)

where I'y, in the denominator indicates V; is the real intermediate state. Compared with
the decay width for Ny — Njx given in (C.2.6), the on-shell k£ = = 1 contribution is
found

11 my e 1
Y ~ 167r1“1 Y9y Do & 5T Naos vy (C.A.9)
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For the cross-term part, a similar evaluation leads to the on-shell resonant contribution,

a2 4 pey _ mpy, r [lR . ) )
2 Tl 2567r2m?v2(mfv2_m?vl) Nz |3 e<92jy1]f22512)(mN1+mN2)

— ATy €5s) Tm (o), (m3, + m3,) 2Ry 0f antro) i, i, |
— [Im(yy gt an€ly)mu, + Im(ys,yt Esséra)mn, | (mb, — my,)

— 2[ Im(ysyt s Ean&az)m, + Im(yh 0y F €550 ) m, | my, m, (my, — m?vl)] :

(C.A.10)
Finally the non-resonant part, £ = [ = 2, gives
P = L e P, + Re(@yma,)] log (). (C.A.11)
1287374774 ? ? My

Appendix C.B CP asymmetry (width differences)

For a real particle (a real scalar, a Majorana fermion, etc), the decay to anti-particle
final states is obtained by replacing all coupling constants with their complex conjugates
in the corresponding decay amplitude to particle final states. In the present case, the
three-body decay of N; to the anti-lepton Zj, the conjugate of Higgs boson H, and the
real scalar x is described by 3” <> y** and & <> £* (and Pg <> Pp) everywhere in the
amplitude. The CP asymmetry is induced at the decay, proportionally to the difference of
decay widths to particles and corresponding anti-particles. As a result, the asymmetry is
originated from the pieces in the decay widths which are not real with respect to coupling
constants.

The decay width to anti-particles is defined in a similar way to the decay to particles
discussed in the previous section, namely,

FN1—>L;HTX - ngkl)‘ (C.B.1)
k1

The differences of partial widths are written as Angl) = ngl) — I_“gkl). From the explicit
forms for ngl) and the replacement rule mentioned above, we obtain

r m
ALY = Xyt (€, log (S ) C.B.2
1 1287T3y1]y1j m(&7;) log m, ) ( )
1 * *
AT 4 ATPY = - |:Im(y12/jylyj §11&1) (Cvymy, — Pyymiy,)
Ny

2 2 my; 2
x [ (ko +md, ) og (W) -}, |
2 1

+ mu, [ Im(ysyt & &2) D, — Im(ys01 &5 &) |
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[mNQ log (%) — m?vl] } : (C.B.3)

mN2 - le

(22) Iy, s my;
AT myzjyzj Im (&) [(27”?\/2 —my,) log (W) - 2m?\,1].
(C.B.4)
When N, is much heavier than Ny, the expressions are reduced to

m2, T

ALY ALY > o Im [0 €5 360 +261) (CB.5)
my 'y

AT 768N—3yy Im(&7,)- (C.B.6)

In a similar way, we have the width differences for the N, resonant and non-resonant
three-body decay,

2

2
(11 mn, mN2_mN1 v Uk
ATy = S = gy (6, (C.B.7)
N2

_le

AT 4 ATPY = R {[Im(yzfyﬁ‘ 2285 )m, + Im(yh, 17 E5,602)m, | (M3, + miy,)
No

+ 2[ Im (547 €anaz)m, + Im(ysyy s €557 M, | m, i,
(C.B.8)

