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Chapter 1 

Introduction 

1.1 Wheeled Mobile Robot 

According to the locomotion mechanism type, mobile robots are mainly distinguished into the legged 

type, the wheeled type, the hybrid type, and others like the tracked type and active cord type [1-5]. 

The legged mobile robot, which contacts the ground with serials of points, has higher 

maneuverability on the rough and unstructured terrain but a more complex mechanical structure  than 

other types. Several legged mobile mechanisms were developed: one leg [ 6-7], biped [8-9], 

quadruped [10-11], and hexapod [12-13]. The wheeled mobile robot is the most popular locomotion 

device in human life. It can move efficiently especially on flat and hard ground. For instance, the 

differential drive locomotion [14-16] and the omnidirectional locomotion [17-19] are used. The 

hybrid type such as leg-wheeled mobile robot combines the characteristics of the above two types of 

mechanisms, which make it have much higher adaptability to more complex environments [20-22]. 

Compared with other locomotion mechanisms, the wheeled locomotion shows the advantages of less 

energy consumption, lower control complexity, and a relatively simpler structure [23]. Therefore, 

this thesis focuses on the wheeled mobile robot.  

Various wheel mechanisms have been developed in the past decades. Typical wheel mechanisms 

are shown in Fig. 1.1. The fixed wheel is the normal and conventional wheel, as shown in Fig. 1.1(a), 

which only can travel along the wheel plane direction because  of the kinematic constraint [24]. A 

vehicle equipped with this wheel can only move forward-backward or steer toward the required 

direction. With this in mind, the caster wheels including the centered orientable wheel and the off-

centered orientable wheel were also proposed as shown in Fig. 1.1(b) and (c) [25-26]. Their wheel 

planes can freely rotate around the vertical axis, so that the wheels can move in various directions . 

However, the singularity occurs at some conditions unconsciously when this rotation motion is 

passive, which increases the complexity of control.  

Except for the above conventional wheels,  various omnidirectional wheel mechanisms were 

proposed, with which the vehicle can move in an arbitrary direction immediately.  A major example 

is the omni wheel, which has a series of free ro llers along the outer circumference of the wheel main 

body, as shown in Fig. 1.1(d) [27-28]. When the wheel main body is driven by a motor, the wheel 

rotates actively in one direction. When the free rollers are rotated by an external force, the wheel 

runs passively in another direction. Their combination allows the vehicle with three or more omni 

wheels to move in an arbitrary direction. Another example is the Mecanum wheel as shown in Fig. 



2 Chapter 1 

 

1.1(e), which can also be used to construct an omnidirectional vehicle. It has several free rollers 

attached to the circumference of the wheel main body at an angle [29-30]. The Mecanum wheel can 

move in a similar way to the omni wheel.  The spherical wheel is a ball-shaped wheel that is driven 

by multiple rollers or wheels as shown in Fig. 1.1(f) [31-32]. By the combination of the rollers or 

wheels driven by motors, the spherical wheel can move actively in any direction.  

 

 
Fig. 1.1 Wheel mechanisms. (a) Fixed wheel, (b) centered orientable wheel, (c) off -centered orientable 

wheel, (d) omni wheel, (e) Mecanum wheel,  and (f) spherical wheel.  

 

By equipping with these wheels, the wheeled mobile robot can realize two-degree-of-freedom 

(DOF) or three-DOF planar motion by arranging them properly. With the two-DOF or three-DOF 

mobility, it can be used as a locomotion vehicle to transport goods or a manipulation tool called a 

wheeled mobile manipulator to operate objects. As the locomotion vehi cle, it has been widely used 

in logistics, operation in a dangerous environment, and so on. For instance, there are the automated 

guided vehicle (AGV) in the factory or warehouse, and the detecting robot for high voltage lines 

[33-35].  

Another most attractive application is the wheeled mobile manipulator, which combines the 

function of locomotion and manipulation. The wheeled mobile manipulator is grouped into the 

vehicle-mounted manipulator and the mobile parallel manipulator. The structure in which the serial 

manipulator or parallel manipulator mounted on the mobile base is called a vehicle-mounted 

manipulator as shown in Fig. 1.2(a) and (b) [36-37]. With respect to the mobile parallel manipulator 

shown in Fig. 1.2 (c), it is composed of an output platform, connecting chains, and a mobile base  

including serval driving units [38]. The parallel mechanism mounted on the mobile base is called 

VMPM as shown in Fig. 1.2(b), while the structure of the mobile parallel manipulator in Fig. 1.2(c) 

is called MPM. The wheeled mobile manipulators are not only able to transport the goods on the 

horizontal plane but also to handle them in space. They are widely used in industrial production, 

agriculture, nursing and support service, and so on.  For instance, polishing robot for a turbine blade,  

fruit harvest robot, the household maid in the human care [39-42]. But more than these, the 

application of wheeled mobile robots is still growing.  

Free roller Driven roller

Steering axisWheel axle Offset

(a) (b) (c)

(d) (e) (f)
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              (a)                         (b)                           (c)  

Fig. 1.2 Schematic description of mobile manipulators. (a) Mobile serial manipulator, (b) Parallel 

mechanism mounted on a mobile robot (VMPM), (c) Mobile parallel manipulator (MPM) [38]. 

 

1.2 Studies on Kinematics 

Because of the wide application of the wheeled mobile robots, more and more attention was paid to 

studying them. The studies about the wheeled mobile robot are simply divided into kinematics and 

dynamics. 

With respect to the kinematics of wheeled locomotion vehicles, various researchers mainly 

focused on the modeling, characteristics analysis, and the kinematics control. The kinematic 

modeling is the first step for mobility analysis and control of the wheeled mobile robot. Many 

modeling methods were proposed, including the vector approach [43], the geometric approach [44], 

and the transfer approach [45]. The kinematic models were constructed for the robot on flat ground 

or uneven terrain [46-47]. To evaluate the kinematic characteristics of the wheeled mobile robots, 

various indices were proposed such as maneuverability, mobility, singularity, and isotropy [48-50]. 

Based on the kinematic model, the position control method without consideration of the dynamic 

properties was proposed for the wheeled mobile robot [51-52]. 

With respect to the kinematics of wheeled mobile manipulators, the studies mainly focused on 

the forward/inverse kinematics and the analysis of the characteristics. Various methods were 

proposed to solve the inverse kinematic equation because of its nonlinearity, e.g. Newton-Raphson 

method [53] and neural networks [54]. The singularity, manipulability, and workspace were analyzed 

to assess the ability of the wheeled mobile manipulator  [55-57]. 

These studies focused primarily on the kinematics and property analyses of the  specified wheeled 

locomotion vehicle or the mobile manipulator. The type synthesis is determining the structure of a 

mechanism according to the mobility requirement, such as the wheel composition of the wheeled 

locomotion vehicle or the chain structure of the mobile parallel mechanism. It is an important stage 

of their design. However, their type synthesis method has been rarely reported. The wheel types and 

layout were generally determined through trial-and-error method, which took effort. Considering the 

wheeled locomotion vehicles, various wheel mechanisms were proposed as introduced in the 

previous section. Therefore, to realize the two-DOF or three-DOF mobility, many feasible wheel 

types and combinations may exit according to the mobility requirement. To fill the design gap, it is 

Mobile base

Actuators

Wheel Mobile base

Fixed base

Connecting chain

Output platform

Actuators

Wheel

Mobile base

Output platform

Connecting 
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necessary to establish a type synthesis method for the wheeled locomotion vehicle. On the other 

hand, the type synthesis method of MPMs also needs to be constructed. The type synthesis of 

conventional parallel mechanisms can be applied in that o f VMPMs shown in Fig. 1.2(b) [58-59]. 

However, the MPM shown in Fig. 1.2(c) is equipped with several driving units, which is different 

from the conventional parallel mechanism with a fixed base.  Therefore, the type synthesis method 

of conventional parallel mechanisms cannot be applied to the MPM. 

1.3 Studies on Dynamics 

The dynamics modeling of wheeled locomotion vehicles is the basis of studies. Many researchers 

had proposed the dynamics modeling method based on the Lagrange formulation, Newton -Euler 

formulation, and their extensions [60-62]. To make the motion of the robot closer to the real world, 

the dynamics modeling was constructed with consideration of the longitudinal or lateral slip  of the 

wheel [63-64].  

The research theme about the dynamics of the wheeled locomotion vehicles other than the 

modeling mainly focuses on navigation and motion control. This thesis focuses on the path planning 

for navigation as an application of the dynamics. Path planning is grouped into path generation and 

trajectory tracking. With consideration of the velocity constraint or the torque cons traint, the path 

generation gives the time-optimal trajectory, the obstacle-avoiding path, the smooth path, or the 

minimum power-consumption path [65-68]. Various methods were developed to obtain these paths, 

for instance, the potential field method, the cell decomposition approach, the heuristic approach like 

the neural network, and so on [69]. The trajectory tracking aims to make the robot moves along the 

designated path precisely. It is essentially a control problem for the wheeled locomotion vehicle. 

Various controllers were designed for the tracking control of wheeled locomotion vehicles. For 

instance, nonlinear model predictive control, robust tracking control , receding horizon controller, 

and so on [70-71]. 

The above studies about dynamics were mostly conducted on the conventional-wheeled vehicle, 

while rarely on the omnidirectional-wheeled vehicle. For instance, the traveling strategies of 

omnidirectional-wheeled vehicles have not been investigated when they are required to travel on a 

curve path. An omnidirectional-wheeled vehicle has three DOFs and can move in an arbitrary 

direction immediately. Therefore, various traveling strategies are available even when they are 

required to turn a corner. As a reference to the path generation, it is necessary t o clarify the 

characteristics of each traveling strategy and systematically show what kind of traveling strategy is 

suitable for each situation for the omnidirectional -wheeled vehicle. 

For another example, the rolling characteristics of single-track vehicles are important to prevent 

falling. The rolling characteristics of conventional-wheeled vehicles, such as bicycles and 

motorbikes, have been studied to keep balance with respect to the dynamics. Many researchers tried 
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to realize self-balancing by adding flywheels or controlling the steering [72-74]. However, it mainly 

concerned the vehicle equipped with conventional tired wheels , while the dynamic characteristics of 

the omnidirectional-wheeled single-track vehicle in roll direction were rarely investigated. 

1.4 Goals and Methodology 

This thesis aims to solve the abovementioned problems of wheeled mobile robots with respect to 

kinematics and dynamics. Regarding the kinematics, the screw-theory-based type synthesis methods 

for wheeled locomotion vehicles and MPMs are proposed. The feasible wheel compositions, as well 

as the structures of chains, are figured out by handling the wheeled mechanism and the parallel 

mechanism uniformly as the combination of revolute pairs and prismatic pairs according to the 

mobility requirement. With respect to the dynamics, the traveling strategy for path planning and the 

traveling stability for stabilization control of omnidirectional-wheeled locomotion vehicles are 

studied. Based on the acceleration/deceleration behavior and the nonslip condition, the possible 

traveling patterns of omnidirectional-wheeled vehicles are shown analytically to reveal the 

advantages of each traveling form according to the various path conditions. Then the traveling 

strategies of the omnidirectional-wheeled locomotion vehicle are proposed and compared with that 

of the conventional-wheeled locomotion vehicle. Additionally, the dynamics characteristics of the 

omnidirectional-wheeled single-track vehicle in the roll direction are investigated. Through the 

analysis of the wheel-ground contact mechanism, the traveling stability of the wheeled locomotion 

vehicle is investigated. By taking the vehicle with double-row active omni wheels as an example, 

the system of the rolling stability of the vehicle and the conditions of keeping the vehicle stable 

without any control are identified.  

1.5 Thesis Organization 

The thesis is composed of six chapters. 

Chapter 1 introduces a background of this research and designates the problems in the current 

study for wheeled mobile robots, which is grouped into two categories: kinematics and dynamics. 

The aim and approach of the thesis are described briefly. 

Chapter 2 proposes a screw-theory-based type synthesis method to obtain the feasible wheel 

types and combinations for the wheeled locomotion vehicle according to the requirement of mobility. 

A kinematic modeling method is also proposed based on the screw theory, based on which the 

kinematic characteristics are analyzed to determine the wheel layout. Then an example of 

synthesizing the two-wheeled locomotion vehicle with three-DOF mobility is performed based on 

the proposed method. The vehicles regarding the synthesized wheel types and combinations are 

modeled and analyzed to verify the validity of the proposed method.  
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Chapter 3 proposes the type synthesis method for the MPM based on the screw theory. The type 

synthesis of the MPM is divided into that of the connecting chain and the mobile base, where the 

synthesis of the mobile base is conducted based on the synthesis method propos ed in Chapter 2. The 

synthesis method of connecting chain is constructed based on the method of achieving the required 

mobility by applying the singularity configuration and the adding an additional chain. The methods 

of integrating the connecting chain and the mobile base are discussed and revealed. Based on the 

proposed type synthesis method, novel MPM structures are enumerated and analyzed.  

Chapter 4 presents the possible traveling strategies for the omnidirectional -wheeled vehicle when 

it is required to travel on a specified path with one corner. The kinetic model of the vehicle is 

established based on the nonslip condition. The possible traveling patterns are proposed based on 

the kinetic model. The time cost is analyzed and compared when the path condi tions are varied. The 

feasible traveling strategies are suggested based on the above analysis . Finally, the traveling 

strategies of omnidirectional-wheeled vehicles are compared with that of conventional-wheeled 

vehicles. 

Chapter 5 deals with the traveling stability in the roll direction of an omnidirectional-wheeled 

single-track vehicle with respect to the dynamics. The single-track vehicle equipped with two 

double-row active omni wheels is chosen as the subject, the effect of the double-row wheel structure 

on the rolling stability is investigated. The stabilization mechanism is analyzed and confirmed 

through simulation based on the dynamic model considering the contact state between the outer 

rollers and the ground. Experiments are conducted on a developed prototype to verify the 

effectiveness of double-row structure on rolling stability further.  

Chapter 6 summarizes the conclusions in each chapter and states the further study.  

  



Chapter 2  

Type Synthesis and Kinematic Analysis 

of Wheeled Locomotion Vehicle 

2.1 Introduction 

Wheeled locomotion vehicles are widely used as a transport tool in factories and warehouses. They 

are grouped into the two-DOF type and three-DOF type. The wheeled locomotion vehicles with two 

fixed wheels have two DOFs, which can actively move forward-backward or turn corresponding to 

the DOFs. However, it cannot move in the lateral or diagonal direction without turns or switchbacks. 

The three-DOF locomotion vehicles are equipped with omnidirectional wheel mechanisms, which 

let the vehicles move in an arbitrary direction immediately. As a result, the three-DOF locomotion 

vehicle can move efficiently even on a narrow passage.  

Concerning the two-DOF or three-DOF locomotion vehicles, various studies were reported as 

introduced in Chapter 1. However, such studies were mainly conducted on wheeled locomotion 

vehicles with specified wheel compositions. The type synthesis method of two-DOF or three-DOF 

wheeled locomotion vehicles has been rarely studied. Therefore, subject to the two-DOF or three-

DOF mobility requirement, the possible wheel compositions (including types, combinations, and 

layouts) are comprehensively unknown. Additionally, the previous method of determining the wheel 

composition was first establishing the kinematic model for the specified wheel compositions. Then 

the Jacobian matrix was calculated to confirm the degree of mobility. If the degree of mobility 

satisfied the requirement, the wheel types and combinations were obtained and the kinematic analysis 

was conducted to confirm singularity to determine the final wheel layouts. If the degree of mobility 

did not satisfy the requirement, the wheel types or combinations would be modified and the kinematic 

model was remodeled to confirm the degree of mobility again. Such trial-and-error method took 

effort especially the repeated calculation of Jacobian matrix. 

In the previous studies, the wheel mechanisms were considered as the compositions of revolute 

pairs and prismatic pairs to construct the kinematic model . For example, Muir firstly constructed the 

kinematic model of a wheeled mobile robot by applying the Sheth-Uicker convention with 

considering the wheel as high pairs [45]. Therefore, the type synthesis method of the parallel link 

mechanisms can also be applied in the synthesis of wheel mechanisms by considering them as 

combinations of pairs. On the other hand, many type synthesis methods have been proposed for 

parallel link mechanisms, which are based on the screw theory, the theory of differential geometry, 

linear transformation and evolutionary morphology theory, and so on [75-78]. Among these methods, 
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the screw-theory-based method can intuitively express the rotation and translation motion of the 

rigid body by vectors. Additionally, the mobility of the mechanism can be analyzed easily by the 

geometrical method based on the screw theory. 

Based on the above analysis, this chapter proposes a screw-theory-based method to solve the 

type synthesis issue of the wheeled locomotion vehicles. An example of the synthesis of the two -

wheeled omnidirectional locomotion vehicle is shown to explain the method. The kinematic model 

and characteristics are constructed and analyzed to verify the validity of this method.  

2.2 Brief View of Screw Theory 

A brief review of the screw theory is introduced in th is section [79]. A unit screw can be written by  

$̂ = [
𝒔

𝜆𝒔 + 𝒔0 × 𝒔] = [𝐿 𝑀 𝑁 𝑃 𝑄 𝑅]𝑇                                      (2.1) 

where 𝒔 is a unit vector that defines the direction of the screw axis, 𝒔𝟎 defines the position of a 

point on the screw axis that refers to the reference coordinate system, 𝜆 is the pitch of the screw, 

and 𝐿, 𝑀, 𝑁, 𝑃, 𝑄, and 𝑅 are the Plücker coordinates of the screw. When 𝜆 = 0, the screw is a 

zero-pitch screw, while an infinite-pitch screw exists when 𝜆 = ∞. These two types of screws are 

given as: 

$̂ = {
[

𝒔
𝒔0 × 𝒔]   if   𝜆 = 0

[
𝟎
𝒔
]     if   𝜆 = ∞ 

                                                    (2.2) 

When two screws satisfy the following equation, they are reciprocal to each other. 

$𝒓 ∘ $ = 𝑆𝑟4𝑆1 + 𝑆𝑟5𝑆2 + 𝑆𝑟6𝑆3 + 𝑆𝑟1𝑆4 + 𝑆𝑟2𝑆5 + 𝑆𝑟3𝑆6 = 0,                           (2.3)  

where $ = [𝑆1 𝑆2 𝑆3 𝑆4 𝑆5 𝑆6]  and $𝑟 = [𝑆𝑟1 𝑆𝑟2 𝑆𝑟3 𝑆𝑟4 𝑆𝑟5 𝑆𝑟6] . The geometrical 

conditions for the reciprocal screws are as follows:  

Rule A1. Two zero-pitch screws are reciprocal to each other unless they are coplanar.  

Rule A2. Two infinite-pitch screws are always reciprocal to each other regardless of their 

positions and orientations.  

Rule A3. A zero-pitch screw is reciprocal to an infinite-pitch screw only when they are 

perpendicular to each other.  

The screw is applied to represent the instantaneous motions of or constraints imposed on a rigid 

body, which are called a twist and a wrench, respectively. Their Plücker coordinates are as follows:  

ς̂ = {
[𝜔𝑥 𝜔𝑦 𝜔𝑧 𝑣𝑥 𝑣𝑦 𝑣𝑧]    if the screw represents a twist

[𝑓𝑥 𝑓𝑦 𝑓𝑧 𝑚𝑥 𝑚𝑦 𝑚𝑧]  if the screw represents a wrench
                (2.4) 
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When the screw is a twist, the first three components represent the rotation motion, while the 

last three components represent the translational motion. When the screw is a wrench, the first three 

components represent the force constraint, while the latter  three components represent the couple 

constraint.  

A twist system with 𝑛 linearly independent screws is called an 𝑛-system, the corresponding 

wrench system forms a (6 − 𝑛)-system.  

2.3 Synthesis and Modeling Methods Based on Screw Theory 

The type synthesis method of wheeled locomotion vehicles is introduced in this section. The type 

synthesis of the wheeled locomotion vehicle is divided into two steps. First is the synthesis of the 

wheel types and combinations, after which the vehicle regarding the synthesized wheel types and 

combinations is modeled and analyzed to obtain the most proper wheel layout.  

2.3.1 Type Synthesis Method and Process 

The screw-theory-based synthesis method is introduced in this section. It is assumed that the wheel 

contacts the ground at a point and does not slip. Therefore, all types of wheels can be equivalent to 

the combination of a revolute pair and one or two prismatic pairs. For example, the fixed wheel and 

centered orientable wheel are equivalent to the combination of a passive revolute pair that is 

perpendicular to the ground and an active prismatic pair that is parallel to the wheel plane.  

Additionally, the wheeled locomotion vehicle can be considered equivalent to a planar parallel 

mechanism when its wheels are regarded as higher pairs. Therefore, the wheel types and 

combinations can be obtained by a series of reciprocal product calculations. The required mobility 

of the vehicle can be represented by twists. Through the reciprocal product calculation of these twists, 

the wrench imposed on the vehicle chassis is obtained. The twist representing the wheel can be given 

through the reciprocal product of the abovementioned wrench. By considering these conditions, the 

feasible wheel types and combinations of the vehicle can be obtained with respect to the mobility 

requirement. After that, the kinematic models of the vehicle regarding these wheel types and 

combinations are established, based on which the kinematic characteristics are analyzed to obtain 

the feasible wheel layout. Then the feasible structure of the vehicle can be obtained. Summarizing 

the above, the proposed synthesis process is as shown in Fig. 2.1. 
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Fig. 2.1 Type synthesis flowchart of a wheeled locomotion vehicle according to the mobility.  

2.3.2 Kinematic Model Based on Screw Theory 

To obtain the feasible wheel layout, modeling is necessary for the kinematic analysis. As introduced 

in Chapter 1, many methods were proposed in the kinematic modeling of wheeled locomotion 

vehicles. A new kinematic modeling method based on the screw theory is introduced in this section. 

A schematic model of a wheel referring to the vehicle body is shown in Fig. 2.2. A coordinate system 

O-xy is fixed at the center of the vehicle. It is assumed that wheel 𝑖 contacts the ground at point P, 

which leaves from point O with distance 𝑙𝑤𝑖 . All wheels except for the fixed wheel and centered 

orientable wheel are equivalent to the combination of a revolute pair and two prismatic pairs 

according to the discussion in the above section. The translation velocity along the wheel plane is 

�̇�𝑖 , which also represents the velocity of the corresponding prismatic pair. The moving velocity 

vertical to the wheel plane is 𝑓�̇�, which also denotes the velocity of another prismatic pair. The 

rotation velocity around the vertical axis passing through point P is �̇�𝑖, which can be seen as the 

velocity of the revolute pair. The angle between line OP and the 𝑥 axis is 𝛼𝑖. The angle between 

the line OP and the wheel axle is 𝛽𝑖. 
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Fig. 2.2 Schematic model of a wheel  

 

The ground, the wheel, and the vehicle chassis combine as an open-loop link chain. The vehicle 

velocity is calculated according to the screw theory as follows: 

$𝑣 = 𝑔𝑖̇ $𝑖1 + 𝑓�̇�$𝑖2 + �̇�𝑖$𝑖3,                                                     (2.5) 

where $𝑣 = [0 0 𝜔𝑧 𝑢𝑥 𝑢𝑦 0] is a twist screw representing the velocity of the vehicle, 𝑢𝑥 

and 𝑢𝑦 are the velocity along the x- and y-axis directions, respectively, 𝜔𝑧 is the rotation velocity 

around the axis vertical to the ground, $𝑖1 is the screw representing the equivalent prismatic pair 

along the wheel plane, $𝑖2 is the screw representing the equivalent prismatic pair vertical to the  

wheel plane, and $𝑖3 is the screw representing the equivalent revolute pair vertical to the ground.  

If 𝑔𝑖̇  is controlled by a motor, it means the infinite-pitch screw $𝑖1 is active. A screw $𝑟𝑔 that 

is reciprocal to the remained passive zero-pitch and infinite-pitch screws can be found through the 

geometrical method. Take the reciprocal product to both sides of Eq. (2.5)  with the reciprocal screw 

of $𝑖2 and $𝑖3, the following equation is obtained:  

$𝑣 ∘ $𝑟𝑔 = 𝑔𝑖̇ $𝑖1 ∘ $𝑟𝑔,                                                        (2.6) 

Similarly, if 𝑓�̇� is controlled by a motor, it means the infinite-pitch screw $𝑖2 is active. The 

screw $𝑟𝑓 reciprocal to the remained passive screws is also easy to obtain by the geometrical method. 

Take the reciprocal product to both sides of Eq. (2.5)  with the reciprocal screw of $𝑖1 and $𝑖3, the 

following equation is obtained:  

$𝑣 ∘ $𝑟𝑓 = 𝑓�̇�$𝑖2 ∘ $𝑟𝑓,                                                         (2.7) 

Based on the above discussion, the kinematic equation of the vehicle is established by combining 

Eqs. (2.6) and (2.7) according to the motor configuration.  
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2.4 An Example: Type Synthesis of an Omnidirectional Two-

wheeled Vehicle 

In order to show the details of the proposed synthesis methods, the type synthesis of an 

omnidirectional two-wheeled vehicle is given. Compared with three- or four-wheeled automobiles, 

two-wheeled vehicles have high maneuverability even in a narrow passage or on a winding road. 

Additionally, the wheel arrangement is flexible, such as the front-rear type belonging to single-track 

vehicle or the left-right type belonging to double-track vehicle. However, conventional two-wheeled 

vehicles equipped with fixed wheels need to turn or switch back when moving toward specific 

directions, which reduces their maneuvering efficiency when moving in a limited space or avoiding 

obstacles. Therefore, the two-wheeled vehicle with three-DOF mobility is needed. The proposed 

method is applied to figure out the possible wheel compositions to realize the three-DOF mobility.  

2.4.1 Type Synthesis of Three-DOF Two-wheeled Vehicle 

The three-DOF mobility means the position and orientation of the vehicle need to be changeable. 

Therefore, the vehicle twist system is written by: 

{

$̂1 = [0 0 1 0 0 0]

$̂2 = [0 0 0 1 0 0]

$̂3 = [0 0 0 0 1 0]

,                                                   (2.8) 

where $̂1, $̂2, and $̂3 represent the rotation around the 𝑧 axis, translation along the 𝑥 axis, and 

translation along the   axis, respectively, referring to the coordinate system fixed on the center of 

the vehicle as shown in Fig. 2.3. 

 

 
Fig. 2.3 Schematic model of vehicle  

 

The wrench system imposed on the vehicle chassis can be obtained easily via using the 

geometrical method of determining the reciprocal screw, which is the same as its twist system  [81]. 

Therefore, the wrench imposed on the vehicle by the wheels is a three-system as follows:  

𝑥

 

𝑧

 

Vehicle chassis

Wheel
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{

$̂1
𝑟 = [0 0 1 0 0 0]

$̂2
𝑟 = [0 0 0 1 0 0]

$̂3
𝑟 = [0 0 0 0 1 0]

.                                                   (2.9) 

When applying the above wrench system to the vehicle chassis, the twist of each wheel can be 

one-, two-, or three-system, and the twist can be written by one of the following screws or a linear 

combination of them: 

{

$̂1
𝑡 = [0 0 1 0 0 0]

$̂2
𝑡 = [0 0 0 1 0 0]

$̂3
𝑡 = [0 0 0 0 1 0]

.                                                  (2.10) 

Since the total number of the actuators is normally equal to the DOFs of the vehicle, at least one 

wheel must have two active DOFs when the vehicle is equipped with two wheels. Therefore, the 

wheel twist is either a two- or a three-system. In the two-system case, the vehicle twist is divided 

into two types. One is the linear combination of $̂1
𝑡  with $̂2

𝑡  or $̂3
𝑡 , which represents the rotation 

about the 𝑧  axis and translation along the 𝑥 - or   -axis direction, while the other is the linear 

combination of $̂2
𝑡  with $̂3

𝑡 , which represents the translation along the 𝑥- and  -axis directions. 

2.4.2 Feasible Wheel Types and Combinations 

As introduced in Chapter 1, various wheel mechanisms were proposed in the previous studies. 

However, they have only one active DOF. To realize the three-DOF mobility of the two-wheeled 

vehicle, one of the wheels should have two active DOFs. To meet this requirement, the active omni 

wheel (AOW) is used here, which can actively move along or vertical to the wheel plane [80].  

When the vehicle is equipped with an AOW and a fixed wheel as shown in Fig. 2.4(a), the motion 

of the AOW is represented by a zero-pitch screw $̂1
𝑧 and two infinite-pitch screws $̂1

𝑥 and $̂1
𝑦

, while 

the motion of the fixed wheel is represented by a zero-pitch screw $̂2
𝑧 and an infinite-pitch screw 

$̂2
𝑦

. The screw $̂𝑖
𝑧(𝑖 = 1 2) denotes the rotation motion around the axis vertical to the ground, which 

is shown by the black solid line. The screws $̂𝑖
𝑥 and $̂𝑖

𝑦
 represent the translation motion along the 

wheel axle and wheel plane directions, respectively, both of which are shown by the black da sh line. 

The AOW chain forms a three-system twist, while the fixed wheel chain forms a two-system twist. 

It is easy to obtain the reciprocal screws of each twist system as shown by the red solid lines and 

dash lines according to the geometrical method of determining the reciprocal scr ew, which are the 

wrench constraints acting on the vehicle chassis. By calculating the reciprocal product to the 

wrenches, the twist representing the mobility of the vehicle is obtained as shown by the blue line . 

The twist shows that the vehicle can only move along the wheel plane direction of the fixed 

wheel and rotate around the vertical axis passing through the contact point between the fixed wheel 

and the ground. Therefore, when the AOW is combined with the fixed wheel, the vehicle only has 
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two active DOFs. Similarly, the vehicle also only has two active DOFs when the vehicle is equipped 

with an AOW and a centered orientable wheel as shown in Fig. 2.4(b). 

 

   
                    (a)                                       (b)  

Fig. 2.4 Screws of a vehicle equipped with AOW and fixed wheel or centered orientable wheel. (a) A 

vehicle equipped with AOW and fixed wheel. (b) A vehicle equipped with AOW and centered orientable 

wheel 

 

On the other hand, when the vehicle is equipped with an AOW and the othe r types of wheels that 

are equivalent to a revolute pair and two prismatic pairs, such as the off -centered orientable wheel 

or omni wheel, the screw system formed by the wheel chains is shown in Fig. 2.5. As a result of the 

same calculating process of the reciprocal screw as the above, the motion screw of the vehicle is a 

three-system twist. This means that the vehicle is capable of three-DOF mobility.  

Therefore, the vehicle can realize three-DOF mobility by equipping with an AOW and any other 

wheels except for the fixed wheel and centered orientable wheel. Similarly, the two -AOW wheel 

layout is also feasible to realize three-DOF mobility. 

 

   
                 (a)                                               (b)  

Fig. 2.5 Screws of a vehicle equipped with an AOW and an omni wheel or off-centered orientable wheel. 

(a) A vehicle equipped with an AOW and an off-centered orientable wheel. (b) A vehicle equipped with 

an AOW and an omi wheel 

 

Overall, the vehicle can realize the three-DOF mobility when the vehicle is equipped with an 

AOW and an off-centered orientable wheel, an omni wheel, or another AOW. Examples of the whe el 

types and combinations are shown in Fig. 2.6. Note that the following example only show the 

configuration of the driving wheels.  
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        (a)                               (b)                    (c) 

Fig. 2.6 Examples of feasible wheel layouts  

 

2.4.3 Kinematic Modeling and Characteristics Analysis 

The proposed modeling method is applied to establish the kinematic model of the vehicle in this 

section. It is verified by constructing the kinematic model of the vehicle with the synthesis result in 

the previous section. The velocity characteristics of the vehicle regarding the specified wheel layouts 

are discussed.  

2.4.3.1 Vehicle Equipped With AOW and Omni wheel 

When the vehicle is equipped with an AOW and an omni wheel, the screws represent the pairs of 

both wheels are written by 

{

$𝑖1 = [0 0 0 sin (𝛼𝑖 + 𝛽𝑖) −cos (𝛼𝑖 + 𝛽𝑖) 0]

$𝑖2 = [0 0 0 cos (𝛼𝑖 + 𝛽𝑖) sin (𝛼𝑖 + 𝛽𝑖) 0] 

$𝑖3 = [0 0 1 𝑙𝑤𝑖sin𝛼𝑖 −𝑙𝑤𝑖cos𝛼𝑖 0]       

                               (2.11) 

where index 𝑖 = 1 represents the parameters of the AOW, index 𝑖 = 2 represents that of the omni 

wheel. 

The reciprocal screw of the remained passive zero-pitch and infinite-pitch screws can be found 

through the geometrical method. The reciprocal screws is $𝑟𝑔𝑖 =

[sin (𝛼𝑖 + 𝛽𝑖) −cos (𝛼𝑖 + 𝛽𝑖) 0 0 0 −𝑙𝑤𝑖cos𝛽𝑖]  corresponding to that the velocities along the 

wheel plane are controlled by the motors.  The other reciprocal screw is $𝑟𝑓𝑖 =

[cos (𝛼𝑖 + 𝛽𝑖) sin (𝛼𝑖 + 𝛽𝑖) 0 0 0 𝑙𝑤𝑖sin𝛽𝑖] corresponding to that the velocities perpendicular 

to the wheel plane are controlled by the motors. Substituting $𝑟𝑔𝑖 and $𝑟𝑓𝑖 for $𝑟𝑔 and $𝑟𝑓 in Eqs. 

(2.6) and (2.7), then the kinematic equation of the vehicle is written by 

𝐽[𝑢𝑥 𝑢𝑦 𝜔𝑧]𝑇 = [𝑔1̇ 𝑓1̇ 𝑔2̇]
𝑇,                                             (2.12) 

where 

𝐽 = [

sin(𝛼1 + 𝛽1) −cos(𝛼1 + 𝛽1) −𝑙𝑤1cos𝛽1

cos(𝛼1 + 𝛽1) sin(𝛼1 + 𝛽1) 𝑙𝑤1sin𝛽1

sin(𝛼2 + 𝛽2) −cos(𝛼2 + 𝛽2) −𝑙𝑤2cos𝛽2

],  

AOW

Off-centered 

orientable wheel

AOW

Omni 

wheel

AOW

AOW



16 Chapter 2 

 

Note that the lateral velocity 𝑓2̇ is passive, and the constraint equation can also be obtained by the 

same method shown in Section 2.4. Additionally, the constructed kinematic model is the same as that 

shown in the previous study [82]. Then, the feasibility of the established method for the kinematic 

model based on the screw theory is verified. 

When the determinate of the matrix 𝐽 is zero, the vehicle is at the singular configuration. The 

equation of the singular condition is shown in Eq. (2.13). It should be avoided by arranging the wheel 

properly according to the following equation.  

𝑙𝑤1 cos(𝛼2 + 𝛽2 − 𝛼1) − 𝑙𝑤2cos𝛽2 = 0                                           (2.13) 

The velocity of AOW is maximum when it moves to the forward-backward or transverse direction, 

while the velocity is limited to a lower value in the diagonal direction [83]. Considering this point,  

it is assumed that both 𝑔1̇ and 𝑓1̇ are limited in the same range (−𝑉𝑚𝑎𝑥  𝑉𝑚𝑎𝑥). The velocity 𝑔2̇ of 

the omni wheel is also limited in the same range. With respect to the wheel layout shown in Fig. 2.6 

(b), the maximum velocity distribution of the vehicle is shown in Fig. 2.7. It shows that the velocity 

in both the front-rear direction and lateral direction is larger than the diagonal direction.  

 

 
Fig. 2.7 Maximum velocity distribution of a vehicle equipped with an AOW and an omni wheel. 

 

2.4.3.2 Vehicle Equipped with Two AOWs 

When the vehicle is equipped with two AOWs, the kinematic equation of the vehicle is written by  

𝐽[𝑢𝑥 𝑢𝑦 𝜔𝑧]𝑇 = [�̇�1 𝑓1̇ �̇�2 𝑓2̇]
𝑇,                                          (2.14) 

where 

𝐽 =

[
 
 
 
sin(𝛼1 + 𝛽1) −cos(𝛼1 + 𝛽1) −𝑙𝑤1cos𝛽1

cos(𝛼1 + 𝛽1) sin(𝛼1 + 𝛽1) 𝑙𝑤1sin𝛽1

sin(𝛼2 + 𝛽2) − cos(𝛼2 + 𝛽2) −𝑙𝑤2cos𝛽2

cos(𝛼2 + 𝛽2) sin(𝛼2 + 𝛽2) 𝑙𝑤2sin𝛽2 ]
 
 
 

, 
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and indices 1 and 2 represent the parameters of two AOWs, respectively. The kinematic model is the 

same as that shown in the previous study [80]. With respect to the wheel layout shown in Fig. 2.6(c), 

the velocity of the vehicle is the same as that in Fig. 2.7.  

The vehicle equipped with two AOWs is a redundantly driving system, which has no singular 

configuration. However, the velocity characteristics are altered when the wheel layout changes. 

Because the velocity of both AOWs must be the same when the vehicle travels along a direction, the 

wheel planes of AOWs are suggested to parallel to each other to  obtain the maximum potential of 

the AOW. It is assumed that 𝑙𝑤1 = 𝑙𝑤2 = 𝑙𝑤, two AOWs can be arranged like the black points as 

shown in Fig. 2.8. The velocity of a single AOW is shown as the blue frame. Therefore, the velocity 

of the vehicle along the x- or y-axis directions is the same as that shown in Fig. 2.7. However, the 

rotation velocity 𝜔𝑧 takes the maximum value when the wheel plane is coplanar or the wheel axle 

is collinear because the circumferential velocity indicated by red lines that the AOWs should o utput 

can take the maximum value at these configurations.  

Compared with the vehicle equipped with an AOW and omni wheel, the vehicle equipped with 

two AOWs does not show singularity, which leads to simplification of the control. 

 

 
Fig. 2.8 Wheel layout and velocity distribution of vehicle equipped with two AOWs.  

 

Based on the kinematics analysis, it is proved that the screw-theory-based method is feasible to 

solve the type synthesis issue of the wheeled locomotion vehicle.  

2.5 Summary 

The wheel composition was determined by the trial-and-error method according to mobility 

requirement, by which cannot derive the possible wheel composition of wheeled locomotion vehicle 

comprehensively and theoretically. To solve this problem, the screw-theory-based type synthesis 
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method was proposed to figure out the feasible wheel types, combinations, and layouts. The 

following results were obtained.  

 

・ A screw-theory-based method was proposed to synthesize the feasible wheel types and 

combinations comprehensively and theoretically according to the requirement of mobility 

by considering the wheel mechanism as the combination of revolute pairs and prismatic 

pairs. 

 

・ A kinematic modeling method based on the screw theory was proposed , based on which the 

kinematic characteristics of vehicles could be analyzed to obtain the feasible wheel layouts.  

 

・ An example of synthesizing the two-wheeled three-DOF vehicle was given to explain and 

verify the proposed method. The feasible wheel types, combinations, and layouts were 

obtained based on the proposed method. Their kinematic characteristics were analyzed 

based on the kinematic model.  

 

  



Chapter 3  

Type Synthesis of Six-DOF Mobile 

Parallel Mechanisms 

3.1 Introduction 

Wheeled mobile manipulators were proposed to solve the issue of workspace limitation of the 

conventional parallel mechanism with a fixed base. Wheeled mobile manipulators extend the motion 

range from the planar to the space, which makes it be able to complete relatively complex tasks. As 

introduced in Chapter 1, the mobile parallel manipulator contains two types. One is called VMPM 

where the parallel mechanism is mounted on the mobile base, the other one is called MPM which 

shares the driving sources with the mobile base as shown in Fig. 1.2(b) and (c), respectively. The 

position and orientation on the ground of the VMPM can be changed mainly by moving the mobile 

base. In this type, the output platform is controlled by different motors from those of the mobile 

base. Regarding the MPM, each driving unit is connected to a connecting chain. When the mobile 

base is powered by the driving units and moves on the ground, the entire MPM moves. When one of 

the driving units moves relative to the other driving units, the motion is transmitted via the 

connecting chain and the output platform performs spatial motions, namely the change in height or 

tilt. Therefore, both the movements of the entire MPM on the ground and the spatial motion of the 

output platform are powered by the same driving units. It is thought that the driving motors of MPM 

are utilized more effectively than that of VMPM. Additionally, it is notable that the stiffness of this 

MPM has proved to be higher than the conventional Stewart platform under some conditions [ 84]. 

Therefore, this study focuses on the MPM. 

Type synthesis is one of the most important stages in the design of a n MPM. However, previous 

studies about MPMs were very few and focused primarily on the kinematics and property analyses 

of the specified MPMs, and have rarely addressed their type synthesis of MPMs. Therefore, design 

solutions other than those used in existing MPMs could be developed. Many type synthesis methods 

have been proposed for conventional parallel mechanisms, such as the Lie subgroup synthesis 

method or the constraint synthesis method based on screw theory [85-86]. However, unlike the 

conventional parallel mechanisms those with fixed bases, an MPM is powered by several movable 

driving units [87]. As a result, even though the abovementioned method can be applied to the type 

synthesis of a connecting chain, it cannot be used in the type synthesis of an entire MPM str ucture, 

which means it is necessary to establish an alternative type synthesis method for MPMs.  
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With this in mind, this thesis proposes an MPM type synthesis method by using the screw theory 

based on the integration of a connecting chain and mobile base. To that end, possible structures are 

explored for six-DOF MPMs by first dividing those motions into three-DOF planar motions (realized 

by the planar motion of the mobile base) and three-DOF spatial motions (realized by the relative 

motions of the driving units through the connecting chains). As a result, the structures of the 

connecting chain for three-DOF spatial motion, and the mobile base for three-DOF planar motion, 

are enumerated separately based on their motion requirements. Then the connecting chain s tructure 

is discussed by considering two possible solutions: applying a singularity configuration and adding 

another constraining chain. The mobile base is synthesized for the planar motion requirement based 

on the method proposed in Chapter 2. Next, the method of integrating the connecting chain with the 

mobile base is discussed. Finally, feasible MPM structures are obtained based on the proposed type 

synthesis method, and four examples are provided to confirm its feasibility.  

3.2 Type Synthesis Method for Mobile Parallel Mechanism 

3.2.1 Conditions of Motion and Structure 

As stated above, this chapter aims to find out the possible six-DOF MPM structures. Based on the 

idea that a symmetrical structure makes the design and control of the MPM easier in practical 

applications [58], an input-symmetrical MPM is set as the object of type synthesis. In this method, 

the number of the connecting chains is set to three, and pair compositions of all connecting chain 

and the driving units are the same, as shown in Fig. 3.1. 

 

 
Fig. 3.1 Schematic description of an MPM with three connecting chains.  

 

The MPM workflow proceeds as follows. First, the MPM moves to a specified location and then 

starts the required work. After finishing that job, the MPM moves to another location and co ntinues. 

In such operations, the six-DOF mobility of the MPM is divided into the planar motion of the mobile 

base and the spatial motion of the output platform. Additionally, to achieve unlimited workspace, 

the mobile base must be able to move in any direc tion on the ground. Therefore, three-DOF planar 
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motion, including the two-DOF translation along the 𝑥  - and    -axes and one-DOF rotation 

mobility around the 𝑧 -axis, are necessary to permit the mobile base to change the position and 

orientation of the MPM. The three-DOF spatial motion of the output platform refers to translations 

along the 𝑧 -axis and rotation around the 𝑥 - and   -axes, which permit the end effector to access 

the target position and posture. Note that the coordinate systems M -𝑥   𝑧  and O-𝑥   𝑧  are fixed 

at the output platform center and on the ground, respectively, while the 𝑧 - and 𝑧 -axes are always 

perpendicular to the ground. The combination of the three-DOF planar motion and three-DOF spatial 

motion provides the MPM with six-DOF mobility. 

Since all of the pairs included in the connecting chains are passive, the motions of the mobile 

base are applied as a unique driving source to achieve the motions of the output platform. The planar 

motions of the mobile base are considered to be directly equivalent to those of the output platform. 

The relative movements of the driving units are transmitted to the output platform through the 

connecting chain to vary its orientation and/or position. More specifically, the motions of the driving 

units are transmitted to achieve the planar or spatial motion of the output platform.  Therefore, the 

synthesis of MPM is divided into those of connecting chain and mobile base separately.  

Generally, the control of the MPM becomes easy if the spatial motion is decoupled with the 

planar motion. Namely, the relative motions of the driving units affect the spatial motions of the 

output platform but do not change the position of the whole MPM when the MPM is located at a 

specified position. 

3.2.2 Synthesis Method and Process 

A screw-theory-based type method is proposed for the type synthesis of the MPM. All kinds of pairs 

can be seen as equivalent to the combination of one or more revolute and prismatic pairs. 

Additionally, the mobile base of an MPM can be considered equivalent to a  planar parallel 

mechanism when its wheels are regarded as the combination of lower pairs in the chain. Therefore, 

the structures of the connecting chain and mobile base in an MPM can be obtained by the similar 

synthesis method proposed in Chapter 2. As discussed in Section 3.2.1, after dividing the mobility 

of the MPM into the mobility of the output platform and that of the mobile base, the type synthesis 

of the connecting chain and the mobile base is performed separately. Meanwhile, the geometric 

relationship between pairs during the synthesis of connecting chain can be obtained via the reciprocal 

screw rules. For example, to form a zero-pitch wrench on the output platform that is perpendicular 

to the ground, all of the passive prismatic pair axes should be parallel to the ground, while the 

revolute pair axes should be coplanar with the zero-pitch wrench. By considering these conditions, 

the pair composition for the connecting chain or driving unit structure can be obtained. Finally, the 

MPM structure is obtained by integrating the type synthesis results of the connecting chain with 
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those of the mobile base. Summarizing the above, our proposed MPM type synthesis process is as 

shown in Fig. 3.2.  

 

 
Fig. 3.2 MPM type synthesis flowchart.  

 

3.3 Type Synthesis of Connecting Chain 

As discussed in Section 3.2.1, the connecting chains must facilitate the mobility of rotation around 

the 𝑥 - or   -axis and translation along 𝑧 -axis (RxRyTz) to the output platform when the driving 

units move in the appropriate directions. The RxRyTz mobility of the output platform can be 

represented by a three-system twist composed of an infinite-pitch screw and two zero-pitch screws, 

in which the axis of the infinite-pitch screw is perpendicular to that of the zero-pitch screws. In this 

configuration, the possible wrench system provided by each connecting chain can be a one -, two-, 

three-, or zero-system, as shown in Fig. 3.3. When the wrench system is a one-system, it contains 

Reciprocal 

product

Mobility of mobile 

base

Mobility of output 

platform

Wrench provided 

by each driving unit

Wrench provided 

by each connecting 

chain

Twist represented 

the driving unit

Twist represented 

the pairs

Reciprocal 

product

Structure of mobile 

base

Structure of 

connecting chain

Structure of MPM

Mobility of MPM

Reciprocal product calculation

Integration

Twist of output 

platform

Twist of mobile 

base

Selection of pairs 

combination

Selection of wheel types 

and combinations

Investigation and 

countermeasure of 

overconstrained situation

Determination of wheel 

layout



Type Synthesis of Six-DOF Mobile Parallel Mechanisms 23 

only one zero-pitch wrench. When the wrench system is a two-system, it is composed of pure zero-

pitch wrenches or one zero-pitch wrench and one infinite-pitch wrench. When the wrench system is 

a three-system, it is formed by one infinite-pitch wrench and two zero-pitch wrenches. When the 

wrench is a zero-system, it means each connecting chain acts no wrench on the output platform. 

Regardless of which of the above wrench systems is used,  the axis of any infinite-pitch wrench must 

be perpendicular to the axes of zero-pitch wrenches provided by the same connecting chain.  

 

 
Fig. 3.3 Possible constraints imposed on the output platform.  