F V* m 2
AF (22) 12;; Y5 Ys; Im(&5,) log< mN > (C.B.9)
X

Appendix C.C Boltzmann equations and asymmetry

formulae

C.C.1 Boltzmann equations

The Boltzmann equations for the system of Eq. (C.2.1) are given by

dYN Kl mN /T YN 1 ~ YAL
H L — ! qu Ty, - e L) - Ty
YN Y YAL
() ]
Kl(mN2/T) YN YN Y,
——2 YT 2 L X Ciea C.C1
Kol [T) 21 M Yﬁ‘j Vi) TG (GO

dYN Kl mN /T YN 1 ~ YAL
HoloNe 2 qu Tor(1—222) Z 2571,
YN 1 Y YAL
+ Z Ly; < - ;;21) D) 2]: [ojer;—oq Y qu
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Y, Yn, Y,
— FNQ*)le (Ygé - Ygél qu):| + C'scat.a (CC2)
2 1

Yn. 1~ Yar,
Tjiéji <ﬂ _ 1) _ _]jjiﬂ

dYAL . Z Kl(mN /T) qu
Ve 5 iy

Cdr Ky(my,/T)

Yy, Y\ 1. Y, Ya,
+Lji€ji| yoa = yrea | — gluiyea yea
N; X x T

+ Oscata (CCS)
dy, Ki(my, /T Yn, Y, 1 Y, Yar
Hr—X — D = — =X 1€
e Z Kol /) N { J(Yﬁj qu) + 5 iy qu}
Kl(mNQ/T) YN YN Y,
———=YT 2 - X Cyeat. - C.C4
Ryl 1) Ny gy ) 7 G (C6D

Cseat. denotes the collision terms of the scattering divided by the entropy density with the
on-shell contribution removed. In deriving these equations, the SM particles, in particular
the leptons and the Higgs bosons, are assumed to be in thermal equilibrium:

1 1
Yo, =Y+ §YALJ7 Yi, =Y~ EYALﬁ Yp =Yg =Yy, (C.C.5)

with the lepton asymmetry of j-th generation Yar;. In this paper, we analyze the Boltz-
mann equations with the single-flavored approximation. The total lepton asymmetry is
defined by

Yar =Y Yar, (C.C.6)

and the collision terms are approximated as in the following forms:

Yar, YAL Yar, Yar
; F]Z YE? ~ ] qu , Z F]ZEJZ qu F 6] qu s (CC?)
~ YALi YAL YAL = YAL
zi:rﬂ e I, = ZF iEii v A P yer (C.C.8)

Using these equations, the Boltzmann equations (C.C.1)—(C.C.4) are rewritten as

dYy, _ Ki(my,/T)

~ YN 1 YAL YN Y
H ~ v r,(1— ¢ | G X
T e # D () ey 0 (g )
Lo Y Yar| | Ki(mw,/T) Yn, Yw Y,
=TI X 2 Y F 2 1 Ix Csca
2 1€1 qu qu KQ(mN2 /T) No—Nix qu Yjsf? Yxeq + t. 5

(C.4.2)

dYN2 _ K1<mN2/T)

H ~
"dr " Ky(mw,/T)

eq
Y,

~ Y. 1~ _ Yar Yn Y.
To(1—22) - Clpe-2l 4Ty 22 p X
( Yﬁfj) 2y ( v Ty
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1 Y, YAL YN YN Y,
 IDen—X 222 T 2 L X Clca C.4.3
STy~ Do (73 - )| o )
dYAL Kl(mN/T) YN 1- YAL
H : Y Pz i 1) - _Fi ©
_— Z Ka(my,/T) N |7\ Ve 5 1y
Y, Y, 1 Y Yap
+ e | =5 — —ff) — i —= | + Cucat. (C.4.4)
Yoo Yyt 2 Yy ’
deYx Z Ky(mp,/T) ‘ Yy, _ Y, 1F Y, Yar
dx Ky(my,/T) Yf,? Yy 2" Zqu qu
Kl(mN /T) (YN YN Y
+ Y l—>2T = — ff + Cieat.- C.4.5
N2 K, (mn,/T) ez YNS YN? Yt ' ( )