 

Based on the above analysis, two solutions are considered to realize such spatial motions of the 

output platform. One is realizing motions under a singular configura tion with respect to the situation 

shown in Fig. 3.3(a), (b), and (c). The singular configuration is caused if the wrench acted by the 

connecting chain is also reciprocal to the equivalent pair screw representing the motion of the driving 

unit. Then the motions other than the RxRyTz motion are restricted when the driving unit moves or 

rotates. Therefore, at least one zero-pitch wrench of each connecting chain must be in parallel with 

the ground to ensure that the wrench is also reciprocal to the equivalent pair screw representing the 

specified motion of the driving unit under this situation. The other is using an additional connecting 

chain that acts as three wrenches to the output platform with respect to the situation shown in Fig. 

3.3(d), which can limit the undesired motion. Both solutions will be discussed separately in this 

section. The former and latter methods are discussed in Sections 3.3.1 and 3.3.2, respectively.  

3.3.1 Applying Singularity Configuration  

Under the singularity configuration discussed here, the six-DOF mobility of the MPM is limited to 

the RxRyTz motion. The possible connecting chain structures for the RxRyTz mobility are 

enumerated and discussed below.  
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3.3.1.1 Enumeration of Connecting Chains 

3.2.1.1.1 Chain with One Constraint 

When each chain provides just one zero-pitch wrench to the output platform, as shown in Fig. 3.3(a), 

the screws of each chain form a five-system twist, which means the maximum number of the 

independent one-DOF pair screws is five. Additionally, based on Rule A3 in Chapter 2, the number 

of revolute pairs in each chain is more than three. Revolute pair (R) and prismatic pair (P) are applied 

as the fundamental pairs because all other pairs can be equivalent to  their combinations. At this point, 

the composition possibilities of each chain are 5R, 4R1P, or 3R2P.  Because there is no infinite-pitch 

screw in the chain wrench system, the axes of more than three revolute pairs in each chain are non -

coplanar. It is possible that situations can occur in which any two axes of the three revolute pairs do 

not intersect at a point, or in which two axes intersect at the same point, but the remaining axis does 

not pass through that point, or in which all axes intersect at the same point. For simplicity, it is 

assumed that the axes of the revolute pairs satisfy the latter two geometrical conditions. In general, 

each of the revolute pair axes should remain on the same plane as the reciprocal screw, while each 

prismatic pair axis should be perpendicular to that of the reciprocal screw.  

Considering the above conditions, the possible chain structures are shown in Fig. 3.4, where new 

structures are obtained if the order of the pairs is altered properly. The screw $𝑖 indicated by a 

dashed line represents the axis of the 𝑖-th pair. The screw $𝑟 indicated by a red line refers to a 

wrench that is unique to the chain twist system. Here, RR refers to the axes of revolute pairs that 

intersect at a point, RR means the axes of these revolute pairs that are in parallel, R⊥P refers to the 

axis of a revolute pair that is perpendicular to that of the neighboring prismatic pair, while P⊥R 

indicates the opposite configuration. However, the structures shown in Fig. 3.4(b), (d), and (g) are 

inappropriate because the direction of the one-system wrench must be in parallel with the ground. 
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      (a)             (b)             (c)            (d)              (e) 

             
         (f)              (g)            (h)                 (i)  

Fig. 3.4 Possible connecting chain structures with one force constraint. (a) RRRRR, (b) RR RRR, (c) 

RRR RR, (d) RRRRR, (e) P⊥RR⊥PRRR, (f) PR⊥PR⊥PRR, (g) PRR RR, (h) PPRRR, and (i) RP⊥RP⊥RRR. 

 

3.2.1.1.2 Chain with Two Constraints 

When the chain wrench system is a two-system, as shown in Fig. 3.3(b), the chain twist system is 

composed of four independent one-DOF pairs. When the wrench system is composed of two zero -

pitch wrenches, the maximum number of prismatic pairs in the connecting chain is on e. Additionally, 

two or three of the revolute pairs should intersect at a common point to ensure there is no infinite -

pitch screw in the chain wrench system. The reciprocal screws should pass through the intersection 

point. If they do not, they are either in the same plane as the remaining revolute pair or are 

perpendicular to the prismatic pair. Therefore, the composition possibilities of each chain are 4R and 

3R1P, as shown in Fig. 3.5. Note that $𝑟2 in Fig. 3.5(b) is on the intersection line of the plane formed 

by $1  and $2  and the plane formed by $3  and $4 . However, the structure in Fig. 3.5(b) is 

unsuitable because it is unable to keep the one of the wrench direction being stably in parallel with 

the ground. 
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        (a)                 (b)                 (c)             (d)  

Fig. 3.5 Possible connecting chain structures with two force constraints. (a) RRRR, (b) RR RR, (c) PRRR, 

and (d) PRRR 

 

When the chain wrench system is a two-system composed of an infinite-pitch wrench and a zero-

pitch wrench, the maximum number of axis-intersected revolute pairs in the connecting chain must 

be two to ensure there is one infinite-pitch screw in the chain wrench system. The remaining revolute 

pairs must be in parallel with one of the axis-intersected revolute pairs, while the prismatic pair axes 

should be perpendicular to the zero-pitch reciprocal screw, as stipulated by Rules A2 and A3 in 

Chapter 2. Therefore, the composition possibilities of each chain are 4R, 3R1P, and 2R2P, as shown 

in Fig. 3.6. 

 

       
(a)                  (b)                         (c) 

Fig. 3.6 Possible chain structures with two constraints composed of a force and a couple constraint.  (a) 

RRRR, (b) R⊥PP⊥RRR, and (c) PPRR. 

 

3.2.1.1.3 Chain with Three Constraints 

When the chain wrench system is a three-system, as shown in Fig. 3.3(c), the chain twist system is 

composed of three independent one-DOF pairs, and the maximum number of prismatic pairs in the 

connecting chain is one to ensure there are two zero-pitch screws in the chain wrench system. 

Therefore, the composition possibilities of the connecting chain are 3R and 2R1P, as shown in Fig. 

3.7. The axes of intersected revolute pairs reside in a horizontal plane, while the  axis of the remaining 

revolute pair is in parallel with one of the axis-intersected revolute pairs shown in Fig. 3.7(a), and 

the axis of the remaining prismatic pair is perpendicular to that horizontal plane, as shown in Fig. 

3.7(b). 
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(a)                             (b) 

Fig. 3.7 Possible connecting chain structures with three constraints. (a) RRR and (b) PRR. 

 

3.3.1.2 Analysis of the Enumerated Chain Structures 

According to Gruebler’s equation, when each connecting chain imposes one, two, or three constraints 

on the output platform, the DOFs of the MPM (excluding the mobile base) are 3, 0, and -3, 

respectively. This result indicates that using chain structures with three constraints to construct a 

six-DOF MPM is unfeasible, even though the other two structure types could potentially realize the 

desired MPM mobility by integrating them with the driving unit.  

On the other hand, the above DOF evaluation is based on the assumption that there is no 

overconstraint. An overconstrained mechanism is one that has more  DOFs in the actual motion than 

are given by Gruebler’s equation. Next, the enumerated structures are analyzed while considering 

overconstrained characteristics. In general, an overconstrained condition occurs when pair axes are 

in specified relationships, such as when the axis of a prismatic pair in a connecting chain is in parallel 

with those in other chains, when the axes of the revolute pair are collinear with each other among 

three connecting chains, when the axes of all revolute pairs intersect at a c ommon point, and so on. 

In the MPM discussed here, the conditions related to revolute pairs are not always satisfied due to 

the three-fold symmetric structure of the entire MPM and the motion constraints of the enumerated 

chain structures. Nevertheless, the condition regarding the prismatic pair can be satisfied in some 

situations, as will be discussed below.  

If only one constraint is imposed on the output platform by each connecting chain, the 

overconstrained mechanism exists at the structures shown in Fig . 3.4(e), (f), (h), and (i) when the 

axis of the prismatic pair is perpendicular to the ground. For the structures shown in Fig. 3.4(e) and 

(f), the overconstrained issue is easily solved when the axis of the prismatic pair is in parallel with 

the ground. With regards to the structures shown in Fig. 3.4(h) and (i), the overconstrained issue 

cannot be solved unless one prismatic pair axis is arranged obliquely. However, in Fig. 3.4(i), it can 

be seen that the angle of the prismatic pair in relat ion to the ground cannot be fixed due to the 

revolute pair, which means that the overconstrained configuration changes during operation, which 

is unacceptable for an MPM.  
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When two constraints are imposed on the output platform by each connecting chain, the 

overconstrained mechanism exists at the structures shown in Figs. 3.5(c), 3.5(d), 3.6(b), and 3.6(c) 

when the prismatic pair is perpendicular to the ground. For the struc tures shown in Fig. 3.5(c) and 

(d), the overconstrained issue is also solved if the axis of the prismatic pair is set obliquely. The 

structure shown in Fig. 3.6(b) permits the angle of the prismatic pair relative to the ground to be 

changeable due to the revolute pair, which means that the overconstrained characteristics can vary. 

Hence, this structure is also unsuitable for use by an MPM. As for the structures shown in Fig. 3.6(c), 

at least one prismatic pair should be arranged obliquely to avoid the overconstrained situation.  

In the case of the connecting chain with three constraints, the structure shown in Fig. 3.7(b) 

produces the overconstrained mechanism when the prismatic pair is vertical. However, even when 

the overconstrained situation occurs, the available DOFs obtained are not sufficient to construct an 

MPM. 

3.3.2 Using Additional Connecting Chain to Limit Undesired Motion 

Since the output platform has six-DOF mobility if the connecting chains do not impose any wrench 

on it as shown in Fig. 3.3(d), it is possible to realize the RxRyTz motion by constraining other 

undesired motions with an additional chain. First, the possible connecting chain structure that 

imposes no constraint on the output platform is discussed below. In this case, the number of the 

revolute pairs is more than three because no infinite-pitch wrench is imposed on the output platform. 

Therefore, the composition possibilities of the connecting chain are 6R, 5R1P, 4R2P, and 3R3P. 

Additionally, since three revolute pairs must intersect at a point to ensure there is no infinite-pitch 

wrench, the remaining pairs are arranged to ensure they do not create a zero -pitch wrench. 

Considering these conditions, the possible connecting chain structures are shown in Fig. 3.8. With 

regards to the structures shown in Fig. 3.8(a) and (b), the unique reciprocal screw of the two 

intersected revolute pair sets ($2 and $3; $4, $5, and $6) passes through points  1 and  2. If the 

last revolute pair is not coplanar with line  1 2, as shown in Fig. 3.8(a), or if it is not perpendicular 

to the prismatic pair shown in Fig. 3.8(b), there is no screw reciprocal to the chain twist. With regards 

to the structure shown in Fig. 3.8(c), the screw reciprocal to the four revolute pair screws exists in 

the plane formed by point   and the axis of pair $3. If the axis of the remaining prismatic pair is 

not perpendicular to that plane, there is no wrench imposed on the output platform. With regards to 

structures shown in Fig. 3.8(d), the three prismatic pairs axes are not coplanar, which means there is 

no zero-pitch wrench constraining the output platform.  
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          (a)                  (b)               (c)                     (d)  

Fig. 3.8 Possible connecting chain structures with six-system twist. (a) RRRR RR, (b) PRRR RR, (c) 

PPRRRR, and (d) PPPRRR. 

 

Next, the additional connecting chain, which is required to impose three constraints on the output 

platform, is discussed. The structural possibilities of this additional chain are the same as those 

shown in Fig. 3.7. However, with regards to the structure shown in Fig. 3.7(a), the direction of the 

wrench $𝑟2 changes from instant to instant when the revolute pair $1 rotates. Therefore, only the 

structure shown in Fig. 3.7(b) is suitable for use as the additional chain. 

Finally, the DOF of this type of solution is analyzed. Without the overconstrained situation, the 

MPM with three connecting chains and one additional chain (excluding the mobile base) has three 

DOFs. The overconstrained mechanism exists at the structures shown in Fig. 3.8(b), (c), and (d), 

providing a prismatic pair axis is perpendicular to the ground. To avoid this overconstrained situation, 

the prismatic pairs should be arranged in parallel  with or obliquely to the ground.  

3.4 Type Synthesis of Mobile Base 

In this section, the possible structures of the mobile base are obtained based on the synthesis method 

proposed in Chapter 2. Here, the mobile base is seen as a virtual planar parallel mechanism composed 

of three driving units.  

3.4.1 Mobility Analysis 

Since the position and orientation of the mobile base need to be changeable to solve the limited 

workspace problem and achieve the spatial motion of the output platform, both three-DOF planar 

motion and three-DOF relative motion are necessary to achieve six-DOF mobility for the mobile 

base. Hence, the mobile base twist system for the former motion is written by  

{

ξ̂1 = [0 0 1 0 0 0]

𝜉2 = [0 0 0 1 0 0]

ξ̂3 = [0 0 0 0 1 0]

.                                                   (3.1) 
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In Eq. (3.1), 𝜉1, 𝜉2, and 𝜉3 represent the rotation around the 𝑧  axis, translation along the 𝑥  

axis, and translation along the    axis, respectively, referring to the coordinate system shown in 

Fig. 3.1. Therefore, the twist of each driving unit also can be written by one of the following screws 

or a linear combination of them by the same process explained in Chapter 2: 

{

ξ̂1
𝑡 = [0 0 1 0 0 0]

ξ̂2
𝑡 = [0 0 0 1 0 0]

ξ̂3
𝑡 = [0 0 0 0 1 0]

.                                                   (3.2) 

Since the total number of the actuators is normally equal to the DOFs of the MPM, the input -

symmetric structures require two active DOFs for each driving unit. Therefore, the driving unit twist 

is either a two- or a three-system. In the two-system case, the driving unit twist is divided into two 

types. One is the linear combination of 𝜉1
𝑡 with 𝜉2

𝑡 or 𝜉3
𝑡, which represents the rotation about the 

𝑧  axis and translation along the 𝑥 - or   -axis direction, while the other is the linear combination 

of 𝜉2
𝑡 with 𝜉3

𝑡, which represents the translation along 𝑥 - and   -axis directions. On the other hand, 

the three-system twist is also feasible if only two twist motions are active and the third is passive.  

3.4.2 Type Synthesis of Driving Unit 

In this section, the type synthesis of the driving unit is discussed in relation to the number of wheels.  

3.4.2.1 Driving Unit with One Wheel 

As introduced in Chapter 1 and Chapter 2, various wheel mechanisms have been reported in previous 

studies. All types of wheels can be equivalent to the combination of a revolute pair and one or two 

prismatic pairs. Although the regular omni wheel or Mecanum wheel only has one active DOF, they 

become actively orientable when a steering axis is added mechanically. The AOW can perform active 

translations in two directions. The typical spherical wheel, which is equivalent to one active revolute 

pair and two active prismatic pairs, has three active DOFs.  

Wheel motions can be expressed by screws, as shown in Table 3.1. The actuatable motion of the 

typical configuration is denoted by the blue frame in the figure. All wheels, except for the fixed 

wheel and the simple omni wheel or Mecanum wheel, can obtain at least two active DOFs. Therefore, 

based on the above discussion, they can even function as driving units by themselves. However, it 

should be noted that only two DOFs of the spherical wheel can b e active when it is used to form a 

driving unit. 
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Table 3.1 Mobility of wheel mechanism represented by screw.  

Wheel 

mechanism 
Mobility Unit twist screw 

Wheel 

mechanism 
Mobility Unit twist screw 

Fixed wheel 

 

[0 0 1 0 0 0] 
[0 0 0 1 0 0] 

Centered 

orientable omni 

wheel 
 

[0 0 1 0 0 0] 
[0 0 0 1 0 0] 
[0 0 0 0 1 0] 

Centered 

orientable 

wheel 

 

[0 0 1 0 0 0] 
[0 0 0 1 0 0] 

Off-centered 

orientable omni 

wheel 

 

[0 0 1 𝑟 0 0] 
[0 0 0 1 0 0] 
[0 0 0 0 1 0] 

Off-centered 

orientable 

wheel 

 

[0 0 1 𝑟 0 0] 
[0 0 0 1 0 0] 
[0 0 0 0 1 0] 

Active omni 

wheel 

 

[0 0 1 0 0 0] 
[0 0 0 1 0 0] 
[0 0 0 0 1 0] 

Omni wheel  

 

[0 0 1 0 0 0] 
[0 0 0 1 0 0] 
[0 0 0 0 1 0] 

Spherical wheel 

 

[0 0 1 0 0 0] 
[0 0 0 1 0 0] 
[0 0 0 0 1 0] 

 

3.4.2.2 Driving Unit with Two Wheels 

Next, the structure of a two-wheeled driving unit is discussed. First, it is assumed that each wheel 

has only one active DOF. In this situation, the wheels, ground, and chassis of the driving unit form 

a closed-loop mechanism that has two chains. When the driving unit is equipped with two fixed 

wheels, each wheel is equivalent to the combination of a passive revolute pair and an active prismatic 

pair, as shown in Fig. 3.9. The pair revolving around the axis perpendicular to the ground is defined 

as screw 𝜉𝑖
𝑧 , while screw 𝜉𝑖

𝑦
  represents the prismatic pair along the wheel plane. The index 𝑖 

represents wheel 𝑖 and 𝑖 = 1, 2. Each wheel chain forms a four-system wrench to the chassis, which 

is composed of two zero-pitch screws (𝜉𝑖
𝑤1 and 𝜉𝑖

𝑤2) shown as red solid lines, and two infinite-pitch 

screws (𝜉𝑖
𝑤3 and 𝜉𝑖

𝑤4) shown as red dashed lines. 

The twist screw of the chassis can be obtained by calculating the reciprocal product of the 

abovementioned wrench screws. When the axles of the wheels intersect at a point, as shown in Fig. 

3.9(a), there is only one twist screw 𝜉 
𝑡  that is reciprocal to the wrench system. This indicates that 

the driving unit is only able to rotate about the axis perpendicular to the ground. When the wheel 

axles are lying on the same line, as shown in Fig. 3.9(b), two twist screws (𝜉 
𝑡1 and 𝜉 

𝑡2) can be 

obtained by the reciprocal product. This indicates that the driving unit can not only rotate about the 

vertical axis but also travel along the direction in parallel with the wheel planes. Therefore, to obtain 

the two-DOF mobility when the driving unit is equipped with two fixed wheels, the wheel axles 

should be collinear. 
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                      (a)                                (b)  

Fig. 3.9 Screws formed in driving units with two fixed wheels. (a) Intersection arrangement, (b) Collinear 

arrangement. 

 

When a driving unit is equipped with two centered orientable wheels, the wrench system 

provided by the wheels at each instant is similar to that provided by fixed wheels. However, unlike 

a fixed wheel, a center orientable wheel is steerable, which means the wrench system provided by 

the wheels changes from moment to moment. For example, when both wheels are rotated actively, 

the driving unit can rotate around the steering axis of wheel 2 under the situation shown in Fig. 

3.10(a), while it can travel along the wheel plane direction in the situation shown in Fig. 3.10(b). 

However, in this case, the steering of the wheels should be passive due to the assumption that each 

wheel has one active DOF, which means that switching between Figs. 3.10(a) and  (b) conditions is 

involuntary. Hence, this configuration is unsuitable.  

On the other hand, this problem can be solved when wheel 1 is actively steerable, and wheel 2 

rotates actively. In such cases, excluding the situation shown in Fig. 3.10(a), the driving unit can  

perform a translation when the wheel planes are in parallel  with each other, as shown in Fig. 3.10(b), 

and perform a circular motion when the wheel planes are oblique to each other. This means that 

wheel 2 does not need to be orientable. Therefore, a centered orientable wheel should be combined 

with a fixed wheel to form a driving unit in the same manner as a driving unit with an off -centered 

orientable wheel. 

 

  
                (a)                                     (b)        

Fig. 3.10 Screws formed in driving units with two centered orientable wheels. (a) Intersection 

arrangement, (b) Parallel configuration.  

 

When a driving unit is equipped with two omnidirectional wheels that have three DOFs, such as 

an omni wheel, the twist screw system representing the wheel contains a zero-pitch screw 𝜉𝑖
𝑧 and 

two infinite-pitch screws 𝜉𝑖
𝑥 and 𝜉𝑖

𝑦
. The wrench system provided by each wheel chain is a three-

system containing three independent screws shown by red lines in Fig. 3.11. By calculating the 
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reciprocal product of the wrench system formed by both wheels, the mobility of the driving unit is 

given by 𝜉 
𝑡1, 𝜉 

𝑡2, and 𝜉 
𝑡3, as shown by the blue line in the figure. This figure also shows that the 

driving unit has three DOFs that contain one rotation and two translations. However, since one of 

three DOFs becomes uncontrollable due to the passive motion represented by the infinite -pitch screw 

𝜉𝑖
𝑥, one of the omnidirectional wheels must be replaced with a fixed wheel to form a driving unit.  

 

 
Fig. 3.11 Screws formed in driving units with two omnidirectional wheels.  

 

Based on the method introduced in Chapter 2, the wheel layouts can be determined when the 

driving unit is formed by two wheels. Therefore,  the possible driving unit structures are shown in 

Fig. 3.12. They are composed of either a single wheel, such as the centered orientable wheel, or two 

wheels, such as two independent drive fixed wheels. According to the above discussion, driving units 

can be divided into two types. The first, of which there are two types, is equivalent to the combination 

of two active prismatic pairs and includes a single active omni wheel, as shown in Fig. 3.12(e), and 

a spherical wheel, as shown in Fig. 3.12(f). The second, of which there are eight types, combines  

active revolute and prismatic pairs. Both structures enable the mobile base to realize both three-DOF 

planar and three-DOF relative movements.  

 

 
Fig. 3.12 Possible driving unit structures.  
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3.5 Integration of Connecting Chain and Mobile Base 

In this section, the integration methods of the connecting chain and mobile base are discussed, and 

the MPMs are synthesized.  

3.5.1 Connecting Scheme 

As analyzed in Section 3.2, some of the enumerated connecting chain structures bring redundant 

DOFs to the MPM. These are the one-constraint chain with or without overconstraint, the two-

constraint chain with or without overconstraint, and the no -constraint chain with or without 

overconstraint. To construct an MPM properly, such redundant DOFs must be constrained but kept 

movable at the same time. To address this issue, the appropriate number of pairs in the connecting 

chains are made activate by using the driving units. 

When each connecting chain imposes only one constraint on the output platform without 

overconstraint, the end pair of each connecting chain can be actuated by the driving unit. Then, the 

posture of the output platform is uniquely decided by the input motions of the three driving units. If 

an overconstraint situation occurs, the redundant DOFs exceed three, at which point they can no 

longer be actuated by the three driving units. Therefore, a one -constraint chain with overconstraint 

is unsuitable for use by the MPM.  

When each connecting chain imposes two constraints on the output platform without 

overconstraint, the equivalent pair screws representing the motions of the driving units should be 

reciprocal to at least one of the wrenches. If the equivalent pair screw is reciprocal to just one of the 

wrenches, the wrench imposed on the output platform is reduced from two to one by the addition of 

the driving unit. In this situation, activation is unnecessary, and the connecting chain is only requir ed 

to connect with the driving unit. If the equivalent pair screw is reciprocal to both wrenches, it is 

regarded as a surplus pair in the chain and prevents the input motion of the driving unit from 

converting into the spatial motion of the output platform. At this time, the end pair of the connecting 

chain must be actuated by the driving unit. The end pair must also be actuated  when the connecting 

chains constitute an overconstrained mechanism.  

When no constraint is imposed on the output platform, an addit ional connecting chain is added 

to limit the undesired motions. Without overconstraint, the three connecting chains, excluding the 

additional chain, are needed to join with the driving unit, and the end pair must be actuated. With 

overconstraint, the redundant DOF exceeds the capability of the driving units, and the MPM cannot 

be constructed. 

Based on the above analysis, the connecting chain structures are divided into Groups A, B, and 

C. For the structures in Groups A and C, it is necessary to use the motion of the driving unit to 

actuate the end pair of the connecting chain, which means the vertical rotation axis or horizontal 



Type Synthesis of Six-DOF Mobile Parallel Mechanisms 35 

moving direction of driving unit should be converted to be consistent with the rotation axis or 

translation direction of the end pair.  In contrast, for the Group B structures, it is only necessary to 

join the driving unit with the connecting chain directly, where the transmission mechanism between 

the driving unit and end pair is unnecessary. The enumerated types of connecting chain structures 

are summarized and classified in Table 3.2.  

 

Table 3.2 Summary of the enumerated connecting chain structures.  

Method Constraint situation  Structure Classification 

Applying 

singularity 

configuration 

One constraint 

(without overconstraint) 

Fig. 3.4(a), (c), (e), 

(f),and (h) 

Group A 

Two constraints 

(with overconstraint or wrench overlap)  

Fig. 3.5(c) and (d); 

Fig. 3.6(a) and (c) 

Two constraints 

(without overconstraint) 

Fig. 3.5(a), (c), and 

(d); Fig. 3.6(a) and 

(c) 

Group B 

Using additional 

connecting chain 

No constraint 

(without overconstraint) 

Fig. 3.8(a), (b), (c), 

and (d) 
Group C 

 

3.5.2 Actuating Mechanism 

As discussed in the previous section, the motion of driving units should be transmitted to the end 

pairs of the connecting chain in Groups A and C. The mobility of the driving unit is composed of 

either two planar translations or translation and rotation. Therefore, the translation or rotation  motion 

of the driving unit must be capable of being used as the driving source to power the end pair of the 

connecting chain. When the end pair is a prismatic pair, its sliding direction is assumed to be either 

in parallel with or perpendicular to the ground. Note that, the transmission is unnecessary when the 

sliding direction of end pair is in paralle l with the ground, because it can be arranged to be  same 

with translation direction of the driving unit. When the end pair is a revolute pair, its axis is assumed 

to be in parallel with the ground. This is because if the end pair axis is perpendicular to the ground, 

the zero-pitch wrench formed by the connecting chain must be perpendicular to the ground as well. 

However, the output platform would be unable to translate along the vertical direction under this  

condition. Therefore, it is necessary to consider a transmission mechanism to convert the rotation or 

translation of the driving unit to the revolute pair or prismatic pair of the connecting chain. Example s 

of the transmission mechanisms according to the configuration of the end pair are shown in Fig. 3.13. 

The transmission mechanism, such as bevel gear, worm drive, orthogonal double -slider mechanism, 

rack and pinion, and helical transmission, is used to change motion direction or motion form.  
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           (a)                       (b)                           (c)  

                  
            (d)                      (e)                         (f)  

Fig. 3.13 Examples of transmission mechanisms between driving unit and connecting chain. (a) Direct 

drive, (b) Bevel gear mechanism, (c) Worm drive mechanism (d) Orthogonal double -slider mechanism, 

(e) Rack and pinion, and (f) Helical mechanism. 

 

The possible actuating mechanisms for the driving unit to drive the end pair of the connecting 

chain are summarized in Table 3.3 based on the end pair configurations and the input motion of the 

driving unit. For example, when the translation motion of the driving unit is applied as the driven 

source, the orthogonal double-slider mechanism is used to change the motion direction if the end 

pair is a vertical prismatic pair. Alternatively, when the rotation motion of the driving unit is applied 

to drive the vertical prismatic pair, the helical mechanism is used to change the rotation motion to 

the translation motion.  

 

Table 3.3 Driving unit actuating mechanisms  

End pair type of 

connecting chain 

Feasible motion of driving unit  Corresponding connecting 

chain structure Translation Rotation 

Prismatic pair  

(parallel to the floor) 
Driving directly Rack and pinion 

Fig. 3.4(e), (f), and (h); 

Fig. 3.8(b), (c), and (d) 

Prismatic pair 

(perpendicular to the floor) 

Orthogonal 

double-slider 

mechanism 

Helical mechanism 
Fig. 3.5(c) and (d); 

Fig. 3.6(c) 

Revolute pair 

(parallel to the floor) 
Rack and pinion 

Bevel gear, worm 

drive 

Fig. 3.4(a) and (c); 

Fig. 3.6(a); Fig. 3.8(a) 

 

Overall, there are 13 feasible connecting chain structures for Groups A and C. For each structure, 

ten and eight types of the driving unit can feasibly use translation motion and rotation motion, 

respectively, to actuate the end pair of the connecting chain. Hence, the number of the possible 
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structures for the MPM in Group A is 13 × 18 = 234. On the other hand, five types of connecting 

chain structures and ten types of driving units are feasible for Group B, which means it has 5 × 10 =

50 possible structure combinations for the MPM. Therefore, there are 284 types of MPM structures 

in total based on the proposed type synthesis method. 

3.5.3 Examples of Mobile Parallel Manipulator 

Based on the above integration method, several novel MPM structures are obtained. One example of 

an MPM with one chain constraint, which integrates the connecting chain shown in Fig. 3.4(e) with 

the driving unit shown in Fig. 3.11(a), is shown in Fig. 3.14. The connecting chain structure, which 

is composed of a prismatic pair, a revolute pair, and a spherical pair, is classified as belonging to 

Group A. The centered orientable wheels, where the orientation and the rot ation of the wheel are 

active, are applied as the driving units. The end prismatic pair is directly actuated by the translation 

motion of the driving unit. When the driving units travel along the rail, the spatial motion of the 

output platform is achieved. The steering and rotation of the driving unit are controlled to realize 

the planar motions of the output platform. Therefore,  this proposed MPM can achieve six-DOF 

motion. 

 

 
Fig. 3.14 3-PRS MPM. 

 

Fig. 3.15 shows another example of Group A, in which the connecting chain shown in Fig. 3.6(a) 

is integrated with the driving unit shown in Fig. 3.12(g). A worm drive mechanism is used as the 

transmission mechanism to change the vertical rotation motion of the driving unit into the horizontal 

rotation motion of the end revolute pair. Two revolute pairs and one universal pair provide the link 

that connects the gear axis and the output platform. When the driving units rotate at a fixed location, 

the rotation direction is altered and transmitted to produce the spatia l movement of the output 

platform. Meanwhile, the cooperative motions of the driving units make it possible for the entire 

MPM to move to any location. Therefore, this  mechanism also functions as a six-DOF MPM. 
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Fig. 3.15 3-RRU MPM. 

 

Fig. 3.16 shows an example of MPM that integrates the connecting chain in Group B as shown 

in Fig. 3.5(a) with the driving unit shown in Fig. 3.12(e). An active omni wheel, which can move 

freely in the forward and lateral directions, is applied as the driving unit. The end pai r of the 

connecting chain is directly connected with the driving unit because the spherical  pair and revolute 

pair form a four-system chain twist without overconstraint. As a result, when the driving units move 

in the lateral direction, the output platform realizes the RxRyTz spatial motion. Additionally, by 

cooperatively moving the driving units forward or backward, the entire MPM can move in any 

desired direction. Therefore, this MPM has six DOFs, including three-DOF spatial mobility and 

three-DOF planar mobility. 

 

 
Fig. 3.16 3-RS MPM. 

 

An example of MPM applying the structure in Group C is shown in Fig. 3.17, in which the 

connecting chain shown in Fig. 3.8(b) is integrated with the driving unit shown in Fig. 3.12(a). Here, 

an additional chain is added to limit the undesired motions. The connecting chain is composed of a 
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prismatic pair, a spherical pair, and a universal pair. The additional chain uses the combination of a 

prismatic pair and a universal pair to connect the mobile base with the output platfo rm. The driving 

unit is the same as that shown in Fig. 3.14. Under the limitation of the additional chain, the spatial 

motion and planar motion of the output platform are achieved in the same way as the MPM shown 

in Fig. 3.14. 

 

 
Fig. 3.17 MPM with an additional chain. 

 

3.6 Summary 

The MPM was proposed to solve the limited workspace issue of conventional parallel mechanisms. 

However, previous investigations about MPMs focused primarily on the kinematic of some specified 

MPMs and rarely addressed their type synthesis methods. With thi s in mind, this chapter tried to find 

out the possible six-DOF MPM structures by constructing a type synthesis method. The following 

results were obtained. 

 

・ A type synthesis method of six-DOF MPMs based on the screw theory was proposed. Based 

on the consideration that six-DOF mobility of MPM was divided into three-DOF planar 

motion and three-DOF spatial motion, and that the planar motions of the driving units were 

transmitted to realize these motions through the connecting chains , the type synthesis of the 

entire MPM was divided into the type synthesis of the mobile base and connecting chain.  

 

・ Two solutions for achieving three-DOF spatial motions were proposed to construct the type 

synthesis method of the connecting chain: applying singularity configuration to reduce 

DOFs and adding an additional chain to restrict undesired motions. Next, the possible 

connecting chain structures were enumerated and analyzed based on both solutions, and 14 

types of feasible connecting chains were selected for further rev iew. 
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・ The type synthesis method proposed in Chapter 2 is applied to achieve the type synthesis of 

the driving unit. As a result of this synthesis, a total of 10 types of driving units matching 

the mobility requirement were obtained.  

 

・ The way of integrating the driving units and the connecting chains was revealed. The 

connecting chain structures were classified into three groups based on the DOF analysis. 

From the results, it was proved that the end pairs of connecting chain structures in two 

groups should be powered by driving units via the actuating mechanism, and then discussed 

the possible actuating mechanisms based on connecting chain structures and the motion of 

the driving unit used as the driving source. Ultimately, 284 possible types of MPM structures 

were suggested based on the proposed type synthesis method. 

 

・ Four MPMs were introduced as examples. All of these MPMs were theoreti cally capable of 

realizing the six-DOF mobility, in which the planar motion and spatial motion of the output 

platform were realized by the planar motions and relative motions of the driving units, 

respectively, as intended.  

 

  



Chapter 4  

Analysis of Traveling Strategies for 

Driving Vehicle around a Corner 

4.1 Introduction 

Chapters 2 and 3 focused on the type synthesis problem in the design stage of wheeled mobile robots 

regarding kinematics. For the next step, the motion of the wheeled locomotion vehicle , primarily the 

omnidirectional-wheeled vehicle, when traveling on a path is studied with respect to not only the 

statics but also the dynamics. Concerning the conventional-wheeled vehicles, various approaches 

regarding their path planning issue have been proposed to search the desired trajectory as introduced 

in Chapter 1 based on their dynamics characteristics. On the other hand, most of the studies about 

the path planning of the omnidirectional-wheeled vehicles are based on the kinematics, while there 

are few studies considering the dynamics. It is important to consider the dynamics when the 

omnidirectional-wheeled vehicle is required to travel at a high speed. Additionally, an 

omnidirectional wheeled vehicle can move forward/backward, to the left/right, and rotate. Therefore, 

various traveling strategies are possible even for a simple task, such a s turning a corner. It has not 

been fully explored about choosing the suitable traveling strategy with consideration of dynamics 

according to the path condition. Especially, the omnidirectional-wheeled vehicle can move at a 

relatively high speed when its three-DOF mobility is used efficiently. Therefore, it is necessary to 

consider the dynamics characteristics of the omnidirectional-wheeled vehicle regarding the path 

planning. 

With this in mind, this chapter intends to find out the feasible traveling strategy of the 

omnidirectional-wheeled vehicle when it travels at a specified path as the first step of the research 

about path planning. An angled path with one corner is chosen as the most fundamental situation 

because many different environments can be described by combining angled paths. The omni-

wheeled vehicle (OWV) is chosen as research subject because the structure of omni wheel with 

passive rollers is relatively simple. The possible traveling forms of the OWV are proposed according 

to the timing of changing the orientation, where the traveling patterns are set for each form. 

Simulations are conducted to analyze the advantages of each traveling pattern when the path 

conditions are varied and figure out the time-optimal traveling strategies for various path conditions. 

As the comparison object of the OWV, the same investigation is also conducted on the conventional -

wheeled vehicle (CWV). The time cost of the CWV and OWV is compared to  figure out which types 

of vehicles are useful in various situations.  
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4.2 Modeling of Vehicles and Traveling Area 

This section describes the kinetic model of the vehicle and defines the traveling area. Because this 

thesis focused on discussing and comparing the fundamental characteristics of traveling strategies, 

a simplified situation is considered. The driving motors were assumed to be ideal. In other words, 

the motor torque is large enough to rotate the wheels without d elay, including at high speed. In 

addition, the maximum driving force of each wheel is considered to be equal to the maximum static 

friction force between the wheel and ground regardless of the rotation speed of the wheel.  

4.2.1 Kinetic Model of Conventional Wheeled Vehicle 

The CWV is a four-wheel-drive and four-wheel-steering type with conventional wheels. The 

structure is point-symmetric as shown in Fig. 4.1(a). The distance between the wheels at diagonal 

positions is 𝑑. A coordinate system 𝑥𝑐- 𝑐 is constructed with the origin located at the center of the 

CWV.  

On the assumption that the speed in the forward direction does not change during turning motion, 

the dynamic model of the CWV can be considered as a two-wheel-drive vehicle like Fig. 4.1(b), 

where the lateral force of the front and rear wheels are 𝐹𝑓 and 𝐹𝑟, respectively [88-89]. The steering 

angle of each wheel 𝛼 is sufficiently small in general, so that the directions of 𝐹𝑓 and 𝐹𝑟 can be 

approximated to be parallel with the 𝑥𝑐 axis. Therefore, the equation of linear motion can be defined 

as: 

𝐹𝑐𝑦 = 𝑚�̇�𝑐𝑦  𝐹𝑐𝑥 = 0 �̇�𝑐𝑥 = 0 �̇�𝑐 = 0,                                             (4.1) 

where 𝑚 is the mass of the CWV, 𝑣𝑐𝑥 and 𝐹𝑐𝑥 are the velocity and driving force in the 𝑥𝑐-axis 

direction, respectively, 𝜔𝑐 is the rotational angular velocity, and 𝑣𝑐𝑦  and 𝐹𝑐𝑦 are the velocity and 

driving force in the  𝑐-axis direction, respectively. The nonslip condition of the wheel is given as:  

|𝐹𝑐𝑦| ≤ 𝜇𝑚𝑔,                                                               (4.2) 

where 𝜇 is the friction coefficient between the wheel and ground, and 𝑔 is the gravity acceleration.  

Next, the equation of turning motion is defined as:  

{

𝑚�̇�𝑐𝑥 = 𝐹𝑓 + 𝐹𝑟           

�̇�𝑐𝑦 = 0                 

𝐼�̇�𝑐 = 𝑇𝑐 = √2 4⁄ 𝑑(−𝐹𝑓 + 𝐹𝑟)

,                                                (4.3) 

where 𝐼  is the inertia moment around the center of the vehicle body and 𝑇𝑐  is rotation torque. 

Considering that the load on both of the wheels is equally distributed under  the condition of �̇�𝑐𝑦 = 0, 

the nonslip condition is obtained as:  

max (|𝐹𝑓| |𝐹𝑟|) ≤ 𝜇𝑚𝑔.                                                       (4.4) 
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        (a)                        (b)  

Fig. 4.1 Conventional-wheeled vehicle (CWV) model. (a) Overview, (b) Two-wheel model. 

 

4.2.2 Kinematic Model of Omni-wheeled Vehicle 

The OWV model shown in Fig. 4.2(a) consists of a square body and four omni wheels arranged at 

the center of each side in parallel. The distance between opposite wheels is 𝑑. The center of gravity 

is on the vertical axis passing through the center of the body and does not move relative to the vehicle 

while the vehicle moving. Each wheel is driven independently and can output driving force in one 

direction. A coordinate system 𝑥𝑜- 𝑜 is fixed at the center of the vehicle, and its 𝑥𝑜 and  𝑜 axes 

run parallel to the diagonal lines of the body, as shown in Fig. 4.2(a). 

 

 
                  (a)                               (b) 

Fig. 4.2 Omni-wheeled vehicle (OWV) model. (a) Top view of OWV. (b) Load transfer between omni 

wheels 1 and 3 

 

The equations of motion can be calculated as  

{
 
 

 
 𝑚�̇�𝑥 = 𝐹𝑥 =

1

√2
(𝑓1 + 𝑓2 + 𝑓3 + 𝑓4)   

𝑚�̇�𝑦 = 𝐹𝑦 =
1

√2
(−𝑓1 + 𝑓2 − 𝑓3 + 𝑓4) 

𝐼�̇� = 𝑇𝑟 =
𝑑

2
(−𝑓1 − 𝑓2 + 𝑓3 + 𝑓4)   

                                           (4.5) 

where 𝑓𝑖(𝑖 = 1 2 3 4) is the driving force of omni wheel 𝑖; 𝑣𝑥 and 𝑣𝑦 are the velocities in the 𝑥𝑜-

axis and  𝑜 -axis directions, respectively; 𝜔  is the rotation velocity; 𝐹𝑥  and 𝐹𝑦  are the driving 

𝑥𝑐

 𝑐

d d

Conventional 

wheel

Vehicle body

(a)  Top view of CWV (b)  Constant-effect model of CWV

𝐹𝑓

𝐹𝑟

𝛼

𝛼

𝛼𝛼

𝛼 𝛼

𝜔𝑐
𝜔𝑐

𝑥𝑐

 𝑐

Omni wheel 3
Omni wheel 4

Omni wheel 1Omni wheel 2

Vehicle body

Omni wheel 3 Omni wheel 1

Center of gravity

Omni wheels 2, 4

(a) Top view of OWV (b) Moving load between omni wheel 1 and 3

𝐹 = 𝐹𝑥cos
 

4
+ 𝐹𝑦sin

 

4

  

  
𝑑

 

𝑑

𝑑

𝑓1

𝑓4

𝑓2

𝑓3

 𝑜

𝑥𝑜

𝜔

𝐹



44 Chapter 4 

 

force of the vehicle in the 𝑥𝑜-axis and  𝑜-axis directions, respectively; 𝑇𝑟 is rotation torque; 𝑚 is 

the mass of the OWV, and 𝐼 is the moment of inertia.  

Next, the nonslip condition for the OWV is considered. The load on each omni wheel is 𝑚𝑔 4⁄  

when the vehicle is in a static state. However, the load will transfer because of the inertial force 

while the vehicle is accelerating [20]. When the amount of the load transfer between omni wheels 1 

and 3 is set as   , as shown in Fig. 4.2(b), it can be calculated with consideration of the equilibrium 

of the moment. 

𝑑  =  (𝐹𝑥𝑐𝑜𝑠
𝜋

4
+ 𝐹𝑦𝑠𝑖𝑛

𝜋

4
)                                                   (4.6) 

Therefore,   =  (𝐹𝑥 + 𝐹𝑦) (√2𝑑)⁄  is given, where   is the height of the center of gravity from 

the floor. The load transfer between omni wheels 2 and 4 is given in the same way. As a result, the 

nonslip condition for each wheel is written as  

{
  
 

  
 |𝑓1| 𝜇⁄ ≤

𝑚𝑔

4
−

ℎ

√2𝑑
(𝐹𝑥 + 𝐹𝑦)

|𝑓2| 𝜇⁄ ≤
𝑚𝑔

4
+

ℎ

√2𝑑
(𝐹𝑥 − 𝐹𝑦)

|𝑓3| 𝜇⁄ ≤
𝑚𝑔

4
+

ℎ

√2𝑑
(𝐹𝑥 + 𝐹𝑦)

|𝑓4| 𝜇⁄ ≤
𝑚𝑔

4
−

ℎ

√2𝑑
(𝐹𝑥 − 𝐹𝑦)

 .                                                 (4.7) 

4.2.3 Definition of Traveling Area 

In the practical use of transportation vehicles, the area where the vehicle can move is usually limited 

because of obstacles or surrounding constructions. Thus, the area in which the vehicle can move is 

strictly defined. This thesis focuses on an angled path with one corner as the most fundamental 

situation because many different environments can be described by combining angled paths. Fig. 4.3 

shows the target traveling area, where the x-y coordinate system is placed on the ground. Both edges 

of the area are straight lines. The position of the vehicle is represented by the center of gravity and 

the vehicle is constrained to keep its center of gravity within the area while moving. The intersection 

point of the centerlines is set as reference point O. The initial and terminal points are M and N, 

respectively. The path width is 𝐷 and the corner angle is 𝜃, which is set as 0 < 𝜃 ≤  2⁄  with the 

consideration of symmetry. The distances from point M to O (first half path) and that from point O 

to N (second half path) are defined as 𝑙1 and 𝑙2, respectively. The point at which the inner angles 

intersect, that is the inside of the corner, is set as point P.  

The motion of the vehicle running through the traveling area is divided into two types: linear 

motion with uniform acceleration and turning of the corner. First, the vehicle starts moving at point 

M with the velocity 𝑣𝑚 = 0 and accelerates along the centerline of the path using linear motion. 

When approaching the corner, the vehicle transits to turning motion. After passing through the corner, 

the vehicle resumes linear motion. The start and end points of turning are set as S and F, respectively. 
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The distances between point S and O and between point O and F are set as 𝑙𝑠 and 𝑙𝑓, respectively. 

The direction of the velocity vector at points S and F is parallel to the path edges. Velocities at point 

S and F are set as 𝑣𝑠 and 𝑣𝑓, respectively. The time cost for the first linear motion, turning of the 

corner, and second linear motion are set  as 𝑡𝑚𝑠, 𝑡𝑠𝑓, and 𝑡𝑓𝑛, respectively. The summed time cost 𝑇 

is used to assess the entire motion.  

𝑇 = 𝑡𝑚𝑠 + 𝑡𝑠𝑓 + 𝑡𝑓𝑛.                                                         (4.8) 

In addition, the vehicle is required to return to the centerline after turning. Thus, the velocity 

direction at point F is coincident with the centerline. The vehicle can choose to rotate clockwise or 

counterclockwise to adjust its heading to the velocity direction, which is determined according to 

the time cost. 

 

 
Fig. 4.3 Definition of traveling area and its parameters.  

 

4.3 Motion Patterns of CWV and OWV 

This section discusses the possible traveling patterns of vehicles within the defined area.  

4.3.1 Motion Patterns of CWV 

Regarding the first linear motion between point M and S, the maximum driving force that CWV can 

output is calculated by Eq. (4.2), and consequently, the maximum acceleration is given as follows:  

|𝐹𝑐𝑦| = 𝜇𝑚𝑔                                                               (4.9) 

|�̇�𝑐𝑦| = |𝐹𝑐𝑦| 𝑚⁄ = 𝜇𝑔.                                                       (4.10) 



Turning motion

Linear motion of 

uniform acceleration

Linear motion of 

uniform acceleration 

𝑙1

M 

S 

O 

N 

F 

P

𝑣𝑠

𝑣𝑓

𝑙2

𝑣𝑚 = 0

𝑙𝑠

𝑙𝑓

𝐷

𝑥

 



46 Chapter 4 

 

The maximum acceleration for the latter linear motion between point F and N is given in the 

same way.  

When the vehicle is turning the corner, the angular acceleration should satisfy the following 

inequalities according to Eqs. (4.3) and (4.4). 

{

𝑑

√2𝐼
(−

𝜇𝑚𝑔

2
+

𝑚𝑣𝑐𝜔𝑐

2
) ≤ �̇�𝑐 ≤

𝑑

√2𝐼
(
𝜇𝑚𝑔

2
−

𝑚𝑣𝑐𝜔𝑐

2
)  if 𝜔𝑐 ≥ 0

𝑑

√2𝐼
(−

𝜇𝑚𝑔

2
−

𝑚𝑣𝑐𝜔𝑐

2
) ≤ �̇�𝑐 ≤

𝑑

√2𝐼
(
𝜇𝑚𝑔

2
+

𝑚𝑣𝑐𝜔𝑐

2
)  if 𝜔𝑐 < 0

,                          (4.11) 

where 𝑣𝑐  is the velocity of the CWV. Eq. (4.11) gives the maximum and minimum angular 

acceleration of the CWV. 

If the traveling area is not restricted, the total time cost of finishing the path becomes the 

minimum when the acceleration of the vehicle in the linear motion and turning motion are both the 

maximum, namely, when the linear acceleration is |�̇�𝑐𝑚𝑎𝑥| = 𝜇𝑔 and the angular acceleration is  

�̇�𝑐 = {

𝑑

√2𝐼
(−

𝜇𝑚𝑔

2
−

𝑚𝑣𝑐𝜔𝑐

2
)  for 0 ≤ ∫(−𝜔𝑐) 𝑑𝑡 ≤

𝜃

2
 

𝑑

√2𝐼
(
𝜇𝑚𝑔

2
+

𝑚𝑣𝑐𝜔𝑐

2
)  for 

𝜃

2
< ∫(−𝜔𝑐) 𝑑𝑡 ≤ 𝜃  

.                               (4.12) 

This style of motion is named pattern R0.  