C.C.2 Phenomenological formulae for lepton asymmetry

The Boltzmann equation of the lepton asymmetry (e.g. Eq. (C.4.4)) has following

form:

dYAL(.T)

i F(z) — W(x)Yar(z), (C.C.9)

where F(z) is the YA, independent function describing the asymmetry production from
decays and scatterings of N; and W (z) is the washout function. As discussed in Refs. [BCST00,
BDBP04, DNNO8], the solution of this equation can be expressed by

Yar(z) = / dz’ F(a') exp [— / dx”W(x”)] + Var (i) exp {— / da:”W(a:”)}.
(C.C.10)

Intuitively, the integral of F means the freeze-in like production [HIMRW10] and e~ J dz'W ()
denotes the washout suppression. Using this equation, we will show the approximated
values of the lepton asymmetry, YL} (21) and YXP (00) in the following part of this section.

Case for freeze-in from N,

N is mainly produced by the first term of the rhs in Eq. (C.4.3). Using the approxi-
mation for the modified Bessel function

Ka(w) ~ <”; D! (g) %, (C.C.11)

the Boltzmann equation is approximately written as

dYNQ ~ LKI <mN1 )f\ yed
dx HxK2 (wx) 25N,

le

135v/10 Mpmy,Ty 2

2m5g. P9 MmN,

(C.C.12)
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and the yield of N is scaled by

45v10 Mpmp,Ty 4
X .

1/2

Yy, =
2m5g./%gs My,

2

(C.C.13)

This Ny produces x and N; via Ny — Njx process, and their yields are also written as

135 Ml%m%VQf2(FN2—>N1x + F2)x6

= C.C.14
X 27T6g*gf m?vl ’ ( )
45v/10 Mpl'y 135 MEm3,To(Dnyosniy + o)
Yy, = 72 T+ o 5 x”. (C.C.15)
270 g “gS My, 2m°g.9; mpy,

where the contribution of the first term of the rhs in Eq. (C.4.2) is included, which is
scaled by 3 as in the same way to N,. Using these functions, we will evaluate the lepton
asymmetry. From Eq. (C.4.4), The washout function

1 K ~ Y, \ Yii 1 K ~ Y, \ Yii

W2 — 1(mN2x/mN1) F2+F2 eX ]z2 + 1('17) F1+F1_é( %’

2Hx Ky(mpy,x/myy,) Y Y7 2Hz Ky(x) Yt ) Y74
(C.C.16)

is read, and the yield is evaluated by using (C.C.10) as

Yip(z) = /O " Fo(a) exp {— / da” WQ(Q;")} , (C.C.17)

with
1 Ki(my,z/mp,) Yoo 1 Ki(x) Yo
Fo= —— 2PN poe (Y, — 22y ) 4 Tie Y, — -2y, ).
2= Ha Ko(mmr/my) 22\ T ve ) T ) U T e
(C.C.18)

If the washout suppression is weak enough, which is the case of the neutrino Yukawa
couplings being small, the lepton asymmetry is mainly produced by the right-handed
neutrinos before getting into the thermal bath and the total amount is evaluated as

Yar &~ Yar(z1), (C.C.19)

where

. 45 45
z1=min(zn,, 2y), Yn,(2n,) = o Y, (2) = Irigs

*

(C.C.20)

This is regarded as the asymmetry by the freeze-in production including the weak washout

effects.

191



Case for strong N; washout

If the washout of Nj is strong, the lepton asymmetry is mainly determined by this,
and the contribution from VX! (z;) is exponentially suppressed. The washout function of

this case is given by

1 Ki(my,v/my,) = Yii o1 Ki(2) = yd
Wi = 2 L (Dy+T - M +1)— C.C.21
U S (g my ) L2 Ty o g T Dy )
where Y, ~ Y4 is assumed. Then, the lepton asymmetry is written as
YNP = / dx’ Fi(z') exp [—/ dx" W, (:17”)1, (C.C.22)
0 2

where we introduce the following function

1 Kl(mN l‘/mN) fz—FFg 1 Kl(l') f1+F1
F| =— 2 LT Yol 4+ — T Y, (C.C.23
YT Hy Ky(my,x/my,) 262 my, Nyt 1 m e )

Using these functions, the lepton asymmetry is given by

Yar = YXP(c0). (C.C.24)