With the restriction of the traveling area,  on the other hand, the vehicle may deviate from the 

area at the corner when the acceleration is too large. Then, it is necessary to discuss how to avoid 

the deviation. The simplest way is to decelerate. If the vehicle decelerates before turning, the turni ng 

radius becomes smaller, which prevents the vehicle from the deviation even in the narrower width 

of the path. However, the time cost may become larger when the vehicle decelerates too much. It is 

beneficial to keep the deceleration as small as possible,  namely, make the turning radius as large as 

possible. The turning radius takes the maximum value when the trajectory of the CWV passes through 

point P, as shown in Fig. 4.4(a). This style of motion is named pattern R1.  

Another way is to return to the centerline of the path after approaching the outer edge. In this 

case, the vehicle is permitted to cross the centerline once and then turns back to reach point F as 

shown in Fig. 4.4(b). In this situation, if the turning is finished quickly,  i.e., point F is kept close to 

point O, more space to accelerate in the latter linear motion is supplied. Then, this moving method 

also can be a candidate for optimal motion. In the case where the vehicle deviates from the outer 

edge of the traveling area, deceleration should be put before turning like in pattern R1. This style of 

motion is named pattern R2. 

One of the above traveling patterns R0, R1, and R2 that requires the smallest time cost without 

deviation from the traveling area is considered to be the optimal motion strategy of the CWV. 
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      (a)                        (b)  

Fig. 4.4 Traveling approach of CWV. (a) Pattern R1, (b) Pattern R2  

 

4.3.2 Motion Patterns of OWV 

The traveling direction of the conventional vehicle is fixed relative to the vehicle body, but OWV 

can move in any direction. According to (4.5) and (4.7), the driving force of the OWV should satisfy 

the following equation:  

|𝐹𝑥| + |𝐹𝑦| ≤
𝜇𝑚𝑔

√2
.                                                          (4.13) 

Therefore, the maximum value of the driving force varies depending on the direction, as shown 

in Fig. 4.5. The driving force takes the largest value on the boundaries of a quadrangular area. The 

four boundaries are called modes I, II, III, and IV. 

 

 
Fig. 4.5 Distribution of driving force in the xo-yo coordinate system. 

 

The OWV can perform turning, during which the vehicle travels with a changing velocity vector, 

and rotation, during which the vehicle changes its orientation with respect to the traveling direction. 

The order and timing of these motions, which are performed independently, determine the traveling 
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form. Here, three traveling forms are considered according to the order of the above motions as 

follows: 

Form A: Changing the vehicle orientation after changing the velocity vector direction, namely, 

rotation after turning.  

Form B: Changing the vehicle orientation before changing the velocity vector direction, namely, 

rotation before turning.  

Form C: Changing the vehicle orientation and velocity vector direction at the same time, namely, 

rotation during turning. 

The kinetic model of each form is discussed below.  

4.3.2.1 Form A: Rotation after Turning 

Without the restriction of the traveling area, the acceleration during the first linear motion and during 

the turning motion should take the maximum value to reduce the time cost, which can be calculated 

as 

{
|�̇�𝑦| =

𝜇𝑔

√2
 �̇�𝑥 = 0  for the first linear motion

|�̇�𝑥| =
𝜇𝑔

√2
 �̇�𝑦 = 0   for the turning motion  

.                                 (4.14) 

After turning, the vehicle can accelerate and rotate either independently or at the same time. 

Therefore, there are three possible operating modes: rotation before acceleration, rotation after 

acceleration, and rotation during acceleration. When the vehicl e rotates and accelerates 

independently, assuming that the translational acceleration is zero and the rotation torque takes the 

maximum value during rotation, the time cost of the rotation 𝑡𝑟 can be calculated by the following 

equation: 

{
𝐼

𝑑𝜔

𝑑𝑡
=

1

2
𝜇𝑚𝑔𝑑     

min (𝜃 
𝜋

2
− 𝜃) = 𝜔𝑡𝑟

.                                                      (4.15) 

As a result, the equations of motion for independent acceleration and rotation can be written as  

{
𝑣𝑓𝑡𝑟 + 𝑣𝑓(𝑡𝑓𝑛 − 𝑡𝑟) +

𝜇𝑔

2√2
(𝑡𝑓𝑛 − 𝑡𝑟)

2
= 𝑙2 − 𝑙𝑓 for acceleration after rotation            

𝑣𝑓(𝑡𝑓𝑛 − 𝑡𝑟) +
𝜇𝑔(𝑡𝑓𝑛−𝑡𝑟)

2

2√2(𝑐𝑜𝑠𝜃+𝑠𝑖𝑛𝜃)
+ [𝑣𝑓 +

𝜇𝑔(𝑡𝑓𝑛−𝑡𝑟)

√2(𝑐𝑜𝑠𝜃+𝑠𝑖𝑛𝜃)
] 𝑡𝑟 = 𝑙2 − 𝑙𝑓 for rotation after acceleration

    (4.16) 

When the vehicle accelerates and rotates at the same time, there is a trade -off between rotation 

torque and translational driving force. The situation is considered where the angular velocity at both 

points F and N is zero, the angular acceleration is distributed symmetric ally between the first and 
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second halves, and the driving force takes the maximum value that satisfies the nonslip condition. 

The equations of motion are given as follows:  

{
 
 
 
 

 
 
 
 𝐼�̇� = 𝑇𝑟1     

1

2
�̇�𝑡ℎ

2 =
𝛽

2
                       for 0 ≤ 𝜑 ≤

𝛽

2

𝐼�̇� = 𝑇𝑟2 �̇�𝑡ℎ(𝑡𝑓𝑛 − 𝑡ℎ) +
1

2
�̇�(𝑡𝑓𝑛 − 𝑡ℎ) =

𝛽

2
      for 

𝛽

2
< 𝜑 ≤ 𝛽

∬
𝐹𝑡1

𝑚
𝑑𝑣𝑑𝑡 +

𝑡𝑓𝑛 2⁄

0
 ∬

𝐹𝑡2

𝑚
𝑑𝑣𝑑𝑡 = 𝑙2 − 𝑙𝑓

𝑡𝑓𝑛

𝑡𝑓𝑛 2⁄
                   

𝐹𝑡1 𝐹𝑡2 = max(𝐹𝑥 sin(𝜃 − 𝜑) + 𝐹𝑦 cos(𝜃 − 𝜑))    if 0 ≤ 𝜃 ≤  4⁄

𝐹𝑡1 𝐹𝑡2 = max(𝐹𝑥 sin(𝜃 + 𝜑) + 𝐹𝑦 cos(𝜃 + 𝜑))   if   4⁄ < 𝜃 ≤  2⁄

𝑡𝑓𝑛 = 2𝑡ℎ  𝑇𝑟1 = −𝑇𝑟2 𝛽 = min (𝜃 
𝜋

2
− 𝜃)                   

                  (4.17) 

where 𝑇𝑟1  and 𝑇𝑟2  are the driving torques of the first and second halves of the rotation, 

respectively; 𝐹𝑡1 and 𝐹𝑡2 are the driving force of the first and second halves of the translation, 

respectively; 𝑡ℎ is the time cost of the first half of the rotation; 𝜑 is the rotation angle of the vehicle 

body. 𝑡𝑓𝑛 is obtained with the combination of Eqs. (4.5), (4.7), and (4.17). 

Of these three forms, the one that has the smallest time cost is chosen as the motion after turning. 

The resulting motion is defined as pattern A0.  

When taking the restriction of the traveling area into account, the traveling pattern discussed 

above can be the optimal motion if there is no deviation from the traveling area. Otherwise, the 

vehicle should decelerate in the y-axis direction before turning. However, the OWV can accelerate 

in the x-axis direction and decelerate in the y-axis direction at the same time. To use the path width 

maximally, the trajectory should pass through point P. Then, the time cost from point S to point P 

𝑡𝑠  can be calculated by the following equation:  

{
 
 

 
 𝐹𝑥 − 𝐹𝑦 =

𝜇𝑚𝑔

√2
           

1

2

𝐹𝑥

𝑚
𝑡𝑠 
2 =

 

2
             

𝑣𝑠𝑡𝑠 −
1

2

𝐹𝑦

𝑚
𝑡𝑠 
2 = 𝑙𝑠 −

 

2
tan

𝜃

2

                                                 (4.18) 

where 𝑙𝑠 is a variable whose suitable value will be determined to minimize the time cost.  

Here, the u-w coordinate system shown in Fig. 4.6 is employed to discuss the movement after point 

P conveniently. The u and w axes are perpendicular and parallel to the second half of the path, 

respectively. The velocity in the u-axis direction at point P 𝑣 𝑢  must be negative to avoid the 

departure from the path.  
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Fig. 4.6 Motion trajectory of form A.  

 

The driving force relation is translated from the x-y coordinate system to the u-w coordinate 

system as shown in Fig. 4.7. The driving forces in the u-axis and w-axis directions are set as 𝐹𝑢 and 

𝐹𝑤, respectively. When 0 < 𝜃 ≤  4⁄ , it is inferred from Fig. 4.7(a) that mode I is the most suitable 

because both 𝐹𝑢  and 𝐹𝑤  can take large values. In this situation, the acceleration in the u-axis 

direction should lie within the following range:  

−
𝜇𝑔 sin 𝜃

√2
≤ �̈� ≤

𝜇𝑔cos𝜃

√2
.                                                      (4.19) 

It is necessary to make the velocity in the u-axis direction at point F, 𝑣𝑓𝑢, equal to zero. When 

the trajectory of the vehicle converges with the centerline, the relation of the acceleration and 

velocity between point P and F can be obtained as follows:  

𝑣 𝑢𝑡 𝑓 −
�̈�𝑡𝑝𝑓

2

2
≤

 

2
 ∧  𝑣𝑓𝑢 = 𝑣 𝑢 − �̈�𝑡 𝑓 = 0 ⇔ �̈� ≥

𝑣𝑝𝑢
2

 
                             (4.20) 

where 𝑡 𝑓 is the time cost between points P and F. As a result, when 𝑣 𝑢
2 𝐷⁄ ≤ 𝜇𝑔 cos 𝜃 √2⁄ , the 

acceleration should be set as �̈� = −𝜇𝑔 sin 𝜃 √2⁄  to let the vehicle travel toward the centerline from 

the inner edge and then change to �̈� = 𝜇𝑔 cos 𝜃 √2⁄  to let the vehicle converge with the centerline. 

This series of motions is defined as pattern A1.  
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          (a)                      (b) 

Fig. 4.7 Distribution of driving force in the u-w coordinate system. (a) 0 < 𝜃 ≤  4⁄ , and (b) π/4 < 𝜃 ≤

 2⁄ . 

 

When 𝑣 𝑢 is too large to make the trajectory converge with the centerline, the vehicle should 

travel toward the outer edge within the limitation of the path width.  

𝑣 𝑢𝑡 𝑜 −
�̈�𝑡𝑝𝑜

2

2
≤ 𝐷 ∧ 𝑣𝑜𝑢 = 𝑣 𝑢 − �̈�𝑡 𝑜 = 0 ∧ 𝑡 𝑓 = 𝑡 𝑜 + 𝑡𝑜𝑓 ⇔ �̈� ≥

𝑣𝑝𝑢
2

2 
                 (4.21) 

where 𝑡 𝑜 is the time cost from point P to the point nearest to the outer edge, 𝑡𝑜𝑓 is the time cost 

from that point to point F, and 𝑣𝑜𝑢 is the velocity in the u-axis direction at that point. In summary, 

when 𝑣 𝑢
2 𝐷⁄ > 𝜇𝑔 cos 𝜃 √2⁄ , the acceleration should be set as �̈� = 𝜇𝑔 cos 𝜃 √2⁄  to let the vehicle 

cross the centerline to the outer edge and then change to �̈� = −𝜇𝑔 sin 𝜃 √2⁄   to let the vehicle 

converge with the centerline. These series of motions are defined as pattern A2.  

When  4⁄ < 𝜃 ≤  2⁄ , Fig. 4.7(b) shows that 𝐹𝑢 in mode IV is larger than that in mode I . As a 

result, it is necessary to use mode IV with mode I in some cases. In this situation, the acceleration 

in the u-axis direction should lie within the following range:  

−
𝜇𝑔 sin 𝜃

√2
≤ �̈� ≤

𝜇𝑔sin 𝜃

2
.                                                      (4.22) 

The basic idea to finish the path is the same as when using only mode I, as described above. 

When using mode IV, the traveling patterns are defined as patterns A3, A4, and A 5. Pattern A3 aims 

at turning the corner without crossing the centerline under the condition 𝑣 𝑢
2 𝐷⁄ ≤ 𝜇𝑔 sin 𝜃 √2⁄ . When 

the vehicle cannot travel by pattern A3, that is,  when 𝑣 𝑢
2 𝐷⁄ > 𝜇𝑔 sin 𝜃 √2⁄ , the vehicle is permitted 

to cross the centerline in pattern A4. When 𝑣 𝑢
2 2𝐷⁄ > 𝜇𝑔 cos 𝜃 √2⁄ , the vehicle travels to touch the 

outer edge so that the deceleration in the u-axis direction is minimized, which is defined as pattern 

A5. 

The trajectories of patterns A0-A5 from point P are shown in Fig. 4.8. The flowchart o f 

determining the optimal motion for the traveling strategy of form A is shown in Fig. 4.9.  
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 (a)                            (b)                          (c)  

           
 (d)                            (e)                           (f)  

Fig. 4.8 Traveling patterns of form A. (a) Pattern A0, (b) Pattern A1, (c) Pattern A2, (d) Pattern A3, (e) 

Pattern A4 and (f) Pattern A5. 

 

 
Fig. 4.9 Flowchart of determining optimal motion for form A  
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4.3.2.2 Form B: Rotation before Turning 

When traveling with form B, the OWV first rotates, which changes the vehicle ’s orientation to direct 

the front toward the w-axis direction, and then turns, as shown in Fig. 4.10.  

 

 
Fig. 4.10 Motion trajectory of form B  

 

Without the restriction of the traveling area, assuming that rotational torque takes the maximum 

value and the translational velocity stays constant during the rotation, the equations of motion can 

be written as follows:  

{
 
 

 
 

1

2
�̇�𝑦(𝑡𝑚𝑠 − 𝑡𝑟)

2 + 𝑣𝑠𝑡𝑟 = 𝑙1 − 𝑙𝑠 �̇�𝑦 =
𝜇𝑔

√2 
 �̇�𝑥 = 0 for motion before rotation

𝐼
𝑑𝜔

𝑑𝑡
=
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𝜇𝑚𝑔𝑑 min (𝜃 

𝜋

2
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𝑣𝑠𝑠𝑖𝑛𝜃 = �̈�𝑡𝑠𝑓  �̈� =
𝜇𝑔

√2
  ̈ = 0 for motion during turning               

.         (4.23) 

The traveling way for the turning motion is the same as that in form A. In the second linear 

motion, the vehicle travels straight at the maximum acceleration. The above series of motions are 

defined as pattern B0. 

When the restriction of the traveling area is taken into account, the trajectory should pass through 

point P to obtain the maximal turning radius. Therefore, the equation of motion from point S to point 

P is as follows:  

{
 
 

 
 𝐹𝑥 − 𝐹𝑦 =

𝜇𝑚𝑔

√2
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2
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𝑡𝑠 
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2
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1

2
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2
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.                                         (4.24) 
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A suitable value of 𝑙𝑠 will be determined to minimize the time cost.  

After passing through point P, acceleration in the w-axis direction should be positive. Fig. 4.11 

shows the driving force relation in the u-w coordinate system when 𝜃 > π/4. According to Fig. 4.11, 

modes I and IV are suitable because the value of 𝐹𝑤 stays positive. When a combination of modes 

I and IV is used, the boundary of acceleration in the u-axis direction is given as follows:  

−
𝜇𝑔

√2
≤ �̈� ≤

𝜇𝑔

√2
 .                                                            (4.25) 

When 𝜃 ≤ π/4, modes I and II instead of modes I and IV should be chosen, but the traveling 

way is the same. 

 

 
Fig. 4.11 Distribution of driving force for form B in u-w coordinate system when 𝜃 > π/4. 

 

It is also necessary for the vehicle to converge with the centerline as quickly as possible, namely, 

to minimize 𝑙𝑓  to gain the space needed to accelerate during the second linear motion. The 

conditions of Eq. (4.25) allow three patterns of motion: B1, B2, and B3. In the case of 𝑣 𝑢
2 𝐷⁄ ≤

𝜇𝑔 √2⁄ , the vehicle simply approaches the centerline, which is defined as pattern B1. When 𝑣 𝑢 is 

larger, that is, 𝜇𝑔 √2⁄ < 𝑣 𝑢
2 𝐷⁄ ≤ √2𝜇𝑔 , the vehicle crosses the centerline, which is defined as 

pattern B2. When the width of the path is so limited that 𝑣 𝑢
2 𝐷⁄ > √2𝜇𝑔 is satisfied, the vehicle can 

travel only if it touches the outer edge of the path, which is pattern B3.  

The trajectories of patterns B0-B3 from point P are shown in Fig. 4.12. The flowchart of 

determining the optimal pattern for the traveling strategy of form B is shown in Fig. 4.13.  

 

    
  (a)                  (b)                 (c)                       (d)  

Fig. 4.12 Motion patterns of form B. (a) Pattern B0, (b) Pattern B1, (c) Pattern B2 and (d) Pattern B3.  
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Fig. 4.13 Flowchart of determining optimal motion for form B  

 

4.3.2.3 Form C: Rotation during Turing 

With traveling form C, the vehicle rotates and turns at the same t ime. In the first and second linear 

motions, the vehicle can run with the maximum acceleration 𝜇𝑔/√2. According to Eqs. (4.5) and 

(4.6), the rotational angular acceleration during turning can be calculated as follows:  

{

𝑑

2𝐼
(−𝜇𝑚𝑔 + √2𝑚𝑣𝜔) ≤ �̇� ≤

𝑑

2𝐼
(𝜇𝑚𝑔 − √2𝑚𝑣𝜔) if 𝜔 ≥ 0

𝑑

2𝐼
(−𝜇𝑚𝑔 − √2𝑚𝑣𝜔) ≤ �̇� ≤

𝑑

2𝐼
(𝜇𝑚𝑔 + √2𝑚𝑣𝜔) if 𝜔 < 0

.                        (4.26) 

When the restriction of the traveling area is not considered, the summary time cost of finishing 

the path is minimized if the acceleration of the linear motion and turning motion takes the maximum 

values. At this time, the linear acceleration is equal to √2𝜇𝑔 2⁄ , while the angular acceleration is as 

follows: 

�̇� = {

𝑑

2𝐼
(−𝜇𝑚𝑔 − √2𝑚𝑣𝜔) for 0 ≤ ∫(−𝜔) 𝑑𝑡 ≤

𝜃

2
 

𝑑

2𝐼
(𝜇𝑚𝑔 + √2𝑚𝑣𝜔)   for 

𝜃

2
< ∫(−𝜔)𝑑𝑡 ≤ 𝜃

 .                             (4.27) 

This style of motion is defined as pattern C0.  
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The limited width of the path may cause the vehicle to deviate from the traveling area during 

turning. To avoid this, deceleration before turning is necessary, similar to that needed in forms A and 

B. In this case, there are two motion patterns depending on whether the vehicle is permitted t o cross 

the centerline or not, which are defined as patterns C1 and C2, respectively. The trajectories of 

patterns C0-C2 are shown in Fig. 4.14.  

All motion patterns for forms A, B, and C are summarized in Table 4.1. 

 

       
 (a)                        (b)                       (c)  

Fig. 4.14 Traveling approach of form C. (a) Pattern C0, (b) Pattern C1, and (c) Pattern C2  
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Table 4.1 Traveling patterns of OWV from point P with respect to route centerline.  

Form Pattern Trajectory of pattern Form Pattern Trajectory of pattern  

Form A 

(rotation 

after 

turning) 

A0 
 

Form B 

(rotation 

before 

turning) 

B0 
 

B1 
 

A1 
 

B2 
 

A2 
 

B3 
 

A3 
 

Form C 

(rotation 

during 

turning) 

C0 
 

A4 
 

C1 
 

A5 
 

C2 
 

 

4.4 Analysis and Comparison of Traveling Strategies 

The proposed traveling patterns of both types of vehicles are analyzed and compared through 

simulations in this section. The parameters of vehicles used in the simulation are listed in Table 4.2. 

 

Table 4.2 Parameters of CWV and OWV  

Symbol Description 

m 3.0 kg 

g 9.8 m/s2 

d 0.3 m 

μ 0.3 

I 0.045 kg·m2 

P

P

P

P

P

P

P

P

P

P

P

P P
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4.4.1 Traveling Strategies Analysis of CWV 

Some examples of the traveling patterns of the CWV when the curve angle 𝜃 and path width 𝐷 are 

varied under the condition of 𝑙1 = 10 m and 𝑙2 = 10 m are shown in Fig. 4.15. The figure shows 

that pattern R0 causes deviation from the path when the curve angle gets close to  /2 with 𝐷 =

2 m. Also, the vehicle deviates from the path even at 𝜃 = 4 16⁄  with 𝐷 = 0.5 m. This means that 

it becomes difficult for the vehicle to output the maximum acceleration when the path becomes sharp 

and narrow. 

In contrast, there is no solution of pattern R1 or R2 with 𝐷 = 2.0 m and 𝜃 =  16⁄ . The reason 

is that the requirement of passing through point P leads to too large turning radius. In the other cases 

with 𝐷 = 2.0 m, Pattern R1 lets the vehicle travel the path smoothly because of the deceleration 

before turning. On the other hand, pattern R2 fails to make the path cross the centerline at 𝜃 = 4 /16 

because the deceleration is too much. When the curve angle is still shaper, at 𝜃 = 7 /16, pattern R2 

can be achieved. With 𝐷 = 0.5 m, both patterns R1 and R2 are completed at 𝜃 = 4 /16 and 𝜃 =

7 /16. 

 

 
Fig. 4.15 Traveling patterns of CWV at 𝑙1 = 10 m and 𝑙2 = 10 m 

 

Fig. 4.16 shows time-optimal patterns when the curve angle 𝜃 and the distance from point M to 

O 𝑙1  vary with 𝐷 = 2.0 m  and 𝑙2 = 10 m . The time-optimal pattern changes along with the 

alteration of 𝜃 and 𝑙1. Pattern R0 is advantageous when 𝑙1 or 𝜃 is relatively small as shown in 

the graph. When 𝑙1 is increased and 𝜃 becomes larger, pattern R0 is no longer the time-optimal 

one because it becomes impossible for the vehicle to travel the path wi thout deceleration to avoid 

the deviation. In this case, pattern R2 costs less time than pattern R1 because pattern R2 requires 
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less deceleration. However, when 𝜃 gets close to  /2, less deceleration causes deviation from the 

outer edge or longer moving distance in pattern R2. In this situation, pattern R1 is optimal. Due to 

the appropriate deceleration, pattern R1 enables the vehicle to get tangent to the centerline sooner, 

which contributes to supplying more space for linear acceleration.  

 

 
Fig. 4.16 Least time cost for different curve angle at  𝑙2 = 10 m and 𝐷 = 2.0 m 

 

Fig. 4.17 indicates the time-optimal patterns when the width of the path 𝐷 varies instead of 𝑙1 

with 𝑙1 = 8.0 m and 𝑙2 = 10 m. In general, the vehicle traveled by pattern R0 costs the least time 

when 𝜃 is relatively small and 𝐷 is large enough. However, traveling by pattern R2 costs the least 

time when both 𝐷 and 𝜃 are relatively small. Along with the increment of 𝐷 and 𝜃, the vehicle 

traveled by pattern R1 wins the others. When the curve angle is relatively small, less deceleration is 

required in pattern R2 and the vehicle can move faster than by pattern R1. When the curve angle 

becomes larger, the larger moving distance of pattern R2 leads to the increment of the time cost. The 

figure shows that pattern R1 is advantageous even in the narrow width and large curve angle. 