Appendix C.D Feynman rules for Majorana fermions

Let us briefly summarize the Feynman rules for the Majorana fermion N = N¢. The
kinetic term is the standard form:

. Mo
Lin. = %N@N - 5NN (C.D.1)
e For the propagator, we will use
—. i(p+ M)
(NN) = Wt (C.D.2)

which is the standard propagator of the Dirac fermion [PS95]. ! However, in addition
to

—
NN (C.D.5)

'We will give some comments on the propagator [DEHK92]. For a Dirac fermion 1, we introduce the
propagator by

— j i(p+
(W) - y,_zm = ;ff - ::2) — S(p). (C.D.3)
The charge conjugation of this Dirac propagator is given by
W9 =C(WH)C™! =+ CSEIC = = 5(-») = S (C.D4)
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the all possible contraction should be considered due to the Majorana fermion such
as

[

—
NN NN. (C.D.6)

For the interaction vertex, we will use the standard Feynman rules from the expan-
sion of the partition function

/ DN e'SiineiSint / DN 'Sy~ (i5im0)", (C.D.7)

n!
n=0

In this calculation, We havue to consider the following possible contractions

— o T
NN NN NN.

—1
For the interaction Lagrangian such as Y041, we determine to use NN as the

propagator, and other rules are constructed so that they are consistent with this
propagator rule. In order to pursue this method, we will rewrite the interaction
Lagrangian in the ¢Ce4 {04y form by using the following flip formula:

XO 4 = YCCTOLC7NC. (C.D.8)
In particular, the transformation rule of the basis of the spinor bi-linear is given by
XOath = €atpCO4x°,

+1 OA - ]]-7 V5, Zlfy57/.t

€q = (CDQ)

-1 04 =, ow

The point is that the signature is controlled by ~-matrices and other terms are

rewritten as 'Oy.
For the outline spinor, we will use the standard wavefunction:

— Dirac fermion: The mode expansion is given by

d3p . .
_ S, .8 —ip-x st,,s ip-x
() = /—(2w)32Ep ;[bpu (p)e” 7" + djv*(p)e” ], (C.D.10)
Ty = [P bw (p)e?® + 5 (p)e P C.D.11
w(SL’) = M g[ pu (p)e -+ pU (p)e :|, ( . )
then we get the following relations:
I — i _ r
Vb = u(p), Uy = w(p), Wdy —v(p), dyp —v'(p)  (C.D.12)
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— 9% the charge conjugation of 1 is given by
WC =C%, PO =—WC, (C.D.13)
where C' satisfies
Ct=cCc™, 'C=-0, C'4'C=—"" (C.D.14)
We note that the wavefunctions satisfy
u*(p) = C%(p), ©v*(p) = C'w(p). (C.D.15)

The mode expansion of the fermion is

3
V= / (273% 2 [bf?js(p)eip'x + dius(p)e_i“], (C.D.16)
— d3 o 4 B '
V= / m > [BE e + difw(p)er . (C.D.17)

then the following relations are read:
e — 1 P —,
Vrdyt = wC(p),  dpy© —wi(p),  YOb = vi(p), byt — v*(p) (C.D.18)
Example

Let us the following neutrino Yukawa interaction:
Line. = —NyH'P,L — Ly' H PgN. (C.D.19)

The amplitude contributing to the see-saw diagram is evaluated as
1 — - — -
iM =5 {—z’NyHT PLL] [—zNyHT PLL}

17— - .
=5 |:—iLC t(yHTPL)N} {—iNyHTPLL}

1 yyo? | ild + M)
N_§UL 2 PLqQ—]\I2
1 Yy M
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