Although the deceleration before turning may cost more time in pattern R1, the deceleration makes 

the vehicle get close to the centerline earlier than pattern R2, which  brings more space for the linear 

acceleration. 
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Fig. 4.17 Least time cost for different widths of path at 𝑙1 = 8.0 m and 𝑙2 = 10 m 

 

4.4.2 Traveling Strategies Analysis of OWV 

4.4.2.1 Characteristics of Form A 

First, the characteristics of the trajectories in the six motion patterns for form A are discussed. Fig. 

4.18 shows examples of the trajectories calculated under the condition of 𝑙1 = 𝑙2 = 10 m. The figure 

shows that the variation of the corner angle 𝜃 and path width 𝐷 affects the pattern features. The 

trajectories cut off in the middle indicate that a deviation occurs at that point. In pattern A0, where 

the vehicle runs at the largest acceleration without considering the restriction of the traveling ar ea, 

the vehicle can stay on the path only when 𝜃 is small and 𝐷 is large [Fig. 4.18(a)]. Comparison of 

patterns A1 and A2 shows that, although their trajectories are similar to each other in Fig. 4.18(b), 

the trajectory crosses the centerline in pattern A2 but not in pattern A1, as shown in Fig. 4.18(c), (d), 

and (e). The trajectory of pattern A2 has the advantage of less deceleration before turning the corner, 

but at the same time, it has the disadvantage of a larger travel distance. Pattern A1 has the o pposite 

effects. For patterns A3, A4, and A5, their trajectories reach the centerline after turning in the order 

of A4, A3, and A5 in both Fig. 4.18(c) and (e). This means that the trajectory of pattern A4 goes over 

the centerline slightly and the trajectory of A5 travels well past the centerline, while pattern A3 

establishes a track somewhere in the middle without crossing over the centerline. With respect to 𝐷, 

a narrow path makes turning the corner difficult in general, but it contributes to decreased t ravel 

distance in patterns A2 and A5, as shown by comparing Fig. 4.18(c) and (e).  
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Fig. 4.18 Trajectories of six motion patterns of form A with 𝑙1 = 10 m and 𝑙2 = 10 m. (a) 𝐷 = 2.0 m, 

𝜃 =  /16  (b) 𝐷 = 2.0 m , 𝜃 = 4 /16  (c) 𝐷 = 2.0 m , 𝜃 = 7 /16  (d) 𝐷 = 0.5 m , 𝜃 = 4 /16  (e) 𝐷 =

0.5 m, 𝜃 = 7 /16. 

 

Next, the traveling time cost is compared according to the variation of the path conditions. Fig. 

4.19 shows the calculation results of the least -time cost when the corner angle 𝜃 varies with 𝑙2 =

10 m and 𝐷 = 2.0 m. The name of the least-time pattern is shown beside each sampling point. In 

the graph, as 𝜃 becomes larger, the time cost tends to increase and the optimal patterns change. 

When 𝜃 is small, the vehicle can travel by pattern A0 and the time cost increases on ly a little. Then, 

after pattern A0 is no longer feasible due to the large 𝜃, the optimal pattern switches to pattern A2 

and finally A3. At this point, the time cost shows stronger growth because the OWV must decelerate 

before turning. When 𝑙1 is large enough, for example, 𝑙1 = 20 m, pattern A1 also appears between 

A0 and A2. 

 

 
Fig. 4.19 Least-time cost of form A when corner angle varies with 𝑙2 = 10 m and 𝐷 = 2.0 m 
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Fig. 4.20 shows the time cost when the width of the path 𝐷 varies with 𝑙1 = 8.0 m and 𝑙2 =

10 m. The graph shows that the time cost tends to decrease as 𝐷 increases and that the least-time 

pattern changes due to the variation and consequently converges to pattern A0. Once pattern A0 

becomes feasible, the time cost remains constant even when 𝐷 is changed. When 𝐷 is relatively 

small, the time cost decreases strongly, for the same reasons seen in Fig. 4.19.  

 

 
Fig. 4.20 Least-time cost of form A when path width varies with 𝑙1 = 8.0 m and 𝑙2 = 10 m. 

 

By expanding the calculation results,  the traveling strategy is explored according to various 

configurations of the traveling area. Fig. 4.21 shows the regions of the least -time patterns when the 

corner angle 𝜃 and the first half path length 𝑙1 are varied with 𝑙2 = 10 m and 𝐷 = 2.0 m. When 

𝜃 or 𝑙1 is relatively small, the vehicle can always travel with pattern A0, so that pattern A0 should 

be chosen. However, when 𝜃 and 𝑙1 become larger, pattern A0 is no longer feasible because of the 

limited path width and then pattern A1 or A2 takes its place . The trajectories of patterns A1 and A2 

are close to each other under the specific corner angle, for example, 𝜃 =  /4 shown in Fig. 4.18(b). 

When 𝜃 becomes larger, in other words, when the corner angle is severe, pattern A2 is advantageous 

because its trajectory can obtain a large turning radius, which contributes to minimizing deceleration. 

In contrast, pattern A1 is faster than pattern A2 when 𝜃 is smaller because it has a sufficiently large 

turning radius without crossing the centerline. When 𝜃 is still larger, that is, 𝜃 = 7 /16, it becomes 

difficult for the vehicle to return to the centerline quickly after turning the corner in pattern A2. That 

leads to an increase in the moving distance and time cost. In this case, pattern A3, which draws a 

turning radius larger than the radius of pattern A4 and smaller in length than that of pattern A5, 

becomes the fastest. 
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Fig. 4.21 Distribution of least-time patterns of form A with 𝑙2 = 10 m and 𝐷 = 2.0 m 

 

Fig. 4.22 shows the distribution of the least -time patterns when 𝐷 and 𝜃 are varied with 𝑙1 =

8.0 m and 𝑙2 = 10 m. As shown in the graph, pattern A0 is feasible when 𝐷 is large enough with 

reference to 𝜃. Otherwise, it is basically advantageous for the vehicle to travel by pattern A2, as 

shown in Fig. 4.21. In contrast to the distribution shown in Fig. 4.21, pattern A2 has superiority even 

when 𝜃  is large and 𝐷  is small in Fig. 4.22. This might be because a small 𝐷  minimizes the 

divergence of the trajectory from the centerline, and then the traveling distance is decreased. 

Consequently, pattern A3 becomes the fastest when 𝐷 is large at the same time that 𝜃 approaches 

 /2. 

 

 

Fig. 4.22 Distribution of least-time patterns of form A with 𝑙1 = 8.0 m and 𝑙2 = 10 m 

 

In summary, the optimal pattern A0 is feasible when 𝜃 or 𝑙1 is small and 𝐷 is large. Otherwise, 

pattern A2 is the next best candidate. As an exception, pattern A3 is quickest when 𝜃 approaches 

 /2 and 𝐷 is large, and pattern A1 is quickest when 𝑙1 is large and 𝜃 is somewhat small. 
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4.4.2.2 Characteristics of Form B 

Fig. 4.23 shows the trajectories for form B with 𝑙1 = 20 m and 𝑙2 = 10 m. The trajectory of pattern 

B0 deviates from the path when its width is small [Fig. 4.23(d) and (e)]. In contrast, when the path 

is relatively wide, the trajectory deviates only when the corner angle is around  /4 [Fig. 4.23(b)], 

whereas no deviation occurs when the corner angle is smaller or larger than  /4 [Fig. 4.23(a) and 

(c)]. Before point P, the vehicle has to decelerate in the y-axis direction and accelerate in the x-axis 

direction. Therefore, when the corner angle is large, the acceleration in the x-axis direction becomes 

large relative to the deceleration in the y-axis direction, and this causes a deviation. When the corner 

angle is still larger, however, the vehicle accelerates in the x-axis direction slowly because the 

driving force is almost entirely consumed by the deceleration in the y-axis direction. As a result, the 

turning maneuver proceeds gradually and the trajectory can avoid deviation from the path.  

In these conditions, the trajectory of patterns B1 and B2 are close to each other. It should be 

noted that the trajectory of pattern B1 is shorter than that of pattern B0 when the corner angle is 

somewhat large as shown in [Fig. 4.23(c)], which suggests the possibility for pattern B1 to perform 

better than pattern B0 in form B. Pattern B3 fails to converge to the centerline when the path width 

is large [Fig. 4.23(b) and (c)]. In contrast, the trajectory stays within the path when its width is small 

[Fig. 4.23(d) and (e)]. Note that the trajectories that are not shown in the figure, specifically, patterns 

B1–B3 in Fig. 4.23(a) and pattern B2 in Fig. 4.23(c), do not have a solution. 

 

 
Fig. 4.23 Trajectories of form B when 𝑙1 = 20 m, 𝑙2 = 10 m, and 𝐷 = 2.0 m. (a) 𝐷 = 2.0 m, 𝜃 =  /16 

(b) 𝐷 = 2.0 m , 𝜃 = 4 /16  (c) 𝐷 = 2.0 m , 𝜃 = 7 /16  (d) 𝐷 = 0.5 m , 𝜃 = 4 /16  (e) 𝐷 = 0.5 m , 

𝜃 = 7 /16. 

 

Pattern B0 Pattern B1 Pattern B2 Pattern B3

2 m

2 m

(b) (c) (e) (d) 

P

M

O

N

(a) 



Analysis of Traveling Strategies for Driving Vehicle around a Corner 65 

Here the calculation results are used to discuss the choice of motion patterns. Fig. 4.24 shows 

the distribution of the least-time patterns of form B when the corner angle 𝜃 and the first-half path 

length 𝑙1 vary with 𝑙2 = 10 m and 𝐷 = 2.0 m. Here, pattern B0 costs the least time in most cases. 

However, when 𝑙1 increases, pattern B0 deviates from the path around 𝜃 =  /4, as shown in Fig. 

4.23(b). In this case, pattern B1 becomes the least -time pattern instead of pattern B0. When 𝑙1 

becomes even larger, pattern B2 costs less time than the others. This is thought to be because a larger 

𝑙1  increases the initial velocity and consequently requires larger deceleration before turning in 

pattern B1. 

 

 
Fig. 4.24 Distribution of least-time patterns of form B with 𝑙2 = 10 m and 𝐷 = 2.0 m. 

 

Fig. 4.25 shows the distribution of the least-time patterns when 𝐷 and 𝜃 vary with 𝑙1 = 8.0 m 

and 𝑙2 = 10 m. Basically, the time cost of pattern B0 is lower than that of the others when 𝐷 is 

sufficiently large. However, when 𝐷 becomes small, pattern B1 costs the least because the trajectory 

of pattern B0 leaves the path. Pattern B0 becomes disadvantageous especially when 𝜃 approaches 

 /4, which is the same result shown in Fig. 4.24. Conversely, when 𝐷 is small, pattern B2 has the 

lowest time cost because the effect of the longer moving distance stays relatively small. However, 

when 𝜃 increases under small 𝐷, most of the driving force is consumed to adjust the velocity in the 

u-axis direction in pattern B2, so that pattern B1 becomes the least-time pattern. 
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Fig. 4.25 Distribution of least-time patterns of form B with 𝑙1 = 8.0 m and 𝑙2 = 10 m 

 

In summary, pattern B0 is feasible except around 𝜃 =  /4 when 𝐷 is large and 𝑙1 is not. In 

other cases, pattern B1 has the lowest time cost. When 𝑙1 is large or 𝜃 and 𝐷 are small, pattern 

B2 shows its advantage. 

4.4.2.3 Characteristics of Form C 

The traveling motion of form C and its simulation results are similar to those of CWV. When the 

curve angle is small and the width of the path is large enough, pattern C0 is feasible as far as the 

vehicle does not deviate from the path. In the other cases, pattern C1 or C2 take s its place. Pattern 

C1 is better in the shorter moving distance after crossing the centerline, while pattern C2 is better in 

the less deceleration before turning.  

4.4.3 Comparison between CWV and OWV 

Based on the results shown in the previous sections, the time cost of the CWV and OWV is compared. 

As explained above, the width 𝐷, length 𝑙1, 𝑙2, and the curve angle 𝜃 affect the choice of motion 

patterns. Therefore, the least time cost is compared when these parameters are varied as shown in 

Fig. 4.26. 

First of all, the CWV can travel faster than any form of the OWV as shown in all graphs in Fig. 

4.26. This is because the acceleration of the CWV in linear motion is √2 times larger than that of 

the OWV according to Eqs. (4.4) and (4.13), which enables the CWV to travel faster than the OWV. 

However, the CWV cannot go through the path under some conditions as shown in Fig. 4.26(c). In 

this situation, the limited 𝑙2  made the CWV unable to finish the rotation during turning by the 

proposed motion patterns. On the other hand, only form B of the  OWV is completed under all path 

conditions. Form B of the OWV, in which the vehicle adjusts the orientation before turning the 
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corning, takes more time costs than other forms, but is suitable to avoid the deviation even under the 

severe condition of limited 𝑙2.  

The OWV traveled by form A achieves the time cost almost close to that of the CWV in some 

cases, e.g., at 𝜃 = 6 /16 in Fig. 4.26(d). This is partly because 𝑙1 is rather smaller than 𝑙2. When 

𝑙1 is small, the linear acceleration before turning is limited. The smaller velocity before turning 

enables the vehicle to finish traveling without deceleration during turning motion even the curve 

angle is relatively large. Then, the acceleration in the x-axis direction can be used to the maximum, 

which contributes to suppressing time cost and getting close to the CWV. However, the CWV fails 

to travel in this manner when the curve angle becomes still larger, and then the time cost increases 

again. 

In summary, the CWV can travel faster than the OWV because of  the higher acceleration 

capability, while the OWV shows the flexible mobility to go through even the severe curve and the 

capability to adapt various motion strategies according to various situations.  

 

 
                 (a)                                 (b) 

 
                (c)                                  (d)  

Fig. 4.26 Least time cost comparison between CWV and OWV. (a) 𝑙1 = 3.0 m, 𝑙2 = 3.0 m, and 𝐷 =

2.0 m, (b) 𝑙1 = 10 m, 𝑙2 = 10 m, and 𝐷 = 2.0 m, (c) 𝑙1 = 10 m, 𝑙2 = 4.0 m, and 𝐷 = 2.0 m, (d) 𝑙1 =

4.0 m, 𝑙2 = 10 m, and 𝐷 = 2.0 m. 
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4.5 Summary 

Previous studies about path planning were primarily conducted on the conventional -wheeled vehicles, 

while the studies about path planning of omnidirectional-wheeled vehicles are very few and rarely 

consider the dynamics. Additionally, the omnidirectional-wheeled vehicle can move in any direction 

immediately. Therefore, various traveling forms are available even for turning a corner according to 

the timing of changing the vehicle orientation. The characteristics of each traveling form have not 

yet been explored to detect what kind of traveling form is suitable for what path conditions for what 

reasons with the consideration of dynamics. To answer this problem, the OWV was chosen as the 

research subject. The numerical model of the OWV was constructed, based on which analytical 

motion patterns were set for each traveling form. Then, the time cost was compared through 

simulation to analyze the advantages of these patterns when the vehicles travel along a designated 

path with one corner. The above studies were also conducted on the CWV, which was compared with 

the OWV finally. The following results were gained.  

 

・ Three traveling forms for an OWV were proposed based on their kinetic models by 

considering the order of rotation and turning: form A, rotation after turning; form B, 

rotation before turning; and form C, rotation during turning. The possible patterns of 

these traveling forms were set theoretically based on the magnitude of acceleration and 

the necessity of deceleration.  

 

・ The motion patterns of each traveling form were analyzed when the traveling area 

conditions, including the corner angle, path width, and path length, were varied.  The 

time-optimal patterns were suggested as the traveling strategy for the OWV. The time 

cost was the smallest when the vehicle can run without deceleration before tu rning (A0, 

B0, and C0), which was available when the path was wide and the corner angle was 

small. When both the path width and angle were small, the pattern in which the vehicle 

turned with a large radius (A2, B2, and C2) was optimal because it maintained  the 

highest possible velocity during turning. When the co rner angle was large and the path 

length before the corner was larger than that after the corner, the pattern wi th the lowest 

time cost switched to the one in which the vehicle turned with a small radius by 

decelerating before turning (A3, B1, and C1).  

 

・ Three motion patterns for the CWV were proposed based on its kinetic model including 

pattern R0 (without deceleration), pattern R1 (with deceleration), and pattern R2 (with 

small deceleration and overshoot). The characteristics of each pattern were analyzed 

through the simulation. The time-optimal pattern tended to change from pattern R0 to 
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R2 and then to R1 as the curve angle became large. When the width of the path was 

relatively small, pattern R2 cost the least time with a small curve angle, while pattern 

R1 took its place when the curve angle was close to  2⁄ .  

 

・ The time cost of the CWV was compared with that of the OWV quantitatively. The result 

showed that the CWV traveled faster than the OWV in most situations. However, the 

OWV had more available solutions even when the path condition was severe. 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 



Chapter 5  

Traveling Stability of Omnidirectional 

Single-Track Vehicle in Roll Direction 

5.1 Introduction 

According to the ground track left by the vehicle when it moves forward, it is divided into a double-

track vehicle and a single-track vehicle. Compared with three- or four-wheeled automobiles, single-

track vehicles have high maneuverability even in a narrow passage or on a windin g road. The 

conventional single-track vehicles equipped with tired wheels need to make turns or switchbacks 

when moving toward specific directions, for example, left or right, which reduces their maneuvering 

efficiency when moving in a limited space or avoiding obstacles. In contrast, it is possible for single-

track vehicles equipped with omnidirectional-wheeled mechanisms to move in any direction 

arbitrarily, which makes them move conveniently even on a narrow passage. However, the studies 

about the omnidirectional-wheeled single-track vehicle were rarely reported. In Chapter 2, the 

analysis results showed that the two-wheeled vehicle equipped with double AOWs or an AOW and 

other wheels could realize three-DOF mobility. However, the velocity of the vehicle equipped with 

an AOW and other wheels is smaller and has a singularity. Therefore, two AOWs are applied to 

construct the omnidirectional single-track vehicle. 

The single-track vehicle equipped with two double-row active omni wheels (DAOW) is chosen 

as the research object. The DAOW is introduced in the below. During traveling with the conventional 

AOW, however, vibration in the vertical direction occurs because of the gaps between the outer 

rollers, which seriously degrades the riding comfort. To solve this problem, Terakawa et al. proposed 

a novel AOW with double-row outer rollers, which had the same kinematic characteristics as the 

previous AOW [82]. The structure of the new AOW is shown in Fig. 5.1. The driving mechanis m is 

the same as that of the conventional AOW, while the outer rollers are changed to a barrel shape, 

which realizes a seamless periphery. The barrel-shaped outer rollers are staggered on the left and 

right sides, which eliminates the gaps created by the roller support. Consequently, the new AOW can 

travel smoothly without vertical vibration. Because of the above merits, the proposed double -row 

AOW (DAOW) is a good solution for a single-track vehicle to realize omnidirectional mobility.  

 



72 Chapter 5 

 

 
Fig. 5.1 Structure of new AOW with double row of outer rollers [82]. 

 

Since the single-track vehicle itself is unstable and easy to fall down in the roll direction, 

traveling stability is an important problem of the single-track vehicle. Previous studies tried to keep 

a bicycle or motorcycle equipped with conventional tired wheels stable through a stability controller 

by using steering adjustments [91-92]. On the other hand, the steering function is not necessary for 

a single-track vehicle with the DAOWs, so that the existing stabilization method is no longer 

available. The flywheel devices can be used for the stabilization control, but it leads the vehicle 

structure to a complicated and large one [93]. Therefore, a novel stabilization method for the single-

track vehicle with the DAOWs is required. The structure of DAOW is special, because of which its 

effect on the rolling stability is unknown.  

With these issues in mind, this chapter investigates the dynamical behavior of the DAOW. The 

DAOW has a double-row structure so that the ground contact point switches between the right and 

left sides alternately during traveling just like a bipedal motion. This phenomenon may enable the 

single-track vehicle with two DAOWs to travel stably without active balance control. Then, the 

possibility and stabilization conditions are verified and clarified. As the first step, the present study 

focuses on stability in the roll direction when the vehicle travels forward. The kinetic contact model 

of a vehicle with two DAOWs is discussed first. Next , a simulation based on the contact model is 

conducted to elucidate the effect of the switching mechanism of the double -row structure. Finally, a 

prototype vehicle is developed and used for experiments to verify the simulation results and the 

feasibility of stable travel. 

5.2 Kinetic Contact Model of Single-track vehicle 

This section discusses the kinetic contact model of a single -track vehicle with two DAOWs.  
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5.2.1 Model of Vehicle 

The basic structure of the single-track vehicle with two DAOWs is shown in Fig. 5.2. The front and 

rear DAOWs are identical. In the analysis, it is assumed that the wheels always rotate with the same 

phase. 

 

 
Fig. 5.2. Model of single-track vehicle with two DAOWs  

 

To explain the DAOW kinetic model more simply, it is assumed that the outer roller acts like a 

blade without width or mass, as shown in Fig. 5.3(a). The outer roller is considered to be a spring-

damper system, as shown in Fig. 5.3(b), where the spring constant and damping coefficient are 𝑘 

and 𝑐, respectively. The deformation of the outer roller at the contact point is defined as 𝑝, whose 

positive direction is the extension direction. The outer roller is assumed to deform only in the vertical 

direction, while the horizontal deformation is ignored, even when the vehicle leans to any side. The 

outer rollers are assumed to contact the ground at a point instead of a surface.  

 

  
(a)                                      (b) 

Fig. 5.3 Viscoelasticity model of the outer roller. (a) Spring-damper system of the outer roller, (b) Spring-

damper system of the whole wheel  

 

Next, the displacement analysis is discussed. A right -hand orthogonal coordinate system ∑𝑂 is 

set with the origin at the projected point of the center of gravity (COG) on the ground, as shown in 

Fig. 5.4(a), where the XY plane coincides with the ground and the X-axis is parallel to the 

forward/backward direction of the vehicle when both DAOWs contact the ground. A coordinate 

system ∑𝑟 is established for the outer roller that is currently in contact with  the ground, and its 
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origin is set to be the center of the outer roller, as shown in Fig. 5.4(b). The 𝑥𝑟  axis is the central 

axis of the outer roller. The 𝑧𝑟 axis is parallel to the radial direction of the main wheel. At this time, 

the coordinates for the contact point in ∑𝑟 can be written as 

[
𝑥
 
𝑧
] = [

𝑅 sin 𝛿
0

𝑅(1 − cos 𝛿) − 𝑟0

]  (−
𝜋

𝑁
≤ 𝛿 ≤

𝜋

𝑁
),                                       (5.1) 

where 𝑟0 is the maximum radius of the outer roller, 𝑅 is the radius of the main wheel, 𝑁 is the 

number of the outer rollers, and 𝛿 is the central angle between the contact point and the maximum 

radius section of the outer roller.  

 

 
                  (a)                                            (b)     

Fig. 5.4 Coordinate systems for analysis. (a) Coordinate system of vehicle, (b) Coordinate system of outer 

roller. 

 

The tilt of the vehicle in the pitch and roll directions is considered as shown in Fig. 5.5. The 

distance from the axis of the outer roller to the center plane of the main wheel is defined as 𝑑𝑤. The 

distance from the axle of the main wheel to the COG of the vehicle in the vertical state is  0. The 

distance between the centers of the front wheel and rear wheel is 𝜌. The displacements of the COG 

in the X-, Y-, and Z-axis directions are 𝐶, 𝐾, and 𝐻, respectively. The angular displacements of the 

vehicle in the roll and pitch directions are 𝜙 and 𝜓, respectively. The rotational velocity of the 

main wheel is �̇�, which is assumed to be the same for the front and rear wheels at all times.  
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(a)                                             (b)  

Fig. 5.5 Tilt of the vehicle. (a) Rear view, (b) Lateral view.  

 

5.2.2 Kinetic Contact Model of Vehicle 

As the main wheel rotates, the contact state between the wheel and the ground changes. Namely, the 

right-side and left-side outer roller have alternating contact with the ground either at the outer surface 

or end surface, as shown in Fig. 5.6(a). The kinetic contact model of the vehicle is discussed in this 

section. When contact happens at the outer surface of the outer roller, the number of contact points 

can be one or two per DAOW, as shown in Fig. 5.6(b). At this time, the contact point is either on the 

right-side or left-side outer roller. Here, the displacement of the COG is represented as follows:  

{

if the right − side outer roller contacts the ground  
𝐶 = 𝐶𝑟𝑖 𝐾 = 𝐾𝑟𝑖  𝐻 = 𝐻𝑟𝑖  𝑖 = 1 2                  
if the left − side outer roller contacts the ground   
𝐶 = 𝐶𝑙𝑖  𝐾 = 𝐾𝑙𝑖  𝐻 = 𝐻𝑙𝑖  𝑖 = 1 2                  

                           (5.2) 

where 𝐶𝑟𝑖, 𝐾𝑟𝑖, and 𝐻𝑟𝑖  are the displacements of the COG when the right-side outer roller contacts 

the ground, and 𝐶𝑙𝑖, 𝐾𝑙𝑖 , and 𝐻𝑙𝑖  are the displacements of the COG when the left-side outer roller 

contacts the ground. The index 𝑖 = 1 represents the situation where the front wheel contacts the 

ground, while 𝑖 = 2 represents the situation where the rear wheel contacts the ground.  

 

      
               (a)                                       (b)  

Fig. 5.6 Contact points between the roller and ground. (a) Position of contact point, (b) Number of contact 

points. 
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5.2.2.1 Situation with One Contact Point 

In most cases, one contact point exists between the front or rear wheel and the ground. When this 

contact point is on the right-side outer roller, the displacement of the COG can be calculated as 

follows (see Appendix A): 

{
 
 
 

 
 
 𝐶𝑟1 = { 0 cos 𝜙 + 𝑑𝑤 sin 𝜙} sin𝜓 + (𝑅 − 𝑟0) sin 𝛿 +

𝜌

2
(1 − cos𝜓) −  𝑟 + 𝑅 (�̇�0𝑡 +

�̈�

2
𝑡2)

𝐶𝑟2 = { 0 cos 𝜙 + 𝑑𝑤 sin 𝜙} sin𝜓 + (𝑅 − 𝑟0) sin 𝛿 −
𝜌

2
(1 − cos𝜓) −  𝑟 + 𝑅 (�̇�0𝑡 +

�̈�

2
𝑡2)

𝐾𝑟1 = 𝐾𝑟2 = − 0 sin𝜙 + 𝑑𝑤 (cos 𝜙 − 1) − (𝑅 − 𝑟0) sin𝜙 cos δ                   

𝐻𝑟1 = { 0 cos𝜓 + (𝑅 − 𝑟0) cos δ} cos 𝜙 + 𝑑𝑤 sin 𝜙 cos𝜓 +
𝜌

2
sin𝜓 + 𝑝𝑟1 −  𝑟        

𝐻𝑟2 = { 0 cos𝜓 + (𝑅 − 𝑟0) cos δ} cos 𝜙 + 𝑑𝑤 sin 𝜙 cos𝜓 −
𝜌

2
sin𝜓 + 𝑝𝑟2 −  𝑟        

,   (5.3) 

where  𝑟 and  𝑟 are the distances from the contact point to the origin of the coordinate system ∑𝑟 

in the 𝑥𝑟-axis and 𝑧𝑟-axis directions, respectively. �̇�0 is the initial rotational velocity of the main 

wheel, �̈� is the rotational acceleration of the main wheel, 𝑡 is the elapsed time, and 𝑝𝑟1 and 𝑝𝑟2 

are the deformations of the contacting right-side outer rollers of the front and rear wheels, 

respectively. When the contact point is on the left -side outer roller, the displacement of the COG can 

be calculated similarly. In this case, the index 𝑙 is used instead of 𝑟 for each parameter. 𝐻𝑟1 = 𝐻𝑟2 

and 𝐻𝑙1 = 𝐻𝑙2 are assumed to be true all the time. 

If there is no slip between the outer rollers and the ground,  then 𝐾𝑟1 = 𝐾𝑙2, 𝐾𝑙1 = 𝐾𝑟2, 𝐶𝑟1 = 𝐶𝑟2, 

and 𝐶𝑙1 = 𝐶𝑙2. The angular displacement in the roll direction is uniquely defined by the rotation 

angular of main wheel under this condition, which contradicts conditions during actual operation. 

Therefore, either the front wheel or rear wheel should be considered to  be slipping. Here, the normal 

force is evaluated. The normal force on the contacting outer roller can be calculated by  

{
𝐹𝑟𝑖 = −𝑐�̇�𝑟𝑖 − 𝑘𝑝𝑟𝑖   𝑖 = 1 2
𝐹𝑙𝑖 = −𝑐�̇�𝑙𝑖 − 𝑘𝑝𝑙𝑖    𝑖 = 1 2

,                                                 (5.4) 

where 𝐹𝑟𝑖 and 𝐹𝑙𝑖 represent the normal force applied to the right-side and left-side outer rollers, 

respectively. The outer roller with a smaller normal force is considered to be slipping. The conditions 

for the non-slipping outer roller are used to calculate the equation of motion. The friction force is 

ignored because the slipping distance is small.  

Therefore, the Lagrange function can be written as follows: 
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{
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,                (5.5) 

where 𝐿 is the Lagrangian, 𝐺 is a dissipation function, 𝑀 is the mass of the vehicle, 𝐼𝑋𝑋 and 𝐼𝑌𝑌 

are the inertia moments around the COG about the X-axis and Y-axis, respectively, 𝑝1 and 𝑝2 are 

the deformations of the front wheel and rear wheel, respect ively. The parameters 𝐶, 𝐾, and 𝐻 for 

the non-slipping outer roller are applied in the equation.  

For simplicity, the wheel is assumed to receive an impulsive force from the ground during the 

switching of the slipping outer rollers. According to the conservation of momentum, the variation of 

the translational velocity and tilt angular velocity in the X-axis and Y-axis directions is given by the 

following equation: 

{
 
 

 
 

∫ 𝐹𝑋𝑑𝑡 = 𝑀(�̇�𝐴 − �̇�𝐵)    

∫ 𝐹𝑋･𝐻 𝑑𝑡 = 𝐼𝑋𝑋(�̇�𝐴 − �̇�𝐵)

∫ 𝐹𝑌 𝑑𝑡 = 𝑀(�̇�𝐴 − �̇�𝐵)    

∫ 𝐹𝑌･𝐻 𝑑𝑡 = 𝐼𝑌𝑌(�̇�𝐴 − �̇�𝐵)

,                                                  (5.6) 

where 𝐹𝑋 and 𝐹𝑌 are the impulsive forces in the X-axis and Y-axis directions, respectively, �̇�𝐵 and 

�̇�𝐵 are the translational velocities before switching in the X-axis and Y-axis directions, respectively, 

�̇�𝐴  and �̇�𝐴  are the translational velocities after switching in the X-axis and Y-axis directions, 

respectively, �̇�𝐵 and �̇�𝐵 are the angular velocities before switching in the pitch and roll directions, 

respectively, and �̇�𝐴  and �̇�𝐴  are the angular velocities after switching in the pitch and roll 

directions, respectively.  

5.2.2.2 Situation with Two Contact Points 

When the outer roller contacts the ground on one side, the roller on the other side, which has no 

ground contact at that time, eventually contacts the ground because of rotation of the main wheel. 

The number of contact points becomes two at this moment. The situation where either or both of the 

front and rear wheels has two contact points is discussed in this section.  

When the right-side outer roller of the front wheel contacts the ground at one point and that of 

the rear wheel contacts the ground at two points, the Lagrangian and dissipation functions are as 

follows: 
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𝑐
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2 + �̇�𝑟2
2 +�̇�𝑙2

2 )                                            
.          (5.7) 

Conditions in which three points are in contact with the ground can be handled in the same way.  

When both of the front and rear wheels contact the ground at two points, the Lagrangian and 

dissipation functions are as follows: 

{
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.      (5.8) 

Similar to the situation with one contact point discussed in the previous section, the outer roller 

on one side, whose normal force is smaller, is assumed to be slipping. For instance, when the right -

side outer roller of the front wheel contacts the ground at one point and the rear wheel contacts the 

ground at two points, the Lagrange function can be written as: 

{
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.                                (5.9) 

When both wheels contact the ground at two points, the Lagrange function is given in the same 

way as above. The parameters applied in the Lagrange function are determined by comparing the 

normal force. Calculating the switching of the slipping s ide is done in the same way as described in 

section 5.2.2.1. 

5.2.2.3 Situation with No Contact Points  

The displacement of the outer roller due to viscoelasticity changes rapidly as the rotational velocity 

of the main wheel increases, which leads to a large normal force. At this time, the deformation due 

to viscoelasticity cannot catch up with the rising acceleration of the COG, and then the wheel floats 

in the air very briefly. Such a situation is discussed in this section.  

The outer roller with a negative normal force is considered to lose contact with the ground. The 

distance of the outer roller from the nearest point to the ground is defined as 𝑠 in the suspended 

state, as shown in Fig. 5.7.  
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Fig. 5.7 Status of suspended outer roller 

 

The height of the COG when the wheel leaves the ground is given as follows:  

{
 
 

 
 

if the front wheel is suspended                                

𝐻𝑟1 = { 0 cos𝜓 + (𝑅 − 𝑟0) cos δ} cos𝜙 + 𝑑𝑤 sin𝜙 cos𝜓 +
𝜌

2
sin 𝜓 + 𝑠1 −  𝑟

if the rear wheel is suspended                                 

𝐻𝑟2 = { 0 cos𝜓 + (𝑅 − 𝑟0) cos 𝛿} cos𝜙 + 𝑑𝑤 sin 𝜙 cos𝜓 −
𝜌

2
sin𝜓 + 𝑠2 −  𝑟

            (5.10) 

When either the front or rear wheel leaves the ground and the other contacts the ground at one 

point, the Lagrangian and dissipation functions are as follows:  

{
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                (5.11) 

The displacement of the COG of the contacting wheel is applied to the equation of motion. Therefore, 

the Lagrange function can be written as  

{
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.                   (5.12) 

When both the front and rear wheels leave the ground at the same time, the COG cannot move 

in the X-axis or Y-axis direction because there is no external force. Therefore, the transfer velocity 

�̇�, �̇�, and angular velocity �̇�, �̇� remain unchanged. Then, the Lagrange function can be written as  

{
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,                                                (5.13) 
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𝑝
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where 𝑠1 and 𝑠2 are the smallest distance from the ground to the outer roller of the front and rear 

wheels, respectively, and 𝑠0 and 𝑝0 are the initial height and deformation at the moment that the 

wheels start to leave the ground, respectively. Here, 𝑠0 = 𝑝0 and �̇�0 = �̇�0 are given because it is 

assumed that 𝐻 and �̇� remain unchanged at the beginning and end of the suspended state. 

When either the front or rear wheel leaves the ground and the other contacts the ground at two 

points, for instance, when only the front wheel contacts the ground at two points, the Lagrangian 

and dissipation functions are as follows: 

{
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.           (5.14) 

The displacement of the non-slipping outer roller is applied to establish the Lagrange equation. 

Therefore, the Lagrangian under this condition is as follows:  

{
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.               (5.15) 

It is assumed that the wheel receives an impulsive force from the ground when it is in contact 

with the ground. Therefore, the velocities after contacting the ground can be calculated similarly to 

Eq. (5.6). 

5.3 Motion Simulation of Single-track Vehicle 

The model described in Section 5.2 is used to conduct a simulation and investigate the stability of a 

single-track vehicle with two DAOWs in the roll direction. In the simulation, the following 

conditions are assumed: the right-side outer rollers of the front and rear wheels initially contact the 

ground. The vehicle travels at a specific velocity without acceleration, and the front and rear wheels 

rotate with the same phase. When |𝜙| >  /8  rad, the vehicle is considered to fall over and the 

calculation is ended. The time interval  𝑡  for the calculation is 0.0001 s. The simulations are 

performed by using MATLAB R2018b on a workstation with Intel Xeon E -2174G CPU and 24 GB 

RAM. The parameters applied in the simulation are shown in Table 5.1. The spring and damper 

coefficients were calculated with the assumption that the outer roller acts according to the Voigt 

model [93-94]. The flowchart of the simulation is shown in Fig. 5.8. 

 



Traveling Stability of Omnidirectional Single-Track Vehicle in Roll Direction 81 

Table 5.1 Simulation parameters  

Symbol Value Symbol Value 

𝑀 85 kg 𝑑𝑤 0.0175 m 

𝐼𝑋𝑋 31.1421 kg ⋅ m2 𝜌 0.912 m 

𝐼𝑌𝑌 36.0157 kg ⋅ m2 𝑘 5.0 × 107 N/m 

𝑅 0.15 m 𝑐 2.5 × 105 N ⋅ s/m 

𝑟0 0.025 m 𝑁 8 

�̈� 0 rad/s2  𝑡 0.0001 s 

 0 0.1 m 𝑔 9.81 m/s2 

 

 
Fig. 5.8 Flowchart of simulation  

 

5.3.1 Traveling Stability 

Fig. 5.9 shows the variation of the roll angle 𝜙 of the vehicle when it travels at �̇� = 5 rad/s. A 

positive value of the roll angle represents the vehicle leaning to the right, while a negative value 

indicates a left lean. The initial roll angle 𝜙0 is varied as 𝜙0 = 0, −0.005, and −0.01 rad.  

The result shows that the vehicle with DAOWs can keep traveling without falling down for at 

least 10 s. It should be noted that no control is applied to the vehicle to prevent it from tipping over. 

In addition, the vehicle remains stable even if it starts traveling under a tilted state ( 𝜙0 ≠ 0 rad). 

Start

Initial conditions (step  = 1)

End

Calculation: 
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This means that the vehicle has an intrinsic function of generating dynamic stability when traveling. 

In the case of a single-track vehicle with conventional tired wheels, it is difficult to keep traveling 

without falling over for such a long time without balancing control. Therefore, the result indicates 

that the single-track vehicle with DAOWs could have traveling stability higher than that of a vehicle 

with conventional tired wheels. DAOWs contact the ground discontinuously because the left -side 

and right-side outer rollers contact the ground alternately during wheel rotation. At first glance, this 

discontinuous contact of the DAOWs seems to have a negative impact on stability, but it actually 

has a positive effect.  

As shown in Fig. 5.9, the roll angle alternates between positive and negative values in each case, 

which is shown as a composition of the large and small waveforms. This means that the vehicle 

repeatedly returns to one side after leaning to the other side with small swings. A t this time, the roll 

angle remains within the range of |𝜙| < 0.02 rad. 

 

 
Fig. 5.9 Roll angle of the vehicle when it travels at �̇� = 5 rad/s 

 

5.3.2 Analysis of Traveling Stability Mechanism  

To identify the factors that affect traveling stability, the detailed analyses are conducted. Fig. 5.10 

shows the variation of the roll angle when the vehicle travels at different velocities, where the tilt 

angle of the vehicle is set to 𝜙0 = 0 rad in the initial state. The result indicates that the vehicle 

travels stably for 5 s except for �̇� = 80 rad/s, in which the vehicle tilts to one side and never returns 

to the normal position. Based on this result, the mechanism of traveling stability is discussed in this 

section. 
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Fig. 5.10 Roll angle of vehicle when it travels at different velocities  

 

As in Fig. 5.9, the variation of the roll angle in Fig. 5.10 contains small and large waveforms in 

each case. The small waveforms are thought to represent the alternating roller -ground contact on 

each wheel, while the large waveforms mean that the vehicle’s main body swinging from side to side. 

Fig. 5.11 shows the contact status of the outer rollers in the case of �̇� = 5 rad/s in Fig. 5.10. Note 

that only the simulation results for the front wheel are discussed because the phases of the front and 

rear wheels are identical. The red bands represent the state where the right -side outer roller contacts 

the ground, while the blue bands represent the state where the left -side outer roller contacts the 

ground. The figure shows that the small waveform has an upward convex shape when the right -side 

outer roller contacts the ground, while it has a downward convex shape when the left -side outer 

roller contacts the ground. This behavior can be explained as follows. The right-side outer roller 

contacts the ground first, namely, the contact point exits on the right of the COG of the vehicle, so 

that the rotation torque around the COG due to the normal force makes the vehicle tilt to the left 

side. Subsequently, as the wheel continues to rotate, the  left-side outer roller contacts the ground. 

Then, the rotation torque generated by the normal force pushes the vehicle toward the right side. 

This type of rotation torque is called restoring torque in this thesis. After that, the right-side outer 

roller starts to contact the ground again. As a result of these repeated processes, the small waveform 

is considered to be generated. In fact, as shown in Fig. 5.10, the period and amplitude of the small 

waveform become small as �̇� becomes large. This can be explained by the alternating roller contact 

occurring at smaller intervals when the vehicle travels at a faster velocity.  
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Fig. 5.11 Variation of contact state and roll angle at �̇� = 5 rad/s  

 

Next, the behavior of the large waveform is discussed. Here, the contact duration of the outer 

rollers is investigated. The contact duration means the period from the moment when the outer roller 

starts to contact the ground to the moment it leaves the ground, which corresponds to the perio d of 

one red or blue band shown in Fig. 5.11. The contact state number 𝑛 is given at the top of Fig. 5.11. 

The right-side outer roller contacts the ground when 𝑛  is odd, while the left-side outer roller 

contacts the ground when 𝑛 is even. The contact duration of the front wheel at �̇� = 5 rad/s is 

shown in Fig. 5.12, where the abscissa axis shows the contact state number 𝑛. The contact duration 

of the 𝑛 -th contact is set as 𝑡𝑟𝑛  or 𝑡𝑙𝑛  (𝑛 = 1 2 3 ⋯ ) . Here, 𝑡𝑟𝑛  is the contact duration of the 

right-side outer roller, while 𝑡𝑙𝑛 is that of the left-side roller. When the initial contact (𝑛 = 1) is 

ignored, the variation of the contact duration of the right-side and left-side outer rollers has the 

appearance of two phase-shifted sine waves. Comparison of Figs. 5.11 and 5.12 shows that when the 

vehicle tilts to the left side, as shown by the black solid curve in the negative region in Fig. 5.11, 

the contact duration of the right-side outer rollers is high and that of the left side is low, as shown 

in Fig. 5.12. The opposite situation occurs when the vehicle leans to the right side.  

The difference in the contact duration summation at �̇� = 5 rad/s  is investigated, which is 

shown as a histogram in Fig. 5.13. The difference in the contact duration summation is defined as 

𝑡𝑑𝑚 = ∑ 𝑡𝑟𝑛𝑛∈odd − ∑ 𝑡𝑙𝑛𝑛∈even  (𝑚 = 1 2 3 ⋯ ), where the index 𝑚 is the number of times the right-

side and left-side outer rollers are switched. For instance, 𝑡𝑑1 = 𝑡𝑟1, 𝑡𝑑2 = 𝑡𝑟1 − 𝑡𝑙2, and 𝑡𝑑3 = 𝑡𝑟1 +

𝑡𝑟3 − 𝑡𝑙2. The positive value of 𝑡𝑑𝑚 means the contact duration of the right-side outer roller is longer 

in total, while the negative value of 𝑡𝑑𝑚 means the contact duration of the left-side outer roller is 

longer in total. To show the variation of 𝑡𝑑𝑚 clearly, the moving average of 𝑡𝑑𝑚 is defined as 𝑡𝑠𝑚 =
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(𝑡𝑑(𝑚−1) + 𝑡𝑑𝑚)/2, which is shown as a curve in Fig. 5.13. By combining the results of Fig. 5.13 with 

the large waveforms of the roll angle shown in Fig. 5.11, it shows that the vehicle tends to lean to 

the right side when the contact duration of the left-side outer roller is longer, i.e., when 𝑡𝑠𝑚 < 0, 

while the vehicle tends to lean to the left side when the contact duration of the right side is longer, 

i.e., when 𝑡𝑠𝑚 > 0 . This might be because the change in the angular momentum, or the angular 

impulse, is given by the product of the contact duration o f the outer roller and the restoring torque 

generated by the normal force. When the right-side outer rollers contact the ground, the restoring 

torque acts to make the vehicle lean to the left side. In contrast, it is opposite when the left -side 

outer rollers contact the ground. Then, when the contact duration is longer, the resultant angular 

impulse becomes larger. Thus, the difference in the angular impulse from the right-side and left-side 

outer rollers generates the large waveform.  

Additionally, as shown in Fig. 5.10, the amplitude of the large waveform becomes small as the 

rotational velocity increases for �̇� = 5 rad/𝑠, 10 rad/s, and 20 rad/s. This might be because the 

contact duration becomes short when the rotational velocity becomes large, which weakens the 

angular impulse. 

 

 
Fig. 5.12 Variation of contact duration of each outer roller at �̇� = 5 rad/s 
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Fig. 5.13 Difference of contact duration summation at �̇� = 5 rad/s 

 

In contrast, the swing amplitude of the vehicle, namely, the amplitude of the large waveforms, 

increases at �̇� = 40 rad/s, and the vehicle falls over after 2.5 s at �̇� = 80 rad/s. The variation of 

the roll angle and the moving average of 𝑡𝑑𝑚 in these cases are shown in Fig. 5.14. Both graphs 

show that 𝑡𝑠𝑚 almost constantly decreases, which means that the contact duration of the left-side 

outer roller is always longer than that of the right-side roller. Normally, the contact duration of the 

right-side outer roller increases when the vehicle tilts to the right side. However, when the rotational 

velocity of the wheel is high, the state with no contact points becomes more likely at one side, which 

reduces the contact duration. For this reason, although the period when the vehicle tilts to the right 

side is longer than that when it tilts to the left side, as shown in Fig. 5.14, the contact duration 

summation of the left-side outer roller is longer than that of the right-side outer roller. Therefore, 

the larger angular impulse generated by the left -side outer roller makes the swing amplitude at the 

right side become large at �̇� = 40 rad/s,  while it makes the vehicle fall to the right side finally at 

�̇� = 80 rad/s. 
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                   (a)                                         (b) 

Fig. 5.14 Variation of contact duration summation and roll angle . (a) �̇� = 40 rad/s, (b) �̇� = 80 rad/s. 

 

5.3.3 Effective Range of Traveling Stability  

As explained in the previous section, the vehicle with two DAOWs travels while tilting to the right 

and left sides alternately according to the difference of the contact duration summation. The main 

factor is that the restoring torque generated by the normal force of the outer rollers makes the vehicle 

return to the right side when it leans to the left side, as shown in Fig. 5.15(a), or return to the left 

side when it leans to the right side. However, the rotation torque gen erated by the contacting outer 

roller can cause the vehicle to tilt too far and fall when the roll angle is too large, i.e., when the COG 

of the vehicle moves to the outside of the contact point, as shown in Fig. 5.15(b). Therefore, it is 

necessary to figure out the range of the roll angle for which the restoring torque is effective.  

 

        
(a)                            (b) 

Fig. 5.15 Restoring torque generated by the normal force  
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Fig. 5.16 shows the variation of the average torque generated by the normal force in one rotation 

of the wheel when the roll angle is changed. The static situation is considered here, namely, �̇� = 0 

and �̇�𝑟𝑖 = �̇�𝑙𝑖 = 0  are assumed during wheel rotation. In addition, the normal force 𝐹𝑟  or 𝐹𝑙  is 

equivalent to half of the gravity of the vehicle under the state of one contact point, while 𝐹𝑟 and 𝐹𝑙 

are equivalent to quarter of the gravity in the case of two contact points. The other parameters are 

determined by Eqs. (5.3) and (5.4). Several spring coefficients are considered here, while the damper 

coefficient is set to zero for simplicity. The calculation result s for the spring coefficient 𝑘 = 5.0 ×

107 N/m in Table 5.1 are shown as a thick solid red curve. The graph shows that the torque is 

negative for 𝑘 = 5.0 × 107 N/m  when 0 ≤ 𝜙 ≤ 0.024  rad. At this time, the torque acts as a 

restoring torque to make the vehicle return to the horizontal position. This is also true for the positive 

torque when −0.024 ≤ 𝜙 < 0 rad. Actually, in Fig. 5.10, the roll angle variation in all cases of stable 

traveling remains within the range of −0.024 ≤ 𝜙 ≤ 0.024 rad. However, the torque fails to keep 

the vehicle stable when 𝜙 < −0.024 rad or 𝜙 > −0.024 rad, which agrees with the supposition that 

the vehicle falls when the COG moves outside the contact point.  

Next, the torque in one rotation when the spring coefficient is varied is discussed. Fig. 5.16 

indicates that the variation in torque at 𝑘 = 5.0 × 106 N/m shows a tendency similar to that for 𝑘 =

5.0 × 107 N/m. In the cases of 𝑘 = 5.0 × 105 N/m and 𝑘 = 5.0 × 104 N/m, the torque works in a 

direction that makes the vehicle fall at any roll angle.  This might be because the displacement of the 

outer roller is large when the spring coefficient is small, which lead s to an increase in the duration 

of the state with two contact points, as shown in the right of Fig. 5.6(b), for each wheel. Therefore, 

a normal force is generated at both sides of the outer rollers, which eliminates the effect of the 

restoring torque.  

When the vehicle stands in a horizontal position statically, to avoid falling down, it is 

advantageous that both the right- and left-side outer rollers contact the ground at the same time. 

However, this has a negative effect on the stability when the vehicle  travels. This means that a vehicle 

with two DAOWs does not necessarily have an advantage even when both right - and left-side outer 

rollers contact the ground at the same time. Namely, contact at two points has different effects on 

stability when the vehicle travels and when the vehicle stands still.  
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Fig. 5.16 Torque in one rotation for different roll angles and spring coefficients  

 

5.3.4 Summary of Simulation Results 

The traveling stability of the single-track vehicle with two DAOWs in the roll direction is discussed 

in the above sections. The vehicle can keep traveling without falling while swinging from side to 

side even without stability control. When the vehicle leans to one side, the rotation torque generated 

by the outer roller of that side makes the vehicle return to the opposite side. As a result, the vehicle 

acquires traveling stability by swinging from side to side. This is different from a single-track vehicle 

with conventional tired wheels because the conventional vehicle quickly falls down without stability 

control. 

The variation of the roll angle contains small waveforms and large waveforms. The small 

waveforms are generated because of the switching of the contact point between the right- and left-

side outer rollers. The large waveforms are thought to be the result of difference s in the contact 

duration. When the vehicle tilts to one side, the contact duration of the outer roller on that side 

becomes long. The outer roller that contacts the ground for a longer time generates a larger angular 

impulse to make the vehicle tilt to the opposite side. The side with longer contact duration alternates, 

which is thought to be the reason for the large waveforms.  

The vehicle can travel stably at low velocity but falls to the ground quickly when the rotational 

velocity of the wheel is high. This is because the wheel bounds into the air due to the impact of 

ground contact, which disrupts the balance of the restoring torque generated by the right- and left-

side outer rollers. The vehicle can remain stable in a certain range of roll  angles when the spring 

coefficient of the outer roller is sufficiently large.  However, the vehicle fails to maintain stability 

when the roll angle is too large or the spring coefficient of the outer roller is small. When the roll 
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angle is too large, the COG of the vehicle moves outside the contact point and the torque from the 

contacting outer roller causes the vehicle to fall. A small spring coefficient of the outer roller 

weakens the restoring effect because it becomes easier for the outer rollers on both sides to contact 

the ground at the same time. Although two points having contact simultaneously contribute to 

stability when the vehicle is standing still, it has a negative effect on vehicle stability during traveling.  

Finally, the possible ways to improve the traveling stability of the vehicle  are discussed. First, a 

small viscoelasticity for the outer rollers may contribute to avoiding wheel bounce even when the 

traveling velocity is large, which would help to maintain the balance of the restoring torque of the 

right- and left-side outer rollers. Another approach would be to make the distance  large between the 

outer rollers on the two sides. This is expected to be effective both in keeping the COG of the vehicle 

within the contact point and in preventing the outer rollers on both sides from contacting the ground 

at the same time. 

5.4 Traveling Experiment 

To validate the simulation results, a prototype vehicle equipped with two DAOWs was developed, 

and experiments were conducted.  

5.4.1 Experimental Setup 

Fig. 5.17 shows the developed prototype vehicle, whose size and mass parameters are basically the 

same as those in Table 5.1. Two DAOWs were installed along the centerline of the vehicle. Each 

DAOW had eight outer rollers made of polyether urethane rubber. Although the structure of the 

DAOW of the prototype was different from that of Fig. 5.1, the fundamental principle and function 

were the same. The front and rear wheels were driven separately, each by two motors, according to 

the kinematic constraints (see Appendix B). Note that both wheels were controlled to move only 

forward with the same phase and velocity in the experiment. The vehicle was equipped with batteries 

for a power supply. To measure the roll angle variation, a wireless gyro acceleration sensor (NGIMU, 

X-IO Technologies Ltd.) was fixed to an acrylic plate just above the center of the front D AOW, as 

shown in the figure. The sampling frequency of the gyro sensor was set to 50 Hz. The movement of 

the vehicle was controlled by using a three-axis joystick and program interface. Four auxiliary 

wheels were installed symmetrically at the corners of the vehicle to restrict the maximum roll angle 

of the vehicle to ±4°. Two parallel rails were fixed on the ground for the auxiliary wheels to prevent 

the vehicle body from roll over until the vehicle reached the desired moving speed. The length of 

each rail was 2 m. The rails were used only during acceleration in the initial stage. The vehicle was 

commanded to continue to move 10 m after exiting the rail section. The structure of the control 

system hardware for the prototype vehicle is shown in Fig. 5.18 and Table 5.2. 
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Fig. 5.17 Prototype vehicle with two DAOWs  

 

 
Fig. 5.18 Control system hardware for the experimental vehicle  

 

Table 5.2 Components of control system  

Name Model Quantity 

Motor driver Maxon EPOS4 Compact 50/15 4 

Motor Maxon RE50 (200 W) 4 

Motor encoder Maxon llEDL 5540 4 

Rotary encoder 
Lika Electronic, SMRA-GG1-01-L1, 

MRA/130-110 
2 

Controller Intel NUC 617KYK 1 

Three-axis joystick APEM Inc. HG-44M1S000-U-2655 1 

 

5.4.2 Experimental Results 

Experiments were conducted at vehicle speeds of 𝑉𝑋 = 1.0 km/h , 1.2 km/h , 1.4 km/h   and 

1.6 km/h. The measured variation of the roll angle is shown in Fig. 5.19, where a median filter with 

a size of 0.34 s was applied to remove noise from the data. The vertical axis in Fig. 5.19 indicates 

the roll angle of the vehicle, while the horizontal axis indicates the time during the vehicle traveling  

the 10-m path. The auxiliary wheels contact the ground when the roll angle is larger than 4° or 
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smaller than -4°, which is shown as a grey area in the figure. The dashed red rectangles in the figure 

indicate that the vehicle can keep balance by itself in some period without the support of the auxiliary 

wheels.  

All results show that the vehicle swings frequently. When 𝑉𝑋 = 1.0 km/h and 𝑉𝑋 = 1.2 km/h, 

the vehicle leaned to the right or left side alternately, as shown in Fig s. 5.19(a) and 5.19(b). These 

results suggest that the restoring torque from the right -side outer roller makes the vehicle tilt to the 

left side, and vice versa. In other words, it was verified that the restoring torque from the outer roller 

has the potential to make the vehicle return to the horizontal position as expected.  

In contrast, the vehicle remained tilting to one side at most times when 𝑉𝑋 = 1.4 km/h and 

1.6 km/h, as seen from overall waveform shown in Figs. 5.19(c) and 5.19(d). This might partly 

reflect the simulation results that the vehicle falls to one side when the wheel has a high rotational 

velocity (e.g., in the case of �̇� = 80rad/s in Fig. 5.10). The small vibration shown in the graphs is 

considered to be generated by switching between the right -side and left-side outer rollers. When the 

tilt angle is too large, however, the COG of the vehicle moves outside the contact point, and then the 

restoring torque from the outer rollers becomes a non-restoring torque that makes the vehicle fall to 

the ground, as shown in Fig. 5.15(b).  

Comparing with Fig. 5.10 and 5.19, some differences were seen between the simulation and 

experimental results. For example, the range of the roll angle in the experiment tended to be larger 

than that in the simulation. Besides, the velocity at which the vehicle was no longer able to keep a 

balance in the simulation was higher than that in the experiment. These might be because the 

simulation adopts a simplified model as described below. 

In Figs. 5.19(b), 5.19(c), and 5.19(d), although the swing of the vehicle is large, some situations 

where no auxiliary wheels contact the ground for more than 1.0 s  are found, as indicated by the 

dashed red rectangles: 7.1–8.4 s, 13.7–15.0 s, and 36.3–37.6 s in Fig. 5.19(b); 23.3–24.4 s in Fig. 

5.19(c); and 6.5–7.5 s in Fig. 5.19(d). In these situations, the roll angle stays within the range of 

±2.0°. A stable traveling situation is more likely to occur at 𝑉𝑋 = 1.2 km/h than at other speeds. 

Although the roll angle range and the stable traveling speed are different from that in the simulation, 

the stable traveling phenomenon is observed also in the experiment.  These results verify that a 

vehicle with two DAOWs can successfully maintain stability under the specific speed and range of 

the roll angle shown in the simulation results.  
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Fig. 5.19 Experimental results on measured roll angle of the prototype at different velocities  

 

In order to verify the validity of the results, the frequency analysis is carried out through the 

Fourier transform. First, the calculation results with respect to the data of the whole period at each 

speed are shown in Fig. 5.20(a). The vibration takes the peak amplitude at 𝑓𝑒 = 1.17 Hz for 𝑉𝑋 =

1.0 km/h , 𝑓𝑒 = 1.43 Hz  for 𝑉𝑋 = 1.2 km/h , 𝑓𝑒 = 1.66 Hz  for 𝑉𝑋 = 1.4 km/h , and 𝑓𝑒 = 1.88 Hz 

for 𝑉𝑋 = 1.6 km/h. Next, the Fourier transform for the sampling data of the stable traveling periods 

at 𝑉𝑋 = 1.2 km/h is performed. The transform results are shown in Fig. 5.20(b), which shows that 

the vibration takes the peak amplitude at the same frequency as in Fig. 5.20(a), 𝑓𝑒 = 1.43 Hz. 

 

      
               (a)                                          (b)  

Fig. 5.20 Frequency analysis result of the roll angle variation measured in the experiment . (a) Whole 

period, (b) Stable traveling period at 𝑣 = 1.2 km/h. 
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Here, the switching of the contacting outer rollers between the right and left sides  is investigated. 

The switching frequency 𝑓𝑡 of the outer rollers is calculated theoretically by  

𝑓𝑡 =
𝑁

2
∙

1

2𝜋𝑅
∙
1000

602 𝑉𝑋 =
5𝑁𝑉𝑋

72𝜋𝑅
 .                                                  (5.16) 

Then, the calculation result of the theoretical switching frequency is compared with the 

frequency analysis result of the experimental data. As shown in Table 5.3, each peak frequency of 

the experimental result, whichever the result of the whole period at 𝑉𝑋 = 1.0 km/h , 1.2 km/h  

1.4 km/h  and 1.6 km/h or the results of the stable traveling periods at 𝑉𝑋 = 1.2 km/h, almost 

agrees with the theoretical switching frequency. This result means that the rolling motion of the 

vehicle is affected mainly by the switching of the outer rollers.  

In the experiment, the prototype suffers various factors, such as the deformation of the vehicle 

or yawing, while the simulation uses a simplified and ideal model that focuses on the contact 

dynamics between the outer rollers and the ground. As a result, the variation of the roll angle and 

the stable traveling speed of the vehicle in the simulation are somewhat different from that of the 

experiment. However, even with this difference, the frequency analysis result almost agrees with the 

theoretical switching frequency, which shows that the contact d ynamics in the switching of outer 

rollers is the major factor related to the traveling stability. Actually, the same stable traveling 

phenomenon occurred in both the simulation and experiment. That is, when the vehicle leans to the 

right or left side, the torque generated during the switching of the outer rollers tries to make the 

vehicle return to the normal position. When the vehicle travels stably, the direction of the torque 

switches at appropriate intervals to balance the vehicle . From the above, the experimental results are 

considered to support the simulation results.  

 

Table 5.3 Comparison of frequency 

Traveling speed, 

𝑉𝑋 

Theoretical switching frequency, 

𝑓𝑡 
Peak frequency of experimental result, 

𝑓𝑒 

1.0 km/h 1.18 Hz 1.17 Hz 

1.2 km/h 1.41 Hz 1.43 Hz 

1.4 km/h 1.65 Hz 1.66 Hz 

1.6 km/h 1.89 Hz 1.88 Hz 

 

5.5 Summary 

Omnidirectional single-track vehicles have high maneuverability, but the rolling dynamic 

characteristics are rarely reported. With this in mind, this chapter  chosen a single-track vehicle with 
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two DAOWs as an example. Its traveling stability by focusing on motion behavior in the roll 

direction was discussed based on simulations and experiments. The following results were obtained.  

 

・ The kinetic model of a single-track vehicle with two DAOWs was established considering 

that the number of contact points between the outer rollers of one wheel and the ground 

varied from zero to two during traveling due to the double -row outer roller structure.  

 

・ Simulations were conducted using the established kinetic model considering the contact 

dynamics between the outer rollers and ground. The simulation results showed that the 

vehicle could travel stably for more than 10 s without any balancing contro l under certain 

conditions. This stability was significantly different compared with single-track vehicles 

with conventional tired wheels, which have difficulty in traveling without falling over for 

such a long time in the absence of balancing control.  

 

・ As the vehicle traveled, the roll angle varied within a certain range, and it was composed of 

small and large waveforms. An analysis of the traveling stability mechanism suggested that 

the small waveforms of the roll angle were caused by ground contact alte rnating from outer 

rollers on one side to that on the other side of the wheel. The large waveforms occurred due 

to the balance of the angular impulse as a result of differences in the contact duration 

between the right-side and left-side outer rollers. 

 

・ A prototype of a vehicle equipped with two DAOWs was developed and used for 

experiments. The results showed that the vehicle could travel stably in some periods.  
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Conclusions and Future Work 

6.1 Conclusions 

Wheeled mobile robots including locomotion vehicles and MPMs are widely used in human life and 

industry production. In order to obtain the feasible wheel compositions of vehicles (including wheel 

types, combinations, and layouts) and structures of MPMs, this thesis proposed a screw-theory-based 

synthesis method to obtain the possible wheel compositions and MPM structures. On the other hand, 

the feasible traveling strategy of omnidirectional -wheeled vehicle are investigated when it travels at 

high speed on an angled path. Additionally, the dynamic characteristics in roll direction are studied 

based on the subject of the single-track vehicle equipped with DAOWs. Based on these discussion 

and analysis, some methods and suggestions were proposed for the issue of wheeled mobile robots 

with respect to the kinematics and dynamics.  

Chapter 2 proposed a screw-theory-based method to synthesize the feasible wheel types and 

combinations according to the requirement of mobility. It was based on the consideration that the 

wheel was seen as the combination of the revolute pairs and the prismatic pairs. Additionally, a 

kinematic modeling method was proposed based on the screw theory to establ ish the kinematic 

equation. An example of synthesizing an omnidirectional two-wheeled vehicle was performed based 

on the proposed method. The vehicles with respect to synthesis results were modeled and analyzed 

to verify validity of the proposed methods.  

Based on the same consideration of the wheel as that in Chapter 2, Chapter 3 constructed a type 

synthesis method to obtain the possible six-DOF MPM structures. The type synthesis of the entire 

MPM was divided into those of the mobile base and connecting chain. Two solutions, applying 

singularity configuration and adding an additional chain, were revealed as ways to restrict undesired 

motions for the synthesis of the connecting chain. The mobile base was synthesized via the same 

type-synthesis method as introduced in Chapter 2. The method used to integrate the driving unit and 

the connecting chain was constructed based on whether the end pair of the connecting chain should 

be connected with the driving unit directly or driven by it through an actuating mechan ism. Finally, 

284 possible types of MPM structures were obtained and four examples of these MPMs with six 

DOFs were analyzed to verify the feasibility of the proposed method.  

Chapter 4 focused on the traveling strategies of the omnidirectional-wheeled vehicle when they 

were required to travel on a specified path with one corner. The  OWV was chosen as the research 

subject. Its kinetic model was established first based on the assumption of nonslip. The traveling 
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forms of OWV were proposed by referring to the timing of changing the orientation of the vehicle , 

for which the possible traveling patterns were discussed and set additionally. Simulations were 

conducted on the OWV to analyze the advantages of each pattern and compare the traveling strategies 

for various path conditions. Feasible traveling strategies were suggested. It showed that it is 

advantageous for OWV to change the orientation after turning the corner when the corner angle or 

the path width is small. When both of them become larger, the traveling strategy that changing 

orientation during turning the corner costs less time than the other forms. The traveling strategy that 

changing the orientation before turning the corner is advantageous when the path length after the 

corner is small. The same investigations were also conducted on the conventional -wheeled vehicle. 

Finally, the time cost was compared and discussed based on the above analysis when the path 

conditions were varied.  

Chapter 5 chosen an omnidirectional single-track vehicle equipped with two DAOWs as the 

research subject and analyzed the effect of the double-row structure on the traveling stability in the 

rolling direction. A kinetic model considering the contact state between the outer rollers and ground 

was established first. Next, a simulation based on the contact model was conducted to elucidate the 

effect of the switching mechanism of the double-row structure. It showed that the vehicle could 

travel stably for more than 10s even without balance control. The roll angle varied as the comp osition 

of small and large waveforms. The small waveforms were caused by alternating contact of the outer 

rollers at two sides, while the large waveforms were considered to be generated because of the 

angular impulse. Finally, a prototype vehicle was developed and used for experiments, which 

confirmed that the switching of the outer rollers contributed to the traveling stability of vehicle in 

roll direction. 

6.2 Future Work 

The work referring to the following aspects should be explored in the future:  

 

・ With respect to the MPM, the kinematic analysis , stiffness analysis, and controller design 

should be conducted. Some novel MPM structures were obtained in Chapter 3, which were 

not analyzed and verified in detail. Therefore, the kinematic model is needed to be 

constructed to analyze the singularity, workspace, velocity characteristics, and so on. 

Although the stiffness of a certain MPM was proved to be higher than the conventional 

Stewart platform, the load capacity is also needed to be analyzed. Based on the analysis 

results, a prototype should be developed to verify the k inematic characteristics. A feedback 

controller should be designed by considering these errors, whose feasibility can be verified 

on the same prototype.  
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・ Regarding the traveling strategy, a time-optimal controller will be designed and verified 

through experiments for the omnidirectional-wheeled robot based on the features of 

proposed traveling strategies in this thesis.  

 

・ With respect to the traveling stability of the single-track vehicle with two DAOWs, the 

effect of the design parameters of the DAOW should be investigated in more detail. 

According to the analysis results in Chapter 5, the effect of the double -row structure on 

stability resulted in the difference of angular impulse, which may be affected by the design 

parameters of the DAOW including the width, the radius, and the number of outer rollers. 

The prototype should be remodeled to conduct advanced experiments.  

 

 



Appendix  

Appendix A.          

Equation (5.3) is calculated as follows: It is assumed that the vehicle is left-right and front-rear 

symmetry about the COG. When the right-sided outer roller of the front wheel contacts the ground, 

the position vector of the COG before tilting is calculated as shown in Fig. A1.  

 A⃑⃑⃑⃑  ⃑ =  𝑄⃑⃑⃑⃑⃑⃑ + 𝑄𝐸⃑⃑ ⃑⃑  ⃑ + 𝐸𝑆⃑⃑⃑⃑  ⃑ + 𝐵𝐴⃑⃑⃑⃑  ⃑ − 𝐵𝑆⃑⃑⃑⃑  ⃑                                               (A.1) 

where point Q is the ground contact point of the right side of the front wheel, point S is the 

intersection point of the axle of the DAOW and the vertical line passing through point Q, point B is 

directly below the COG, and point E is the origin of the coordina te system of the outer roller. It is 

set that |𝑄𝑆⃑⃑⃑⃑  ⃑| = 𝑅 and |𝐵𝐴⃑⃑⃑⃑  ⃑| =  0.  

When the vehicle tilts around the roll and pitch directions, the rotation matrices around the X-

axis and Y-axis in Fig. 5.4(a) are defined as 𝑹𝑿(𝜙) and 𝑹𝒀(𝜓), respectively. The yawing effect is 

ignored in this chapter. Then, the position vector of the COG  A⃑⃑⃑⃑  ⃑ can be written as follows:  

 A⃑⃑⃑⃑  ⃑ =  𝑄⃑⃑⃑⃑⃑⃑ + 𝑄𝐸⃑⃑ ⃑⃑  ⃑ + 𝑹𝑿(𝜙)𝐸𝑆⃑⃑⃑⃑  ⃑ + 𝑹𝒀(𝜓)𝑹𝑿(𝜙)(𝐵𝐴⃑⃑⃑⃑  ⃑ − 𝐵𝑆⃑⃑⃑⃑  ⃑)                               (A.2) 

𝑹𝑿(𝜙) = (

1 0 0
0 cos𝜙 −sin𝜙
0 sin𝜙 cos𝜙

), 𝑹𝒀(𝜙) = (
cos𝜓 0 sin𝜓

0 1 0
−sin𝜓 0 cos𝜓

)                        (A.3) 

where 𝐵𝐴⃑⃑⃑⃑  ⃑ = (0 0  0)
𝑇 , 𝐵𝐴⃑⃑⃑⃑  ⃑ = (𝜌/2 −𝑑𝑤 0)𝑇 , 𝐸𝑆⃑⃑⃑⃑  ⃑ = ((𝑅 − 𝑟0)sin𝛿 0 (𝑅 − 𝑟0)cos𝛿)𝑇 , 𝑄𝐸⃑⃑⃑⃑  ⃑ =

(− 𝑟 0 − 𝑟 + 𝑝𝑟1)
𝑇 , 𝑄𝐸⃑⃑ ⃑⃑  ⃑ = (𝜌 2⁄ + 𝑅(�̇�𝑡 + �̈� 𝑡2 2⁄ ) −𝑑𝑤  0)

𝑇
 ,  𝑟 =  𝑄 −  𝐸 ,  𝑟 =  𝑄 −  𝐸  ,  𝑄 

and  𝐸 are the X coordinate values of point Q and point E in the coordinate system ∑𝑂, respectively, 

and  𝑄 and  𝐸 are the Z coordinate values of point Q and point E in the coordinate system ∑𝑂, 

respectively. Therefore, the displacement of the COG in Eq. (5.3) is given by  𝐴⃑⃑⃑⃑  ⃑ = (𝐶𝑟1 𝐾𝑟1 𝐻𝑟1). 

The displacement of the COG is obtained in a similar way when the ground contact point varies.  
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Fig. A1 Parameters for calculation of COG  

 

Appendix B.          

The relationship between the moving direction of the vehicle and the rotation velocities of the input 

shafts is explained. For the single DAOW, the moving velocities in X -axis and Y-axis directions can 

be calculated as follows:  

(
𝑉𝑖𝑋

𝑉𝑖𝑌
) = (

𝑅 2⁄ 𝑅 2⁄

𝑟 2𝑘𝑑⁄ −𝑟 2𝑘𝑑⁄
) (

𝜔𝑖𝑢

𝜔𝑖 
),  𝑖 = 1 2                                      (B.1) 

where 𝑘𝑑 is the reduction ratio between the differential gear mechanism and the outer rollers, 𝑟 is 

the radius of the outer roller at the contact point, 𝑉𝑖𝑋 and 𝑉𝑖𝑌 are the moving velocities in the X-

axis direction and Y-axis direction, respectively, and 𝜔𝑖𝑢 and 𝜔𝑖  are the rotation velocities of the 

input shaft 1 and the input shaft 2, respectively. The index 𝑖 = 1 represents the front DAOW, while 

the index 𝑖 = 2 represents the rear DAOW. Therefore, the traveling velocity vector of the vehicle is 

calculated as follows:  

(
𝑉𝑋

𝑉𝑌

𝛺
) =

(
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).  (B.2) 

where 𝑉𝑋 is the velocity in the forward direction, 𝑉𝑌 is the velocity in the left direction, 𝛺 is the 

rotational velocity. 
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